PQI-5884 - Programacao Inteira Mista aplicada a
Otimizacao de Processos

3¢ Periodo 2020
Data Atividade Contetudo
17/09 Aula 1 Introdug@o, formulagéo, classes, representagdo
24/09 Aula 2 Condigdes de otimalidade
01/10 Aula 3 Condigdes KKT, multiplicadores
08/10 Aula 4 Otimizacio irrestrita
15/10 Aula5 |LP
22/10 Aula6 | NLP
29/10 Aula7 |MILP
05/10 Aula 8 MILP, problemas classicos
12/11 Aula 9 MILP, problema de scheduling
19/11 Aula 10 | MINLP, problema de sintese
26/11 Aula 11 | Apresentagdes
03/12 -

OTIMIZACAO SEM RESTRICOES
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I) Otimizacao unidimensional sem restri¢cdes (line search)

min f(X)

s.a. X € R! NaL=1

Métodos:

- analitico (of/ox = 0 e 6*f/ox?> > 0)

- reducado de intervalo

- aproximacao polinomial

- baseados em derivadas (analiticas ou numéricas)
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Método de Newton-Raphson
Série de Taylor para aproximagao de f(x) em um ponto a:

f(x) = f(a + Ax) =

' a " a {:i)a
fla) - fl(!)(x_a) | f‘z(')(x_a)z | fa!( )

IR R

[:_"_"‘:—ﬂ.):a | B

n=0

AX AX
15
f=ex
n = 0: f(x) = f(a), constante 10
n = 1: aproximacao linear em a
o o 5
n = 2: aproximagao quadratica em a
n = 3: aproximagao cubica em a 0

Método de Newton-Raphson

min f(X)
s.a. X e R!

Como X" é ponto estacionario: f(x*) = 0.
A primeira derivada pode ser aproximada por uma série:
£7(X) = £7(X) + (X ). (X = %) + ...

f (%)
£ (%)

RiLY)
(%)

Desvantagem : as iteragdes podem divergir

Paraf’(x)=0-> X ~X, —

X & X —
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Método da Newton-Raphson

EXEMPLO: obter o minimo de f(x) = 2.x2 + 16/x partindo de x, = 10.

Derivadas analiticas: f7(x) =4.x—16/x2
') =4 +32/X

2004 |
i
i
1
fter. x ) Tx) oo '] |
1 10.000 | 20160 | 39.84 4.03 !
2 0119 | 134.43 | -1128.48 | 18970.53 |
3 0179 | 8968 | -501.26 | 5627.27 | '20| |
4 0268 | 5993 | -222.35 | 1673.71 ‘\
5 0400 | 4028 | -98.17 | 502.29 '
6 0.596 27.56 -42.67 155.23 | 80 4|
7 0871 | 19.89 | 1762 | 5246 !
8 1207 | 1617 | -6.16 | 2222 |
9 1484 | 1519 | -1.33 | 1379 | 401
10 : 15.12 0.08 | 12.11 .
11_(| 1.587 | Y1512 | 000 | 12.00 . f(x)
0 hmbss.,...
\2 4 6 8 10
X
33 calculos de fungao 40

M¢étodo Quase-Newton

Aproximagdes numéricas das derivadas

£ (x)~ f(x+h)-f(x-h)

2.h

iy F(x+h)=2.f(x)+ f(x—h)
f (X)N h2
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M¢étodo Quasi-Newton

EXEMPLO: obter o minimo de f(x) = 2.x2 + 16/x partindo de x, = 10
usando derivadas numéricas com h = 1.1075.

