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Oscilador Harmônico Amortecido
terceira aula
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Motivação da primeira parte desta aula:

https://www.youtube.com/watch?v=99ZE2RGwqSM&t=8s

https://www.youtube.com/watch?v=99ZE2RGwqSM


Onde paramos:

•  Procuremos duas soluções linearmente independentes para a equação homogênea

a
d2x

dt2
+ b

dx

dt
+ cx = 0

<latexit sha1_base64="+P0NFVqBAbQZqMHKUZe63bXLwZQ="></latexit>

•  Tentemos x(t) = ept

<latexit sha1_base64="an3EWZPeSSULZ8lZJRLXndMTBDo=">AAAB9XicbZBLSwMxFIUz9VXrq+rSTWgRKkKZ0Wq7EYpuXFawD+iLTJppQzMPkjvqMPRfuHDjQhG3/hd3/TemD0GtBwIf59xLLscOBFdgmmMjsbS8srqWXE9tbG5t76R392rKDyVlVeoLXzZsopjgHqsCB8EagWTEtQWr28OrSV6/Y1Jx37uFKGBtl/Q97nBKQFudhxwc4QvMOnGAYdRNZ828ORVeBGsO2XKmdfw4LkeVbvqz1fNp6DIPqCBKNS0zgHZMJHAq2CjVChULCB2SPmtq9IjLVDueXj3Ch9rpYceX+nmAp+7PjZi4SkWurSddAgP1N5uY/2XNEJxSO+ZeEALz6OwjJxQYfDypAPe4ZBREpIFQyfWtmA6IJBR0UalpCefFUuHUwovwXULtJG8V8mc3uo1LNFMSHaAMyiELFVEZXaMKqiKKJHpCL+jVuDeejTfjfTaaMOY7++iXjI8vNG2U5g==</latexit>

onde p é uma constante. Substituindo temos que a p2 + b p+ c = 0

<latexit sha1_base64="65yODyIj/zQ1JCBqePDa7Pi3EJ0=">AAAB/HicbVDLSsNAFJ3UV62vaJeKDBZBEEpSq+1GKLpx2YJ9QBvLZDpph04ezEyEENqd3+HGhSJupd/hzm/wJ5ymFXwduJfDOfdyL8cOGBXSMN611MLi0vJKejWztr6xuaVv7zSEH3JM6thnPm/ZSBBGPVKXVDLSCjhBrs1I0x5eTv3mLeGC+t61jAJiuajvUYdiJJXU1bNoHNwU4DG0x4HqGJ5Do6vnjLyRAP4l5pzkKnuT2sfd/qTa1d86PR+HLvEkZkiItmkE0ooRlxQzMsp0QkEChIeoT9qKesglwoqT50fwUCk96PhclSdhon7fiJErROTaatJFciB+e1PxP68dSqdsxdQLQkk8PDvkhAxKH06TgD3KCZYsUgRhTtWvEA8QR1iqvDJJCGelcvHEhH/JVwiNQt4s5k9rKo0LMEMa7IIDcARMUAIVcAWqoA4wiMA9eARP2lh70J61l9loSpvvZMEPaK+fPi6WgQ==</latexit>

•  Primeiro caso: o discriminante é positivo b2 � 4ac > 0

<latexit sha1_base64="0Mv7tai2yLpH5Y/9+dY8yMnJJLk=">AAAB+XicbZBLSwMxFIUz9dXW16hLN8EiuLHM1Gq7kqIblxXsA9uxZNJMG5rJDEmmWIb+EMGNC0XcuPCfuPPXaNqpoNYDgY9z7iWX44aMSmVZH0ZqYXFpeSWdya6urW9smlvbdRlEApMaDlggmi6ShFFOaooqRpqhIMh3GWm4g/NJ3hgSIWnAr9QoJI6Pepx6FCOlrY5pujcFeAiLEEEMT6GV7Zg5K29NBefBnkGukgnvrl9vP6sd873dDXDkE64wQ1K2bCtUToyEopiRcbYdSRIiPEA90tLIkU+kE08vH8N97XShFwj9uIJT9+dGjHwpR76rJ32k+vJvNjH/y1qR8spOTHkYKcJx8pEXMagCOKkBdqkgWLGRBoQF1bdC3EcCYaXLSko4KZWLRzach+8S6oW8XcwfX+o2zkCiNNgFe+AA2KAEKuACVEENYDAE9+ARPBmx8WA8Gy/JaMqY7eyAXzLevgA4Z5TE</latexit>

há duas raízes distintas p1 e p2

<latexit sha1_base64="GfUXHQ1FM9Ypl1DHXRHOixfXLYI=">AAAB/HicbZDLSgMxGIUz9VbrbbRLRYJFcFVmarVdFt24bMFeoB2GTJppQzMXkow4DHXnc7hxoYhb6XO48xl8CdNpBbUeCHyc8//k5zgho0IaxoeWWVpeWV3Lruc2Nre2d/TdvZYIIo5JEwcs4B0HCcKoT5qSSkY6ISfIcxhpO6PLad6+IVzQwL+WcUgsDw186lKMpLJsPR/aJuwNneA2gQSOYWiXoK0XjKKRCi6COYdC7WDS+Lw/nNRt/b3XD3DkEV9ihoTomkYorQRxSTEj41wvEiREeIQGpKvQRx4RVpIeP4bHyulDN+Dq+RKm7s+NBHlCxJ6jJj0kh+JvNjX/y7qRdKtWQv0wksTHs4/ciEEZwGkTsE85wZLFChDmVN0K8RBxhKXqK5eWcF6plk9NuAjfJbRKRbNcPGuoNi7ATFmwD47ACTBBBdTAFaiDJsAgBg/gCTxrd9qj9qK9zkYz2nwnD35Je/sCuFyXdw==</latexit>

