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Chapter 1

Vector Analysis

Problem 1.1

(a) From the diagram, |B + C|cosf; = |B]|cos6; + |C| cosfs. Multiply by |A|.
|A}|B + C|cos8s; = |A||B]|cosb + |A]|C] cosbs.
So: A.(B+ C) = A.-B+ A.C. (Dot product is distributive.)

Similarly: |B + C|sinf; = |B|sin8; + |C|sinf,. Mulitply by |A} .

|A||B + C|sinfs fi = |A|{B|sin 6 i + |A||C]sin 6, . : g},B[singl
If fi is the unit vector pointing out of the page, it follows that L =
Ax(B + C) = (AxB) + (AxC). (Cross product is distributive.)’ |Blcosf:1  |C|cos b2

i }|Clsin #2

—~ (b) For the general case, see G. E. Hay’s Vector and Tensor Analysis, Chapter 1, Section 7 (dot product) and
Section 8 (cross product).

Problem 1.2

The triple cross-product is not in general associative. For example,
suppose A = B and C is perpendicular to A, as in the diagram.
Then (B xC) points out-of-the-page, and A X (Bx C) points down,
and has magnitude ABC. But (AXB) = 0, so (AXxB)xC =0 #

AX(BxCQC). . BxC ;Ax(BxC)

A=B

Problem 1.3 z

A=+1%+19-1%,A=V3;B=1%+19+1%; B=+3.
AB=+1+1-1=1=ABcosf = v3v/3cos6 = cosf = L. A

6 = cos™! (}) ~ 70.5288°

Problem 1.4

The cross-product of any two vectors in the plane will give a vector perpendicular to the plane. For example,
we might pick the base (A) and the left side (B): :

A=-1%4+2y4+0%B=-1%x+09+32.
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| & ¢ 2
AxB=|-1 2 0|=6%+3§+25
1 0 3

This has the right direction, but the wrong magnitude. To make a wunit vector out of it, simply divide by its
length:

|AXB|=+v36+9+4=71. i= A% =
Problem 1.5

7i

%+ 29+

o

=it

~le
<

A -

X y
Az Ay A,
(ByC, — B,Cy) (B,Cyz — B;C.) (B;Cy—~ ByCy)
= i[Ay(Bsz - ByCZ) - A,(B.C; - B, C)H)l+30 + 2()
(Tl just check the x-component; the others go the same way.)
=%(AyB:Cy — AyByCy —~ A:B,Cy + A.B,C.) + §() + ().
B(A-C) — C(A-B) = [B,(A;C; + AyCy + A.C;) — Co(AzBr + AyBy + A, B)| %+ )5 + () 2
= %(AyB;Cy + A,B;C, — AyB,C; — A;B,C;) + §() + (). They agree.

N>

Ax(BxC) =

Problem 1.6

AX(BxC)+Bx(CxA)+Cx(AXB) = B(A-C)-C(A-B)+C(A-B)—A(C-B)+A(B-C)~B(C-A) = 0.
So: Ax(BXC) — (AXB)xC = -Bx(CxA) = A(B-C) — C(A-B).

If this is zero, then either A is parallel to C (including the case in which they point in opposite directions, or
one is zero), or else B-C = B+A =0, in which case B is perpendicular to A and C (including the case B = 0).

Conclusion: [Ax (BXxC) = (AxB)x C <= either A is parallel to C, or B is perpendicular to A and C. '
Problem 1.7

Problem 1.8

(a) AyBy + A.B, = (cos Ay + sin A, )(cos ¢ By + sin ¢ B, ) + (— sin ¢ Ay + cos ¢A,)(~ sin ¢ B, + cos $B;)

= cos? pA,By + sinpcos$(A,B, + A,By) + sin® pA, B, + sin® pA, B, — sinpcos p(A, B, + A.By) +
cos? A, B,

= (cos® ¢ + sin® ¢)A, B, + (sin® ¢ + cos® ¢)A, B, = Ay By + A;B.. v

(b) (A2)? + (Ay)? + (A.)? =S8, A4 = T, (23,1 Rij A;) (S5, R Ak) = ;i (SiRij Rix) Aj Aj.

. . 1 if j=k
2 2 2 3 R..R.a =

This equals A + Aj + A; provided | Z;_, Rij Ry, = { 0 if j£k }
Moreover, if R is to preserve lengths for all vectors A, then this condition is not only sufficient but also
necessary. For suppose A = (1,0,0). Then X; x (¥; RijRix) Aj Ax = X; Ri1 Ri1, and this must equal 1 (since we
want A, + 74, + A, = 1). Likewise, 3_, RipRiz = £, RisRig = 1. To check the case j # k, choose A = (1,1,0).
Then we want 2 = Ej,k (Ei Rinik,) AjA.k =X;RuRiy +Z;RiaRip + i RinRis + £; RioR;1. But we already
know that the first two sums are both 1; the third and fourth are equal, so ¥; R;1 Rz = ¥; RioRip = 0, and so
on for other unequal combinations of 7, k. v' In matrix notation: RR = 1, where R is the transpose of R.




Problem 1.9 y pnyy
z Looking down the axis: N
' z \y'

A 120° rotation carries the z axis into the y (= %) axis, y into z (= y), and z into 2 (— Z). So A; = A,
Ay = A, A, = Ay

0 01
R={1 00
010

Problem 1.10

(@) (Az = Aqgy Ay = Ay, A; = A2)
(b) in the sense (4, = —4,, 4, = —A,, 4, = —-A,)

(c) (AxB) — (~A)x(—B) = (AxB). That is, if C = AxB, . No-minus sign, in contrast to
behavior of an “ordinary” vector, as given by (b). If A and B are pseudovectors, then (AxB) — (A)Xx(B) =
(AxB). So the cross-product of two pseudovectors is again a pseudovector. In the cross-product of a vector
and a pseudovector, one changes sign, the other doesn’t, and therefore the cross-product is itself a vector.
Angular momentum (L = rxp) and forque (N = rxF) are pseudovectors.

(d) A:(BxC) — (—A):((-B)x(-C)) = —~A:.(BxC). So, ifa = A:(BxC), then a pseudoscalar
changes sign under inversion of coordinates. ’
Problem 1.11

(@)Vf=2z%+3y°§ +42°%

(BVf = 2zy324 % + 322922 § + 4223232

(c)Vf =e®sinylnzx +e®cosylnzy + e®siny(l/z) &

Problem 1.12
(a) VR =10[(2y — 6z — 18) %X + (2z — 8y + 28) ¥]. Vh =0 at summit, so
2y —6x—-18=0
9% — 8y + 28 = 0 —» 62 — 24y + 84 = 0 }2:‘"18 2y +84=0.
22y=66$y=3$2z—24+‘28=0$$=—2.
Top is [ 3 miles north, 2 miles west, of South Hadley. l

(b) Putting in z = -2, y = 3:
h=10(—12 - 12 — 36 + 36 + 84 + 12) = | 720 ft.
(c) Puttinginz =1,y =1: Vh=10[(2 -6 — 18) % + (2 — 8+ 28) §] = 10(—22% + 22§) = 220(— % + ¥).

|Vh| = 2202 ~ | 311 ft/mile |} direction:
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Problem 1.13

(b) V(3) = az[(x.—av’)2 WY+ - TER 0T Y+ 0782
=-30"%2( - 2)% - 30732y —¢) ¥ ~ 0732 - )2
="z -2)X+(y—y)F+ (2= 2)2] = (1)) = ~(1/2?)4.

(€) £(™) =nan"18 = na™1(3124,) = na" 14y, s0 [V(a”) = n¢"‘1/2.l

Problem 1.14
7 = 4y cos ¢ + z sin ¢; multiply by sin ¢: Fsin¢ = +y sin¢cos ¢ + z sin? ¢.
Z = —y sin ¢ + z cos ¢; multiply by cos¢: Zcos$ = —y sindpcos ¢ + z cos? ¢.
Add: ysing +Zcos¢ = z(sin2 ¢ + cos? ¢) = z. Likewise, jcos¢ —Zsing = y.

So -5*_1 = coS d), 5% = —sin ¢; 2 3- = sm¢;r -g—; = cos ¢. Therefore

(Vh), =% =35 +3L% = +cosp(V f), +5ing(V f),
+

AL . Oy
5. = %é _ %téu %LQ& = _sin¢(V ), + cos 6(V £, } So V f transforms as a vector.‘ qed

Problem 1.15
(a)V-v, = 555(:1:2) + 5‘1(3:1:22) Bi( 2z2) =2x+0—-2z =0.

(B)V-vy = g‘a—(a:y) 55—(2yz) + -‘.%(B:zrz) =y + 2z + 3z.

(e)Vve =

QJlQ,

(v + = (2a:y +2 + 5 2 (2y2) =0+ (2z) + (2y) = 2(z + y).

Problem 1.16
Vv=2 (—"5)+ay(%)+az(r ) =2 [a:(:v2 +y?+ z2)*%]+6% [y(z2 +y* + z2)—%]+-8‘9—z [z(:v2 +y2+ 22)‘%]
= ("2 +2(=3/2)) %22 + 0% +y(-3/2)0 " F2y + 0% + 2(-3/2)()"#22
=33 -3r S22+ +22) =32 -3r 3 =0.
This conclusion is surprising, because, from the diagram, this vector field is obviously diverging away from the
origin. How, then, can V.v = 07 The answer is that V.v = 0 everywhere except at the origin, but at the

origin our calculation is no good, since r = 0, and the expression for v blows up. In fact, V-v is infinite at
that one point, and zero elsewhere, as we shall see in Sect. 1.5.

Problem 1.17

Ty = cos ¢ v, +sin¢gv,; U, = —sindv, +cosPuv,.

by _ Ouy v gingh = (0w 0y 4 9y 0z bvz Oy 4 Bvy 0z ) g - :
% = 5 cosp+ Gu sing = (GG + 52 8) cosp+ (%L +%82) sing. Use result in Prob. 1.14;

= (%1“ cos @+ 5 ——’L sind)) cos ¢ + (%’;ﬂ cos ¢ + = émd)) sin ¢.

8y, — _ 9y .Bv, = — (B 8y | vy 02 Ov, By | Ov; 9z
55 = — 5 Sing+ G cosp = (ay 5+ 5 ae) Sino+ | Gr55 + 5755 ) COSP
dv 2] a
= - (—Ef- sing + 3 ——1 cosd)) sin ¢ + (—-7”1 sing + G5* cosd)) cos ¢. So

a;5’--;--‘%%: ouy cos ¢+§—9’Lsm¢cos¢+‘9—"‘sm¢cos¢+%s1n ¢+§3’Ls1n ¢ — H* sinpcos ¢




P H
—%’;Il sin ¢ cos ¢ + %”; cos? ¢

8 v .
= 7’;’-(cosz¢+sm2¢)+%”;(sm2¢+cosz¢) = %’;’-+%”;. v

Problem 1.18 -

£ ¥ z -
@Vxv.=|& & £ =i(0—6a:z)+$'(0y+2z)+2(3z2—O)=L—-6a:zi+2z$'+3z22.l

z? 3zz° -2zz '

£ 9 2 | -
b)) Vxve=|£& & & |=%0-20)+3(0-32)+2(0-2)=|-2y% 32§ — z2.|

- | zy 2yz 3z=z

% ¥ 2
(©) VXve=| 5 = £ | =%(22-22) + $(0 - 0) +2(2y — 2y) =[0.]

y> (2zy+2°) 2yz

- Problem 1.19
v=yk+zForv=yzk+z2§+ays; orv= (3522 - 23)X + 3§ + (z® — 3z2?) 2;
or v = (sinz)(coshy) X — (cosz)(sinhy) §; etc.

Problem 1.20
8(f9) 2 f 8f 5 — il 3\ ¢ 8 o . .
0 VU0 =205 05 50— s+ o) 3 (1 -o8) 5+ (84 o) 3
f( 329+ 522) +9(Bx+ 3+ 52) = (Vo) +9(VF). qed

(iv) V-(AxB) = £ (4, B,—A,By)+68y(A By — A:B:) + & (A: B, — AyB.)
=A ‘9—'5’&+19,‘9a ~ A% — B % + A, %5 + B, % — A, %5 - B, %

o~ Y oz Y 8z T 3y
+Az 82 +By%éi_Ava—a%1_B=
. (Y - ) 4 B, (3 — ) B (= ) = e (- )
—A,,(Qa%a—a—a%)—A, (52 - %) =B-(VxA) - A-(VxB). qed

(V)Vx(fA):(Pﬂi‘Ll WA 4 (24e) _ 2Ad) g 4 (2aa) _ 2Ude)) 5
(f%+Azgy fa_/}l Ai)x-+(f%4;+A,%£—f%_Az%£>

)
+ (% + A5 - fQZ_Az'ég)i
MO AN AT 2]
~[(48 ) s+ (a8 - Az—af)w 44)7)

=f(VXA)—AX(Vf). ged

Problem 1.21
(2) (A-9)B = (4, % +Ay%+Az%)‘ (Az"a’i + A5+ AT S

(Aza{fz + A9 + A S )
(b) # = ii_j\/_ﬂ—:% Let’s just do the z component.
s ovel ) )
[(r'V)r]z == (?'5? typy t zb—z) by revrect




= Ho [ +at-bipe] e [k
e et - HE g
Same goes for the other components. Hence: .

() (vo:V)vp = (a: & + 3z 2
=z (yx+0y+3zz)+3:vz (z&x+225+08%)
(z?y + 32%2%) & + (6723

z? (y + 32%) & + 232 (322 — 2y) § — 32?22
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+ao |~ds] )
) =1(z-2) =0

2$Z6z) (zy® + 2yz§ + 3z2 %)

-222(0%+2yy +3z2)
— 4zyz) § + (3z%2 — 62%2) 2

Problem 1.22

(ii) [V(A'B)), = &(A:B: + AyBy + A,B;) = %58, + A, %8 + 2B, + A, %0 + 2B, + 4,%:
[AX(VXB)], = A4 (VXB); — A,(VxB), = Ay (52 - 88=) - 4, (%= - 2&:)
Bx(VxA)), = By (% - %=) — B, (%= - )
) — A 0B 8B,
[(A-V)B], = (Aza?z"‘Ay%y +A.5;)Br = A GE + Ay aBy +Az‘9£
(B-V)A], = B, %= + B,%= + B, %=

So [AX(VXB) +BX(VxXA)+ (A V)B + (B-V)A],

8By ‘8B, 8B 84y 8A 8A 84
= A, azB—A —E%B Az—-laéB+A 8A+ By a%A— By—la%A-— B. %2+ B, %F
+A4: % + Ay A BEE’“"‘By_a;"'*‘BZE'“
— 8A; 8Bz a
= By%= + A, %% + By( {'—l+% )+ Ay ( %y +§l
+B,(~2% +94: %‘)+A (-9 +52 ?’5’4

[V(A- B)]I (same for y and z)
(vi) [Vx(AXB)], & (AXB); - —(AxB)y = 2 (A:By

— AyB;) — 2(A,B, — A.B;)

= %B + A% — %e B, —Ay%%a—%B — A% 4 %4:pB, 4 4,98
[(B-V)A - (A-V)B + A(V:B) - B(V. Az
= B, %= + B, %= + B. %> —Az%%l—AB—B*—Az%B: o (% + %0 + 5) — Bo (% + %y + B)
8A
= By + A (= 4+ ) + B e S — )
+ A4, (%) + A (-4 )+B( )
=[Vx AxB)] (same for y and z)
Problem 1.23

V(fl9) = Z(f/9x+ ay(f/g)y+ 2=(fl9)2

- ié_ré +_3Lv_§f_.w_“ _a%—z_f_ﬁz

= [ g ) (s G )] = o5
V-(Alg) = Z(A:/9)+ (y/g) 2= (4./9)

BAf;A 6% +9T"g"‘ﬂ§’i+9§§“ —A, 3.9.
1 [g(%.i__y_.,__z)_(Azgz.{_A

i

+Aza;)] = 9&‘%9——4—'1‘1. qed




(Vx(A/g)l, = %( 9) =
_ g gl le__,z_ﬁ
)" (1)

I g
VX A)z+(A X Vg)= (
97

same for y and z). qed

Problem 1.24

x v z
z 2y 3z
3y —-2r O

(a) AXB = = %(6z2) + §(9zy) + Z(—22% — 6y?)

(AxB) = Z(6x2) + £(92y) + £(-22% — 6y%) = 62+ 92+ 0 = 152
VxA=%(2(32) - g;(zy)) +7 (&) — &£(32) +2 (8%(211) - a%(z)) =0; B{(VxA)=0
VxB = % (g-(()) - %(—2@) +7(23y) - 2(0) +3 (3%(—-21:) - -5%(31,)) = -5 A-(VxB)=—15z
V. (AxB) B:(VXA) — A(VxB) =0-(~152) = 152. v
(b) A-B = 3zy — day = —zy ; V(A-B) = V(-zy) = k& (-zy) + 9 & (-zy) =~y %k - z¥
y oz
2y 3z
0 -5

AXx(VXB) = = %(—10y) + §(5z); BX(VXA) =0

o8 M

(A-V)B = (mg— +2wd + 323%) (Byx — 22 ¥) = %(6y) + §(~22)
(B-V)A = (3y58; - 22%) (z% + 29§ + 322) = %(3y) + §(—4z)
AX(VxB)+Bx(VxA)+ (A-V)B+(B-V)A
=10y +5zy+6ykx—229+3yx—4z9y=-yXx—-zy=V-(A-B). vV
(©) Vx(AxB) =% (& (=207 - 6%) - £0a)) + ¥ (£(602) - £ (-2 - 697)) +2 (& (9m) - £ (622))
%(—12y — 9y) + §(63 + 47) + 5(0) = —21y % + 102§
VA=LZ@)+Z2y+£0B2)=1+2+3=6; V.B=Z(3y)+ Z(~22) =0

. (B-V)A - (A-V)B + A(V-B) - B(V-A) =3y% — 4z —6yk + 229 — 18y % + 122§ = —21y% + 10z ¥
= VX(AXB). v

Problem 1.25

0 8 =3, %5 - 5% —0 5 [PL=2)

(b) &% = &8 = &5 = T, = |V?T, = 3T, = —3sinzsinysinz. |

(d) %_2,3—#——5;_0 = Viy, =2
T = T;}'O,#‘Gm = Vi, =6z |Viv=2%+6z9.|
7 A

2
S =535 =84 =0 > V¥, =0

»Le
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Problem 1.26
_.9 (@8 g 8 (8 il a8 (@ a
V) =g (G- )+ & (- e+ & (B - %)

2 2
= (ﬁb - &L) + (a2 - %) + (2—"”— - 8%%’;) =0, by equality of cross-derivatives.

9z 0y ~ 0yos 520z
From Prob. 1.18: VXvy = -2yx - 329y -2 = V-(VXw) = ( 2y) + 5= ( 32) + &(—z)=0. v
Problem 1.27
Xy 2
x(Vit) = ?(?’% 5:% %9{ = i(a‘?ﬁa; - azz_ay) ?(ai"?z - 02252) +2(azzaty - azzgz)
oz 8z

=0, by equahty of cross-derivatives.
In Prob. 1.11(b), Vf = 2zy32* X + 32%y%21 § + 42?9323 2, s0

v Z
Vx(Vf)= 5% a% =
2zy3 24 3:1: 2324 4x?yP28

=%(3 4r%y%2% — 4-32%y%2%) + (4 - 27322 — 2- 4zy®23) + 2(2 - 3zy?2t - 3. 23y%2t) = 0. v

Problem 1.28

(a) (0,0,0) — (1,0,0).2:0 - Ly =2 =0;dl = dz ;v - dl = 22 dz; [ v - dl = [, z2dz = (23/3)[} = 1/3.
(1,0,0) — (1,1,0). 2 =1,y: 0> 1,2 =0;dl =dy§;v-dl = 2yzdy = 0; [ v-dl = 0.
(1,1,0) —» (1,L,1).z=y=1,2:0> L;dl =dz%;,v-dl =y*’dz =dz; [v-dl = fo dz = z|} = 1.
Total: fv-dl=(1/3)+0+1=

(b) (0,0,0) — (0,0,1). z =y =0,2:0 > L;dl =dzz;v-dl=y>dz=0; fv-dl = 0.
(0,0,1) — (0,1,1).x=0,y:0—)1,z=1;d1=dy§';v-d1=2yzdy=2ydy;fv-dl=f012ydy =y =1
0,1,1) — (1,1,1). 2:0 » Ly = 2 = Lidl = de &; v - dl = 22 dz; [ v - dl = [ 22 dz = (z3/3)|} = 1/3.
Total: fv-dl=0+1+(1/3)=m

()z=y=2:0-l;dr =dy =dz;v- dl—:vzdz+2yzdy+y2dz—z2dz+2m2d:c+x2d:c—4x2dm,

Jv-dl= [} 4z?dz = (423/3)}} =
(d) §v-dl=(4/3) - (4/3)=[0]
Problem 1.29
:0 = 1,7 = O;da = dzdyz;v-da = y(z* - 3)dzdy = ~3ydzdy; [v-da = =3 [T dx [Pydy =

—3(z|0 (3’—[0 = -3(2)(2) = m 112.] In Ex. 1.7 we got 20, for the same boundary line (the square in the zy-
plane), so the answer is [no:] the surface integral does not depend only on the boundary line. The total flux

for the cube is 20 + 12 =
Problem 1.30

JTdr=[ 22dz dy dz. You can do the integrals in anjy order—here it is simplest to save z for last:

J#1/ ()]

Th.e sloping surface is z+y + 2 = 1, so the z integral is fo(l_y_z) dr = 1—y—2z. For a given z, y ranges from 0 to
1 -z, so the y integral is fo(l_z)(l —y—z)dy=[(1-2)y- @/ = Q=22 —[(1-2)2/2) = (1-2)%/2 =




0

@

(1/2) - z + (22/2). Fma.lly, thezmtegra.llsf0 (G-z+ 2)dz--f0 ——-—z + 2)dz—(z -

5
3 i+ =(1/60]

Problem 1.31
T(b)=1+4+2=7; T(a)=0. = [E(b) —T(a) = 7J

SN
+

ol

”

S=
Il

VT = (2z + 4y)x + (4z + 22°)§ + (6y22)z; VT-dl = (2z + 4y)dz + (42 + 22%)dy + (6yz?)dz

(a) Segment 1: z:0—- 1, y=z2=dy=dz=0. [VT.dl= f0(2:c)da:-—a:2| =1.

Segment 2: y:0—1,c=1, 2=0, dz =dz = 0. [VT:dl = [ 4)dy-4y|0_4. JoVT-dl=1.v

Segment 3: 2:0 1, z=y=1,dr=dy=0.[VT-dl= fo 622)dz-2z3|0_2.

(b) Segment 1: 2:0—1, z=y=dz=dy=0. [VT.dl= fo O)dz— _
Segment 2: y:0—1,z=0,2=1,dc=dz=0.[VT.dl= fo (2) dy = 2yl = 2. fbVT-d1—7 /
Segment 3: z:0— 1, y--z—l dy=dz=0.[VT.dl= f0(2x+4)d:c a -

= (22 +4:v)| =1+4=35.

(c)z:0-1, y=2z, z=122%, dy =dzdz =2z dz.

VT.dl = (2z + 4z)dz + (42 + 22%)dz + (6z2*)2z dx = (10z + 1428)dz.

JPVT.dl = [}(10z + 142%)de = (522 + 22")|; =5+2="7. v
Problem 1.32

Vwv=y+224+3z

f(Vvydr = [ly+2¢+32)dodydz = [f{[3(y + 22 + 32) dz} dydz
[y +22)z + %zz]g =2(y+22)+6

J{f3 @y + 42+ 6)dy } dz
— [1? + (42 +6)y]5 = 4+ 2(42 + 6) = 82 + 16

JE(82 +16)dz = (422 + 162)| = 16 + 32 =[48.]
Numbering the surfaces as in Fig. 1.29:

. (i) da=dydz %,z = 2. v.da = 2ydydz. [v.da= [[2ydydz = 2y2|g =8.
(ii) da = —dydz %X,z =0. v.da = 0. [v-da = 0.
(iii) da = dzdz §,y = 2. voda = 42dz dz. [v-da = [[4zdzdz = 16.
(iv) da = —dzdz 3,y =0. veda =0. [v-da =0.
(v)da=dzdy%,z=2. v.da=6zdzdy. [v-da= 24,
(vi) da = —dzdy%,2 = 0. veda= 0. [v-da = 0.
= [vida=8+16+24=48v -

‘Problem 1.33

VXxv=%(0-2y)+§(0-32)+20—2z)=-2¢y%-32y —zi.
da = dy dz X, if we agree that the path integral shall gun counterclockwise. So
(Vxv)-da=-2ydydz.
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[(Vxv)da = f{ 5 (~2y)dy } dz
— y2|§—z =—(2-2)%
. 2
= - f02(4 — 42+ 2%)dz = - (42 -22%2 + ’3—3) lo _
8 8 S
= ~(-s+)=[
Meanwhile, v-dl = (zy)dz + (2yz)dy + (32z)dz. There are three segments.
z
&")
(3)1
o Y
Nz=2z=0;de=dz2=0.y:052. [v.dl=0.
2Qz=0; 2=2-y; dz =0, dz = —dy, y:2 - 0. v.dl = 2yz dy.
2
Jvdl=[; 22 ~y)dy =~ [[(4y - 2%)dy = - (2% - }y°) o = - (8- %-8) = -&.
B)z=y=0,de=dy=0; 2:2-0. vedl =0. [v-dl=0. Sofv-dl:—%. v
Problem 1.34
By Corollary 1, f(V xv)-da should equal 3. VXv = (42% - 2z)% + 2z 2.

(i) da =dydz%, z=1; y,2:0 > 1. (Vxv)-da = (422 — 2)dy dz; f(VXv)-da= _f01(4z2 —-2)dz
= (2 -2, = -2= -1 |

(ii) da = ~dxdy2, 2=0; z,y: 0> 1. (Vxv).da=0; f(Vxv)da=0.

(i) da =dzdzy, y=1; 2,2: 0> 1. (VXv)da=0; [(Vxv).da=0.

(iv) da = —dzdz§, y=0; £,2: 0> 1. (Vxv)-da=0; f(Vxv)-da=0.

(v) da=dzdy2, 2=1; z,9:0 > 1. (VXv).da=2dzdy; [(VXv)-da=2

= f(Vxv)yda=-3+2=% v
Problem 1.35

(a) Use the product rule VX (fA) = f(VXA)-A x (Vf):

/sf(VxA)tda=/st(fA)-da+/s[Ax(Vf)]~da=£fA-dl+/S[Ax(Vf)]'da. qed.

(T used Stokes' theorem in the last step.)

. (b) Use the product rule V:(AxB)=B-(VxA)-A-(VxB):

LB-(VxA)d%=Lv-(AxB)dr+/vA-(VxB)dr=fs(AxB)-da+/vA-(VxB)d¢. qed.

- {1 used the divergence theorem in the last step.)
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Problem 1.86|r = /22 + y2 + 22; 0=cos“< zZ . >; ¢ = tan™} (y_)_

; ;22+y2+22

Problem 1.37

There are many ways to do this one—probably the most illuminating way is to work it out by trigonometry
from Fig. 1.36. The most systematic approach is to study the expression:

r=zX+yy+zZ=rsinfcosdX+rsinfdsingy + rcosfz.

If I only vary r slightly, then dr = %(r)dr is a short vector pointing in the direction of increase in 7. To make
it a unit vector, I must divide by its length. Thus:

F=rer O ey PTE
or 50 8¢

. - . . - ~ 2 . . .
8: =sinfcosp X + sinfsingpy + cos b z; Igf = sin® @ cos? ¢ + sin® fsin® ¢ + cos?§ = 1.

or

or _ 2 in b s ga. |02 2 ang2 2 2 a2 B cin? sh29 02
2;5frcochos¢x+rco$03m¢y—rsmgz, |8—; = 12 ¢0s? @ cos? ¢ + 12 cos? Bsin® ¢ + r? sin’ 6 = r2.
g—;=—rsin03in¢:‘c+rsin0cos¢$'; ]g—; = r2sin% @sin® ¢ + r? sin® G cos® ¢ = r?sin? 6.

f=sinfcosgX +sinfsingy + cosf z.
6 =cosfcospX +cosfsingy —sinfz.
¢ =—singxX +cos¢y.

Check: i+ = sin® 6(cos? ¢ +sin® @) + cos?§ = sin?§ + cos?0 = 1, v
6:-¢ = —cosfOsindcos¢ + cosfsingcosd =0, v etc.

=

sinff = sin @ cos ¢ %+ sin® @ sin ¢ § + sin @ cos 0 z.
cosf8 = cos®> @ cos % + cos?fsing§ — sinf cos b 2.

Add these: .
(1) sinff+cosf@ = +cospX+singy;
2 ¢ = —singXR+cosgy.

Multiply (1) by cos ¢, (2) by sin ¢, and subtract:

% = sinfcos¢# + cosfcos ¢ — sin ¢ §.

Multiply (1) by sin ¢, (2) by cos ¢, and add:

¥ = sinfsin ¢ & + cosfsin ¢ @ + cos ¢ .

: c0301:' = sinf cosfcos ¢ % + sinf cosfsin  § + cos? 0 z.
sin# 6 = sinfcosfcospk + sinf cosfsinpy — sin® 0 2.
Subtract these:

Z =cosff —sinf .
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Problem 1.38

(a) Vovy = 5 2(rr?) = L4rd =4r
J(Vvy)dr = [(4r)(r? sin 6 dr df dg) = (4) [7 r3dr [ sin0dB [27dp = (4) ( ) (2)(21) =47 R*|
[vi-da= [(r’#)-(r*sin§ df dp ) = r* [ sind df f02” d¢ = 4rR* v (Note: at surface of sphere r = R.)

(5) Vovs = e (73) =0 = [[(Tva)dr =0
[vaeda = [ (&%) (r?sin6df dgF) = [sin6df d =

They don’t agree! The point is that this divergence is zero except at the origin, where it blows up, so our .
calculation of [(V-vs) is incorrect. The right answer is 4r.

Problem 1.39

Vv = H2(rrcosf) + rsmgag(sm0r51n0)+rsmgatb(rsmﬂcosgb)
= £ 3r?cosf + L r2sinfcosd + i rsinf(~sin¢)
= 3cosf + 2cosf —sing = 5cosd — sin ¢

(V-v)dr = [(5cos 6 — sin ¢)r’sinfdr df dp = B2 g 15 [12n (5cosd —sing) do| dfsind
0 o |Jo
: <—>27(5 cosb)

il

( )(107r)f sinf cosé , d0
§_m_ﬁ
o sin :

1

2

_|smp3
=|3xR3.

Two surfaces—one the hemisphere: da = R*sinfdfdpt; r=R; ¢:0—2m, 6:0— 7
Jv-da = [(rcosO)R?sin0dd dg = R? [[¥ sinfcos6df [[" dg = R® (}) (2m) = nR2.

other the flat bottom: da = (dr)(rsinfd¢)(+8) =rdrdg@ (here§ =Z). r:0 2+ R, ¢:0— 27,
Jv-da= [(rsin8)(rdrdg) = fOR r2dr 02” d¢ = 2#%3.

Total: fv-da=nR®+ 3nR® = 2xR% v

Problem 1.40 | V¢ = (cos @ + sinf cos §)f + (—sinf + cosé cos $)0 + g%;(— sigf fsin b

Vit = V.(Vi)
= &2Z (r*(cosf + sinf cos ¢)) + —1— & (sinO(—sinf + cos@cosgb)) + = a¢( sin @)
= £ 2r(cos6 + sin f cos ¢) + =7 (—2sinfcos g + cos® O cos p — sin® f cos ¢) — rsma cos ¢

1,Sm@[2sm0/osﬂ+25m fcos¢ — 2s1n0)éos0+c0520cos¢—sm 0cos¢—cos¢]
= L [(sin® 6 + cos? §) cos ¢ — cos ¢] = 0.

= [v2=0]

Check: rcosd = z, rsinfcos¢p = ¢ = in Cartesian coordinates t = z + 2. Obviously, Laplacian is zero.
Gradient Theorem: ff Vt.dl = t(b) — t(a) o :
Segment 1: 0 =%, ¢=0, r: 0 2. dl =dr#; Vt.dl = (cosf +sinfcos¢)dr = (0 + 1)dr = dr.
[vtdl = [ldr=2.
Segment 2: 0 =5, r=2,¢:0> % . dl=rsinfdod =2d¢o.
Vt-dl = (- sin ¢)(2dg) = .—2sm¢d¢ [Vtdl=- [F2singds = 2cosg|f =




Segment 3: r = 2, ¢—2, :2—)0

dl=rdfb=2d0d; Vit.dl=(- sm0+cos0cos¢)(2d0) —2sinédf.
thdl—-—-f 2sm0d0—2c080|*—2 '

Total: [° Vt.dl=2~2+2=[2] Meanwhile, t(b) - t(a) 2(1+0)]-[0()] =

13

Problem 1.41 From Fig. 1.42,|8 = cos¢%X +sin¢§; ¢ = —singk +cos¢y; 2 =12

Multlply first by cos ¢, second by sin ¢, and subtract:

So

8 cos¢ — ¢psin ¢ = cos? ¢x+cos¢sm¢y+sm P& —singcos ¢y = %(sin? @ + cos? @) = %.
% = cos¢p8 —sing .

Multiply first by sin ¢, second by cos ¢, and add:

So

3sing + Ppcosp =singcosd +sin> @ § — sin pcos ¢k + cos? ¢y = F(sin® ¢ + cos? ¢) =

$'=sin¢§+cos¢¢.

Problem 1.42

(a) Vv

%ai (s5(2 + sin? ¢)) + 88¢(ssin¢cos¢) +£(32)
1 23(2+s1n ¢)+ s(cos ¢ —sin ¢) + 3
4+2s1n ¢ + cos® ¢ sin?¢ + 3
4+sin®¢+cos?p+3=

(b) [(V-v)dr = [(8)sdsdpdz =8 [ sds [,F dg [ dz = 8(2) (£) (5) =
Meanwhile, the surface integral has five parts:
top: z =5, da = sdsdp%; v-da =3zsdsd¢ = 15sdsd¢. [v-da = 15f0 .sdsfo2 d¢ = 157.
bottom: z =0, da = ~sdsd¢%; v-da=—3zsdsdp =0. [v-da=
back: ¢ = %, da = dsdz §; v-da = ssingcosgdsdz =0. [v-da= 0.
left: ¢ =0, da = —dsdz ¢; v-da = —ssingcospdsdz = 0. [v.da = 0.
front: s = 2, da = sd¢dz8; v-da = 3(2 + sin® §)sdpdz = 4(2 + sin® ¢)d¢ dz.

So

fvda= 4f0% (2 + sin® d))dd)f: dz = (4)(7 + )(5) = 25m.
§v.da = 157 + 257 = 407. v

() Vxv = (38¢(3z) (ss1n¢cos¢)) 8+ (£ (s(2+sin®¢)) — £(32))

+ (83(3 sin ¢ cos ¢) — (3(2+5m ¢)))
= 1(2ssm¢cos¢—s2sm¢<=08¢)_

Problem 1.43

(a) 3(3%) —2(3) — 1 =27 — 6—1—
(b) cosw =

(© [z

(d)In(-2+3)=Inl=

Problem 1.44

O

(22 + 3)16(z) dz = 1(0+ 3) =[1.]

(b) By Eq. 1.94, §(1 - z) = 6(z —1),80 1 + 3 + 2 = [6.]
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2
~ @93 D=9 (=) E = [k
(&) [ (fa>1),0 (fa<b)]
Problem 1.45

(a) [2o f(2) [z £6(2)] dz = z f(2)8(2)|Z, —foooo & (2 f(2)) 6(z) de.
The first term is zero, since (z) = 0 at +oo; -% = (@ f(@) = xgi + &2 d’” = xﬁli + f.
So the integral is — /%2, (4L + f)b(z)do =0 - £(0) =~ {(0) = - f_ f(2)8(z) dz
So, ngga(:e) =—5(z). qed

f_ )42dz = (m)e(x)|i°oo o0 Lo(z)de = f(00) — fo° Lda = f(00) — (f(00) — £(0))
f_ z)dz. So £ =§(z). qed

Problem 1.46
a) Lp(r) =q¢83(r —1'). [ Check: [p(r)dr =g [6*(r —r')dr=q.

(b) |p(r) = g8%(r — 1) — g8°(r). |
(c) Evidently p(r) = Aé(r — R). To determine the constant A, we require
Q = [pdr = [AS(r — R)dnr?dr = A4nR?:. So A= 3. |p(r)= :3=6(r = R)
Problem 1.47
(a) a® +aa+a? =
(b) Jir—b)2Le3(r)dr = kb? = L (42 4+ 3%) =
- (c) ® =25+ 9+4 = 238> 36 =62, so c is outside V, so the integral is

() (e~ (2x+29+22) 2 =(1%+09+(-1)2)? =1+1=2< (1.5)% = 2.25, 50 e is inside V),
and hence the integral is e-(d — e) = (3,2,1)-(-2,0,2) = -6+0+2 =
Problem 1.48
First method: use Eq. 1.99 to write J = [e™" (476%(r)) dr = 4me™0 =
Second method: integrating by parts (use Eq. 1.59).

)
)

£ —r —ri; -TY — 4 —r ) a_ —Ta
J = —/;;-V(e )dT+‘7§€ T—2-da. But V(e )_<?976 )r——e £
v s

A

(e o)
/lee_r47r7'2d7'+/e"r;%-7‘2sin0d0d¢f'=47r/e~rd7‘+e_R/sin0d0d¢
0

= 4rx (-—e‘r)lgo +4me B = dr (—e”® +e7°) =4n.v (Here R= o0, soe™® =0.)

Problem 1.49 (a) V-F1 = g—(0)+%(0)+%(x2):@; V-F2=%+g§+g—§=1+l+1:
. x vy z 9 X ¥y z
a 8 % — S| o) 8 8 —
oxrin|E d &|-s L@ - vem-| b & 4|-0
0 0 = T Yy =z
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“ [F, is a gradient; Fy is a curlJ Us =% (22 +y2 + 2%) | would do (F2 = VUy,).

[RR—-

94 BA. ) — (84 84y — . 94 8A; __ .2 -z i
ForAl,wewant(#—-5;)_(—6—;——5;)_0, e T o =T Ay=%, A; = A; =0 would do it.

|'Al = %zz y| (F1=VxA;). (But these are not unique.)

(2187 7
X ¥y oz

(b) V-Fs = Z(y2) + 2(z2) + &(ay) =0; VxFa=| & & & |=%@-2)+y@u-v)+2(z—2)=0
yz Tz Ty

So F3 can be written as the gradient of a scalar (F3 = VUj;) and as the curl of a vector (F3 = VXA3). In

fact, does the job. For the vector potential, we have

f o %Azl =yz, whichsuggests A, = 1y’2+ f(z,2); Ay = —}yz® + g(z,y)
3—%—1 B %;‘ =z, suggesting Ay = 12%z 4+ h(z,y); A: = -2z + j(y,2)
G — %= =ay, so Ay = 12%y + k(y, 2); Az = —fzy? +1(z,y)

Putting this all together: | Ag = L {z (22 — ) %k + y (22 — 2%) § + 2 (y* — =?) 2} | (egain, not unique).

Problem 1.50
(d) = (a): VXF =VX(~=VU)=0 (Eq. 1.44 - curl of gradient is always zero).
(a) = (c): §F-dl= [(VXF)-da =0 (Eq. 1.57-Stokes’ theorem).
b a
(€)= (): [DF-dl— [’ F-dl=[’F di+ [ F-dl=§F-dl=0,s0

b b
/ F~dl:/ F-dl
a | a II

\ (b) = (c): same as (¢) = (b), only in reverse; (¢c) = (a): same as (a)= (c).
Problem 1.51

(d) > (a): V.F=V.(VxW)=0 (Eq1.46—divergence of curl is always zero).
(a) = (c): $ F-da= [(V-F)dr =0 (Eq. 1.56—divergence theorem).

()= (b): [{F-da— [, F-da=¢F -da=0,s0

/F~da: F - da.
I I

(Note: sign change because for ¢ F - da, da is outward, whereas for surface II it is inward.)
(b) = (c): same as (c) = (b), in reverse; (c)= (a): same as (a)= (c) .
Problem 1.52
In Prob. 1.15 we found that V-v, = 0; in Prob. 1.18 we found that Vxv, = 0. So
ch can be written as the gradient of a scalar; v, can be written as the curl of a vector.}

(a) To find &
(1) =y’ = t=y’z+ f(y,2)
(2) g—; = (2zy + 2?)
(3) % = 2yz
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From (1) & (3) we get %5=2yz=>f=yzz+g(y):>t:y2m+y22+g(y),so%:2xy+z2+%§=

2zy + 22 (from (2)) = gﬁ = 0. We may as well pick g = 0; then

Loaw, _8Wy, 2. 8W, 8w, __qo.2.. 8W, aw, _ _
(b) To find W: Tyl —Jaz =z, E:— E"-—-32 I; —lBI Tyl_ 2x2.

Pick W, = 0; then

oW, 3
—8;'— = -3zil=>W,= —azzzz + f(y,2)
oW,

Bscy = —2zz=>W, = —2%2+g(y,2).
8—%"-—%’—=%§+z2—g§=z2¢%§-g§=0. May as well pick f =g =0.
W = —z2z§ — z22%2.

2 ¥ 3
Check: VxW=|Z£ % 2 =% (2%) + ¥ (3z2%) + 2 (—2z2).v
0. —z?z —3222°

You can add any gradient (Vt) to W without changing its curl, so this answer is far from unique. Some
other solutions:

W =zz8% — 2229,
W = (2zyz + 22%) ® + 2%y 2;

W =oyzx — $2%29 + 322 (y — 32%) 4.

Probelm 1.53

18 ,,, 1 8, ., 1 ) ,
wv = =9 =9 (sind - Y
V.v i (r*r cosg)+rsin080 (sin@r? cos ¢) rsin08¢( r? cosfsin ¢)
1
= —4rdcosf + — cos€7~2cos<;5+——-——,1 (—r* cos 8 cos ¢)
72 rsind - rsinf
0
= r?os [4sinf + cos ¢ — cos @] = 4r cosb.
sind

w/2

R n/2
/(V-v)dr = /(4rcost9)r2sin0drd9d¢:4/r3dr/cos&sin&d&/qu
0 0

0
o (LY (7Y [z
®) (3) (5) <[
Surface consists of four parts:

(1) Curved: da = R?sinfdfd¢®; r = R. v-da= (R?cosf) (R?sinfdfd¢).

n/2 n/2

“da = R - —rt (YY) (7= ™R
/v da=R /005951n9d0/d¢_—R (2 (2)_ TR
0 0
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—(2) Left: da = —~rdrdf¢; ¢ =0. v-da= (r*cosfsing)(rdrdd) =0. [v-da=0.
3) Back: da =rdrdf¢; ¢ =n/2. v-da= (—r?cosfsing) (rdrdf) = —r3 cosfdr df.

R x/2 )
/v-da: /TadT/COSOdOZ - (ZR4> (+1) = —zll-R“.
0 0

(4) Bottom: da = rsin drd¢0; 6 =n/2. v-da= (r?cos¢) (rdrde).

x/2

R
1
/v-da:/rsdr/cosqﬁdqﬁ:ZR“.
o

[

Total: §v-da=nR'/4+0- 1R+ 1R = 2B
Problem 1.54

X ¥y oz
Vxv=| £ 8% L i=2(b-a). So [(Vxv)-da=(b—a)R>
ay bx O

v-dl=(ayXx +bz¥)  (drk +dy¥y +dz2) = aydz + bz dy; 22 +y* = R? = 2zdx + 2ydy =0,
sody = —(z/y)dz. So v-dl = aydz +bz(~z/y)dz = ; (ay® — bz?) dz.

o R2—22)—bz?
For the “upper” sem1c1rCle, Y= /R2 — _fL-?’ sov-dl = .‘i(.\/__ﬁ_:_:l?__f_ dzx.

—R ’
_ aR? — (a+b)z® | 9 . 1 (T T 5 R /=% -k
/le = ————R——z\/__————;—g——dz— {CLR sin (E) —(a+b) —5 R2 — ¢ +‘5’Sln (E)}} .
R
1 R 1 oo
, s Y S _Llpa N R T I A S )
— = SR(a-b)sin”'(z/R) y SR (a—b) (sin™ (<1) —sin " (+1)) = S R’(a b)( - 2)
= %ﬂRz(b—a).

And the same for the lower semicircle (y changes sign, but the limits on the integral are reversed) so
§v-dl=xR%(b—a). v

Problem 1.55
MNzr=2z=0,dc=dz2=0; y:0—31. v-dl=(y+3z)dy =ydy.

1 1 )
/v~dl:/ydy:§.
0 0
0.

v-dl=(y+3z)dy +6dz = ydy — 12dy = (y — 12) dy.

(2)2=0, 2=2~2y; dz=—-2dy; y:1 >

0
/v-dl:/(y—l2)dy:—(%~12):—%4—12.
1

B)r=y=0,dr=dy=0; 2:2—30. v-dl=6dz

0
/v-dl:/ﬁdz=—-12.
2
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Total: §v-dl = ———+12—-12-— _ _

Meanwhile, Stokes’ thereom says §v-dl = [(V Xv)-da. Here da = dydz %, so all we need is

(VXV)y = %(6) (y +3z) =0. Therefore [(VXv)-da=0.v

Problem 1.56
Start at the origin.

(1) 0=3%,¢=0;7r:0-1. v-dl=(rcos?f)(dr)=0. [v-dl=0.
. w/2
(2)r=1,0=%; ¢:0=7/2. v-dl=(3r)(rsinfdg) =3d¢p. [v-di=3 [ dp=2.
0
(3)¢=§;rsin0:y=1,sor:si+9, dr:;FI—COSQd& 6:% > %.
” 29 4 fsind
vedl = (rcosf) (dr)— (rcos@sinb)(rdf) = Csiie <~:1‘:150) d theta —5955;63—010
cos®d  cosb cosf (cos? @ +sin® 6 cosf
- L dg = - 5% 4o,
(sin38 sin&) s"mO( sin’ @ ) sin® 8
Therefore
/4 n/4
/v_dl___/COSQ 1 1 1 _1_1_1
B A sin®@ 2sin’0,, 2-(1/2) 2-(1) = 2 2
4 0=2,¢=2,7r:v230. v.-dl= (rcos?d) (dr) = rdr.
0
. 210
/wﬂ:l/rwzll. =1, 1
2 22|, 2
V2
Total:
37 1 1 137
%V dl = 0+—2—’ 5—5— <5
Stokes’ theorem says this should equal [(V Xv)-da
1 o 1 1 A
VXv = = [;6(51n03r) 5¢( rsmé’cosé’)]r+ [——éb%(rcoszﬁ)—aér(r?:r) 6
178 . 8 9 -
+ = [E(—TTCOSQSng) - 5 (rcos 9)} ¢
1 1 - -
= —-[3r cos 8] T + [6r]9+ [2rcos6sin6+2rcos€sin0]¢
- rsiné
= 3cotfi—60.

