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Aula 6

Laerte



O potencial eletrostático

V (r) = �
Z r

1
~E . d~l

<latexit sha1_base64="Ch+S/Ibea8QvplUZlOxDzkKrqis="></latexit>

A escolha mais
comum do ponto
de referência :

V (b)� V (a) = �
Z b

a

~E . d~l
<latexit sha1_base64="xSPOl9lVy0f71Smy4RhiqVmWT8U="></latexit>

A diferença de 
potencial 
não depende
do ponto
de referência :



Lei de Gauss

Forma diferencial

Forma intergal

I

A

~E . n̂ da =

I

A

~E . d~a =
Qe

✏0
<latexit sha1_base64="MqQppJoOl1Hu3vB3HIj+YF4ROXA="></latexit><latexit sha1_base64="MqQppJoOl1Hu3vB3HIj+YF4ROXA="></latexit><latexit sha1_base64="MqQppJoOl1Hu3vB3HIj+YF4ROXA="></latexit><latexit sha1_base64="MqQppJoOl1Hu3vB3HIj+YF4ROXA="></latexit>

~r . ~E =
⇢

✏0
<latexit sha1_base64="KuTH9MEssKARueqAYOLfcOsidoE="></latexit><latexit sha1_base64="KuTH9MEssKARueqAYOLfcOsidoE="></latexit><latexit sha1_base64="KuTH9MEssKARueqAYOLfcOsidoE="></latexit><latexit sha1_base64="KuTH9MEssKARueqAYOLfcOsidoE="></latexit>

⇢ = ✏0 ~r . ~E
<latexit sha1_base64="FhYANRK0sjT7sMb4AvHHdF29bd0="></latexit>



Exemplo 2.6

a) Fora da casca (r>R):

V (r) = �
Z r

1
~E . d~l

<latexit sha1_base64="Ch+S/Ibea8QvplUZlOxDzkKrqis=">AAAC9nicjVHLSsQwFD3W93vUpZvgICjo0KqgG0EUwaWCMwqODm0mo8FOW9JUHIb5DnfuxK0/4FY/QfwD/QtvYgUfiKYkPTn3npPc3CAJZapd97nL6e7p7esfGBwaHhkdGy9MTFbSOFNclHkcxuow8FMRykiUtdShOEyU8JtBKA6C8y0TP7gQKpVxtK9biThu+qeRbEjua6JqBa8yp+bZOltkVRnpWpvWhm51ThRj1QvB29sdVl1gJZp1uw87tULRLbl2sJ/Ay0ER+diNC0+ooo4YHBmaEIigCYfwkdJ3BA8uEuKO0SZOEZI2LtDBEGkzyhKU4RN7Tusp7Y5yNqK98UytmtMpIU1FSoZZ 0sSUpwib05iNZ9bZsL95t62nuVuL/kHu1SRW44zYv3Qfmf/VmVo0GlizNUiqKbGMqY7nLpl9FXNz9qkqTQ4JcQbXKa4Ic6v8eGdmNamt3bytb+MvNtOwZs/z3Ayv5pbUYO97O3+CylLJWy4t7a0UNzbzVg9gGjOYo36uYgM72EWZvK9wjwc8OpfOtXPj3L6nOl25ZgpfhnP3BjaCoWg=</latexit>

Calcule o potencial dentro e fora de uma casca esférica de raio R 
com carga q uniformemente distribuída.