soluções gerais 

x(t) = c1 ep1t + c2 ep2t

<latexit sha1_base64="+Ee/bvFFjS0xMZ236v9g0c7FCH4="></latexit>

•Segundo caso: discriminante nulo b2 � 4ac = 0

<latexit sha1_base64="o/Fgl/bRfSsGBV8ZgogqfqPmTd0=">AAAB+XicbZBLSwMxFIUz9dXW16hLN8EiuLHM1Gq7EYpuXFawD2zHkkkzbWgmMySZYhn6QwQ3LhRx48J/4s5fo2mngloPBD7OuZdcjhsyKpVlfRiphcWl5ZV0Jru6tr6xaW5t12UQCUxqOGCBaLpIEkY5qSmqGGmGgiDfZaThDs4neWNIhKQBv1KjkDg+6nHqUYyUtjqm6d4U4CEsQgQxPIVWtmPmrLw1FZwHewa5Sia8u369/ax2zPd2N8CRT7jCDEnZsq1QOTESimJGxtl2JEmI8AD1SEsjRz6RTjy9fAz3tdOFXiD04wpO3Z8bMfKlHPmunvSR6su/2cT8L2tFyis7MeVhpAjHyUdexKAK4KQG2KWCYMVGGhAWVN8KcR8JhJUuKynhpFQuHtlwHr5LqBfydjF/fKnbOAOJ0mAX7IEDYIMSqIALUAU1gMEQ3INH8GTExoPxbLwkoyljtrMDfsl4+wI24JTD</latexit>

há uma única raiz                   
<latexit sha1_base64="iswiqBbsaitHGryf8kQ7vC4jiM4=">AAAB/3icbZBLSwMxFIUz9VXra1RQxE2wCG4sM/XRboSiG5cV7AM6Q8lkMm1o5kGSEco4C/+KGxeKuPVfiDvduPVnmD4EtR4IHM65l1w+J2JUSMN40zJT0zOzc9n53MLi0vKKvrpWF2HMManhkIW86SBBGA1ITVLJSDPiBPkOIw2ndzboG1eECxoGl7IfEdtHnYB6FCOpora+YbmESXQC96HlcYQTJ02KKG3reaNgDAUnjTk2+Ur542Xz/XOr2tZfLTfEsU8CiRkSomUakbQTxCXFjKQ5KxYkQriHOqSlbIB8IuxkeH8Kd1XiQi/k6gUSDtOfGwnyhej7jpr0keyKv90g/K9rxdIr2wkNoliSAI8+8mIGZQgHMKBLOcGS9ZVBmFN1K8RdpDBIhSw3hHBcKh8emHDSfEOoFwvmUcG4UDROwUhZsA12wB4wQQlUwDmoghrA4BrcgnvwoN1od9qj9jQazWjjnXXwS9rzF6yvmeE=</latexit>

� = � b
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•  Terceiro caso: o discriminante é negativo                         logo  b2 � 4ac < 0

<latexit sha1_base64="4SlQRy2VSkIGMbtKogGcjjkiOCc=">AAAB+XicbZBLSwMxFIUz9dXW16hLN8EiuLHM1Gq7cFF047KCfWA7lkyaaUMzmSHJFMvQHyK4caGIGxf+E3f+Gk07FdR6IPBxzr3kctyQUaks68NILSwuLa+kM9nVtfWNTXNruy6DSGBSwwELRNNFkjDKSU1RxUgzFAT5LiMNd3A+yRtDIiQN+JUahcTxUY9Tj2KktNUxTfemAA9hESKI4Sm0sh0zZ+WtqeA82DPIVTLh3fXr7We1Y763uwGOfMIVZkjKlm2FyomRUBQzMs62I0lChAeoR1oaOfKJdOLp5WO4r50u9AKhH1dw6v7ciJEv5ch39aSPVF/+zSbmf1krUl7ZiSkPI0U4Tj7yIgZVACc1wC4VBCs20oCwoPpWiPtIIKx0WUkJJ6Vy8ciG8/BdQr2Qt4v540vdxhlIlAa7YA8cABuUQAVcgCqoAQyG4B48gicjNh6MZ+MlGU0Zs50d8EvG2xc1WZTC</latexit>

<latexit sha1_base64="DCWAg+iSwXxvKf4p0cc2Hjew6OM="></latexit>

p1,2 = �� ± i!
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<latexit sha1_base64="JwRkcJwAF9t008fYYMSetc8+QRI="></latexit>

x(t) = (c1 + c2t) e
�t

<latexit sha1_base64="XWrRfk32EpCJjnzuBsS9J+pBqdo="></latexit>

z(t) = e��t (c1 e�i!t + c2 e+i!t) =) x(t) = e��t [c01 cos(!t) + c02 sin(!t)]
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• Consideremos um oscilador com um amortecimento devido a uma força viscosa 

com � =
↵

m

<latexit sha1_base64="P26JS52Ns1qdEklzHU9hoQHRJ7s=">AAACAnicbZDLSgMxGIUzXmu9VV2Jm2ARXJUZrbYboeCmywr2Ap1S/kkzbWgyMySZQhmKG1/BR3DjQhG3+hLufAmfwfQiqPVA4HDO/5Pk8yLOlLbtD2thcWl5ZTW1ll7f2Nzazuzs1lQYS0KrJOShbHigKGcBrWqmOW1EkoLwOK17/ctxXx9QqVgYXOthRFsCugHzGQFtonZm3+2CEIAvsOtLIIkLPOrBKBGjdiZr5+yJ8LxxZiZbKt3l3wafutLOvLudkMSCBppwUKrp2JFuJSA1I5yO0m6saASkD13aNDYAQVUrmXxhhI9M0sF+KM0JNJ6kPzcSEEoNhWcmBeie+tuNw/+6Zqz9YithQRRrGpDpRX7MsQ7xmAfuMEmJ5kNjgEhm3opJDwwKbailJxDOC8X8qYPnzTeE2knOyefOrgyNMpoqhQ7QITpGDiqgEiqjCqoigm7QPXpET9at9WA9Wy/T0QVrtrOHfsl6/QJpy5t0</latexit>

• Esta equação descreve vários sistemas físicos!

