PDAs Accept
Context-Free Languages
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Proof - step 1
Convert
Context-Free Grammars

to
PDAs
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Take an arbitrary context-free grammarG

We will convert G to a PDA M such that:

L(G) =L(M)

Costas Busch - LSU 6



Conversion Procedure:

For each For each
production in G terminal in G
A—w a
\ Add transitions /
N| I
E,A— W a,d— &

B R IR ()



Grammar Example
S — aSTb

S—b FUA

T — Ta e,S— aSTb

T > ¢ ,S— b

e, T — Ta a,d— &

e,T— ¢ b,b— ¢

@ £, 6— S o 95— % |




PDA simulates leftmost derivations

Grammar PDA Computation
Leftmost Derivation
(49,0, " 0,0y 0,,9)
S >(Q1:§:U1° 040141 0,, S$)
= - NN
= 00 X X 2(/611 Opn O X X, 9)
= '\\ ‘-\ / ~.. 7
N
= 0, OO,y O >(q,,¢€,%)
"\\ / N
N4 ~_
Scanned Stack
symbols contents
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Grammar
Leftmost Derivation

Leftmost Variables

Terminals or terminals

\ variable

= XAy

Production applied
A — O,' UJBZ<

\ J
v

Terminals Variable

Costas Busch - LSU
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Grammar

Leftmost Derivation PDA Computation

= e > ...

= XAy >(q,0 --0,Ay$)

= Xo;---0,Bzy >(qy, 00,0 0,Bzy$)
’roduction applied Transition applied

A— 0;---0,Bz

@ £, - S ,$- 9%
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Grammar

Leftmost Derivation PDA Computation

o >
= XAy >(q,0 -0,Ay$)
= Xo;--0;Bzy >(Qy0;--0,,0,---0;Bzy$)

>(Q0; 177 0,,0;,17-0;BZy $)

Transition applied

Read O; from input @
< TN

and remove It from stack '
@ E,e—> S ¢ .50 9%
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Grammar
Leftmost Derivation

—
= XAy
= Xo0;---0;Bzy

All symbols O; *** O;

have been removed
from top of stack

> e

PDA

>(q1,0',- .”O-n

Computation

Ay $)

>(q,0, 0,0, ---aszy$)

>(Qy,0;,,°0,,,0,,,---0;BZy $)

> e

>(Qy0;,,0,,BZy$)
Last Transition applied

Copmes
W,

@ £,E— S q

Costas Busch - LSU
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The process repeats with the next
leftmost variable

- XAy / -

= X0, 0,Bzy > (9,0, 0,Bzy$)
= X0, 0,0, 0,Cpzy >(QL0; 10,0, 0,CPZYS)
> ..

>(q,0,,,-0,,Cpbzy$)

Production applied
B— o, 0Cp And so on......

Costas Busch - LSU 14



Example:

Input |a | p|la|b

£, S — aSTb 5
E,S—Db Stack
e, 1T — Ta aad— &

Time O

e,T— ¢ b,b— &

T ()




Derivation: S

Input |a | p|la|b

| S
| ¢,S — aSTb 5
Time 1
E,S—Db Stack

e, 1T — Ta aad— &

e,T— ¢ b,b— &

@®Qf’$*$ @)
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Derivation:S = aSTh

Input |a | p|la|b

|
Time 2

E,S—Db Stack
e, 1T — Ta aad— &

A TN .

e,1T— ¢ b,b— ¢

@ E,E— S COStaSBusq 95— 9 17

ch-LSU



Derivation: S = aSTb
S e
Input |a| bl alb T
T b
| g, S— aSTb $
Time 3
E,S—Db Stack
5T Ta
e,1T— ¢ b,b— ¢

@ E,E— S COStaSBusq 95— 9 18

ch-LSU



Derivation:S = aSTb= abTb

Input |a | p|la|b

A S| S

e, S— aSTb

Stack

e, 1T — Ta aad— &

Time 4

e, T— ¢ b,b— ¢

@ E,E— S COStaSBusq 95— 9 19

ch-LSU



Derivation:S = aSTb= abTb

Input | a | p | al|b T
| b
| g, S— aSTb $
Time 5
E,S—Db Stack

e, 1T — Ta aad— &

T
@ 8,8—>SCOStaSBUSq E,9— 9 20

ch-LSU




Derivation:S = aSTb= abTb = abTab

T <«
Input |a| bl alb -
| b
. £, S — aSTb $
Time 6
E,S—Db Stack

a,a ¢

e, 1T — &

E,E— S
—{Go)—
Costas Bus

b,b— &

P> )



Derivation:S = aSTb= abTb = abTab = abab

Input |a | p|alb 7 Lk
| b

. £, S — aSTb $

Time 7
E,S—Db Stack
e, 1T — Ta aad— &

b,b— &

E,E— S
—{Go)—
Costas Bus

B> )



