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2.2 Restrigoes de igualdade

Consideremos o problema de minimizagdo com restricoes gerais de igual-

dade:
Minimizar f(z)

h(z) =0

onde h : IR" — IR™. Como sempre, chamamos €} ao conjunto factivel do
problema. Neste caso 2 = {x € R" | h(x) =0}.

(2.2.1)
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Definigao 2.2.1 Se z € €2, chamamos conjunto tangente a Q por z (deno-
tado por M (x)) ao conjunto dos vetores tangentes a curvas em ) passando
por x, ou seja:

M(x) = {v € R" | v =+/(0) para alguma curva v passando por z} .

Utilizando a notagao

Pu(z) ... S(x) Wy () Vhi(z)T
W)= | =1 = : ,
%}LTT(I‘) . ‘?fLT’:(:U) hl. () Vhp(z)T

podemos relacionar M (z) com o nicleo do Jacobiano de h(x), denotado por
N (I (x)), pelo seguinte lema:

Lema 2.2.2
Para todo x € Q, M(x) C N(I(z)).

Prova: Seja v € M(x) e v : [—¢,¢] — Q tal que 7v/(0) = v, 7(0) = z.
Definimos ®(t) = h(vy(t)), para todo t € [—e,g]. Portanto, ®(t) = 0 para
todo t € [—e,e]. Logo, ®'(t) = (®1(t),...,Pm(t))T = 0 para todo t €
(—e,¢€). Mas, pela regra da cadeia, ®'(t) = h'(y(t))v'(t), portanto

W (y(#)y'(t) =0

para todo t € (—¢,¢). Logo, 0 = h/(2)+'(0) = h/(x)v, ou seja, v € N (h'(x)).
QED

E natural que nos indaguemos sobre a validade da reciproca do Lema 2.2.2:
N (W' (z)) € M(z) ? Em geral esta relagao nao é verdadeira, conforme ilus-
tra o seguinte exemplo. Consideremos h(xq,z2) = z1m2 , * = ( 0, 0)7T.
Entdo M(z) = {v € IR? | viva = 0}, mas h'(z) = (0,0) e, claramente,
N (B (x)) = IR

Definicao 2.2.3

Dizemos que z € Q = {z € R" | h(z) = 0} é um ponto regular se o posto de
B (x) é igual a m ({Vhi(x),...,Vhy(xz)} é um conjunto linearmente inde-

pendente).

Teorema 2.2.4

(LICQ implica Abadie - restrigdes de igualdade)
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Seja Q = {x € R" | h(z) = 0}, h € CF, x € Q um ponto regular. Entdo,
para todo v € N'(h'(x)), existe uma curva v de classe C* passando por x tal
que 7'(0) = v. Portanto, M(x) = N(h/(z)).

Prova: Seja v € N(h/'(z)). Entao h/(z)v = 0. Queremos encontrar uma
curva 7y em {2 passando por z tal que 7/(0) = v. Consideramos o sistema de
equagoes

h(z +tv+ W (x)Tu) =0, (2.2.2)

Para x e v fixos, este é um sistema de m equagoes com m + 1 varidveis (u €
IR™ et € IR). Colocando u = 0,t = 0 temos uma solucao particular deste
sistema. O Jacobiano de (2.2.2) em relacio a w em t = 0 é h'(z)h/ (z)T €
IR™™ e é nao singular pela regularidade de z. Logo, pelo Teorema da
Fungao Implicita, existe ¥ € C¥, definida em [—¢,¢], € > 0, tal que (2.2.2)
se verifica se e somente se u = 4(t). Portanto

h(z + tv+ b/ (2)T5(t)) = 0 para todo t € [—¢,¢] . (2.2.3)

Derivando (2.2.3) em relagio a t, parat = 0 temos h'(z)(v+h'(z)T7(0)) = 0.
Como K (z)v = 0, segue que h'(x)h/ ()5 (0) = 0. Mas h/(z)h'(x)" é nao
singular, logo 74/(0) = 0.

Em conseqiiéncia, definindo 7 : [—¢,¢] — Q por

V(t) =z + tv + W ()" 5(t),

temos que
7'(0) = v+ 1 ()5 (0) = v.

Assim, v é a curva procurada. Como v é arbitrdrio, temos que N (h'(z)) C
M(z). Portanto, M(xz) = N (h/(z)). QED
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5.2.2 Optimality Conditions for Nonlinear Programs

In the remainder of this section we consider nonlinear programming problems of
the form

(NLP) it f &)

xeR."
subjectto g;(x) =0, i =1,... . q,
8ix) <0, i=q+1,...,p.