(1) Back face: da = —rdrdf ¢; (Vxv)-da =0.

J(Vxv)-da=0.

(2) Bottom: da = —rsinfdrdp8; (Vxv)-da =6rsinfdrdg. 6 = >80 (VXv) - da = 6r dr d¢

/(VXV

:/Grdr/d¢

w/2

ol 3
(3]

1
2
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PN
Problem 1.57
v-dl = ydz.

(1) Left side: z=a—1; dz = —dx; y=0. Therefore [v-dl=0.
(2) Bottom: dz =0. Therefore [v-dl=0.

0
A < a’.

2a

(3) Back: z—a——y, dz=—-1/2dy; y:2a - 0. [v-dl= fy( ) %112—

Meanwhile, Vxv = %, so [(V X V) - da is the projection of this surface on the zy plane = % -a-2a=a vV

Problem 1.58

10 ,,,. 1o 1 5
Vv = 55 (r*r*sind) + 850 (sin @ 4r? cos6) + Ten6 99 (r? tan&)
_ 1 1 2 .2 _ﬁ_ : 20 w2
= 4r sm6’+ 947" (cos 6 — sin® @) = e (sin? @ + cos® § — sin” §)
c0529
= 4r sind -~

/6

29 R 2 ; R
/(V-v) dr = /(41"05015 7 ) (r? sinf dr df dp) = /4T3 dr / cos29d9/d¢: (R*) (2m) [5—*- sm4 ]
n
0 0 0

0
H o 4
= 27R! <7T + sin 60 ) = —-—ﬂ.R <7T+3——\é§> = "R“ (27T+3\/_)

12 4 6

. Surface consists of two parts:

(1) Theice cream:r = R; ¢:0 — 2m; 6:0 — 7/6; da = R?sinfdfd¢t; v-da = (R%sin6) (R?sin6df dp) =
R4sin?0db dg.

/6

2m
n/6 4
: 1, 1 1 TR V3
A — P4 .2 _(pd g1 - af T _ 2 T o[ _qVY
/vda R /sm 9d9/d¢ (R)(Zn){zﬁ 4sm29] =27R (12 451 60) 5 (ﬂ' 32>
0

0
0

(2) The cone: § = 5 0:022m r: 0 R; da:rsint’;’dqﬁdré: @rdrdd)é; v.-da=+3r3drdg

. R 2 R4 \/g
/v-da:x/i/rsdr/d¢=\/§-—4—-27r=—2—7TR4.
0 0
Therefore [v-da=2& (%—% ﬁ):%(%r-i-?n/g). v

Problem 1.59 -
(a) Corollary 2 says ¢ (VT)-dl = 0. Stokes’ theorem says §(VT)-dl = [[V x(VT)]-da.So [[Vx(VT)]-da =0,
and since this is true for any surface, the integrand must vanish: Vx(VT) = 0, confirming Eq. 1.44.
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(b) Corollary 2 says § (V X v)-da = 0. Divergence theorem says ¢§(Vxv)-da = [ V-(Vxv)dr.So [ V-(Vxv)dr
= 0, and since this is true for any volume, the integrand must vanish: V(V xv) = 0, confirming Eq. 1.46.

Problem 1.60

(a) Divergence theorem: §v -da = [(V-v)dr. Let v = cT, where c is a constant vector. Using product
rule #5 in front cover: V-v = V+(cT) = T(V:c)+c¢-(VT). But c¢ is constant so V.c = 0. Therefore we have:
fe-(VT)dr = [Tc- da. Since c is constant, take it outside the integrals: ¢- [ VT'dr = c¢- [T da. But c
is any constant vector—in particular, it could be be %, or ¥, or Z—so each component of the integral on left
equals corresponding component on the right, and hence

/VTdT:/Tda. qed

(b) Let v = (v x ¢) in divergence theorem. Then [ V.(v x ¢)dr = [(v x c) - da. Product rule #6 =
V- (vxc)=c-(VXv)—v-(Vxc)=c-(Vxv). (Note: Vxc =0, since c is constant.) Meanwhile vector
identity (1) saysda-(vxc) =c-(daxv)=—c-(vxda). Thus [c¢-(Vxv)dr = — [c-(v x da). Take c
outside, and again let ¢ be X, ¥, Z then:

/(VXV)dT:—-/VXda. qed

(c) Let v = TVU in divergence theorem: [ V(I'VU)dr = [TVU-da. Product rule #(5) = V-(TVU) =
TV(VU)+(VU)-(VT) =TV + (VU) - (VT). Therefore

/(Tv2U+(VU)-(vT)) dT:/(TVU)~da. qed

(d) Rewrite (c) with T« U : [ (UV*T +(VT)-(VU)) dr = [(UVT)-da. Subtract this from (c), noting
that the (VU) - (VT) terms cancel:

/ (TV2U - UVT) dr = / (TVU - UVT)-da. qed

(e) Stoke’s theorem: [(V xvV)-da = §v-dl. Let v=cT. By Product Rule #(7): Vx(cT) =T(V Xc) —
¢ x (VT) = —c x (VT) (since c is constant). Therefore, — [(c x (VT))-da = § Tc - dl. Use vector indentity
#1 to rewrite the first term (¢ x (VT))-da = ¢- (VT xda). So —~ [c- (VT xda) = §c-Tdl Pull c outside,
and let ¢ — %, ¥, and Z to prove:

/VTxda:-—}{le. qed

Problem 1.61
(a) da = R%sin 6 df d¢ #. Let the surface be the northern hemisphere. The % and  components clearly integrate
to zero, and the Z component of T is cosf, so

sin’ 6

-]

0

w/2
a:/stin0c056d9d¢2:27rRzi/ sinfcosfdf = 2rR2 %
0

(b) Let T = 1 in Prob. 1.60(a). Then VT =0, so § da = 0. qed.

(c) This follows from (b). For suppose a; # ap; then if you put them together to make a closed surface,
fda:al —ag;éO.

(d) For one such triangle, da = 3(r x dl) (since r x dl is the area of the parallelogram, and the direction is
perpendicular to the surface), so for the entire conical surface, a = 7 §r x dl.
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() Let T = c-r, and use prdduct, rule #4: VT = V(e r) = ¢ x (VXr) + (c- V)r. But VXr = 0, and
(c-V)r= (c,% +cy3% +cz8%)(x>“( +tyy=z2)=c;X+eyy+ec.i= c. So Prob. 1.60(e) says

j[le:j[(c-r)dl:—/(VT)xdaz—/cxda=~cx/da=—cxa:axc. qed

Problem 1.62
(1)

For a sphere of radius R:
fv-da = [(%f)-(R*sin6didet) =R [sin6dbdgp = 4nR.
R So divergence
J(Vvydr = [(F%)(r*sinfdrdfdg) = (f dr) ([sinfdfdg) = 4mR. ( theorem checks.
0

Evidently there is no delta function at the origin.

18,
V X (an)z-‘r—z-a—; (7‘27‘ ):

19

: 1
n+2y __ +1 _ -1
25 (r ) = r—2(n + 2y = (n+2)r"

(except for n = —2, for which we already know (Eq. 1.99) that the divergence is 4wd(r)).

(2) Geometrically, it should be zero. Likewise, the curl in the spherical coordinates obviously gives

To be certain there is no lurking delta function here, we integrate over a sphere of radius R, using
?

Prob. 1.60(b): If VX(r*#) = 0, then [(Vxv)dr = 0 = —¢v x da. But v = r"f and da =
R?sinfdf d¢t are both in the # directions, so v x da = 0. v/




Chapter 2

Electrostatics

Problem 2.1

(a)
1 qQ

b = —-
( ) 47{‘60 7‘2’

Ezplanation: by superposition, this is equivalent to (a), with an extra —q at 6 o’clock—since the force of all
twelve is zero, the net force is that of —q only.

(©

1 qQ
(d) e 12

a cancellation in pairs of opposite charges (1 o’clock against 7 o’clock; 2 against 8, etc.), with one unpaired q
doing the job, then you'll need a different explanation for (d).

Problem 2.2 E

where 7 is the distance from center to each numeral. F points toward the missing q.

pointing toward the missing ¢. Same reason as (b). Note, however, that if you explained (b) as

—

(a) “Horizontal” components cancel. Net vertical field is: E, = 4—;;525‘3; cosd.

1 2qz

_ - g j
= 47{‘60 (z2 + (%)2)3/2 z. 2 2
x
g q
E
z
> o
-4

2
Here 22 = 22 + (4)" ; cosf = £, 50 {E

R

When z > d you’re so far away it just looks like a single charge 2¢g; the field q
should reduce to E = 22 . And it does (just set d — 0 in the formula).

4dmeg z

(b) This time the “vertical” components cancel, leaving
E= 473602,—;1; sind %, or , 2

1 qd -
E= .
o 2+ (8))7

q
From far away, (z > d), the field goes like E ~ ;1—77170%? %, which, as we shall see, is the field of a dipole. (If we
set d = 0, we get E = 0, as is appropriate; to the extent that this configuration looks like a single point charge
from far away, the net charge is zero, so E — 0.)

22
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Problem 2.3

F— ‘
E, = 47“0 fL Adz 0058, (12 = 2% + 22; cosf = £)
= -1y fL 1 d
- 4eq 2 0 (z224z 2)372 z
— 1L
dq = Az = mgM [‘fﬂw] —Iﬁ?\/;fm
_ Ad
L B, = 47reof 77— sinf = 47reo f 2+22)37
L
z — __ 1 1_ 1
~Tg ) [ 7—5;—7] |0 = e [; \/_;2_1?] '
b () ()
—_ ————— | X r——————-S I A N
d7eg 2 22 4 [2 22 + [2
For z 3> L you expect it to look like a point charge ¢ = AL: E — 47:—60’\;{?2 It checks, for with z > L the %
- 1 ALg
term — 0, and the Z term — Ta 2 72
Problem 2.4
From Ex. 2.1, with L — § and z = /22 + (%)2 (distance from center of edge to P), field of one edge is:
1 A
By = 4 2 - 2 2
Teo \/z2 + “T\/zQ +2+ 2
There are 4 sides, and we want vertical components only, so multiply by 4 cosf =4 ~—
2242
1 4)a
E=- e d
~ T
Problem 2.5
\ “Horizontal” components cancel, leaving: E = 4MO { 3% AL cos 6} 2.

Here, 22 = r? + 22, cosf = £ (both constants), while fdl = 2rr. So

1 A(2nr)z
= Z
dmeg (r2 + 22)3/2

Problem 2.6
Break it into rings of radius r, and thickness dr, and use Prob. 2.5 to express the field of each ring. Total
charge of a ring is ¢ - 277 - dr = A - 277, s0 A = odr is the “line charge” of each ring.

1 (odr)2nrz R T
ing = ; Eaige = ——2 — T ar
Ermg dreg (1‘2 4 2’2)3/2 ’ disk dre 7T0'2’/0 (72 N 22)3/2 T
E 2 ! ! Z
sk = TOZ | = = —————| Z.
kT dreo 2 R+ 22
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4

— 1 5 — 5
For R > z the second term — 0, s0 Epjane = m%’az = -2?0z.
1 1 r2\7V? 1 R? 1_ 1, 1R? R?
FOI'Z>>R,—'———‘W'—‘;(1+?) %;(1—5?),80[]z;—;+:§'z—3‘:§5,
2
and E = L}é—oz—’;—%i = 41:“, ;03, where Q = 7R%s. v
Problem 2.7 z

E is clearly in the z direction. From the diagram,
dq = oda = o R?sin§ df d¢,
2? = R%® + 22 — 2Rz cos#,
_ z—Rcosd
costh = EF=TERE,

So

1 / oR?sin 0 d0 d¢(z — Rcos f)

= 2.
(R2 + 22 — 2Rz cos 6)3/2 Jad¢ =2n

- 47r60

T
1 2 "  (z— Rcosf)sinf _ o J 0=0=3u=+1
= 47r€0(27rR o)/0 (72 1 2% — 92 cos 0772 de. Let u = cosf; du = sm()d(),{ w1 } .
: (2 R? )/1 - Bu du. Integral can be done by partial fractions—or look it |
= — &7 . ot InS— .
4meg 7 _1 (R? + 22 — 2Rzu)3/2 v gral ca yP rach uP
_ 1 (2n R%0) 1 zu— R ! _ 1 2nR% ((2-R) (~-z~R) .
4reg 22 /R? + 22 —2Rzu)_, 4me 22 lz — R| |z + R|
1
For z > R (outside the sphere), E, = 2—1—11’—’%2—" ==%,s0E= 43,
mEQ z mEQ T 47['60 22

For z < R (inside), E, =0, so

Problem 2.8
According to Prob. 2.7, all shells interior to the point (i.e. at smaller r) contribute as though their charge
were concentrated at the center, while all exterior shells contribute nothing. Therefore:

1 Qint

4dmeg 12

E(r) =

r,

where Qin¢ is the total charge interior to the point. Outside the sphere, all the charge is interior, so

1 Q.

— 5 TI.

4mep 2

Inside the sphere, only that fraction of the total which is interior to the point counts:

4 7”.3

3 rs 1 1 1 Q
Qint’:zs_Q:}_{jQ’ so E=

4meg ﬁQﬁ r= 4meq m"

3
3R

Problem 2.9

() p=e€ V-E=eyx 2 (r? - kr®) = e Hk(5r%) =



25

__ (b) By Gauss’s low: Qene = 0 § F - da = eo(kR*) (4 R?) =

By direct integration: Qenc = [pdr = fOR(Seokrz)(él‘/rrzdr) = 20megk fOR ridr = dnegk R .V
Problem 2.10

Think of this cube as one of 8 surrounding the charge. Each of the 24 squares which make up the surface
of this larger cube gets the same flux as every other one, so:

1
/E»da_ﬁ /E-da.

one whole
face large
cube
The latter is X ¢, by Gauss’s law. Therefore /E -da = —2—.
o 24¢q
one
face

Problem 2.11

Gaussian surface: Inside: § E -da = E(4n7%) = ~Qenc =0 =

o R2 } (As in Prob. 2.7.)
—— Gaussian surface: Outside: E(4nr?) = %(J47{R2) = | B = = £
€0
Problem 2.12
‘ cda=FE 4nr? = L _ 143
- Gaussian surface $E-da=E-4nr’ = g Wenc = -3mr°p. S0
1
' E=_"—prf.
' 360 pre

Since Qyor = 37R%p, E = %f' (as in Prob. 2.8).

4mep

Problem 2.13

Gaussian surface

m/ fE-daZE'Qﬂs'l:%Qenc:%AI.SO
\J ) A

E= 5
Q‘l’_/ 27reoss

(samé as Ex. 2.1).

Problem 2.14

Gaussian surface §E-da=E-4n7’ = +Qenc = ;g [pdr = - [(k7)(7 sin0 dF df d¢p)
= L kdr [ 7odr = *IE L = Thpd

€0 T ¢o

1

= wkrit.
47!'60
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P_roblem 2.15
(i) Qenc =0, s0

(ii) § E-da = E(4nr?) = &

wQenc = & [pdr = & [ %7 sin0 dF df d phi
o, k (r—a w
=%fad7‘=ie"o—"(r—a).xE=a(rz )r. _ |E|

(i) E(4rr?) = 42k (2 g5 = dxk(p _ g), 50

Problem 2.16

2\ ' |
(1) () ) ; §E.da=FE -2rs-1= éQenc - épﬂ‘s2l;
, 7 E=2s \

“@
Q
-+
=
wn
@
o
2]
w
=
5
I
o
o

260
\ TN \+— Gaussian surface
(ii) O) i_) ) $§E-da=E 27s-1= %Qencz %pwazl;
pa’
<z E=2%g
t 2¢eps
P :
\ s \ <+— Gaussian surface
(

ree _ — 1 — 0
iii) ()) A ) $E-da=FE-2ns-1= Qenc =0;

T

I ' IEI-_

|
§
]
i
L
a b s

Problem 2.17

On the z z plane E = 0 by symmetry. Set up a Gaussian “pillbox” with one face in this plane and the
other at y.

Gaussian pillbox JE-da=E- A= XQenc = - Ayp;

' E=Lyy|(for |yl < d).
0 :

—>y<—
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E =24y /|(for y > d).

Qenc = %Adp =

SR

—d

;T+» where r . is the vector from the positive

Problem 2.18
From Prob. 2.12, the field inside the positive sphere is E, = z&-

center to the point in question. Likewise, the field of the negative sphere is ——5%1'_. So the total field is

E= é%(r+ -r_) r- .
l‘+i ;
. . p d
But (see diagram) ry —r— =d. So|E = Ed‘ !

Problem 2.19

1 2 1 2
Vv x / 1p dr = / VX id pdr (since p depends on r', not r)
4reg y3 4meg 22

=0 (since VX (,%) =0, from Prob. 1.62).

VXE =

Problem 2.20

Xy 2
(1) VXE =k|Z2 £ #|=k&0-2y)+3(0-32)+2(0-12)]#0,
Ty 2yz 3zz

so E; is an impossible electrostatic field.

¥ 2 |
2 VxE:=klZ &  Z|=k[XQ22-22)+7(0-0)+3(2y - 2y)] =0,
y®: 2zy+ 2% 2yz )

so E, is a possible electrostatic field.

Let’s go by the indicated path:
{(xOy Yo, Z())

E.dl = (y*dz + (2zy + 2%)dy + 2yzdz)k 1

Step I y=2=0;dy=dz=0. E-dl = ky?’dz = 0.
Step II: 1 = x4, y: 0 o, 2=0.dx =dz = 0. 1

E - dl = k(2zy + 2%)dy = 2kzoy dy.

[ E-dl = 2kzo [J° ydy = kzoys. A—“
Step III: z = 29, y = yo, 2: 0 = zp; dz = dy = 0. T
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E - dl = 2kyzdz = 2kypz dz.
f]” E-dl= 2y0kf02° zdz = kyoz.

(z0,%0,20)

V(zo,y0,20) = — f E-dl = —k(zoy2 + yozd), or | V(z,y,2) = —k(zy® + y2?).

Check: —vv=k[£ (zy*+y2*) % s+ & (2’ +y2%) 9+ & (2 +y2?) ]=kly® R+(22y+2°) 942z 8]=E. vV
Problem 2.21

V(r)=—-[_ E-d. {

Outside the sphere (r > R): E= 4,:60 =

Inside the sphere (r < R) : = o ParE.
_ r g 1
So for r > R: V(r) = — [ (4m° )dr: et (3) Il o

d for 7 < R V() = = o (sn ) 4 S (v ) 0 =l [ = e (%5))

4meg Or 4meg )
2
W -9 108 _r p— 9 1 ( 2r\a .. __g _r = [ — _1 3
hen r <R, VV = dmeg 2R Or (3 }_27) r= 4dneo 2R ( ﬁ’) = " Ire RST; 80 E=-VV = 4meg ﬁgrr.\/

Problem 2.22

E = 47}60 225 (Prob. 2.13). In this case we cannot set the reference point at oo, since the charge itself

extends to 0o. Let’s set it at s = a. Then

V(s) = - J2 (%) ds = —Zl—Q)\ln (2)-

TED

(In this form it is clear why a = oo would be no good—Ilikewise the other “natural” point, a = 0.)
VV =22 (In(2))8= - ls=-E.v
Problem 2.23

V(0) = — [SE-dl = - 2 (£ Dyar - [P dr - [J(0)dr = £C32 — £ (In(2) +a (L - 1))

€0
k b
—E(-t-n() -1 =| 20 ().

Problem 2.24
Using Eq. 2.22 and the fields from Prob. 2.16:

V(b)—V(O)z_fObE.dlz_fan,dl_f:E,dl:~E%foasd8_,;To b1y

a 8
2
b pa b
:—(5%) %‘ +%lns|a: —4—6(-)- (1+2ln (5>> .

Problem 2.25

(a) V=47:6 29 .
)

-



.~ Problem 2.26

e

29

(b)V = 4"60 f_ ;\‘fz = 47”0 In(z + 22 + z2 )|

A In L++224L12 . ln(L - L)
dreg | -L+ 22+ L2 = e z ‘

il

(c) V= L_ (R ————-",_T_.,i":_‘:’ = Mo (m)lf =z (m— z) .

Ines Jo e %0
In each case, by symmetry —‘93% = % =0. -~ E= —%%2.
(@) BE=—5=-2¢(~3) g = ! 29 =75 2 2| (agrees with Prob. 2.2a).
(D7) 40 (22 4+ (9)")"
(b) E = “Er'\To {(L+\/}z+1,2) % ﬁ21+1,22 (- L+\/lz2+L7) é \/z?+L2 22}
= —ﬁ\/zibf { =Lt ﬁ?ff IL}JW} j::\) —;7——\/_11_?2 (agrees with Ex. 2.1).

- g z

() E=—3% { WQZ }z e [1 - W—Tg} Z | (agrees with Prob. 2.6).

If the right-hand charge in (a) is —¢, then , which, naively, suggests E = —VV = 0, in contradiction
with the answer to Prob. 2.2b. The point is that we only know V on the z azis, and from this we cannot
hope to compute E, = —%% or B, = —%%. That was OK in part (a), because we knew from symmetry that
E; = E, = 0. But now E points in the z direction, so knowing V on the 2z axis is insufficient to determine E.

V2h
1 o2nr 2ro 1 oh
V = —_ e
(a) 471'60 /:; ( 2 ) dr = 47T€0 \/_ \/ﬁh) 0

RS (uhere 7 =2/ 2)
V2h
IRy A G PR e
47!'60 0 )
——
v 210 1 Vzh 2
2 - —_—— d/?r
2 £ 47'{'60\/5 0 h2+42~\/§ha
=2 (\/h2 +42 — V2l + —In(2y/ k2 + 2_\/§hﬂ+%_\/§h}
2\,/560 [ i \/_2_ n( K ) 0

o h h

= e [h %! ’2h+2\/_h V2h) — ﬁ n(2h— \/_h} 2\/_60\/_[In2h+\/_h ~In(2h—v2h)]
oh 242 (2 +V2)? h

=__4601n<2_\/§)—-4€01 ( 5 ) e n(l+ v2).

V(@) - Vb) = 2%% [1-1m01 +v3).
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Problem 2.27

L
Cut the cylinder into slabs, as shown in the figure, and < 7
use result of Prob. 2.25¢, with z = = and ¢ — pdz: z-% \ i \\ \
z4+L/2 ] *
V= {/ (VR? + 22 — 1) dz L
z— 2 M — .
5 ) ) 5 2 z+L/2 x dz
=323 [eVR? + 2 + RPIn(z + VR? + "m]li—L/z

I

ket R2+(z——£¢)2

+(z—§)2:—z2——zL—LT2+z2—zL+L72:—2zL.)

E:~VV_wz—:~ {\/*7' \/EJ_N \/;2—_—— \/Rzl;"

14 z+ Lz z—-—

Rz{ JREA (1 E) \/EI(Z__ }_ 2L}
Z+ +\)R2 ( 2 z._7+1/R2+ Z_E—)‘Z
1

L«m{m )R 5) - (- §) R2+(z—%)2+m{‘+%+ R“(**‘ﬂ_m}.

1

%p L\? L\?
LA 2 - — 2 _ _
E = e 2 Rv+(z+2) 24/ R +(z 2) 2L
L 2 2
| £ |- /R2+ z+ =] +4/R2+ - Z.
20 V 2 2

Problem 2.28

Orient axes so P is on z axis.

V =

{ Here p is constant, dr = 2 sin 8 dr df d¢,

L [edr
dmeo J 2 2 =+2z2 + 1% - 2rz cosb.

2 .
_ _2 resinfdrdfd¢ . 27 =
V= tra ) Vot arreost Jo dé =2m.

Jo TRl dd = & (VP +2% —2rzcosb)| = & (VIP 4 22 4 2rz — V¥ + 2% — 2rz)

2/z,ifr <z

:;_z(r+z—|r_z|):{ dheorse }
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2
= =13 2.2 ) = 9 _ 22N, — _r
Bt = g0 V) = s (- ) = b (9- )i V00 = 55 (3- ) |

Problem 2.29
VIV = 47rco V2 [(L)dr = 47}60 [o(x')(V?3)dr (since p is a function of r’, not r)
= 2= [p(r")[-4n6*(r - )]dr = = Lp(r). v

Problem 2.30.

(2) Ex. 2.4: Eapove = 55,1; Epelow = —5711 (A always pointing up); Eapove — Evelow = Z1. v/
CEx. 2.5 At each surface, E = 0 one side and F = fg other side, so AF = % v

Prob. 2.11: Egy = ﬁ,r Z8; Bin=0;50 AE= Zf. v

€0

g, ‘ ) )
ls “5 lﬂ) Outside: §E-da= E(2ns)l = :—OQGHC = 61—0(271'R)l = E= %%s =23 (at surface).

Inside: Qenc = 0,50 E=0. . AE = Z3. V
\T_'/ €0

R? R . R
(¢) Vout = e = 6—;’ (at surface); Vi, = £2 ;50 Vout = Vin. v/

Co’

OVius R2g o v oY, @i -
_ _ o c9¥in — (- Zlout = -
oo = B¢ — ¢ (at surface); 52> =0; s0 =2 or — e’ v

Problem 2.31

@V=gmr =g {2 o+ 3= (24 ).
Wy =qV = 4g€0a( 12) o, @
P
(b) Wi =0, Wy = g (F£)s Ws = 5k (Fz = £ )i Wi = (e (a) @ 9
Wi = oS {1+ -1-2+ 5} = ﬁggz—( 2+\/%) |
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Problem 2.32
(a) W = L [pVdr. From Prob. 2.21 (or Prob. 2.28): V = 52 (R2 - T) =l (3 - )

1 1 ¢ R r? 2 qp 3 15
- — — —_—— 4 = _— — =5
W = P hre 2R (3 R2> T = R P3RS

5en 550 737r]-23 dmeg \ 5 R ’
(b) W = %" szdT. Outside (T > R) E= 47“ ;.gfr ITLSZde (T < R) E = 4150 -Rqs—ri;

e 1 9 1, ., /R T \2 2
=S ~ (4 L

2(47r60)2q {/R T4(r wdr) + A (R3) (4rrdr)
R A0 R AY N N O LAl Ly L,
T 4mey 2 r)lg RO\5/|,| A4me 2 \R 5R " 4meo 5 R’

() W = 2L{$VE-da+ [, E%dr}, where V is large enough to enclose all the charge, but otherwise
arbitrary. Let’s use a sphere of radius a > R. Here V = 1.

411'50 T

_ ) i
€ 1 q 2 1 ¢ 2
W= 9
{ 47“” 4M0 )1‘ sin 6 df d¢ + /0 Edr + /R ( pr rz) (4rridr)
R}

2
q 47r 1 2 ]—
—4 = 4 -
{(47r60) "t Gne)? 3R T lregy? Y ( -
*1q2{1 11 1}_13q2

4dmeq 2 ﬁ“&Jrﬁ T 4meo 5 R

2
As a — o0, the .contribution from the surface integral ( T g—) goes to zero, while the volume integral

( L ( )) picks up the slack.

4neo 2a

Problem 2.33
1

dW =djV = dq(4 >
0

) g, (@ = charge on sphere of radius ).
-

- 4 8
/ g g= §7rr3p = q—;—s (g = total charge on sphere).
4rr?

- 3q
d§ = dnridrp = 4 qud I rdr.

1 g 3q , 1 3¢ »
W = e (R3) <R3 ) Ralreey T

1 3‘12/Rr4dr— L 3¢ R 1 (3¢%)
" 4meg RS J, T 4meg RS 5 T dmeg \5 R/’
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— Problem 2.34
(a) W= [E?dr.  E=_g=% (a<r<b),zero elsewhere.

¢ 2 b 2 by _| ¢ (1 1
w=§(ﬁ;) J2 () mrdr = g [V = | = (2= )
2 2 .
(b) Wl 87!’60 ga_’ W2 - 871'150 gb_’ 41reo ;‘]2_ ( ) E; = 47I’1€0 ?21 r (7‘ > b) So
2
E, E; = (4“0) —‘5— (r > b), and hence [E; - Ezdr = (4736 ) 27 Hdwridr = — i
2

(4]
Wiot —W1+W2+€OIE1 Eydr=glo®(0+3-3 =55 0G -5
Problem 2.35

(8) [0R = iz i 0a = s Ob = o |
4R 4dra 4drh

4meg

(0) VO) = — [LB-dl= — [2, (s )dr - [FO)dr — [F (g &)ar ~ [p0)dr = | (L4 L 1),

4meg

(c) (the charge “drains off”); V(0) = — [ (0)dr — faR( L9 )dr — [o(0)dr = N (2 — 2) )

Problem 2.36

(a)|og = — Ga or = — qy O_RZQa+Qb
©T T qma?’ || T 4w’ 4rR?
1 +
(b) { Eout = fa 3 B F, | where r = vector from center of large sphere.
dreq T .
T ()| E, = L s iy = B ., | where r (rp) is the vector from center of cavity a (b)
dreg T2 Y "~ e 2 b a \7b Y ’

()

(e) o changes (but not g, or gp); Eoutside changes (but not E, or E,); force on ¢, and g, still zero.
Problem 2.37

Between the plates, E = 0; outside the plates E = o/ep = Q/eA. So

€0 2 _ € Q Q?
P=—F°= =
2 2 €2A2 €0 A2

Problem 2.38
Inside, E = 0; outside, E = - %#; s0

4mweg r27?

Eave‘= %—47‘}—60—% r; fz = U(Eave)z; o= 2—‘"_%7
F,= [fda= [(:3%)L (s %) cosf R?sind df d¢

41\'(0

™ . 2 /2 2 2\,,
= %6(4—1?&-)221rf0l/2sm00050d0: }%O(ZQE) (4 sin® 6) = —1—(9—) = Sonme”
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— Problem 2.39

Say the charge on the inner cylinder is @, for a length L. The field is given by Gauss’s law:
f E.da=F -2rs-L = ngnc = FEQ =>E= ﬁoj . Potential differénce between the cylinders is

V(b)—V(a)=—/abE-d1_ 2MOL/ _ QTEOLln(-Z).

As set up here, a is at the higher potential, so V = V(a) V()= ﬁo—L In ().

2meg

In(2)

C= %,2 = ﬁ”ﬁ%, so capacitance per unit length is

Problem 2.40

(a) W = (force) x (distance) = (pressure) x (area) x (distance) = —EQEE2A6.

(b) W = (energy per unit volume)x(decrease in volume) = (eo%—z) (Ae). Same as (a), confirming that the
energy lost is equal to the work done.
Problem 2.41

From Prob. 2.4, the field at height z above the center of a square loop (side a) is

1 4)laz . 7 2,
= z.
meo (24 a2y g e N
2 . é._ da
7~ . —
Here A — 092 (see figure), and we integrate over a from Q to a: 7 7
<————-a—¢-/

AT I,

2 @+ d @ e
1 ada : a
Let u = —, so ada = 2 du.

a
E= —20’2/ .
471'60 0 (22 + %) ,2'2 + 22_2_ 4

=2 a?/4
1 /“ /4 du oz {2 Vou + 22 /
= z —tan —
0 0

4meg (u+zz)\/2u+z2 mEy | 2

j82 4 52
_ % {ta.n_1 (——2:-> - tan_l(l)};

€ z

z

a - oo (infinite plane): E = 2Z [tan™!(00) = §] = 2Z (5 - §) = &. v

z>a (point charge): Let f(z) = tan™' /I +z — %, and expand as a Taylor series:

£(@) = FO) +21'(0) + 35 "(0) +
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— Here £(0) = tan™}(1) - T = § ~  =0; f'(z) =

1

Ture s ViR = v 0 fO =4
f@)= 3o+ ()5 + O + -

— ~ 20 (1 a? _ 1 _ga® _ _1
Thus (smce 2257 < 1)’ Ex mEQ (4?) T dmeg 22 T 4meg Eq'f v

Problem 2.42
1.0 A 1 O (Bsinfcos¢
= E= _— 222 —_—
p=eV 60{r23r<r r>+rsin93¢( T >}

1 1 Bsinf
€0 {r—z o (—sind))} = ;%(A—Bsind)).

il

rsind r

Problem 2.43
From Prob. 2.12, the field inside a uniformly charged sphere is: E = Z——lg;%r. So the force per unit volume

isf=pE = (—%%) (Ff)m)r = %(4—1%;;)21', and the force in the z direction on dr is:

2
dF, = f,dr = ;3— ( ) rcos8(r* sin @ dr df de).
0

4T R3

The total force on the “northern” hemisphere is:

3 2m

F, = /fzdrz > (MRE) / / c05951n9d9/0 d¢

— 3 R*\ [ sin26|"? 3Q?
T a (47TR3> ( > ( : >(2ﬂ) B

647‘(’60 R? '
Problem 2.44

1 1
lfcenter = ”L/g-da —g- da = —2(27TR2) = ﬂ

o

47T60 2 47T60 R 47T60 R 260
d 27 R? sin 6 df i
1 oy a = 27 R*sin
Voore = —da , with '
pole = Fes /a @ { 2 = R? 4 R* ~ 2R? cosf = 2R*(1 — cos ). 7

1 of 27rR2) sin 8 df oR

_ - 2v1 = cosf

Treg / T—cosd  ayae VT osd)

oR oR

= — ———. . Voole— Veenter = 2-1
\/560( 0) \/2_60 pole ente. 2¢0 (\/— )

Problem 2.45
First let’s determine the electric field inside and outside the sphere, using Gauss’s law:

v [wkrt R),
eo?(E-dazeoélwrzE:Qenc:/pdT:/(kf)r‘zsin()df'df)d¢=47rk/0 P dF = {:,;4 E:;R;

s et Sheacio Bt on

§\:; (,/«’Ed',‘»: ‘;\\: Nzl e
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SoE:fTorzf‘(r<R); E= Wr(r)R}

Method I:
42
w=2 /EZdT (Eq. 2.45) = ( ) nrldr + 2 (kR2) 4rr?dr
0 4eg /R 4eqr
2 R 2 o0 2 7
:47rf2(-—k—) / 6dr+R8/ b= R 1R (-2 IR (R g
2 460 0 R 860 T R 860 7
_ Tk’ R’
- 760 )
Method II:

W = %/pV dr (Eq. 2.43).

r R 4 r 2
kR kr k 1
- — E-.-dl =— — - —_ _ 4 _=
Forr < R, V(r) L.o /oo (4607‘2) dr /1; (46()) dr . {R ( r)
k s ™ R? k (5, 13
—“@;(“R +§"?)“37;<R -7)
1 (R k rs ork? [ 1
W == kr) | — { R® — — )| dnr?dr = / 3.3 _ 2.6
2/0 (kr) [360 ( y )] wredr 3e0 Jo (R i dr

_ 2mk? R3R4_1R7 _ wk*RT (6\ _ 7wk’R’ p
T 3¢ 4 47| 2 3¢ Teo

Problem 2.46

—Ar _ —AT __ ,—AT .\
E=-vV=-42 (e )f:—A{r( Ne™ — e }f: Ae™N (14 ) =
'

or T r2

p=¢ V-E = eoA'{e‘“(l +A) Ve () + 5.V (e 1+ 2r)}. But V- (&) = 476%(r) (Eq. 1.99), and
e (1 + Ar)é3(x) = 63(r) (Bq. 1.88). Meanwhile,
V(e (1+ Ar) = f‘% (e (14 Ar)) = {-Ae (1 + Ar) + e7 A} = £(—AZre™?").
2
So L.V (e (1+Ar) = —¥e_'\r, and | p = €A {47r53(r) - i\r—e"\r} i

—Ar o0
Q= /p dr = 60A-{47r /53(r) dr — 22 [ £ - 2 7‘} = ¢gA (47r - ,\247r/ re_’\’dr) )
. . 0

But fooo re=~dr = _A_lf’ 0 Q =4megA (1 - %j') =
Problem 2.47

(a) Potential of +X is V; = — 32— In (%), where s, is distance from Ay (Prob. 2.22).

7reo a
Potential of —Ais V_ = + In ( S—‘) where s_ is distance from A_

27reo




/

" Total |V = —>In <s—‘) .
27eg Sy

Now 54 = +/(y —a)? + 2%, and s_ =

V{y+a)?+ 22, 0

) V2422 A (y+a)2+22 )
Y V/vz e B S . -
V(I) Y, Z) 21ren n (\/(y—a)2+z2 47(60 1 (y - a)2 + 22

(b) Equipotentials are given by %E:—%;E; = el4m€©V/A) = k = constant. That is:
v +2ay+a®+22 =k(y? —2ay+a®+2%) =2 y2 (k- 1)+ 22k - 1) +a?(k—1)— 2ay(k + 1) =0, or
y? + 2% +a% — 2ay (i%}) = 0. The equation for a circle, with center at (yo,0) and radius R, is
(y —vo)® + 22 = R%, or y* + 2% + (y§ — R?) — 2yyo = 0.
Evidently the équipotentials are circles, with yg = a (%) and

37

2 2 L2 _
@ =y2 - R = R =y? — a® = a? (:_1—_}) a2 =2 +2k4(—k1_1k)2+2k 1) az(kikl)h or
R= % ; or, in terms of Vj:
64"60‘/0//\ +1 827760‘/0//\ +e—27reoV0/A 27(60V0
Y0 S O ] = YomraVe A — gmamaverx = | @C0th ( b\ ) :
R=2 e2meoVo/A _ 2 _ a _ h 2megVp
= ae4neoV0/,\ -1 - a(e27reoVo/,\ - e—?negVo/,\) - sinh (27T€AQVQ) =jacsc 3 .
/-\ z
-\ X Yo y
Problem 2.48
v 1
a) V2V = —£ (Eq. 2.24 — = -—p.
(a) & (Eq. 2.24), 50| —— e
2qV
(b) ¢V =1m? » v = A8
m »

(c) dg = Apdz ; %% = ap‘;—f = (constant). (Note: p, hence also I, is negative.)
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2V &V
@) Gr=-gr=-4h=—ax\/iv 2| gz ="~ 21, where f = — L. /m

(Note: I is negative, so 3 is positive; g is pasitive.)
(e) Multiply by V' = % :

Vl V ﬂv l/2dV

/V’ dv' = ﬂ/ =124V = V "2 = 28V1/2 4 constant.
But V(0) = V'(0) = 0 (cathode is at potential zero, and field at cathode is zero), 50 the constant is zero, and

2= 4pVi = % =2/BVV 5 VY = 2,/Bda;

' 4
/V‘l/“ dV = 2\/E/dx = §V3/“ = 2,/Bz + constant.

But V(0 = 0, so this constant is also zero.

, 3 3 \*3 9\ 811%2m \/*
V3/4 = 5\/3(6,‘50 V(il?) = (-2'\/3) 274/3, or V(ﬂ?) = (Zﬂ) .’134/3 = (m) £C4/3.

4/3
Interms of Vp (instead of I): | V(z) = ( ) (see graph).

Without space-charge, V would increase linearly: V(z) = Vo (3). V.
&2V 41, deoV, )
_ LBV 14 | eV
P= gz = ~Vogsg 50 9(d2z)?/3 e

o=/ 27 = | v (5)

2, 1/3 m e A
O V@ =Vo= () 0V V8 = BEEE S I = SR

4vVZe0 AT 1/3/2 _ 3/2 _ 4e0 A
= TS/ W' =KV, whereK ¥R

Problem 2.49

1 P’L e~
@|B= 7 [ 5 (1 + A) dr.

(b) The field of a point charge at the origin is radial and symmetric, so VX E = 0, and hence this is also
true (by superposition) for any collection of charges.

r r
(C) = —/ . = — 1 / L _"'/A
v oo E-d 47reo r2 (1 + /\> dr

1 o q a7 o 1 1 1
_ L 1 =g = 9 / L g _/ Lol
47reoq/r 2 ( * /\> ’ 4reg { - r2° n AJs re "
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Now [Le ™/ *dr = —“’_:” -3 [ <% dr +— exactly right to kil the last term. Therefore
‘—-r//\ oo —r/A
V(i) =0 -2 =L
47eg T, dreg T

(d) . - L _1_ (1 E) —R/A < E) —R/A
i{sE = e twEw \IT R = A ‘
R —r/A —r/A R
Var—_9_ [T A _2F _1_]
Lver=gic | N%” /Wdremﬂxgo

=29 ] R/ +1
€0
1 q R\ _r/i R\ g/ q
?{E da+ — VdT:—— 1+—-}e —1+=1e +1y=—=. qed
/s A €0 A A

(e) Does the result in (d) hold for a nonspherical surface? Suppose we )\
make a “dent” in the sphere—pushing a patch (area R?sin@df d¢)
from radius R out to radius S (area S?sind df d¢).

VE

AfE‘-@:%{%(H%) =5/ (S sin 0 df) dg) — — <1+R> e R/NR sdequS)}

TEQ A
\ 9 SN omsin_ (14 BY -rn]
o = Treo [(1+ /\> e <1+ 3 )€ sin 6 df d¢.
1 1 q f[e/r, —r/A
Aﬁ /VdT— 32 47reo/ T %sin 6 drd9d¢— sm9d9d¢/ re dr
s
i =7/A —
T singd dp (e (1+ A))|R

_ SN -sin RY —ril g
= “Ires Kl—!—/\)e (1+/\ e sinfdf d¢.

So the change in 35 [V dr exactly compensates for the change in §E - da, and we get —q for the total using
the dented sphere just as we did with the perfect sphere. Any closed surface can be built up by successive
distortions of the sphere, so the result holds for all shapes. By superposition, if there are many charges inside,

the total is ;%Qenc. Charges outside do not contribute (in the argument above we found that® for this

volume §E - da + ;15 JV dr = 0—and, again, the sum is not changed by distortions of the surface, as long as ¢
remains outside). So the new “Gauss’s Law” holds for any charge configuration.

1 1 ,
(f) In differential form, “Gauss’s law” reads: | V-E + XZ—V =—p or, putting it all in terms of E:
0
1 1 . . . - S 2 1
V:E—- = [E-dl= —p. Since E = —VV, this also yields “Poisson’s equation”: —V*V + —V = —p.
A2 €0 A2 €
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Problem 2.50 U es

STEFE

p=¢V-E= 60565(0-73) = (constant everywhere).

The same charge density would be compatible (as far as Gauss’s law is concerned) with E = ay¥y, for
instance, or E = (%)r, etc. The point is that Gauss’s law (and VXE = 0) by themselves do not determine
the field—like any differential equations, they must be supplemented by appropriate boundary conditions.
Ordinarily, these are so “obvious” that we impose them almost subconsciously (“E must go to zero far from
the source charges”)—or we appeal to symmetry to resolve the ambiguity (“the field must be the same—in
magnitude—on both sides of an infinite plane of surface charge”). But in this case there are no natural
boundary conditions, and no persuasive symmetry conditions, to fix the answer. The question “What is the
electric field produced by a uniform charge density filling all of space?” is simply #ll-posed: it does not give
us sufficient information to determine the answer. (Incidentally, it won’t help to appeal to Coulomb’s law

(E = Zwl(_o fp,{"ydr) —the integral is hopelessly indefinite, in this case.)

Problem 2.51

Compare Newton’s law of universal gravitation to Coulomb’s law:

1
mima #: F= Q192 ;.

F=- =
¢ 4mwey T2

r2

Evidently 7~ — G and ¢ — m. The gravitational energy of a sphere (translating Prob. 2.32) is therefore

3 _M?
Wgrav = gG‘E

Now, G = 6.67 x 107! N m?/kg?, and for the sun M = 1.99 x 10°° kg, R = 6.96 x 10® m, so the sun’s
gravitational energy is W = 2.28 x 104! J. At the current rate, this energy would be dissipated in a time

_ W 2.28x10¢

= 5 = e g = 590 % 10's =187 x 107 years.

i
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f,.Qroblem 2.52

First eliminate z, using the formula for the ellipsoid:
Q 1

imab /P @]a) + (P [0) + 1 - /) - )

Now (for parts (a) and (b)) set ¢ — 0, “squashing” the ellipsoid down to an ellipse in the zy plane:
Q 1

2mab /1 (z/a)? - (y/b)*

o(z,y) =

o(z,y) =

(I multiplied by 2 to count both sﬂrfaces.)

~a_1

_27TR\/R2—7'2‘
A1

T

(a) For the circular disk, set @ = b= R and let r = /22 + 3%, | o(r)

(b) For the ribbon, let Q/b = A, and then take the limit b — oo:"

(c) Let b= ¢, r = \/y? + 2%, making an ellipsoid of revolution:

2 2
T 4T o1, witho= 2 S
a 62 47T{ZC2 ‘/12/a4+r2/c4

The charge on a ring of width dx is

dq = o2nrds, where ds = v/dz? + dr? = dz+/1 + (dr/dz)?.

2zdr 2rdr dr c*z [ cha2 c?
NOW—EZ—--F =2 20352"{1—2;,80(13:(11' 1+E“72—:da:7\/1.2/a4+r2/64' Thus
P .
dg Q 1 c? Q
. VTt it =] X !
Alz) o L peyp——y z?/a* +71%/c 5 (Constant!)

a(n
a(r)

oo = e - — — -

ah~—mmm———




Chapter 3

Special Techniques

Problem 3.1
The argument is exactly the same as in Sect. 3.1.4, except that since z < R, V22 + R2 — 2zR = (R — z),

1 ¢

dmeg R’

. o .1
inside the sphere, the average potential due to interior charges is 4_Q;ch
’ TEY

. g 1
d - . ve = T oo - - =
instead of (2 — R). Hence V, reo 2R [(z+ R)— (R~ 2)]

If there is more than one charge

, and the average due to exterior

charges is Veenter, S0 Vave = Veenter + Z%:g_cﬁ' v

Problem 3.2

A stable equilibrium is a point of local minimum in the potential energy. Here the potential energy is gV'.
But we know that Laplace’s equation allows no local minima for V. What looks like a minimum, in the figure,
must in fact be a saddle point, and the box “leaks” through the center of each face.

