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1 Introduction

Synchrotron radiation is the radiation emitted by charged particles when they
are accelerated radially to relativistic velocities. The non-relativistic counter-
part is called cyclotron radiation.

In order to radially accelerate the particles, it is needed a magnetic field per-
pendicular to the particles’ velocity, which can be produced inside accelerators
so called “synchrotrons”, or in naturally occurring magnetic fields, for example
in the intragalactic medium.

In the astronomical context, this kind of radiation was first detected in
1965, from a jet emitted by Messier 87. Synchrotron radiation is also found in
sunspots and in the particle radiation belts in Jupiter. Another important case
of synchrotron radiation emission are the pulsar wind nebulae, clouds inside
shells of supernova remnants. The blue glow in the center of the Crab nebula
is an example.

Figure 1: Left: Messier 87’s synchrotron radiation. Right: Crab Nebula.



2 Theory

2.1 Liénard-Wiechert potential
Consider the Maxwell equations in the Lorenz gauge (9, A" = 0)

0, F" = 9,0" A = 47”.]” (1)

where F*¥ is the electromagnetic tensor, J" is the current 4-vector and A" is
the 4-potential.
In the case of a charged particle in motion, the current is given by

JY(z) = ec/d7V”(7)5(ac — (7))

where V(1) is the charge’s 4-velocity at time 7, and r#(7) it’s position. The
solution to (1) is given by

At(z) = 4% /d4:c’G(:c — ") J"(z")

where G is the retarded Green function, defined by 9,0"G(z,2’) = §(x — 2’),
whose solution is

Gz —a') = %9(930 — 2"%)8(x — 2')?]

That is, G is only non-null in the past light cone of x, defined by the set of
points 2’ such that c(z° — 2°) = |x — x'| and 2° > 2/°. Thus, plugging in the
Green function we find the solution

Ab(x) = Qe/dTV”(T)H(:EO — 7’0(7))6([93 — 7’(7)]2)

But the trajectory of the particle only intersects the past light cone at one
point, which we call r(7p). Using the rule

2

where x; are the roots of f(z), and setting f(7) = (z — r(7))?, we get

B §(t — 7o)
§([x — r(T)]2) = 2(z — T(TO))HOV/‘(TO)

And thus, the Liénard-Wiechert potentials for a moving charge are given
by

Wiy eVH(T)
A() = Vi — (1),
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AsV, = ‘g—: = v(c,v), if we set c(2® —1%(1p)) = |x — r(79)| = R, we can
write

V¥(x —r(1)), =~(c,—v) - (R, Rn) = cR(1 — § - n)

where n is an unit vector in the direction of x — r(7) and 8 = v(7)/c.

Time

Figure 2: The potential at x is affected by the position of the particle at the
“retarded” time 9. We defined R = ¢(z° — r%(9)) = |x — r(70)|

Now these potentials take the more familiar form

= e
ef
ARD = R

From this potentials, we can get the fields:

C

- n- 3 e nx{(n—ﬁ)xﬁo}
E“¢**?wu—gqmm4m+l (15 nfR

B =[n x E|
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2.2 Accelerated charges

Let’s consider a situation in which the particle is accelerated but observed in a
reference frame in which its velocity is small compared to ¢. Since the first term
in (2) falls with R?, we retain only the second term, in the form

nx (nx B)

E=-
c R

7o

The associated Poynting vector is



<
47

Therefore, the power radiated per unit solid angle, by a particle at position
r(70), through a sphere of radius R is

S=“ExB=—|E’n
4

ap dP _, s € N
dQ_dAR =S-nR —47rc|n><(n><6)|

If the angle between ﬂ and n is 6,

ar e

——|n x
dQ)  4nc? |
which corresponds to a “donut-shaped” power angular distribution, as seen in
figure 3.
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B‘z = Trc sin? §

Figure 3: Power per solid angle angular distribution in the non-relativistic pic-
ture

Integrating, we get Larmor’s formula (for an accelerated charge in non-
relativistic motion)

2¢2 .
P=Z_p
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Now consider a particle in relativistic motion. From (2), we see that

. 72
S e2 1 [nx{(n—p)x3}
‘n= el
dmc? R? (1-p-n)3
This is the energy per unit time per unit area detected at time z° = t

emitted by the charge at time ro(79) = t' =t — R/c. We can transform this
to the energy per unit retarded time per unit area, that is, the emission rate
instead of detection rate:

dE dE dt

dAdt’ — dAdt dt'
So using that

d_ | ldR | IWVRR
dt’ cdt c dt



we get

dP(t') dt

70 :RQS~H@:S~n(175~n)
dP(t) _ €* |nx{(m—p)x B} 3)
dQ 42 (1-3-n)d

In the case of linear motion (3||3), we get
dP 6252 sin® 0
)= _ 5 (4)
dQ 4me (1 — Bcosh)

that is, the angular distribution of the power is tipped towards the direction of
motion, as indicated in figure 4.