1
<latexit sha1_base64="r5JA3hmaDQFGpofXKk8ZRGR4tDM="></latexit>



V (r) = �
Z r

1
~E . d~l

<latexit sha1_base64="Ch+S/Ibea8QvplUZlOxDzkKrqis=">AAAC9nicjVHLSsQwFD3W93vUpZvgICjo0KqgG0EUwaWCMwqODm0mo8FOW9JUHIb5DnfuxK0/4FY/QfwD/QtvYgUfiKYkPTn3npPc3CAJZapd97nL6e7p7esfGBwaHhkdGy9MTFbSOFNclHkcxuow8FMRykiUtdShOEyU8JtBKA6C8y0TP7gQKpVxtK9biThu+qeRbEjua6JqBa8yp+bZOltkVRnpWpvWhm51ThRj1QvB29sdVl1gJZp1uw87tULRLbl2sJ/Ay0ER+diNC0+ooo4YHBmaEIigCYfwkdJ3BA8uEuKO0SZOEZI2LtDBEGkzyhKU4RN7Tusp7Y5yNqK98UytmtMpIU1FSoZZ 0sSUpwib05iNZ9bZsL95t62nuVuL/kHu1SRW44zYv3Qfmf/VmVo0GlizNUiqKbGMqY7nLpl9FXNz9qkqTQ4JcQbXKa4Ic6v8eGdmNamt3bytb+MvNtOwZs/z3Ayv5pbUYO97O3+CylLJWy4t7a0UNzbzVg9gGjOYo36uYgM72EWZvK9wjwc8OpfOtXPj3L6nOl25ZgpfhnP3BjaCoWg=</latexit>

Calcule o potencial criado por uma carga q 
puntiforme a uma   distância r da carga

1
<latexit sha1_base64="r5JA3hmaDQFGpofXKk8ZRGR4tDM="></latexit>



Se a carga não estiver na origem das coordenadas:

O

r0
<latexit sha1_base64="7DzCZ15Nps9UgpvlS1TqHzavqUw="></latexit>

P

r
<latexit sha1_base64="OrNtGBMjaX1GdQrsbIOk6PotBpQ="></latexit>

r0
<latexit sha1_base64="7DzCZ15Nps9UgpvlS1TqHzavqUw="></latexit> é a posição da(s) cargas(s) 

r
<latexit sha1_base64="OrNtGBMjaX1GdQrsbIOk6PotBpQ="></latexit>

é o ponto onde queremos saber V

é a distância entre a carga q e o ponto P

(a distância que “interessa”!)

V (r) =
1

4⇡ ✏0

q

r
<latexit sha1_base64="IdNDCRr8dlB6MIMB/Y/EbBAQKf8="></latexit>

antes:

agora:



Se tivermos n cargas 

Se tivermos uma distribuição contínua de cargas 

dq
<latexit sha1_base64="ebmFALJVVH4R8O/+NcVumkLW7e8="></latexit>

Obs: ponto de referência no infinito !



Potencial e energia potencial

Isto “melhorar” nossa 
compreensão do 

significado do potencial !

Griffiths



Trabalho e energia

a b

q Q

Força que q faz em Q : ~E =
q

4⇡✏0

1

r2
r̂

<latexit sha1_base64="0pUQkztFdwqZE7m4GrMpwFc7AHw="></latexit><latexit sha1_base64="0pUQkztFdwqZE7m4GrMpwFc7AHw="></latexit><latexit sha1_base64="0pUQkztFdwqZE7m4GrMpwFc7AHw="></latexit><latexit sha1_base64="0pUQkztFdwqZE7m4GrMpwFc7AHw="></latexit>

~Fq = Q ~E
<latexit sha1_base64="zm01wxcI9mxXtUjkCU50bdYOVD8="></latexit><latexit sha1_base64="zm01wxcI9mxXtUjkCU50bdYOVD8="></latexit><latexit sha1_base64="zm01wxcI9mxXtUjkCU50bdYOVD8="></latexit><latexit sha1_base64="zm01wxcI9mxXtUjkCU50bdYOVD8="></latexit>

Trabalho de Fq quando Q  vai de a para b: W =

Z b

a

~Fq . d~l
<latexit sha1_base64="4crPegm0XXQgwNdhFHx6UfgR+j8="></latexit><latexit sha1_base64="4crPegm0XXQgwNdhFHx6UfgR+j8="></latexit><latexit sha1_base64="4crPegm0XXQgwNdhFHx6UfgR+j8="></latexit><latexit sha1_base64="4crPegm0XXQgwNdhFHx6UfgR+j8="></latexit>