Problem 3.3
Laplace’s equation in spherical coordinates, for V' dependent only on r, reads:

dv dv dv c c
2 —_— = 227 = _ = V = —= .
(r i ) 0=>r = (constant) = e -+ k

1d
2 _———
VV—-r2dr

Ezample: potential of a uniformly charged sphere.

: 1 d dv :
In cylindrical coordinates: V2V = —i S—V =0=>s5—=c=> EK =< = |V =clns+k.
ds ds ds s

FEzample: potential of a long wire.
Problem 3.4

Same as proof of second uniqueness theorem, up to the equation fs V3E3 - da = — fv(E3)2 dr. But on
each surface, either V3 = 0 (if V' is specified on the surface), or else E5, = 0 (if %‘-;— = —FE | is specified). So
f,(E3)? =0, and hence E; =E;. qed
Problem 3.5

Putting U = T = V; into Green’s identity:

/ [VaV2V; + VVs - VVs] dr:yfvwvg,.da. But V2Vs = V2V; - V2Vj = — 2 +€ﬁ =0, and VV; = —Es.
14 S : 0

€9

So / Eg dr = -—7{ VLE;3 - da, and the rest is the same as before.
- Jy S

42
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Place image charges +2q at z = —d and —q at 2 = —3d. Total force on +q is

q —2q 2¢q ~q 7. q? 1 1. 1\. 1 29¢2\ .
F= = ~cd o= = e— [ ) 5
4o [(2d)2 Tt (6d)2J 1= Tred ( 278 36) 2= Tre (72al2 2

Problem 3.7 ,
(a) From Fig. 3.13: 2= +/r? +a% —2racosb; +' = +r?+b>—2rbcosd. Therefore:

q' R ' : ) R?
gz - _= Eq. 3.15), while b= — (Eq. 3.16).
2! a /12 + b2 - 2rbcosd (B ) ve a ( )

q q

(%) \/T2+§;“2TR720039 \/(%)2+R2 -—2racosﬂ‘

Therefore:

V(r,6) = — (q + q'> 9 . .
r,0) = =+ = - :
dmeg \2 4 dmeo | Vr2 + a2 —2racos§ \/R? + (ra/R)? — 2racosf

Clearly, when r = R, V — 0.

(b) o = —eo%% (Eq. 2.49). In this case, %‘ni = %—‘r/ at the point r = R. Therefore,

47eg

! ‘
o) = —e < g ) {—§(r2 +a® — 2racos8)~3/%(2r — 2a cos6)

2
T + % (R? + (ra/R)* - 21‘acosf))ﬁ3/2 (%2—21' - 2acos€)}

r=R
q 2, 2 —~3/2 2, 2 -3/2 (@®
= —(R?+a® — 2Racos6)"*/*(R — acosf) + (R? + a* — 2Ra cosb) —R-—acose

TAm

_ 2
= %(R2 +a% - 2Racos())—3/2 {R —acosé — % + acosﬂ]

= ——q—-(R2 —a?)(R? + a® ~ 2Racos§)~%/2,

Jinduced = /a da = :1—7_?—(1%2 - a?) /(R2 +a® — 2Racos8)~%/2R?sin 6 df d¢

1
Ra
q./ 2 2 L L }
= 2(2_-R - .
a(a )[\/R2+a2+2Ra VvVR2 +a2 -2Ra
But a > R (else ¢ would be inside), so vV R2+ a2 —2Ra=a— R.

q ! 1 }:—q-[(a—R)—-(a+R)]=%(—2R)

2% 2a

= 2a(a2 - &) [(a+ R) (a—R)

= —i—(R2 - a?)2nR? [— (R* + a®> ~2Ra cosf))"l‘/z}

0
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(c) The force on g, due to the sphere, is the same as the force of the image charge ¢', to wit:
e 1 ¢ 1 —qu 1 1 ¢*Ra
4meg (@ — b)2  4meg a (

a—R%Ja)? ~  4meg (a® — R2)?’
To bring g in from infinity to a, then, we do work

a

2R = 2 1 1 a 2
PR S S LY [T e
4rey J (@* — R?)? dmeo | 2(a® - R?) ||, 4meg 2(a? — R?)
oo
Problem 3.8
Place a second image charge, ¢”, at the center of the sphere;
this will not alter the fact that the sphere is an equipotential, a—b
1 qll
but merely increase that potential from zero to Vp = RE; q\” 7 .
q" = 4meg Vo R at center of sphere. ! a
For a neutral sphere, ¢’ + ¢’ = 0.
1 q" q qq’ 1 1
F = —_— —_— = —— P
47reoq (a"’ + (a — b)? 4reg 2t (a —b)?
g¢' b(2a—b) _ g(—Rq/a) (R*/a)(2a ~ R?/a)
4meg a?(a—b)2 4dmeg a’(a — R?/a)?
| & (R (2" -R?)
B deg \a ) (a? — R2)?’
(Drop the minus sign, because the problem asks for the force of attraction.)
Problem 3.9
(a) Image problem: A above, —A below. Potential was found in Prob. 2.47:
z
2\ A z
1% = ——In(s_ = ——In(s% /s>
/Y A ) dmeo n(s-/s+) 4meo p(s=/s1) Ll s s(w:2)
TR | 4 4
T = ln y
4meg v + (z — d)? d+/
oV 9V
(b) o = _EO?S_Z' Here 5 = B2 evaluated at z = 0.
A 1 1
= - 2 d)— ————=2(2-d
a(y) € 4meg {y2 + (z 4+ d)? (z+d) y? + (2 —d)? (2 )} 2=0
_2x d  -d 1 Ad
Todm 2+ 2+ A2 | (4 d?)’
Check: Total charge induced on a strip of width ! parallel to the y axis:
) o0
IMd 1 IAd [1 1% M [w T
md = —— | ———dy =22 |2t —1(_ = __(__]
@ind T / y? + d? v T {d an d)”~oo T [2 2)
-0

—Al. Therefore Ajpq = —A, as it should be.
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‘roblem 3.10

“The image configuration is as shown. Yy
. ’—q. ......... .b ....... Y q
. q 1 1 : :
V(z, = + : :
@9 4’“0{\/(rr:—a)2+(y—b)2+z2 Viz+a)?+(y+b)2+22 : T
_ 1 L 1 P SR ‘g
Ve+aP+y-02+22 Jz-af+y+b)?+22)

For this to work, |# must be and integer divisor of 180°. | Thus 180°, 90°, 60°, 45°, etc., are OK, but no
others. It works for 45°, say, with the charges as-shown.

(Note the strategy: to make the z axis an equipotential (V = 0), o fine :
you place the image charge (1) in the reflection point. To make the
45° line an equipotential, you place charge (2) at the image point. , L
But that screws up the z axis, so you must now insert image (3) to Rty
balance (2). Moreover, to make the 45° line V = 0 you also need (4), A i
to balance (1). But now, to restore the z axis to V = 0 you need (5)
to balance (4), and so on.

why it works for § = 45°

L?No good
3@ (o
; +

The reason this doesn’t work for arbitrary angles is that you are even- 135° line
tually forced to place an image charge within the original region of

interest, and that’s not allowed—all images must go outside the re-

gion, or you’re no longer dealing with the same problem at all.)

..
1

_.'-t2) ( )
why it doesn’t work for § = 135°

/" Sroblem 3.11

From Prob. 2.47 (with yo — d): ,| where a? = yo? ~ R? = |a = Vd? — R?

?

A | (z +a)? +y?
" 4reg n (z —a)? + y?

acoth(2reoVo/A) = d . d . (2reVo _ 2meVh
{ acsch(2reoVo/A) = R = (dividing) 7= cosh — ) o A= wcosh“l(d/R)'

and

Problem 3.12

a

2
V(z,y) = ZC e "™*/%sin(nwy/a) (Eq.3.30), where Cp = ;/Vo(y)sin(nwy/a) dy (Eq. 3.34).
n=1 o

+Vy, for0<y<a/2

In this case Vp(y) = { } . Therefore,

5
2
2
g
i
I

-V, fora/2<y<a
e = // oy - fsin(nwy/awy =%{_ cos(rmy/a) 7 cos(nry/a)[* }
; a , a2 a (nm/a) |, T T onla)
- e () om0 oo cn ()= B -2 ()
| | ?(o{\’\ bgA® A
W@,\ Lot

\) e
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The term in curly brackets is:

n=1 : 1-1-2cos(n/2)=0
n=2 : 141-2cos(m) =4,

n=3 : 1-1-2cos(3n/2) =
n=4 : 141-2cos(27)=0,

etc. (Zero if n is odd or divisible by 4, otherwise 4.).

Therefore

C. = 8Vo/nm, n = 2,6,10,14,etc. (in general,‘4j +2,for=0,1,2,...),
n .
0, otherwise.

So

8V, e~""=/% sin(nmy/a) | _ 8Vp o= e~ WA/ sin((4j + 2)ry/a
V=0 3 (nmy/a) OZ [(45 )my/a]

n (47 +2)

n=2,6,10,...

Problem 3.13

— 4Vo 1 —nrz/a o . _ ov
Viz,y) = - =§5 € sin(nmy/a) (Eq.3.36); o= -—¢ 5 (Eq. 2.49).
So
_ o 4Vy 1 ~nnz/a » 4Vo 1 ., _nrzja
oly) = —€ o p { Z e sin{nwy/a) L —€0 —= Z r_L( T)e sin(nmy/a) D
= %”Q Z sin(nwy/a).
n=1,35,...

Or, using the closed form 3.37:

2 i 2 1 -

V(z,y) = Yo ~—tan™! (____*§1r;l((7ry/a) ) > 0= ~60—V0 Py ( S;ln(ﬂy/a)) — cosh(rz/a)
T sinh(wz/a) T 142 (”/a sinh?*(7rz/a) =0
2¢0Vo  sin(my/a) cosh(rz/a) 2¢0Vo 1

a sin®(my/a) + sinh?(7z/a) |, _,

"a sin(ry/a)

Summation of series Eq. 3.36

Viz,y) = fll/‘31, where = Y~ le—"”/“sin(mry/a).
T n
=1,3,5,...
Now sinw = Im (e}, so
— 1 ~nrz/a inny/a __ l n
I—ng € e _ZmE nZ,
where Z = e~"(@—#)/e¢ Now

1 o~ 1 PITRIS ) Ry
I iRy AR DI L

1,3,5,... =0

z
_/1
= [ 1=

0

.

_1 (L+EN 1o
—§In<1_z) 5 In (Re'?) = (InR+29)




47
/qvhere Re'® = 12 Therefore

14+ 2  14em@iwl/a (14 mE-w)/e) (1 e~ +iy)/a)
1-Z l-er@al/a  (1=eme—w)/a) (i - e n(@+iv)/a)

14 e/ (gimy/e — gminy/a) _ g=2ma/a _ 1+ 2ie""%/%sin(ry/a) — e~2"%/0
I’ B

I = Zm{%(lnR+i9)}:%9. But

)

|1 - emnie-iv)/a 1 - emmte=in/af’

S0
2e~™%/% sin(7y /a) 2sin(ry/a) sin{ry/a)
tan @ = = = — .
1 — e—2nz/a emz/a _ g—mz/a Slﬂh(’l\':l:/a)
Therefore :
1. _, [ sin(ry/a) _ 2Ve . _; [ sin(ny/a)
= Ztan! [ 2L =20 Smry/a) |
I g an <sinh(7ra:/a) » and | V(z,y) T oo sinh(mz/a)

Problem 3.14

2 2 Y
(a) %x—‘?/ + %y‘?i = 0, with boundary conditions
()  V(z,0) i
i 1% x, 0) = 0, L]
() V(z.a)=0, v <o |
(i) V(0,9) =0,
(iv) V(b y)=Vl(y). z

As in Ex. 3.4, separation of variables yields
r V(z,y) = (Ae*® + Be %%} (C'sinky + D cosky).
ﬁere ()= D =0, (iii))= B = —A4, (ii)= ka is an integer multiple of :
V(z,y) = AC (e””/“ — e_””/“) sin(nmy/a) = (2AC) sinh(n7z/a) sin(nmy/a).

But (2AC) is a constant, and the most general linear combination of separable solutions consistent with (i),

(ii), (iii) is

Viz,y) = Z Cpsinh(nrz/a) sin(nry/a).

n=1

It remains to determine the coefficients C,, so as to fit boundary condition (iv):

Z C,. sinh(nrb/a) sin(nry/a) = Vo(y). Fourier’s trick = C,, sinh{nnb/a) = %/Vo(y) sin(nrwy/a) dy.
J .

Therefore
————~———2———————/GV()si'(7r/a)d ’
" asinh{nwb/a) o\y) SRnTY v
0
—~
—
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p— 2 r 2V, 0, ifni
_ A .0, 1if niseven,
(b) Cn = asinh(nmb/a) Vo/sm(mry/a) ~ asinh(nwb/a) * { %’ if 7 is odd. }
0 .

Viz,y) = Vo Z sinh(nﬂ':r/a)sin(mry/a)-

neiss. nsinh(nwb/a)

Problem 3.15
Same format as Ex. 3.5, only the boundary conditions are:

(i) V=0 when z=0,
(i) V=0 when z=aq,
(iii) V=0 when y=0,
(iv) V=0 when y=aq,
(v V=0 when 2=0,
(vij V=V, when z=a.

This time we want sinusoidal functions in z and y, exponential in 2:
X(z) = Asin(kz) + Bceos(kz), Y(y) = Csin(ly) + Dcos(ly), Z(z) = EeVF' Tz 4 Ge= Vi +2,
(i)= B =0; (i)= k = nn/q; (il)= D =0; (iv)=> | = mn/aq; (v)= E+ G = 0. Therefore

Z(z) = 2E sinh(wv/n? + m2z/a).

Putting this all together, and combining the constants, we have:
o0 o0 )
Viz,y,2) = Z Z Cr,m sin(nrz/a) sin(mry/a) sinh(rv/n? + m?z/a).
n=1m=1

It remains to evaluate the constants Cp m, by ifnposing boundary condition (vi):

Vo = Z Z [Cn,m sinh(rv/n? + mz)] sin{(nrz/a) sin(mny/a).
According to Egs. 3.50 and 3.51:
2 0, if n or m is even,
2 _ . . _ .
Chp msinh (7r n? +m?) = ( ) Vo //sm(mrm/a) sm(mwy/a) dz dy 16V0 i both are odd.

a2nm’

Therefore

inh {mvn? + m2z/a
V(z,y,2) = 152/0 Z Z n—ln—Lsin(nmr/a) sin(mwy/a)ssin}(lﬂ(m/%__*jn_z/) )

n=1,3,5,... m=1,3,5,...
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Problem 3.16

’H
—
8
[
|
P
g
w

f

3 (:1:2 - 1)2 2z = (gz-x (:132 - 1)2

[o A

P(z) =

[(:1:2 - 1) (:132 -1+ 4:1:2)]

(10:1:3 — 6:1:) = gxs - g:1:.

(52° — £ + 52° — 5z) = 5

W= o0l e 00 = oo

| =

We need to show that P;(cos @) satisfies

1 d (. dP _
sin@ df (Sm“’;iy) = —I(l+ 1)P, with | = 3,

where P3(cosf) = } cosf (5cos?6 — 3).

%};—3 = % [—sind (5cos? g — 3) + cos6(10 cos 6(— sin 9] = —% sin@ (5 cos® § — 3 + 10 cos? 6)

= —gsinﬁ (5cos® g — 1).

0 (.  dPs 3d . 3. . . .
5 (SIHGTH—) = 33 [sin?6 (Scos’6 — 1)] = -3 [25inf cos6 (5cos® 6 — 1) + sin®  (—10 cosf sin 6)]
= —3sinfcosd [5cos’d — 1~ 5sin® 4] .
r~ 1.

i 1 ili - 2 _1_ _ 2 _ : 24
pe e (sm0d0> 3cosf [5cos® ~1 5 (1 ~ cos )] = 3cosf (10 cos® 6 — 6)

= -3.4. %cos0(5cos20 -3)=~l(l+1)P;. qed

1 1
/Pl(z)Ps(z)dx:/(x)% (52° ~ 32) dz = % (* =)L, = %(1—1+1_ 1)=0.v

Problem 3.17 o
(2) Inside: V(r,6) =" Ayr'P(cos8) (Eq. 3.66) where

=0

_(2l+1)
A= 5p

/ Vo(6)Pi(cosf)sinfdf (Eq. 3.69).
0
In this case V4(6) = Vo comes outside the integral, so

»

@+ 1)V | .
A= —~—2R—[———/P,(cose) sin 6 d6.
0
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But Py(cos#) = 1, so the integral can be written

/ Po(cos8) P, (cos 6) sin()dﬁ:{ > g ﬁfg } (Eq. 3.68).

Therefore

[0, ifls#£0
Al‘{vo, ifl:O}‘

Plugging this into the general form:

V(r,0) = Agr®Py(cosb) =

The potential is constant throughout the sphere.

Outside: V(r,0) = Z ﬁl Pi(cos6) (Eq. 3.72), where
1=0

B = (21;1)R’+1/V0(9)P,(c059) sinfdfd (Eq. 3.73).
0

"

= (2l;-1)R1+1V /PI(COSQ)Smé?d&:{ 0, 1fl¢0 }

RV, ifl=0
0
: R o 1
Therefore | V(r,0) = Vo? (i.e. equals Vg at r = R, then falls off like =).
r
(v) _
> Air'P(cosf), forr <R (Eq.3.78)
Virg)=q ‘& ,
Z P(cos®), forr> R (Eq.3.79)
=0 )
where
By = R*t'4;, (Eq. 3.81)
and
1 r .
A = W/UO(B)B(COS f)sinfdf (Eq. 3.84)
0
B _{o, if1#£0
= SR 100/171(0059)51n9d9 { Rao/eo, 120 }
Therefore
Roo  foer<R
€0
V(r,0) = ,
Bool twr>nr
€ T

wf
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Note: in terms of the total charge Q = 47 R%0y,
Q, forr<R ) ;
47eg ie
Vir,6) = :
Q, forr> R
d7eg T
Problem 3.18 .
Vo(8) = kcos(30) = k [4cos® 6 — 3cosh] = k [aPs(cos ) + BPy(cosb)].
(I know that any 3" order polynomial can be expressed as a linear combination of the first four Legendre
polynomials; in this case, since the polynomial is odd, I only need P, and P;.) ‘
. 1, 5a 4 3 f
4¢c0s®6 — 3cosh = a 5 (5cos® 6 — 3cosb)| + Bcosh = 5 cos 6+ (8- 54 cos @,
SO ‘
Sa 8 3 3 8 12 12 3
] 4—'5—:>a——g, —3—ﬂ—§a—ﬂ—§3~ﬂ——=>ﬂ——-3— 5
Therefore L
Vo(8) = 3 [8P3(cos @) — 3P (cos )] .
Now
o
ZAlr’P,(cos g), forr <R (Eq.3.66)
vee={ B ,
Z T ———P(cosf), forr >R (Eq.3.71)
1=0
~here
A+1) [
4 = ¢ l2 ;l ) / Vo(6)Pi(cos8)sin8db (Eq. 3.69)
0
ALk [ r
= ( ;;l )5 {S/Pg(cosﬁ)Pg(cos(?)sin(?dG—3/P1(cos(9)P,(cos0)sin0d0}
0
k(20 +1) 2 2 ' ﬂ
= = Si3 — 3——< -
5 2R! {8(21 Py GTI) ‘5“} 5 Rl (8813 = 3n]
8k/5R%, ifl=3 .
{ —3k/5R, ifi=1 }(zero otherwise).
Therefore
3k 8k .3 k 3 r
V(r,0) = ~5——1'P1 (cos @) + 33 P3{cos8) = v {8 (E) Ps(cos8) — 3 (E) P (cos 6)} ,
or
k ry\31 3 T _kr A2 L 2
E {8 (E) 5 [5cos®§ — 3cosb] -3 (E) cos&} =>|\V(r,0) = EECOSQ{4 (R) [5cos® 8 — 3] - 3}
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(for r < R). Meanwhile, B; = A;R¥*! (Eq. 3.81—this follows from the continuity of V at R). Therefore

4 3 —
B,:{ 8kRY/5, ifl=3

_3kR%/5, ifl=1 } (zero otherwise).

So

—3kR? 1 8kR* 1 k ! :
V(r,0)- —'Pl( 9)+—5—'7"TP3(C080)= :5- ]ig (-fi) P3(C0$0)—3(§) Pl(COSG) s

(?)zcosﬁ {4 (?)2 [5cos®8 — 3] — 3}

or

V(r,6) =

(SN

(for r > R). Finally, using Eq. 3.83:

Il

€0 Y (21 + 1) AR Pi(cosb) = €o [34, Py + TAs R Py
=0

= € {3( 3’“) P+ 7( 8k ) R2P3} | 9 1_9P, (cos6) + 56 Py(cos 0)]

o(8)

5R 5R3 5R
- GQF —9co 30+—(5cos 6 — 3cosb) —ﬁcos&[—9+28~5c0320——28-3]
"~ 5R " 5R .

€0k
= |z cos 8 [140 cos® 6 — 93] .

Problem 3.19

A+1 [ .
W/%(H)P,(cos()) siné df.

UseEq.3.83: o(8) =e€o »_(21+1)AiR"™  P(cos6). But Eq. 3.69 says: A; =
{=0 ]

Putting them together:
€0 — i
= -2% Z 2l + 1)2C1Pi(cos8), with C; = /VO(H)PI(COSH) sinfdf. qed
=0 )

Problem 3.20
Set V = 0 on the equatorial plane, far from the sphere. Then the potential is the same as Ex. 3.8 plus the
potential of a uniformly charged spherical shell:

. R3
V(T‘,g) = —Eo (7‘ - 72—) cosf + ——=.
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Problem 3.21

oo

Bl = B[ X B[ o
(a) V(r,0) = IX;WP(COSH) (r > R), so V(r, 0) = 2 OT,—_H'PI(I) = IZ:(:);H_—I = 2—60[\/7‘2+R2—r].
1
Gince r > Rin this region, V2 + R2 =r/14+(R/r)2 =7 |14+ = R/r) - g(R/r)4 + .. .}, SO
iB,_a 1+1R241R4+ Joo (B R4+
prs rit+! 2eor 272 84 7T T2 \2r 83 )7
R? 4
Comparing like powers of r, I see that By = U—— B =0, By = _fi . Therefore
460 16 0
V(r,6) = i 1—RP(cos9) )
’ T dep |r 43 ? ! f

(for > R).

oR? 1 /R\? 2
= 4—@;{1"5(7) (3COS 9—1)+},

(b) V(r,0 Z:A[’I‘ Py(cos8) (r < R). In the northern hemispere, 0 < 6 < 7/2,

1=0 v
i

V(r,O):ZAlr'— — [\/7‘2+R2—T] H

=0 260 3:%

~
Since r < R in this region, V72 + R2 = R\/1+ (r/R)? =R [ 5 (r/R)* - g(’"/R)4 +.. ] - Therefore ‘g

©0 2 4
19 Ir® 177 _
Z;An‘——%o [R+2R 8R3+“' r}.

UR, /41:—i Agz—-a— ., 80

Comparing like powers: Ag = % ey’ YR

1
9 [R— TPy (cosf) + ﬁPg(cosﬁ) +J ,

V{(r,8) Ses

il

(for r < R, northern hemisphere).
oR

= Gl (Reeos () eeons].

In the southern hemisphere we’ll have to go for = 7, using P(—1) = (=1)%.

oS . :
Vinm =3 () A = o [V R -]
=0
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(I put an overbar on 4; to dlstmgulsh it from the northern A4;). The only difference is the sign of 4.
A (0’/260), Ao = Ao, A2 = A2 So:

V(6 = % [R + 7P (cosb) + ﬁr2P2(cos 6) +. ]
(for 7 < R, southern hemisphere).
_ oR r 1 /7\2 5
= E[1+(R)cose+z(ﬁ> (3 cos 0—1)+...],

Problem 3.22

[o0]

Z 7' Py(cosf), (r < R) (Eq. 3.78),

V(r,6) =< ‘2
Z Py(cos8), (r> R) (Eq. 3.79),
=0
where B; = A,R?*+! (Eq. 3.81) and
1 T .
= / 00(8)Pi(cos8) sinfdf  (Eq. 3.84)

0

w/2 ”
= '2‘6‘—11{,_100 /Pt(COSH)SinedH— /P[(cosﬁ)sinﬁdﬁ (let = cos8)
0
0

w/2
1 0
= —20 /P(z)dz—/P(z)da:
- 2€0R[_1 ! ! )
0 21

Now Py(—z) = (—1)!P(z), since Pi(z) is even, for even [, and odd, for odd I. Therefore

—
v
O
&
Il
b—‘\o

1
Py(—z)d( 1) [ P(z
- e

and hence

0, if { is even

1
1
— 9  ry_(_1) — £
M= 2 1= (1] [ A as % [has, oo | é
0] :,
/ ,

o RI-1




55

So Ag = Az = Ag = Ag =0, and all we need are A;, A3, and As.

/‘\
1 1 2t
/Pl(z)d$ = /:cd:z:: z =—..
2|, 2
0 0
/ 1] 1 /.28 . 22\|' 1/5 3 1
Py(z)dz = = 3_3z)dz== (52 —3% (22} =2
/3(3:):5 2/(52: z) dz 2(54 35 zlas 5
0 0
p 1 1 1 6 4 2 1
/Ps(:r)d:r: = —/(63z5—70z3+151:) dz = > (630 —70% + 155
8 8\ "6 4 2 )1,
0 0
1/21 35 15 1 1
= §(‘z“7+‘z‘)—ﬁ(36“3s)“ﬁ-
Therefore
og (1 ag 1 To 1
Al=—|z); A3=——{—-=2); As=— = |; etc.
1= (2) 3 6032( s)’ 5 @RS (16)’et°
and
00 3 1 00 55 1 00 7 1
- 20 Y. B, =22 2. - 9 — 1. .
B, eoR (2), 3 eoR < 8),35 eoR (16 ; ete
Thus
oor | 1 /7r\2 1 /7\4
V( 0) Ee—D[Pl(COSB)-Z(E) P3(COSB)+§(E) P5(COS€)+..,}, (TSR),
T = 3 2 4
r~ |V0O=) wn _1(E L(R
Secr? Py (cos6) il P3(cosf))+8 - Ps(cosb) +...| , (r>R).

Problem 3.23

1o (VY 1oV _
s9s \ Os 52.0¢? '
Look for solutions of the form V' (s, ¢) = S(s)®(¢):
1_4d [ dS 1 _d%®
PR (S'E) * g =0
Multiply by s? and divide by V = $&:
s._d (dS 1d°®

Since the first term involves s only, and the second ¢ only, each is a constant:

s d ds 1d%® . _
-§a;(sd—s)—cl, 5@—02, with Cy + Co = 0.
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Now (2 must be negative (else we get exponentials for ®, which do not return to their original value—as
geometrically they must— when ¢ is increased by 2x).

®
Ca = —k®. Then i———&- = —k’® = ® = Acoskd + Bsin k¢.
Moreover, since (¢ + 2r) = ®(¢), k must be an integer: k = 0,1,2,3,... (negative integers are just repeats,
but k = 0 must be included, since & = A (a constant) is OK).
s-;—s (s %%) = k?S can be solved by S = s™, provided n is chosen right:

d n—1 d n 2,0n—1 2,.n 2
s— (sns" 7)) = ns— (s") =n’ss"T =n‘s" =k°S = n = Lk
ds ( ) ds (s7)
Evidently the general solution is S(s) = Cs* + Ds™*, unless k = 0, in which case we have only one solution
to a second-order equation—namely, S = constant. So we must treat k = 0 separately. One solution is a
constant—but what’s the other? Go back to the differential equation for S, and put in & = 0:

si sﬁ =0= s‘—jﬁ = constant = C = ds = ¢ = dS = C’E = § = Clns+ D (another constant).
ds \ ds ds ds s s

So the second solution in this case is Ins. [How about 7 That too reduces to a single solution, & = A, in the
case k = 0. What’s the second solution here? Well, putting k£ = 0 into the & equation:

d’® de

d—<52—:0:> EzconstantzB:d):Bqﬁ—kA.
But a term of the form B¢ is unacceptable, since it does not return’to its initial value when ¢ is augmented
by 27.] Conclusion: The general solution with cylindrical symmetry is

o0
V(s,¢) =ap+bglns + Z [s*(ak cos k¢ + by sin k) + 3% (cx cos k¢ + di sin ko)].
k=1 :

Yes: the potential of a line charge goes like ln s, which is included.
Problem 3.24

Picking V = 0 on the yz plane, with Eg in the = direction, we have (Eq. 3.74): y
iy v=0, when s = R, e e
(iil) V — —Epx = —Epscos¢, for s> R.

I T
Evidently ag = by = by, = dy, = 0, and ax = ¢ = 0 except for k = 1: Q:/ i T
v +
Vs, @) = (als + S ) cos ¢.

_E__E_O_
(i)= a1 = —a1R?; (ii))— a) = —Fo. Therefore Y,
2 ' R\ ?
V(s,¢) = (—Eos + EOSR > cosp, or V(s ¢)=—Eps [(;) - 1:| cos ¢.

-
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- [aken7]

2
= —€oky (—?—2 — 1) cos ¢

Lo - Os
Problem 3.25

s=R

Inside: V(s,¢) = ap + Z s* (ax cosk¢ + b sinkg) . (In this region Ins and s~* are no good—they blow
up at s = 0.)
21
Qutside: V(s,¢) =@ + Z * (ck cos k¢ + di sinke). (Here Ins and s* are no good at s — 00).

k=1
o= —¢ (8Vout _ 8Vm
O 6s Js

(Eq. 2.36).
s=R

Thus
asm5¢ = —foz { RRFT (ck cos ke + dk sin k@) — kR*1 (ax cos ke + by sin k¢)} .

Evidently a = cx = 0; by = dx = 0 except k£ = §; a = 5¢o (—ds + R bs) Also, V is continuous at s = R:

RS
. 1 . .
ag+ R3b5 sin 5¢ = ap + Egd5 sin 5¢. So ag = @p (might as well choose both zero); R%bs = R~5ds, or dg = R10b.
. 6
Combining these results: a = 5eo (R*bs + R*bs) = 10eo Rbs; bs = 2 g = ER*‘ Therefore

1060 ,R4 ' 78 1060

Vs, ¢) =

asin5¢ { s5/R*, for s < R,
10¢q R8/s5, for s> R.

/\ ;oblem 3.26
Monopole term:

rri
Q:/pdr:kR/ [T—z(R—%‘)sinB] 2 sin 6 dr df d¢.

But the r integral is
R

/(R or)dr = (Rr —r?)|F = R~ R* =0. SoQ=0.
0
Dipole term:

/rcos@pdr = kR/(r cos ) [T%(R — 2r)sin 9] % sin 6 dr df d¢.

But the 6 integral is
sin®4|"
3

/sinzﬂcosf)d() =

Q

1
=3(0-0)=0.

0

So the dipole contribution is likewise zero.
Quadrupole term:

»

1
/7'2 (g cos® § — %) pdr = §kR//r2 (3cos? 6 — 1) L%(R— 2r) sinﬁ} r*sin 0 dr df.
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T integral: ‘
R 3 4\ (R R4 R4 R4
2 -2 = -r—— — 7‘_ = e =
/0 r*(R —2r)dr (3R 2)|, =3 5 5
8 integral:
/ (3cos?d ~1) sin20d9=2/5in29d9—3/sin49d9 '
N e’
0 3(1-sin? §)—1=2—3sin2 8 a 0
T 3r 9 T
=o(MNY-3 (T =r(1-2)=-Z,
(2) 3 ( 8 ) i ( 8) 8
¢ integral: '

2r
/d¢ = 2.
0

1 Rt | T kn?R®
kR (‘F) (—5) (@2m) = —g—

For point P on the z axis (r — z in Eq. 3.95) the approximate potential is

The whole integral is:

Viz) & 1 kn?RS

¥ e 487 (Quadrupole.)

Problem 3.27
p = (3ga — ga) Z + (—2qa — 2q(—a)) § = 2gqa Z. Therefore

1 p-t
Ve =
4meg 12’

and p-f =2qgaz-f = 2gacosf, so

1 2gacosf

P (Dipole.)

Problem 3.28
(a) By symmetry, p is clearly in the z direction: p =p#; p= [ zpdr = [ zo da.

p

4rR3% | 4nR%

3’ 3

Z.

5
= §7r1?.3k[1—(—1)]=

(b)

1 4wR%kcosf | kR? cosf

T 4mey 3 r2 ':E'TT (Dipole.)

/(RCOS 8)(k cos §YR3sin 6 df d = 27rR3k/c08295in0d0 = 27 R% (—
0

Ll

cos® 6
3

0
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This is also the ezact potential. Conclusion: all multiple moments of this distribution (except the dipole) are

/" exactly zero..

“Problem 3.29
Using Eq. 3.94 with r' = d/2:

for 2., we let 8§ — 180° + 6, so cos§ — — cos 6:

1 1 /d\"
/:_;Z(_Q_T:) Pn(—COSQ).

n=0

But P,(—z) = (-1)"P,(z), so

1 1 1 1 1 &/7dN\" 2 n
Vet (o) st X () (Pateost) - P cos) = 2 () Patcoss)
* n=0 2r n=1,3,5,... 2r

- 4reg 24 _ dreg T - dregr
Therefore % 14d gdcosh '
Vaip Ere_g;gpl (cosf) = g while | Vquag = 0.
Voet = 4:EQOT (%)3 P3(cosf) = Zi—i;:%% (5cos® 6 — 3cosb) = 4(17;1:0 ey (5cos® @ — 3cosb) .
Problem 3.30
@0 Q=[] () p=[an] (Vg [3end]=| 12, Haed],

N iy ~ vl L [2¢ | 3gasin@sing C e
)@= (ii)p= (i) V = Ires [T t— (from Eq. 1.64, §-£ = sin 8 sin ¢).
Problem 3.31
(a) Thispointisatr=a, 6 =%, ¢ =0,s0 E= P _g-_F (-2); F=q¢E =]~ ;.
’ 2’ ’ 4regald 4megad ! 4regad
P o p . 2pq
(b)Herer =a, § =0,50 E pr—-" (21) pw——: zZ. |F Treed? Z
_ _ _ ap _ ™) _| _Pg
(c) W=¢q[V(0,0,a) — V(a,0,0)] = Treod? [cos(O) cos (2)] = Trend?
Problem 3.32 ) . 9
Q= —q, 50 Vinono = -——j; p=gaz, so Vyp= gacos . Therefore
4mey T 4re 72
Vir gy e (1 acosh B~ -1 -1yl (20056 4 5in 0 6)
b= - . r,0) = - — .
" 4meg r r2 ’ dmeg | T2 r3 *

$
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Problem 3.33 L R R
p=(p-f)f+(p-0)8 =pcosff —psinf 0 (Fig. 3.36). So 3(p-f)F ~p = 3pcosff —pcosfi+psinf @ =
2pcosft + psinf# 0. So Eq. 3.104 = Eq. 3.103. v
Problem 3.34
q_2_ &Pz &z

; 1
i th is gi 312: F= ——— =m—-= - =—A/z?
At height z above the plane, the force on q is given by Eq. 3.12 F Trea 457 mes P Alz?,

2
. q ) _dz - dv A dz dfl1,\ dfA 1, A
where A = Tomeom Multiply by v = i v priaiabe = 7 2v =5\ 3 = 2v = :z:+ constant.

But v = 0 when r = d, so constant = —A/d, and hence v? = 24 (% - —1-), —d—x = V24 %—-

%d—x
Vd z

0 t

/ VZ gy - %/dm— 24,
d—=z d

d 0

This integral can also be integrated directly. Let z = u?; dz = 2udu.

0 0
A=t [ gimi=a{-gvame e o (F)] =
dr=2 [ du=2{——vd—-u2+ =sin —_— = —dsin” "' (1) = —-d—
/ d-z * d — u? u 2 2 Vd Vi 1)
d vd
Therefore
‘= d nd _ m2d? d 16mecm = 2m3d3egm
SV2a2 T\ Ty o2 M T pe
Problem 3.35
P SN L I 3 +E: S S
T =Y T T *—r-& 2 ‘6 d M g T o1& T

The image configuration is shown in the figure; the positive image charge forces cancel in pairs. The net
force of the negative image charges is:

F = ¢ L + 1 + ! +
dreg” | [2a-2z) [2a+2a-2)° [da+2@a-z)

1 1 1
(22 (2a+22)° (4a+2z)° }

= 4_135:)'%{[@—11:)2 + (2a1:z:)2 + (3a—1-:1:)2 +] - [:1:1_2+ (a-l-l:zz)2 + (2a-t—:1:)2 +]}

1 ¢

—3_1;—6—(2_17)2 v (same as for only one plane—
0 .

When a — oo (i.e. a > z) only the ::—2 term survives: F =
Eq. 3.12). When z = a/2,

_ 14 1 1 1 [ 1 1 - _
F=frad {{(a/z)'-'*(3a/2)2+(5a/2)2+“'] [(a/2)2+(3a/2)='+(5a/2)2+"']}“°'“
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61
Following Prob. 2.47, we place image line charges —A at y = b and +)\ at y = —b (here y is the horizontal
axis, z vertical). .
P
S1
S3 34
. -4 2
—A +A

In the solution to Prob. 2.47 substitute

A W—’X y
R =t 2t
Yo
a—b

o __>a+bs0 a—b\?2
a 9 y Yo 2

2

2 2

(a+b) R ab=

2 a

2 52 22

L{ln(s)ﬂ( )J: A ln(ﬁfg)
4meg 52 s3

<
|

4meg s2s2

A o { (v +a)? + 2*)(y — )" + 2°]
47r60 [ ]

il

[(y — a)? + 22][(y + b;2 T 22 or, using y = scos¢, z = ssin ¢,
A

In (s® + a® + 2as cos ¢)[(as/R)? + R? — 2ascos ¢
T | 4meo (a? + a? — 2as cos P)[

(as/R)? + R? +2ascos¢]}'

Problem 3.37

B
Since the configuration is azimuthally symmetric, V(r, ) Z (A[r + m) P(cos8).
r\\a) r>b A =0 for all [, since V -+ 0 at co. Therefore V (r,6)

B,
= Z l+1P‘(C059)
Dy

a<r<b: V(r,ﬂ).——Z(C[r + ,H)P[(cosﬂ) r<a: V(@8 =W

We need to determine B;,Cy, D;, and Vp

(i) Vis
1
= ——g(f) at b.
1]

d
i) = > b%-l—P;(cosO) = (c oy Do

To do this, invoke boundary conditions as follows
|4
continuous at a, (i) V is continuous at b, (iii) A )

B, D,
bm) Picosb); 7 = Cib' + 1p :>]B =**1Cr+ Dy. ]( 1)
D,
C = if { -
#Z(Ca +',+—1>PI(0059) Vo 10t + 5T =0, ifl#0, g’:_;flﬂcé’ 140, -
Coa® +a—1=V0, ifl=0 0 = aVvo — ato.
Putting (2) into (1) gives By = pHHIC — a® 10y, 1 #0, Bp=bCy+ aVy — aCy. Therefore
— (b2l+l 2[+1) 175 0_1 (11)
=(b—a)Co + alp.
1 l1+1 —k
(ili :ZB, (I+1)] bl+2 Pi(cosf) — ( Clb'~! + Dy (b’+2 ))P,(cosﬁ):-aPl(cosG). So
(Clb’ 14 p =+ D)

T ):0, if 1 # 1;
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or
—(+1)B -1 + (I +1)D; =0; (I+1)(B; — D;) = —1b**+1C.
1 2 k 2
B‘(+2)b2 (Cl + Dy b2> = fori=1, Ci+ b—3(31 - D)=k
Therefore
(1 4+1)(B; — Dy) + 6*1Cy = 0, for L # 1,
2 k (3)
+ b—3(31 ad Dl) = a
Plug (2) and (1) into (3):
Forl#0orl:
(I41) [(8* - 2‘+1) Cr + a2‘+’C]+lb2’+lCl =0; (I+1)p*HC 4310 =0; 2+1)C,=0= C, =0.
Therefore (1') and (2) = |B;=C; = Dy =0 for I > 1.]

For | = 1: C, + ;[(b3—a)01+a01] =k C+20 =k = D1 = —a3C, =
| Dy = —a®k/3c;| By = (0%~ a®) C1 = | By = (b° — o) k/3eo.

Forl=0: By—Do=0= Bo = Do = (b~a)Co+aVp = aVo—aCy, 50 bCo = 0 = [Co = 0; Do = aV = Bo.
aVo (6° —a®)k
T

Conclusion: |V (r,0) =

3
cosf,|r >b. | V(r,0) = %0-+i(r—a—)cosﬂ, a<r<hb

3r2e - 3e r?
1% k Ve k
(b)o;(6) = —eo v = —¢p —%+ 1+2 cosf| = —eo { —— + —cosf | = —kcosH+Voiq.
or |, a? 3¢ a € a
\7Z Vo » 1 1 4 1%
(c)g; = /az da = 0—6047ra = [47ra60V0 = Qtot- IAt large r: V = 4% z Q— = macoVo - u. 4
T 4meg T 4dregy T T

Problem 3.38 _ 0
Use multipole expansion (Eq. 3.95): pdr = Adz = o dz, and r" — z:

[0} a

1 1 n Q
Vir) = prs Zorw /z Py (cos )5 dz.

-a

The integral is

a
a n+l

Q 2a
=—P, )
2a (cost) n+1

n+1
+1)_

Q ng _ @ z
ﬁPn(cosﬁ)/z dz = %Pn(cosﬁ) -

—-a

for n even, zero for n odd.

Therefore

Q1 1 a\n
V= P Z {n+1 (;) Pn(cosﬁ)]. qed

n=0,2,4,...

Problem 3.39
Use separation of variables in cylindrical coordinates (Prob. 3.23):

Vs, ¢) =ag +bolns+ Z [.<>"°(a,c cos k¢ + by, sin ke) + s~ *(cy cos k¢ + dj sin k¢)] .
k=1
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s<R: V(s,¢) =3 ro, s¥(akcoskd + by sinkd) (Ins and s™* blow up at s = 0);

k)

& s>R: V(s,¢) =3 g, s F(ckcoskg + disink@) (Ins and s* blow up as s - c0).

(We may as well pick constants so V — 0 as s — oo, and hence ap = 0.) Continuity at s = R =
}:R"(a;c coskg + by sinkg) = ZR_k(Ck cosk¢ + disinke), so ¢y = R*ay, di = R**b,. Eq. 2.36 says:

@i - B_V = —ia. Therefore
Js R+ 0s R- €0
_k ) . . 1
Z Egﬁ-—l(ck cos ko + d;. 51nk¢) — Z kR l(a,c cos ko + by sin k¢) = —g(;d,
or:

~ . 0<¢<
> 2kR* ! (ak coskg + by sinkg) = { ioc{:;e() E7r <¢ <72rzr) }

Fourier’s trick: multiply by (cosl¢) d$ and integrate from 0 to 2x, using

2m

2w
/sink¢cosl¢d¢=0; /cos k¢cosl¢d¢={ 2’ :i; }
0

0
Then
2w
} =0; a=0.

T sinlg

o l

T 2
UR"'ra; = 20 {/cosl¢d¢ - /cosl¢d¢jl =% { sinl¢
€0 €0 l

0

2n
Multiply by (sinl¢) d¢ and integrate, using [ sin késinlpdé = { 0, k#l }:
0

w, k=I
/‘\
L 2
i T l 27
AR nly = 2 /sinz¢d¢—/sinz¢d¢ =20y _oole)n, cosle) Tl %0 g cosin)
€0 €0 I Lo, leg
0 T
_ 0, if  is even o b = 0, if [ is even
40o/ley, if 1is odd "7 200/meol®RIY, if 1is odd
Conclusion:

Problem 3.40
1 & Py(cos8
Use Eq. 3.95, in the form V(r) = Z (cos )In; I, = /z”)\(z) dz.

a

(a) Iy = k/cos (%) dz=k [%r?_ sin(%)]

—a

A 4
1(2) Vi(r,8) = ! (4—%> l (Monopole.)
47eg T T
z
—a a

’ = g%{c_ [s'm (g—) — sin (_%)] = %. Therefore:
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(v) b= o
b= ks =1 (2) s () - Zes ()}
sy = E{(2) tintm = sin=m) - £ costr) = S ostm } =22
V(r6) = 47350 (2‘::’ ’“) lecosﬁ. (Dipole.)
© e
B ket () ek (B ST ()
2;(%)2 [ cos(m) + acos(—)] = —4;‘:2’“ .

~ drweg 273

4a3 1
V(r,8) = L (—%) — (3cos?8 —1).| (Quadrupole.)

Problem 3.41
(a) The average field due to a point charge g at r is

1 1 gq.
E ve — — Ed y h E=—2= ,
r ave (4§7T€0R3) / T, where Teg 22

7 1 1 A

53

T E ve — T I —d N
¢ 50 Have (5meoR?) 47eo /'042 T

(Here r is the source point, dr is the field point, so 4 goes from r to d7r.) The field at r due to uniform

1 2
charge p over the sphere is E; = Tre / p}ﬁ dr. This time dr is the source point and r is the field point,
€Y
so 4 goes from dt to r, and hence carries the opposite sign. So with p = —¢ / (§WR3), the two expressions
agree: E,ve = E,.
(b) From Prob. 2.12:
Ll a4 F P
e 360'0 deg R ~  dmwegR3’

(c) If there are many charges inside the sphere, E,,. is the sum of the individual averages, and pyo is the
P

" 4megR3’

sum of the individual dipole moments. So E,ye = qged
(d) The same argument, only with g placed at r outside the sphere, gives

9 £
4eq T2

~

1 (37R%p)

Eave = E, =
P dreg T2

(field at r due to uniformly charged sphere) =
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But this is precisely the field produced by ¢ (at r) at the center of the sphere. So the average field (over
the sphere) due to a point charge outside the sphere is the same as the field that same charge produces
at the center. And by superposition, this holds for any collection of exterior charges.