• Balanço de energia:

movimento será amortecido

m
d2x

dt2
= �m!2

0x� ↵
dx

dt
=) d2x

dt2
+ �

dx

dt
+ !2

0x = 0

<latexit sha1_base64="LrY1//7FTD0mUW3RD8p1bTIIf/4="></latexit>

�↵v

<latexit sha1_base64="oKckMWqhTqUjHkZcnDu92sH8cEA=">AAAB8XicbVDLSgNBEOyNrxhfUREEL4NB8GLY1WhyDHjJMYJ5YLKE2ckkGTI7u8zMBsKSv/DiQQlevXn0M7z5Id6dPAQ1FjQUVd10d3khZ0rb9oeVWFpeWV1Lrqc2Nre2d9K7e1UVRJLQCgl4IOseVpQzQSuaaU7roaTY9zitef3riV8bUKlYIG71MKSuj7uCdRjB2kh3Z6iJedjDaNBKZ+ysPQVaJM6cZIrpz7fXw4NxuZV+b7YDEvlUaMKxUg3HDrUbY6kZ4XSUakaKhpj0cZc2DBXYp8qNpxeP0IlR2qgTSFNCo6n6cyLGvlJD3zOdPtY99debiP95jUh3Cm7MRBhpKshsUSfiSAdo8j5qM0mJ5kNDMJHM3IpID0tMtAkpNQ3hKl/IXThokXyHUD3POrns5Y1JowQzJOEIjuEUHMhDEUpQhgoQEHAPj/BkKevBGlvPs9aENZ/Zh1+wXr4AWXmT/w==</latexit>

v

<latexit sha1_base64="QP/2HgQ6VCaRnAJhPCCa7RNbhus=">AAAB6HicbVDJSgNBEO2JW4xb1KMgjUHwFGY0mtwMeMkxAbNAMoSeTk3SpmehuycQhhw9efGgiFe/Il/hwZvf4E/YmURwe1DweK+KqnpOyJlUpvlupJaWV1bX0uuZjc2t7Z3s7l5DBpGgUKcBD0TLIRI486GumOLQCgUQz+HQdIZXM785AiFZ4F+rcQi2R/o+cxklSku1UTebM/NmAvyXWAuSu3yd1j5uD6fVbvat0wto5IGvKCdSti0zVHZMhGKUwyTTiSSEhA5JH9qa+sQDacfJoRN8rJUedgOhy1c4Ub9PxMSTcuw5utMjaiB/ezPxP68dKbdkx8wPIwU+nS9yI45VgGdf4x4TQBUfa0KoYPpWTAdEEKp0NpkkhItiqXBm4b/kK4TGad4q5M9rZq5cQXOk0QE6QifIQkVURhVURXVEEaA79IAejRvj3ngynuetKWMxs49+wHj5BOitkbQ=</latexit>

x
�m!2

0x

<latexit sha1_base64="P1lKm47L+i9Tfjl+jL1Maa/mgd8=">AAAB+XicbZDLSgMxGIUzXmu9jbrsJliEbiwztbZdFtwUVxXsBdpxyKSZNjSZGZJMsQx9EzcuFHHrm7jzKXwF004FtR4IfJzz/+TneBGjUlnWh7G2vrG5tZ3Zye7u7R8cmkfHbRnGApMWDlkouh6ShNGAtBRVjHQjQRD3GOl446t53pkQIWkY3KppRByOhgH1KUZKW65pnnPYDzkZIte6K8H7rGvmraK1EFwFewn5eqGSuLnP66ZrvvcHIY45CRRmSMqebUXKSZBQFDMyy/ZjSSKEx2hIehoDxIl0ksXlM3imnQH0Q6FfoODC/bmRIC7llHt6kiM1kn+zuflf1ouVX3MSGkSxIgFOP/JjBlUI5zXAARUEKzbVgLCg+laIR0ggrHRZaQmVaq18YcNV+C6hXSra5eLljW6jAVJlQA6cggKwQRXUQQM0QQtgMAEP4Ak8G4nxaLwYr+nomrHcOQG/ZLx9AUaFlVU=</latexit>

E =
m

2

✓
dx

dt

◆2

+
1

2
m!2

0x
2

<latexit sha1_base64="/3+4Q9+4EFvS6U1/hLdAIMuZAFs="></latexit>

dE

dt
= m

dx

dt

d2x

dt2
+m!2

0x
dx

dt
=

dx

dt


m
d2x

dt2
+m!2

0x

�
= �↵

✓
dx

dt

◆2

 0

<latexit sha1_base64="ttsXZOzrAmNNPjoVsOy6ZJgZ+7Y="></latexit>

[�] =
1

M

ML

T 2

T

L
=

1

T

<latexit sha1_base64="2NzV4XLwFLWme04manPyS/ZKhts="></latexit>



5

• Como sabemos temos três casos:

1. Amortecimento subcrítico �2

4
< !2

0

<latexit sha1_base64="nGCfkx3KYhyHwF9BTA/KTv5zJNI="></latexit>

d2x

dt2
+ �

dx

dt
+ !2

0x = 0 =) p2 + �p+ !2
0 = 0 =) p1,2 = ��

2
±

r
�2

4
� !2

0

<latexit sha1_base64="fvI2auiIOu89BVZ216CxJR/ImBM="></latexit>

cuja solução geral é x(t) = c1 e�
�
2 t cos(!t) + c2 e�

�
2 t sin(!t)