We assume that the objective function f : R" - IR and the constraint maPPi“g

G:=(81,...,8p) : R* - IRP are twice continuously differentiable. We discuss

now first and second order optimality conditions for the above problem (NL P).
Denote by 1 (x) the set of inequality constraints active at x,

(5.99)

[@):={i:gx)=0, i=q+1,...,p}

. . - b e
:I:St lilatu;al.to assoclate with a feasible point % of the problem (NL P) the %:?Y ol
= S0 talne.d by linearization of the objective function and of the o |

clive mequality constraints at x, that is

lem


Gabriel Haeser
J. F. Bonnans, A. Shapiro - Perturbation Analysis of Optimization Problems


5.2. Nonlinear Programming 44]

Min ;¢ gn Df (x)h,
subjectto Dg;($)h =0, j=1, . q
Dgi®h <0, icic). o G100
There is another possible linearization, based on the followin <
o . ’ win
tion. If a point x 1S a locally optimal solution of (NLP), then %fSﬂ(;l)pi]se ol;serva-
optimal solution of the nonlinear programming problem , s

Min z subjectto g;(x)=0

(x,2)€ER"X R y = o v g,

g8ilx) <z, i=q+1,...,p, (5.101)
f®) - f@) <z

The corresponding problem linearized at (x, 0) is

Mi i A\ — O
(h,z)eml},xmz subjectto  Dg;(X)h =0, i =1,...,q,

Dgi(¥)h < z, i € I(%), (5.102)
Df(x)h < z.

The Lagrangian and generalized Lagrangian functions associated with problem
(NLP) are defined, respectively, as follows:

P p
L, A) = ) + Y higi(x), LA, Ao, 0) = Aof () + ) higi(®),

i=1 i=1

where Ag € IR and A € IR".

Definition 5.46 The set A% (%) of generalized Lagrange multipliers at a feasible
point x of the problem (NLP) is defined as the set of nonzero vecta.r’s (A, A) =
(A0, Ay, ..., Ap) satisfying the following first order optimality conditions:

DyL8(%, Ag,A) =0, Ao = 0, and ; =0, higi® =0, i=q+L....p

If a generalized Lagrange multiplier (Ao, A) is such that Ao = 0, the.n wi say that
A is a singular Lagrange multiplier. If ho = 1, then we say _that A is a Lagrange
multiplier. The set of Lagrange multipliers is denoted by A(X).

It is not difficult to verify (see proposition 3.14) that, if the set of L?grange T]i“;
tipliers A (X) is nonempty, then the set of singular Lagrange multipliers, togethe
with 0, forms the recession cone of A(X). ‘ .

Let % be a feasible point of (N LP). We say that the Man.gz.lsanan-Fm{ngv:itjz
(MF) constraint qualification holds at 7 if the following conditions are satished:

(i) The vectors Dgi(®), i = L,--- 4> € {inteDarl?r ingezegder;t,e .
Gi) 3k e R": Dgi®h=0,i=1-- 4 gi (%) 1 :

Proposition 5.47 Let & bealocallyoptimalsolutionof (NT.F). i ";‘;’;e.‘ Agfjl
of generalized Lagrange multipliers is nonemp D, ar.zd thefo.llom'ng ;,;o Id;tzr;s (ii)
equivalent: (i) the Mangasarian-Fromovitz constraint qualification ho :
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pliers is empty, (iii) the set A (z
the set of singular Lagrange muigp(l;ers is empty, ( ) OfLag,ange
multipliers is nonempty and bounded.

) rst the case where the vectors Dg; (%), i — .. ,
f;:)(;it.;xeg;;sli:fll;;iendent. Then .there e:fists a n(.)nf?rti vector u ¢ qu’s uacr}el
that Y°7_; u; Dgi(®) = 0. Setting &; := i = 1,... 0 and i,
ii=q +1,..., p, we obtainlt)hat(l_‘)ls - s“;gu ar qag;ra:fl;.ii ;na;ll ;?nga;e d
that vectors Dg;(x),i = 1,...,q, Nden;
claleptﬁet:: ‘:letimal value of the linearized problem (§ 102) is 2ero, Indeed?‘;
this is false, there would exist 4 € IR" such _that .Dg,- gx.)h =07 = L., #
Df(x)h <0, and Dg;(x)h < 0, foralli € I (x‘). Slonc.:e 1t is a_ssumed that Dgi(i),
i = 1,...,q, are linearly independent, the implicit function theorey implie
that there exists a path x(f) = ¥ + th + o(t),t > 0, §uch ﬂlat 8i(x(1)) = 0
i=1,...,q,fort > 0small enough. We hav?, foreachi e I(x).that 8 (x(1))
tDg;i(x)h + o(t) < 0, and hence x(1) is feasnb!e. At the same t.lme’ F@) <
f@) +1Df(X)h +o(t) < f(%), which contradicts the lo‘cal Optimality of 3,
Problem (5.102) is a linear programming problem, and its dua] is given by