Problem 3.42
(a)

Egip = 47r2)r3 (2cos O & +sind §)

= e [2cosf(sinf cospk +sinfsingy + cosd z)
TEQT

+ sinf(cos @ cos ¢k + cos§sin gy — sin 6 z))

= P 3sinf cosf cos % + 3sin6 cossin ¢y + (2cos® § —sin’ ) 2
4dmegr3 < /,

=3cos?H-1

1
Eave = W/EdipdT

1 D 1
(=) (47”:_0) / = [3sinfcosf(cos g% + sinp¥) + (3cos® @ — 1) 2] r?sin 8 dr df do.
2w 27 9
But /cos¢d¢ = /sin ¢d¢ = 0, so the X and § terms drop out, and [ d¢ = 2, so

0
0 0

R T

1 2 1 2 )
Epve = 75—t — 12 - 3 -1 g dé
~ a (5F) <47r60> WO/rdr 0/( cos ) sin

~ o’

{— cos? 0+cos 8)[f=1-14+1-1=0

Evidently , | which contradicts the result of Prob. 3.41. [Note, however, that the r integral, / ~dr,

blows up, since Inr = —o0 as r — 0. If, as suggested, we truncate the r integral at r = ¢, then it is ﬁmte, and
the 8 integral gives E,ve = 0.]
(b) We want E within the e-sphere to be a delta function: E = A§3(r), with A selected so that the average
field is consistent with the general theorem in Prob. 3.41:
A P

— 3(r) dr = _ -2 __ P
Eave = (%TrR3) /A6 (r)dr = (%nR:*) = T Tad = A= 3eg” and hence |E = 3605 (r).

Problem 3.43 o
() = /(vvl) (VVy)dr. But V- (WVV,) = (VW) - (VW) + Vi (V21h), so

1
=/V~(V1VVg)dT—/V1(V2V2) =fV1(VV2)'da+—6—/V1p2dT.
S 0

1
But the surface integral is over a huge sphere “at infinity”, where V} and V3 =+ 0. So I = - / Vipz dr. By
S

1
the same argument, with 1 and 2 reversed, I = = / Vapy dr. So / Vipedr = / Vopydr. qed
0
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. Situation (1): Qq = fa pndr=Q; Qp= fb p1dr =0; Vip = V.
(b)
Situation (2) : Qo = [, padT =0; Qp = f, p2d7 = @Q; V2o = Vsa.
{ T Vipedr =Via [, padr + Vip [, p2dr = Vb Q. }

T Vaprdr =Vag [, prdr + Vo f, p1d7 = V3e Q.
Green'’s reciprocity theorem says QVyp = QVha, 50 Vo = Ve qed
Problem 3.44

(a) Situation (1}: actual. Situation (2): right plate at Vg, left plate at V = 0, no charge at z.
V=0 V=0
O zq d T /‘/1)02(17-:w1Q12+‘/31Q12+V1‘1Q1‘2'
But Vi, = V;, =0 and Q;, =0, so [ Vipadr = 0.

/ Vaps dr = ViyQt, + Vay Oy + Vi @y

But Vi, =0 Q:, =¢q, Vo, = Vo, Qr, = Q2, and V;, = Vo(z/d). So 0 = Vy(z/d)q + Vo2, and hence

Situation (1): actual. Situation (2): left plate at Vg, right plate at V = 0, no charge at z.
[ Vimmdr=0= [ Vaprdr = ViQu, + VerQas +ViaQr, = Vo1 + Vi, +0.

But %2=%(1;§),so

LQI = —q(l - ﬂf/d)J

(b) Situation (1): actual. Situation (2): inner sphere at Vp, outer sphere at zero, no charge at r.

[ Viadr = Ve, Qs + VorQr + V0, Qs
But Vg, = Vi, =0, Qr, =0. So [Vippdr =0.
[ Va1 dr = VerQuy + VosQr + Vs @1 = QuVo + Vs, +0.
But V,, is the potential at r in configuration 2: V(r) = A + B/r, with V(a) = Vo = A+ B/a = Vp, or

aA+ B = aVy, and V(b)) = 0 = A+ B/b =0, or bA+ B = 0. Subtract: (b—a)d = —aVp = A =
—aVp/(b—a); B(: -}) =W = B2 = B = abV/(b—a). So V(r) = (,?—_ng (2 —1). Therefore

T

v+ (2-1) =0 o= -5 (2-1).
. (b—a) \r

(b—a) \r
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7 ~Now let Situation (2) be: inner sphere at zero, outer at Vp, no charge at r.

N

/VIP2 dT = 0 = /V2P1 dT = V02Q0.1 + VTZQT[ + %2Qb1 = 0 + q‘/f‘z + Qb‘/O'

This time isplaystyleV(r) = A + % with V(@) =0=> A+ B/a=0; V(b)) =Vo=> A+ B/b=1V, so

(bbi/oa) (1 - g) Therefore, q(bb—ia) (1 - g) +QVo=0; Qs = _(Tq:b_(;)_ (1 - g)

Problem 3.45

3 3 3
1 a 1 2 ! -~ ! ! ~ A !
(a) 3 Z Bif;Qi; = 3 / {3Zriri2rj L= (r')? rirj(s,‘j} pdr
; ; >

i,j=1
3
But Z -r' = r'cos —ZrJ TS er.v 1J—Zr1r1: =1. So

1 1 1 1 1
Vauad = 17?01"_3 / 5 (r Cos 9' )pdr = fme 13 r'>Py(cos8')pdr' (the n = 2 term in Eq. 3.95).

(b) Because z? = y? = (a/2)? for all four charges, Qzz = Qyy = [3(a/2)* — (v2a/2)*] (g~ ¢~ g+ gq) =0.
Because z = 0 for all four charges, Q,; = —(v2a/2)*(g—q¢—q+¢) =0 and Q, = Q,: = Q.z = Q,, = 0.
This leaves only

Qo= =3[(2) (e (3) () s (-2) @)oo+ (-2) (-2) o] -2

()

Vi) =

I Q;; = / [3(r,~ —d;)(r; —dj) - (r— d)zé,-j] pdr (I'll drop the primes, for simplicity.)

/ [3rirj — r*8i;] pdr — 3di/ijdT - 3dj/7'ipd7' + 3did; /pdT +2d- /rp dr 6;;

—d*8;; | pdr = Qi; — 3(dip; + djpi) + 3did; Q + 26;;d - p — d°5;;Q.

il

Soif p=0and Q@ =0 then @,; = Q. qed
(d) Eq. 3.95 with n = 3:

1 1

‘/OCC - 471'60 77

(r')3P3(cos8')pdr'; Ps(cosf) = :21— (5cos® 6 — 3cosf) .

1 (% 2k fifjkaijk)

Voct =
dmeg rd

)

Define the “octopole moment” as

QRijk E/(5TT T — (7" (ridjk + 50 + 73055) p(r') dr'.
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Problem 3.46

1 1 1 (11
V“47reo{"(»: E)”(zw)}

2 = Vr?+a?-2racosf,
2 = /r*+a?+2racos,
23 = V/r?+b2—2rbcosb,
2 = /r2+b%+ 2rbcosh. ~ ~— < ~ —
a a
1 1 2
Expanding as in Ex. 3.10: (/z— - /L—> & 5; cosf (we want a > r, not r > a, this time).
1 %2
11 2b ,
— —— ] = —cosf (here we want b 7, because b = R*/a, Eq. 3.16)
23 24 T
2 R?
= -——cosf.
ar

R
But ¢’ = ~—q (Eq. 3.15), so

1 2r R 2R? 1 (2 R?
174 o — g — —g-— =— | = _— 8.
(r.6) 4reg [qa"’ cos alar 0] 4reg (a"’) (T r2 > c0s

1 2
Set Ey = _Z;re_a_g (field in the vicinity of the sphere produced by +q):
0

3
V(r,0) = —Eq (r - Ij—2> cosf| (agrees with Eq. 3.76).

Problem 3.47
The boundary conditions are

(i) V=0wheny=0,
(i) V=V, wheny=a,
(iii) V =0 when z =,

)
(iv) V =0 when z = -b.

Go back to Eq. 3.26 and examine the case k = 0: d?2X/dz? = d*Y/dy? = 0,50 X(z) = Az+ B, Y (y) = Cy+D.
But this configuration is symmetric in z, so A = 0, and hence the & = 0 solution is V(z,y) = Cy + D. Pick
D =0, C = Vy/a, and subtract off this part: '

Vz,y) = Vol + V(z,y).

The remainder (V(z,y)) satisfies boundary conditions similar to Ex. 3.4:

(i) V=0wheny=0,

(i) V =0 when y = q,

(iii) ~Vo(y/a) when z = b,
)

(iv ~Vo(y/a) when z = —b.
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(The point of peeling off V4(y/a) was to recover (ii), on which the constraint k£ = nm/a depends.)
The solution (following Ex. 3.4) is

V(z,y) = Z C,, cosh(nmz/a) sin(nmry/a),

n=1
and it remains to fit condition (iii):
Viby) = ZC” cosh(nmb/a) sin(nry/a) = —Vo(y/a).
Invoke Fourier’s trick:

ZCncosh(mrb/a)/ sin(nry/a)sin(n'ry/a) dy = —-‘29/ ysin(n'ry/a) dy,
0 0

a Vo [ .
50,, cosh(nnb/a) = ——a—/ ysin(nry/a) dy
0

2V a2 . a ¢
Cn = —;1?53—121(7%% [(;;) sin{nwy/a) — (;1—1’,7;) cos(mry/a)} .
2V a’ 2V -nH"
R cosh(:;rb/a) (E) cos(n) = n—vfcos}(1(nl7)rb/a)'

Viz,y) =|Vo {% + %Z (_;)" ZZZ:EZZ;;Z)) sin(mry/a)] .

Problem 3.48
(a) Using Prob. 3.14b (with b = a):

Viz.y 4V0 Z sinh(nrz/a) sin(nry/a)

= n sinh(n)
ov 4V nw\ cosh(nrz/a)sin(nn
) = —all|_, = -oil 3 (1) cblers/o)sntamy/o
T {z=0 = nsinh({nr) 2=0

_ 4€0V0 Z sin{nry/a)
B sinh(nw)

/\—/()d——4€OVOZ 1 /ai Ja) d
o 7= a noddsinh(mr) o sin(nry/a) dy.

@ : 2
But / sin(nwy/a)dy = - cos(mry/a)I; = i[1 — cos(nr)] = —a(since n is odd).
0 nw nw nw
. 860‘/0 1 _ 60V0
N Z nsinh(nw) T In 2.

[I have not found a way to sum this series analytically. Mathematica gives thg numerical value 0.0866434,
which agrees precisely with In2/8.]
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Using Prob. 3.47 (with b= a/2):

* cosh(nmz/a)sin(nwy/a)
Vs, [ t Z n cosh(nm/2) } ’
oV nmy (—1)"cosh(nmrz/a) cos(nmry/a) |
ole) = _60795‘1;— = el [ T Z ( ) n cosh(n/2) jl y=0
_ 1 2 (=1)"cosh(nmz/a)| eV (—=1)* cosh(nrz/a)
= el [5 ta cosh(nn/2) :I - aO [1 + ZZ cosh(nm/2) ] ’
af2 €0V0 n af2
A= /;0/2 o(z)dz = ﬁ—{ +2 Zcosh n7r/2)/ cosh(nrnz/a) d:c} .
a/? a . af2 %
But /;a/2 cosh(nmz/a)dz = — sinh(nwz/a) i = sinh(nn/2).
_ _a% {H da 5 (—l)ntanh(mr/2)} Ve [1 L4 5 (ﬁl)ntanh(mr/Z)]
7r

[Again, I have not found a way to sum this series analytically. The numerical value is -0.612111, which agrees
with the expected value (In2 — ) /4.]
{b) ¥rom Prob. 3.23:

Vis,¢) =ao +bolns + Z (aks + by k) [k cos(k¢) + di sin(k¢)].

k=1
In the interior (s < R) by and by must be zero (Ins and 1/s blow up at the origin). Symmetry = d;, = 0. So

Yy 00
V(s,9) =ao+ Z axs® cos(k¢).

k=1

At the surface:
) = ZakRk cos(kg) = { Vo, if — 7r/.4 <¢p<wf4,

0, otherwise.
k=0

Fourier’s trick: multiply by cos(k'®) and integrate from —n to =

n/4
m/4 Vo sin(k') /K’ P (Vo/ k') sin(k'm/4), if k' #0,

ZakR"fr cos(kg) cos(k'¢) de = V"/ Vor/2, if k' =0
— 0T/ 1 ke

—-w/4

cos(k'¢) dop = {

0, ifk#K

/ cos(kg)cos(k'@)dp =< 2w, if k=K =0,
= 7, if k=K #0.
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_—So 2mag = Vo /2 = ag = Vo /4; marR* = (2Vo/k) sin(kw/4) = ay = (2Vo/mkR*)sin(kn/4) (k # 0); hence

oo

V(Sad’):Vo[ # 2y i kB (2" os<k¢)].

Using Eq. 2.49, and noting that in this case i = —

o(g) = eOaV = EOVO% S ET%@ksk—l cos(ks)| __ = QEOVO Z n(kr/4) cos(ka).
5= k=1 s= _

We want the net (line) charge on the segment opposite to Vp (—7 < ¢ < —37/4 and 37/4 < ¢ < 7):

460 0

X = / ($)Rdo = 2R/ o(¢)de = Zsm k7r/4)/ cos(k¢) dp

_ 450V0 Z in(kn /4) [sm(kd)) L /4] _ _460V0 Z sm(k7r/4)zm(3k7r/4).

r k sin(kn/4) sin(3kx/4) product
1 12 1/V2 1/2
2 1 -1 -1
3 1/V2 1/V2 1/2
4 0 0 0
5  -1/V2 -1/V2 1/2
6 -1 1 -1
7 -1/V2 -1/V2 1/2
8 0 0 0

A=
?r-l'—‘
l\Dl'—‘
?r'l»—a

4e0Vp |1 1 4e0Vp |1
P> Z;}“ fﬁ’[gZ

1,3,5... 2,6,10,... 1,3,5 1,3,5,.

Ouch! What went wrong? The problem is that the series 3 (1/k) is divergent, so the “subtraction” co — oo
is suspect. One way to avoid this is to go back to V (s, ¢), calculate eq(0V/9s) at s # R, and save the limit
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s —+ R until the end:

k=1
o(bs) = 60%% 260V0 Z sm(l;:r/él) k;k os(k¢)
= 2;0};/0 Zxk !sin(kw/4) cos(k¢) (wherez =s/R - 1 at the end).
460V ad . .
Mz) = o(¢,s)Rdo = Z ~Lsin(kn/4) sin(3km /4)

=1

4l [ 1 . :c3+:z:5 1 z2+:£i+mw+
- T |2z 3 5 z\2 6 10
_ 2, z+—+$—w+
- ar (\FT3 T 5
1+z 3z
) 4
) (*3*5* )

But (see math tables) :In (1
_ 2V ll 1+ =z ll 1+z2\] _ eoVoln 1+z\ /1422
- az |2 \1-z 2"\ =2 )| T "Tnz 1-z 1-22

+

2 —
- 9% 1 (1+2) i A= lim A=) = —6—9}—/91:12.
T 1422 z—+1 T
Problem 3.49
z
N ' F:qE:47T€0 3(2cos€r+sm()0)
) l
T
mg
Now consider the pendulum: F = —mg2 — T'#, where T — mgcos¢ = mwv?/l and (by conservation of

energy) mgl cos ¢ = (1/2)mv? = v? = 2gl cos ¢ (assuming it started from rest at ¢ = 90°, as stipulated). But
cos ¢ = —cosb, so T = mg(—cosb) + (m/l)(—2glcosf) = —3mgcosf, and hence

F = —mg(cos@F — sin8 ) + 3mgcos§ & = mg(2cosf & +sin §).

This total force is such as to keep the pendulum on a circular arc, and it is identical to the force on ¢ in the
field of a dipole, with mg <+ gp/4megl®. Evidently q also executes semicircular motion, as though it were on a
tether of fixed length /.




Chapter 4

Electrostatic Fields in Matter

Problem 4.1
E=V/z = 500/10 3= 5 x 103, Table 4.1: a/4wep = 0.66 x 10739, s0 a = 4 7(8.85 x 10~12)(0.66 x 10‘30)
734x104. p=aE=ed = d=aE/e = (7.34 x 10-41)(5 x 10°)/(1.6 x 10-19) = 2.20 x 10~16m

d/R = (2.29 x 10‘16)/(0.5 x 1071%) = {4.6 x 10~°. | To ionize, say d = R. Then R = aEfe =aV/ex = V =

Rez/a = (0.5 x 10-1°)(1.6 x 1019)(10~3)/(7.34 x 10~*!) =
Problem 4.2

First find the field, at radius r, using Gauss’ law: [ E-da = % Qenc, or E = 4:«, H Qene-

r

< 0 _ pdr = e~ 2/a 72 g7 = 4(] a —2F/a =2 = _a_z_
Y me T 7f0:3 " a3 —2¢ rotart 2 0
* = __q e~%r/a r2+ar+£ —-f =q|1-e?/ 1+2:+2ﬁ
a? 2 2 1 a a? :

[Note: Qenc(r — 00) = ¢.] So the field of the electron cloud is E. = ;7% [1_ — "2/ (1 +2C 4+ 25;)] The
proton will be shifted from r = 0 to the point d where E, = E (the external field):

1 ¢ -2d/a d &
=3~ 1425 +22 ).
E 4meg d? [1 ¢ +2g * a?

Expanding in powers of (d/a):
2 3 2 3
e~2d/a  _— q_ 2‘1 +_].'. .2_d.. __]; 2__d +...=1_2§+2(g _é g 4.
a 2\a 3\a a a 3 \a
2 3
1 — g—2d/a 1+2.‘£+2£ +2 g —é _‘f +--- 1+2§+2d2__>
_ a a? a 3\a a a?

4d3

d
—1—25 AR AR B A A A

|
[y
!
[y
|
[ ]

]
[
N
QIR
S’
w
+
=
]
=
1]
-
g
=%
[v]
]
o+
]
=
g
7]
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74 CHAPTER 4. ELECTROSTATIC FIELDS IN MATTER
1 ¢ /48 1 4 1 —
E = 22 = = —. = J.
4meg d? (3 a3> 4meg 3ad (gd) 37rega3p @ = 3meoa

[Not so different from the uniform sphere model of Ex. 4.1 (see Eq. 4.2). Note that this result predicts
oe = 3a® = $(05x 10_10)3 = 0.09 x 1073°m3, compared with an experimental value (Table 4.1) of

0.66 x 1073 m3. Ironically the “classical” formula (Eq. 4.2) is slightly closer to the empirical value.]

Problem 4.3 ;
p(r) = Ar. Electric field (by Gauss’s Law): § E-da = E (4n7?) = %Qenc = ;lgfor AFdn7F2 dr, or E =

4 2

—l—ﬁ T - ér_ This “internal” field balances the external field E when nucleus is “off-center” an amount

47r? € 4 4eq »

d: ad’/deg = E = d = \/4eoE/A. So the induced dipole moment is p = ed = 2e+/eo/AVE. Evidently

[p is proportional to E/2,
For Eq. 4.1 to hold in the weak-field limit, E must be proportional to r, for small v, which means that p

must go to a constant (not zero) at the origin: | p(0) # 0| (nor infinite).

Problem 4.4 i . A )
. r o Flsld cif ¢ Tre ;qgr. Induced dlpole‘moment of atom: p = aE =
q 47rcor7 r.
. - . . 1 17/ 2aq .
Field of this dipole, at location of g (# = 7, in Eq. 3.103): £ = — (to the right).
4meg 3 \ dmepr?
2
Force on ¢ due to this field: | F = 2¢ (L) — | (attractive). .
dreg ) M- shosld bes 5 (sve- #ia7es ot from? )
Problem 4.5
Field of p; at p2 (f = w/2 in Eq. 3.103): E; = i 3 4 (points down).
dmegr
Torque on py: N =po X E; = poEysin90° = po By = :1%)—% (points into the page).
0
Field of p» at p1 (§ = = in Eq. 3.103): Ep = 4W’:2T3 (~2F) (points to the right).
0
2
Torque on py: Ny =p; x E; = P1p2 (points into the page).
4reprs
Problem 4.6
@
B /%(Jr Use image dipole as shown in Fig. (a). Redraw, placing p; at the origin, Fig. (b).
z - .
E; = ———p——(2c050f‘+ sin8); p=pcosff+psinfé.
7 ” dreg(22)3
RN
Pi ?0\ - 2 R ~
N = pxE;= S A— [(cost' +sinf ) x (2cosf ¢ +sin00)]
dmeg(22)3
(b) 5 ) )
I = W [cosBsin0¢+2sin00050(—-¢)]
P 5 .
_ p°sinfcosf, -
9 /% = W(_¢) (out of the page).
Pi
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p?sin 26
4meq (1623)
For 0 < 6 < w/2, N tends to rotate p counterclockwise; for 7/2 < 8 < 7, N rotates p clockwise. Thus the
Etable orientation is perpendicular to the surface—either 1 or .L.J

Problem 4.7

(out of the page).

?r—\ But sinfcosf = (1/2)sin26, so| N =

Say the field is uniform and points in the y direction. First slide p

v in from infinity along the = axis—this takes no work, since F is L dl.

TE (If E is not uniform, slide p in along a trajectory L the field.) Now

g rotate (counterclockwise) into final position. The torque exerted by

R P E is N = pxE = pEsinf%. The torque we exert is N = pFEsin§

p z  clockwise, and df is counterclockwise, so the net work done by us is
negatwe'

U= f:/2pEsin§d§ = pE (- cosf ] 2 = —PE {(cosf —cos I) = —pEcost = —p-E. qed
Problem 4.8

U= —pi1-Ez, but E; = 41“0 L [3(pz-t)f —p2]. So U = 41“0 % [p1-p2 — 3 (p1-t) (p2-F)]- qed

Problem 4.9
1 gq. g zrX+yy+=z2
=(p-V)E (Eq.4.5); E= —=17¢
(2) F = (p- V)E (Eq. 4.5); 4meq T2 47T€0 (z2 + y? + 22)3/2°
9 d 9 q T
Fz - ( :a +pya +plaz> 47T€Q (I2+y2+22)3/2

f q 1 3 2z + 39: 2y
_ 2y _2
dreo P @@ 12+ 22077 2 (@ +y2+ 22| TPV T2 (@ 4 g2 4 22)PR2

+ ps [—éx 22 ]}=—q—{&—3—(mr+pyy+pz )]=L[B—ML-

27 (2% +y? + 22)5/2 4meq |13 4reg |13 I
1
F = ZE;{[P 3(p-£)f].
1
b)) E=-—— = {3[ (-B)](-1) —p} = —I——T—B [3(p- %)t — p]. (This is from Eq. 3.104; the minus signs

4
are because r pomts toward p, in this problem.)

I ¢ N :
— = = [3 T — .
F=4E e T3[ (p-£)f — p]

[Note that the forces are equal and opposite, as you would expect from Newton’s third law.]
Problem 4.10

) - 18, 1,
(a) oy = Pei = pb = ~V-P = — o (rfkr) = — 5 3kr = ~3k.

(b) Forr < R, E = 5-pr & (Prob. 2.12), s0 E = ~(k/eo)r.

For r > R, same as if all charge at center; but Qo = (kR)(4mR?) + (—Bk)(—g-yrR3) =0, so
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Problem 4.11

po = 0; 0p = P-fi = £ P (plus sign at one end—the one P points foward; minus sign at the other—the one
P points away from).

(i) L > a. Then the ends look like point charges, and the whole thing is like a physical dipole, of length L and
charge Pma?. See Fig. (a).

(ii) L < a. Then it’s like a circular parallel-plate capacitor. Field is nearly uniform inside; nonuniform “fringing

field” at the edges. See Fig. (b).

{(a) Like a dipole (b) Like a parallel-plate capacitor

(i) L = a. See Fig. ().

Problem 4.12

V=5 [E* Adr = {4—7}5 J ,z;%dr}. But the term in curly brackets is precisely the field of a uniformly
charged sphere, d1v1ded by p. The integral was done explicitly in Prob. 2.7 and 2.8:

3 3
1 (4/3)nR3p . R s R°Pcos
4meg r2 £, (r>R), 3c~:or2P ' 3eor? (r>R),
— /— r= So V(r,6) =
0 1 (4/3)nRp 1 Prcoséd
ETT’ (r <R). EPT = 3 (r <R).

Problem 4.13

Think of it as two cylinders of opposite uniform charge density +p. Inside, the field at a distance s from
the axis.of a uniformly charge cylinder is given by Gauss’s law: E2nsf = %pﬂs% = E = (p/2¢)s. For
two such cylinders, one plus and one minus, the net field (inside) is E = By + E_ = (p/2¢p) (s4 —s_). But

sy —s_ = —d, s0o E =1 —pd/(2¢), | where d is the vector from the negative axis to positive axis. In this case

the total dipole moment of a chunk of length € is P {ma?¢) = (pma®€)d. So pd = P, and 1E = -P/ (250),] for
g <a.
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QOutside, Gauss’s law gives E2nsf = %pwa% = E = 2228 for one cylinder. For the combination, E =

2¢g 8?
2 (5 a_
E;+E_= %(’i’—— s_),where

d
sy = -
+ S:Fz,
-1 -1
T e 1 (2 d) (1250 L (o d) (), 0 d
s - S:F2)(S+4:FSd T g2 S:F2 1¥ s? T8 S:F2 1+ s2

= (s t 5= F g) (keeping only 1st order terms in d).
s

oo 9) ()] %0 )

2

a® 1 - n
5—5;2—[2(P-s)s—P], for s > a.

E(s) =

Problem 4.14

Total charge on the dielectric is Quor = §gopda + fi, ppdr = §sP - da — [, V-Pdr. But the divergence
theorem says §; P -da = [, V-Pdr, 50 Qenc =0. qed
Problem 4.15

B 18 [,k _ Kk pa_ JAP-E=k/b  (atr=0b),
(a)pb——V-P——:fg;(T —)—"— ‘fb—P'“—{ -P.i=—k/a (at7=a).

Gauss’s law = E = 47:150 < F. For 7 < @, Qenc =0, 50 For r > b, Qenc = 0 (Prob. 4.14), so

For a <1 < b, Qenc = (5F) (4ma?) + [T (5£) 4n72dF = —4wka — 4nk(r — a) = —4wkr; so | E = —(k/eor) f‘J

(b) §D-da=Qy_ =0=>D=0everywhere. D=¢E+P =0=E = (-1/¢)P, so
E=0(forr <aandr> b);i IE= —(k/eer)E (fora<r < b)]

Problem 4.16

(a) Same as Eg minus the field at the center of a sphere with uniform polarization P. The latter (Eq. 4.14)

. 1
IS-P/360. So E:E0+¥P. D:60E=€0E0+%P=D0—_P+%P,SO D:Do——%P.
0

(b) Same as Eg minus the field of £ charges at the two ends of the “needle”-—but these are small, and far
away, so D =¢E = ¢Eq=Dy - P, so

(c) Same as E¢ minus the field of a parallel-plate capacitor with upper plate at ¢ = P. The latter is

—{1/e) P, so E=E0+éP. D =¢E = ¢E;+ P, so o
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Problem 4.17

@ @

(uniform) (field of two circular plates) (same as E outside, but lines
continuous, since V-D = Q)

Problem 4.18

(a) Apply [D-da = Qy,,. to the gaussian surface shown. DA =04 = (Note: D = 0 inside the
metal plate.) This is true in both slabs; D points down.

== \JI‘*”

(b) D=¢E = E =o0/¢; inslab 1, E = g /e, in slab 2. But € = €p¢,., 50 €, = 2¢p; €2 = %60-
E2 = 20’/360.

(c) P = €gxE, s0 P = egxed/(co€r) = (Xe/€+)0; Xe = €&r — 1= P = (1—€1)o. LP‘ =0/2, ”3’2 = 0/3.J

(d) V = Eya+ Eza = (0a/66)(3 +4) =

= +P; at bottom of slab (1) = ¢/2, gy = + P, at bottom of slab (2) = ¢/3,

(€) oo = 0; oy = —P, at top of slab (1) = —0/2; oy = —P at top of slab (2) = —0/3.
[ total surface charge above: 0 ~ (0/2) = 0/2,
(£) In slab 1: { total surface charge below: (0/2) — (0/3) + (¢/3) —0 = -0 /2, = Ei= 2 €0 v

| total surface charge above: 0 — (6/2) + (0/2) — (0/3) = 20/3, _ 20
Tn slab 2: { total surface charge below: (0/3) — o = —20/3, = B = 3¢ Y
[ 1+
— —0 /2
0]
+a§§
@
+0/3

{ |

Problem 4.19

With no dielectric, Co = Aeg/d (Eq. 2.54).
In configuration (a), with +o¢ on upper plate, —o on lower, D = o between the plates.
E = 0/e (in air) and E = /e (in dielectric). SoV = £¢ 4 24 = Qd_ (1+ ).

602 62—26014
. Q _ egA 2 gﬁ_ 2¢r
Co=73 __od_(H»-l/-er) =l " 1re

In configuration (b), with potential difference V: E = V/d, so 0 = ¢ FE = V/d (in air).
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P =eoxeE = €ox.V/d (in dielectric), so o, = —€gx.V/d (at top surface of dielectric).
otot = €V /d =05 + 0y = 05 — €gx.V/d, s0 05 = €V (1 + x.)/d = €oe.V/d (on top plate above dielectric).

1/ A A Aeo [1+6 .
= Cp = Q —(0‘—+f) A( V+eov )=—E£( +E>.ﬁ=1+€.

% 2) 2V d d 2 Co 2
2 2
[Which is greater? & — g = it 20 = (1;(‘1'1;)4" = 1+2§'(:":::) fee = %1;;) > 0. So Cy > C, ]
If the z axis points down:
[ I E ! D ] P [ ob (top surface) || af (top plate) |
P13 Y_ < 2¢ sgl s O O 26y~ Vv
(a) ai sy R [ sy R B S ety d
2 V = € eqV =& 2{e.—1 V A 2e,.—1) gV
(a) dielectric e d X | tan g X :,+1)) “rx - ((e,+1) - .
{b) air 2% @’ g 0 0 or (left)
(b) dielectric % BN eri"dl by (er — 1)59(7‘i x| ~(& — 1)59dK e,‘—%‘i (right)

Problem 4.20

[D-da = Qy... = D4nr? = pirr® = D = 3pr = E = (pr/3€)#, for r < R; Ddnr? = pirR3 = D =
pR3/3r? = E = (pR3/3eor?) £, for r > R.

0 3

V= —/ E-di=21

oo 360 ’I‘oo

4] 2 2 2
R R R 1
o [t B LY

e RTT—E 3¢ 2 3eg 2¢,

Problem 4.21

Let @ be the charge on a length £ of the inner conductor.

_ _ _ Q. p__¢ __@
fD-da = D27rsZ—Q=>D—27rse, —-27reose(a<s<b), E__27r€se(b<r<c)
— ¢ [P Q \ds f Q \ds Q. b €0 c
Vo= _/c- E-d _/.. (27r60£> s +/b. <27re£> s 2meof [ln (5) * ?ln (E)} ’
C _ Q_ 27T60
‘ Ve | In(b/a) + (1/e,) In(c/b)’

Problem 4.22

Same method as Ex. 4.7: solve Laplace’s equation for Vi (s,¢) (s < a) and Vou(s, @) (s > a), subject to

the boundary conditions =

(i) Vi = Vout at s = a, ¢
(i) en = g%  ats=a, EoT
(iii) Vour ~— —Egscos¢ for s > a.

From Prob. 3.23 (invoking boundary condition (iii)):

o) o) o
= Z s¥(ag coskd + b sinkd), Voui(s,¢) = —Epscos ¢ + Z s7%(ck cos k¢ + dy sin ko).
k=1 k=1
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(I eliminated the constant terms by setting V = 0 on the y z plane.) Condition (i) says
Z a*(ay cos ke + by sink¢) = —Eyscos ¢ + Z a ¥ (cy coskg + dy sin ke),
while (ii) says
€ Z ka*~!(ay cos k¢ + by sinkd) = —Fgycos¢ — Z ka™*"1(cx cos k¢ + dy sin k).

Evidently by = dj, = 0 for all k, ax = ¢; = 0 unless k = 1, whereas for k =1,

aa; = —Foa+a~tey, €0, =—FEy—a2c.
Solving for a;,
Eo EO Eo
a = ———————, 50 Vu(s,¢) = —————=5c08¢p = — 71,
SR e LR (R 1) T+ x/?
and hence E;, (s, ¢) OVin % Eo As in the spherical case (Ex. 4.7), the field inside is unif
n n in(s,9) = ——— X =| —. in the ri x. 4.7), eld inside is uniform.
i gz 7| 0+ x/2) b
Problem 4.23
1 e € 2 1 2
Po = eoxeEo; E1 = _3_P0 = -Xg; P, = coxeBr = —2XeEy By = —— P, = XeE,; ..
3 3 3 3eo 9
Evidently E, = (—3%—) Eo, 50
o0 X n
E=Ey+E +E;+--- = {Z (——3—) ] Eo.
n=0
The geometric series can be summed explicitly:
= 1 1
" = , so |E=-———0u K,
; -z 1+ x./3) °

which agrees with Eq. 4.49. [Curiously, this method formally requires that x. < 3 (else the infinite series
diverges), yet the result is subject to no such restriction, since we can also get it by the method of Ex. 4.7.]

Problem 4.24

Potentials:
Vout(r,8) = —FEgrcosf+3. ;,%‘TP,(cos 9), (r > b);
Vinea(r,6) = 32 (AITI + ;1%‘7) Py(cosb), (a <1 <Db);
Via(r,6) = 0 (r < a).
Boundary Conditions:
(i) Vout = Vmed, (T = b);
(i) eSgm = ol (r=b);
(iil) Vmea = 0, (r =a).
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(i) = ~—Eobcos6+) ﬁB;‘TH(coso) =) (A,b’ bm) P,(cos 8);

(i) = erZ[lA,b’ ! ([+1)b‘+2] Pi(cosf) = —~Egcosd — Z (t+1) b‘+2 Py (cos8);

B
(iii) = A+ ar=0= By = -a?*14,.

Forl#1:

21+1
(i) _-BL = (Albl . _a__.__..__/_ql.> = Bl —_ Al (b2l+l _ (12[+1);

pi+! pi+1
. -1 a?t 4 B, ! 20+1 2041
(ll) e |LAD + (l + 1)—bl+—2 -+ l)bl+2 = B = —¢ A m b +a = A =B, =0.
Forl=1:
. B atA
(i) —Eob+ b—; = Ab~ L — Eob® = 4,2 (b° - @®);
. 3A B
i) & (Al + 2333-1) = ~Eo— 2—173—l = —2B; — Eob® = ¢, A; (b® + 24%).
So —3Eob*=A;[2(8® —d®) +e, (b®+24°)]; A= —3E0 :
2(1 — (a/b)®] + €-[1 + 2(a/b)?]
—3Eo (13
v 9) = _v
wilr0) = ST T U )
3E0 2(13 3
8) = —~VVied = il o (1-%
E(r,9) VVied = 3= (a/b)? ]+er[1+2a/b3]{<1+ rs)cosﬂr (1 )sm00}

Problem 4.25

There are four charges involved: (i) ¢, (ii) polarization charge surrounding g, (iii) surface charge (0;) on
the top surface of the lower dielectric, (iv) surface charge (a,) on the lower surface of the upper dielectric.
In view of Eq. 4.39, the bound charge (ii) is ¢, = —q(x./(1 + X.), so the total (point) charge at (0,0,d) is
G =q+¢ =q/(1+x.)=q/e.. Asin Ex. 4.8,

-1 gqd/e. oy Oy .
= e e —————————— —— | — — — h = Po = Pz _ E ;
(a) ov €0X { Tapeay)l 20 2 (here gy = P+t = +P; = eox.E:)
1 gd/e. oy o}
b)oy = —L o — 2] (b = -P, = ~eoX . E;).
() o, €oXe [47reo (r2 +d2)t 20 26 (here o z coX. )

Solve for 0y, o}: first divide by x. and x/ (respectively) and subtract:

d/e; 1 dfe. 7
qd/e; =>a{,=xi_[ﬂ 1 qd/e }

g, O 1
Rl 1 +
Xe Xe 2m(p24q2)} Xe 27 (y2 4 g2)}
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Plug this into (a) and solve for s, using €. =1 + x4:

CHAPTER 4. ELECTROSTATIC FIELDS IN MATTER

Xe

T a2y @)t 1 O A/

-1 qd/e, i Ob ) -1  qd
= = s a+x) -2 ,
Ob i (r2+d2)%x (1 +xe) = 5 (Xe + Xe), 50|00
-1 qd 1 1 qdfe
T ' + = T , S0 '
gy Xe { Am (2 +d2)% [T+ (xe +x1)/2] 2w (r2 +d2)% oy,

1 qd erxL/€r

4 (p2 4 @2)3 1+ (Xe +x0)/2]

The total bound surface charge is 0, = 03 + 0} = £ — (X, —xe)

4n (r’—i—d’)g e [1+(xe+x2)/2]
X% = Xe)- The total bound charge is (compare Eq. 4.51):

(which vanishes, as it should, when

(Xe = Xe)g

= _|{e=e) e and hence
R AT A AV R ATy ey
1 q/€; gt
V(r) = L + for z > 0).
(r) 47?60{\/az:2+y2+(z-—d)2 \/x2+y2+(z+d)2} ( )
—_ 2 1 29/ (e; + &
Meanwhile, since 9. g = 9 [1 i ] g , |V(r)= 29/(e; + er)] (for 2 < 0).
el €l € + € €. + €, dmeo \/22 + 2 + (2 — d)?
Problem 4.26
From Ex. 4.5:
0, (r <a)
— 0, (r<a) _ ——Q———f', (a<r<b)
D= Q . , = drrer?
oz b (r > a) 8 A
dreqr? o (r>95)
1 1 Q2 111, 1 [ 1 Q* (1 /-1\ 1 /-1\|"
W = = |DEdr=--3—dnl-| Zordr+= [ Zdrd=202(22 - (==
2/ Edr 2 (4m)? W{e ar2r2r T+6o b 2 8t e \ 7 a+eo<r>b
_ @ 1 1 1 L1 Q2 1 xe
T 8meo l(T+xe) \a b bf |8meo(l1+xe) \a b/~
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Problem 4.27

Using Eq. 4.55: W = ¢ [ E?dr. From Ex. 4.2 and Eq. 3.103,

3—€—Pz (r < R) »
E = RQP ) sO
3ec (2cos€r+sm6’0) (r > R)
_ & 4 g PR
Wrcr = 5 (36()) 3" 27 &
3P 2
W,sr = _29 (26 ) (4cos 0 + sin”0) r* sin 6 dr df d¢
0
P)2 T Sl | (RSP)‘2 . 1 00
= 1850 /0 (1 + 3cos® 6’)sm6’d9/R —dr = o (— cos6 — cos® 6) |, <_§§)
_ w(R*P)* / 4\ _4rR3P?
B 9eo 3R3)  27¢
2w R3 P?
Wioe = ‘9—60‘~

This is the correct electrostatic energy of the configuration, but it is not the “total work necessary to assemble
the system,” because it leaves out the mechanical energy involved in polarizing the molecules.

Using Eq. 4.58: W = ; [D-Edr. For r < R, D = E, so this contribution is the same as before.
Forr < R, D = gE+P = -i{P+P = P = —2qE, so $D-E = —29E?, and this contribution is

now (—2) (22—?7' Pif3> = —‘;—77’35:3 , exactly cancelling the exterior term. Conclusion: This is not

surprising, since the derivation in Sect. 4.4.3 calculates the work done on the free charge, and in this problem
there is no free charge in sight. Since this is a nonlinear dielectric, however, the result cannot be interpreted as
the “work necessary to assemble the configuration”—the latter would depend entirely on how you assemble it.

Problem 4.28

First find the capacitance, as a function of A:

Air part: E =

In(b/a), ‘
SN L Sy

Oil part: D = 22 — E = — V= 2/\; In(b/a), € € €

47rs 47res

Q=XNh+ Al ~h)=¢erh— Ah+ X = A(e, — 1)h + €] = A(xeh + £), where £ is the total height.

. Q _ A(xeh +£) -
C =V = Snin(bja) T = 270

(xeh +£)
In(b/a)

The net upward force is given by Eq. 4.64: F = 1V24C = ly22reoxe } B coxeV?

In(b/a) " [ .
The gravitational force down is F = mg = p7r(b2 -a )gh p(% —a?)gln(b/a)
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Problem 4.29

' z
2]
(a) Eq. 4.5 = Fa = (p2- V)E, = P (Ey); plL | P2
1! A no. g
. 3. = = - . f 1 y
Eq. 3.103 = E, Treqr? ] dreoy? Z. Therefore x/] E
w _ pp2[d (1N\]._ 3ppe . _ 3mip2
F, = dnco {dy (y3)] = yy— %, or{Fq = Tmeort z | (upward).
z

To calculate Fy, put py at the origin, pointing in the z direction; then p,

is at —r%, and it points in the —y direction. So F; = (p1-V)E; =
P2 ¥ OE, .
-1 ; we need E, as a function of z, y, and z.
T ay z=y=0,z=~r
1
1 113 .
From Eq. 3.104: E; = — (p2 - x)r —p|, wherer = zX +yy + 2%, po = —p2¥, and hence
4meg T3 r2
P2 T = —D2y.
E = P —Sylzx+yy +22)+ (2 +12 +28)§] _ po [-Boyx+ (2 — 2% +2%)§ - 3yz2
> T 4re (22 + y? + 22)5/2 " 4reg (22 +y2 + 22)5/2
OE, P2 51 - 2 2, 2 a1 . ~ 5
By = v, {——2-;72y[~31:yx+ (- 2¢° +2°) ¥y — 3yz 2] + ;g(—Szx —4yy—32%);;
JE, p —3z pe 3r 3p1p2
— = ——%; Fi=- 7]l =]~ Z.
dy (0.0) 4meg T3 z ! P (471’60 78 “ 4megrt 2
These results are consistent with Newton's third law: F; = —F5.

(b) From page 165, No = (p, x E{) + (r x F2). The first term was calculated in Prob. 4.5; the second we
get from (a), using r=ry¥:

PP, . . 3ppe . 3ppe 2pipe
x By = ——(—-x); x Foy = X = ; N, = .
P2 1 471'601‘3( i ox 2=(9) (47r€0r4 z) 4rmegrs I 4megrs x

This is equal and opposite to the torque on p; due to ps, with respect to the center of p; (see Prob. 4.5).

Problem 4.30
Net force is | to the right | (see diagram). Note that the field lines must bulge to the right, as shown, because

E is perpendicular to the surface of each conductor.

I E
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— Problem 4.31
‘ P=kr=k(zX+yy+22) => pp=~V-P=—k(1+1+1)=]-3k|
Total volume bound charge:
op = P-n. At top surface, i = Z, z = a/2; so 0p = ka/2. Clearly, on all six surfaces.

Total surface bound charge: [qurf = 6(ka/2)a® = 3ka3.] Total bound charge is zero. v

Problem 4.32

q . 1 q £ gXe T

D-.da = =D= i E=-D=|—————;|P = E=| ————r—

j{ 8= Qe drrz " € 4meg(1 + xe) 72’ coXe (1 + xe) 72’

qXe r e 53 N qXe

= VP=—-Xe (g.o)=|_—g-X 5 Eq.1.99); 0y =Pf =} —2———

Pb 47r(1+Xe) ( T2> q1+Xe (I‘) ( q . ), Jp r 47r(]_+Xe)R2
Qsurt = 05(4TR?) = 1 iex The compensating negative charge is at the center:

e

Problem 4.33

Ell is continuous (Eq. 4.29); D, is continuous (Eq. 4.26, with oy = 0). So E;, = E.,, D,, = D,, =
e By, = e2E,,, and hence

tanfy E.,/E,, E, e
tandy  E. /E,, B, €
r\ If 1 is air and 2 is dielectric, tanfy/ tané, = e3/€p > 1, and the field lines bend away from the normal. This is
" the opposite of light rays, so a convex “lens” would defocus the field lines.
Problem 4.34

qged

In view of Eq. 4.39, the net dipole moment at the center is p’ = p — P= ép. We want the

ZC u— 1
T+x. P = THx.
potential produced by p’ (at the center) and o, (at R). Use separation of variables:

oo

Qutside: z (cos8) (Eq. 3.72)
=0
1 9
Inside:  V(r,0) = C°s2 ZAIT P(cos§) (Egs. 3.66,3.102)
4mey €, =
B, or By =RX¥H4 (1#1)
RI+T ! b= g
V continuous at R =
B, N 1 p . 3
B Gmqom TR o Bi=ghs t AR

oV
or

ov
Rt Orlp-

B 1 2pcosf -1 1
_Z(l+1)WPl(cos€)+E IO —ZZAIR Pl(cosﬁ)——;-ob

1. . 1 ) ov 1 2pcosd e
= ——P.F=- e B = _ =Xe$§ — —_— LA .
€ r € (coxeB-F) = Xe or |p_ X { 4drey €. R3 + Z 1R P(cos0)
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B

-+ 1)1-%,—:2 — AR = AR (1#1); or — 2+ DAR™ = xlAR™ = 4, =0L#1).
B; 1 2 1 2p D A R® 1 x.p A R3
Fori=1 22 4~ P g ey, (-2 L4 )-B - - ~
or R3 + 4meg €. R3 L= Xe ( 4dmeg - R3 +4 1t dmeger 2 4mey € Xe™ g
p 3 P AR 1 Xep A R? AR? 1 Xep
_ _ AR - = = 2ef
4mege, 17+ 4mege, 2 4meg €, +Xe 2 = 2 (34 Xe) 4meg €,
N 1 2XeP _ 1 2(e—1p I 2(e, — 1) __p 3e,
' 4reg R3¢, (34 x.) 4meo R3ep(ep +2)’ ! 4mepe, (e +2) 4dmeger €0 + 2

V(r,8) = (pCOS(’)( 3 )(TZR).