Agente externo que faz  força  - Fq

Trabalho do agente  (-Fq ) quando Q  
vai de a para b:

Fq- Fq r̂
<latexit sha1_base64="FVVNn2JnC/bcBsxsfJWJWZYLp3M="></latexit><latexit sha1_base64="FVVNn2JnC/bcBsxsfJWJWZYLp3M="></latexit><latexit sha1_base64="FVVNn2JnC/bcBsxsfJWJWZYLp3M="></latexit><latexit sha1_base64="FVVNn2JnC/bcBsxsfJWJWZYLp3M="></latexit>

W = �Q

Z b

a

~E . d~l
<latexit sha1_base64="6I+t/N6TNPeP63vVndnvb8EtsMI="></latexit><latexit sha1_base64="6I+t/N6TNPeP63vVndnvb8EtsMI="></latexit><latexit sha1_base64="6I+t/N6TNPeP63vVndnvb8EtsMI="></latexit><latexit sha1_base64="6I+t/N6TNPeP63vVndnvb8EtsMI="></latexit>

W = �
Z b

a

~Fq . d~l
<latexit sha1_base64="DdVl6vfXF4o60x5X8ruWphGkctE="></latexit><latexit sha1_base64="DdVl6vfXF4o60x5X8ruWphGkctE="></latexit><latexit sha1_base64="DdVl6vfXF4o60x5X8ruWphGkctE="></latexit><latexit sha1_base64="DdVl6vfXF4o60x5X8ruWphGkctE="></latexit>



V (b)� V (a) = �
Z b

a

~E . d~l
<latexit sha1_base64="xQqyRGcFT1ndxOf1aO9TECNu/kQ="></latexit><latexit sha1_base64="xQqyRGcFT1ndxOf1aO9TECNu/kQ="></latexit><latexit sha1_base64="xQqyRGcFT1ndxOf1aO9TECNu/kQ="></latexit><latexit sha1_base64="xQqyRGcFT1ndxOf1aO9TECNu/kQ="></latexit>

W = �Q

Z b

a

~E . d~l
<latexit sha1_base64="T7ePWjbldkVV2ofnfptY/K5moLI="></latexit><latexit sha1_base64="T7ePWjbldkVV2ofnfptY/K5moLI="></latexit><latexit sha1_base64="T7ePWjbldkVV2ofnfptY/K5moLI="></latexit><latexit sha1_base64="T7ePWjbldkVV2ofnfptY/K5moLI="></latexit>

Lembrando que 

W = Q [V (b)� V (a) ]
<latexit sha1_base64="ACYYGuZAB2MseBMyNw5OVj0yyl8="></latexit><latexit sha1_base64="ACYYGuZAB2MseBMyNw5OVj0yyl8="></latexit><latexit sha1_base64="ACYYGuZAB2MseBMyNw5OVj0yyl8="></latexit><latexit sha1_base64="ACYYGuZAB2MseBMyNw5OVj0yyl8="></latexit>

Se o ponto de partida  for o infinito : a ! 1
<latexit sha1_base64="Bwh2TORcuHUJ8YY4ye4zGD5sGI4="></latexit><latexit sha1_base64="Bwh2TORcuHUJ8YY4ye4zGD5sGI4="></latexit><latexit sha1_base64="Bwh2TORcuHUJ8YY4ye4zGD5sGI4="></latexit><latexit sha1_base64="Bwh2TORcuHUJ8YY4ye4zGD5sGI4="></latexit>

V (1) = 0
<latexit sha1_base64="qAw8kuWZ2EvuYYbmojK+zAHrqX4="></latexit><latexit sha1_base64="qAw8kuWZ2EvuYYbmojK+zAHrqX4="></latexit><latexit sha1_base64="qAw8kuWZ2EvuYYbmojK+zAHrqX4="></latexit><latexit sha1_base64="qAw8kuWZ2EvuYYbmojK+zAHrqX4="></latexit>