Max 0 subject to
(20,1)

DLfE20.0) =0, 20+ 3 =1, 4,20, i € 1) U {0}.
iel(x)

Since zero is the optimal value of problem (5.102), we obtain by theorem 5.44 thy
the optimal value of its dual is also zero. Consequently, the feasible set of the dual

difficult to see that any feasible point (Ao, A) of the
ralized Lagrange multiplier, associated with x, for

set A8(x) is nonempty.

constraint qualification implies that the optimal
m (5.100) is zero, Indeed, let / be a feasible point
ector satisfying condition (ii) of the MF-constraint
qualification. For a given ¢ O consider &, := p 4 gf. Since Dg; (%)h, < 0 for
alli € I(X) and ¢ = 0 small

We prove now that the MF-
value of the linearized proble

tain existence of a Path x(¢) = x + th, + o(t) such
that g; (x(1)) = 0, = l,...,q, and g;(x(r)) < 0, ; = q+1,...,p,fort>0
small €nough, and hence this

e Path is feasible for small enough ¢ > 0. Since ¥ is
local minimizer, it follows that :

Df e <lim L& ¥ 1he) - £y _
tl0 t o ~

rany e > 0 smalj enough, it follows that Df (¥)h > 0 for anljll
fproblem (5.100), Thg Proves that h = 0 is an optimal solutio

This being true fo
feasible point 4 o

Max ; 0

subject to DyL(x,1) = o, i >0, i € I(X).

st
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: mal value of (5.100) is zero, thep by theorem 5 44, the opt;
:lPtsl also zero, and hence the feasible set :

sition 5.45 the set of Lagrange multipliers is
by prol’o1 let the set of Lagrange multipliers be nonemp
Convers‘;?i';ng linear program (5.100) has value 0, and it
coge:;’:m that the MF-constraint qualification holds. Th
3

nonempty and bounded,
ty and bounded. Then the
follows from proposition
is completes the proof, O

discuss now second order optimality conditions. The critical cone associated
"ﬂYea feasible point X of (N L P) can be written as follows:
wi

c@):={h: Df(@)h <0, Dgi(X)h =0, i <q, Dgi(h <0, i € IF)].

iti irecti 1 that if the set A (%) of Lagrange
are called critical directions. Recal k j f]
- fl'elli;:?stsis nonempty, then the inequality Df (JF)h <0 in the definition of the
m?titclgl cone C(x) can be replaced by the equation Df (¥)h = 0, and for any
] A(x) the critical cone can be written in the f.orm (5_ 7). ' .
A iVe denote by /(x, h) the set of constraints active at X that are also active, up
the first order, in a direction A, i.e.,

I(x,h):={i € I(x): Dg;(x)h = 0).

Proposition 5.48 (Second order optimality conditions) Letx be afeasible point
of problem (N L P). Then the following holds. ML
() If x is a locally optimal solution of (NLP), theX {(o;) ~ ;’}): e

exists a generalized Lagrange multiplier (Ao, A) €

5.103)
D2, L&(%, Ao, A)(h, h) > 0. (
1 X h that
() Iffor each h € C (%) \ {0} there exists (Ao, A) € A (X) suc s
D? L& (%, Ag, A)(h, h) > 0,

c growth
isfying the quadratic growt

then % is a locally optimal solution of (N LP) satisfying the q

condition,

i case where
Proof. (i) Let # ¢ C (%) be a critical direction. Cons:;i:;‘t ﬁ';*shteglfhere e
Yectors Dg; (%), i = 1,...,q, are not linearly independent.