4megr? €+ 2

1 pcosf 1 prcos@ 2(e, — 1)
dmeq €12 dreg R3¢ (e,+2)

p cosf e —1\
= | 280 o2 YD) <R
4rmeprie, {1 + (e,- + 2) R3} (r< R)

Meanwhile, for r < R, V(r,8) =

Problem 4.35

Given two solutions, Vj (and E; = = VV], D) = ¢E;) and V5 (E; = —~VV;, Dy = €E,), define V3 = Vo - V)
(E3 = E; — E;, Dy =Dy — Dy).

fv V- (VaD3)dr = fs V3D3-da=0, (V3 =00nS),s0 [(VVs) -Dadr + [ V3(V-D3)dr =0.
But V'Dg = V-Dz - V-Dl =pf—pPf= O, and VV3 = VV2 - VV] = —E2 +E1 = —-Eg, SO ng 'D3 dr =0.
But D3 =D, — D, =cE; —€E; = ¢E3, s0 f €(E3)?dr = 0. But € > 0, s0o E3 = 0, so Vo — V; = constant. But
at surface, Vo = W}, so V, = V] everywhere. qed

Problem 4.36

R
(a) Proposed potential: |V (r) =V, ot If so, then |E = -VV =1} T-I—z— f,|in which case |P = eeeroﬂzf-,
r

' R Vi
in the region z < 0. (P = 0 for z > 0, of course.) Then g, = eoeroﬁ(f‘-ﬁ) = —@%—0. (Note: 11 points out
of dielectric = it = —f.) This o} is on the surface at » = R. The flat surface z = 0 carries no bound charge,

since it = Z 1 . Nor is there any volume bound charge (Eq. 4.39). If V is to have the required spherical
symmetry, the net charge must be uniform:
OtotdTR? = Qo = dmeg RV, (since Vo = Qiot/4meoR), 50 0tor = €0Vo/R. Therefore

| (eoVo/R), on northern hemisphere
7= {€oVo/R)(1 + Xe), on southern hemisphere

(b) By construction, oot = 05+0f = €9Vy/R is uniform (on the northern hemisphere o, = 0, oy = €oVo/R;
on the southern hemisphere o, = —€gx.Vo/R, so g5 = €Vp/R). The potential of a uniformly charged sphere is
_ Qtot Ttot (47TR2) 60V0 R2 v R

0 = = = —_— = 0. /
4dmwegr 4mreqr R eor r

(c) Since everything is consistent, and the boundary conditions (V = Vj at r = R, V — 0 at oo) are met,
Prob. 4.35 guarantees that this is the solution.
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(d) Figure (b) works the same way, but Fig. (a) does not: on the flat surface, P is not perpendicular to f,
! so we'd get bound charge on this surface, spoiling the symmetry.

Problem 4.37

A
Eext = 8. Since the sphere is tiny, this is essentially constant, and hence P = ——ﬂ—xe—Eext (Ex. 4.7).
2mens 14 xe/3

/ €0Xe ( A )_(_1_( 2 Sdr = €0Xe a2 \? 1N /-1 g/dT
1+ x./3 2megs / ds \ 2meps 14+ x./3 2meg ] s?
—Xe A2 14 5. Xe MR
1+ x./3 (47r2eo> s337rR 5= 3+ xe /) meps® s

Problem 4.38

!
|

The density of atoms is N = m. The macroscopic field E is Egeif + Eelse, where Eges is the average
field over the sphere due to the atom itself.

p=aEgse = P = NaEeg..

[Actually, it is the field at the center, not the average over the sphere, that belongs here, but the two are in
fact equal, as we found in Prob. 3.41d.] Now

_ 1 p
Bt = ~ e B
(Eq. 3.105), so
1 «o a Na
E=-——-—FE. e = — —— = — — .
r_\ 47!'60 i3 Eel + Eelse (1 471’60R3) Eelse (1 360> Eelse
\ So N
a
P=————E= E
(1= Naj3e)  oXe™
and hence
_ Na/ey
Xe = (1 - Na/3e)
Solving for a:
Na Na Na Xe
e~ 5 Xe= — — |1 o ] = Xes
X 3€0X €0 = €0 ( + 3> X
o 3 . 3 1
€0 Xe €9 Xe €0 €p —
=— . = —— 2 . But = -1 = — . d
«a N{Fx./3) N Gtx ut xe = € , SO « N (€r+2> qe

Problem 4.39

For an ideal gas, N = Avagadro’s number/22.4 liters = (6.02 x 10%%)/(22.4 x 107%) = 2.7 x 10%. Na/e; =
(2.7 x 10%5)(4meg x 1073%)8/ep = 3.4 x 10~*4, where B is the number listed in Table 4.1.

H: $=0.667, Na/e =(3.4x1074)(0.67) = 2.3 x 10~%, x. =2.5x 10~*
He: f=0.205, Na/e = (3.4x1074)(0.21) = 7.1 x 1075, x, = 6.5 x 10~°
Ne: =0.396, Na/ep = (3.4 x 107%)(0.40) = 1.4 x 1074, x. =13 x107*
Ar: =164, Nafe =(3.4x107%)(1.64) =56 x 1074, x,=52x 1074

agreement is quite good.
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Problem 4.40 £
(a) W = Jlppue™/*du  (KT)?e/*T [—(u/kT) - 1]|27g
fffa e—u/kT dy, —kTe- u/lepE

[e"PE/KT _ opE/KT) 4 [(pE /KT )e PE/XT  (pE[kT)ePE/*T]
kT e—PE/kT _ opE[/kT

epE/kT+e pE/kT E
= kT -pE [epE/kT_e_pE/kT} kT — pE coth (kT)

P = N(p); p = (pcos®)E = (P - E)(E/E) = —(u)(E/E); P = Np (u) =|Np {coth (%) - g} .

Lety = P/Np, x = pE/kT. Theny = cothz—1/z. Asz = 0,y = (% +3 - % +ee —% = %—f;—+--- -
0, so the graph starts at the origin, with an initial slope of 1/3. As £ — o0, y = coth{oco) = 1, so the graph
goes asymptotically to y = 1 (see Figure).

P

np

3 2 PP SOR PR

pe/kT
(b) For small z, y = 9: S0 A’,D g;—:‘%, or P = é—gE = ¢gXeF = P is proportional to E, and | x. =

Np?
3eokT”

For water at 20° = 293 K, p= 6.1 % 10—30 Cm N = molecules __ molecules x moles x grams

volume 9 mole 20 2gram volume”
N = (6.0 x 10%) x (&) x (10°) = 0.33 x 10%%; X = myaiare-ritesn —rmas; = [12.] Table 4.2 gives an
experimental value of 79, so it’s pretty far off.

For water vapor at 100° = 373K, treated as an ideal gas, ¥olume = (22.4 x 1073) x (2I3) = 2.85 x 1072

6.0 x 1023 (2.11 x 10%5)(6.1 x 10~30)2

= =211 x 10%,; 7 -
N= g =102 X105 Xe = 33885 x 10-12)(1.38 x 10-B)(373)

Table 4.2 gives 5.9 x 1073, so this time the agreement is quite good.




Chapter 5

Magnetostatics

Problem 5.1

Since v x B points upward, and that is also the direction of the force, ¢ must be To find R, in
terms of a and d, use the pythagorean theorem:

2
(R-d?+a®>=R? = R*—-2Rd+d®+a’=R> > R=" ;;idz.
The cyclotron formula then gives A
(a® + d?)
=qgBR =|¢B~——m.
p=¢BR=|¢q ¥,

Problem 5.2
The general solution is (Eq. 5.6):

y(t) = C} cos(wt) + Cy sin(wt) + —g—t +C3;  2(t) = Ca cos(wt) — Cy sin(wt) + Cj.

(a) ¥(0) = z(0) = 0; 9(0) = E/B; z(0) = 0. Use these to determine Cy, Cy, Cs, and Cj.
y0)=0=>C1+C3=0; 9(0) =wC, + E/B=FE[B=>C,=0; 2(0)=0=>Co+Cy =0=C,4 =0;
2(0) = 0 = C; =0, and hence also C3 = 0. So [y(t) = FEt/B; z(t) = 0.] Does this make sense? The magnetic

force is (v x B) = —q(F/B)B z = —qE, which exactly cancels the electric force; since there is no net force,
the particle moves in a straight line at constant speed. v/

(b) Assuming it starts from the origin, so C3 = —C), C4y = —Cy, we have 2(0) = 0= C, = 0= C; = 0;

. E E E . E
y(0) = T Cow + B=35> Co = ~%.B " -Ca; y(t) = ~508 sin(wt) + b
E E —
2(t) = ~58 cos(wt) + 2w y(t) = 2B [2wt — sin(wt)]; 2(t) = 5.8 [1 — cos(wt)) l Let 8 = E/2wB.

‘Then y(t) = B 2wt — sm(wt)] 2(t) = B[1 - cos(wt)]; (y — 2Bwt) = —Psin(wt), (z — B) = —~Bcos(wt) =

(y — 2Bwt)?® +.(z — B)* = B°. This is a circle of radius § whose center moves to the right at constant speed:
Yo = 20wt; 2z = 0. »

Q) =§0) =L s cw=Eac=-C=-L. cw+E=E -0 -0

B B ' wB B B
89
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E E E E E E
- Zt 4 s 2(t) = —— sin(wt). - - : = —sin(wt).
y(t) B cos(wt) + gt 5 2(¢) ~5 sin{wt). | y(¢) B (14wt - cos(wt)]; z(t) s sin{wt)

Let 8 = E/wB; then [y — B(1 + wt)] = —Bcos(wt), z = Bsin(wt); [y — B(1 + wt)]® + 2* = B%. This is a circle
of radius 8 whose center is at yo = 8(1 + wt), 2z = 0.

Problem 5.3
(a) From Eq. 5.2, F=¢q[E+ (vxB)|=0=>E=vB = |v =

ity

- e_>v _| £
(b) From Eq. 5.3, mv = ¢BR = = BE -\ BR

Problem 5.4

Suppose I flows counterclockwise (if not, change the sign of the answer). The force on the left side (toward
the left) cancels the force on the right side (toward, the right); the force on the top is IaB = Iak(a/2) =
Ika?/2, (pointing upward), and the force on the bottom is JaB = —Ika?/2 (also upward). So the net force is

F =[lko?s ]

Problem 5.5
(a) | K = E—I——, because the length-perpendicular-to-flow is the circumference.
Ta
1 I I
(b)J=g:>I=/Jda=a/—sdsd¢:21ra/ds=27raa:>a:—;J: .
s s 2ma 2mas

Problem 5.6
(a) v = wr, so (b) v =wrsinf ¢ = |J = pwrsin@ @, | where p = Q/(4/3)wR3.

Problem 5.7
dp d Op . .
= =3 | PT dr = 5 dr = — [(V - J)rdr (by the continuity equation). Now product rule #5
Y

says V- (zJ) = z(V -J) +J - (Vz). But Vz =%,50 V- (2J) = z(V - J) + J;. Thus [,(V - J)zdr =
/ V - (z3)dr — / Jz d7. The first term is [ zJ - da (by the divergence theorem), and since J is entirely
v v '

inside V, it is zero on the surface §. Therefore fv(V -Nzdr = - fv Jz d7, or, combining this with the y and
z components, fv(V -Jrdr = - fv J dr. Or, referring back to the first line, dp /J dr. qed

E =
Problem 5.8
2uol
(a) Use Eq. 5.35, with z = R, 8, = —6, = 45°, and four sides: B = \/;‘1? .
_ g _T R Y
(b) z=R, 0 =—-0, = o and n sides: B = 5 R sin(m/n).
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miol (I < | o]

1 inf = 6.
(c) For small 8, sinf =~ 8. So asn — 00, B — "R SR

(same as Eq. 5.38, with z = 0).

" Problem 5.9

(a) The straight segments produce no field at P. The two quarter-circles give B = #;I (E - %) (out).

I g
(b) The two half-lines are the same as one infinite line: 2_}—2 the half-circle contributes ?{.

| #ol 2\ 1.
So B = iR (1 + 1r> (into the page).

Problem 5.10

(a) The forces on the two sides cancel. At the bottom, B = Kol = F = pol Ia = Iy (up) At the
» ors 2ms %

12 2
(down). The net force is Hot (up). / P
27rs(s + a) Sheu ! ke

pol _ wol?a

B ——=3F=——nu
top, 2n(s+a) 2n(s +a)

(b) The force on the bottom is the same as before //1012/27r (up) On the left s1de B= goI Z;

_ Y
i§ ol?
dF = I(dl x B) = I(dz % + dy§ + dz3) x { £2=3) = £©
2y 2my.

uol? (s/V3+a/2) |
corresponding term from the right side, and F, = — o / ~dz. Here y = /3, so

s/\/f—i- Yy ~
pol® <3/\/§+a/2> _ kel ( V3a .

1+ —-> . The force on the right side is the same, so the net

(—=dz ¥ + dy X). But the z component cancels the

Fy=-

2V/3n s/V3 23w 2s
o . . 11012 . \/—a
arce on the triangle is . ;\1(%—— \/—:_3_ In (1 + 5 )} .
W s\qb
g3

Problem 5.11
Use Eq. 5.38 for a ring of width dz, with I — nl dz:

2
B = uonI/ a dz. But z = acot#,
2 (a2 + 22)3/°

.sodz = ————df, and
sin 0 (a® + 22)
So

sin® 6
3/2 7 g3

l’fOTlI a® sin39 _ p,onI . _ ﬂOnI 0 [L()TLI
B = 5 / a3sin29(_ad9) =-— sinfdf = - cosﬁlg1 == (cos Bz — cos by ).

-»

For an infinite solenoid, 82 = 0, §; =, so (cosf, —cos8y) =1—(—1)=2, and B = v
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Problem 5.12

: 2,2
Magnetic attraction per unit length (Egs. 5.37 and 5.13): f,, = 5—0/\; .
T
1 A
Electric field of one wire (Eq. 2.9): E = Tre 3" Electric repulsion per unit length on the other wire:
' 0
fo= LA They balance when pov? = 1 or|v= —2 Putting in t] b
Il y Hov® = o = e utting e numbers,
1
v = ={3.00 x 108 m/s. | This is precisely the speed of light(!), so in fact you could
/(8.85 x 10-12)(dr x 10-7) | / precisely the speed of light(!) Y

never get the wires going fast enough; the electric force always dominates.
Problem 5.13

0, for s < q;
(a) fB-dl:B?ﬂ’s:poIencé B=1< ol -

— ¢, for s >a.
27s
a a 27k 3 37 3 s
(b) J = ks; I :/ J da :/ ks@ms)ds = T S k=~ Ione :/ J da :/ k3(273) d5 =
0 0 3 2ma 0 0
pols? - )
P 3 ool ¢, for s < a;

=I§——,f0rs<a; Iene=1, for s> a. So|B =
3 ad ﬂOI“
— @, for s > a.
27s

Problem 5.14
By the right-hand-rule, the field points in the —§ direction for z > 0, and in the +§ direction for z < 0.
At z =0, B = 0. Use the amperian loop shown:

?{B -dl = Bl = polenc = polzJ = (ma<z<a). Ifz>a,Ienc = polal,

wolB = —poJay, for z > +a; i amperian loop
+ppJay, for z> —a. »
AT 1 v
N’
l
Problem 5.15 T N

The field inside a solenoid is ppnl, and outside it is zero. The outer solenoid’s field points to the h}kt (-2),
whereas the inner one points to the&rgﬁt (+%). So: (i) IB = pol(ny — ng) Z, ] (ii) [B = —poln, Z,J (iii) | B = 0. |

Problem 5.16

From Ex. 5.8, the top plate produces a field ;oK /2 (aiming out of the page, for points above it, and into
the page, for points below). The bottom plate produces a field poK/2 (aiming into the page, for points above
it, and out of the page, for points below). Above and below both plates the two fields cancel; between the plates
they add up to oK, pointing in.

(a) | B = poov (in) | betweem the plates, elsewhere.

(b) The Lorentz force law says F = [(K x B)da, so the force per unit area is f = K x B. Here K = ov,

to the right, and B (the field of the lower plate) is poov/2, into the page. So | fm = poo?v?/2 (up). l
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(c) The electric field of the lower plate is o/2¢p; the electric force per unit area on the upper plate is
fo=02/2€ (down)J They balance if pov? = 1/¢p, or l v=1//eopo = ¢ ' (the speed of light), as in Prob. 5.12.
Problem 5.17

‘We might as well orient the axes so the field point r lies on the y axis: r = (0,y,0). Consider a source point
at (z',y',2") on loop #1:

2a=-2'X+y—-y)y—-2'% d' =da' R+ dy' §;
% 3 D
dl! xa={ dz' dy 0 {=(-2'dy" )%+ (Zdz") g+ [(y - v')dz' + ' dy'] 2.
! 13

-z (y—y) -z
pol dl xa  pol(—2'dy')X + (2'dz)§ +{(y —y')ds’ + 2'dy'] 2

dB; = —
YT 4r a3 4r &)+ (y—v)?+ (21)2]3/2

Now consider the symmetrically placed source element on z
loop #2, at (z',y’, —2'). Since 2’ changes sign, while every-
thing else is the same, the X and ¥ components from dB; and
dBs cancel, leaving only a Z component. qed T loop 1

With this, Ampére’s law yields immediately: I

4
B = ponl z, inside the solenoid; e\r y
0, outside

(the same as for a circular solenoid—Ex. 5.9). d (%
For the toroid, N/2wxs = n (the number of turns per unit
length), so Eq. 5.58 yields B = pon! inside, and zero outside,
_~consistent with the solenoid. [Note: N/2ws = n applies only ]
the toroid is large in circumference, so that s is essentially I
constant over the cross-section.]

Problem 5.18

[It doesn’t matter. ] According to Theorem 2, in Sect. 1.6.2, f J - da is independent of surface, for any given
boundary line, provided that J is divergenceless, which it is, for steady currents (Eq. 5.31).

Problem 5.19
charge  charge atoms moles grams

loop 2

1

= = - . = N)| = | (d), wh
(a) o volume atom mole gram volume () () (M ) (d), where
e = charge of electron = 1.6x10719C,
N = Avogadro’s number = 6.0 x 102 mole,
M = atomic mass of copper = 64gm/mole,
d = density of copper = 9.0 gm/cms.
-19 23y {90 4 3
p= (1.6 x 107°°)(6.0 x 10*) )= 1.4 x 10° C/cm?.
B J=-L == 1 =19.1x 10-3cm/s, | or about 33 cm/hr. This
Tas F T ows?p T w(2.5 x 1073)(1.4 x 104) LT ’ '
is astonishingly small—literally slower than a snail’s pace. >
_ LI, * (47 x 10_7) _ 7
(c¢) From Eq. 5.37, fm = oy (T) T _-l2 x 10 N/cm.]
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1A 1 /M) 11 (LD ¢ LL\ &
(@) B = Z&EE; fe= 2meg ( d ) T 27meg < > <_2> 5_ <_> - ;ﬁfm’ where
. fo & (30x101\? m
©= 1/ /@l =300 x 10°m/s. Hore 45 = = = (91)(10 3>
fo= (L1x 105)(2x 10°7) =

Problem 5.20

Ampére’s law says V x B = p0J. Together with the continuity equation (5.29) this gives V - (V x B) =
1oV -J = —ugdp/8t, which is inconsistent with div(curl)=0 unless p is constant (magnetostatics). The other
Maxwell equations are OK: VxE =0= V-(V xE) =0 (v'), and as for the two divergence equations, there
is no relevant vanishing second derivative (the other one is curl(grad), which doesn’t involve the divergence).
Problem 5.21

At this stage I'd expect no changes in Gauss’s law or Ampére’s law. The divergence of B would take the
form where p,, is the density of magnetic charge, and «p is some constant (analogous to ¢g

“and po). The curl of E becomes {V xE = ﬂoJm,] where J,,, is the magnetic current density (representing the
flow of magnetic charge}, and fp is another constant. Presumably magnetic charge is conserved, so p, and Jp,
satisfy a continuity equation: V -J,,, = —8p.;, /Ot.

As for the Lorentz force law, one might guess something of the form ¢,,[B + (v x E)] (where ¢, is the
magnetic charge). But this is dimensionally impossible, since £ has the same units as vB. Evidently we
need to divide (v x E) by something with the dimensions of velocity-squared. The natural candidate is

. 1
c? = 1/eopo: |F =g [E+ (v xB)] +qm [B - (v x E)} .| In this form the magnetic analog to Coulomb’s
c

Qo gmi9m, ;

4 72
then measure the force between unit charges at a given separation. [For further details, and an explanation of

the minus sign in the force law, see Prob. 7.35.]
Problem 5.22

law reads F = , 50 to determine g we would first introduce (arbitrarily) a unit of magnetic charge,

A Iz /;OI /

B 47r T ‘/22 +sz 2

_ Mol 21 2\ = ‘_’fﬁl 22+ (22)* + 8%

= [ln (z +Vzi+s )] . o n ot Vo) E s Z
JA - p.o[ 1 S 1 -

B = V X A = ——— —_— _ ¢

35 ¢ m Lz+\/(22)2+32 V()2 +st 2 +/(21) + 52 /(2 +s2}

_ pols | zo—\/(22)% + 82 1 21 —/(21)? + 2 1 3

N dr | (22)% — [(22)? + s?] (22)% + s? —[(z1)? + 5% V(z1)? + s?

- pol Z3 _ 2 2
¢ = 4d7s [\/(22)2+32 \/(21)2 +32:| @,

. ols (_i) 22 1o 7

B 4m s? /(22)? + 82 [(21)2 + 32

21 . 22
and sinfy =

V{z)? +s? T V@)

I . .
= -ffg; (sin @ — sin6;) @] (as in Eq. 5.35).
w

or, since sinf, =
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7 Problem 5.23

10 k 1 1 g (k - k.
= pueed = - —— 7 = —7: = — B = — } ———_— —_— = .
Ay=k=>B=VxA sBs(Sk)z S % J 'UO(V x B) " { 5 (s)} b i ¢

Problem 5.241 )
V-A= ~§V-(pr) = —E[B-(er)—r-(VxB)] = 0, since V. x B = 0 (B is uniform) and

1 1
V xr =0 (Prob. 1.62). Vx A = —§V x (r x B) = —i[(B'V)r— (r-V)B+r(V-B)-B(V-r)]. But
(r-V)B =0and V-B = 0 (since B is uniform), and V- r = 8_1:+_8_11+59_z =1+4+1+1=3. Finally,
oz Oy Oz
5, 8 3 s R eA R OB 5 _ 1 -
(B-V)r = (B’a—a: +By% +B2£) (zX+yy+22) =B, %+B,y+B.Z=B. So VXA = ~§(B—SB) = B.
qed

Problem 5.25
“{a) A points in the same direction as I, and is a function only of s (the distance from the wire). In cylindrical

0A - I.
coordinates, then, A = A(s)z,s0 B =V x A = ~ 35 ¢ = g%s ¢ (the field of an infinite wire). Therefore
I
o4 = —'uLI, and | A(r) = _Hod In(s/a) z | (the constant a is arbitrary; you could use 1, but then the units
s 27s 2
0A, 84, - wol -
LV-A=""2=0.V A=—-——"¢p="¢=8B.
look fishy). V- A o 0.v Vx s ¢ 5 b v
4n? : 2 2 /‘LO]Sz
(b) Here Ampére’s law gives ¢ B - dl = B2ms = pglene = poJ 78° = pog—m8* = ———.
TR? R?
Is . OA I I
B = g—;R—i ¢. s —%% = A= —4'1:;;1}2(32 — b%) 2. Here b is again arbitrary, except that since A
—~ must be continuous at R, ~%07T— In(R/a) = —ZI;OW(If —b%), which means that we must pick a and b such that

Ko I
4T R?

(s~ R? %, fors<R;
2In(R/b) =1— (b/R)?. I'luse a =b=R. Then|A =

pol ~
—_—— > .
o In(s/R) z, for s> R

Problem 5.26

K=K)“(=>B=j:%y(plusforz<0,minusforz>0). z
A is parallel to K, and depends only on z, so A = A(z) X.

X y z 0A K
B=VxA=|0/0z 8/dy 8/0z |=——y=x"7

Az) 0 0 0z 2

LB
A= _MM % { will do the job—or this plus any constant. )/)///;/;/K
' T

Problem 5.27

AN

, 1 1
(a) V-A = Bly. (i) dr'. V- ('—]-) ==(V-I)+J-V (—) But the first term is zero, because J(r’)
4 2 2 2 2
o 1 1
is a function of the source coordinates, not the field coordinates. And sinces =r—r', V (;) =-V' (Z) So




96 CHAPTER 5. MAGNETOSTATICS

J 1 J 1 1
V.- <;> =-J-V <;> But V' <Z> = —(V'~J)+J‘V' (—), and V'-J = 0 in magnetostatics (Eq. 5.31). So

V- (%) =-Vv' (‘Z) and hence, by the divergence theorem, V-A = — Ho /V’ ( > dr’ = %‘lfi,da'
xf 2

where the integral is now over the surface surrounding all the currents. But J = O on this surface,so V-A =0. v

(b) V x A———~/V ( )d'—f:;/[ (VXJ)—JXV<1>:I dr'. But V xJ =0 (since J is not

7

J x4

2 [ ——dr'=B.v

a function of r), and V (;) = —/1,—2 (Eq. 1.101),s0 V x A =

J J
(c) VA = £ /V2 (Z) dr'. But V? <—¢—> = JV? <%> (once again, J is a constant, as far as differenti-

4

1
ation with respect to r is concerned), and V2 ~) = —4763(2) (Eq. 1.102).
2

So V2A = Z—;/J(r') [—47r53(4)] dr' = —peJ(r). v

Problem 5.28 b
ol = ?{B -dl = —/ VU -dl = —[U(b) — U(a)] (by the gradient theorem), so U(b) # U(a). ged

I . I
For an infinite straight wire, B = QL U= —#; ¢ would do the job, in the sense that
TS T
I Il
-VU = #—O—V(qb) L—gg ¢ = B. But when ¢ advances by 2=, this function does not return to its initial

value; it works (say) for 0 < ¢ < 2w, but at 27 it “jumps” back to zero.

Problem 5.29
Use Eq. 5.67, with R — 7 and ¢ — pdF:

T R
A = Msm ‘/ Adi+ 20 sin0 ¢ | 7dr
3 0 3 -,
I 2 2
= (#0 p) sin 4 L? (%—) +%(R2—T2):| b= mwfrsm&(—g——%) @.
owp 1 . Rz 72 . 10 {4 . RZ 2 ~
= = — | — — — - == - - —
B V x A 5 {rsm&@& [SlngTSIH (3 : - . T°sin 6 3 3 7]
R2 2 R2 2T2 R Q
= _ — r — _— — — 0 But = ——
uowp[( 3 5)cos&r ( 3 s )sm 7] ut p @) SO

How® 3r? . ’ 6r?
= _ 0 - — T
iR [(1 5R2> cosuY (1 5R?

Problem 5.30

(3-) _8;1/2 = Fy = WZ(:z:,y,Z) = —fox Fy(xlu y,2)dz’' + Cy (y’ z).
ag/l;y = FziWy(;p,y,z):+foze(1:’,y,z)d:1:'+02(y,2)-

These satisfy .(ii) and (iii), for any C; and Cb; it remains to choose these functions so as to satisfy (i):
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= 0, so

T /
— - / Ok (@’ y’z)d "+ oG —-/ OF:(z.y,2) dz' — 0C: _ Fi(z,y,z). But OF, | OFy , OF;

By 5z 52 Py e

0
Fo( 0 0 T OF (', y,
/ Q___;_71_/:_2_)d + 79% - % = Fy(z,y,z). Now /0 -6—~(~;£;y—f—zdz' = Fy(z,y,2) — F:(0,y,2), so

a
301 602 N p v ! ! ’ :
—8~y— 5 F:(0,y, z). We may as well pick C; =0, C(y,2) = Fz(0,y',z)dy’, and we're done, with
0
W, =0; Wy—/ ,y, ydz';, W, = / = (0,9, z)dy—/F(z,y,z)dz
0
ow, oW, oW, oW, ow, oW,
W = z ¥isz Yz z\ & vy _ T\ A
(b) ¥ (31/ 8z>x+(6z 6z>y+(<92: By)z
= F ! . ¥ FZ /, b . -~
. PHQyJ%~/ e g [FOEE ol 24 04 Fyo, )9 + (Fa(oi02) - 015
0 0

But V - F =0, so the % term is [Fz(O,y,z) +/ QE——%#)
0

soVxW=F. V

_ oW, oW, oW, FOF(2,y,2) ,, /y 0F:(0,¢',2) T OF,(z,y,2) ,,
V-W= e + 5y + 5a —O+/O 5y dz’ + | 3, dy /0 5 dz' # 0,

d}=&m%n+au%n—am%4

in-general.
2

x 172 v z y
(c) Wy:/ z'dr’ = W, = y'dy'—/ zdz' = = ~ zz.
0 2 0 0 2

X y Z
8/0z 8/dy 0/0z
0 /2 (¥%/2- zz)

=yX+zy+zz=F. Vv

2 2
W=f2—y+(y7—zz> 2.0 VxW=

/" Sroblem 5.31 _

(a) At the surface of the solenoid, Bapove = 0, Bpelow = ponlZ = puoK%; i = § so K x A = —K3.
Evidently Eq. 5.74 holds. v )

(b) In Eq. 5.67, both expressions reduce to (uoR2wo/3)sinf ¢ at the surface, so Eq. 5.75 is satisfied.

4 i - 2 - A Rw N

?é = toflwa (_2sinf = - toRwo sin 8 ¢; g— = K gsin()d). So the left side of
or |g+ 3 r3 R 3 or |g- 3
Eq. 5.76 is —po Rwa sinf ¢. Meanwhile K = ov = ¢(w X r) = owRsinb ¢, so the right side of Eq. 5.76 is
—poowRsin 8 ¢, and the equation is satisfied.
Problem 5.32

. . OA OA
Because Aapove = Abelow at every point on the surface, it follows that — and —— are the same above

dz Oy

and below; any discontinuity is confined to the normal derivative.

Ay -~ .
Babove — Boelow = (— aAg;‘”“ + 8A5':'°") X+ (GA;:M _9 8':"’") ¥. But Eq. 5.74 says this equals
0A

0A

A A
oK (—§). So —Febove — - Wbelow = npd —Zebove 7 Tbclow — 0 K. Thus the normal derivative of the com-

0z 0z Oz Oz
OA GAvelow
ponent of A parallel to K suffers a discontinuity —pgK, or, more compactly: 5::“6 - 81:7:10

Problem 5.33 , ie
(Same idea as Prob. 3.33.) Write m = (m-f)f+ (m- 6)6 = mcosf § — msinf @ (Fig. 5.54). Then
3m-F)f —m=3mcosff — mcosff +msinfd = 2mcosff +msindd, and Eq. 5.87 & Eq. 5.86. qed

= —/J.QK.

~

‘!
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Problem 5.34
e

Ho IerZ

47 3

(b) B ~ (2cosef+sineé).

IR? .
Ho Z|(for 2< 0,6 =m, f = —%, so the field
228
is the same, with |z|® in place of 23). The exact answer (Eq. 5.38) reduces (for z 3> R) to B ~ pol R?/2|z]3,
so they agree.

Problem 5.35

. R
For a ring, m = Inr?. Here I = ovdr = owrdr, som = fo rrlowrdr =

Problem 5.36 :
The total charge on the shaded ring is dg = o (27 Rsin §)R db.

The time for one revolution is dt = 2w/w. So the current

(c) On the z axis, 6 =0,r =2, F =% (for 2 > 0), 50| B ~

d
in the ring is I = ;j% = gwR?sinfdf. The area of the ring

is m(Rsin6)?, so the magnetic moment of the ring is dm = f N Rsin®
(cwR?sin § d9)wR? sin? §, and the total dipole moment of the K R
shell is Lol

4n ?'/
m = ownR* [ sin®6df = (4/3)ownR%, or |m = ?muR4 2.

The dipole term in the multipole expansion for A is there-
4 ing - R'sing .
fore Agip = Mo Bm RS é = noowR® sin &, which is
47 3 r2 r?
also the ezact potential (Eq. 5.67); evidently a spinning sphere
produces a perfect dipole field, with no higher multipole con-
tributions.

Problem 5.37
The field of one side is given by Eq. 5.35, with s —

(w/2) p

22 + (w/2)? and sinf, = —sinf;, =

VZFu 2
= %T{ \/z2 = (w2/4;u\/z2 = (w2/2). To pick off the vertical b
component, multiply by sin¢ = 7—2—(1—:—%35—2—; for all four )
sides, multiply by 4: | B = M w’ Z. | For ’

2r (22 + w?/4)\/22 + w? /2
I 2 w \/
2> w, B~ L Y 3. The field of a dipole for /2

3
Tz
points on the z axis (Eq. 5.86, with r — 2, ¥ — %, 8 = 0) is “Ia
b
T

Problem 5.38

The mobile charges do pull in toward the axis, but the resulting concentration of (negative) charge sets up
an electric field that repels away further accumulation. Equilibrium is reached when the electric repulsion on
a mobile charge ¢ balances the magnetic attraction: F = ¢[E + (v x B)] =0 = E = —(v x B). Say the current



99

7 is in the z direction: J = p_v% (where p_ and v are both negative).

%B-dl:BQws:quwsziBzﬂ;:-Uﬁd;;

1 1
/E-da =E2rsl = —(py +p_)ws’l = E= —(py + p_)s5.
€0 2¢q

1 . .\ _ (Hop-US 3 to ) v?
—(p+ +p-)s8=~ [(UZ) x (———— ¢)] =—p-v’s8= py +p_ = p_(eopov’) =p_ | = |-
2€0 2 2 c

(1= ) =L o p- = —v?p+. In this naive model, the mobile negative charges fill a

Evidently p4 P = 7

smaller inner cylinder, leaving a shell of positive (stationary) charge at the outside. But since v < ¢, the effect
is extremely small.
Problem 5.39

(a) If positive charges flow to the right, they are deflected and the bottom plate acquires a positive
charge.

(b)quB=¢qE=>E=vB=>V=Ft= with the bottom at higher potential.

(c) If negative charges flow to the left, they are also deflected down, and the bottom plate acquires a negative
r\ charge. The potential difference is still the same, but this time the top plate is at the higher potential.
Problem 5.40
From Eq. 5.17, F = I [(dl x B). But B is constant, in this case, so it comes outside the integral: F =
I (f dl) x B, and [dl = w, the vector displacement from the point at which the wire first enters the field to
the point where it leaves. Since w and B are perpendicular, F' = I Bw, and F is perpendicular to w.
Problem 5.41

The angular momentum acquired by the particle as it moves out from the center to the edge is

L:/%dt:/th:/(er)dt:/rxq(va)dtzq/rx(dle)=q[/(r‘B)dl—/B(r-dl)].

But r is perpendicular to B,sor-B =0, and r-dl =r-dr = £d(r -1) = 1d(r®) = rdr = (1/2n)(27rdr).
a
271
In particular, if ® = 0, then L = 0, and the charge emerges with zero angular momentum, which means it is
going along a radial line.  qed

R
So L = —5"—/ B 2nr dr = _Qi/Bda. It follows that | L = ———&, | where & = [ Bda is the total flux.
m™Jo ™

Problem 5.42 .
From Eq. 5.24, F = [(K X Baye)da. Here K = ov, v = wRsin 6 @, da = R?sin'§ df d¢, and
Bave = 1(Bin + Bout). From Eq. 5.68,
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By, = %ugaRwi = %ﬂoon(cosﬁf — sin6 ). From Eq. 5.67,
b = Seamyn (g i 48 ()13 (e
= EE)—:15743&—)——(2 cosff +sinfhh) = ,uof;w (2cos 8t +sinf §) (since r = R).
Ba. = Egl-éﬂ(4cos(9f~sin0(§).
KxBae = (owRsinb) (‘uonU> [d) x (4cosff — 511100)] g (owR) (4cos80 +sinf7)sind.

Picking out the z component of § (namely, —sind) and of ¥ (namely, cos§), we have
(K X Bave): = —%Q(awR)2 sin @ cosd, so

. 49 w/2
F, = -%ﬂ(awR)m?/sm 6cosfdfdg = —E K0 (owR?)2 21 (i%—-) , or|F = _ﬁfif(awR?)? z.
0
Problem 5.43
(a)F:ma:qe(va):%rqg—er%’ﬁ(vxf); a:%qn‘;—zg(vxﬂ
(b)B Lvia-v=0 Buta-v=sliv.v)=1d42) = —Sofiﬁ—o d
ecause a = =5 2 dt -0 @ )
_ /JOQede Ty _ o HoGedm _ Bodeqm (VT dr
(c) 5 _m(vxv)+m(rxa) yos dt< >—O+ 13 [r x (v xr1] ype (r rzdt>
_ H0%eqm [ 1. o v rd, | Hogefm [V (F-v). v f2r-v)]
T 4n {r3[rv (- )l r+r2dt( T r)}-— 4z [r T =0.v
(d) (i) J::Q(a-&;):m(rxv)-é—i‘-"%ﬁ(f@). Butzi-¢=7-¢=0s0 (rxv)-$=0. But
r=rft andv:%:1‘%+r9§+rsin0¢5¢3(where dots denote differentiation with respect to time), so
i 8 ¢ o o
rxv=|r 0 0 = (~r%sinf¢) 6 + (r*8) ¢
7 r8 rsinfg¢

Therefore (r x v) - ¢ = 2§ = 0, so § is constant.  qed
(ii) Q-f-:Q(i-f-)=m(rxv)-f—y—(%i"—(f-f). But 2-F = cos6, and (r x v) Lt = (r x v) - = 0, s0

Qcos():~mi—-—5qﬂ,orQ=——Z—wg£n§ And since 8 is constant, so too is . qed
T T
(i) Q-6 = Q(z-0) = m(rx v)-6— "OZ;‘I”( .0). But2-§ = —sing, #-6 =0, and (rxv)-§ = ~r?sin 8¢
). 50 —Q sin 8 = —mr? sin ¢ -_i_i ithle= & o _ _Holedm
(from (1)), so —Qsinf = —mr Sm9¢:>¢_mr2_r2’wmh k,_m yi———

. . . .k k? k? sin® 6
() v =72 +726% + r?sin®0¢?, but § =0 and ¢ = > 50 72 = v? — r? sin® 0;; =% -

r2
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f'\ (ﬂ)zzizwzﬁ [(E)Z—SinzﬁJ; ﬂ:r (UT)2~sm a.

d¢ ¢* (k2 /1) k d¢ k
ur . ur
/ /d¢:>¢ b= > (m): sec[(¢ — ¢o)sinf] = g
T4/ (vr/k —sin? 9 sin sin
Hogeqm tanf
here 4 = —————.
r(9) = cos[(¢ — d)o sin 6]’ where drmu
Problem 5.44
Put the field point on the z axis, so r = (s,0,0). Then z
_ Ho (X x4) . _ . _ S +L
B = 47r/ 72 da; da = Rdodz; K = K¢ = —
K(-singX+cosgp§);4=(s— Rcosp)X — Rsingy — zZ. — R
% ¥ 7 K .
K x 2 = K —sin ¢ cos ¢ 0 = o
(s —Rcos¢) (—Rsin¢g) (—z) ' i y
K([(—zcos@) X + (—zsing) § + (R — scos ) Z]; : " |
22 = 224+ R?+5%—2Rs cos . The z and y components integrate ol !
to zero (z integrand is odd, as in Prob. 5.17). B Q

Lo (R — scos )
B. 4r R/ (22 + R? + 52 — 2Rscos )3/ ¢dz

wKR 7 oo dz
= /. (R — scos ) {/ﬂm E e de,

e & dz 2z o 2
2 _ p2 .2 X _ _
( where d° = R° + s° — 2Rscos¢. Now /_OO RN ANy FE

_ mKR [ (R - scos @) Cip I TP .
L ,/0 (R? 4+ 5% — 2Rscos¢) d¢; (R SCOS¢)‘2R [(R* — s*) + (R* + s* ~ 2Rscos ¢)] .

_ ﬂoK 2 o dé ”
T 4n [(R HS)/O (R2+32—2RSCOS¢)+/0 dd)}.

/2“ do 2/" dp 4 - Va? =% tan(¢/2) ||”
0 0

- = t
a+bcos¢ a+bcosg a? — b2 4 a+b

0

4 Va? - b%t 2 4 2
= ——=——tan™! ¢ an.(7r/ ) = (E) = L Herea= R + 52,
a2 — b2 a+b Va2 — b2 a2 — b2

b= —2Rs, so a® — b* = R* + 2R?s? 4+ s* — 4R?s?> = R* — 2R%s% 4+ s* = (R? — s%)?; Va? — b% = |R? — d?|.

oK [(R? - s%) pgK R% - s?
= —— | o227 4 27 1}).
* T 4y [|R2—52| + s \[EE =7
K K
Inside the solenoid, s < R, so B, = ﬂo ——(1+1) = poK. Outside the solenoid, s > R, s0 B, = ,uo —(-141)=0.

Here K = nl,s0{B = ponfﬁ(inside), and O(outside) [ (as we found more easily using Ampére’s la.w, in Ex. 5.9).
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Problem 5.45
Let the source point be r' = Rcos¢X — Rsingy, and

the field point be r = Rcosfx + Rsinfy; then 2 = .
R[(cos® —cosp) %k + (sinf +sin¢) y] and dl = Rsinddpx +
Rcospdpy = Rdp(sin g% + cosd§). BL |
€
. E y 2 N
dix~r = R°d¢ sin ¢ cos ¢ 0 1
(cos® —cos¢) (sinf +sing) O r

= R?*(sin¢sin@ + sin% ¢ — cosf cos ¢ + cos? ¢) d 2
= R%*(1+sinfsin¢ — cosfcosd) dpz = R*[1 — cos(d + ¢)] d 2.

_ kol [dixa _ pol - " {1 —cos(6 + )] _ polR?

B = 4 / A /o [2R? — 2R? cos(f + ¢)]*/° NPT IRE / ﬁm
7 N d¢ ol O+ NI\ | ol |, [tan (5F7) ) .
= 8v2RJo Vesm(0+8)/2] 167rRZ{2ln {“’m( z >H0 RET tan(%) }

Problem 5.46
om _ HolR? 1 1
(a) From Eq. 5.38,|B 5 {[R2 T2t 2)2]3/2 + R+ ()2 2)2]3/2 } .
0B _ polR? { (=3/2)2(¢/2 + 2) (—3/2)2(d/2—z)(—1)}
Oz 2 B2+ @2+ 2% (R +(df2- 27"
_ SpolR? { ~(@/2+2) (d/2 - z)
2 |(R2+(d/2+ 227 [R24(d/2-2)2P* )
aB _ 3uglR? —d/2 d/2 N
Ol 2 {[R2 " +<d/2>215/2} -
(b) Differentiating again:
0’°B  _ 3uolR’ { -1 —(d/2+ 2)(—5/2)2(d/2 + z)
92 2 YRz 4 (d/2+ 27 (R? + (d/2 + 2)2)"/*
N -1 | (/2 ~ 2)(=5/2)2(d/2 ~ 5)(-1) }
[R? + (d/2 - 2"/ [R? + (d/2 - 22
9B _ 3uolR? -2 N 2(5/2)2(d/2)%2 | _ 3ol R? (_R2 & 4 533)
02l 2 BT (R R /2 4

2
3uolR (d? — R?). Zeroif in which case

[R? + (d/2)2]"/*

_ HolR? 1 1 _ 2 _ | 8Buol
B {[Rz+(R/z)213/2+[Rz+(R/z)2]3/2}_”°IR (5R2/4)°7 ~ [ 5°/R’
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Problem 5.47
(a) The total charge on the shaded ring is dg = ¢(27r) dr. The

time for one revolution is d¢t = 2m/w. So the current in the ring
isI= Ejd_z = gwrdr. From Eq. 5.38, the magnetic field of this 24w
2
. . - _ ko r . .
ring (for points on the axis) is dB = 5 awr——-—-—-(r2 FEIETD drz, Qg
and the total field of the disk is
R 3
_ Hoow T dr R 9 _
B = 2 /o 25 22 z. Letu=r", sodu=2rdr. Then
LHoTw /R2 udu Hoow [2 ( u+ 22\ 1% poow [(R? +227%) 9]
= = - — &Z| Z.
4 Jo (u+t2z?)?2 4 Vu+22/ ], 2 [ VRT+2?
(b) Slice the sphere into slabs of thickness ¢, and use (a). Here
t = |d(Rcosf8)| = Rsinf df; )
g = pt = pRsinfdf; R — Rsinf; z — z — Rcosf. First g P
rewrite the term in square brackets: S
[(R2 +22%) 0 ] _ AR+ RP 0
VR? + 22 VR? +22 VR 422 RCOSG/V' y
R?/2 ' ]
= 2|\VR?+ 2% — ——== — 2| .
{ VR?+ 22 _
But R% 4 22 & R?sin? 0 4 (2> - 2Rzcosf + R? cos? §) = R? +
22 — 2Rz cosf. So
wopRw /" , [ (R%/2)sin% @
B, = —/—2 sinfdf |/ R? + 22 — 2Rz cos 8 — — (2 — Rcos#
§ 2 o : v VR2 + 22 — 2Rz cos @ ( )
Let u=cosf, sodu=—sinfdd; §:0 > x=>u:1— —1; sin?0 =1 —u?
1 2 2
(R*/2)(1 —u) ]
= Rw VR?+ 22— 2Rzu— — 2+ Ru| du
Hop -1 [ VR? + 22 —2Rzu
R2
= popRw |:Il - -—2—(.[2 —I3) - 14 +I5:’ .
! 1 3/2|!
L = /_1 VR + 2% - 2Rzudu = — o (R* + 2% = 2Rzu)™|
_ 1 2 2 3/2  rpa 2 3/2 _____1_ _ p\3 3
= - (B2 +22 = 2R2)" — (R* + 2 +2R2)*"| = — = [(: - B) — (2 + B)"]
1 2
= “3m (2* ~322R+32R* — R* - 2° - 32’R—- 3R’ - R%) = 3—2-(3;’2 + R?).
I : 1 du=—— /R 12 R u‘l L le-R -+ R =2
= = —— 2L - VA = — — - —_— = —,
: 1 VR? + 22 -~ 2Rzu Rz -1 Rz z
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1 U2
I = du
3 [.1 VR?+ 22 —~2Rzu

1 , X
=~y [B(R” + 220 + 4(R? + 2%)2Reu + 32R2)%"] VR + 27 — 2Rau
~1
1
=~ { B + 20 + 8R(B? + 2%) + 12R%2%] (z - R)

— [B(R? +2%)? — 8Rz(R® + 2%) + 12R":%] (2 + R) |

= —-6-6}%5-2—3 {z[16Rz(R* +2%)] - R [IG(R2 + 232 4 24R222]}

1 2.2 4 4 2.2 4 3,22
60R3z316R<RZ + 2z R 2R“z* — 2 —§Rz

4 ( 5R2z2 R“) 4 <R2 + 522) I z/l du=2z; I R/1 du=0
—— | —— — = — . 4= = N = uadu = (.
15R%23 \ 2 1523 2 . ° .

i

i

2 R?*2 R® 4 5
B, = poRpw|—(B22+RY) - -+ 2 [R242,2) 9
: Ho pw{3z(z+ ) 2z+21523(R+22 z
= poRpw (2o HE B 2R R
= Holtm Y z 1523 3z ‘
2R° Q poQuwR?
= popu—to. Butp= ——% —_ so|B =K 5
Horwgza PP gyags 1072° -
Problem 5.48
,U,()I dl' x » - . ~ ~ . o s .
B = T 5 r T —~Rcos¢X 4+ (y — Rsing) ¥ + zZ. (For simplicity I'll drop the prime on ¢.)
2% = R*cos® ¢ +y*> — 2Rysing + R*sin® ¢ 4 2% = R? + y* + 22 — 2Rysin ¢. The source coordinates (z',y’, 2')
satisfy z' = Rcos¢ = dz’' = —Rsingde; y = Rsing = dy' = Rcos¢dg;z’ = 0 = d2’ = 0. So dl' =
—Rsinddd + Reospdey.
% 3 %
di' x2=| —Rsingdp Rcospdp 0 |=(Rzcos¢dd)X+ (Rzsingdp)y + (—Rysinpdp + R*de)z.
~Rcos¢ (y— Rsing) =z
puolRz [*7 cos ¢ d¢ pol Rz 1 1 o
B, = . 3/2 = . 0. z =0,
dr  Jo  (R?+y? + 22 — 2Rysin ¢) 4w Ry \/R? + y* + 22 — 2Rysin ¢ |

since sin ¢ = 0 at both limits. The y and z components are elliptic integrals, and cannot be expressed in terms
of elementary functions.