= A e�
�
2 t cos(!t+ ')

z(t) = e�
�
2 t

�
c0e�i!t + c02 e+i!t

�

<latexit sha1_base64="CCPOcIzMO5ba88XwKYD37w5gGXM="></latexit>

! ⌘
r

!2
0 �

�2

4

<latexit sha1_base64="U4tse9yduxuwX+IHbLkq+uK2ImY="></latexit>
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d2x

dt2
+ �

dx

dt
+ !2

0x = 0 =) p2 + �p+ !2
0 = 0 =) p1,2 = ��

2
±

r
�2

4
� !2

0

<latexit sha1_base64="fvI2auiIOu89BVZ216CxJR/ImBM="></latexit>

2. Amortecimento supercrítico �2

4
> !2

0

<latexit sha1_base64="IYgkkh3rMMeu5QLPRmuYgpAHtvs="></latexit>

cuja solução geral é x(t) = c1 ep1t + c2 ep2t

<latexit sha1_base64="8rz3zN/9O2Gop+D+74k1wDgVCk8="></latexit>

3.  Amortecimento crítico �2

4
= !2

0

<latexit sha1_base64="nFy1nIU4Xztz69pi2kuQ3idptPU="></latexit>

cuja solução geral é x(t) = e�
�
2 t(c1 + c2 t)

<latexit sha1_base64="7wCz9oJe53LDqW79gDhyZTZ/xpU="></latexit>
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Discussão dos resultados:

1. Amortecimento subcrítico �2

4
< !2

0

<latexit sha1_base64="nGCfkx3KYhyHwF9BTA/KTv5zJNI="></latexit>

! =

r
!2
0 �

�2

4
< !0

<latexit sha1_base64="jmgLg294bHI+QHWL3QoxZzyh8ZQ="></latexit>

a frequência "de oscilação” é menor

x(t) = A e�
�
2 t cos(!t+ ')

<latexit sha1_base64="FvYQ8T3LVysrHWrQg5lCBEzn0G0="></latexit>

t

x(t) ' = 0 , A = 1 , ! = 1 , � = 0.1

<latexit sha1_base64="/7ENq1AR5N25MJ5wR8Fy55T9Zo0="></latexit>

!0 = 1.00125

<latexit sha1_base64="A9c0Z1bbMcFKmLqYga8dTCROwBE=">AAAB/HicbZDLSgMxGIUz9VbrbbRLEYJFcFVmamu7EQpuuqxgL9AOQyZN29BMZkgywjjUV3HjQhG3PoCP4M6Vr2KmraDWA4GPc/6f/BwvZFQqy/owMiura+sb2c3c1vbO7p65f9CWQSQwaeGABaLrIUkY5aSlqGKkGwqCfI+Rjje5TPPODRGSBvxaxSFxfDTidEgxUtpyzTzsBz4ZIdeCF9AuWpZdqrhmwdKUCi6DvYBC/ejtFkv22XTN9/4gwJFPuMIMSdmzrVA5CRKKYkamuX4kSYjwBI1ITyNHPpFOMjt+Ck+0M4DDQOjHFZy5PzcS5EsZ+56e9JEay79Zav6X9SI1rDkJ5WGkCMfzj4YRgyqAaRNwQAXBisUaEBZU3wrxGAmEle4rNyvhvForn9lwGb5LaJeKdrlYudJtNMBcWXAIjsEpsEEV1EEDNEELYBCDe/AInow748F4Nl7moxljsZMHv2S8fgENvpZp</latexit>



8

• Para acoplamentos fracos 
�

2
<< !0

<latexit sha1_base64="ax0Ivr1Ix9foGEkw7A/n3TOo4iQ=">AAACBnicbZDLSgMxGIUzXmu9VV2KECyCqzJTq+2ii4KbLivYC3RK+SfN1NBkZkgyhTJ05cYX8CHcuFDEleAzuPMlfAbTi+DtQOBwzv+T5PMizpS27XdrYXFpeWU1tZZe39jc2s7s7DZUGEtC6yTkoWx5oChnAa1rpjltRZKC8DhteoPzSd8cUqlYGFzqUUQ7AvoB8xkBbaJu5gC7vgSSuH0QAsZJfozLZeyGgvaha3czWTtnT4X/GmduspXKbeFl+KFr3cyb2wtJLGigCQel2o4d6U4CUjPC6TjtxopGQAbQp21jAxBUdZLpN8b4yCQ97IfSnEDjafp9IwGh1Eh4ZlKAvlK/u0n4X9eOtV/qJCyIYk0DMrvIjznWIZ4wwT0mKdF8ZAwQycxbMbkCg0UbcukphLNiqXDi4L/mC0Ijn3MKudMLQ6OKZkqhfXSIjpGDiqiCqqiG6oiga3SHHtCjdWPdW0/W82x0wZrv7KEfsl4/ATQ1nE4=</latexit>

! ' !0

<latexit sha1_base64="vqCIuPmBJX8f/vvkpeYvXafOz7Q=">AAACAHicbVC7SgNBFJ2NrxhfUQsLEQaDYBV2NZqUAZuUEcwDskuYndwkQ2Z215lZIS5p/BUbC0VsLf0EOyt/xclDUOOBC2fOuZc79/gRZ0rb9oeVWlhcWl5Jr2bW1jc2t7LbO3UVxpJCjYY8lE2fKOAsgJpmmkMzkkCEz6HhDy7GfuMGpGJhcKWHEXiC9ALWZZRoI7Wze9gNBfQIdhUTcD17te12Nmfn7QnwPHFmJFc+eLulin9W29l3txPSWECgKSdKtRw70l5CpGaUwyjjxgoiQgekBy1DAyJAecnkgBE+MkoHd0NpKtB4ov6cSIhQaih80ymI7qu/3lj8z2vFulvyEhZEsYaAThd1Y451iMdp4A6TQDUfGkKoZOavmPaJJFSbzDKTEM6LpcKpg+fJdwj1k7xTyJ9dmjQqaIo02keH6Bg5qIjKqIKqqIYoGqF79IierDvrwXq2XqatKWs2s4t+wXr9AsiWmd0=</latexit>

t

x(t) ' = 0 , A = 1 , ! = 1 , � = 0.004

<latexit sha1_base64="pQ/csL3Cd/C5WkkisL1cpZQzEX4="></latexit>

x(t) = A e�
�
2 t cos(!t+ ')