If (5.103)
0 1 PN — + 1, cee 9 p‘

hguler Lagrange multiplier A with &; = 0, for all { agother singular Lagrange
holds wigp 5, . X, we are done, otherwise since —A is

Multiplier, ang

A 2 18(%,0, &) (R, 1),
D2 L8(%,0, —i)(h, h) = —D% LS,
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we have that (5.103) is satisfied for A := —edn
We now discuss the case where vectors Dg;(x), i = 1,,, .

independent. Consider the linear program
Min z st. Df@w+ D f(x)(h, k) < z,

(w,z)GR”XR - 2 -
Dg[(X)w"l"D gi(x)(h! h) = 0, { = l,... v q, (5.105
Dgi(Byw + D*gi(®)(h, h) < z, i € I (%, by, )

e linggy,

The optimal value of this problem is nonnegative. Indeed, otherwise th
w which satisfies

Df®w+ D2f(X)(h,h) <O,

Dgi(Hw + DX gi@)(h,h) =0, i=1,...,q, (5.106
Dgi(®)w + D%g;(®)(h,h) <0, eI, h). L

CTe exists

Since x is feasible and 4 is a critical direction, and hence g; (X) = 0 and Dg;(i)h =
Ofori =1,...,q,and by the second equation in (5.106) we have 3

8i(% + th + Lt*w) = 1*[Dgi(X)w + D?g; (R)(h, h)] + o(?) = o(t?),

The Implicit Function Theorem implies then that there exists a path x(f) = 7 +
th+ 12w + o(t?) such that g;(x(t)) = 0,i = 1, ... , q, fort > 0 small enough.
Then, by a second order Taylor expansion, we have for ¢ > 0 small enough that

f&x@®) = f(&) +1Df )k + 2[Df ®)w + D2f &) (h, b)] + o(t?) < f (),

afnd similarly g;(x(t)) < 0, foralli € I(x,h). Ifi > q and i ¢ I(x,h), then
either g;(¥) < 0, or g;(¥) = 0 and Dg; (X)h < 0, and in both cases g; (x(?)) <0,
for small enough ¢ > 0. Therefore, for ¢ > O small enough, x(¢) is feasible and
f(x()) < f(x), which contradicts the local optimality of x. This proves that
(5.195) has a nonnegative optimal value.

Since Dg;(%),i = 1,... , g, are linearly independent, the equality constrainis
of (5.105) have a feasible solution, and hence, since z can be made arbitrarily large,
problern. (5.105) is consistent. Therefore, (5.105) has a finite nonnegative optimal
value. Since (5.105) is a linear programming problem, it follows that its dual bas =
the same optimal value. The dual of (5.105) is :

Max D2 18,20, \)(h, )

subject to D;L8(x, Ao, A) = 0, ¢ + Z‘,el(f n) =1,
Y20, 220, i€ I(%,h), 5 =0, i>q,i¢IGH:
Since an optimal solution of this d ' lipher -
: ual problem is a generalized Lagrange MU, =
associated with x, and the dual obiect; sri Tk = ,assemm .
(i) follows. : Objectlve function is Dxx Lg(x »A) (h' h) :'
Cl:)nslder DOW assertion (ii). Suppose that the conclusion of assertion @ d)oc:
not hold. Then there exists a sequence x; — ¥ of feasible points such that f (% =




5.2. Nonlinear Programming 445

(@) +olhoe = FI)- Setf =l — 1. Then
linysuy S0 =08 o
k—>00 1 =

Gxtracting 2 subsequence if necessary, we can assume that sy = (xx — %)/
converges to a vector kot UL IO, ok i = X+ tth + o(t) and [|k) = 1.
since f(xk) = J (X ) +o(llxx — x{|“), and x. are feasible, we obtain by a first order

expansion of f (xk).and gi(xk),i = 1,...,p, that h is a critical direction. Let
(o iybea generalized Lagrange multiplier such that

a := D2 _L&(%, Ao, A)(h, h) > 0,

Then, since the components of A corresponding to inequality constraints are
nonnegative, and DX L? (x» A-O, A) = 0, we have

of ) = LEG Ao d) = Rof () + DL LG, Ao, Dk B) +0(8)
> Rof@ + lar? +o().

—

1t follows that
a < Zio lim sup &) _2- A, <0,

which gives a contradiction. O

Remark 5.49 If the set A (x) of Lagrange multipliers is nonempty, then the suffi-
cient second order conditions of proposition 5.48(ii) are equivalent to the following
(stronger) conditions: for any 2 € C(X) \ {0} there exists A € A(X) such that
D2 L(%,A)(h, h) > 0. These conditions can be also written in the following
equivalent form:

sup D2 L(%, A)(h,h) >0, VheC@\ {0} (5.107)
AeA(F)
where the above supremum can be +00. Indeed, let (Ao, A) € A8 (%) be such that
(5'.104) holds. Then either Ap > 0, and in that case Ay 1, satisfies (_5.107), or A is
asingular Lagrange multiplier, and given any Lagrange multiplier A, we have that
V=X +1% € A() and A satisfies (5.107) for large enough ¢ > 0.