B, =0; B,

_ wolRz /2" sin ¢ d¢ g _ HolR /‘2" (R —ysing) dé
4 Jo  (R?+y? + 22— 2Rysin¢)>*’ : dr Jo  (R?+y?+ 22 — 2Rysin¢)*/?

Problem 5.49
From the Biot-Savart law, the field of loop #1is B =

Iy [dl x4
#()___1% 1 4; the force on loop #2 is
1

47 22

1 X . - -
F=1, fdlz x B = a’if;msz@l‘—giiﬂ. Now dly x (dly x &) = dly(dly - 4) — &{dl; - dla), 50
2 1J2
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dl
=_—1112{}4}4 —(dl; - dlp) — fdl }4( Z }
The first term is what we want. It remains to show that the sgcond term is zero:
a= (T2 —T1) X+ (y2 ~11)F + (22 — 21) &, 50 V2 (1/2) = 6_z2'[(x2 —21)? + (2 — 1) + (22 — 21)2}—1/2 N
-172 . 0 -
+ ;y—- [(z2 —z1)% + (y2 —y1)2+(zz—21)2] Y y+—a— (2~ 21)* + (2 — 1) + (22 — 1) ] 172
2
—-I1) .. - . (z2—21) .
_ -(m2¢3 Vg (yz,LSyl) y—( 243 Do 22 g }{— -dly = f‘V2 ( )'d12 = 0 (by Corollary
2 in Sect. 1.3.3). qed
Problem 5.50 )
Poisson’s equation (Eq. 2.24) says V2V = ———p For dielectrics (with no free charge), pp = —V - P

1 !
(Eq. 4.12), and the resulting potential is V(r) = Tre / P(I;Q) dr'. In general, p = ¢V - E (Gauss’s law),
0

1 E(r') -
so the analogy is P — —¢E, and hence V(r) = ~in / ~(—:22~—4 dr'. qed

[There are many other ways to obtain this result. For example, using Eq. 1.100:

v (i) =-V'- (%) = 4183 (2) = 4n&*(r — 1'),

22

V(r) =/V(r’)63(r~r') dr' = -% V(r)v' . (12) - _/ )] dr' - &1;?4‘, N2

E(r

(Eq. 1.59). But V'V(r') = —E(r'), and the surface integral — 0 at oo, so V(r) =
before. You can also check the result, by computing its gradient—Dbut it’s not easy.]

Problem 5.51
(a) For uniform B, [{(B x dl) =B x [jdl = m;ﬁ A=-1Bxr).

#oI pol . pol _pelw (1 1Y |
(®) B = ¢’ ,?{BXCH (Qwas 27rb) |l 2r \a b §70.

(<) A:—prf0 AdA =|~-1(rx B).

. I AR I 5
d) B = ‘ifqb, BOr) = 2L g A = —%(r x ¢)/ A dA = —’i(r x @). But r here is the
0

vector from the origin—in cylindrical coordinates r = s§ + zZ. So A = okl [s(s x @) + z(2 x ¢)] and

Ex@)=2, (2x¢)=-5. So A:E%(zé—si.

27
The examples in (c) and (d) happen to be divergenceless, but this is not the case in general. For (letting
fo AB(Ar)d), for short) V-A = -V-(rxL) = —-[L-(Vxr)-r-(VxL)] =r-(V xL), and

V xL = fo AV x B(Ar)]dA = fo AZ[Va x BAr)]dA = pg fo A2J(Ar)dA, so V- A = por - fo AZJ(Ar)d), and
it vanishes in regions where J = 0 (which is why the examples in (c) and (d) were divergenceless). To construct
an explicit counterexample, we need the field at a point where J # 0—say, inside a wire with uniform current.
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Here Ampére’s law gives B 215 = piglenc = poJ7s? = B = %s <Z>, SO

1
-r x/ A (M> Aspdr = —Ms(r X @) = "°Js(z§_si).
o 2 6 6

A = HJI10 9yl = (15, -tz
V-A = G {333( )+Bz( %)) = S‘Zsz = # 0.

A

Conclusion: ((ii) does not automatically yield V - A = (ﬂ

Problem 5.52
(a) Exploit the analogy with the electrical case:

. 1 p-t
E = - " ° = - = T 5 . . .
WO Ta[ Pl (Eq-3.104) =~VV, withV = ==~ (Eq. 3.102)
I _
B = ——5B(m-f)f-m] (Eq587) =-VU, (Eq.565).

Evidently the prescription is p/eo- — pom : |U(r) = g—;% m2-r‘
T

(b) Comparing Eqs. 5.67 and 5.85, the dipole moment of the shell is m = (47/3)woR* 2 (which we also got

4
in Prob. 5.36). Using the result of (a), then, |U(r) = ﬂow;R 2?‘2—0 for r> R
Inside the shell, the field is uniform (Eq. 5.38): B = 3poasz S0 U(r) ——gpoasz + constant. We may
as well pick the constant to be zero, so|U(r) = —Spoaer cosé | for r < R.
[Notice that U(r) is not continuous at the surface (r = R): Uin(R) = —%poasz cosf # Uopu(R) =

% poowR? cos@. As I warned you on p. 236: if you insist on using magnetic scalar potentials, keep away from
places where there is current!]

(c)

e (3 e (6 ol gy OU LU 1 U
B = 47 R Kl 5R2>C080r (1 5R? sinf8| =-VU = ar 1'309 rsinf 9¢

au
55 = 0:> U(T,0,¢) -—U»(T,g).
2 2
.}% = (l:’:g) (1 :;2) sinf = U(r,0) = (%ﬁ:}?) (1— %) rcosd + f(r).
2 3
- () s (0) (et

Equating the two expressions:
I‘OwQ 6r2 ow@ r?
Y N ai-hathid )
(47TR) (1 5RZ>1-cos0+f( T) = (47TR 1- £z ) Teos +¢(8),

(powQ) r’cosd + f(r) = g(6).

or

47 R3
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r\ But there is no way to write r° cosf as the sum of a function of # and a function of r, so we’re stuck. The
reason is that you can’t have a scalar magnetic potential in a region where the current is nonzero.
Problem 5.53 3
(a) V-B=0, VxB=ppJ,andV-A=0, VXA =B :>A:Z—O/—dr’,so
) 2

V-A=0,VxA=B,and V- W =0 (we'll choose it s0), Vx W =A = W=$/§—dr'.

(b) W will be proportional to B and to two factors of r (since differentiating twice must recover B), so I'll
try something of the form W = ar(r - B) + §r?B, and see if I can pick the constants a and 3 in such a way
that V- W =0and Vx W = A.

dr Oy Oz

V- W=a[r-B)(V-r)+r- V(- -B)]+4[r*(V-B)+B-V(?)]. Vr r=o—t o 5;=1+1+1:3;
)
V(r-B)=r><(VxB)+Bx(er)+(r-V)B+( -V)r; but B is constant, so all derivatives of B vanish,
and V x r = 0 (Prob. 1.62), so
8 é) é] R . o s . R
V(r-B)_(B-V)r—(B:$+By@+BZ(-9;) (zk+yy+22) =B, X+ B,y + B,Z =B;
é] é]

v(r?) = %5z T 5y ”29(2) (2" +y* +2%) = 22X + 2y§ + 222 = 2r. So

V-W=a[3(r -B)+ (r-B)]+8[0+2(rB)] = 2(r- B)(2a + 3), which is zero if 2a + § = 0.
VxW=a[r B{(Vxr)—rx V(- -B)]+8[r*(VxB)-Bx V()] =a0-(rxB)]+8[{0—~2(B xr)

= —(rxB)(a—208) = —%(r x B) (Prob. 5.24). So we want a — 28 = 1/2. Evidently a — 2(-2a) = 5a = 1/2,

1
or @ =1/10; 8 = —2a = —1/5. Conclusion: | W = 5 [r(r-B) — 2r’B] .| (But this is certainly not unique.)

) VxW=A= [(VxW)-da=[A -da. Or §W-dl =
J A - da. Integrate around the amperian loop shown, taking z
(\ W to point parallel to the axis, and choosing W = 0 on the

. e
axis: 7
3

{

I 1
Wl = Honl s s = P 5L ing Bq. 5.70 for A). 7
(" ; 2
2
W = —5‘21113— | (s < R).
2 2

For s > R, -Wl = OnIR l ponI RT = pon I R'I + ponlR lln(s/R);'

3 4 2

I

W= B b omn(s/R) 3| (s > ).

Problem 5.54
Apply the divergence theorem to the function [U x (V x V)], noting (from the product rule) that
V- [Ux(VxV)]=(VxV) (VxU)-U-[Vx(VxV):

/V-[Ux(Vx,V)}dr:/{(VxV);(VxU)—U-[Vx(VxV)]}d'r:}{[Ux(VxV)yda
As always, suppose we have two solutions, B, (and A;) and B, (and A;). Define B3 = B; — B; (and

A3EA_2—A1),SOthatVXA3=B3 andV><B3:VxBIA—VngzpoJ-‘—'quzo. Set U=V = Aj
in the above identity:
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/{(v X Az)- (V x Ag) — Az - [V x (V x Ag)]} dr = /{(Bg) - (Bs) = As - [V x By]} dr = /(B3)2dT

= ?{[Ag x (V x A3)]-da = %(Ag x Bj3) - da. But either A is specified (in which case A3 = 0), or else B is

specified (in which case Bs = 0), at the surface. In either case §(A3 x B3) -da = 0. So /(33)2 dr = 0, and
hence B; = By. qed

Problem 5.55

From Eq. 5.86, Biot = BoZ — Z(;:'so (2 cost+sin9@). There-
-~ PR HoTo Ho g
fore B-t = By(z - 1) — o 2cosf = (Bo iy 2}20 sé.
This is zero, for all 8, when r = R, given by By = 20 Rg’ or
1/3
R

*f Koo /
= | =— .| Evidently no field lines cross this sphere.
271’Bo

Problem 5.56

-9 Qv _or
(a) I= 2njw)  2r’ o=l

m= %‘—%RQ 7= %sz 2. L=RMv=MwR*L=MwR?3.
™

2M 2M

2
% = % wht = —Q— m = (—Q-> L, | and the gyromagnetic ratio is | g = Q—

(b) Because g is independent of R, the same ratio applies to all “donuts”, and hence to the entire sphere

@
20

(or any other figure of revolution): {g =

e i _eh _ (1.60 x 10719)(1.05 x 10~

= = — —24 2
2m2 dm 4(9.11 x 10-31) [461x 107 Am? |

(c)m=

Problem 5.57

1 3
(3.) Baye = W/BdT = W/(VXA)dT

3 _ 3 Ho J 1
_47rR3,?{A x da = —47rR347r,?{{/adT} x da

(47?;‘120]23 /J {y{ } dr'. Note that J depends on the

source point r', not on the field point r. To do the surface
integral, choose the (z,y, z) coordinates so that r’ lies on the z
axis (see diagram). Then 2 = \/R2 + (2)2 — 2Rz’ cos 6, while
da = R?sin6dfd¢+. By symmetry, the z and y components
must integrate to zero; since the z component of ¥ is cosf, we
have
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1 6 6 6
?{ Sda = / o8 R%sin6d0dp = 2r R % / cosfsin df
2 VR?+(2')?2 —2Rz'cos b VR? + —2Rz'cosf
Let u:cosG so du = —sinf df.
= 2nR%*% / d
T VR + (2')2 - 2Rz'u “
2(R% + (z )?) + 2Rz'u] !
—_ 2 2 A _ [ ( 2 .
TR z{ 3R )2 VR + 2Rz'u .
27\'R22 2 ne I} 2 N2 f 2 AV 2 2
= -y {[R +(z)2+R'] VE2 + ()2 — 2Rz — [R* + (¢') Rz]\/ﬁ +2Rz}
2
= - [3—(;7,%2— i] {[R2 +(2)*+ R'||R- 2| - [R2 + (") - RZ'| (R+2)}
4 4
?ﬂz'i —B‘Tr', (r' < R);

47R® | 4m R?
see T3t B

3 4in
For now we want 7’ < R, 50 B,y = ~-@—7§29}¥—3— /(Jxr') dr' = —4:;23 /(Jxr’)dr’. Nowm = ; [(rxJ)dr
Mo 2m
(Eq. 5.91), so Baye = Y qed )
: 3 4 J
(b) This time r’' > R, so Baye = (47r;j'20R3 WRS/ (J X EE ) dr’ Zfr : i dr', where 4 now goes
from the source point to the center (# = —r'). Thus Bave = Been. qed

Problem 5.58 4
(a) Problem 5.51 gives the dipole moment of a shell: m = —gowR" Z. Let R — r,0 — pdr, and integrate:

4 R 4 5 1
m = —gwpz/o rdr = —;—rwp% zZ. Butp= (74—/;)27}23, soim = gQsz z.
Mo 2m | po 2Qw
b) Bay, = H021 _
(5) Bave 4r R®* ~ |47 5R
o msm6’ ko QwR?sing -
A —
(c) 4r ¢= 4t 5 r2
(d) Use Eq. 5.671 with R — 7,6 — pdF, and integrate:
A= uoprinqu/R#df~ pow 3Q sm@Bj _| QwR?sind -
3 2 0 3 4R 2 5 ar 5  r?

This is identical to (c); evidently the field is pure dipole, for points outside the sphere.

: 2 2 .
(e) According to Prob. 5.29, the field is B = ‘L:J:}? {(1 - ;ng) cosOF — (1 - %) sin @ 9] . The average




110 CHAPTER 5. MAGNETQOSTATICS

7~ obviously points in the z direction, so take the z component of & (cos#) and  (~ sin 6):
_ How@ 1 3r? 6r2
Bave = iR (4/3)7rR3/[<1 5R2>COS 0+(1 32 sin? 6| r? sin 6 dr df d¢

3pew@ f/r® 3 RS R 6RSN ., 1.

= R, 2= 2
anR)? T A [(3 37 cos® § + 5 " irpe )0 6| sin @ df
3uew@ 4 [T 16 7 . 3puow@ 1 /" 2

= 0+ — 0 0db = —
ey R ; = C 0s® 6 + 7 sin 6 | sin 6 d TR 75 ), (7 + 9cos’ §) sin6 df
powd 3 pow@ pow@

= — 0-3 8) = 20) = b)).
200 R (7030 = 3eos )lo 200mE 20 = Torg (Same as (P))- ¢

Problem 5.59

The issue (and the integral) is identical to the one in Prob. 3.42. The resolution (as before) is to regard
Eq. 5.87 as correct outside an infinitesimal sphere centered at the dipole. Inside this sphere the field is a
delta-function, Ad*(r), with A selected so as to make the average field consistent with Prob. 5.57:

_ 1 3 _ 3 _ Ho 2m 2 2;/.0 3
Bave = OB /A6 (r)dr = 47rR3A = e =3 A= 5 2 The added term is 3 mé°(r).

Problem 5.60

oo
Iz 1 n
(a) Idl - Jdr, so |A= Z% 5 , o /(r') P,(cos0)I dr.

d
(b) Apon = ?— Jdr = ,uo s (Prob. 5.7), where p is the total electric dipole moment. In magne-
T

r tostatics, p is constant, so dp/dt 0, and hence Apon = 0. qed
(c)m=TJa=3iI§rxdl)—+m=73 [(rxT)dr. qed

Problem 5.61
For a dipole at the origin and a field point in the z z plane (¢ = 0), we have

B = ZO (2cos@t +sind §) = 4 {2cos€(sm9x+cos€z)+sm9(cos()x—sm0z)]
Tr
= 47”3[33m()c050x+(2cos 6 — sin® §) z].

Here we have a stack of such dipoles, running from 2z =
—L/2 to z = +L/2. Put the field point at s on the z
axis. The % components cancel (because of symmetrical-
ly placed dipoles above and below z = 0), leaving B =

L/2 ( _
Homs, / Mdz where M is the dipole mo-
7

4 r3
ment per unit length: m = ITR? = (ovh)7R? = cwRnR*h =
: 1 in® 4
M::-Tﬁ:mwa"’. Nowsin&:f, so——::?L;zz
h s r r3 53
—scotf = dz = —5— df. Therefore
sin“ @
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Om ind 3 8
Lo R sin®@ s owR> , [°™ .
B = E;(wawR?‘) z /2 (3cos?8 1) pEa— df = #0232 z o2 (3cos® 6 — 1)sin6 df
R3 _ O R3 3
= #0‘27:; # (— cos®  + cos ) "= 110427:'2 08 0m (1 — cos*6,,) 2 = ______uog:;R €0s 0, sin® O, 2.
s —(L/2) poowR3L

But sinf,, = , and cosf,, = soiB =

V3 + (L]2)? Vi + (L]2)% 4[s? + (L/2)2]3/2 &
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Chapter 6

Magnetostatic Fields in Matter

Problem 6.1
1 A .. . . my .,
N =m;,; x B;; B, = Z—;ﬁ[S(ml CE)F—my]; F=g;my = mZ; mp =mey. By = _gr_;
bI)?
Bo T2 (g xa)y = ~E2 T2 5 Heremy = ma2l, my = b?1. So| N = _Ho (@1)" ¢ | Final orientation -
r3 T4m 13 4 3

-2
Problem 6.2

dF = Idl X B; dN =1 X dF = It X (dl x B). Now (Prob. 1.6): r X (dl x B) +dl x (B X r) + B X
(rxdl) =0. But d[r X (r Xx B)] = dr X (r Xx B) + r X (dr x B) (since B is constant), and dr = dl, so
dl X (B X r) =r><(d1><B)—d[r><(pr)]. Hence 2r x (dl x B) = d[r x (r x B)] = B x {r x dl).
dN = 1I{d[rx (pr)] Bx(rxd)}. ~N=3I{fd[rx (rx B)]—B x §{r X dl)}. But the first term
is zero (fd( 0), and the second mtegral is 2a (Eq. 1.107). SoN = —-I(B Xa) =m X B. qed

Problem 6.3

According to Eq. 6.2, F = 2rIRBcos§. But B =
ﬁ-mm—”-}f—ﬂl, and Bc050 = B.§, so Bcosf =
%1%;5[3(m1 B)(T-¥) - (m ] Butm, -y =0 and
-y = sing, while m, -f = mycosf. . Bcosf =
Eo

y =
&0 1, 3m, sin ¢ cos ¢.

VT = REfr, s0 F = 38am, [R2 LT

F= 27rIR£‘—Q 1:3m sin ¢ cos . Nowsmqb*-T,cosgb:

., 3
But IR?>r = ma, so F' = %}mlmz@, while for a dipole, R« r,s0 | F = —2:—0-m;:n2.
(b)) F=V(my-B)=(m; - V)B=(meL) [ L53(m -2)2 - my)] = L2mimaz £ (&),
2my ~-31
)
3
or,since z =r: |F = oo mi
Tor ot

113
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Problem 6.4

dF = I'{(dy¥) x B(0,y,0) + (dzZ) x B(0,¢,2) — (dy §) x B(0,y,¢) — (dz%) x B(0,0,2)}
= I{~(dy) x [B(0,,¢) = B(0,3,0)] +(d2 %) x [B(0,¢,2) -~ B(0,0,2)]}

~ ~"

PO/ ~ 0B
€5 N €5y
OB oB .
2 )4 - 3B ~ . OB B ~ . OB
= Je {ZX '—y_yx —Z_} {Note that fd’y EIO,y,OfJe-E_IO,O,O and de W’O,O,ZNe—a—ilo,o,o}
X ¥y Z X y Z
F=m 0 0 1110 1 0 :m{‘aBz—-iaBy—xaBz——zaBz}
8B, 0By, 8B.| |8B, 0By 8B, Oy Oy 9z 9z
Oy 9y dy 0z Oz 8z
OB 0B OB 0B OB
— ~ T ~ T ~ T . V.B = . y z T
m {x e +¥ 5y +Z EN ] (usmg B =0 to write By + g 5 )

But m - B = mB; (since m = mx, here), so V(m -B) = mV(B,;) =m (.8_315( + 8Bzy 4 —aﬁli).
Therefore F = V(m -B). qed
Problem 6.5 z

(a) B = poJozy (Prob. 5.14).

: y i
m-B =20, s0 Eq. 6.3 says !
(5 m B = mogidiz, 0

{(c) Use product rule #4: V(p - E) Y
=px(VXE)+Ex(Vxp)+(p-V)E+(E-V)p.
But p does not depend on (z,y, z), so the second pd
and fourth terms vanish, and V x E = 0, so the z
first term is zero. Hence V(p-E) = (p- V)E. qed

This argument does not apply to the magnetic analog,
since V x B #0. In fact, V(m-B) = (m - V)B + po(m x J).
(m- V)B, = moZ (B) = mopuoJo§, (- V)By = mo 2 (0 Joz§) = 0.

Problem 6.6

Aluminum, copper, copper chloride, and sodium all have an odd number of electrons, so we expect them to
be paramagnetic. The rest (having an even number) should be diamagnetic.

Problem 6.7

P

J,=VxM=0;K, =M x h = M. TM A
The field is that of a surface current K, = M@,
but that’s just a solenoid, so the field
Hltside is zero, | and inside B = oK) = poM. Moreover, it points upward (in the drawing), so m
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Problem 6.8

1 1 -

VXM =1J, = g%(s ks®)z = —(3ks®)z = 3ksz, Ky =M X fi = ks*(¢ X §) = —kR%3.
S

So the bound current flows up the cylinder, and returns down the surface. [Incidentally, the total current should

be zero ... is it? Yes, for [Jyda = [)'(3ks)(2msds) = 2mkR3, while [Kydl = (~kR2)(27R) = —2rkR®))

Since these currents have cylindrical symmetry, we can get the field by Ampere’s law:

B 25 = iolone = o / Jyda = 2mkpugs® = | B = poks® | = oM.
0

QOutside the cylinder fe. = 0, s0

Problem 6.9

Ky =Mx b= M.
— B {Essentially a long solenoid)

>j B (Essentially a physical dipole)

S B (Intermediate case)

[The external fields are the same as in the electrical
case; the internal fields (inside the bar) are completely
different—in fact, opposite ih direction.]

Problem 6.10
Ky = M, so the field inside a complete ring would be poM. The field of a square loop, at the center, is
given by Prob. 5.8: Byq = V2 piol /7 R. Here [ = Mw, and R = a/2, s0

B = V2 poMw _ Qﬂngw_
T r(af2). a ’

2v/2
net field in gap: 1B = pgM (1 - fw) .

wa
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Problem 6.11

As in Sec. 4.2.3, we want the average of B = B, + By,, where By is due to molecules gutside a small
sphere around point P, and B;, is due to molecules inside the sphere. The average of By, is same as field at
center (Prob. 5.57b), and for this it is OK to use Eq. 6.10, since the center is “far” from all the molecules in
question:

M><4

out -

outsxde

The average of B, is £ (38)—Eq. 5.89—where m = $7xR3M. Thus the average Bi, is 210M/3. But what is
left out of the integral A,y is the contribution of a uniformly magnetized sphere, to wit: 2p0M/3 (Eq. 6.16),
and this is precisely what B;, puts back in. So we’ll get the correct macroscopic field using Eq. 6.10.  ged

Problem 6.12

z
(a) M = ks#; Jp = VXM = —ké; Ky = M X @i = kR¢.
B is in the z direction (this is essentially a superposition of solenoids). So Jb
Use the amperian loop shown (shaded)—inner side at radius s: K !
$B-dl = Bl = polenc = po [[Joda + Kbl] = po [-kl(R — s) + kRl] = pokls. ~ b~

.| B = poks# inside.

(b) By symmetry, H points in the z direction. That same amperian loop gives §H - dl = HIl = pols.,. =0,

since there is no free current here. So , and hence Outside M = 0, so B = 0; inside

M = ksz, so B = poksz.
Problem 6.13

2
(a) The field of a magnetized sphere is %,qu (Eq. 6.16), so | B = Bg ~ E'UOM’ with the sphere removed.

. ’ 1
Inthecavity,H:;‘;B,soH:L‘;(Bg—%ng):Ho+M—§M=> H=H0+§M.

(b) The field inside a long solenoid is po K. Here K = M, so the field of the bound current on
the inside surface of the cavity is oM, pointing down. Therefore

K

|B = Bo — p5oM; |

1 1
= L, - vt Ly - M+ [T |

¢
(c) ¢ @) Ks; This time the bound currents are small, and far away from the center, so
while H = LBy = Hy + M = [H =H, + M|

[Comment: In the wafer, B is the field in the medium; in the needle, H is the H in the med1um in the
sphere (intermediate case) both B and H are modified.]
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—

7

Vf Problem 6.14

; B is the same as the field of a short solenoid; H = =B — M.

Ho

\\((/

s

NS
\% =

Problem 6.15

“Potentials”:
Y\ Win(r,0) = 3 ArtB(cosf), (r <R);
{ Woue(r,0) = 3 —,—‘—P;(cos()) (r > R).
Boundary Conditions:

. (1) Wm(R 0) out(Ra g)y
(i) —ow| + &a| =ML =Mz = Mcosf.

(The continuity of W follows from the gradient theorem: W(b) — W(a) = f VW .dl = - f: H-dl
if the two points are infinitesimally separated, this last integrql —0.)

(i) = AR = £ = B =R¥4, ot

(i) = Y(+1) ﬁﬂ(cos 6) + ZZAIR’ 2}D,(cos ) = M cos¥.
Combining these:

2(21 +1)R'"'A;P(cosf) = Mcosf, so Ay =0 (1 #1), and 34, = M = A, = %{
/

Thus Win(r,8) = %I—r cosf = %j[—z, and hence H;, = ~VW;, = zZ= ——l—M S0

i

1 2
B=p(H+M)=p (—§M+M) gqu. v
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Problem 6.16

. _ _ I - _ _ XmI"

§H-di=1I; =1Is0H=3;-¢ B=pu(l+xmH= I»‘0(1+Xm)27r3¢- M=xnH= 2m¢.
10 ( Xm . X—}r%i, at s = qa;
Jb_VxM_—g-s-(%> =[0.] Ks=Mxn= {'2::2’ r— b

Total enclosed current, for an amperian loop between the cylinders:

m 1 m)d 2
I+ 5 gm0 = (Lt xo)l, 50 §Bdl = piolune = po(1 +xm)] = B = LI Xmdl g
2ma - 27s

Problem 6.17

I 2 /.2 ;
From Eq. 6.20: §H -dl = H(27ws) =I5, = {I(s /@), (s<a)

- (s > a).
Hz{é%f’ (s<a)} so B=puH = ;‘0(12—1:131& (s <a);
5o (8>a) |7 12‘%, (s > a).
I XmI . .
Js = xmJs (Eq. 6.33), and Jy = -5, 50 | Jp = ey (same direction as I).
Ke=Mxti=yxmHxn= K= % (opposite direction to I).

= Jy(wa?) + Kp(2ma) = ximI — xmI = @ (as it should be, of course).

Problem 6.18

By the method of Prob. 6.15:
For large r, we want B(r,0) = Bg = BgZ, so H = ;—OB - yLOBoi, and hence W — —ﬁBoz =

1
p Bgr cos?.

“Potentials”:

Win(r,8) = 3 Ayt Pcosb), (r < R);
{ Woue(r,8) = —%Bor cosf + Y ;,B;‘Tﬂ(cosa), (r > R).
Boundary Conditions:
{ (i) W.n(R 6) = out(R 8),

(i) —po? Br ’R + p 2 Br IR

(The latter follows from Eq. 6.26. )
B
(ii) = wao {——Bo cosf + Z (t+1) Ri+2P (cosG)] + uZIIAIR'"lP,(cosO) = (.

Forl# 1, (i) = By = R¥*' Ay, so [uo(l + 1) + pl]A,R'~! = 0, and hence A; = 0.

Fori=1,(31)=> AiR= ——B0R+Bl/R2 and (ii) = Bo+2uoBl/R3 +pA; = 0,50 Ay = —3Bo/(2p0 + ).
3By 3Bz 3By . 3B,
Win(r,) = —————rcos = ————. H;, =-VW;, = Z= .
() = =t ) @t p) " ot i) - Gt )
3uBg ( 1+ Xm )
B = H = =
# (2u0 + 1) 1+ xm/3
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By the method of Prob. 4.23: ‘
Step 1: By magnetizes the sphere: Mg = x,, Hp = ﬁmBo. This magnetization sets up a field within
the sphere given by Eq. 6.16:

2 2 Xm
By = —pugMp = =
1 3#0 0 3T+ xn

2
By = gﬁBo (where k = -1{*—)”(4:)

Step 2: B, magnetizes the sphere an additional amount My = #=By. This sets up an additional field in
the sphere:

2 2 2\ 2
B, = g[l.oMl = §RB1 = (?) By, etc.
The total field is:
B
B=Bo+B1+B2+-- = Bo+(2£/3)Bo + (25/3)*Bo + - -- = [1+ (26/3) + (26/3)* + - -] By = (1‘__29;/*33
1 3 34 3xm 31 + xm) 14+ xm
= = = , SO B = — BO-
1_2““/3 3_2Xm/(1+Xm) 3+3xm — 2Xm 3+ Xm 1+Xm/3

Problem 6.1% ) ta

Am = -£-B; M = A—V"—‘ = —fmyB, where V is the volume per electron. M = x,H (Eq. 6.29)
= e—yB (Eq. 6.30). So xm = —45:1:;;;0. [Note: xm < 1, so I won’t worry about the (1 + )
term; for the same reason we need not distinguish B from Bes, as we did in deriving the Clausius-Mossotti
equation in Prob. 4.38.] Let’s say V = $nr3. Then xm = —£2 (4—3m—e—2; . I'll use 1 A= 1071° m for r.

Then xom = —(107) (4@%;{*0"_‘;{)(’:310)) ={-2 x 1078, | which is not bad—Table 6.1 says xm, = —1 x 105,
However, I used only one electron per atom (copper has 29) and a very crude value for r. Since the orbital
radius is smaller for the inner electrons, they count for less (Am ~ r2?). I have also neglected competing
paramagnetic effects. But never mind ... this is in the right ball park.
Problem 6.20

Place the object in a region of zero magnetic field, and heat it above the Curie point—or simply drop it on
a hard surface. If it’s delicate {a watch, say), place it between the poles of an electromagnet, and magnetize it
back and forth many times; each time you reverse the direction, reduce the field slightly.

Problem 6.21

(a) Identical to Prob. 4.7, only starting with Egs. 6.1 and 6.3 instead of Eqgs. 4.4 and 4.5.
(b) Identical to Prob. 4.8, but starting with Eq. 5.87 instead of 3.104.

(0gU= —f’%;lg'[B cos by cos By — cos(f2 — 6y )myme. Or, using cos(d; —~ 6,) = cosfy cos§, — siné, sin by,
U= g‘lT—;—T—z (sin fy sin 62 — 2 cos B cosbz) .
T

Stable position occurs at minimum energy: g% = ggU; =0

88,

U - oM (gin 6, cosfy + 2cos by sinfby) = 0 => 2sin6) cosf, = —4cosf) sinfs.

{ oY — £emi%2 (cos §; sin 6, + 2sinf; cos ) = 0 => 25in 6, cosfy = —Cos b, sin By;
862 —
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Either sin¢, =sinf; =0 2 o —2%—

Thus sin 8, cosf, = sinf, cosd; = 0. or cosfy = cosfs =0: +4 or 114

Which of these is the stable minimum? Certainly not (2) or ®—for these ms, is not parallel to B, whereas we
know my will line up along B,. It remains to compare® (with 8; = §; = 0) and ® (with 6; = 7/2, 02 = —7/2):
U, = Be2(-2); Uy = Bo4R2(—1). U, is the lower energy, hence the more stable configuration.

4rr

{ Conclusion: They line up parallel, along the line joining them: — —-)]

(d) They’d line up the same way: — — — — — —
Problem 6.22

F:fj(dle:I(f(ﬂ) ><B0+Ij§dl>‘<[(r;Vo)Bo]—-I(?gdl) x[(r0~V0)B0]:I?gdlx[(r-VO)Bo]

(because § dl = 0). Now
d] X Bo Zeukdl Bo and (1‘ . Vo) = ZT{(V())[, SO
]

F, = IZeijk [}! T dlj] [(Vo)i(Bo)k] {Lemma 1: jgr, dl; = Ze,jmam (proof below).}

3kl

i

I Z éijkqjmam(VQ)[(Bo)k {Lemma 2: Z €ijk€ljm = 6il(5km - 6im6k¢ (proof below).}

Ik, bm i

= I (8abkm — Simbia) am(Vo)i(Bo)e = I Y [ax(V0)i(Bo)k — ai(Vo)k(Bo)i]

ki,m k
= I[(Vo) (a BO) - a,(Vo BO)]

But V- By =0 (Eq. 5.48), and m = [a (Eq. 5.84), so F = V(- By) (the subscript just reminds us to take
the derivatives at the point where m is located). qed

Proof of Lemma 1:
Eq. 1.108 says §(c-r)dl = a x ¢ = —c x a. The jth component is Z §cprp dlj = ~ 3, n€ipmCpam. Pick
¢p = &y (i-e. 1 for the Ith component, zero for the others). Then §rdlj = = €jimam = ¥, €1jmam. qed
Proof of Lemma 2:
€ijk€jm = 0 unless ijk and Ijm are both permutations of 123. In particular, ¢ must either be { or m, and &
must be the other, so
> eijkeiim = Abubim + Bbimbi.
3
To determine the constant A, pick i =1 = 1, k¥ = m = 3; the only contribution comes from j = 2:
€123€123 = 1 = Ab11833 + Bd13d31 = A = A=1.
To determine B, picki =m=1,k=1=3:
€123€321 = —1 = Ab13631 + Bé11033 = B = B = —1.
So
Z €ijk€lim = Oitbkm — Simbp1. qed
)
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Problem 6.23

(a) The electric field inside a uniformly polarized sphere, E = ~—P (Eq. 4.14) translates to H = — m(qu)

- §M‘ But B = po(H-+M). So the magnetic field inside a umformly magnetized sphereis B = po(— sM+M) =
2 \

gqu (same as Eq. 6.16).

(b) The electric field inside a sphere of linear dielectric in an otherwise uniform electric field is E = mEg
(Eq. 4.49). Now x, translates to xm, for then Eq. 4.30 (P = eox.E) goes to uoM = poxmH, or M = x,,H
(Eq. 6.29). So Eq. 449 = H = ——7—H0 But B = po(1 + xm)H, and By = poHg (Egs. 6.31 and 6.32),
so the magnetic field inside a sphere of linear magnetic material in an otherwise uniform magnetic field is

B 1 B 1
= =2 or|B= (——_—FL"L) By | (as in Prob. 6.18).

po(l+xm)  (1+xm/3) to 1+ Xm/3
(c) The average electric field over a sphere, due to charges within, is E,y. = 4” —}% Let’s pretend the charges
are all due to the frozen-in polarization of some medium (whatever p might be, we can solve V-P = —pto find

the appropriate P). In this case there are no free charges, and p = [P d7, 50 Eyve =
translates to

—ng dr, which

471’60

1 1 1
H.e=——— Mdr = ———
ave 4mwpg R3 /Ho T R
Mo 2m |
But B = puo(H + M), s0 Bave = — 277 + 0Mave, and Maye = Tohss 50 | Baye = oo in agreement
3 £y

with Eq. 5.89. (We must assume for this argument that all the currents are béund, but again it doesn’t really
matter, since we can model any current configuration by an appropriate frozen-in magnetization. See G. H.
Goedecke, Am. J. Phys. 66, 1010 (1998).)

Problem 6.24

Eq.2.15: E = p {ﬁ I ,2% dr’} (for uniform charge density);
Eq.49: V = P. {4—;5 I ,z'ff dr'} : (for uniform polarization);
Eq.6.11: A = poegM x {4—771;; £ ,—f-} dT’} (for uniform magnetization).
En = p(s5T ) (Prob. 2.12),
For a uniformly charged sphere (radius R): L g
out = p '3-——2- ) (EX 2 2)
. . . Vin 3e;(P 1),
So the scalar potential of a uniformly polarized sphere is: 10 s .
‘/out — T?E'(P r)a
and the vector potential of a uniformly magnetized sphere is = (M xT),
vector n uni m iz :
b ymes g Ao = 5 (Mx),

(confirming the results of Ex. 4.2 and of Exs. 6.1 and 5.11).
Problem 6.25

(a) By = 42225 (Eq. 5.86, with § = 0). Somy-B;, = ~£27 F = V(m-B) (Eq.6.3) = F= 2 [ P-%]z:

2

-{,ifr?—i. This is the magnetic force upward (on the upper magnet); it balances the grav1tat10na1 force downward
(~mqg2):

/4 >
3pom? 3uom? ]’
~—mgg=0=>{z2= .

2mz4 49 z 2mwmgg
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(b) The middle magnet is repelled upward by lower magnet and doﬁnward by upper magnet:
3pom? _ 3um?®
2zt 2yt

—mgg = 0.

The top magnet is repelled upward by middle magnet, and attracted downward by lower magnet:

2nyt 2z +y)t

oo 3pem? 1 1 1 1 — 1_ 2 1 N
Subtracting: %42 [k — o — Jo + gty ~mag+mag = 0, 0r e~ e oty = 0,50 2 = ot Gty
Let a = z/y; then 2 = 2; + ?a_w&T)_‘ Mathematica gives the numerical solution o = l z/y = 0.850115 J

Problem 6.26
At the interface, the perpendicular component of B is continuous (Eq. 6.26), and the parallel component of

H is continuous (Eq. 6.25 with K = 0). So B = B}, H| = HJ. But B = 4H (Eq. 6.31), s0 B/ = -LBl.
Now tanf) = Bl/B}, and tan, = Bl/B#, so
tanfy Bl B _ Bl _ He

tan 0, - B_QL-—B?{I- - Bill - H1

(the same form, though for different reasons, as Eq. 4.68).

Problem 6.27
In view of Eq. 6.33, there is a bound dipole at the center: my = x,,m. So the net dipole moment at the
center is Meenter = M+ Mmp = (1 + }m)m = ﬁ‘;m. This produces a field given by Eq. 5.87:

_#l ava
This accounts for the first term in the field. The remainder must be due to the bound surface current (Kp) at
r = R (since there can be no volume bound current, according to Eq. 6.33). Let us make an educated guess
{based either on the answer provided or on the analogous electrical Prob. 4.34) that the field due to the surface

bound current is (for interior points) of the form Bgyrface = Am (ie. a constant’-proportiona,lvto m). In that
current

case the magnetization will be:

1 m
M=x,H= >ﬁ1"13 = &—3- [3(m-f)f - m] + —X—Am
I 4r T I
This will produce bound currents J, = VXM = 0, as it should, for 0 < 7 < R (no need to calculate this
curl—the second term is constant, and the first is essentially the field of a dipole, which we know is curl-less,
except at r = 0), and

X

. . mA . 1 A .
Ki=M(R) Xt = (—er)+T(mxr)=xmm<—m+;>sm0¢.

Xm
47 1B
But this is exactly the surface current produced by a spinning sphere: K = ov = cwRsin @, with (cwR) &

X (f - Glﬁg). So the field it produces (for points inside) is (Eq. 5.68):

2 2 A 1
Biurface = gﬂO(UWR) = ’3'll'0Xmm (’; - m‘) .

current
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2~ Everything is consistent, therefore, provided A = 3poxm (% - R ) or A (1 %‘f}xm) = —2L%2  But

xm= () -lisoa(1-2+26) =262k or 4 (14 20) =2leop); g = 2 Hee=i) - and hence

B = i{;{[3(m,i)f_m]+%—%tii‘£%}- e

The exterior field is that of the central dipole plus that of the surface current, which, according to Prob. 5.36,
is also a perfect dipole field, of dipole moment

4 4 3 27R® p 2o —p)m _ p(pe ~ p)m
ur == R3 R by R3 Bsur ce | = - = .
Mautag = 37 CwR) =g ( e ) po 47 R3(2u0 +p)  po(2uo0 + 1)

current 2#0 current

So the total dipole moment is:

— 3pum
mtoc=ﬁm+—’im(ﬂ° B _ 3p

Ho po (po+p)  (po+p)

and hence the field (for »r > R) is

Ho 3u 1 ava
B=1 =  #)f — ml].
o (2#0 +'ﬂ) = [3(m - #)f — m]

Problem 6.28
The problem is that the field inside a cavity is not the same as the field in the material itself.

(a) Ampére type. The field deep inside the magnet is that of a long solenoid, Bg ~ poM. From Prob. 6.13:
e Sphere: B = Bg — %;L()M = $poM;
Needle: B =Bg — poM =0;
Wafer: B =pyoM.
(b) Gilbert type. This is analogous to the electric case. The field at the center is approximately that midway
between two distant point charges, By = 0. From Prob. 4.16 (with E — B, 1/eq = po, P = M):
Sphere: B =Bo+ £M = ;uoM;
Needle: B = By =0;
Wafer: B =Bg+ goM = pogM.
In the cavities, then, the fields are the same for the two models, and this will be no test at all. Fund it
with $1 M from the Office of Alternative Medicine.




Chapter 7

Electrodynamics

Problem 7.1

(a) Let @ be the charge on the inner shell. Then E =
~Jy Brdr=—5oQ [ frdr = 25 (3 - 1)

4reg \a

= [1-da=0 [Braa=o2 = 2 talle i) ), (em
1_/.1 da = /Ed P Yyl Ela vy ot

F in the space between them, and (V, — V) =

47eg 1

Ve-Vy |1 1 1
(b) R = I | dwo <E B)

(c) For large b (b > a), the second term is negligible, and R = 1/4moa. Essentially all of the resistance is in
the region right around the inner sphere. Successive shells, as you go out, contribute less and less, because the

cross-sectional area (4mr?) gets larger and larger. For the two submerged spheres, R = 4ma = 27rla’a (one R as
the current leaves the first, one R as it converges on the second). Therefore I = V/R =
Problem 7.2
(a) V=0Q/ C = IR. Because positive I means the charge on the capacitor is decreasing,
- = 1= Q, so Q(t ) Qoe™"FC. But Qo = Q(0) = CV, 50| Q(t) = CVoe™/7C.
d \%
Hence I(t) = dQ CVo—— c e H/RO = E‘)e—t/ﬂc.
e} /2 .
(b) W ={3cVZ.| The energy delivered to the resistor is / Pdt = / I*Rdt = ’Qt/Hcdt =
- 0 0 0
V¢ (_RC 2t/RC R PR
—{ ——e ==-CVs. V
R ( 2 ° N
{c) Vo = Q/C + IR. This time positive I means Q is increasin 49 I=—(CV-Q)> ——— _4Q__
= . iti n D = = - =
1 0 P FrEasng g RC ° Q-CV
1
—Eadt = In(Q — CVp) = — =t + constant = Q(t) = CVo + ke tFC. But Q(0) = 0 = k = —CVj, so
dQ 1 7 :
_ _ ~t/RC — _* _~t/rRc\ _1 Y8 —i/RC
Q) = CVe (1 e ) I =2 cvo(Rce ) e /RO,
125
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2 %]
W e—t/NC gy — =z (_RCG—L/RC)

R Jy ZOZ%ERC:

Since I(t) is the same as in (a), the energy delivered to the resistor is again [ $CV{.| The final energy in

oo
(d) Energy from battery: / Voldt =
0

the capacitor is also %C\r’b’", so | half | the energy from the battery goes to the capacitor, and the other half

to the resistor.
Problem 7.3

(a) I = [J -da, where the integral is taken over a.surface enclosing the positively charged conductor. But
J = oE, and Gauss’s law says [E -da = —:;Q, sol =0 [E:da= Q. But @ = CV, and V = IR, so

o _ fo
IZECIR, or R——Ea qed

(b)) Q=CV=CIR= %2 =-T=—210=|0Q@t) = Qe /|, or,since V = Q/C, V(t) = Vpe #/RC. The

time constant is 7 = RC ={¢e/0.

Problem 7.4
I'=J(s)2rsl = J(s)=1/2nsL. E=J/o=1/2nscl =1/2rkL.
“ i b—a
J= S dl = — SN _2-a
! /b Brdl=—gqple=b). Sol =m0
Problem 7.5
£ . 'R dP 1 2R
I = cP=I’R=-—"—"_:, —— =§£2 - =0=r+R=2R=|R=r.
r+ R’ (r+ R)?' dR r+R)?  (r+R) Tt

Problem 7.6

£ =$E-dl =[zero] for all electrostatic fields. It looks as though € = § E - dl = (0/€o)h, as would indeed
bée the case if the field were really just ¢/eg inside and zero outside. But in fact there is always a “fringing
field” at the edges (Fig. 4.31), and this is evidently just right to kill off the contribution from the left end of

the loop. The current is

Problem 7.7

_ Bl
=
direction of flow: (v x B) is upward, in the bar, so downward through the resistor.)

