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2.1 Teorema de Fourier

Teorema 2.1 (Fourler). Seja L um nitmero real maior que zero. Para toda fungio f : [—L, L] — R continua por partes
tal que a sua derivada f' também seja continua por partes, a série de Fourier de f

ag nmt = nrt
Sf'[f):E'FZH"CDST"‘ZE’ sen ——,
em que
1 /L t
ay = E/‘Lf(f)cns%df paran=20,1,2,...
1/t nit
b, = E./._Lf(f)sen—L dt, paran=1,2,...

converge para f nos pontos de (—L, L) em que f é continua. Ou seja, podemos representar f por sua série de Fourier:

f(t) = ED Z cos nT?rf + Z by sen ”}:ﬁ, parat € (—L, L) em que f é continua.




Exemplo 2.5, Seja L um ntimero real maior que zero. Seja m um inteiro positivo. Seja
Uy : [—L,L] - R definida por

mitt
Tr
it
Tz

(1) = cos parat € [—L, L]

Fazendo a mudanca de variaveis s =

T
/ m—mdf —/ cosmsds = 0,
-1 J-m

Vamos calcular os coeficientes a,,, paran = 0,1,2... Fazendo a mudanca de varidveis

it
s=—,paran >0en #mtemosque,

L

1 L mtt n it 1 ym
a, = —/ cos cos dt = —/ COS ms cos ns ds
LJ_L L L TJ_n

Usando o fato de que cos ms cos ns = 4 [cos(m +n)s + cos(m — n)s|, temos entdo que

1 T
= o= / [cos(m +n)s + cos(m —n)s|ds
S —IT
= ;sen{m—l—n}q ! +;sen{m =0
— 21(m4n) lox 2n(m—n) B
e paran = m,
i 1 1 g7
dy = / cos? —— Mg = = / cos®msds = — / [1+ cos2ms]ds = 1.
L mJ—m P

Aqui usamos o fato de que cos® ms = 3[1 + cos 2ms].
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Vamos calcular os coeficientes b, paran =1,2...

mitt nrt
b, = L/ ccrs—sean

— —/ COS MS sen s ds

Usando o fato de cosmssenns = %[sen(m +1)s + sen(m — n)s|, temos que

i
b = i[ [sen(m +n)s +sen(m —n)s|lds =0
21 J—n

Nestas integrais usamos relacdes que podem ser obtidas somando-se ou subtraindo-
se duas das relacdes abaixo.

COs H’I—Fﬂ}q = COSMSCOsHSs — senmssenns
COs|H — H}S = COSMSCOSHS 4+ senmssenns

Sen mis Cos s + COS S Senis

(

(
sen(m + n)s

(m

sen(m —mn)s = Senmscosns — COsMS Senns.
Assim a série de Fourier de u,, : [-L, L] — R é dada por
m it
Sy (t) = cos —— = uy(t), param=1,2...

L



Exemplo 2.6, Seja L. um namero real maior que zero. Seja m um inteiro positivo. Seja

om:[—L L] -+ R definida por

vm(t) = sen me, parat € [-L,L]

Vamos calcular os coeficientes a,, paran = 0,1,2... Fazendo a mudanca de varidveis

rct
5=—,
L
/ m?rf 1 /F‘T
sen ——df = — senmsds =
T J—m
. it
Fazendo a mudanca de variaveis s = T temos que paran=1,2,3.
m?rf M?def
a - 05
n L L

j—t

—/ Sen s Cos nsds

2:1

Usando o fato de que senms cosns = %[Sen{m +n)s + sen(m — n)s| obtemos que

T
ay = i/ [sen(m + n)s +sen(m —n)s|ds =0
2 J_n

Vamos calcular os coeficientes b, paran = 1,2... Paran # m temos que

ntt 1 /™
— / sen sen dit = — Sen s senns ds
L L T J_n
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Usando o fato de que senms senns = %[— cos(m + n)s + cos(m — n)s] temos que
1 T
by = — / [—cos(m +n)s+cos(m —mn)slds =0
2t J_n
Eparan =m,
by = T / n? mTi / sen® msds = 21; /ﬁ 1 — cos2ms|ds =1

Aqui usamos o fato de que senms = 1[1 — cos 2ms].