Derivation:S = aSTb= abTb = abTab = abab

Input |a | p|la|b

| b
. £, S — aSTb $
Time 8

E,S—Db Stack

e,T— ¢ b,b— &

@ £, S - 95— 9 23

ch-LSU



Derivation:S = aSTb= abTb = abTab = abab

Input |a | p|la|b
£, S — aSTb $
E,S—Db Stack
e, 1T — Ta aad— &

@ 8,5—>ScostaSBusq 95— 9 24

ch-LSU

Time 9




Derivation:S = aSTb= abTb = abTab = abab

Input |a | p|la|b

T

. £,S — aSTb $
Time 10
E,S—Db Stack
e, 1T — Ta aad— &
e,T— ¢ b,b— &
accept
£, € S 55— %

q 1

Costas Busch - LSU 25



Grammar
Leftmost Derivation

PDA Computation

(95, abab,$)
5 > (q,,abab, S$)
= aSTb — >(q,,bab, STbS)
s abTh { > (q,, bab, bTb$)
>(q,,ab, Tb$)
= abTab — >(q,,ab,Tab$)
= abab " >(q,,ab,ab$)
\< >(q,,b,b$)

> (q13 €3$)
_ >(q,,¢,9)

Costas Busch - LSU 26



In general, it can be shown that:

Grammar G

generates PDA M
string w Tand \  accepts w
. Only if )
S = W (qO,W,$) >(q23 €3$)

Therefore L(G)=L(M)

Costas Busch - LSU 27



Proof - step 2

Convert

PDAS
to
Context-Free Grammars

Costas Busch - LSU
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Take an arbitrary PDA M

We will convert M
to a context-free grammar G such that:

L(M) =L(G)

Costas Busch - LSU

29



First modify PDA M so that:
1. The PDA has a single accept state

2. Use new initial stack symbol #

3. On acceptance the stack contains only
StaCk Sym bOI # (this symbol is not used in any transition)

A. Each transition either pushes a symbol
or pops a symbol but not both together

Costas Busch - LSU
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. The PDA has a single accept state

_____

Costas Busch - LSU



2. Use new Initial stack symbol #
Top of stack

Z

@

#

«<—Initial stack symbol of M

“—auxiliary stack symbol
«<—new Initial stack symbol

PDA M,

PDA M,

—}QS,E — @G ((‘:, E Z ’Q\\ T @
NS N 4

M_still thinks that Z is the initial stack

Costas Busch - LSU 32




3. On acceptance the stack contains only

stack symbol #
(this symbol is not used in any transition)

PDA M,
Old
PDA M2 accept

state

Empty stack

Vx el'- {@# }
New
E,X— &
accept
State

£, € € £,@ — 8

Costas

Busch - LSU 33




l. Each transition either pushes a symbol
or pops a symbol but not both together

PDA M, @O’aﬁb

o0 M4 @ 0,a—>e© e,e—>b

A

Costas Busch - LSU 34



PDAM, (g} " lq;)

. M4 @a,g%c‘i»@ 5,5—>5

A

Where Ois a symbol of the stack alphabet

Costas Busch - LSU 35



PDA M, is the final modified PDA

Note that the new initial stack symbol #
IS never used in any transition

Costas Busch - LSU
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Example: M a&—a
b,a— ¢

M £,d— &
4 ae— da

e,b— ¢
A
£, 86—~ @

b,a— ¢ e, 7 — ¢

q £,€ = Q q £,d— & q E,(@ — é;‘
@ A ;

Costas Busch - LSU 37



Grammar Construction

Variables:
Aq,- d;

A A

/]

States of PDA

Costas Busch - LSU
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PDA

Kind 1: for each state

@

Grammar

_)
Aqq £

Costas Busch - LSU
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PDA

Kind 2: for every three states

® @ «

Grammar

APCI — APfArq

Costas Busch - LSU

40



PDA
Kind 3: for every pair of such transitions

@a,g—w@ @b,t%g@

Grammar

A _ — aA.b

pq

Costas Busch - LSU 41



PDA

Initial state Accept state

Grammar

Start variable Aqoqf

Costas Busch - LSU
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Example: PDA

M £,0 ¢
—

4 d,& = d e,b— ¢

bya € E,Z_>8

a
£, @

q £,6— a q £,d— &€ q £,@— s_‘
@ (G )

Costas Busch - LSU 43



Grammar

Kind 1: from single states

_)
AQOCIO €

_)
AChCh €

_)
AQzQz €

_)
ACI3C13 €

_)
AQ4CI4 €

_>
AQSQS €

Costas Busch - LSU
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Kind 2: from triplets of states

A

qoqo qoqo qoqo | %Ch 0513 | 0% QZ% | 904s %% | Q094 %% | 9045 qsqo

Aqul %% qul | %fh 0,11 | Q09> CI2Q1 | Q095 Q3Q1 | Q094 CI4Q1 | Q095 Q5CI1

/)

qoqo C70675 | qo% 010 | Q0% QZ% | 9045 Q3C75 | Q094 CI4C75 |Aqoq5Aq5q5
_>

Aq5q5 500 qoq5 | Q5Q1 0,103 | s Q2Q5 | 0543 CI3Q5 | Qsd, q4q5 |Aq5q5Aq5q5

Start variable Aq0q5

Costas Busch - LSU 45



Kind 3: from pairs of transitions

M £,0=
—

4 a,& = d e,b— ¢

ba— ¢ e, 7 — ¢

— — —
AQo ds Aq1q4 AQz ds d >4y Aq2 ) Aq3 0y, b
— —
Aq1(74 AQz ds Aq2 0y, d 1%, b qu ds - AQ3Q3
A  — a3 _
4244 PAk! Aq2q4 Aq3q4