<latexit sha1_base64="FvYQ8T3LVysrHWrQg5lCBEzn0G0="></latexit>

Vejamos o comportamento da energia neste caso:

dx

dt
= ��

2
A e�

�
2 t cos(!t+ ')� ! A e�

�
2 t sin(!t+ ')

= �! A e�
�
2 t [sin(!t+ ') +

�

2!
cos(!t+ ')]

' �! A e�
�
2 t sin(!t+ ')

<latexit sha1_base64="1rEsufH8WQnpSVDhAcr+fwUifIs="></latexit>
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�

2
<< !0

<latexit sha1_base64="ax0Ivr1Ix9foGEkw7A/n3TOo4iQ=">AAACBnicbZDLSgMxGIUzXmu9VV2KECyCqzJTq+2ii4KbLivYC3RK+SfN1NBkZkgyhTJ05cYX8CHcuFDEleAzuPMlfAbTi+DtQOBwzv+T5PMizpS27XdrYXFpeWU1tZZe39jc2s7s7DZUGEtC6yTkoWx5oChnAa1rpjltRZKC8DhteoPzSd8cUqlYGFzqUUQ7AvoB8xkBbaJu5gC7vgSSuH0QAsZJfozLZeyGgvaha3czWTtnT4 X/GmduspXKbeFl+KFr3cyb2wtJLGigCQel2o4d6U4CUjPC6TjtxopGQAbQp21jAxBUdZLpN8b4yCQ97IfSnEDjafp9IwGh1Eh4ZlKAvlK/u0n4X9eOtV/qJCyIYk0DMrvIjznWIZ4wwT0mKdF8ZAwQycxbMbkCg0UbcukphLNiqXDi4L/mC0Ijn3MKudMLQ6OKZkqhfXSIjpGDiqiCqqiG6oiga3SHHtCjdWPdW0/W82x0wZrv7KEfsl4/ATQ1nE4=</latexit>

x(t) = A e�
�
2 t cos(!t+ ')

<latexit sha1_base64="FvYQ8T3LVysrHWrQg5lCBEzn0G0="></latexit>

dx

dt
' �! A e�

�
2 t sin(!t+ ')

<latexit sha1_base64="u/VPD9LkL7+UnRjC/xv/8lpVVCM="></latexit>

logo a energia decai exponencialmente com o tempo!

• Em um “período" a energia perdida é T =
2⇡

!
' 2⇡

!0

<latexit sha1_base64="Ed/tQD4XSRXpSf49mLGas8/zVTo=">AAACHXicbZBLSwMxFIUzPmt9VV26CRbBVZnRarsRCm66rNAXdErJpHfa0GRmTDJCGeaPuPGvuHGhiAs34r8xfQhqeyBwOOdeknxexJnStv1lrayurW9sZray2zu7e/u5g8OmCmNJoUFDHsq2RxRwFkBDM82hHUkgwuPQ8kY3k751D1KxMKjrcQRdQQYB8xkl2kS9XLGOr7HrS0KTczdiaeKGAgYkxa5iAu6WVD077eXydsGeCi8aZ27yaK5aL/fh9kMaCwg05USpjmNHupsQqRnlkGbdWEFE6IgMoGNsQASobjL9XYpPTdLHfijNCTSepr83EiKUGgvPTAqih+p/NwmXdZ1Y++VuwoIo1hDQ2UV+zLEO8QQV7jMJVPOxMYRKZt6K6ZAYHtoAzU4hXJXKxQsHL5ofCM3zglMsXN4W85XqHEcGHaMTdIYcVEIVVEU11EAUPaAn9IJerUfr2Xqz3mejK9Z85wj9kfX5Da7ropg=</latexit>

�E ' �dE

dt
T = �TE(t)

<latexit sha1_base64="WAfXEMqulk4GFhcV25lpluCjI1o="></latexit>

com

Fator de mérito/qualidade (Q) de um oscilador:  Q ⌘ 2⇡
E

�E
=

2⇡

�T
=

!0

�

<latexit sha1_base64="BzODnEEkFdo5STXXr260Vk3mojQ="></latexit>

adimensional

E(t) =
1

2
m

✓
dx

dt

◆2

+
1

2
m!2x2

=
1

2
m!2A2e��t sin2(!t+ ') +

1

2
m!2A2e��t cos2(!t+ ')

=
1

2
m!2A2e��t = E(0)e��t

<latexit sha1_base64="BAE4Bt+lkgTii86Dy1SmeKWlwOk="></latexit>
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Fator de mérito/qualidade (Q) de um oscilador:  Q ⌘ 2⇡
E

�E
=

2⇡

�T
=

!0

�

<latexit sha1_base64="BzODnEEkFdo5STXXr260Vk3mojQ="></latexit>

• Exemplo: diapasão de 440 Hz
assumindo que a intensidade do som diminui por um fator 5 em 4 segundos:

E(4) = e��4E(0) =
1

5
E(0) =) � =

1

4
ln(5) = 0.4

<latexit sha1_base64="x2EySCgefyoycBgdsRJsOTyLmkw="></latexit>

! = 2⇡⌫ = 2⇡440 = 2764.

