
Oscar Éboli 17 de abril de 2020

Dinâmica de muitos corpos
segunda aula

1. Coordenadas relativas


2. Conservação de momento linear


3. Sistemas de massa variável



Recapitulando:
• Centro de massa de um sistema:

~R ⌘
P

k mk~xk

M

<latexit sha1_base64="q6oAgz+QhDAkPWLoL+okEPQJddc="></latexit>

posição de cada partícula

massa total

M
d2 ~R

dt2
=

X

k

~F ext
k = ~F ext

total

<latexit sha1_base64="jW1dK4/qsnh1jlx0oYkZ/R+NuTY="></latexit>

~vCM =
d~R

dt
=

1

M

 
X

k

mk~vk

!
=

1

M

X

k

~pk

<latexit sha1_base64="W72hix7QVfSrc6IOU1RMzxNn8ds="></latexit>

~PCM ⌘ M~vCM =
X

k

~pk

<latexit sha1_base64="j6hzUkmB3Mu5QX2juywqfgqW49E="></latexit>

Referências:


Moyses cap. 8


Alonso+Finn cap. 9



2. Coordenadas relativas 

white boards 8, 9, 10



2. Coordenadas relativas 

~x0
1

<latexit sha1_base64="pF4Q3wB2tbQo4i/KULW1q+Ytwnk=">AAAB+nicbZBLSwMxFIUzPmt9tbp0E1qErsqMVttl0Y3LCvYBnTpk0ts2NPMgyVTL2F8iblwo4tY/4dad6I8xfQhqPRD4OOdecjluyJlUpvluLCwuLa+sJtaS6xubW9up9E5NBpGgUKUBD0TDJRI486GqmOLQCAUQz+VQd/un47w+ACFZ4F+oYQgtj3R91mGUKG05qbQ9ABpfjy7tUDAPHAs7qayZNyfC82DNIFvO5D4/iq+3FSf1ZrcDGnngK8qJlE3LDFUrJkIxymGUtCMJIaF90oWmRp94IFvx5PQR3tdOG3cCoZ+v8MT9uRETT8qh5+pJj6ie/JuNzf+yZqQ6pVbM/DBS4NPpR52IYxXgcQ+4zQRQxYcaCBVM34ppjwhClW4rOSnhuFgqHFp4Hr5LqB3krUL+6Fy3cYKmSqA9lEE5ZKEiKqMzVEFVRNEVukMP6NG4Me6NJ+N5OrpgzHZ20S8ZL195Kpga</latexit>

~x0
2

<latexit sha1_base64="H2gR+/e5VZ4hSXLhivoWj4zEdB4=">AAAB+nicbZBLTwIxFIU7+EJ8Dbp000BMWJEZRGFJdOMSE3kkgKRTLtDQeaTtoGTklxg3LjTGrX/CrTujP8byMFHxJE2+nHNvenOcgDOpLOvdiC0tr6yuxdcTG5tb2ztmcrcq/VBQqFCf+6LuEAmceVBRTHGoBwKI63CoOYPTSV4bgpDM9y7UKICWS3oe6zJKlLbaZrI5BBpdjy+bgWAutHO4baatrDUVXgR7DulSKvP5UXi9LbfNt2bHp6ELnqKcSNmwrUC1IiIUoxzGiWYoISB0QHrQ0OgRF2Qrmp4+xgfa6eCuL/TzFJ66Pzci4ko5ch096RLVl3+ziflf1ghVt9iKmBeECjw6+6gbcqx8POkBd5gAqvhIA6GC6Vsx7RNBqNJtJaYlHBeK+UMbL8J3CdVc1s5nj851GydopjjaRymUQTYqoBI6Q2VUQRRdoTv0gB6NG+PeeDKeZ6MxY76zh37JePkCeq+YGw==</latexit>

~x2

<latexit sha1_base64="CBTMT4cuhLHgD5vuh6ck/zRj47w=">AAAB8XicbVDLTgJBEOz1ifhCTbx4mUhMPJFdROFI8OIREnlEIGR2GGDC7OxmZpZINvyFFw8a49X4F36BNy9+i8OCiYqVdFKp6k53lxtwprRtf1hLyyura+uJjeTm1vbObmpvv6b8UBJaJT73ZcPFinImaFUzzWkjkBR7Lqd1d3g59esjKhXzxbUeB7Tt4b5gPUawNtJNa0RJdDvpZFEnlbYzdgy0SJw5SRcPK5/stfRW7qTeW12fhB4VmnCsVNOxA92OsNSMcDpJtkJFA0yGuE+bhgrsUdWO4osn6MQoXdTzpSmhUaz+nIiwp9TYc02nh/VA/fWm4n9eM9S9QjtiIgg1FWS2qBdypH00fR91maRE87EhmEhmbkVkgCUm2oSUjEO4yBdyZw5aJN8h1LIZJ5c5r5g0SjBDAo7gGE7BgTwU4QrKUAUCAu7gAR4tZd1bT9bzrHXJms8cwC9YL188h5SS</latexit>