2
(b) F'=1I1B = BI;%’, to the /\\\

o

(a) £ = -2 = ——Bl%f— = —-Blv; £ = IR = |I (Never mind the minus sign—it just tells you the

d B?2 th B2? 2,2
(c) F:ma:md—zz—7v:> (d_lt;:_(me:} v = e Lt

(d) The energy goes into heat in the resistor. The power delivered to resistor is /2R, so

dW B2%y? B%{? B2 4w
Tl I*R = RZU R= % vge 2t where o = ooy amule et
! oo —2at |° 1 1
The total energy delivered to the resistor is W = amu? / e 2%t = amu? = amui— = —mvj. V
0 —2a |, 200 2

i
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f* Problem 7.8

s+a
I .
(a) The field of long wire is B = 223, 50 & = /B-da _ tol / Yads) :(“01‘1 In (s M) I
2ms 2 2

m S

S

dd pola d s+a ds uola 1 ds 1ds wolav
b =22 — {272 and & = v, 50 - oty Mot v
(b) dt 9 dt “< s )_a“ at - U T o \Sradt st 97s(s + )

The field points out of the page, so the force on a charge in the nearby side of the square is to the right. In
the far side it’s also to the right, but here the field is weaker, so the current flows [ counterclockwise.

(c) This time the flux is constant, so

Problem 7.9
Since V-B = 0, Theorem 2(c) (Sect. 1.6.2) guarantees that [B-da is the same for all surfaces with a given

boundary line.
Problem 7.10
& =B -a= Ba%cosl
Here 6§ = wt, so
£ = _% = —Ba?(—sinwt)w;

[797: Bwa?® sinwt. I

Problem 7.11 .,
E=Blv=IR=1= %v = upward magnetic force = IlB = —B—ﬁl~u This opposes the gravitational force

(view from above)

downward:
B2 dv dv B2[? g mgR
{/‘ mg — Rv:mEZ;E:g—av,whereaz—mR. g—avL=0:>m:E: Ok
dv 1 —ot
P =dt = —aln(g—av) =t+const. >g—av=Ae *; att=0, v=0, so A =g.

At 90% of terminal velocity, v/v; = 0.9 =1—e7% = 7% =1-0.9 = 0.1; In(0.1) = —at; In10 = at;

t= L1010, or |tgon = — In 10.
g

Now the numbers: m = 4nAl, where 5 is the mass density of aluminum, A is the cross-sectional area, and
{ is the length of a side. R = 4l/Ac, where ¢ is the conductivity of aluminum. So

p=28x%x10"8Qm

v, — AnAlgdl _ 16ng _ 16gmp and 4 9= 9.8m/s?
‘T 4oB  oB* B? n =27 x 10%kg/m?
B=1T

So v, = gm)(g.s)(z.vxllos)(z.s;x10—8> _ toou = Lﬁ%‘z In(10) =

If the loop were cut, it would fall freely, with acceleration g.]

s
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Problem 7.12

ay2 Ta? d® ma? . £ ralw
=7 (5) B = TBO COS(wt) £ = —E' = -—4—Bowsm(wt). [(t) = -R— = iR Bo sm(wt)
Problem 7.13
a a @
@:/Bd:cdy:kﬁ/ d:c/ ysdy=lkt2a5. E——ii—:— %ktas.

Problem 7.14

Q Suppose the current (I) in the magnet flows counterclockwise (viewed from
above), as shown, so its field, near the ends, points wpward. A ring of
@ ) pipe below the magnet experiences an increasing upward flux, as the magnet
) B approaches, and hence (by Lenz’s law) a current ([ing) will be induced in it
p1pe— Ak such as to produce a downward flux. Thus [;ng must flow clockwise, which is
) — opposite to the current in the magnet. Since opposite currents repel, the force
rflzg}glgegt _— . on the magnet is upward. Meanwhile, a ring above the magnet experiences
L. a decreasing (upward) flux, so its induced current is parallel to I, and it
attracts the magnet upward. And the flux through rings nezt to the magnet
//,_IQ is constant, so no current is induced in them. Conclusion: the delay is due

ring — R to forces exerted on the magnet by induced eddy currents in the pipe.

Problem 7.15

. L _ | ponlZ, {(s<a);
r\ In the quasistatic approximation, B = { 0, (s> a).
Inside: for an “amperian loop” of radius s < a,
dd odI dl -
& = Brs? = ponlns: ?{Edl Eoms = —— = —ponrs’—; | B —”02“5
QOutside: for an “amperian loop” of radius s > a:
2dl 2dI -
® = Bra® = ponlna®; E21s = —pgnma® e E-= ~'u02n;a s

Problem 7.16

(a) The magnetic field (in the quasistatic approximation) is “circumferential”

in a solenoid, and hence the field is | longitudinal.

(b) Use the “amperian loop” shown.
Outside, B =0, so here E= 0 (like B outside a solenmd)

So §E-dl=El= 4 [B.da=—2 [*£ol]gs
L E=- %‘fifln( ) But ‘” = —Jpwsinwt,

_ polow . ay .
so|E = —5 sin(wt) In (s) Z.

. This is analogous to the current

- —

=

/
\

YT
J

2z

=1
J
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Problem 7.17
(a) The field inside the solenoid is B = ponl. So & = wa’uonl = £ = —nwa®uen(dl/dt).

. 2
. ma’ ponk

In magnitude, then, £ = ma?ponk. Now € = I, R, 30 | Iesistor = ____.__20 =

B is to the right and increasing, so the field of the loop is to the left, so the current is counterclockwise, or

to the right, { through the resistor.

dQ 1d® 1 2
(b) A® = 2ra’ponl; I = d—? = % = _E% =2 AQ = EA(I” in magnitude. So |AQ = %_G_leﬂ'
Problem 7.18
pol - wola /2“ ds polaln? dQ d® poaln2dl
= B. T B=—0¢ &=" —:—————————-«'EZIOOR:—— = —-— = — —_
¢ / da; 2rs 2r J, s 2ar ! loop dt R dt 2r  dt
_ _uoaan _ Tpopaln2
Q=g 47|95

The field of the wire, at the square loop, is out of the page, and decreasing, so the field of the induced

current must point out of page, within the loop, and hence the induced current flows [counterclockwise.]

Problem 7.19 NI =
o . oy
In the quasistatic approximation, B = { 0?” 2 (S:tssl?deettoorg?d))’

(Eq. 5.58). The flux around the toroid is therefore

NI [otv 1 I
5 _ Mo I/ hds:ﬂogrhln(l-i—w)zﬂothI d@muothd_I”pothk

2w s a 2ra  dt  27a dt  27a

The electric field is the same as the magnetic field of a circular current (Eq. 5.38):

ol a? .
B= 2 (a? + 22)3? “
with (Eq. 7.18)
1 dd Nhwk Lo Nhwk a? . o  Nhwka
e . SoE=H(_ —|_fo_Yhwha .
I= Lo dt 2ra So 2 < 2mra ) (a? + 22)3/2 z 4r (a2 4 22)3/2 z

Problem 7.20

(a) From Eq. 5.38, the field (on the axis) is B = /‘g—lm_%;j-mi, so the flux through the little loop (area wa?)

212
sle = porla”hb

T2 22y

(b) The field (Eq. 5.86) is B = L2 % (2cos 6 F + sin# 6), where m = I'ma?. Integrating over the spherical “cap”
(bounded by the big loop and centered at the little loop):

-

2 g
ofa 27r/ cosfsinfdf
0

_ . __“_OI“‘ﬁ/ 2‘~ _
<I>_/B da = ym (2cos ) (r*sinf df d¢) = o

r3
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g 2p2
_ 5 . _ 12.209_ pomla“b X
where r = v/b? + 2% and sinf = b/r. Evidently = -T2 =50 o =30 £ 22 the same as in (a)!!
powa’b?

(C) DIVldll’lg off I (‘I’l = Mlzlz, @2 = M21[1)Z M12 = M21 =

2(b% + 22)3/2°

Problem 7.21

. [#3
dd dl \
= e—-—_— = — —_—= — . .[
¢ g = Mg =Mk QI“
a

It’s hard to calculate M using a current in the little loop, so, exploiting the equality of the mutual inductances,
T’ll find the flux through the little loop when a current I flows in the big loop: ® = MI. The field of one long

ireis B = &of — bol p201 = wola :
wire is B = %2 = &, = £~ [ tads = £2%1n2, so the total flux is

o= 9p, = Molaln2 . £
(s w mw

toaln2 N _ Hokaln?2

in magnitude.’

Direction: The net flux (through the big loop), due to I in the little loop, is into the page. (Why? Field
lines point in, for the inside of the little loop, and out everywhere outside the little loop. The big loop encloses
all of the former, and only part of the latter, so net flux is inward.) This flux is increasing, so the induced

current in the big loop is such that its field points out of the page: it flows [counterclockwisej

Problem 7.22
B = ponl = &, = ponIwR? (flux through a single turn). In a length ! there are nl such turns, so the
total flux is ® = poen?wR2Il. The self-inductance is given by ® = LI, so the self-inductance per unit length is

Problem 7.23

d—e
The field of one wire is B} = g—gé, sod =2 %‘;—I 1 de = E‘;rﬂln (4:—5) The € in the numerator is

€
negligible (compared to d), but in the denominator we cannot let € — 0, else the flux is infinite.

L= #?ol In(d/€) | . Evidently the size of the wire itself is critical in determining L.

Problem 7.24 ,
- I 1
(a) In the quasistatic approximation B = Fo ¢. So &, = Koo | Zhds =
27s 2 s

a

;L()Nh,

“07% 1n(b/a).

In(b/a)Io cos(wt). So

This is the flux through one turn; the total flux is N times &;: & =
—7\(103(10-2
_d® _ polNh (47 x 107")(107)(1077) In(2)(0.5)(2 60) sin(wt)

O 2 & 261x107¢

] —4 - . _ _ ¢ _ < X -
l2.61 x 10 sm(wt)J (in volts), whe;e w=2r60=2377/s. I, = j T —
= |5.22 x 1077 sin(wtﬂ (amperes).

(b) & = —L%It’—; where (Eq. 7.27) L = £lC8 1n(p/q) = Umx10CTHUNA0TH) 1n(9) = 1.39 x 102 (henries).

£ =

In(b/a)lpw sin(wt) =

sin(wt)

Therefore £ = —(1.39 x 1073)(5.22 x 1077 w) cos(wt) = [—2.74 x 1077 cos(wt)—] (volts).
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. . 2.74 x 1077 31 polNZhw
P =1 =1 .
Ratio of amplitudes 261 101 1.05 x 10 ok n(b/a)

Problem 7.25

With I positive clockwise, £ = _L%{ = @Q/C, where Q) is the charge on the capacitor; I = %?, SO
% = —1e@ = —w?Q, where w = VLL_‘C— The general solution is Q(t) = Acoswt + Bsinwt. At t = 0,

Q=CV,50 A=CV; I{t) = 42 = ~Awsinwt + Bwsinwt. Att=0,1 =0, s0 B =0, and

. /C . t
I(t) = -CVwsinwt = |-V 7 sin (\/T@) .

If you put in a resistor, the oscillation is “damped”. This time —L‘” =24+ IR, so0 L—‘QO‘ +R%? + éQ = 0.
For an analysis of this case, see Purcell’s Electricity and Magnetism (Ch 8) or any book on oscillations and
waves.

Problem 7.26

1
(@) W =1L1LI?. L = pon®nR* (Prob. 7.22) |W = -2—,u0n27rR2112 .

(b) W = 1 §(A-T)dl. A = (uonI/2)R ¢, at the surface (Eq. 5.70 or 5.71). So Wy = L& R[ . 27 R, for one
turn. There are nl such turns in length [, so W = Juon?nRI?. v

(c) W = 5= [B*dr. B = ponl, inside, and zero outside; [dr = wR’l, so W = g-pin’I’rR¥ =
fpon®nRAIE. v

(d) W = 5= [[B*dr — §(A x B) - da]. This time [B?dr = pin*I*n(R? ~ o*)l. Meanwhile,

A X B = 0 outside (at s = b). Inside, A = “"2—”1(1(}3 (at s = a), while B = ugnl z.

A X B=1p2n’I%a(d x 2) ﬁ

~ points inward (“out” of the volume)
S

$(A x B)-da = [(3puin®I%as) - [ad¢dz( ]
W = gz [in° Pr(R? - o®)l + pgn’ Pra®l] = 2u0n212R27rl v

Z

/ q
— 12021202971, Z
)= —5u8 N,

@

Problem 7.27

uonl 1 / 5 1 p0n212/ pon?I? b 1 219
B = ; = — [ B —hr d Rrln{ -) =} — I“hl .
27s w 210 dr = 2up  4m? 9ds = 82 TG peall n(b/a)

L= —2—n2h1n (b/a)| (same as Eq. 7.27).
i

Problem 7.28
B - dl = B(2s) = polenc = pol(s*/R?) = B = 2R
1 1 @2 R pol?l st pol p _ 1
_ 1 32 _ 0 / 2 l — ‘ = 12 2‘
w 240 dr 2u0 472 R1 J, 8" (2ms)l ds = ar R4( ) o 167 2LI
SoL = g,%l, and £L =L/l = independent of ! |

Problem 7.29

uols

dl &
(a) Initial current: Iy = & /R. So —L"E =JR= — = .__}.z.[ = [ = Iye RYL or I(t) = S0 o~Rt/L
dt dt L R
E? aw
- I’R 2 ,—2Rt/Lp _ 90 ,~2Rt/L _
(byP=I°R=(&/R) e R= 7 dt . 3

2
w=b0 [T emrrin gy & (—ie-”w) = E'(o + L/2R) = %L (Eo/R)*.

R J R \ 2R

0
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(c) Wo=LLIZ=1(&/R)?. v

Problem 7.30
(a) By = i‘—z;lgh [3(a; - 2)2 — a;], since m; = Iya;. The flux through loop 2 is then

1 . - - -
¢2 = Bl s az 7—'_5—7(:_511[3(81 '4)(82 "L) —a) -a2] = MIl M= Ho [3(81 -4)(a2 '4) — a 'ag].

473
(b)Y & = —]\45‘(1—’}, % L= S L =ML %. (This is the work done per unit time against the mutual emf in
loop 1—hence the minus-sign.) So (since I; is constant) Wy = M1, Iz, where I, is the final current in loop 2:
Ho
4723
Notice that this is opposite in sign to Eq. 6.35. In Prob. 6.21 we assumed that the magnitudes of the dipole

moments were fized, and we did not worry about the energy necessary to sustain the currents themselves—only
the energy required to move them into position and rotate them into their final orientations. But in this
problem we are including it all, and it is a curious fact that this merely changes the sign of the answer. For
commentary on this subtle issue see R. H. Young, Am. J. Phys. 66, 1043 (1998), and the references cited
there.
Problem 7.31

dfl‘he displacement current density (Sect. 7.3.2) is J4 = eo% = —f; = # Z. Drawing an “amperian loop” at
radius s,

W = [3(m1 ~/l)(m2 ';t) —1mj - mz].

2

Is? R
?gB-dl:B-Qws:,uoIdm:,uo%-st:,uoIS—Q:;*B— o5 . B = pols
wa a

T 27sa?’ T 9ma? T
Problem 7.32

a(t) . Q) It It
E - Lz )y = —F = ——: .
(2) €0 z o(t) ma?  wa?’' | wepal z

dE s? s? wol -

_ 2 __ 2 _ _ - —| 20
(b) Iy, = Jams® = eo—dt—ws = I?. ?gB -dl = poly,,, = B2ns = ,Uofa—2 = B= 27ra25 @.

(c) A surface current flows radially outward over the left plate; let I(s) be the total current crossing a circle
of radius s. The charge density (at time t) is

[L- 1)t

o(t) = ws?

Since we are told this is independent of s, it must be that I — I(s) = 8s?, for some constant 8. But I(a) = 0,
so fBa? =1, or B = I/a?. Therefore I(s) = I(1 — 5%/a?).

s°T poi 4
B2ns = polenc = poll — I(s)] = po—y = B= 27ra25¢' v

Problem 7.33
(a) Jae=¢o il

Iow2

cos(wt) In (a/s)z. But Ipcos(wt) = 1. So|J4 = %uﬂ[ln(a/s) Z.
7r .

2 a a
(b) Iq = /Jd -da= @%L:——l / In(a/s)(2nsds) = uoe()wQI/ (slna — slns)ds
0 0

27,2
a ewla
. = poeow?I [";/Iﬁa —%a+ ‘2—2] = H—g—o—%————.

= pocow? ! [(ln a)323 - % Ins+ 1—2]
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I eow’a’® .
()| F = B5—.| Since poeo = 1/¢%, I/I = (wa/2c)>. T a =107 m, and % = 7L, so that 42 = &,
: 8
w= 2 = B or = 0.6 x 101 /s = |6 x 10'°/s;| v = £ ~ 10'°Hz, or 10* megahertz. (This is the

microwave region, way above radio frequencies.)

Problem 7.34 .

Physically, this is the field of a point charge —¢ at the origin, out to an expanding spherical shell of radius
vt; outside this shell the field is zero. Evidently the shell carries the opposite charge, +¢. Mathematically,
using product rule #5 and Eq. 1.99:

E=ft-r)V- [t L)L 44 S I I B PPN
V-E=0(vt-r)V < Treer? r) 47T€0T2r Vib(vt—1)] = 60(5 (r)f(vt —r) — —— = (£ - ) —0(vt — ).

But 63(r)8(vt — r) = 63(r)8(t), and %H(vt —r) = —~d(vt — ) (Prob. 1.45), so

47r?

p=6V-E=|—q8(r)dt) + a d(vt — ’Iﬂ

(For ¢ < 0 the field and the charge density are zero everywhere.)
Clearly V-B = 0, and V x E = 0 (since E has only an r component, and it is independent of § and ¢).
There remains only the Ampére/Maxwell law, V x B = 0 = poJ + poedE/St. Evidently

___9E g 9@ _ L _ 1 4 R
J= 0 = 60{ 47reor28t[9(vt r)]}r— 47rr2v6(vt—r?r.

(The stationary charge at the origin does not contribute to J, of course; for the expanding shell we have J = pv,
as expected—Eq. 5.26.)
Problem 7.35

From V-B = pgpy, it follows that the field of a point monopole is B = £24%2. The force law has the
form F « gm (B — v X E) (see Prob. 5.21—the ¢? is needed on dimensional grounds). The proportionality

. 1
constant must be 1 to reproduce “Coulomb’s law” for point charges at rest. So|F = ¢,, <B - =VvX E> .
c

Problem 7.36
Integrate the “generalized Faraday law” (Eq. 7.43iii), V. x E = —ugJ,, ~ %?—, over the surface of the loop:

d
/(VxE)-da:fE~dl:5=—,uO/Jm-da—E/B-da:—,uolmenc—%.

I dl 1d® 1
But £ = —Ld—, S0 — = %)Imm + T or I = HLEAQm + ZACI’, where AQ),, is the total magnetic charge

passing through the surface, and A® is the change in flux through the surface. If we use the flat surface, then
AQm = ¢m and AP = 0 (when the monopole is far away, ® = 0; the flux builds up to pogm/2 just before
it passes through the loop; then it abruptly drops to —uogm/2, and rises back up to zero as the monopole
disappears into the distance). If we use a huge balloon-shaped surface, so that ¢,, remains inside it on the far
side, then AQ,, = 0, but & rises monotonically from 0 to pog.- In either case,

Hodm
I =——.
L
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Problem 7.37

/ ;
E:E;—:}JC:O'E:}E:X 6D 0 0 {Vocos(%rut)}:do
P

. J —_ -_ i Z 3 i [ .
Py d 5 3 (EE) =€ 5 [ 2rv 91n(27'1/t)]
The ratio of the amplitudes is therefore:

L Ve d__ 1
Jq  pd2nveVy  2mvep

= [2n(4 x 108)(81)(8.85 x 10712)(0.23)] ' =

Problem 7.38
The potential and field in this configuration are identical to those in the upper half of Ex. 3.8. Therefore:

I:/J-da:a/E-da

where the integral is over the hemispherical surface just outside the sphere.

But I can with impunity close this surface:
{because E = 0 down there
anyway—inside a conductor).

Sol=g¢ fE-da = ngenc = % fae da, where o, is the electric charge density on the surface of the hemisphere—
to wit (Bq. 3.77) . = 3egFy cosé.

n/2
I = -ZBEOEO /cos&a2 sinfdfd¢ = 30E0a227r/ sin @ cos§ df = 3o Fymal.
€0 0

3omVya?
But in this case Ey'= Wy /d, so|] = —U—Wdo—a—.

Problem 7.39 z
Begin with a different problem: two parallel

wires carrying charges +A and —A as shown. /
b b
y
Field of one wire: E = ﬁé; potential: V = —2;‘60 In(s/a). W

Potential of combination: V = ﬁ In(s_/s4),

b2 2
or V(y,z) = 47?‘50 ln{%ﬂ—_—i—;}.

Find the locus of points of fixed V (i.e. equipotential surfaces):

treoV/r =, - WD+

) R PR

=>u(y?—2yb+bz+z2):y2 +2yb + b% + 2%

. +1
= 1)+ 05— 1) + 22~ 1) — 2b(u+ 1) = 0= 2 + 2% + 5> — 2468 = 0 (ﬂEZi);

(y—b8)2 + 22+ 0> = 0282 = 0 = (y — bB?) + 2* = b3(8% - 1).
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This is a circle, with center at yo = b = b(il:l) and radius = /8% -1 = b\/g“z“Lz““F(lu):l()“;‘z““Ll) = 20y

1 p—1-
This suggests an image solution to the problem at hand. We want yg = d, radius = a, and V = V. These
determine the parameters b, zz, and X of the image solution:

d oy 0(EH) u+1 d_
— = - = = . Call - =a.
a  radius ZM{_‘ 2/ a

=

du=(p+1)? =2+ 2u+1=p® + (2 -4a*)u+1=0;

4o — 2+ /4(1 ~ 202)2 — 4 .
p=2 2( ) T e i/ da? At — =207 — 1+ 2av/a? — 1

4d1eg VL
mTeEY Vo :lnu:> )= 47(60%

" In (2012—-1:E2a\/a2 —1).
1 .
I:/J.da:a/E-da:a—Qm: T
€0 €0

That’s the line charge in the image problem.

The current per unit length is 7 I_ oA draVy
unit ler s = > =22 = .
P g i €0 In (2a2—1:t2a /e __“1)
the cylinders are far apart, d > a, so that a > 1.

Which sign do we want? Suppose

1 1
=2a% — 1+ 20 - 2 — 202 — 201 -~
() =2« a’y/1-1/a a’—-1%2a° |1 527 3o +

1
=211 - (1) F +...=

40?2 —2-1/2a% +--- = 4a® (4 sign),
4a?

~1/4a* (— sign).

The current must surely decrease with increasing «, so evidently the + sign is correct:

4oV
0 where a =

Z:1n(2o/2—1+2a\/oﬂ—1)’ . a

Problem 7.40
(2) The resistance of one disk (Ex. 7.1) is dR = 22 = £, dz, where r = (%32) z + a is the radius of the
disk. The total resistance is

Y R S AR } .

J2
_ pL b—a\ | pL
 wb—a)\ ab /]  |mab

(b} In Ex. 7.1 the current was parallel to the axis; here it certainly is not. (Nor is it radial with respect to
the apex of the cone, since the ends are flat. This is not an easy configuration to solve exactly.)

{(c} This time the flow is radial, and we can add the resistances of nested spherical shells: dR = % dr, where

[
A=/ r? sin9d0d¢=27rr2(——c039)]g = 2772 (1 ~ cos 6). /T/’ b
0
a

LopL Lo
o mb—a)| (b—a+a) a
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p ™1 p Ty — Tg a b .
R == B —— — = - . _— = — = .
27(1 — cos9) /,u r? dr 2m(1 — cos6) ( TaTh ) Now Ta T sin@
= plb—a) sind . But sinf = __b-a and cosf = ——————L———~
2mab (1 — cosd) VLT + (b= a)? L2+ (b—a)?
p(b —a)? 1

2mab [ L2+(b—a)2—-L]'

. N 1(b—a) _opb—a? 1
[Note that lf b —a << L, then L2 + (b - a)2 = L I:l + ET] y and R = 27rab ( a)2/2L
pL .
oy asin (a).]

Problem 7.41
Via(s, ¢) i kbesin(ke), (s < a);
From Prob. 3.23, =
Vour(s, ¢) = is_kdk sin(kd), (s > a).

k=1
(We don’t need the cosine terms, because V' is clearly an odd function of ¢.) At s = a, Viy = Vou, = Voo/2m.
Let’s start with Vi,, and use Fourier’s trick to determine by:

Za’”bk sin(k@) = VO¢ = Za bk/ sin(k¢) sin(k'¢) d¢p = ;/—; /7T ¢sin(k'¢) dp. But

/ sin{k@) sin(k'¢) dp = wéxxr, and

" psin(k's) dp = [( 7 S ) - {%cos(k'qs)} = -2 coslk'9) =~ 27 (<D¥ . So
oV S k o0 .
ra¥by, = ﬁ [—'—‘Zkz(—l)kJ , Or by = —7}:% (—%) , and hence Vi,(s,¢) = —% kz::l% (—2) sin(k@).

V oo k oo
Similarly, Vyui(s, ¢) = —?O % (—%) sin(k¢). Both sums are of the form S = Z %(—x)k sin(k¢) (with
k=1 k=1

z=sf/aforr < aand z = a/s for r > a). This series can be summed explicitly, using Euler’s formula

(e = cosf + isin6): Imz ’k¢-ImZ :z:e'¢

s0 S = ~Im [In (1 + z€'®)] .

??-I'—‘

But In(1 + w) = ! +1 s )
—w— - -
u w w 2’LU 3‘11) w 2

Now In (Reie) =InR+1i6, so S = —0, where

[(1+ze¥)+ (1+zei9)] ~ i[2+z(e? +e )] 1l4+zcosg

Im (1 +ze*) & [(1+ze?) - (1+ze )] z(e—e*)  zsing

Re (1 + ze®)

tanf =

pop e



Vo, 4 ssin ¢ .
—_— (a+scos¢)’ (s <a);

asin¢

Vo
7 tan (m) (s> a).

‘/in (37 ¢)

it

Conclusion:

vout (31 ¢)

It

_ avout a‘/m
(b) From Eq. 2.36, o(¢) = ‘°{ 95 l,ea Os ,=..} '
Vow _ Vo 1 (—asin @) __ YV
Os - T a sin 2 (8+acos¢)2 o i
[1 + (:‘;a‘a.%) ]

_ Vo asind) s
- m \s2+2ascos¢p+a?)’

asin¢ }

(s + acos¢)? + (asin ¢)?

asin ¢

T

(a + scos ¢)? + (ssin ¢)?

sin¢

Vo _ W 1 [(a + scos ¢) sin ¢ — ssin ¢ cos @] _Vo[
os =@ ssing_\?] (a+ scos¢)?
[1+(a—+.?.%$)]
_ W asin¢
~ x \s?+2ascos¢p+a?/’
OVin __WVou _ Vo [ sing _ &V
B =0 ™ T (Treng) 070"

ma (1+ cosg)

_ eV
=0 tan(¢/2).
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Problem 7.42

(a) Faraday’s law says VXE = —B?. soE=0= %? = 0 = B(r) is independent of £.
(b) Faraday’s law in integral form (Eq. 7.18) says § E-dl = —d®/dt. In the wire itself E = 0, so ¢ through

the loop is constant.

(c) Ampére-Maxwell=> VXB = poJ + poeo%, so E=0,B =0=J =0, and hence any current must be

at the surface.

d) From Eq. 5.68, a rotating shell produces a uniform magnetic field (inside): B = Zugowaz. So to cancel
( q g gn )

B .
such a field, we need owa = -—g;?. Now K = gv = owasiné ¢, so

K= -g%sinqu.

Problem 7.43

(a) To make the field parallel to the plane, we need image monopoles of the same sign (compare Figs. 2.13

and 2.14), so the image dipole points m

(b) From Prob. 6.3 (with r — 2z):

3ug m?

3po m? | 3pg m?
2r (22)°

F= 2r (2h)*

=Mg=>h=
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(c) Using Eq. 5.87, and referring to the figure: m
B=2_1 (18(ma-£1)81 — mi] + [B(—mi- ) f2 + mi]} h
= 4 (1‘1)3 )T 2)f2 T
3/1.0771

Tn (e, cos@(fy + F2). But &) + £, = 2sinff.
= _ Spom_ sinfcoséf. But sinf = —T—, cosf = ﬁ'—, and ry = V2 + h2,
2mw(ry)3 T1 1
_ 3/1.0771}1 r &
- 2 (r2 4+ h2)5/2 7
Now B = oK x2Z) = Z2xB = oz x (K x2) = go[K~-2(K-2)] = oK. (I used the BAC-CAB rule,
and noted that K - 2 = 0, because the surface current is in the z y plane.)

3mh T 3mh r

A
r)

)
=47r(n)3[(2-f,)f-1—(2-f2)f2]. But 2-f, = —%- £y = cosf. - Af‘
_ _ 3pom : 1
= .

8

h
—m

1 -
= ——(zxB)=-— Z r) = — .
K Ho (2 xB) 2w (r2 + h?)5/2 (& x ) 21 (r? + h2)5/2 ¢ qed
Problem 7.44 z

Say the angle between the dipole (m;) and the z axis is § (see diagram). o+

N )3
The field of the image dipole (m;) is 2

_k 1 A\ a
B(z) = mht P [3(m; - 2) 2 — my) T

for points on the z axis (Eq. 5.87). The torque on my is (Eq. 6.1) _

\m
2O [3my - 2)(my x 2) — (my X my)]. N

N = B= —m—
X B = g eh)

But m; = m(sinf %X + cosz), my = m(sinf% — cosbz), soms -z = —mcosf, m; x Z= —msind §, and
m; X my = 2m? sin 6 cos 6%.

Ho 2

- 4m(2h)3
Evidently the torque is zero for § = 0, 7/2, or #. But 0 and 7 are clearly unstable, since the nearby
ends of the dipoles (minus, in the figure) dominate, and they repel. The stable configuration is 8 = 7 /2:
rparallel to the surface] (contrast Prob. 4.6).
In this orientation, B(z) = —3—;% %, and the force on m; is (Eq. 6.3):

.l llom2
F—V[ 47r(h+z)3]

[3m?sinfcos6§ — 2m?sin 6 cos 0 9)) sinfcosfy.

_ _Homm
47 (2h)3

_ 3pem?

_ 3/1.077’1.2 n 3
a=n Am(2R)

sen An(h+2) z

At equilibrium this force upward balances the weight Mg:

3pom? |1 [ 3uem? 14
4w(2h)t Mg = h= 2 (47ng )
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Incidentally, this is (1/2)!/* = 0.84 times the height it would adopt in the orientation perpendicular to the

plane (Prob. 7.43b).

Problem 7.45 ) ) )
f=vxB;v=wasinf¢; f =waBysinf(¢ X 2). £= [f-dl,anddl=adfb.

So £ =wa?By [7*sing(¢ x 2)-0df. But - (dx3)=2-(0x ) =2-F = cosé.

.2
6 1
Su; ] /2 ~wa®By | (same as the rotating disk in Ex. 7.4).

w/2
£ =wa’By / sinf cos§ df = wa®Bg [ 0 5
0

Problem 7.46

(a) In the “square” orientation (O), it falls at terminal velocity | vsquare = _ngl_lj (Prob. 7.11). In the
“diamond” orientation (<), the magnetic force upward is F = IBd (Prob. 5.40).
The flux is & = B [I2 — (d/2)?], and d/2 =1/V2 -y, ’ l " l l
so®=B[2-(/V2-y)?.
8:—%:—2B(l/\/§—y)%‘f. But%}f:—v. 1
So£=2Bv(l/V2—y)=IR=>1=28v(1/\/2-y); F=2- '“?:” (1/V2 - y)2 = mg (at terminal velocity).
mgR

(This works for negative y as well as positive, if you replace y by |y|.)

Udiamond =

4B2 (V2 -y)"

2
Usquare __ ng 4B? (l/\/:?'- - y) _ _ 2 « 1 ” .
Thus = B212> oy = (\/5 2y/1) .| At first (y ~ 1/v/2) the “diamond” falls faster;

toward the halfway mark (y ~ 0), the “square” falls twice as fast; then the diamond again takes over. The
total time it takes for the square to fall is:

¢ _ { _ B3
square = Usquare B mgR

(assuming it always goes at the terminal velocity, which—as we found in Prob. 7.11—is close to the truth, if
the field is strong). For the diamond, ¢ is

0
dy 8B? 2 8B% [1 311 8B21 [3 2v/2 B3
- = (V2 —y) dy=="= |2 {1/V2~ = = = .
/vdiamond mgR :{_ (/\/— y) y mgR |3 ( /\/_ y) V3 mgR 3 2/2 3 mgR
V2

S0 tsquare/tdiamond = 3/2\/§ = 1.06. The “square” falls faster, overall. If free to rotate, it would start out
in the “diamond” orientation, switch to “square” for the middle portion, and then switch back to diamond,
always trying to present the minimum chord at the field’s edge. z

(b) F=1IBl; ®=2B [Y Va>-z2dz (a = radius of circle).
S=—%‘%:—2B az——y"’%%:ZBv\/a?—y?:IR. / }1/2

=280 /o7 2 1/2 = \/a? — 2. Son%(a2~y2)=mg- % ?

oo mgR
Ucircle = 432((12 _y2)7 4—-—>y
[T dy  4B® [ 4, 5, 4B , 1 4/° 4B 4 3 |16 B%®
t‘“"‘“"_[ra _7—ng/_a(a “VH = SR @3 = R = T mer




140 | CHAPTER 7. ELECTRODYNAMICS

Problem 7.47
(a) In magnetostatics

Iy x2
B= T’
V.B=0, VxB=pul = B(r)= 4ﬂ/ - 2 r
For Faraday electric fields (with p = 0}, therefore,

OB 108 [BE,H)xi

(with the substitution J — —i%%.)
(b) From Prob. 5.50a,
B(r',t) x 2 0A
ALY X2 o B =~ 22
A(r,t) = i / 3 dr', so 5
(Check: V x E = - Z(V x A) = —%2, and we recover Faraday’s law.]

(c) The Coulomb field is zero inside and 4~ =4 o ”—“T”,}L F= "O—Rg f outside. The Faraday field is — 22,
where A is given (in the quasistatic approx1mat10n) by Eq. 5.67, with w a function of time. Letting w = dw/dt,

uo?arsin9$ (r < R),
E(T) 8’ ¢’ t) =
4

oR? - o R*0osin8 - ¢) r > R).

€oT2 3 r?
Problem 7.48

) dB dv dB
gBR = mv (Eq. 5.3). If R is to stay fixed, then qR_dT = ma =ma=F =¢qF, or E = R—dT But
d® d® 1 do 1/ 1
fE-dl_—:it—, soEQWR——:i?, so “onR R rB_—§ (mi’)%-constant. If at time t = 0
1 1

the field is off, then the constant is zero, and B(R) = ( R2 (in magnitude). Evidently the field at R

must be half the average field over the cross-section of the orbit. qed

Problem 7.49

Initially, ﬂr‘ﬁ = o 9 =T=1Lm?= %4—7:;;‘-’;0'- After the magnetic field is on, the electron circles in a
new orbit, of radius r; and velocity vy:
, .
muvy 1 qQ 1 5, 11 ¢@
=— S +quB=>T = -—mvi== — + —qun B
1 drmeq 12 7o YT T Qe 1y gdvim

Butry =r+dr,so (r) ' =r"1(1+ d{):‘l =~ (1- 45, while v; = v+ dv, B =dB. To first order, then,

1
=11 99 (9 L) dB, and hence dT =Ty — T = 9“-’” a1 1 99,
. r 2 2 47eg 1‘2

2 Adweg T

Now, the induced electric field is E = ;‘ff (Ex. 7.7), so m%¥ G =qE=% ‘ff, or mdv = £.dB. The increase in

kinetic energy is therefore dT' = d(;mv?) = mvdv = $=dB. Comparing the two expressions, I conclude that
dr=0. qed

s
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Problem 7.50

&= _d_(b = —q. So the current in Ry and Ry is [ = -—3——; by Lenz’s law, it flows counterclockwise. Now
dt R + Rs
the voltage across R; (which voltmeter #1 measures) is Vi = IR; = %— (Vs is the higher potential),
‘ 1 2
D2
and Vo = —IRy = EP-:-_RR; (Vs is lower).
Problem 7.51
' dI dv d*v hBdI hB (hB d?v hB
= = —f—: =Th = e—— = —— | — -—:—2 ith = —.
& =vBh Ldt F B = Uil — m(L)v’ 9 wy, | with jw Tt

Problem 7.52
A point on the upper loop: r2 = (acos ¢o, asin ¢q, z); a point on the lower loop: r; = {(bcos¢;, bsin ¢;,0).
2% = (ry —11)% = (acos ¢z — beosd1)? + (asinga — bsin ¢p)? + 2°
= a? cos? ¢y — 2abcos ¢y cos ¢y + b2 cos? 1 + a’sin? ¢y — 2absin ¢y sin g + b2 sin? ¢; + 22
=a? + b2 + 2% — 2ab(cos ¢3 cos ¢; + sin ¢q sin h1) = a? +b% + 2% — 2ab cos(pa — ¢1)

(a® + b* + 2°)[1 — 2B cos(¢ — ¢1)] = ‘;b [1—2Bcos(¢2 — ¢1)].

It

dly = bdp; ¢, = bdpi[—sin¢1 X + cos ¢, ¥]; dly = adps Py = adga[—sin ¢y X + cos ¢ ¥], so
dly - dla = abdg, dgo[sin ¢; sin ¢o + cos ¢y cos ¢2] = abcos(py — ¢1) dpy da.

dly-dly _ po ab cos(¢g — ¢1)
jg 2 47T\/ab/ //\/I—Q;Bcos ¢>2—¢1)d¢2d¢1'

Both integrals run from 0 to 27. Do the ¢ integral first, letting u = @2 — ¢;:

27— 27
Cosu cosu

—_——
Vv1I=28cosu v= V31— 223 cosu

—¢1

(since the integral runs over a complete cycle of cosu, we may as well change the limits to 0 — 27). Then the
¢, integral is just 2w, and

M:ﬂm%r cosu po\/ab— cosu
47 0 \/1—2Z3cosu 0 \/1—2Bcosu

(a) If a is small, then 8 <« 1, so (using the binomial theorem)

2n

1

v1=283cosu

Cosu,

27
—_——du = cosudu-i—ﬁ/ cos? udu = 0 + B,
V1 —=2Fcosu 0

’ 2w
=1+ Bcosu, and /
0

poma’b®

202 + 272 (same as in Prob. 7.20).

and hence M = (uom/2)+/abB3. Moreover, B = ab/(b* + 2%), so M =
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(b) More generally,

1 3, 5 1 ' 3
(1+€)—1/2:1 §€+§€ —1—6'6 + - :>T\/__—Q_*—B____m:1+ﬂCOS'LL+552C052u+gﬂ30053u+"',

S0

2w 2T 2T 27
3 5
M= %‘-\/abﬂ{/ cosudu+,8/ cos2udu+§ﬁ2/ cos® u du + 5;33/ cos4udu+---}
0 0 0 0

— LB |0+ 8 + 30°0) + 3G + | = BTV (14 26 00+ ) | aed

2

Problem 7.53
Let @ be the flux of B through a single loop of either coil, so that ®; = N;® and $5 = No®. Then

dd e & N
£ = —Ni= ~N. 2= ged
V=N & Y@ Y E TN

Problem 7.54
{a) Suppose current Iy flows in coil 1, and 1> in coil 2. Then (if @ is the flux through one turn):

M L, M
q)]:[]L]‘f'M[Q:Nl(I’; (EQZIQLQ-FMII:NQ‘P, or<I>—I1 +I2 I2 +I1
N Ny Ny’
In case I; = 0, we have 1%1; = —#2; if I = 0, we have —Lﬁf = ,—VM; Dividing;: % = —- yor L1Ly = M?  qed
(b) —& =40 =L 4 o ML = Vi cos(wi); —Er = D2 = L% + ML = LR qed
(c) Multlply the first equation by Ly: L) Lzﬂl + LQQ&M LoVi coswt. Plug in Lo =-—LR- M%L.
Ly W4
M2%Itl ~ MRI, — M”—d[g = LoVicoswt = | I (t) = — ]\f[Rl coswt. L;ﬂk + M (ﬁ#wsmwt) V; coswt.

dl Vi L i (1 Lo
1= (co,swt - ﬁwsinwt) =>10(t) = - (-—smwt+ Ecoswt)

dt Ll Ll
%ut IQR -% coswt R LQ N2 N2
d = = = —— =~——_Th £i f th litud .
(d) T Vi cos ot Vi cos ot i N e ratio of the amplitudes is N, qed
Vi 1 L Vi L,
(e) P = Vinl1 = (V] cos Wt)(L_ll) (; sinwt + —I% coswt) (El) (w sin wt coswt + 5 cos wt)

(L2W1)?

R cos? wt. | Average of cos®>wt is 1/2; average of sinwt coswt is zero.

Pout - %ut[2 = ([2)2R =

Problem 7.55

(a) The continuity equation says (—9% = — V.J. Here the right side is independent of ¢, so we can integrate:
p(t) = (= V- J)t+ constant. The “constant” may be a function of r—it’s only constant with respect to ¢. So,
putting in the r dependence explicitly, and noting that V.J = —5(r,0), p(r,t) = p(r,0)t + p(r,0). qed




—
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(b) Suppose E = 1~ [ £ ; d’T' and B = £¢ f"x;‘ dr. We want to show that V-B = 0, VxB = 10 + poeo 22;
V-E = lp, and VXE = 6t , provided that Jis mdependent of t.

We know from Ch. 2 that Coulomb’s law (E = 47reo f dT) satisfies V-E = —p and VxXE = 0. Since B is
constant (in time), the V-E and V X E equations are satisfied. From Chapter 5 (specifically, Egs. 5.45-5.48) we
know that the Biot-Savart law satisfies V-B = 0. It remains only to check V xB. The argument in Sect. 5.3.2
carries through until the equation following Bq. 5.52, where I invoked V' -J = 0. In its place we now put
v'.J=—p

VXB = poJ — Z—O (3-V)% dr  (Eqs. 5.49-5.51)
s 2 A
Integration by parts yields two terms, one of which becomes a surface integral, and goes to zero. The other is

[ M 2 .

bo [ 2 9 P OF
B = ugJ - =— dr = _ .
V X Ho 4n 42( pAT = piod + poco 5 Ot {47r60 / dT} tod + poco 5o ot qed
Problem 7.56 -
1 (=X)d p dE
: —Ndz
(a) dE, = Fﬂ) 2 sin g /
Sing=—";2=zT + 5 : : /s
2
A zdz - A -1 vt e L N
E; = / 2 03/2 vt_f—c‘—t_;::“—alt
dreg | (22 + s2)3/ dmeo | V2% 1 82 |yyoe ~

5 1 1

° 7 dre Vvt —e)?2+s>  /(vt)? + s )
(b)
S = A /Oa{\/( ! - ! }27rsds:2—2—0—[\/(vt—e)2+32—\/(vt)2+s2]|:

4meg vt—€)2 +52  /(vt)? + 52

= QL [\/(vt — &) +a? /(1) +a? — (e —vt) + (vt)] '
€0 =
_ des | A v(vt —¢)  w(ut) v
(C)Id——€0 dt 2{\/(vt_€)2+a2 \/(vt)2+a2 +2},

Ase— 0, vt < ealso = 0, 50 Iy = 3(20) = A = I. With an infinitesimal gap we attribute the magnetic field
to displacement current, instead of real current, but we get the same answer. ged

Problem 7.57

2 d [ d d 4
09 = 1 (557 ot = s () =02 ) =07 o = e =

Ag =df = f= Aln(s/sy) (so another constant). But (ii) = f(b) =0, so In(b/s¢) = 0, so s = b, and
s
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Ip 1 Ipz In(s/b)
V (s, z) = AzIn(s/b). But (i) = Azln(a/b) = —(Ipz)/(ma?), so A = —Wﬂl—(&_/b—); Vi(s,z) = T In(a/b)’
ov . oV _  Ipz 1 . Ip In(s/b) . Ip S\ .
hE=-VWVW=-""—-§-—F="—r—— — 7 —_— 1 .
(®) 8s° Bz " ma? sln(a/b) wa? In(a/b) R In(a/b) ( §+1n (b) z)
(c) o(2) = € [Es(a™) — Es(a™)] =€ _._!_p___(f)_() = __colpz
0 L% y o1 7a%1n(a/b) \a wad In(a/b)’
Problem 7.58 I
[ / /5
L/
t
1 1Q Q _ cowl €W
(a) Parallel-plate capacitor: E = 600 V=Fh= —owlh =C= v T C = -
(b) B = poK = po-: & = Bhl = hz_LI;>L-”°hz;> =Bl
w w w

(c) = (47 x 1077)(8.85 x 10712) =

(Propagation speed 1/ £C = 1/, /figeo = 2.999
(d)

D=0, E=D/e=0c/e so just replace € by ¢;
H =K, B=upH = uK, so just replace o by p.

1.112 x 1077 8% /m?.
x 108 m/s = c.)

} LE = ep; v— 1//ep.

Problem 7.59

(a) I =0(E + v x B); J finite, 0 = 0o = E+ (v X B) = 0. Take the cutl: VXE+ V x(v x B) = 0. But

0B B
Faraday’s law says VXE = TR g—— = VX

So 5

(v x B). qed

(b) V-B =0 = ¢ B-da =0 for any closed surface. Apply this at time (¢ + dt) to the surface consisting of

S, S, and R:

/ B(t+dt)-da+/ B(t+dt)~da—/B(t+dt}-da:0
S’ R S

(the sign change in the third term comes from switching outward da to inward da).

de):/,B(H—dt)-da—/
d@z{/‘s%—}?-da}dt—/n

Since the second term is already first order in dt, we can replace B(¢ + dt) by

second order):

d@:dt/a—B-da—dth.(dlxv)
(v x B)-dl

da—/ (t + dt) — da—/ (t +dt) -

BB dt (for infinitesimal dt)

B(t+dt) - [(dl X v)dt] (Figure 7.13).