Assim a série de Fourier de vy, : [—L, L] — R é dada por

m 7t

Sop (1) = = Up(t), param =1,2...
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Com os coeficientes das funcdes destes exemplos podemos determinar os coeficien-
tes das séries de Fourier de varias fun¢oes que sdo combinacoes lineares delas. Isto
por que os coeficientes das séries dependem linearmente das fungdes, ou seja,

Proposicao 2.3. Sejam f,g: [-L, L] — R. Se

an(f, L) [ f(f)cos—df bulf, L) = 7 [ f(f)senn—mdt

1 oL nrt 1 L nt
ay(g, L) = T [—L g(t)cos Tdf, bn(g,L) = T /—L g(t)sen Tdf,

entdo para quaisquer niimeros a e f5,

an(af + Bg, L) = aan(f,L) + pan(g, L) e bo(af +pg L) =abu(f, L)+ Bba(g L).

Demonstracao.

: hm L nm
%_/_L{af(f}+ﬁg(f))cos Lfdt:a%./_Lf(f)c SdeH_‘BL / g f}casTdf
aan(f, L)+ Ban(g L).

bu(af + Bg L) =

L[ (af (1) + Bg(t)) se L[ F(t)sen it 4 / (t)sen "t =
ab, (f, L) + Bba(g, L).
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—xemplo 2.7, Seja L um ntimero real maior que zero. Seja n um inteiro positivo. Seja
f:[-L L] -+ R definida por

157t 317t
™ t4sen, parat € [—L, L]

f(t)=3—2cos 3 3

temos que a série de Fourier da fungao deste exemplo é ela prépria:

157t 31t
T fasenZZ — f(1).

S¢(t) =3 —2cos [ 3
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=xemplo 2.8, Considere a funcao f : [-L,L] — R dada por

1), _ |t secL <t <dL, _ _ B
flt)=f.q(t) = { caso contrario para c e d fixos satisfazendo —1 < c < d < 1.

.’

- : 1) e nit
Vamos calcular a série de Fourier de f ;:d* . Fazendo a mudanca de variaveis s = 5

e integrando-se por partes obtemos

1 dlL 1 dl L, , 5 .
ag = E f f(t)dt = T [ tdt = E(d- —c?) integral (93)
dl ntt 1 dl. nct L nrd '
a, = t) cus—df:— icos—di:—[ SCossds
. L f f( L Je L nin? HITC ”
L nd :
= 5 (s sens + coss) ' integral (99)
n J'T MTTC
1 nrtt dL. nrt L nmd
b, = — ) sen —di [ isen—di [ s sensds
" L /. L HETTQ Jnme
L nd
= 2( acoss—l—sena)
J".! It Hnc
Logo
Se(t) = +Za,,cas”—m+zbusenn—m
' 2 n=1 L n=1 L
nid 17l
L(d2— 2 [ o (ssens+coss) e (—scoss+sens)

- n Tt L - n it
nnc N
= E cos + — E sen }
4 ?rz nt L 2 " L

n=1



Table of Integrals”

[Icnsxdr =cosT+ rsine

1 T,
I COs ﬂ.‘Ifr_f.I' = -3 COs T + — 5111 .
a i

[IE cosrdr = 2rcosx + {IZ — 2) sinx

a’zr® —2

3 51N ax

9 2x cos ar
T cosardr = +

ﬂ,z i)

/Incasrdr = —%{i]n_l [C(n+1,—ix)

+(—1)"T(n + 1,iz)]

1
/Inmsrlxdr = E(iﬂ.]l_n [(—1)"T(n + 1, —iax)

—I'(n+1,iza))

(93) "4

(94)

