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Context-Free Languages

{a"b" :n =0} {ww™)

Reqgular Languages

a*b*  (a+b)*
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Context-Free Languages

Y

Context-Free Pushdown
Grammars Automata

stack

automaton«
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Context-Free Grammars
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Grammars
Grammars express languages

Example: the English language

@2%2’%%_) (noun_ phrase) ( predicate)

(noun_ phrase) — (article) (noun,

| predicate) — (verb)
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(article)— a

(article)— the

(noun)— cat

(noun)— dog

(verb)— runs

(verb)— sleeps
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Derivation of string “the dog sleeps”:

(sentence) = (noun_ phrase) ( predicate)

) (verb
)

(verb)
= the (noun) (verb)

= (noun_ phrase

= (article) (noun

= the dog (verb)
= the dog sleeps
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Derivation of string “a cat runs”:

(sentence) = (noun_ phrase) ( predicate)

) (verb)
)

(verb)
= a (noun) (verb)

= (noun_ phrase

= (article) (noun

= a cat (verb)

= a cdat runs
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Language of the grammar:

L = { “a cat runs”,
“a cat sleeps”,
“the cat runs”,
“the cat sleeps”,
“a dog runs”,
“a dog sleeps”,
“the dog runs”,
“the dog sleeps” }
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Productions

Seguence of

Terminals (symbols)

—
(noun — cat

A

(sentence — (noun_ phrase) (predicate)

A _ 4
/ ~

Variables Sequence of Variables
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Another Example

Seguence of

terminals and variables
—M
Grammar: S — agSb
A

S— ¢
/ O\
Variable The right side

may be €
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Grammar:S — aSh

S — ¢

Derivation of string ab :

S? aSb=: ab

SN

S — aSb S— ¢
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Grammar:S — aSb

S — ¢

Derivation of string aabb

S = aSb = aaSbb = aabb

AYARY
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Grammar:S — aSb

S — ¢

Other derivations:

S = aSb = aaSbb = aaaSbbb = aaabbb

S = aSb= aaSbb = aaaSbbb
= aaaaSbbbb = aaaabbbb
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Grammar:S — aSh

S — ¢

Language of the grammar:

L ={a"b" :n >0}
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A Convenient Notation

3k

We write: S = aaabbb

for zero or more derivation steps

Instead of:

S = aSb = aaSbb = aaaSbbb = aaabbb
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3k

In general we write: wy = w,

If: W = W) = W= "= Wy

In zero or more derivation steps

3k

Trivially: w = W
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Example Grammar  Popssible Derivations

S — aSb

S — ¢

*

S= ¢
S= ab

S = aaabbb

S = aaSbb= aaaaaSbbbbb
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Another convenient notation:

> ash ) S aSb|e
S5— ¢

\article)— a

) (article)— a|the

Larticle) — the
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Formal Definitions

Grammar: G :(V,T,S,li)

/7 A1
Set of / \
variables

Set of Start Set of
terminal variable productions
symbols
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Context-Free Grammar: G =(V,T,S, P)

All productions in P are of the form

A— S
| e ~—
Variable String of
variables and

terminals

Costas Busch - LSU
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-Xxample of Context-Free Grammar

S— aSb|e¢

productions
P ={S — aSb, S — ¢}

e

G =(vV,T,S,P)

» }/ \

variables 1 =la,b} start variable
terminals
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anguage of a Grammar:

For a grammarG  with start variabl§

>k

L(G) ={vAv: S=>w, weTl*}

String of terminals or €
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Example:

context-free grammar G :|S — aSb]| ¢

L(G) ={a"b": n =0}

Since, there Is derivation

*
S= a"b" forany n=0
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Context-Free Language definition:

A languagel is context-free

if there is a context-free grammarG
L =L(G)

with

Costas Busch - LSU
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Example:

L ={a"b": n =0}

IS @ context-free language
since context-free grammarGg

generates L(G) =L

Costas Busch - LSU
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Another Example

Context-free grammarG :
S — aSa |bSb | ¢

Example derivations:
S = aSa = abSba = abba

S = aSa= abSba = abaSaba = abaaba

L(G) = {ww®: we{a,b}*}

Palindromes of even length
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Another Example
Context-free grammar G :

S— aSb|SS|¢

-Xample derivations:
S= S8S= aSbS = abS = ab

S= SS= aSbS = abS = abaSb= abab

L(G) ={w :ng(w) =np(w),

and n,(v) =n(v)
Describes

in any prefix v
matched y P |

parentheses: () ((())) (()) a=(

Costas Busch - LSU
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Derivation Order
and
Derivation Trees
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Derivation Order

~onsider the following example grammar
vith 5 productions:

1. S—= AB 2. A—- adA 4. B— Bb
3. A— ¢ 5. B— ¢
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1. S—- AB 2. A-> aadA 4. B— Bb
3. A— ¢ 5. B— ¢

| eftmost derivation order of string aab:

1 2 3 4 5
S= AB= adAB= aaB= aaBb= aab

At each step, we substitute the
leftmost variable
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1. S—- AB 2. A-> aadA 4. B— Bb
3. A— ¢ 5. B— ¢

Rightmost derivation order of string aab :

1 4 5 2 3
S=> AB=> ABb=> Ab= adAb= aab

At each step, we substitute the
rightmost variable
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1. S—- AB 2. A-> aadA 4. B— Bb
3. A— ¢ 5. B— ¢

Leftmost derivation of aab:

1 2 3 4 5
S= AB= adAB= aaB= aaBb= aab

Rightmost derivation of aab :

1 4 5 2 3
S=> AB=> ABb=> Ab= adAb= aab
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Derivation Trees

onsider the same example grammar:

S— AB A— aaAle  B- Bble

And a derivation of aab :

S= AB= adAB= aaABb= aaBb= aab
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S— AB

A— adA|e

yield aaABb




S— AB A— adA |g B— Bb|¢
S= AB= adAB= aaABb= aaBb

yleld
aasBb =aaBb

“Costas-Busch - LSU 38




S—» AB A— adA|le B- Bble

S = AB= aadAB= aaABb= aaBb = aab

Derivation Tree
(parse tree)
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ometimes, derivation order doesn’t matter

Leftmost derivation:
S= AB= adAB = aaB = aaBb = aab

Rightmost derivation:
S= AB= ABb= Ab= aadAb= aab

Give same ‘/@

- A
derivation tree /
(@) (¢
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Ambiqguity
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Grammar for mathematical expressions

E—> E+E | ExE | (E) | a

Example strings:

(@a+a)kxa+(a@a+ax(a+a))

/

Denotes any number

Costas Busch - LSU
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E—> E+E | ExE | (E) | a

E= FE+FE= a+FE= a+ExE

> a+axEkE > a+a*a

A leftmost derivation
for a+axa



E— E+E | ExE | (E) | a

E= FExE= E+ExF= a+FExE

> a+axE => a+axka

Another

leftmost derivation
for a+axa



E— E+E | ExE | (E) | a

Two derivation trees
g for ga+axa
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take a =2

a+axa =2+2%2




Good Tree Bad Tree
2+ 2%2 =6 2+ 2%x2 =8

8




Iwo different derivation trees
Mmay cause problems in applications which
Jse the derivation trees:

* Evaluating expressions

* In general, iIn compilers
for programming languages
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Ambiguous Grammar:

A context-free grammar G is ambiguous
if there is a string  we L(G) which has:

two different derivation trees
or
two leftmost derivations

(Two different derivation trees give two
different leftmost derivations and vice-versa)
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Example:' E —» E+E | ExE | (E) | a

his grammar iIs ambiguous since
string a +a*xa has two derivation trees

o 5,
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E—> E+E | ExE | (E) | a

Nis grammar iIs ambiguous also because
string d + d*a has two leftmost derivations

E= F+EFE=a+F= a+ExE

> a+axEk = a+a*a

E= ExFE= FE+EXxFE = a+FExE

> a+axE = a+axa
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Another ambiguous grammar:

STMT — if EXPR then STMT
| If EXPR then STMT else STMT

S

Variables Terminals

Very common piece of grammar
In programming languages
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f exprl then if expr2 then stmtl else stmt2

this Is the tree
- ‘ Ndmmgui

Two derivation trees

m@
e

@




In general, ambiqguity is bad
and we want to remove it

Sometimes it is possible to find
a non-ambiguous grammar for a language

But, in general t is difficult to achieve this
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A successful example:

Ambiguous
Grammar

E - FE +E
E - E xE
E — (E)
E — a

Equivalent

Non-Ambiguous
Grammar

E - E +T |T
I -T xF |F
F - (E)|a

generates the same
language
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E=FE+T=>T+T=>F+1T=a+1T = a+TxF

= a+F*xF = a+axF = a+ax*a

E— E+T|T i
T— TxF|F E T
F->(E)la | (T (T }9 F

Unique @ G @

derivation tree
for a+a*a @ @
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An un-successful example:

L ={a"b"c™} U {a"b"c™}
n,m =0
Lis iInherently ambiguous:

every grammar that generates this
language is ambiguous

Costas Busch - LSU
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Example (ambiguous) grammar forl

L ={a"b"c™} U {a"b"c™}

e |

S§— 5SS S, - Sc|lA §S,—aS,|B
A— aAble B— bBc|e¢
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The string g"p"c" e
has always two different derivation trees
(for any grammar)

b A

VAN VAN
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