[ n | 165 |

iter. X f(x) f(x+h) f(x-h) f'(x) '(x)

1 10.000 201.60 202.00 201.20 39.84 4.03
2 0.119 134.43 124.02 146.75 | -1136.50 [ 19105.25
3 0.179 89.68 84.94 94.99 -502.83 | 5644.92
4 0.268 59.93 57.79 62.24 -222.66 | 1676.02
5 0.400 40.27 39.32 41.28 -98.23 502.59
6 0.596 27.56 27.14 27.99 -42.69 155.26
7 0.871 19.89 19.72 20.07 -17.62 52.46
8 1.207 16.17 16.11 16.23 -6.16 22.22
9 1.484 15.19 15.17 15.20 -1.33 13.79
10 1.580 15.12 15.12 15.12 -0.08 12.11
11 (] 1.587 15.12 15.12 15.12 0.00 12.00

33 calculos de fungdo
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1) Otimizag¢do multivaridvel sem restricdes

min f(X)

s.a. X e R" NGL=n

Métodos:

- analitico

- busca direta

- baseados em derivadas (analiticas ou numéricas)
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Busca Direta Simplex
(Nelder c Mead) f(X(z)) < f(lr) < f(x(l))
X
b f(x,) < f(x®)
X© Xc' %
X@

f(xD) <f(x,) < fx®)

f(x) <f(xV) <f(x©)

f(x,) > f(x(©)

Método de Busca Direta Simplex (Nelder e Mead)

z = fx,¥] = —-41:-c+:-c2—j,,*—:-c3,,*+§,,*2

3 [ 6.
AT I’
" \\\ ..ﬂ"
¢ 5 '..t"
. 5
1.5
1
L
o5

2 3 5

http://mathfaculty.fullerton.edu/mathews/n2003/neldermead/NelderMeadMod/Links/NelderMeadiod_Ink_5.html
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r 2000}
Melder-Mead Simplex search over Himmelblau {function
1500

{
1000

[ 500

GNU Octave
MATLAB

fminsearch Simplex modificado (Nelder-Mead)

EXEMPLO: Minimizar a fungdo f(x;,X,)) = X,* = 2.X,2.X, + X,2 + X2 = 2.X, +5
tendo como ponto inicial x =1 2]T

x0 = [1 2]
[x,f] = fminsearch(@(x) x(1)"™4 -2*x(1)"2*x(2) + x(2)"2 + x(1)"2 -2*x(1) +5, x0)

1.0000 1.0000

4.0000




exemplo_fun.m

function f = exemplo_fun(x)

f = x(D™ -2*x(1)"2*x(2) + x(2)"2 + x(1)*2 -2*x(1) +5;

x0 = [1 2];
[x,f] = fminsearch(@(x)exemplo_fun(x),x0)
f = exemplo_fun(x)

1.0000 1.0000

4.0000

M¢étodos baseados em gradientes (pag.40 e 47)

1) Determinar direcao d que diminui f(x)
2) Line search para determinar o passo o nesta dire¢ao
Xkt = x0) + (0, gk

3) Verificar convergéncia

- Newton

- Steepest descent

- Marquardt

- Quasi-Newtonianos
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Line Search (pag.40)

EXEMPLO: Minimizar a fungdo f(X,,X,)) = X,* — 2.X,2.X, + X,2 + X2 = 2.X, +5
tendo como ponto inicial x =[1 2]T

Diregdo de busca: d® = —Vf(x®) d oV oo 4.X7 =4 X, +2.% -2
(steepest descent) - —2.X7 +2.X,
Iteracao 1:
XO=[2 > fa®)=5

> dv=[4 -2

1 47 [1+42
PUSPCRVYTTI b FOY I I St
2| -2 |2-2a

min z(W) = fXD) = (1+4.0)4 — 2.(1+4.A)%.(2-2.0) + (=202 + (1+4.0)2 — 2.(1+4.1) +5

z(A) =256.0% +320.0° + 84.0%2 —20.1 +5
Z’(A) = 1024.23 + 960.1% + 168.1. —20
z”(A) = 307202 + 1920.1 + 168

Newton-Raphson partindo de A, = 0

iter. A f(l) 5
1 0,0000 | 5,00
2 0,1190 | 440 X
3 0,0842 | 4,12 5
4 00798 | 4,11
5 0,0797 ) 411

)((])— 1+4.A _ 1,319 1E
= Tl2-2 1,841

0af




Algoritmos tipo-Newton (pag.48)

k=0

Estimar x®, f(x®) e V(x®)

Célculo da direcdo de pesquisa d® em x®

Sistema linear de equagdes em d®: B®.d® = _vf(xk)