(98)
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'4

/:sin xdr = —rcosr +sinz (99)
[Isin axdr = —Z°20F 4 5111;11' (100)
a a
2 . - 2 .
[.‘Iﬂ sinzdr = (2 — z°) cosz + 2zsinz (101)
2 — a’x? 2 si
/rg sin axdr = # cos ar + ﬁ (102)
: a a

.[In sin zdx = —%(i)“ T(n+1,—iz) — (—1)"T(n + 1, —ix)]

(103)

*(D) 2014. From http://integral-table.com, last revised June 14, 2014. This material is provided as is without warranty or representation about the accuracy, correctness or
suitability of the material for any purpose, and is licensed under the Creative Commons Attribution-Noncommercial-ShareAlike 3.0 United States License. To view a copy of this
license, visit http://creativecommons.org/licenses/by-nc-=sa/3.0/ or send a letter to Creative Commons, 171 Second Street, Suite 300, San Francisco, California, 94105, USA.
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I.4. Determine a série de Fourier da funcdo f;}i’] : [-L,L] — R dada por

secl <t <dL,
caso contrario,

(5.0] (5]
— Z Ay COS + Z b, sen

L
%/ f(t)cos paran =0,1,2,...
J_L

L
%I/_L_f(f}sen

paran =1,2,...

Tabelas de integrais

para c e d fixos satisfazendo —1 < c < d < 1.

c = n'lT‘&'
fr f=-t  STTEE
+ B nr dx gt = L ds
fi nm
1
+ Relagbes trigonométricas
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n

1.4. Fazendo a mudanga de varidveis s = —— e integrando-se por partes duas vezes obtemos

S @ (f)
Jeod

1 dlL 1 dl LQ
E[fL flbydt =+ L Pt = = (& — )

1 pdL Tt 1 pdL f 12 nrd
E[L f(i}ccrsn; di:E[L 12 cos 2 dt — T3 [ s2 coss ds
JC SO .

L H-iT nc
12 5 nrd nid
53 | 57 sens —2 ssens
H-"7T HTC JHTTC
12 7 ntd
—— ((H —2) sens +25c055) ‘
H-iT nIc

dl dL 2 nrd
l[ f(f)sennmdizl[ 2gen Mg - L [ s? sensds
L JeL L Jer

L L o n3 73 Jnmc
Lz ) nrd 1
—— | —s"coss +2 5C0S S
H- 7T nic JTTC
2 s nrd
—— (Zs sens + (2 — ShjCOSS) ‘
H- 7T nic

= t = i
%ﬂ+ Za,rcos%+ Eb;,s«-}nﬂFT

n=1 n=1 L
- nd
12 [2 ((s* —2) sens + 2scoss a7ct
= dS _ 3 = nic
6( L}+NSF§1 3 cos 7
nmd
2 o (2ssens—+ (2 —s%)coss
n L_ Z ( ( ) } nme gon 17t
= n3 L



Os coeficientes obtidos a partir das solucdes para funcoes
basicas podem ser combinados para o calculo de
coeficientes de funcdes que sao combinacdes lineares
dessas funcdes basicas por trecho.

A tabela a seguir resume essas solucdes e sera utilizada
intensamente no curso para a solucao das equacdes
diferenciais parciais de interesse (parabdlica, eliptica e
hiperbdlica)

MAP2320
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2.1.4 Tabela de Coeficientes de Series de Fourier

Coeficientes das Séries de Fourier de Funcoes Elementares

) B . ) 1 L nrtt ) 1 L nitt
filFLL =R -1<c<d<1 | an(f,l)=1 f_L_f(t}Los Tt bu(f,L) =1 f_L_f (t) sen
a I’J'{D:I L)y = d-—c i
(0 1, t € [cL,dL 0\ gdr - - ) n
-fgff;[t} - { 0 (SiflSD cc[:;tréri-]:} f;‘m 1 |”"“f bn(f I.’[E}’L} - _JTCDSS | ,
! fy (kfc;df’ L\J — ETT SE‘I'ISlH - nnc