~x1

<latexit sha1_base64="o4KSmGfbwLYFyFf5bGWk+heTXxE=">AAAB8HicbVDLSgMxFM3UV62vquDGTbAIrsqMVttlqRuXLdiHtEPJpJk2NMkMSaZYhn6FGxeKuBX8C7/AnRu/xXRaQa0HLhzOuZd77/FCRpW27Q8rtbS8srqWXs9sbG5t72R39xoqiCQmdRywQLY8pAijgtQ11Yy0QkkQ9xhpesPLqd8cEaloIK71OCQuR31BfYqRNtJNZ0RwfDvpOt1szs7bCeAiceYkVz6ofdLXylu1m33v9AIccSI0ZkiptmOH2o2R1BQzMsl0IkVChIeoT9qGCsSJcuPk4Ak8NkoP+oE0JTRM1J8TMeJKjblnOjnSA/XXm4r/ee1I+yU3piKMNBF4tsiPGNQBnH4Pe1QSrNnYEIQlNbdCPEASYW0yyiQhXBRLhTMHLpLvEBqneaeQP6+ZNCpghjQ4BEfgBDigCMrgClRBHWDAwR14AI+WtO6tJ+t51pqy5jP74Besly/h5ZRn</latexit>

~R

<latexit sha1_base64="WAoXFsSmAAyejckWCI7ligsRQ1M=">AAAB7nicbVDLSgMxFM3UVx1fVZdugkVwVWa02m7EohuXVewD2qFk0kwbmsmEJFMoQz/CjQtFXLjxT9y7Ef/GdFpBrQcuHM65l3vv8QWjSjvOp5VZWFxaXsmu2mvrG5tbue2duopiiUkNRyySTR8pwignNU01I00hCQp9Rhr+4HLiN4ZEKhrxWz0SxAtRj9OAYqSN1GgPCU5uxp1c3ik4KeA8cWckf/5mn4mXD7vayb23uxGOQ8I1ZkiplusI7SVIaooZGdvtWBGB8AD1SMtQjkKivCQ9dwwPjNKFQSRNcQ1T9edEgkKlRqFvOkOk++qvNxH/81qxDspeQrmINeF4uiiIGdQRnPwOu1QSrNnIEIQlNbdC3EcSYW0SstMQTkvl4rEL58l3CPWjglssnFw7+coFmCIL9sA+OAQuKIEKuAJVUAMYDMAdeACPlrDurSfredqasWYzu+AXrNcv/mKTPQ==</latexit>

~x0
1 ⌘ ~x1 � ~R

~x0
2 ⌘ ~x2 � ~R

<latexit sha1_base64="HefJ/yxnzYKPI/QvGhzN+uyAgNU="></latexit>

~v01 = ~v1 � ~vCM

~v02 = ~v2 � ~vCM

<latexit sha1_base64="4oGzz4k6PgC1Waz4J6ZUO172qt8="></latexit>

~p 0
1 = m1~v

0
1

~p 0
2 = m2~v

0
2

<latexit sha1_base64="BsUxShQ3FllXst1cgTom4R/Xn7I="></latexit>

~p 0
1 + ~p 0

2 = 0

<latexit sha1_base64="w3IySqFRNG4XmZAdY75fPthgCNY=">AAACF3icbZDLSgMxGIUzXmu9jbrsJihCQSgzWtuCCAU3xVUF2wqdOmTSvzU0cyHJFMrQt3Djq7hxoYhb3fkUvoLpRVDbA4GPc/6fJMeLOJPKsj6NhcWl5ZXV1Fp6fWNza9vc2a3LMBYUajTkobjxiATOAqgppjjcRAKI73FoeL2LUd7og5AsDK7VIIKWT7oB6zBKlLZcM+f0gSbR8DZxzpxIMB+Gro2P8Bz7GJ9brnlg5ayx8CzYUzgoZwuJm/m6rLrmh9MOaexDoCgnUjZtK1KthAjFKIdh2oklRIT2SBeaGgPig2wl438N8aF22rgTCn0Chcfu742E+FIOfE9P+kTdyf/ZyJyXNWPVKbUSFkSxgoBOLurEHKsQj0rCbSaAKj7QQKhg+q2Y3hFBqNJVpsclFIql/ImNZ+GnhPpxzs7nTq90GxU0UQpl0D7KIhsVURlVUBXVEEX36BE9oxfjwXgyXo23yeiCMd3ZQ39kvH8DSXGiig==</latexit>