Line Search

Célculo do tamanho do passo a¥ que melhore f(x) ao longo de d®
Obtengdo no novo ponto: X kD = x® 4 ¢® d®

Se | f(x® D) —f(x0) | <g e || x&D—x®| <g,  entdo PARE

Sendo, k=k +1 e va para 1

A escolha de B® :

B =] Método steepest descent
B® = H(f(x®)) Método de Newton
B® = H(f(x®)) + B.1 Métodos de Marquardt

x®

Steepest descent: Newton:
aproximagdo de 12 ordem em x® aproximagdo de 2 ordem em x®
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Steepest descent

METODOS QUASI-NEWTONIANOS

Formula DFP (Davidon-Fletcher-Powell, 1964)

06/10/2020
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METODOS QUASI-NEWTONIANOS

Férmula BFGS (Broyden-Fletcher-Goldfarb-Shanno, 1970)

MATLAB e OCTAVE — Otimizacgao irrestrita

fminsearch Simplex modificado (Nelder-Mead)
fminbnd Line search unidimensional
fminunc Quasi-Newtoniano

06/10/2020
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Matlab: Optimization Toolbox Examples
Minimization of the Banana Function (Rosenbrock function)

2 242 — 1
flz,y) = (1—2)" + 100(y — 27) (e.y) = (L.1)
fungdo de dificil minimizag&o f(x,y) =0
1300
) 2000
Quasi-Newton Il
1500
Quasi-Newton f mnu-]
minunc
|
Steepest ]u"
> 28
Simplex Busca Simplex  fminsearch’,, . g W
) U,J"u" & ; ;1u,u5{|‘;‘ L}
Marquardt Isgnonlin 203 -14

Optimization Toolbox

>> help optim > lista de fungdes

Help = Demos = Toolboxes = Optimization

http://www.mathworks.com/access/helpdesk/help/pdf doc/optim/optim_tb.pdf

Optimization Toolbox™ 5
User's Guide

MATLAB

06/10/2020
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>> help optim
Optimization Toolbox Version 4.2 (R2009a) 15-Jan-2009

Nonlinear minimization of functions.

fminbnd - Scalar bounded nonlinear function minimization.
= fmincon - Multidimensional constrained nonlinear minimization.
= fminsearch - Multidimensional unconstrained nonlinear minimization, by Nelder-Mead.
= fminunc - Multidimensional unconstrained nonlinear minimization.

fseminf - Multidimensional constrained minimization, semi-infinite constraints.

Nonlinear minimization of multi-objective functions.
fgoalattain - Multidimensional goal attainment optimization
fminimax - Multidimensional minimax optimization.

Linear least squares (of matrix problems).
Isqlin - Linear least squares with linear constraints.
Isgnonneg - Linear least squares with nonnegativity constraints.

Nonlinear least squares (of functions).
Isqcurvefit - Nonlinear curvefitting via least squares (with bounds).
Isgnonlin - Nonlinear least squares with upper and lower bounds.

Nonlinear zero finding (equation solving).
fzero - Scalar nonlinear zero finding.
fsolve - Nonlinear system of equations solve (function solve).

Minimization of matrix problems.
bintprog - Binary integer (linear) programming.
linprog - Linear programming.
quadprog - Quadratic programming.

£ Octave
Arquivo Editar Depurar Janela Ajuda Novidades
|| D Diretério Atuz Documentagdo 4 No Disco (Em Seu Computador)

Navegador de Arquivos i

g q Relatar Defeito Online (na Internet)
| C:/Users/User

Pacotes do Octave
Nome Contribuir
-anaconda DoacBes para o Octave
.conda
. Sobre o Octave
.config

20.2 Minimizers

fminbnd - Scalar bounded nonlinear function minimization.
fminsearch - Multidimensional unconstrained nonlinear minimization, by Nelder-Mead.
fminunc - Multidimensional unconstrained nonlinear minimization.

25 Optimization

glpk - Linear Programming Kit.

gp - Quadratic Programming.

sqp - Multidimensional constrained nonlinear minimization, SQP.
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