(1 "
ao(f' ), L) = L(a® - ) )

f[”[f} _ i, setce [CL,{ITL] ﬂ;;{ﬁﬁf},f—d} _ b”{-rfﬁf’j—"} - i
Jed | 0, caso contririo wed nod L (—scoss + sens) "
ﬁz%f (s sens 4 coss) . e nc
- , _ ﬂn{_f.:[j_)*L} = 5@ -2 b (F?, 1) =
J{l--:_zjlm _ | 5, sete [cL,dL.] ﬂ”{f[?j};-['} _ cd’ .
‘ed 0, caso contrario e ned L. (2ssens+ (2 —s?) coss)
ne nc

mL_;[; ((s* —2) sens + 2scoss) -
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Proposicao 2.3. Sejam f,g: [-L, L] — R. Se

1 L t 1 L t
a,r{f,L}=E_[_Lf(ncc.s%df, Bu(f, L) = Iﬁlf{t}ﬂen%dt,

1 L nitt 1 L nit
a,(g, L) = Ef_Lg(t]cnsTdf, By(g, L) = E[_Lg(ﬂsen Tt

entio para quaisquer niimeros & e B,

an(af + g, L) = aay (f,L) + ay(g,L) € by(af + B8 L) = aby(f,L) + Bba(g, L).
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Serics PRATO 2552
FOURIER SERIES

Graham S McDonald

A self-contained Tutorial Module for learning
the technique of Fourier series analysis

® Table of contents
® Begin Tutorial

(© 2004 g.s.mcdonald@salford.ac.uk

http://www.cse.salford.ac.uk/physics/gsmcdonald/H-Tutorials/Fourier-series-tutorial.pdf



Section 6: Alternative notation

® For a waveform f(x) with period 2L = Qf , we have that

k= g—z = 7 and nkr = =57
>0
) ag N [ nm s nmw.
r) = — E (1 COS n SIn
2 ‘ L L
Tn—=

The corresponding Fourier coefficients are

STEP ONE 1
aw = 7 / flx)dx
2L
, 1 nmr
STEP TWO a, = 7 /f(;z.') COS HEUL dx
2L
1 1 ; e
STEP THREE b, = 7 / f () sin n’;i dx
2L

and Integrations are over a single interval in « of 2L

MAP2320
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EXERCISE 1.
Let f(x) be a function of period 27 such that

1, —wm<x<0
f(‘i')_{ 0, O0<uo <.

a) Sketch a graph of f(«x) in the interval —27 < & < 27

b) Show that the Fourier series for f(r) in the interval —7 < & < 7 is

1 2. 1. 1 .
— — — |sinax + —sindx + —sinbdr + ...
2 3 5)
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Exercise 1.

1, —m7m<ax<0
f(x) = { )

0, 0<ax <m, and has period 27

a) Sketch a graph of f(«) in the interval —27 < & < 27

fx)
L] T l
—27 —T 0 T 21
X
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b) Fourier series representation of f(x)

STEP ONE

1 (7 I 1 (7
ap = — fle)de = = fa)da + — f(e)da
—T 0

-

1 Y 1 [T
— —/ 1-d£—|——/ 0-dr
T J—x T Jo
1 0
= / dc
L

f“h]ln—t::llhw:lln—t

l.e. g =
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STEP TWO
1 [7 I I

Uy = — flr)cosnedr = — f f(r)cosna dr + — / f(x) cos naw da
UL T J—m T Jo

0 1 ™
/ 1-cosnedr+ — / 0 - cosnxdr
—T ™ Jo

1 0
= — cos na dia
™ — T

1 [sinne]” 1 s }U
= — = — [sinn
T n | . nm o
L. .
= — (sin0 — sin(—nm))
nm
1 :
— — (0 +sinnmn)
nm
. 1
ie. a, = —(0+0)=0.

nir



STEP THREE

1 T
— / f (;z:) sin na dax
m — T

1.e.