No referencial do centro de massa
~R0 = 0 =) m1x

0
1 +m2~x

0
2 = 0 =) ~x0

1 = �m2

m1
~x0
2

<latexit sha1_base64="ddUH/MMjEHdOc2SEiQ3++42SAtg="></latexit>

e também ~v 0 = �m2

m1
~v 0
2

<latexit sha1_base64="POmIuYAm8J4nQd3dlqWikRxZiU8="></latexit>

2.a Duas partículas



Particular de 2 partículas: na ausência de forças externas

m1
d2~x1

dt2
= ~F12 =) d2~x1

dt2
=

1

m1

~F12

m2
d2~x2

dt2
= ~F21 =) d2~x2

dt2
=

1

m2

~F21

<latexit sha1_base64="SuS6eXC8gJ/Eb4vzX7zQ6o7TtP8="></latexit>

Subtraindo as duas equações temos
d2

dt2
(~x1 � ~x2) =

1

m1
~F12 �

1

m2

~F21 =

✓
1

m1
+

1

m2

◆
~F12

<latexit sha1_base64="iBQa1Kn9701ZjIbUOJRSVwWqGV8="></latexit>

1

µ
⌘ 1

m1
+

1

m2

<latexit sha1_base64="fs0W412HZOOlTMsGeBnAFJ2raqA="></latexit>

Definimos a massa reduzida e a coordenada:

tal que µ
d2~r

dt2
= ~F12

<latexit sha1_base64="eD/MBxggqfJXXpF1+wiCKViCIpQ="></latexit>

~F12(~x1 � ~x2)

<latexit sha1_base64="Kzam1yHvCA/KVKMAHGU/OfJenEU=">AAACDnicbZBNSwJBGMdn7c3sbatjl0ERjEh2zdKjFERHg3wBlWV2HHVw9oWZWUmW/QRdOvRFunQoomvnbn6bxlWhsj8M/Ob/PA/PzN/2GRXSMCZaYmV1bX0juZna2t7Z3dP3D+rCCzgmNewxjzdtJAijLqlJKhlp+pwgx2akYQ+vpvXGiHBBPfdOjn3ScVDfpT2KkVSWpWdhe0RweB1ZoVmIYC6+3UeWCU/hggvHlp4x8kYsuAzmHDKVdPvkaVIZVy39q931cOAQV2KGhGiZhi87IeKSYkaiVDsQxEd4iPqkpdBFDhGdMP5OBLPK6cKex9VxJYzdnxMhcoQYO7bqdJAciL+1qflfrRXIXrkTUtcPJHHxbFEvYFB6cJoN7FJOsGRjBQhzqt4K8QBxhKVKMBWHcFEqF89MuAyLEOqFvFnMn9+qNC7BTElwBNIgB0xQAhVwA6qgBjB4AM/gFbxpj9qL9q59zFoT2nzmEPyS9vkNZRmeSQ==</latexit>

para temos µ
d2~r

dt2
= ~F12(~r)

<latexit sha1_base64="fyETexfuZOtjvoFDY+qeZufYz7I="></latexit>

~r ⌘ ~x1 � ~x2 = ~x0
1 � ~x0

2

<latexit sha1_base64="DB5/NuJ1m2w+2iO6xfhCMfV3MP8="></latexit>



2.b N partículas:

Com respeito ao CM ~x0
j = ~xj � ~R =) ~v 0

j = ~vj � ~vCM

<latexit sha1_base64="1aW6fy2E97lt7rM9esZ1MGHBzXE="></latexit>

~p 0
j = mj~v

0
j

<latexit sha1_base64="NLnCXJdfGnkS0FGIWrKDiyFu0Oc="></latexit>

X

j

~p 0
j =

X

j

mj(~vj � ~vCM )

=
X

j

~pj �M~vCM

=
X

j

~pj �
X

j

~pj = 0

<latexit sha1_base64="1ErkrHgsP5gCokkf1ZEidRPafbo="></latexit>

Logo, o momento total é nulo com respeito ao referencial do CM



2.c Exemplo: exoplanetas
A força gravitacional em  um planeta devida a seu sol é

~Fgrav = �GN
mPMS

|~xP � ~xS |2
~⇢

<latexit sha1_base64="ekkVtb6tG0Oz8iXPDYxG3HNLC5g="></latexit>

µ
d2~r

dt2
= ~F12(~r)

<latexit sha1_base64="fyETexfuZOtjvoFDY+qeZufYz7I="></latexit>

Usando e coordenadas polares no referencial do centro de massa

P

procuramos uma solução que é um círculo, a equação de movimento é 

até aqui tudo é exato.

µr✓̇2 =
GNmPMS

r
=) ✓̇ =

s
GNmPMS

µr3

<latexit sha1_base64="7yMhqUJdYMlJoW+fTP1GqRmt/L4="></latexit>

~xS

<latexit sha1_base64="T9h/DZaFDEz//V21SeNOc5rnrqs=">AAAB8XicbVDLSgNBEJz1GeMr6lGEwSB4CrsaTY4BLzlGNA9MljA76U2GzM4uM7PBuOQvvHhQxKt/4Sd48+SvOHkIaixoKKq66e7yIs6Utu0Pa2FxaXllNbWWXt/Y3NrO7OzWVBhLClUa8lA2PKKAMwFVzTSHRiSBBB6Hute/GPv1AUjFQnGthxG4AekK5jNKtJFuWgOgye2ofZVuZ7J2zp4AzxNnRrKlg7c7qvhnpZ15b3VCGgcgNOVEqaZjR9pNiNSMchilW7GCiNA+6ULTUEECUG4yuXiEj4zSwX4oTQmNJ+rPiYQESg0Dz3QGRPfUX28s/uc1Y+0X3YSJKNYg6HSRH3OsQzx+H3eYBKr50BBCJTO3YtojklBtQpqGcF4o5k8dPE++Q6id5Jx87uzSpFFGU6TQPjpEx8hBBVRCZVRBVUSRQPfoET1Zynqwnq2XaeuCNZvZQ79gvX4BcOKUvA==</latexit>