Costas Busch - LSU 46



Suppose that a PDA M is converted
to a context-free grammar (G

We need to prove that L(G) =L(M)

or equivalently

L(G) < L(M) L(G) 2L(M)

Costas Busch - LSU
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L(G) = L(M)

We need to show that if (3 has derivation:

*
Aqoqf = W  (string of terminals)

hen there is an accepting computation infV

(qo, W, #)>(q;, €, #)

with input string w

Costas Busch - LSU 48



Ve will actually show that if (G has derivation
>k

qu:> W

hen there is a computation inM

(p,w,€)~(q,¢, €)

Costas Busch - LSU 49



Therefore: *
Aqoqf = W

4

(Qy> W, €)>q;,€,€)

Since there Is no transition
with the # symbol V4

(Qo, W, #)>(q;, €, #)

Costas Busch - LSU




Lemma:

*
If qu = W/(string of terminals)

then there is a computation

from state P to state 0 on stringW
which leaves the stack empty:

(p,w,£) ~q, £, ¢)

Costas Busch - LSU
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Proof Intuition:
qu = ... W

Type 2
Case 1: qu = Ap,Arq = = W

Type 3
Case 2: qu = aA.b=--=>w

Costas Busch - LSU
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Type 2
Case 1: qu = Ap,Arq = = W

Stack
height

P r q
Input String Generated byApr Generated byArq

Costas Busch - LSU 53




Type 3
Case 2: qu = aA.b= --=>w

Stack
height

—
Input string Generated by Ars

Costas Busch - LSU 54




Formal Proof:

We formally prove this claim
by induction on the number
of steps in derivation:

qu\:> :>/W

.
number of steps

Costas Busch - LSU
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Induction Basis:qu = W

(one derivation step)

A Kind 1 production must have been used:

H
App £

Therefore, P =Q and W =¢&

This computation of PDA trivially exists:

(p.e,&)=(p, &, ¢)

Costas Busch - LSU 56



Induction Hypothesis:

qu:} oo => W

\ J
Y

K derivation steps

suppose it holds:

(p,w,£) ~q, &, ¢)

Costas Busch - LSU
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Induction Step:

qu: e > W

\ J
Y

Kk + 1 derivation steps

We have to show:

(p,w,£) ~q, &, ¢)

Costas Busch - LSU
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Kk + 1 derivation steps

Type 2
Case 1: qu = Ap,Arq = = W

Type 3
Case 2: qu = aA.b=--=>w

Costas Busch - LSU

59



Type 2
Case 1: qu\: AprArq = %W
~
k + 1steps

We can write W =yZ

e e
At most K steps At most K steps

Costas Busch - LSU
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A — :}/y A — :>/Z

Pr rq
M N
At most K steps At most K steps
From induction From induction

hypothesis, in PDA: hypothesis, in PDA:
(p,y,8)>(l",8,€) (I",Z,E')>(q,€,€)

Costas Busch - LSU 61



(p.y,e)=(re,e)  (rz,e)=q.e,¢)

I

(p,yz,£)Hr,z,€)>(q, ¢,¢)

since W =Yz

(p,w,£) ~q, &, ¢)

Costas Busch - LSU
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Type 3
Case 2. qu\: aA_SQ/: = W

k + 1 steps

We can write w =gqyb

\

A = ... :>/y

rs

v
At most K steps

Costas Busch - LSU
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A = ... :>/y

rs

v
At most K steps

4

From induction hypothesis,
the PDA has computation:

(r,y,&) *>(S,8,8)

Costas Busch - LSU
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Type 3

Grammar contains production

A, — aADb

And PDA Contains transitions

@a,s—w@ @b,t—ns@

Costas Busch - LSU 65




@a,€—>t@ @b,t—h?@
4 4

(p,ayb,e) >(r, yb,t) (s,b,t) >(q,¢,¢€)




We know

(r,y,e);(s,e,e)

— (r,yb,t) =(s,b,0)

(p,ayb,e) >(r, yb,t)

We also know

(s,b,t) >(q,&,¢)

Therefore:

(p,ayb,&) >(r,yb,t) >(s,b,t) >(q,¢,¢)

Costas Busch - LSU 67



(p,ayb,&) >(r,yb,t) >~(s,b,t) >(q,¢,¢)

since W =ayb

(p,w,£) =q, &, ¢)

Costas Busch - LSU
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So far we have shown:

L(G) = L(M)

With a similar proof we can show

L(G) 2L(M)

Therefore: L(G) =L(M)

Costas Busch - LSU
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