Figure 4: Power per solid angle angular distribution for f|| B

The total radiated power, given by integration of (4), is
2 e?
3¢

In the case of instantaneously circular motion (5 L ﬁ), defining the angles
¢ and 6 as in figure 5 the angular power distribution is

P(t') B0 (5)

d—P(t’) e 32 B sin? 0 cos? ¢ (6)
dQV "’ 4mc (1 — Bcosh)3 ~v2(1 — Bcosh)?

Integration of (6) yields the total radiated power
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P(t) = 3¢

B2yt (7)

2.3 Frequency spectrum
As seen in the beggining of the previous section, the radiated power is given by

dP

e = AP

where



’
/
e
-=

Figure 5: Left: Coordinates 6, ¢. Right: Power per solid angle distribution for
pLB.

A(t) = \/E [RE,.,

and E is given by (2). The Fourier transform of A(t) is

Aw) = \/% /_OO A(t)e™tat

So the energy radiated per unit solid angle can be written as

1 - o0
o / dtdwdi’ A(w)* - Aw)ell =)t — / A (w)|2dw
Y3

— 0o

dE
aQ
So if we define the energy radiated per unit solid angle per unit frequency

interval by
)
dE _ d?I(w,n) o
ds2 0 dwd$)

we find

d*1
dwdS}
and plugging in the field expression, after some algebra (we refer to page 675 of

[1]):

=AW +[A(-w)]* = 2|A(w)?

d2I B e2w?
dwdQ  4n2c

/00 n x (nx Bexp(iw(t —n-r(t)/c))dt

— 00

We have seen that the radiation emitted by a charged particle in circular
motion is concentrated in a narrow cone in the direction of the tangent of the



Figure 6: The instantaneous radius of curvature of the trajectory is p and 6 is
the angle between n and the = axis.

velocity vector (that is, tangent to the trajectory). To calculate this integral,
we make use of the coordinate system displayed in figure 6, so that

nx (nxpg)=4 (—qsin (Ut> + €, cos (Ut> sin9>
p p

Making the approximations sin(vt/p) = vt/p — v3t3/6p>, cosf = 1 — 6%/2

and 8~ 1
1 2
— 40 t+ —
K72+ > +302 }

| &

Wit —n-r(t))c) = w {t — Pin <”> cosa} ~

c p

And therefore

d2I B e2w?
dwdQ — 4r2c

o0 t 1 2
[ (e mes)en (5 (o))

Integration results in

dwdQ ~ 3723

2T 2,202 /1 1/2 02
e2w?p <72 + 92> [Kg/g({:) + WKf/s(f)] (8)

where K are modified Bessel functions of the second kind.
< I3 14
Kz/g(f):\/g 2 sin 55 :c-i-ga: dx
0

Ky3(6) = Jé/om cos Bg (x + ;xf")] dzx

3/2
_wp (1l g
6—36 <72+9>



In (8), the first term (associated to €|) corresponds to the energy of radiation
polarized in the plane of the circular motion, while the second term (associated
to € ) corresponds to radiation polarized perpendicular to that plane. Integrat-
ing over frequency, we find

B _ [T, 15
dQ  Jy dwdQ T 16p (1/42 + 62)5/2 71/~% + 62

with a behavior similar to that of (6). Again, the first term corresponds to
parallel polarization and the second to perpendicular. We see that the radiation
is strongly polarized in the plane of motion.

Furthermore, (8) tells us that the intensity will be negligible for £ > 1,
which corresponds to larger angles 6. Hence, the radiation is confined to near
the plane of motion.

On the other hand, ¢ also becomes large as w grows, independently of 6.
We define the critical frequency, beyond which there is negligible radiation, by

£=1/2 at 6 =0, so that
3 5(c
ve= 3 (£) 0

Integrating (8) over all solid angle, we get the frequency spectrum:

dI ey w [
which is plotted in linear and logarithmic scale in figure 7.