~xP

<latexit sha1_base64="kIN/W6jAnbU9yqMgu4lEf9PE9Rk=">AAAB8nicbVDLSgMxFM34rOOr6lKEYBFclRmttsuCmy4r2AdMh5JJM21oJhmSTLEO/Qw3LhRx61f4Ce5c+SumnQpqPXDhcM693HtPEDOqtON8WEvLK6tr67kNe3Nre2c3v7ffVCKRmDSwYEK2A6QIo5w0NNWMtGNJUBQw0gqGV1O/NSJSUcFv9DgmfoT6nIYUI20krzMiOL2ddOu23c0XnKIzA1wk7pwUqkdvd1ixz3o3/97pCZxEhGvMkFKe68TaT5HUFDMysTuJIjHCQ9QnnqEcRUT56ezkCTwxSg+GQpriGs7UnxMpipQaR4HpjJAeqL/eVPzP8xIdVvyU8jjRhONsUZgwqAWc/g97VBKs2dgQhCU1t0I8QBJhbVLKQrgsV0rnLlwk3yE0z4puqXhxbdKogQw5cAiOwSlwQRlUQQ3UQQNgIMA9eARPlrYerGfrJWtdsuYzB+AXrNcvpDSUzQ==</latexit>

~⇢

<latexit sha1_base64="vcx6fJzkKVfVYl/SW0lP98Jrmrg=">AAAB83icbZBLSwMxFIUz9VXHV9Wlm2ApuCozWm2XBTddVrAP6JSSSTNtaCYZkkyhDEVw696NC6249c+489+Ydiqo9UDg45x7yeX4EaNKO86nlVlb39jcym7bO7t7+we5w6OmErHEpIEFE7LtI0UY5aShqWakHUmCQp+Rlj+6nuetMZGKCn6rJxHphmjAaUAx0sbyvDHBiSeHYmrbvVzeKToLwVVwl5Cv5gsP93ezWb2X+/D6Asch4RozpFTHdSLdTZDUFDMytb1YkQjhERqQjkGOQqK6yeLmKSwYpw8DIc3jGi7cnxsJCpWahL6ZDJEeqr/Z3Pwv68Q6qHQTyqNYE47Tj4KYQS3gvADYp5JgzSYGEJbU3ArxEEmEtakpLeGqXClduHAVvktonhfdUvHyxrRRA6my4AScgjPggjKoghqogwbAIAKP4Bm8WLH1ZL1ab+loxlruHINfst6/AAVVlPE=</latexit>

S

CM



~r = ~xP � ~xS e que mS~xS +mP~xP = 0 temos ~xS =
mP

mS �mP
~r

<latexit sha1_base64="1prkrkJGSg+5/VtIKAqeyAK9vL4="></latexit>

Então o sol descreve uma trajetória circular em torno do centro de massa

Para um observador estacionário o Sol possui uma velocidade radial que depende


do tempo senoidalmente!

Como aproveitamos isso?



Com o efeito doppler!

Para a luz:   quando a fonte se aproxima luz muda na direção do azul


                    quando a fonte se afasta a luz desvia para o vermelho

https://www.youtube.com/watch?v=qiq9OGAdUA8&feature=youtu.be



Por exemplo para a estrela Gliese 876 a 15,3 anos luz da terra

A velocidade da estrela com respeito ao CM é

vS = ✓̇rS =

s
GNMSr2S

r3P
=

s
GNm2

P

MSrP

<latexit sha1_base64="2QbzHXLtlst0WYHHvIR82iAQBr4="></latexit>

rS =
MS

mP
rP

<latexit sha1_base64="aC32NYy+K6SI3Pdo7S7sLOgndkA=">AAACAnicbZDLSgMxGIUz9VbrrepK3ASL4KrMaLXdKFVBRBAqtRdohyGTZtrQzIUkI5RhcOM7+ARuXCjiwo1P4c63MZ1WUOuBwOGc/yfJZweMCqnrn1pqanpmdi49n1lYXFpeya6u1YUfckxq2Gc+b9pIEEY9UpNUMtIMOEGuzUjD7p8O+8YN4YL63rUcBMR0UdejDsVIqsjKbnCrCg9h2+EIR5dWNY5cqxJDblWsbE7P64ngpDHGJlc+Oivcvx1fqPmPdsfHoUs8iRkSomXogTQjxCXFjMSZdihIgHAfdUlLWQ+5RJhR8oUYbqukAx2fq+NJmKQ/NyLkCjFwbTXpItkTf7th+F/XCqVTMiPqBaEkHh5d5IQMSh8OecAO5QRLNlAGYU7VWyHuIUVDKmqZBMJBsVTYM+Ck+YZQ380bhfz+laJxAkZKg02wBXaAAYqgDM5BBdQABrfgATyBZ+1Oe9RetNfRaEob76yDX9LevwDzKZmz</latexit>