Se o ponto de chegada  for r 

W = Q [V (r)� V (1) ]
<latexit sha1_base64="TpUMWlEKJ0sy5GW2C8dEMTPhZ8w="></latexit><latexit sha1_base64="TpUMWlEKJ0sy5GW2C8dEMTPhZ8w="></latexit><latexit sha1_base64="TpUMWlEKJ0sy5GW2C8dEMTPhZ8w="></latexit><latexit sha1_base64="TpUMWlEKJ0sy5GW2C8dEMTPhZ8w="></latexit>

Como W = QV (r)
<latexit sha1_base64="tmuCUA4lr4jeTB3dK8jiMj1hqig="></latexit><latexit sha1_base64="tmuCUA4lr4jeTB3dK8jiMj1hqig="></latexit><latexit sha1_base64="tmuCUA4lr4jeTB3dK8jiMj1hqig="></latexit><latexit sha1_base64="tmuCUA4lr4jeTB3dK8jiMj1hqig="></latexit>

Potencial : energia por unidade de carga necessária para criar o sistema

q Qr



Energia para ”montar”um sistema de duas cargas positivas

Vamos trazendo uma por uma do infinito

q1
<latexit sha1_base64="qCZuZCGSPPOVFIthjhG4Yu4L9cw="></latexit><latexit sha1_base64="qCZuZCGSPPOVFIthjhG4Yu4L9cw="></latexit><latexit sha1_base64="qCZuZCGSPPOVFIthjhG4Yu4L9cw="></latexit><latexit sha1_base64="qCZuZCGSPPOVFIthjhG4Yu4L9cw="></latexit>

A primeira ,      , ”não dá trabalho” porque o ambiente está vazio

Para trazer a segunda,      , temos que fazer trabalho contra o campo de q2
<latexit sha1_base64="wFcqdFQNsjJHLOBjV+mXA5ymyrQ="></latexit><latexit sha1_base64="wFcqdFQNsjJHLOBjV+mXA5ymyrQ="></latexit><latexit sha1_base64="wFcqdFQNsjJHLOBjV+mXA5ymyrQ="></latexit><latexit sha1_base64="wFcqdFQNsjJHLOBjV+mXA5ymyrQ="></latexit>

q1
<latexit sha1_base64="qCZuZCGSPPOVFIthjhG4Yu4L9cw="></latexit><latexit sha1_base64="qCZuZCGSPPOVFIthjhG4Yu4L9cw="></latexit><latexit sha1_base64="qCZuZCGSPPOVFIthjhG4Yu4L9cw="></latexit><latexit sha1_base64="qCZuZCGSPPOVFIthjhG4Yu4L9cw="></latexit>

q1
<latexit sha1_base64="qCZuZCGSPPOVFIthjhG4Yu4L9cw="></latexit><latexit sha1_base64="qCZuZCGSPPOVFIthjhG4Yu4L9cw="></latexit><latexit sha1_base64="qCZuZCGSPPOVFIthjhG4Yu4L9cw="></latexit><latexit sha1_base64="qCZuZCGSPPOVFIthjhG4Yu4L9cw="></latexit>

~E
<latexit sha1_base64="JpqAorxh+DSI2aV5uy05T/TWk3A="></latexit><latexit sha1_base64="JpqAorxh+DSI2aV5uy05T/TWk3A="></latexit><latexit sha1_base64="JpqAorxh+DSI2aV5uy05T/TWk3A="></latexit><latexit sha1_base64="JpqAorxh+DSI2aV5uy05T/TWk3A="></latexit>