<latexit sha1_base64="6IQA5wcQWP6TwlTgVBFA2OLERt4=">AAACD3icbZBNS8MwHMbT+TbnW9Wjl+BQPJV21m0XYeBlxwnuBdYy0izdwtK0JKkwyr6BF7+KFw+KePXqzW9ju1VR5wOBH8/z/5Pk8SJGpTLND62wsrq2vlHcLG1t7+zu6fsHHRnGApM2Dlkoeh6ShFFO2ooqRnqRICjwGOl6k6ss794SIWnIb9Q0Im6ARpz6FCOVWgP91AkDMkLwElagE1Ho8PibbdvMuFa1jYFeNg1zLrgMVg5lkKs10N+dYYjjgHCFGZKyb5mRchMkFMWMzEpOLEmE8ASNSD9FjgIi3WT+nxk8SZ0h9EORHq7g3P25kaBAymngpZMBUmP5N8vM/7J+rPy6m1AexYpwvLjIjxlUIczKgUMqCFZsmgLCgqZvhXiMBMIqrbA0L6Faq9vnFlyGrxI6FcOyjYtru9xo5nUUwRE4BmfAAjXQAE3QAm2AwR14AE/gWbvXHrUX7XUxWtDynUPwS9rbJygqmIs=</latexit>

Q =
2764

0.4
= 6911

<latexit sha1_base64="5GRteThlYUxV9W/IOyilKqfAv+c=">AAACBHicbZBNS8MwHMZTX+d8q3rcJTgET6WddZsHYeBlxw3cC2xlpFm6haUvJKkwSg9e/CpePCji1Q/hzW9j1lVQ5wOBh+f5/0nycyNGhTTNT21tfWNza7uwU9zd2z841I+OuyKMOSYdHLKQ910kCKMB6UgqGelHnCDfZaTnzm4Wfe+OcEHD4FbOI+L4aBJQj2IkVTTSS214DYceRzip1Kp2mpiGnaqoemVZI71sGmYmuGqs3JRBrtZI/xiOQxz7JJCYISEGlhlJJ0FcUsxIWhzGgkQIz9CEDJQNkE+Ek2SfSOGZSsbQC7k6gYRZ+nMjQb4Qc99Vkz6SU/G3W4T/dYNYenUnoUEUSxLg5UVezKAM4YIIHFNOsGRzZRDmVL0V4ilSRKTiVswgVGt1+8KCq+YbQrdiWLZx2bbLjWaOowBK4BScAwvUQAM0QQt0AAb34BE8gxftQXvSXrW35eialu+cgF/S3r8ANpWVhA==</latexit>

• Exemplo: relógios atômicos possuem Q ' 1011

<latexit sha1_base64="JTAAOEhqvtIBxBGmhPps14I2H2k=">AAAB+XicbZBLSwMxFIUzPmt9jbp0EyyCqzLRarssuOmyBfuAdiyZNG1Dk8yYZApl6D9x40IRt/4Td/4b0+kIaj0Q+DjnXnI5QcSZNp736aytb2xubed28rt7+weH7tFxS4exIrRJQh6qToA15UzSpmGG006kKBYBp+1gcrvI21OqNAvlnZlF1Bd4JNmQEWys1XfdBuxpJugDRN59gtC87xa8opcKrgLKoAAy1fvuR28QklhQaQjHWneRFxk/wcowwuk834s1jTCZ4BHtWpRYUO0n6eVzeG6dARyGyj5pYOr+3Eiw0HomAjspsBnrv9nC/C/rxmZY8RMmo9hQSZYfDWMOTQgXNcABU5QYPrOAiWL2VkjGWGFibFn5tISbcqV0heAqfJfQuiyiUvG6USpUa1kdOXAKzsAFQKAMqqAG6qAJCJiCR/AMXpzEeXJenbfl6JqT7ZyAX3LevwDuZJLS</latexit>
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2. Amortecimento supercrítico �2

4
> !2

0

<latexit sha1_base64="IYgkkh3rMMeu5QLPRmuYgpAHtvs="></latexit>

cuja solução geral é 

p2 + �p+ !2
0 = 0 =) p1,2 = ��

2
±

r
�2

4
� !2

0 ⌘ ��

2
± �

<latexit sha1_base64="dnYE5AhmkP5+z8rxbPxtn5V/cBA="></latexit>

Note que � <
�

2
=) p1,2 < 0

<latexit sha1_base64="AeFhSJwVkvIH+lT/6twKF9sFEdE="></latexit>

x(t) = e�
�
2 t

�
c1e

��t + c2 e�t
�

<latexit sha1_base64="dHB1HYQY1gGvwQvS6DhqiMgYFWQ="></latexit>

x(t)

t
controla o decaimento para tempos grandes O movimento não é periódico!



12

3.  Amortecimento crítico �2

4
= !2

0

<latexit sha1_base64="nFy1nIU4Xztz69pi2kuQ3idptPU="></latexit>

cuja solução geral é x(t) = e�
�
2 t(c1 + c2 t)

<latexit sha1_base64="7wCz9oJe53LDqW79gDhyZTZ/xpU="></latexit>

O movimento não é periódico!

x(t)

t

subcríticosupercrítico

crítico

• o sistema retorna mais rapidamente 
ao equilíbrio com amortecimento 
crítico 

Para praticar: dados x(0) e v(0) encontre o valor das constantes c1 e c2 nos 3 casos!
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Circuitos elétricos exibem comportamento semelhante

A carga num capacitor de um circuito RLC obedece

L
d2Q

dt2
+R

dQ

dt
+

Q

C
= 0

<latexit sha1_base64="mPBXw9iF4qbfvPp7qYThvvv2jhc="></latexit>

ou em termos da corrente

L
d2i

dt2
+R

di

dt
+

i

C
= 0

<latexit sha1_base64="N8ChAlHSctgatsW6n+ZvBvQkZsQ="></latexit>

logo, !2
0 =

1

LC
, � =

R

L

<latexit sha1_base64="lDl5VQntzogsblbyniX71wGRg78="></latexit>
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Motivação para a segunda parte desta aula:

https://www.youtube.com/watch?v=aZNnwQ8HJHU&t=3s
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2. Equações diferenciais não homogêneas

a
d2x

dt2
+ b

dx

dt
+ cx = F (t)