onde usamos que ✓̇ '

s
GNMS

r3P

<latexit sha1_base64="0OFo8BSX7UuXnlSfj7qRUl/wp64="></latexit>

e

RGliese876 ' 2, 5⇥ 105 km

MGliese876 ' 0, 5MSol

DGliese�Sol ' 1, 4⇥ 1015 km

<latexit sha1_base64="pfAl+DAgUw2GB2WsY0iO/JtdFss="></latexit>



2.d Energia cinética em diferentes referenciais
white board 12



2.d Energia cinética em diferentes referenciais
• Consideremos um referencial S e o CMR

TS =
1

2

X

j

mj~v
2
j

=
1

2

X

j

mj(~v
0
j + ~vCM ) · (~v 0

j + ~vCM )

=
1

2

X

j

mj

⇥
~v 0 2
j + ~v2CM + 2~v 0

j · ~vCM

⇤

=
1

2

X

j

mj~v
0 2
j +

1

2
(
X

j

mj)~v
2
CM + (

X

j

mj~v
0
j ) · ~vCM

=
1

2

X

j

mj~v
0 2
j +

1

2
M~v2CM

= TCM +
1

2
M~v2CM

<latexit sha1_base64="gySTfayao5ZjeljUmer//jLr/jc="></latexit>

Lembre-se do vídeo da raquete!



3. Conservação de momento linear
Em um sistema, cuja força externa total é nula,  o momento linear total é conservado!

exemplos white boards 13 e 14

M
d2 ~R

dt2
= ~F ext

total = 0

d

dt

 
M

d~R

dt

!
= 0

d

dt
(M~vCM ) = 0

d

dt

⇣
~PCM

⌘
= 0

d

dt

0

@
X

j

~pj

1

A = 0

<latexit sha1_base64="TkzquFBSJMOc25RL09bosToDeiw="></latexit>



Exemplo 1: massas unidas por mola

• Soltamos o sistema do repouso com a a mola comprimida


• CM inicialmente parado em relação ao plano


• Consideremos que o atrito é nulo
• CM não se move pois a força externa resultante é zero


• CMR coincide com o referencial do plano

~v 0
1 = �m2

m1
~v 0
2

<latexit sha1_base64="IEdv3ExOtgIh6oqHlYemWgMxSNc="></latexit>

T1 =
1

2
m1v

0 2
1 =

1

2

m2
2

m1
v 0 2
2 =

m2

m1
T2

<latexit sha1_base64="11PsGj8IKWzbjfNXNktY6YQZ/us="></latexit>

mesma razão

Pro lar: em que direção o sistema anda se há atrito?



Exemplo 2: recuo de arma de fogo

https://www.youtube.com/watch?v=mqHKVMrlNZM

CM inicialmente parado com respeito ao solo. Novamente

~v 0
1 = �m2

m1
~v 0
2

<latexit sha1_base64="IEdv3ExOtgIh6oqHlYemWgMxSNc="></latexit>

que leva a vpistola = 1, 5 m/s = 5, 4 km/h

<latexit sha1_base64="PauWQS0TkuVBq4daX0OtcLH1UJs="></latexit>

https://www.youtube.com/watch?v=EL13quhcUMw

Para um AK47: mbala = 7, 9 g mAK47 = 3.5 kg vbala = 715 m/s

<latexit sha1_base64="XXunEsaq6y603kSk5aGkjIwwuSQ="></latexit>

vAK47 = 1, 6 m/s = 5, 8 km/h

<latexit sha1_base64="0P/kTecSJq8Kp3QxYeFibObnfz8="></latexit>



4. Sistemas de massa variável:
1: Ejetando material (white board 15-16)

velocidade relativa do ejetado em respeito ao sistema ~vrel

<latexit sha1_base64="ZEYcG2GLB0TExcJhgRF8fFHxHLM=">AAAB9XicbZDLSgMxFIYz9VbrrSq4cRMsgqsyo9V2WerGZQv2Au1YMulpG5q5kGQqZZj3cONCEXfiS/gE7tz4LKbTCmr9IfDx/+eQw+8EnEllmh9Gaml5ZXUtvZ7Z2Nza3snu7jWkHwoKdepzX7QcIoEzD+qKKQ6tQABxHQ5NZ3Q5zZtjEJL53rWaBGC7ZOCxPqNEaesGd8ZAo3HcjQTwuJvNmXkzEV4Eaw658kHtk71U3qrd7Hun59PQBU9RTqRsW2ag7IgIxSiHONMJJQSEjsgA2ho94oK0o+TqGB9rp4f7vtDPUzhxf25ExJVy4jp60iVqKP9mU/O/rB2qfsmOmBeECjw6+6gfcqx8PK0A95gAqvhEA6GC6VsxHRJBqNJFZZISLoqlwpmFF+G7hMZp3irkz2u6jQqaKY0O0RE6QRYqojK6QlVURxQJdIce0KNxa9wbT8bzbDRlzHf20S8Zr1/zR5bB</latexit>