bn

1 [0
= — / f(x)sinne de +
T — T

1 /Y 1 [T
= — / 1-sinnede + — / 0 -sinnr de
0

MAP2320

1

m

m
/ f(x)sinnx dx
0

T ) T
0

1 [ , 1 | —cosne
— sinnae de = —
T ) - T n -

1 NN | | 1 , ,
—— cosnx]_, = —— (cos 0 — cos(—nm))

nw ni
1

1
———(1—cosnw)=——(1—(—=1)"). see TRIG
nm nm

{ 0 ., neven

. 1 .1 even
. since (—1)" = :
— 2 pnodd " ( ) {
T /

—1 . nodd
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5. Useful trig results

When calculating the Fourier coefficients a, and b, , for which n =
1.2,3. ..., the following trig. results are useful. Each of these results,
which are also true for n = 0,—1,—2,—-3,..., can be deduced from
the graph of sina or that of cosu

sin(x)
1
® sinnrt =0 X
b 2n n 7T
7
cos(x)
|
® cosnm=(—1)" ¥
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Section 5: Useful trig results 20
sin(x) | cos(x)

X X

T 2n T s 43 —2n n/ 0 T 2n 31

1 —1
_ 0 .n even B 0 .nodd
. / i
® sin n§ — 1 .n=1,59.. ® cos ?15 = 1 .n=20,4,8,..
—1 .n=3.7, 11 : —1 .n=2.6,10,..

Areas cancel when
when mmteeoratine 1]

] & ]
over whole periods /I-\ + /I—\x
{ ] f sin e dae =0 _vn _ ,\/n 3n
@ fco*:?u de =0 y




We now have that

o0
ap )
f(i) — 5 + E [an cos n.a + by, sin -n_.;{:]
n=1
with the three steps giving
0 . n even

ap =1, ap =0, and bn:{ 2

- , N Odd

It may be helpful to construct a table of values of b,

n‘l‘?‘ 3 ‘—1‘ 5
b | =2 0] =2(3) 0]~

5 |y

(

|

)

Lo

Substituting our results now gives the required series

1 2 1 1

flr) == — — [sinx + 3 sindx + —sindr + ...

2 T ) 5

MAP2320



1, — w7 <ax<0
flx) = o
U U < < 7
fix)
i |
—’Zrt —;r 0 2lrl:
X
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Coeficientes das Séries de Fourier de Funcbes Elementares

1 L nrt 1 /L nit

Fil-LL =R -1<c<d<1| an(fL)= I.[_r_ Flt) cos = dt balf,L) = 7 .[_r_ F(t) sen = dt
) et clc ao(fif.L) = d—c o nod
(= { b micklal | ol (73, 1) = e coss]”
g, , Ccaso contrano n [-ff.a'"L} _ ﬁ.—i&*ﬂﬁ o Ji, : HTEC

Exercicio 1

L=m,c=-1,d=0
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0.8 1

0.6 1

04 1

0.2 4

0.0 4

n=5 n=10
r'/_\‘. L~ /’\ —— Fourier Series —— Fourier Series
Y 7 —— function 10 ﬁvﬁuhuﬂuﬂ — function
0.5 1
06 1
0.4 1
0.2 1
PN FAN | PN N N Y
T 0o VT YV
T T T T T T T T T T T T T T
-3 -2 -1 0 1 2 3 -3 -2 -1 0 1 2 3
n=20 n=50
—— Fourier Series —— Fourier Series
ﬁuh‘*’ﬂ“’h"’ﬁ"ﬁ‘”ﬂ“ﬂ“‘huﬂ —— function 10 1 i'ih“"“ “1‘""'*; — function
0.5 1
06 -
0.4 1 ‘
0.2 1
M 0.0 1 i
1 A |||
T T




Exercise 2.

f(w) =

0,
£z,

—m < x <l
0 <o <.

and has period 27

a) Sketch a

oraph of f(ir) in the interval —37 < & < 37

J(x)

MAP2320
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