In the following section we will discuss certain physical applications where
the electrons are accelerated by a magnetic field B. The electrons move with
a velocity v and an angle a between v and B. In the laboratory frame of
reference, its motion is given by

d
%(ymev) =q(v x B) = ymea = quBsina

Equating to the centripetal acceleration (for an instantaneous circular mo-
tion with radius r) yields

vﬁ_ _ quBsina  qBvy

(11)
r YMe YMe

Thus, the angular velocity is given by

T VM y
where wy is the non-relativistic rotation frequency. If we substitute p = v/w, =
vy /(wysina) in (9)

3 53¢ . 3 ,(c .
We = =7 —wrsina = = — | wgsin«
c 2'7 v r 2'7 v g9



Figure 7: Synchrotron radiation frequency spectrum in (a) linear and (b) loga-
rithmic scale

3 Power-law distribution of electron energies

In astrophysical applications, we must consider the presence of multiple electrons
with a range of energies. In this section we will discuss the synchrotron radiation
emitted by a power-law distribution of electron energies, i.e.

N(E)dE = kE PdE

where N(E)dE is the number density of electrons in the energy range E to
E+dE.
This functional form is chosen since the energy spectra in many astrophysical
situations can be approximated by a power-law, such as cosmic-ray electrons.
As discussed in the previous section, the intensity of the radiation declines
rapidly for frequencies far from w.. Therefore, we make the crude approximation



that the radiation only occurs at w., which results in

E \°/ eB
VRV Yy (mec2) (27rme>’ 12

where we used the approximations made in the previous section and v = w/27.
Hence, the energy radiated in frequencies between v and v + dv correspond to
the electrons with energies between E and FE + dF and the frequency spectrum
is

dE
J(v)dv = (—) N(E)dE
dt
We also have that
2Tme,

E =ym.c* = Mec? o 1/1/23_1/2,

VeB

where, in the second equality, we used expression 12. Furthermore,

2
eC” [ 2mme _
dE = mQC V% dv o '/?B~1/?

Then, using N(F) = kE~P and that the power radiated by each electron
is given by (7), substituting the centripetal acceleration (11) and using 72 ~
v/vg ~v/B

dE 2e? . 2¢e2 ,e2f%2B2%sin’? o
= _p=Z_ 4 2:77 4= ~ = P B
dt 3¢ p xv

3¢ ¥2m2
Therefore, gathering everything

J(v) kBPTD/2,—(p—1)/2

The exponent a in J(v) o< v~ is called spectral index. The full expression
for J(v) (we refer to (8.130) of [2]) is

1.253 x 1037

v

(r-1)/2
J(v) = 2.344 x 10~ Pa(p) BPTV/ 2k ( ) Wm3Hz"' (13)

where a(p) is a constant that depends on p.

4 Astrophysical Sources

As an application of the ideas discussed above, we consider the radio emission
of the Galaxy. Figure 8 exhibits the map of radio emission of the Galaxy at a
frequency of 408 MHz, which is dominated by synchrotron radiation.
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Figure 8: Radio emission map at 408MHz

Figure 9(top) shows the spectrum of radio emission in the direction of the
anticentre (that is, outwards from the center of the galaxy), for lower (I, close to
the North Galactic Pole) and higher (II, close to the interarm region) latitudes.

For v < 200M Hz, the spectrum is well described by a power law J(v) ~
v~94 and for v > 400M H z, the spectral index is about 0.8-0.9.

For cosmic ray electrons at energies greater than 10 GeV, we assume a
distribution ([2])

N(E)dE = 2.9 x 107°E~33dE electronsm >

Electrons with energy E = ym.c? will radiate most of their energy at fre-
quency

2 9B

~28v°B GHz
2Tme,

where B is measured in Tesla.

Now we calculate the spectrum using (13), x = 2.9 x 107° and p = 3.3 (for
which a(p) = 0.238. The result is compared to the measured spectrum in figure
9(bottom).

We see that for B = 0.6 nT, the observed and predicted spectrum join
smoothly. However, in general it is assumed that the magnetic field is about
0.15 — 0.3 nT. This discrepancy may arise for different reasons, for example,
the Earth may be in a low electron density region relative to the interstellar
medium.
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Figure 9: (Top) Galactic radio emission in the anticenter direction (I) and
interarm region (II), (bottom) Comparison of observed and predicted spectrum
for different values of B = 0.3z nT (z = 0.5,1,2). Frequency distribution J(v)
here is denoted ¢, and is normalized with respect to the local spectrum of the
interstellar medium.
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