•conservação de momento
m�~v + �m~vrel = 0

<latexit sha1_base64="XanO4lBfA9hvcKRkZAOM3/XBcto="></latexit>

•para o sistema

M�~v = �M~vrel

<latexit sha1_base64="O7R0EDzAc+72B6wpabKVZoLVJRY="></latexit>

M(t) = m+ �m e M(t+�t) = m =) �M = ��m

<latexit sha1_base64="0T990Fg5bOqQKAS0Soul8rhCnT8="></latexit>

m+ �m

<latexit sha1_base64="onBZL3r1hmJa07+RAPhwm3CiUak=">AAAB83icbZBLSwMxFIUz9dXWV9Wlm2ARBKHMaLVdFt24rGAf2BlKJpO2oclMSDJiGfo3BHGhiFvxv7jz12g6raDWA4GPc+4ll+MLRpW27Q8rs7C4tLySzeVX19Y3Ngtb200VxRKTBo5YJNs+UoTRkDQ01Yy0hSSI+4y0/OH5JG/dEKloFF7pkSAeR/2Q9ihG2lguh4fQDQjTCPJuoWiX7FRwHpwZFGs5cX/9dvtZ7xbe3SDCMSehxgwp1XFsob0ESU0xI+O8GysiEB6iPukYDBEnykvSm8dw3zgB7EXSvFDD1P25kSCu1Ij7ZpIjPVB/s4n5X9aJda/qJTQUsSYhnn7UixnUEZwUAAMqCdZsZABhSc2tEA+QRFibmvJpCaeVavnYgfPwXULzqOSUSyeXpo0zMFUW7II9cAAcUAE1cAHqoAEwEOAOPIInK7YerGfrZTqasWY7O+CXrNcv38aU5w==</latexit>

t

<latexit sha1_base64="mRquXcARa71LIgujhqNpa3xzUiA=">AAAB6HicbVBNS8NAEN3Urxq/qh69LBbBU0m02l7EohePLdgPaEPZbCft2s0m7G6EEvoLvHhQxKv+GO9exH9jmlZQ64OBx3szzMxzQ86UtqxPI7OwuLS8kl0119Y3Nrdy2zsNFUSSQp0GPJAtlyjgTEBdM82hFUogvsuh6Q4vJ37zFqRigbjWoxAcn/QF8xglOpFqupvLWwUrBZ4n9ozkz9/Ms/D1w6x2c++dXkAjH4SmnCjVtq1QOzGRmlEOY7MTKQgJHZI+tBMqiA/KidNDx/ggUXrYC2RSQuNU/TkRE1+pke8mnT7RA/XXm4j/ee1Ie2UnZiKMNAg6XeRFHOsAT77GPSaBaj5KCKGSJbdiOiCSUJ1kY6YhnJbKxWMbz5PvEBpHBbtYOKlZ+coFmiKL9tA+OkQ2KqEKukJVVEcUAbpDD+jRuDHujSfjedqaMWYzu+gXjJcvZnWQkQ==</latexit>

m

<latexit sha1_base64="YDcwYqjfLEODT7QdTZCCQmyX10A=">AAAB6HicbVDLSgMxFM3UVx1fVZdugkVwVWa02m7EohuXLdgHtEPJpJk2NskMSUYoQ7/AjQtF3OrHuHcj/o3ptIJaD1w4nHMv997jR4wq7TifVmZhcWl5Jbtqr61vbG7ltncaKowlJnUcslC2fKQIo4LUNdWMtCJJEPcZafrDy4nfvCVS0VBc61FEPI76ggYUI22kGu/m8k7BSQHniTsj+fM3+yx6/bCr3dx7pxfimBOhMUNKtV0n0l6CpKaYkbHdiRWJEB6iPmkbKhAnykvSQ8fwwCg9GITSlNAwVX9OJIgrNeK+6eRID9RfbyL+57VjHZS9hIoo1kTg6aIgZlCHcPI17FFJsGYjQxCW1NwK8QBJhLXJxk5DOC2Vi8cunCffITSOCm6xcFJz8pULMEUW7IF9cAhcUAIVcAWqoA4wIOAOPIBH68a6t56s52lrxprN7IJfsF6+AFvZkIo=</latexit>