W = q2 V (r12)
<latexit sha1_base64="mHe6WZEdqaTFyVYkbG38XMrMpe0="></latexit><latexit sha1_base64="mHe6WZEdqaTFyVYkbG38XMrMpe0="></latexit><latexit sha1_base64="mHe6WZEdqaTFyVYkbG38XMrMpe0="></latexit><latexit sha1_base64="mHe6WZEdqaTFyVYkbG38XMrMpe0="></latexit>

q2
<latexit sha1_base64="wFcqdFQNsjJHLOBjV+mXA5ymyrQ="></latexit><latexit sha1_base64="wFcqdFQNsjJHLOBjV+mXA5ymyrQ="></latexit><latexit sha1_base64="wFcqdFQNsjJHLOBjV+mXA5ymyrQ="></latexit><latexit sha1_base64="wFcqdFQNsjJHLOBjV+mXA5ymyrQ="></latexit>

r12
<latexit sha1_base64="2NULkp0dRl/ko4XOffsi73xi3wY="></latexit><latexit sha1_base64="2NULkp0dRl/ko4XOffsi73xi3wY="></latexit><latexit sha1_base64="2NULkp0dRl/ko4XOffsi73xi3wY="></latexit><latexit sha1_base64="2NULkp0dRl/ko4XOffsi73xi3wY="></latexit>



Energia para ”montar”um sistema de duas cargas positivas

q1
<latexit sha1_base64="qCZuZCGSPPOVFIthjhG4Yu4L9cw="></latexit><latexit sha1_base64="qCZuZCGSPPOVFIthjhG4Yu4L9cw="></latexit><latexit sha1_base64="qCZuZCGSPPOVFIthjhG4Yu4L9cw="></latexit><latexit sha1_base64="qCZuZCGSPPOVFIthjhG4Yu4L9cw="></latexit>

~E
<latexit sha1_base64="JpqAorxh+DSI2aV5uy05T/TWk3A="></latexit><latexit sha1_base64="JpqAorxh+DSI2aV5uy05T/TWk3A="></latexit><latexit sha1_base64="JpqAorxh+DSI2aV5uy05T/TWk3A="></latexit><latexit sha1_base64="JpqAorxh+DSI2aV5uy05T/TWk3A="></latexit>

W = q2 V (r12)
<latexit sha1_base64="mHe6WZEdqaTFyVYkbG38XMrMpe0="></latexit><latexit sha1_base64="mHe6WZEdqaTFyVYkbG38XMrMpe0="></latexit><latexit sha1_base64="mHe6WZEdqaTFyVYkbG38XMrMpe0="></latexit><latexit sha1_base64="mHe6WZEdqaTFyVYkbG38XMrMpe0="></latexit>

q2
<latexit sha1_base64="wFcqdFQNsjJHLOBjV+mXA5ymyrQ="></latexit><latexit sha1_base64="wFcqdFQNsjJHLOBjV+mXA5ymyrQ="></latexit><latexit sha1_base64="wFcqdFQNsjJHLOBjV+mXA5ymyrQ="></latexit><latexit sha1_base64="wFcqdFQNsjJHLOBjV+mXA5ymyrQ="></latexit>

r12
<latexit sha1_base64="2NULkp0dRl/ko4XOffsi73xi3wY="></latexit><latexit sha1_base64="2NULkp0dRl/ko4XOffsi73xi3wY="></latexit><latexit sha1_base64="2NULkp0dRl/ko4XOffsi73xi3wY="></latexit><latexit sha1_base64="2NULkp0dRl/ko4XOffsi73xi3wY="></latexit>



Para trazer a terceira carga, temos que fazer trabalho contra os campos
das  duas primeiras cargas.

Para vencer o campo da carga 1: W = q3 V (r13) = q3
1

4⇡✏0

q1
r13

<latexit sha1_base64="pHzOViVBU1+LNJHQmQMJay2t96M="></latexit><latexit sha1_base64="pHzOViVBU1+LNJHQmQMJay2t96M="></latexit><latexit sha1_base64="pHzOViVBU1+LNJHQmQMJay2t96M="></latexit><latexit sha1_base64="pHzOViVBU1+LNJHQmQMJay2t96M="></latexit>

Para vencer o campo da carga 2: W = q3 V (r23) = q3
1

4⇡✏0

q2
r23

<latexit sha1_base64="ujKNB6igAh3IoG+hTEWIiCydhZY="></latexit><latexit sha1_base64="ujKNB6igAh3IoG+hTEWIiCydhZY="></latexit><latexit sha1_base64="ujKNB6igAh3IoG+hTEWIiCydhZY="></latexit><latexit sha1_base64="ujKNB6igAh3IoG+hTEWIiCydhZY="></latexit>