<latexit sha1_base64="Nhh9gb2ysO59Eb/+6vT8FcA7pHI="></latexit>

�↵v

<latexit sha1_base64="oKckMWqhTqUjHkZcnDu92sH8cEA=">AAAB8XicbVDLSgNBEOyNrxhfUREEL4NB8GLY1WhyDHjJMYJ5YLKE2ckkGTI7u8zMBsKSv/DiQQlevXn0M7z5Id6dPAQ1FjQUVd10d3khZ0rb9oeVWFpeWV1Lrqc2Nre2d9K7e1UVRJLQCgl4IOseVpQzQSuaaU7roaTY9zitef3riV8bUKlYIG71MKSuj7uCdRjB2kh3Z6iJedjDaNBKZ+ysPQVaJM6cZIrpz7fXw4NxuZV+b7YDEvlUaMKxUg3HDrUbY6kZ4XSUakaKhpj0cZc2DBXYp8qNpxeP0IlR2qgTSFNCo6n6cyLGvlJD3zOdPtY99debiP95jUh3Cm7MRBhpKshsUSfiSAdo8j5qM0mJ5kNDMJHM3IpID0tMtAkpNQ3hKl/IXThokXyHUD3POrns5Y1JowQzJOEIjuEUHMhDEUpQhgoQEHAPj/BkKevBGlvPs9aENZ/Zh1+wXr4AWXmT/w==</latexit>

v

<latexit sha1_base64="QP/2HgQ6VCaRnAJhPCCa7RNbhus=">AAAB6HicbVDJSgNBEO2JW4xb1KMgjUHwFGY0mtwMeMkxAbNAMoSeTk3SpmehuycQhhw9efGgiFe/Il/hwZvf4E/YmURwe1DweK+KqnpOyJlUpvlupJaWV1bX0uuZjc2t7Z3s7l5DBpGgUKcBD0TLIRI486GumOLQCgUQz+HQdIZXM785AiFZ4F+rcQi2R/o+cxklSku1UTebM/NmAvyXWAuSu3yd1j5uD6fVbvat0wto5IGvKCdSti0zVHZMhGKUwyTTiSSEhA5JH9qa+sQDacfJoRN8rJUedgOhy1c4Ub9PxMSTcuw5utMjaiB/ezPxP68dKbdkx8wPIwU+nS9yI45VgGdf4x4TQBUfa0KoYPpWTAdEEKp0NpkkhItiqXBm4b/kK4TGad4q5M9rZq5cQXOk0QE6QifIQkVURhVURXVEEaA79IAejRvj3ngynuetKWMxs49+wHj5BOitkbQ=</latexit>

x
�m!2

0x

<latexit sha1_base64="P1lKm47L+i9Tfjl+jL1Maa/mgd8=">AAAB+XicbZDLSgMxGIUzXmu9jbrsJliEbiwztbZdFtwUVxXsBdpxyKSZNjSZGZJMsQx9EzcuFHHrm7jzKXwF004FtR4IfJzz/+TneBGjUlnWh7G2vrG5tZ3Zye7u7R8cmkfHbRnGApMWDlkouh6ShNGAtBRVjHQjQRD3GOl446t53pkQIWkY3KppRByOhgH1KUZKW65pnnPYDzkZIte6K8H7rGvmraK1EFwFewn5eqGSuLnP66ZrvvcHIY45CRRmSMqebUXKSZBQFDMyy/ZjSSKEx2hIehoDxIl0ksXlM3imnQH0Q6FfoODC/bmRIC7llHt6kiM1kn+zuflf1ouVX3MSGkSxIgFOP/JjBlUI5zXAARUEKzbVgLCg+laIR0ggrHRZaQmVaq18YcNV+C6hXSra5eLljW6jAVJlQA6cggKwQRXUQQM0QQtgMAEP4Ak8G4nxaLwYr+nomrHcOQG/ZLx9AUaFlVU=</latexit>

F(t)m
d2x

dt2
= �m!2

0x� ↵
dx

dt
+ F (t) =) d2x

dt2
+ �

dx

dt
+ !2

0x =
F (t)

m

<latexit sha1_base64="ixGbsKGXdH6oMeyhs1eCmLPsFHM="></latexit>

Fato sobre a EDO 

a solução geral é uma solução particular somada a solução mais geral da homogênea

a
d2y

dt2
+ b

dy

dt
+ cy = 0

<latexit sha1_base64="l2IRs1emraJZU69HC0ftT0Obd68="></latexit>

já conheço a solução geral!x(t) = y(t) + xp(t) =)

<latexit sha1_base64="ROHhSDXuWD5Rn3XGvYPvpWdsCDM="></latexit>

xp(t) tal que a
d2xp

dt2
+ b

dxp

dt
+ cxp = F (t)

<latexit sha1_base64="Mj0cJHquQRAcCLQnCWlzEoRAL6k="></latexit>
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Logo a solução de a
d2x

dt2
+ b

dx

dt
+ cx = F (t)

<latexit sha1_base64="Nhh9gb2ysO59Eb/+6vT8FcA7pHI="></latexit>

é

Como obter a solução particular?