�m

<latexit sha1_base64="2CZUr+Wt96rbovzdL7gp4O19xe4=">AAAB73icbVDLSgMxFM3UVx1fVZdugkVwVWa02m7EohuXFewD2qFkMpk2NMmMSUYoQ3/CjQtFBFd+iXs34t+YTiv4OnDhcM693HuPHzOqtON8WLm5+YXFpfyyvbK6tr5R2NxqqiiRmDRwxCLZ9pEijArS0FQz0o4lQdxnpOUPzyd+64ZIRSNxpUcx8TjqCxpSjLSR2t2AMI0g7xWKTsnJAP8Sd0aKp6/2Sfz8btd7hbduEOGEE6ExQ0p1XCfWXoqkppiRsd1NFIkRHqI+6RgqECfKS7N7x3DPKAEMI2lKaJip3ydSxJUacd90cqQH6rc3Ef/zOokOq15KRZxoIvB0UZgwqCM4eR4GVBKs2cgQhCU1t0I8QBJhbSKysxCOK9XyoQv/kq8Qmgclt1w6unSKtTMwRR7sgF2wD1xQATVwAeqgATBg4Bbcgwfr2rqzHq2naWvOms1sgx+wXj4BPGWTVg==</latexit>

~v

<latexit sha1_base64="I4f9xoMYu4uEDTdIB37RLstSVn4=">AAAB7nicbVA9SwNBEN3zM55fUUubxSBYhTuNJo0YtLGMYD4gOcLeZpIs2btbdvcC4ciPsLFQxMLGf2JvI/4bN5cIanww8Hhvhpl5vuBMacf5tBYWl5ZXVjNr9vrG5tZ2dme3pqJYUqjSiEey4RMFnIVQ1UxzaAgJJPA51P3B1cSvD0EqFoW3eiTAC0gvZF1GiTZSvTUEmgzH7WzOyTsp8DxxZyR38Wafi5cPu9LOvrc6EY0DCDXlRKmm6wjtJURqRjmM7VasQBA6ID1oGhqSAJSXpOeO8aFROrgbSVOhxqn6cyIhgVKjwDedAdF99debiP95zVh3S17CQhFrCOl0UTfmWEd48jvuMAlU85EhhEpmbsW0TySh2iRkpyGcFUuFExfPk+8Qasd5t5A/vXFy5Us0RQbtowN0hFxURGV0jSqoiigaoDv0gB4tYd1bT9bztHXBms3soV+wXr8ANSWTYQ==</latexit>

~v +�~v

<latexit sha1_base64="tlHCvPw0f5B/KqGjxO3M8cQpMTc=">AAACAHicbVC7SgNBFJ2NryS+ohYWNoNBEISwq9GkDGphGcE8MLuE2clNMmT2wcxsMCxp/AtrGwsl2PoZdn6NTh6CGg9cOHPOvdy5xw05k8o0P4zEwuLS8koylV5dW9/YzGxtV2UQCQoVGvBA1F0igTMfKoopDvVQAPFcDjW3dzH2a30QkgX+jRqE4Hik47M2o0RpqZnZtftA4/4QH2H7Ergis3czkzVz5gR4nlgzki2lwofb0d1nuZl5t1sBjTzwFeVEyoZlhsqJiVCMchim7UhCSGiPdKChqU88kE48OWCID7TSwu1A6PIVnqg/J2LiSTnwXN3pEdWVf72x+J/XiFS76MTMDyMFPp0uakccqwCP08AtJoAqPtCEUMH0XzHtEkGo0pmlJyGcFYr5EwvPk+8Qqsc5K587vdZpnKMpkmgP7aNDZKECKqErVEYVRNEQPaJn9GLcG0/GyHidtiaM2cwO+gXj7Qu+sZp8</latexit>

~v + ~vrel

<latexit sha1_base64="IPAWIwVjBhDa6RUjINDlGCSTH1M=">AAACAHicbZBLSwMxFIUz9VXrqyrowk2wCIJQZrTaLkvduGzBPqAdhkx624ZmHiSZQhlm419x48Iibl37C9y58beYPgRfBwIf59xLkuOGnEllmu9Gaml5ZXUtvZ7Z2Nza3snu7jVkEAkKdRrwQLRcIoEzH+qKKQ6tUADxXA5Nd3g9zZsjEJIF/q0ah2B7pO+zHqNEacvJHnZGQONRgs/wgpxYAE+cbM7MmzPhv2AtIFc+qH2wSeW16mTfOt2ARh74inIiZdsyQ2XHRChGOSSZTiQhJHRI+tDW6BMPpB3PPpDgE+10cS8Q+vgKz9zvGzHxpBx7rp70iBrI39nU/C9rR6pXsmPmh5ECn84v6kUcqwBP28BdJoAqPtZAqGD6rZgOiCBU6c4ysxKuiqXChYX/wlcJjfO8Vchf1nQbFTRXGh2hY3SKLFREZXSDqqiOKErQPXpEE+POeDCejOf5aMpY7OyjHzJePgEAx5qf</latexit>

t+�t

<latexit sha1_base64="ajfaqh8L++FWYuupO9onLNO1HDg=">AAAB8XicbVBNS0JBFJ1nX2pfVss2QxIEgbxXli6lWrQ0yA/Uh8wbRx2cN+8xc18k4r9o46KIti36L+36NTU+DSo7cOFwzr3ce48XCq7Btj+sxNLyyupaMpVe39jc2s7s7FZ1ECnKKjQQgap7RDPBJasAB8HqoWLE9wSreYPLqV+7Y0rzQN7CMGSuT3qSdzklYKQGHLeumACCoZ3J2jk7Bl4kzpxkS6lw0ni7/yy3M++tTkAjn0mggmjddOwQ3BFRwKlg43Qr0iwkdEB6rGmoJD7T7ii+eIwPjdLB3UCZkoBj9efEiPhaD33PdPoE+vqvNxX/85oRdIvuiMswAibpbFE3EhgCPH0fd7hiFMTQEEIVN7di2ieKUDAhpeMQzgvF/KmDF8l3CNWTnJPPnd2YNC7QDEm0jw7QEXJQAZXQNSqjCqJIogf0iJ4sbU2sZ+tl1pqw5jN76Bes1y8VypSB</latexit>