Trabalho total para trazer a carga 3: W =
q3

4⇡✏0

✓
q1
r13

+
q2
r23

◆

<latexit sha1_base64="iwJgd8rT3xtoUklmbjcBC1Chn1s="></latexit><latexit sha1_base64="iwJgd8rT3xtoUklmbjcBC1Chn1s="></latexit><latexit sha1_base64="iwJgd8rT3xtoUklmbjcBC1Chn1s="></latexit><latexit sha1_base64="iwJgd8rT3xtoUklmbjcBC1Chn1s="></latexit>



Trabalho total para aproximar as 4 cargas: W = W2 +W3 +W4
<latexit sha1_base64="onp5MtA9XYkKtzUqsLwIm6GBag4="></latexit><latexit sha1_base64="onp5MtA9XYkKtzUqsLwIm6GBag4="></latexit><latexit sha1_base64="onp5MtA9XYkKtzUqsLwIm6GBag4="></latexit><latexit sha1_base64="onp5MtA9XYkKtzUqsLwIm6GBag4="></latexit>

Se tivermos n partículas: Para não 
somar 
duas 
vezes

Trabalho para trazer a quarta carga:



Podemos somar duas vezes e 
depois dividir por dois:

Vamos colocar qi em evidência: 

O termo entre parêntesis é o 
potencial no ponto ri onde está 
a carga qi

Se tivermos uma distribuição
contínua de cargas

X

i

qi !
Z

dq
<latexit sha1_base64="ITFPOflfvOkaxwV8N8kyecJ4CEM="></latexit>

elemento
de volume



=<latexit sha1_base64="wUgjzX92n3G+3kWhZqRIG3ksvbA="></latexit>

Sistema de cargas positivas

Energia Potencial Eletrostática

Sistema molas comprimidas



Tão rápido que nem dói ...



Vamos usar a lei de Gauss  na forma diferencial

Vamos usar uma fórmula de integração por partes G37

Vamos usar a relação 



E =
1

4⇡ ✏0

q

r2
<latexit sha1_base64="MgBWLTt3ESlPgE61E50tafSNj34="></latexit>

V =
1

4⇡ ✏0

q

r
<latexit sha1_base64="gjkqL/UJ7LSespidvJfEMJx/Hz4="></latexit>

0

1
<latexit sha1_base64="r5JA3hmaDQFGpofXKk8ZRGR4tDM="></latexit>

⇢
<latexit sha1_base64="JU7YHLTvpw87Z3x1jn/MttlKjrw="></latexit><latexit sha1_base64="JU7YHLTvpw87Z3x1jn/MttlKjrw="></latexit><latexit sha1_base64="JU7YHLTvpw87Z3x1jn/MttlKjrw="></latexit><latexit sha1_base64="JU7YHLTvpw87Z3x1jn/MttlKjrw="></latexit>

S

V

⇢
<latexit sha1_base64="JU7YHLTvpw87Z3x1jn/MttlKjrw="></latexit><latexit sha1_base64="JU7YHLTvpw87Z3x1jn/MttlKjrw="></latexit><latexit sha1_base64="JU7YHLTvpw87Z3x1jn/MttlKjrw="></latexit><latexit sha1_base64="JU7YHLTvpw87Z3x1jn/MttlKjrw="></latexit>



Treinamento Funcional

gradiente

divergente

rotacional

Calcule o divergente e o rotacional : ~v = x2 y x̂+ 3x ŷ + 5 z ẑ
<latexit sha1_base64="YV4onIFKgsXvu1ylFG6xugcK5mE="></latexit>



Vamos calcular uma integral de linha

= ?

Pelo caminho 1: 



Pelo caminho 2: 



FIM



Resumo

Densidade 
de carga

Campo
ElétricoPotencial