• Tratemos dois casos “particulares"

xp = constante é solução

<latexit sha1_base64="5p+rM7K/gAxGDg1+Xt+sCprxp4w="></latexit>

1. F(t) é constante: md2x

dt2
= �m!2

0x� ↵
dx

dt
+mg =) d2x

dt2
+ �

dx

dt
+ !2

0x = g

<latexit sha1_base64="Cs6JDXXT3WIBfprPYu20gh1cjGs="></latexit>

isso poderia ser feito definindo x0 = x� g

!2
0

<latexit sha1_base64="8r8sUAPUJT7qwRFIML/X7Ro8YPk="></latexit>

x(t) = xp(t) + c1x1(t) + c2x2(t)

<latexit sha1_base64="dDhsDfxXuRHlvF8ofswzV55bgro=">AAACEHicbVBNSwJBGJ61L7OvrY5dhiQyBNk1TS+BEJFHg/wAlWV2HHVw9oOZ2VAWf0KX/kqXDkV07ditXxH0CxpXhcoeGHg+3peZeWyfUSEN40OLLS2vrK7F1xMbm1vbO/ruXk14Acekij3m8YaNBGHUJVVJJSMNnxPk2IzU7cHFJK/fEi6o597IkU/aDuq5tEsxksqy9ONhSp7Aczi0/AlJQ2yZSphzkVUiq4SlJ42MEQEuEnNGkqX019Vl8TNfsfT3VsfDgUNciRkSomkavmyHiEuKGRknWoEgPsID1CNNRV3kENEOow+N4ZFyOrDrcXVcCSP350aIHCFGjq0mHST74m82Mf/LmoHsFtshdf1AEhdPL+oGDEoPTtqBHcoJlmykCMKcqrdC3EccYak6TEQlnBWKuVMTLpJ5CbVsxsxl8teqjTKYIg4OwCFIARMUQAmUQQVUAQZ34AE8gWftXnvUXrTX6WhMm+3sg1/Q3r4BN4GcMg==</latexit>

!2xp = g =) xp =
g

!2
0

<latexit sha1_base64="lLNQvCFB6Y8qazkmiG4EprR6I4k="></latexit>
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2. Força externa F (t) = F0 cos(!t)

<latexit sha1_base64="P40h6CnubDnLXDIlgctYjH6BB8o="></latexit>

A equação de movimento é d2x

dt2
+ �

dx

dt
+ !2

0x =
F0

m
cos(!t)

<latexit sha1_base64="fgTaneL1bmSfW7dV/LPJTBPtcYo="></latexit>

note que F0 cos(!t) = Re
⇥
F0e

i!t
⇤

<latexit sha1_base64="gSt7gt6hMhqW/S5+6u7+z50EwNs="></latexit>

logo é útil escrever

como a parte real comuta com a derivada, podemos procurar z(t) que satisfaz

x(t) = Re [z(t)] =) d2

dt2
Re [z(t)] + �

d

dt
Re [z(t)] + !2

0Re [z(t)] = Re


F0

m
ei!t

�

<latexit sha1_base64="3sqkwjPfs/VQHmTrIRWHlejk7No="></latexit>

d2z

dt2
+ �

dz

dt
+ !2

0z =
F0

m
ei!t

<latexit sha1_base64="P9JDlVNQrsdcrQpNc1xAbbt2zTI="></latexit>
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• Solução particular de 

• Já que a derivada de uma exponencial é proporcional a ela: z(t) = z0e
i!t

<latexit sha1_base64="7f9u3KWV2NQgd6Q98Apz6AGGNjY=">AAACAXicbZBLSwMxFIUzPmt9jY+F4CZYhLopM77ajVBwoUsF+4C2lkx62wYzD5I7QjvUjX/FjQtF3Pov3Ln0n5i2Cr4OBD7OuZckx4uk0Og4b9bE5NT0zGxqLj2/sLi0bK+slnUYKw4lHspQVT2mQYoASihQQjVSwHxPQsW7Oh7mlWtQWoTBBfYiaPisE4i24AyN1bQ3+lncoUe033QoXCaiHvrQYRQHTTvj5JyR6F9wPyFTzPbfTx7Xk7Om/VpvhTz2IUAumdY114mwkTCFgksYpOuxhojxK9aBmsGA+aAbyegHA7ptnBZth8qcAOnI/b6RMF/rnu+ZSZ9hV//OhuZ/WS3GdqGRiCCKEQI+vqgdS4ohHdZBW0IBR9kzwLgS5q2Ud5liHE1p6VEJh/nC/p5L/8JXCeXdnLufOzg3bZySsVJkk2yRLHFJnhTJKTkjJcLJDbkjD+TRurXurSfreTw6YX3urJEfsl4+AAQRmUI=</latexit>

• implicando que 

d2z

dt2
+ �

dz

dt
+ !2

0z =
F0

m
ei!t

<latexit sha1_base64="P9JDlVNQrsdcrQpNc1xAbbt2zTI="></latexit>

(i!)2z0e
i!t + �i!z0e

i!t + !2
0z0e

i!t =
F0

m
ei!t

(�!2 + !2
0 + i�!)z0 =

F0

m

z0 =
F0

m(!2
0 � !2 + i�!)

<latexit sha1_base64="bHIVCYaKq222FwadjuMHaMAnkfg="></latexit>
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Escrevendo z0 = Aei' =
F0

m(!2
0 � !2 + i�!)

<latexit sha1_base64="smt6OxPkstxVqwgTUpGC4eCAMXk="></latexit>

temos A2 =
F 2
0

m2((!2
0 � !2)2 + �2!2)

<latexit sha1_base64="IoFgRl+1rigDpYaL5DW1Urow4DU="></latexit>

além disso

logo xp = Re[z(t)] = A(!) cos(!t+ '(!))

<latexit sha1_base64="DG8S/OVYZ8Kq8S0pydZO395jRdk="></latexit>

análise da física será feita na próxima aula!

Aei' =
F0

m((!2
0 � !2)2 + �2!2)

(!2
0 � !2 � i�!) =) tan' = � �!

!2
o � !2

<latexit sha1_base64="kzTnjOPO2gLMd4A776WmHJuS4lE="></latexit>
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