•logo

dividindo por �t e no limite �t ! 0

<latexit sha1_base64="dq4SuFstUYVmx8L5ZRsVmP1HZmM="></latexit>

M
d~v

dt
=

dM

dt
~vrel

<latexit sha1_base64="sXlCprLcPwdruU9SeI7ZYC5LyWo="></latexit>

(m+ �m)~v = m(~v +�~v) + �m(~v + ~vrel)

<latexit sha1_base64="dJFkkpglx8MeDOPs1oCqqiIX5tM="></latexit>



Foguete na ausência de gravidade:
M

d~v

dt
=

dM

dt
~vrel =) d~v

dt
=

1

M

dM

dt
~vrel

<latexit sha1_base64="Chv0MY3CxxrfT5VLb22PS7khYcQ="></latexit>

integrando no tempo do instante inicial ao final:
Z tf

ti

dt
d~v

dt
=

Z tf

ti

dt
1

M

dM

dt
~vrel

~v|~vf~vi = ln(M)|tfti ~vrel

~vf � ~vi = ~vrel ln

✓
Mf

Mi

◆

<latexit sha1_base64="zEMa+RnDg0nLPyCjy4AB60CfxNc="></latexit>

• Variação de velocidade depende só da razão das massas inicial e final

[~vrel constante]

<latexit sha1_base64="hV5XiYIzmYVjPQr/wbtVX/1cxXA=">AAACDnicbZBLSwMxFIUzvq2v+ti5CYrgqsz4XgoudFnBVqEdSia9tcFMMiR3inWYX+DGXyK4caGIW9fuXPpPTFsFXwcCH+fcS5ITJVJY9P03b2h4ZHRsfGKyMDU9MztXnF+oWp0aDhWupTZnEbMghYIKCpRwlhhgcSThNLo46OWnHTBWaHWC3QTCmJ0r0RKcobMaxbUarXeAZ528kRmQOa23I32ZUcq1ssgUQk7DQqO46pf8vuhfCD5hdX/96v3wdikrN4qv9abmaQwKuWTW1gI/wTBjBgWXkBfqqYWE8Qt2DjWHisVgw6z/nZyuOadJW9q4o5D23e8bGYut7caRm4wZtu3vrGf+l9VSbO2FmVBJiqD44KJWKilq2uuGNoUBjrLrgHEj3FspbzPDOLoGByXs7O5tbQb0L3yVUN0oBVul7WPXxhEZaIIskxWyTgKyS/bJESmTCuHkmtyRB/Lo3Xj33pP3PBgd8j53FskPeS8fbUefmg==</latexit>



Aplicação:

• Note que                         é da ordem de  10000 km/h vrel = |~vrel|

<latexit sha1_base64="8uzPZZp4PCdJvOV1dH1ph2c2TS4=">AAACBHicbZBLS0JBGIbn2M3sZpedmyEJXMk5ZekmEFrk0iAvoCJzxk8dnHNhZo5gRxdt+ittIopo249o17J/0ng0qOyFgYf3/T5m5rV9zqQyzQ8jtrS8sroWX09sbG5t7yR396rSCwSFCvW4J+o2kcCZCxXFFIe6L4A4NoeaPbiY5rUhCMk891qNfGg5pOeyLqNEaaudTA3boQA+wed4jJtDoOFwMnfG7WTazJqR8CJYc0gXMzefl48HYbmdfG92PBo44CrKiZQNy/RVKyRCMcphkmgGEnxCB6QHDY0ucUC2wugTE3yknQ7uekIfV+HI/bkREkfKkWPrSYeovvybTc3/skaguoVWyFw/UODS2UXdgGPl4WkjuMMEUMVHGggVTL8V0z4RhCrdWyIq4SxfyJ1YeBG+S6geZ61c9vRKt1FCM8VRCh2iDLJQHhVRCZVRBVF0i+7RE3o27owH48V4nY3GjPnOPvol4+0LRcCbxQ==</latexit>

• A velocidade de escape da terra é 40300 km/h

• É infactível ir-se a Lua com um único estágio!

1-1,3

�v/vrel Mi/Mf

1 e ' 2, 7
2 e2 ' 7, 4
3 e3 ' 20

<latexit sha1_base64="bb26ASTSY4egTUChXHjAIjg1On0="></latexit>



•Para os foguetes Saturno V: dM/dt da ordem de 12,5 ton/s

Moyses capítulo 8
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