B(t) (the distinction would be

) da—/Vx(va) da}

0B
ot

([ (2
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! d® oB
/"’\ _— = —_— - V B . d = 0- d
| 7 /;[Bt X(v X )} a qe
Problem 7.60
(a)
12 . 1 .
V-E (V~E)cosa+c(V-B)sma=g—pecosa+cp0pmsma
0

1 , 1 1 1,

—(pe cOs 0 + cg€gpm sina) = —(pecosa + —ppsina) = —pg,. v

€9 €9 C €
1 1

V.-B (V-B)cosa—E(V-E)sina=,uopmcosoz-—gpesina
0
to(pm cOsx — Pe Sina) = po(pm cOSa — cpesina) = popy,. v
Cloco
' . oB JE\ |
VxE (VxE)cosa+ce(VxB)sina=|—uJn — B cosa+c | podJ, +uoeo-a—£- sin a
. 0 1. oB'

—po(Jncosa— el sina) - r (Bcosa— EEsma> = —puod,, — TR v

1 OE 1 0B
vV x B’ (V xB)cosa— ~(V xE)sina = { uoJe + poo— ) cosa — = | —poJm — — | sina
c ot c ot
1 . 0 . . OE’
to(Je cosa + ;Jm sin o) +/‘0€05 (Ecosa+ cBsina) = poJ, + Koo~ v
(b)
1
' F . (E'+v xB') +q,B — 2V X E')

1 1
(qe cosa + —qm sina) [(Ecosa +cBsina) + v x (B cosa — -E sina)}
c c
. 1., . 1 .
+ (gmcosa —cgesina) || Bcosa — ~Esina | —~ —v x (Ecosa + cBsina)
c c
Qe [(E cos® a + ¢Bsin a cosa — ¢B sin a cos a + E sin? a)

1. 1_ . .
+v x (Bcos2a—- —Esinacosa+—Esmacosa+Bsm2a)]
c c
1 . . 2 2 1 .
+qm[ —Esinacosa + Bsin“a + Bcos®a — —Esinacosa
c c

1 1 1 1
+v x [ =Bsinacosa — —=Esin?a - =Ecos’a - =Bsinacosa ]
c c? c? c

1
ge (E+v xB)+qgn (B——c—2vxE> =F. qed




Chapter 8

Conservation Laws

Problem 8.1

Example 7.13.

Problem 7.58.

E = 2A 15
TEQ S
° S=LExB) =1
wol 1 5 Lo dn?ey s
B=124
2w s
A
P = S2nsds = —d = ——In(b/a).
/ / nsds = e s e n(b/a)
f A bl A
V=JE.dl=— | ~ds = —1 =1IV.
But / d 27reo/sds Smeq n(b/a), so | P = IV.]
E=2;
€o ol
=—(ExB)=—y;
oW

w
P= /s da = Sw h—% but V = /E dl = —h so[ P =1V.]
Problem 8.2
() E = E%z o= ;%; Q) =1t = B(t) = m{f(ﬂ ;
B?Wszpoeo%t—ﬂs #0607::;22 = B(s,t) = ;:0“[; -

1
(b) vem = 2 (60E2 +

s= L(ExB)=
Lo

1
Uo

it

It
mega®

) (552

1
———B2) ==
Ho 2

pols
2ra®

. It
0 megal

) +a(

pols\’
2ma?

) o=

I’t

e 6 §
2m2eqal
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ﬂol
Py

((ct)? + (s/2)%] .
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Oem  pol? _ It I*t . It Oem
= 2°t= ——; -V.§=-—V. = = Y
ot 272q4 ¢ m2egat 2n2¢egat (s8) 7r2eoa5 ot

B B pwol? [ 9 _ powl? .82 1t
(c) Uem = /uemw27rsds = 27rw27r2a4 /0 [(ct)* + (5/2)°]sds = — (ct) 5 + 17

I2b2 2 . 2 s o
= % [( t)? + Ii@] .1Over a surface at radius b: P, = —/S‘da = ﬁ [b8- (2wbws§)] = Iﬂ:;il: .
AUem  powI?v?_ , IPyth? B
%= ot 2c°t = e = P,. v (Set b= a for total.)
Problem 8.3
L d
= fT'da—/loﬁoa/SdT.
The fields are constant, so the second term is zero. The force is clearly in the z direction, so we need
1 1
(-‘f\ -da), = T,yda; +T,yday+T;,da, =— (BZBI da; + B;Byday + B, B, da, — §B2 daz>
Ho

1
l B,(B - da) — ~p? daz:! .
Ho 2

2 4
Now B = 5#00Rwi (inside) and B = 47”_ (2 cosft + sinf ) (outside), where m = gwRB(owR). (From

Eq. 5.68, Prob. 5.36, and Eq. 5.86.) We want a surface that encloses the entire upper hemisphere—say a
hemispherical cap just outside r = R plus the equatorial circular disk.

Hemisphere:
_ Mom . Ay | Mo 2 ;2 2
B, = o {2c056’( )z +sm6(6)z] = R [2cos?6 —sin® ] = 4 R3 (3cos 6-1).
da = R%sinfdfdot; B-da= llOR (2cos@)R? sin @ df dp; da, = R?sinfdf dp cosb;
2 _ Ho . _ (Mo
B? = ( R3) (4cos? 6 + sin® §) = (———4 R3) (3cos®6 +1).
(T-da), = L(/‘Om) [3cos 6—1)20059R251n6d6d¢——(3cos g+1) 2sin9cos9d9d¢]
Lo
= ( ) [ sinBcosGdOdd)} (12cos® 6 — 4 — 3cos®f — 1)
= /;—O (0 3 ) (9cos® 6 — 5) sin 6 cos 6 df de.
n/2 n/2
2\ 2 2y 2
(Fhemi), = to (owR 27r/ (9cos® 6 ~ 5cosf) sinfdf = por qwlt —gcos4ﬁ+§c0520
z 2 3 N 3 4 2 0
0

_ owR2\? 0+g_§ __ pom owR2\?
= KT\ T3 472)7 g 3
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Disk:
B, = %uoon; da=rdrd¢d = —rdrdez;
2 s (2 ?
B-da = —guoaRwr drd¢; B* = gpoaRw i da, = —rdrdg.
2 2
(T - da) L (2,00Rw) |~rdrde+ trdrds L (2,00R0) rdrds
. : = — | sloo - - =—-——1|z .
z o \ 30 5 2 \ 3107 rdr
R
(Faisk), = =240 (”‘;R) o / rdr = —2mpo ("“;R )
0
Total:
2\ 2 24 2
F = —mpg (UL;R ) (2 + %) Z=|-mug (aw?R > z | (agrees with Prob. 5.42).
Problem 8(.44 ;
(a) (T -da). = Tez da; + Tuy day, + T, da,.
+q4
But for the zy plane da, = da, = 0, and da, = 7
—rdr d¢ ('l calculate the force on the upper charge). 2
a
1 \( /
("f‘ -da), =€ (EZEz -~ §E2> (—rdrdg). T/\0 / T
: a
r e
A — a1 = — Y
(-\ Now E = 4‘“02%2 cosft, and cosf = 7 80 E, L
‘ o )
0, E? = g T 3. Therefore
2men ) (r2 + a?)
efty fe's)
1 q ? / r3dr g 1 udu ; N
= = 2 = - let =
E 9 €0 <27r60> i (r2 +a?)?®  4me2 ) (u+a?) (letting u = 1)
0 0
g1 1, d T L @) [ 1 |,
T 4meg 2 (u + a?) 2(u+a2)3 o T 4meg 2 a?  2at| " | 4meo (2a)27|
. 1 g9 . .. . a
(b) In this case E = - ——2—sin§ Z, and sinf = —, so
4meg 22 2
qa 2 1 ad € [ qa 2 rdr do
E?=E?= ( ) =, and hence (T - da), = —— ( ) Therefore
2mea ) (r? 4+ a?) 2 \2me0/) (12 + a?)
2.2 et 2,2 1 2
Fz=—f-9( ) / rdr __%a 1 1 i __ga [0_*____&_]__,__(1___1_2_,/
2meg (r? + a2 4d7eg 4 (r? + a?) o 4d7eq 4a 4meq (2a)
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Problem 8.5
(a) E; = B, =0, E, = —0/ep. Therefore

1
sz:Tzz:Tyz:"':O; TzzzTyyz—%E2:_%; Tzz:60 (E3_§E2> :——‘EZ:-—.

o g2 -1 0 0
€0 0 0 +1

(b) F = jé:f‘ -da (S = 0, since B = 0); integrate over the zy plane: da = —dzdyZ (negative because

outward with respect to a surface enclosing the upper plate). Therefore

2 F 2

F, = /Tzz da, = _U_A, and the force per unit areais f = — =| — — 3.
260 A 260

(c) =Ty, =|0?/2¢ 1 is the momentum in the z direction crossing a surface perpendicular to z, per unit

area, per unit time (Eq. 8.31).
(d) The recoil force is the momentum delivered per unit time, so the force per unit area on the top plate is

f=-~—1%| (same as (b)).

Problem 8.6
(a) Pem = €0(E X B) = €EBY; pem =|cEBAdY.

(b)I:/ooth:/wl(le)dt:/OooIBd(ixfc)dt:(de)/Ooo <—i—?> dt

0 0
= —(Bdy)[Q(o0) —Q(0)] = BQdy. But theoriginal field was F = o/eg = Q/€04, so Q = egFA, and hence
I =|¢EBAdY;| as expected, the momentum originally stored in the fields (&) is delivered as a kick to the
capacitor.

dd d
(c) %E ~dl = 7 = —d—l:ld (for a length ! in the y direction). —IE(d) + [E(0) = _ld% =
E(d) - E(0) = d%? F = —0AE(d)¥ + 0 AE(0)§ = —cA[E(d) — E(0)]§ = —o-AdC(li—? y. 1= / Fdt =
0
—(aAd)‘/)/O %? dt = —(cAd§)[B(oo) — B(0)] = cAdBy. But E :’f%, so I =|eEBAdY, | as before.

Problem 8.7
B = ponl z (for a < r < R; outside the solenoid B = 0). The force on a segment dr of spoke is

dF = I'dl x B = I'onl dr(f x 2) = —I'gonl dr ¢.

The torque on the spoke is

R
N 1 :
N = /r x dF = I'/Lonl/rdr(—f' X ¢) = II/J.07’LI-2- (R2 - ag) (—2).
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1
Therefore the angular momentum of the cylindersis L = /th = —Euonl(R2 -a?) % / I'dt. But [I'dt = Q,

SO

1
L= —iuonIQ(Rz —~a*)%| (in agreement with Eq. 8.35).

Problem 8.8
(a)
0, (r<R) 210 M 3, (r < R)
E =  B= (Ex. 6.1)
1 Q. ’ po ™ AP
Za;z—r, (r>R) ir s [20039r+sm00 , (r>R)

4 ~ -
(where m = SWRBM); p =¢6(ExB)= _Ho Qm(r x 0)sing, and (£ x 0) = ¢, so

(4m)? r
po mQ . .. 2
L=rxp= @n sinf(r x ¢@).
But (f x ¢) = —6, and only the z component, will survive integration, so (since (6), = —sin§):
2w T o]
pom@ [ sin®6 o o a4 1, 1\®_1
L= @y Z " (7‘ sm@drd@dd)). d¢ = 2m; /sm 8df = 3 ﬁdr— — . =%
0 0 R
pom@ .. 4 1 2 5.
=BT sen () (=) = | SpeMQR?
rren (3) (g) = g
z
(b) Apply Faraday’s law to the ring shown:
jléE-dl:E(QwrsinH)=~§:—7r(rsin0)2 (zpodé\;[> YR
M o
= |E= —%Qdd—t(rsinm .
The force on a patch of surface (da) is dF = cE da = ugo M (rsin @) da ¢ < 1 QR2>
s
. poo dM . - N A
The torque on the patch is dN = r x dF = e (r® sin6) da (£ % $). But (f x ¢) = —6, and we want
only the z component (8, = — sin6):
N:—&;d—dﬂt{z/r sin® @ (r®sin6 df d¢) .
r 7 dM 4 2 dM
=R, [sin®0do==; [dp=2m,s0N=-2T2" 50t (2) (2n) =|-EoQR?22 5
Here r R,/sm9d9 B/d) T, SO 3dtR 3(7r) QQ k.

o

2
:/th: 2uOQRZ‘/dM— IQLOMQRZ‘ (same as (a)).
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(c) Let the charge on the sphere at time ¢ be ¢(t); the charge density is 0 = 4(‘3522. The charge below

(“south of”) the ring in the figure is

™

qs :J(QWRE)/sinQ'dO’ = % (—cos8)|, g(1+cos¢9)
0
M M 3 44 » 1 dq
So the total current crossing the ring (fowing “north”) is I(t) = ~——CE(1 + cos8), and hence
I - 1 dg(1+cost) 5
= Th f .
K(t) 27rRSin9( 6) = CRG end 6. The force on a patch of area da is dF = (K x B)da

2 o sTRIM
Bave = '\E'LLOA{Z + E R3

1 dg podM (1 + cost) (2(0 x 2) + 2cos 6 (8 x £)).

4R dt 6 sin @ A —
-é

M -
“06 (22 + 2cos O F + sin 6 6);

(2cosft +sinf H) % =

KxB=

—cosé (f x @) R?sin 6 df de

33
X
-
X
[SH)

M [/dqg\ (1 +cos€)2
sin 8 | NS ANSE——

dN = RtxdF = oir \ 2
6(¢-2) —2(F-6) -6
poM ([ dg 9 uOMR2
1om <dr> (1 4+ cos8)R%[cos 80 + cos§ 6] df dp = — lt (1 +cos8) cosdf de 6.
2

= —sind, so (using /dqb = 2m):

The z and y components integrate to zero; (6),
0

poMR? [dq r . woMR? [dg sin?6  cos36\|”
, = — — y g = — — —
N, o I (2m) /(1 + cos 8) cos B sin 8 df 3 7 5 3 .
poMR? [ dq 2p0, - odg 200, 2dq .
= - =——MR =—-—MR"—32.
3 \dt)\3 9 a V"7 dt
Therefore
2 2
/th MO MR*3 /dq = %MRZQi (same as (a)).
(I used the average field at the discontmulty—whlcl is the correct thing to do—but in this case you’d get the
same answer using either the inside field or the outside field.)
Problem 8.9
(a) £ = —%; ® =na’B: B =ponl;; E=I1R. So|l, = —% (,uoszn) %3—
dd B 5 dl 1 dls - ol b? .
(b) 7{E~d1 -5 = B(2na) = - = —geen 4 B =B (Eq. 5.38).
1 1 poan dl pol, b? o dly  ab*n .
S /io( x B) o < 5 dt> ( 2 bt (¢ x 2) uo T (b2+z2)3/2r
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Power:
i 1 a, T 1
= .da = = 22 s
P = /S da = /(S)(Qwa) dz = 5 THoa b nln—dt ——————-—(b2 T dz
oo e
. . z oo 1 1 2
The integral is P e = <—ﬁ) =

Il

dI .
- (ﬂuoazn—df) I.=(RI)I, = I,’R. qed

Problem 8.10
According to Eqgs. 3.104, 4.14, 5.87, and 6.16, the fields are

: 2
Avgg;P) (T < R)7 gﬂOM) (7‘ < R),
E = B |
1 1 o 1o ™ -
4meg TT[B(p'r)r -pl, (r>R), - B(m-£)f —m], (r>R),

where p = (4/3)7R*P, and m = (4/3)rR*M. Now p = ¢y [(E x B)dr, and there are two contributions, one
from inside the sphere and one from outside.

Inside:
1 2 2 2 , 8 \
i = eo/ ('EP) y (§u0M> dr = —=po(P x M)/dT =~ (P x M)37TR S tom B (M x P).
Qutside: 1 o ) - N
Pout = 47T€0 e / = [B(p-F)F ~p] X [3(m-£)F —m]} dr.

Now £ x (pxm) = p(f-m)—m(F p), o F X [f x (pxm)] = (f-m)(F x ) (f-p)(Ff x m), whereas using the BAC-
CAB rule directly gives & x[f x (pxm)] = F[f-(pxm)]—(pxm)(f-r). So {[3(p-F)F - p] x [3(m - 1) m|} =
=3(p-£)(fxm)+3(m-F)(Fxp)+(pxm) = 3 {f[f - (p x m)] - (p x m)}+(pxm) = —2(p><m)+3r[ (pxm)]

~ o [L 24
Pout = 167r2/r6{ 2(px m)+35[f - (p x m)]}r sinfdrdf d¢.

To evaluate the integral, set the z axis along (p x m); then ¥ (p x m) = |p x m|cosf. Meanwhile, ¥ =
sinfcos ¢ X +sinfsin ¢ y+cosf z. But sin ¢ and cos ¢ integrate to zero, so the x and ¥ terms drop out, leaving

<] 1 . . .
Powt = —2 / —dr | { —2(p x m)/sin0d0d¢+3|p xm]i/coszﬁsinﬁdﬁdqﬁ
167r“ 0 T
= o (L h -2( xm)(;17r+3( ><m)éz = (p x m)
T w6 \ 3% )|, 7P P 3|7 T12Am P
4 4
= £o ( TRP ) (§WR3M> = QL?ORB(MxP).

T 127R3
- (2, 4 oR* (M x P) =| —uoR*(M x P)
Ptot = 27 27 Ko gﬂO .
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Problem 8.11
(a) From Eq. 5.68 and Prob. 5.36,

2
r<R: E=0, B=-poRwi, witho = -——:
L e 3 m 4dn R? A
r>R: E= Tres ;2—1“, B= L%%r—a(Qcos()wa sinf 6), with m = gwawR“.
The energy stored in the electric field is (Ex. 2.8):
1 €
Wg = =.
E v87T€0 R
The energy density of the internal magnetic field is:
1 1 /2 e \°  pow?e? pow?e? 4 poew?R
= __B2= . {2y R = Wa = ZgR¥=00C
U= 2o (3“0 w47TR2) 7on2R2 50 VB T poapa 3T 54
The energy density in the external magnetic field is:
1 p2 m? ) 5 e2w?Ripg 1 2
=— — (4 6 == —
ug 2y 162 75 (4 cos® 6 + sin’ 6) 18(1672) 18 (3cos®8 + 1), so
Wp. = MmEVE flﬁ dr / (3cos® 6+ 1) sinf df 7Td¢~ LR 0 U WP O
Bow = (18)(16)n2 | 10 = (18)(16)x2 \3R3 o T 108r
R 0 0
2,2 2,2 2 2,2
poe‘w*R toe“w R 1 e oe“w*R
Wp = Wp, +W, =t 02+1) =Y w_wp+Ws = e .
B B T Woow = Tpag G H U = g BB T 8 B 36w
1 2
(b) Same as Prob. 8.8(a), with ¢} —» e and m — gewR2: L= uolegwR z.
Kis

9rh  (9)(m)(1.05 x 1073*)
poe?  (4m x 10-7)(1.60 x 10-1¢

1 e 2 (wR\? . 2 (wR\? 2 [9.23 x 10107
Clpp 2 () o (142 () 22223 X ) 1,
87reoRli1+9<c>} mes +9(c> +9(3><108 ) 10> 10%
(2.01 x 104)(1.6 x 107192 L 9:23% 10710
87(8.85 x 10-12)(9.11 x 10-31)(3 x 10°)2 T 295x 1011

Since wR, the speed of a point on the equator, is 300 times the speed of light, this “classical” model is clearly
unrealistic.

e? h
© ’i‘éﬂ wR=7 = wh = = 9.23 x 10 m/s.

R= =3.13 x 10 rad/s. |

=[2.95 x 107" m;

Problem 8.12 z
_ Qe L !
T 4reg 3! 2
! - Qm|
g = Hodm X' fogm (r —dz) -
4 3 47 (r? +d? — 2rdcos§)3/?’ dl,
ge z
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Momentum density (Eq. 8.33):

HoGeqm (=d)(r x 2)

=¢(ExB) = .
° (4m)% 13 (r2 4+ @2 — 2rd cos§)*/?

Angular momentum density (Eq. 8.34):

d rx(rxz
ez(rxp):_#oerQm (rx2) . Butrx(rxz)=r(r-z)—-r’z=r2cosfi —r?i.

(47)% 13 (12 4 @2 - 2rd cos §)*/>

The z and y components will integrate to zero; using (&), = cos 8, we have:

d 2 20-1
L = _H%in z/ r’(cos ) 7 sinfdrdddg. Let u = cosf:
(4m) r8(r? + d? - 2rd cosf)
1 oo 1 2)
uoqeqm 5 —u
(4 // ; " 373 dudr.
m)? 4 (r? + d? — 2rdu)

Do the r integral first:

[o.0]
/' rdr _ (ru—d) °°_ u + d _ou+l 1
(r + d? - 2rdu)®’? A1 -uw)WVri+d? —2rduf, d(1-u?) d(1-ut)d d(1-u?) d(1l-u)
Then
i1/ (1-u?) 2\ |
HoQedma . -—u IJ'OQe‘Im 3 HoGedm . u HoGeqQm .
L= = d 1+u)du= — =22 g,
gr  “d) A-w ™~ /( Tujdu =g Z<u+2>_1 i -
21
Problem 8.13
(a) The rotating shell at radius b produces a solenoidal magnetic field:
B = poK Z, where K = gpwpb, and g = ——Q— SoB= /iowa 7 (a < s < b).
2mbl’ Toml

The shell at @ also produces a magnetic field (pow,Q/27l) Z, in the region s < a, so the total field inside the
inner shell is

=19 g (s < a).
2l
Meanwhile, the electric field is
E= ! :\—é— © §, (a<s<bd)
T omeg s 2megls
Q Hows@Y o o _ bows@® o _ pows@? 7
= (B xB) = (27reols T 2wl (8x2) = 47225 ¢ b=rxp= 4n2)2g (rx¢).

Nowr X ¢ = (s8+ 2%) x ¢ = s% — 28, and the § term integrates to zero, so

llowaz(b2 - ‘12) 2

2\1 5 —
n(b? —a®)lz = y

#owazi/dT__: Howp @2

4722 422
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(b) The extra electric field induced by the changing magnetic field due to the rotating shells is given by

E2rs = —@ =>E= —Ld@ @, and in the regiona < s <b
dt 2ns d

Ho Q 2 Mo Quws 2 2 /J-OQ 2 2 1 wo Q 2 dwa dwb -
= £0< - - =20 (a? - c B(s) = —— 2% Ha
® (wa — wp) TQ ] m(s? - a?) (waa® — wys®) ; E(s) 5s o \% oy .

dwa dw dwa d""} z
B = - 292 (L2 D0) 6 ana B = -4 (252 o022 ) g

The torque on a shell s N =r x gE =¢sE %, so

mQa\ (dwa dwy . *© poQ?a? X
= — . La = Na dt — . — .
Na Qa( dnl ) ( dt  dt ) “ o Gl Wa T @) 2
PoQ e 20wy . « /J'OQ2 2 2 A
= - . — N — _ )
Mo @b ( 47rlb> (a dt - b di ) z; Ly ; b dt Al (cPws — VPwy) 2
2 2
Liot = Lot+Ly= HoQ (aPwg = 2wy — a®w, + a’wy) & = HoQ" W (b® — a?) .
_ 4l 47l

Thus the reduction in the final mechanical angular momentum (b) is equal to the residual angular momentum
in the fields (a). v/

Problem 8.14 q

B=ymnlz (s<R); E= E’%’ where 4 = (z — a,y, 2).

pognl %

_Co(EXB)—Co(/J.oTLI) (4(10),}3( ) my (x—a)y]

Linear Momentum.

I o i \a
p = /god'r = #an T yx)2 iz 5 i) );]3/2 dzrdydz. The X term is odd in y; it integrates to zero.
T T—a y:i+z
— _ﬂo4an . T )g$+— (21)+ DHE drdydz. Do the z integral first :
s T—-a Y z
o0
z _ 2
[(z-a2+32V/(e -+ + 2 [(z—-0a) +9?]
= £ 02an ¥ T (za;a-{)_ 7 dzdy. Switch to polar coordinates :
m z— y

T =scosd, y=ssing, drdy = sdsdg; [(z —a)® +y%] = s* + a® — 2sacos¢.

uoan / (scosd — a)
(s + a? — 2sacos ¢)

N /27|' COS¢d¢ _ 2_7T 1— A ) /27r d¢ B 27T
% ), (A+Bcos¢) B A22-52) Jo (A+Bcosg) JA-B®

Here A? — B% = (5% + %)% — 45%a® = s* + 25%a® + a* — 45%a® = (s* — a?)?; VA2~ B2 =a® - %,

R 2
_ pogqnd _[(a®+§? 2q? _ pognd _|'mognlR? |
B _%a——y/[l (az—s2 +(a2—32) sds = P 0 sds = 2a 7

sdsde
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Angular Momentum.

I I

£ = rxp= IZ’:; rXx[yk—(z—a)y] = #:q?; z(x—a)ic+zy5'—[x(a:~a)+y2]i}.
The %X and ¥ terms are odd in z, and integrate to zero, so
I 2 2 _
L = - /‘(11‘1: 3 / (I _-’Ea)+i/ > :‘;2]3/2 dz dy dz. The z integral is the same as before.
poqnl 22 +y? - za moqnl /‘ §—acose 9
drdy = — : dsd
[(z = a)? + y?) 4 8§ (s2+a2-—2sacos¢)s s d¢

.2 2 R 2 2
s a“+ s . s“—s
—-uoqnlz/[az_s,l+(1—a2_32)]sds=—mqnle ———a2_52sds= Z€ero.

Problem 8.15
(a) If we're only interested in the work done on free charges and currents, Eq. 8.6 becomes

w D D
%z/(E-Jf)d‘r. ButJf=VxH—~%T(Eq. 7.55),SOE‘Jf=E'(VXH)—E‘%?. From product
v
B
rule #6, V- (E x H) = (VxE)——E-(VxH),whilerE:'~%—t 80
B D
E-(VxH)=-H- %va (ExH).ThereforeE-J,=—H-%—?—E-%?—V-(ExH),andhence

dw oD 0B
—dz———/v(E--a-+H at)d‘r——j{s(ExH)-da

This is Poynting’s theorem for the fields in matter. Evidently the Poynting vector, representing the power per

unit area transported by the fields, is S = E x H, and the rate of change of the electromagnetic energy density
Otem E oD CH B_B

ot ot ot

1
For linear media, D = ¢E and H = —B, with ¢ and u constant (in time); then
7]

e _GE,Q@+13.§E:%E%(E.E)+i3(B B) =

e
ot ot T u ot 20 9t 5 (E-D+B-H),

1
20t
S0 Uem = (E D+B-H). qed

(b) If we're only interested in the force on free charges and currents, Eq. 8. 15 becomes f = p/E + J; x B.

Butpf=V-D,an‘de:VxH—%—It),sosz(V-D)+(VxH)xB—(%I—t)—) x B. Now
5} D 0B OB oD 0
52(D><B)~—57><B+Dx<at> ndﬁt— —VxE,soEXB—E(DXB)+DX(VXE),and

hence f = E(V-D)-D x (VxE)—B x (V x H) - %(D x B). As before, we can with impunity add the
term H(V - B), so

f={[E(V-D)—Dx(VxE)]+[H(V-B)—Bx(VxH)]}—-%(DxB).

The term in curly brackets can be written as the divergence of a stress tensor (as in Eq. 8.21), and the last
term is (minus) the rate of change of the momentum density, p = D x B.




Chapter 9

Electromagnetic Waves

Problem 9.1
N1 . _ —b(z— vt) 3 fl —b(z—vt)? 2 ,—b(z—vt)
o= —24b(z = vt)e S5 = —24b [e — 2b(z — vt)2e ] ,
afl _ —b(z—vt)?, 3 fl —b(z—vt)? 2 —~b(z—vt)?] _ 282f1
Tl 2Abv(z — vt)e T =2Abv [ ve + 2bu(z — vt)“e ] =vio5 v
afZ . R 82f2 _ 2 . X
5, = Abcos[b(z - vt)}; 5.2 = —Ab® sin[b(z — vt)};
af? 82f2 2 92 . 282f2
L b(z — vt)]; = — )] = ,
Y Abu cos[b(z — vt)]; 552 Ab*vesin[b(z — vt)] = v 5.2
O0fs _  —2Ab(z—wt) fy —2Ab + 8Ab? (2 — vt) )
9z [Plz—vt)2+ 1127 822 " [blz —vt)2 +1]2  [b(z — vt)2 + 1]3’
Ofs _  2Ab(z—wt) Ofs _ —2Abv? 8Ab* 2(z—vt)2 202 f3 v
ot [bz-vt)2+1]2° 82 T p(z—-vt)2+1]2  [b(z—vt)2 +1]3 Y
% = ___2Ab2ze—b(bz2+ut); azf‘i — __2Ab2 [e—b(bz2+vt) _ 2b2z2e—b(bz +vt)] :
Oz 922
_3_f_4 o —b(bz?+ut). & f4 2.2 —b(bz +ut) 2a fa
% - Abve N = Ab%v #v R
afS _ . 62f5 _ 2 . 3. 6f5 _ 3 3,2 . . 3.
5 - Abcos(bz) cos(but)?; = — Ab” sin(bz) cos(but)”; B = —3Ab° v t® sin(bz) sin(bvt)”;
62f5 _ .3 34 : : 3 6, 6,4 : 3 232f5
= —BAb v tsin(bz)sin(bvt)’ — 9AB VY t* sin(bz) cos(but)® # v ——.
ot? 0922
Problem 9.2
of _ i 2 (kt)-
5 = Ak cos(kz) cos(kut); 5z = — Ak* sin(kz) cos(kvt);
of _ 2% 2,2 _ . 20%f
5 = —Akvsin(kz) sin(kvt); ¥l = —Ak*v® sin(kz) cos(kvt) = v 5oz v

Use the trig identity sina cos 8 = %[sin(

a+ B) + sin(a — B)] to write

f=

g {sin[k(z + vt)] + sin[k(z — vt)]},

157
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which is of the form 9.6, with ¢ = (4/2) sin[k(z — vt)] and h = (A/2) sin[k(z + vt)].
Problem 9.3 '

(A3)% = (A3e®) (A3e™%) = (A1€' + A2e™®?) (A1e™™ + Ape™2)
= (A1) + (42)* + A1, (€ e7™2 4 e71e™2) = (A1)7 + (A2)” + A1 As2cos(81 — &3);
As = [V(A)? + (A2)? + 24, A5 cos(6, — 62).
Aze’ = As(cosds +isinds) = Aj(cosd; +isindy) + Az (cosdy + isin &y)
. . . As sin ds A1 siné; + Assindsy
= (A h+A & A h+A 2). tands = = 2 .
(A} cosdy + As cosdy) +1(A; sind; + Ay sindy) an ds Ay cosds — AL cosd, ¥ Ay cosd,’
5 _ ltap™? Ajsind; + Assinds
3T Aicosd; + Arcosby )
Problem 9.4 :
. : o2 f 1 0%f .
The wave equation (Eq. 9.2) says FEialelre Look for solutions of the form f(z,t) = Z(2)T(t). Plug
27 1 _d*T 27 2
this in: Tfi——— = Divide by ZT : 1 d = 1 d T. The left side depends only on z, and the

d22 vt de Z dz* ~ T di*
right side only on ¢, so both must be constant. Call the constant —k2.

N
27 ) )

-——Z > = -k%Z = Z(z) = Ae** + Be~ikz,
2

a*T ‘ ,

= —(kv)?T = T(t) = Ce*¥t + De~ vt

(Note that k must be real, else Z and T' blow up; with no loss of generality we can assume k is positive.)
f(Z,t) — (Aeikz + Be—ikz) (Ceikut +De—-ikvt) — Alei(kz+kvt) + A2ei(kz~kvt) +A36i(—kz+kvt) + A4ei(—kz—kvt)‘
The general linear combination of separable solutions is therefore

f(Z,t) :/ [Al(k)ei(kz+wt) +A2(k)ei(kz—wt) +A3(k)ei(—kz+wt) +A4(k)ei(—kz—wt) dk,
0

where w = kv. But we can combine the third term with the first, by allowing & to run negative (w = |k|v
remains positive); likewise the second and the fourth:

f(Z,t) :/ [Al(k)ei(kz+wt) +A2(k)ei(kz~wt) dk.

— 00

Because (in the end) we shall only want the the real part of f, it suffices to keep only one of these terms (since
k goes negative, both terms include waves traveling in both directions); the second is traditional (though either
would do). Specifically,

Re(f) = /oo [Re(A1) cos(kz + wt) — Im(A;1) sin(kz + wt) + Re(Aq) cos(kz — wt) — Im(Ay) sin(kz — wt)] dk.

— o0

The first term, cos(kz + wt) = cos(—kz — wt), combines with the third, cos(kz — wt), since the negative k is
picked up in the other half of the range of integration, and the second, sin(kz+wt) = — sin(—kz —wt), combines
with the fourth for the same reason. So the general solution, for our purposes, can be written in the form

[ee)
f(z,t) = / A(k)e**=“Y gk qed (the tildes remind us that we want the real part).
—00
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8g, ]. 891 8hR 1 3}13 3gT 1 BgT
E 2 t h = —ust). N —_— = = —— .27 - 77
quation 9.26 = gla( vy )+) n(vlt;h fT() vat) oaw (Bz | T O By e 0t 0r e Bt
1 9gr(—unt 1 r(urt 1 9gr(—vat ) o
Equation 9.27 = T + R T ™ = gr(~ut) — hr(vit) = EQT(—vzt) +"€

(where & is a constant).
21}2

—ut)+
[ +v2)gl( 1) "

). Now gs(z,t), gr(2,t), and hr(z,t) are each functions of a single variable u (in the

Adding these equations, we get 2g;(—uv1t) = (1 + U—l) gr(—vat)+k, or gr(—vst) = (
V2
V2

v + VU2
first case u = z — v;t, in the second u = z — vyt, and in the third u = z +v1t). Thus

_ 2’1)2 f
gT(u) = (’Ul n v2> gr{viu/ve) + K.

(where k' = —k

P~

Multiplying the first equation by v, /vs and subtracting, (1 - —) gr(—uit) — (1 + ﬂ) hp(vit) = & =
V2

vy — U1 v2 V2 — U1 ’
= - t) — = — .
hr(vit) (Ul +v2) gr(~vit) — & (Ul +v2)’ or | hp(u) (1)1 +v2) gr{—u) + &

[The notation is tricky, so here’s an example: for a sinusoidal wave,
Ay cos[ky(z — vy t)] = gr(u) = Ay cos(kiu).

gr = Arcos(kiz —wt)

gr = Arcos(kez —wt) = Arcoslky(z—wvet)] = gr(u)= Arcos(kqu).

hr = Agrcos(—kiz—wt) = Agcos|—ki(z+wnt)] = hr(u)= Agcos(—ku).

A 2 A -
Here &' =0, and the boundary conditions say A_f = ” -|1i2v2’ 1—4? = %—4_—5—;— (same as Eq. 9.32), and Z—;kl = ko
(consistent with Eq. 9.24).]
Problem 9.6
. . of of o%f
(a) Tsinf, — Tsinf_ =ma=>|T (—a—z o =5 O_) =mos .

(b) A1 + An = Ar; Tliky Ay — iky(Ar - Ap)] = m(~w?4r), o ki(Ar — Ap) = (kz - ) Ar.

2\ . -
Multiply first equation by k, and add: 2k Ay = (kl +ky — zTI“,’—) Ar, or Ar = <k1 " k22—klimw2 /T> Ar.
2}‘71.— (k1+k2—imw2/T) O kl—kz +imw2/T -
kr + ko — imw? /T =\ + by —imw?/T ) 7
If the second string is massless, so v2 = /T'/us = oo, then ks /k; = 0, and we have Ar = (1 2 ‘ﬁ) A,
—1
- 1+1i8 mw? m(k1v1)2 mky T Ky 1+i8 .
Ap = h = = = — — —C | = Ae? th
R= (1_2ﬂ>A1,w ere 8 = T - RT T #1’-0rﬂ m#1 Now ey e, wi

o (148 [1-iB\ _ B o (141?142 -
A‘(l—iﬂ><1+iﬁ>“l:’A‘l’”de Saopass . 1+ ;E

20 is ¢y i . — (28

2
Similarly, ( T

e . 2 2)_ﬂ4 2
—z‘ﬁ)*Ae =4 _(l—z‘ﬁ)(1+iﬁ °1+ﬁ2:>A_,f—““1+g2‘

Ap=Ar - Ar=

N
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. 21 +if) 21 +iB) , 2
Ae® = Y = = ta = fB. So Are¥T = it 4,1
CE AT gy T el SeAre = pmametdre
2
Ap =~ Ay; || 67 = 67 + tan™! .
T s I rT 1 ﬂl
Problem 9.7
0* f of « _ >f o*f 9 f  Of
(@) F=Toahz—vghs=ndegm o Tos =ngm Vg
(b) Let f(z,t) = F(z)e™™*; then Te”i‘”‘d? = p(—w?)Fe ™! 4+ y(—iw)Fe ™t =
2 I . 2 - o B .
Td—i = —w(pw +17)F, ar_ —E2F, where k? = = (uw +i7). Solution : F(z) = Ae** + Be~*=.
dz? dz2 T

Resolve k into its real and imaginary parts: k = k +ix = k? = k? — k% + 2ikx = T(uw + 7).

wy WY 2 2 2 wyy? 1 uw 4 2 2 2
ki = 1 & SR (Y1) 2 o Kk T = (wy/2T)? =
ko= o r=opp Kok (2T) g- 7 ([T} = (y/2T)" = 0 =

1
E* = 2 [(uuﬂ/T) +/(uw?/T)? + 4(w7/2T)2] = % [1 ++/1+ ('y/pw)2] But & is real, so k? is positive, so

—1/2
we need the plus sign: & = wy / \/1 + 1+ (v/mw)?. 2kT = \/QZT_ [1 ++1+ (7/uw)2] .

Plugging this in, F = Ae’ H“‘) + BemikFiN)z = gomrzpikz | Berze=ikz Bt the B term gives an expo-
nentially increasing function, which we don't want (I assume the waves are propagating in the +z direction),

so B =0, and the solution is | f(z,t) = Ae™**e**=%Y) | (The actual displacement of the string is the real part

of this, of course.)
(c¢) The wave is attenuated by the factor e

1 VvaT
z= == N\/l + /1 + (y/pw)?; | this is the characteristic penetration depth.
Y

~*%, which becomes 1/e when

(d) This is the same as before, except that k; — k + ix. From Eq. 9.29, Ap = <m Aps
ki +k+1ik

AR\ (ki —k =ik (ki —k+ic\ _ (ki — k)2 + &2 oo [ =R R

Ar) T \kivktin) \ki+tk—in) (ki+k2+r2 " Ve +k)2+s2 ]

(where k; = w/v; = wy/p1 /T, while k and & are defined in part b). Meanwhile
kl ~k—1ik - (kl —k—iﬁ)(kl'f‘k-*—iﬁ) _ (k1)2—k2—f€2—27:f€k1 = 5R:tan—l —2k1K
(k1)? — k% — &2

ki + k +ix (ky + k)2 + k2 B (ky + k)2 + 2
Problem 9.8
(a) f,(z,t) = Acos(kz — wt)%; fu(z,t) = Acos(kz — wt + " at t=0
90°)y = —Asin(kz — wt) §. Since fZ+ f2 = A?, the vector o t=Tlhy—, - 5
sum f = f, + f, lies on a circle of radius A. At time t = y ! k)
0, f = Acos(kz)%x — Asin{kz)y. At time t = 7/2w, f = N ’
Acos(kz—90°) % — Asin(kz—90°) § = Asin(kz) X+ Acos(kz) §. N

Evidently it circles [ counterclockwise}, To make a wave circling
the other way, use §, = —90°.

(b) r

2N
/)
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(c) Shake it around in a circle, instead of up and down.
Problem 9.9

() [ o=

Y2 oa=3. k-r:(—fx)-(zx+yy+zz)=~5;’—z; kxi=-%x2=7.
C C

E(z,t) = Egcos (

olE

:1;+wt) z; B(z,t) = —}%—cos(%z+wt)§/.

7 % k
eV §

(a) (b)

(b) 1k = %} (%), L= x\;ﬁz. (Since 11 is parallel to the z z plane, it must have the form a X+ 3 %;
since fi - k = 0,8 = —q; and since it is a unit vector, a = 1/v/2
ko= - (R49+3) - @X+y9+22) = (z+y+2); kxi=— }1( S{ i L cx+29-12)
r = — . z = — z); = — = —(—X -
Ve ! Ve Y V6l1 o 1| V6

N)
N

E(z,y,2,t) = Eocos[ﬁ(z+y+z)— ](\/_

B(z,y,2,t) = Ecos[\/_c(z+y+z) ]<________

><)
<%
)
1
N
N

Problem 9.10
I 13x 10

“ ¢ 30x
|8.6 x 1078 N/m?. l Atmospherlc pressure is 1.03 x 10° N/m?, so the pressure of light on a reflector is

(8.6 x 107°)/(1.03 x 10°) = 8.3 x 10~! atmospheres.|

Lﬁl 3 x 1078 N/m?. l For a perfect reflector the pressure is twice as great:
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Problem 9.11

(f9)

1 T
T/ acos(k-r—wt+ §;)bcos(k -t —wt + &) dt

= 37 / cos(2k - r — 2wt + 64 + 6p) + cos(bs — 8p)] dt = —; cos(8y — 6)T = —ab cos(6, — bp)-

Meanwhile in the complex notation: f = gefor—wt) , g = petkor- wt) where a=aes b=0bet. So
1 -
f Geilkr—wt)px —i(kr—wt) _ é-db* — iabel(ﬁ" —55)’ Re (Efg ) = 5a,b cos(d, — &) = {fg). qed

Problem 9.12
1 1 1
Ti; = €o (E,-E,- - 5(si,-E?) + - (B,-B,- ~ §5ij32> .

With the fields in Eq. 9.48, E has only an = component, and B only a y component. So all the “off-diagonal”
(i # j) terms are zero. As for the “diagonal” elements:

: 1 1 1 1
Tee = €0 (EIEI——Ez c (i) 2o - Le2) =0
2 o \ 2 2 to
_ 1 1 1 .} 1 9 1o\
Tyy = eo< 2E > + " (ByBy 2B ) =3 (-eoE + #OB =0
1 1 1
ne = a(-te)s L (-lp)
2 Ho
So|T,, = —€oEs cos®(kz — wt + &) | (all other elements zero).

The momentum of these fields is in the z direction, and
it is being transported in the z direction, so yes, it does make
sense that T, should be the only nonzero element in Tj;. Ac-
cording to Sect. 8.2.3, _ 7. da is the rate at which momentum
crosses an area da. Here we have no momentum crossing areas
oriented in the z or y direction; the momentum per unit time AL
per unit area flowing across a surface oriented in the z direc-
tion is —7T,, = u = pc (Eq. 9.59), so Ap = pcAAt, and hence
Ap/At = pcA = momentum per unit time crossing area A.

Evidently ! momentum flux density = energy density. I v

Problem 9.13

R= <EOR>2 (Eq. 9.86) = |R = (L—_ﬂ>2 (Eq. 9.82), where g = 222 T~%<—EE>2 (e 980
= EO, q. . - 1+ﬂ q . ! - p{zvz’ €1V EOI q ’

2 2 € v v 2 v v
o T = B( ) (Eq. 9.82). [Notethatsz%:&ﬂzz:&(_l) U2 _ M g
1+ 8 €1V1 M2 €1M1 V1 po \V2/ U1 Hovp

1

—_— 2y —
(EWL 4p+1-26+p5%) =

T+R= [48+ (1 -8 = s (14 20+ ) =1. ¢

1
(14 B) § ﬂ)
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Problem 9.14
Equation 9.78 is replaced by Eo, % + Eo,fip = Eo,fir, and Eq. 9.80 becomes Fy,§ — Eo, (2 x fig) =
ﬂEOT(i x fir). The y component of the first equation is Eon sinfg = EoT sin fr; the z component of the
second is Eog sinfgr = —ﬂEOT sin . Comparing these two, we conclude that sinfg = sinfr = 0, and hence
Or =607y =0. qed
Problem 9.15
Ae’?® + Be™® = Ce'*® for all z, so (using z =0), A+ B =C.
Differentiate: 1aAe™*® + ibBe®* = icCe'*®, so (using £ = 0), aA + bB = ¢C.
Differentiate again: —a®A4e™® — b2Be® = —c2Ce™®, so (using z = 0), a?4 + b°B = ¢*C.
a’A+b*B = ¢(cC) = c(aA + bB); (A+ B)(a®A+b*B) = (A + B)c(aA + bB) = cC(aA + bB);
a’?A’ + b AB + a®*AB + b*B? = (aA + bB)* = a®A? + 2abAB + b*B?, or (a® + b* — 2ab)AB =0, or
(a — b)2AB = 0. But A4 and B are nonzero, so a = 6. Therefore (4 + B)e'®® = Ce'®.
a(A+ B)=cC, or aC = cC, so (since C #0) a =c. Conclusion: a =b=c. qed
Problem 9.16

E; = Ep ey,
By = —E, v (_cosh; % +sinb; 2); i
U1 BR
BR = —Egﬂei(kR'r—w” (COS 91 X + sin 91 ﬁ), 9, (] Br
(51 2 — 2
ET = Eorei(kr-r—wi)j‘,’ %
By = —FEy . *Tr=wi(_ 050, % +sinb 2); k,
Vo Or ) ( 1 ) @@
() e Bt = E#, (i) B! = Bl B,
Boundary conditions:
(i) B+ =B#,  (iv) B} = 1B
sin 6 v
Law of refraction: — 92 = 2 [Note: ky -r —wt =kp-r—wt =kr-r—wt, at z =10, so we can drop all
sSin vy V1

exponential factors in applying the boundary conditions.]

Boundary condition (i): 0 = 0 (trivial). Boundary condition (iii): | Eo, + Eoy = Eo,-

oy Lo~ 1. 1 - . - . v sinfy\ -
Boundary condition (ii): —Ejp, sinfly + — Eg, sinfy = —Fop sinfy = Ey, + Ey, = < ! - 2) Ey,.
U1 U1 ) Vs Sin 6y
But the term in parentheses is 1, by the law of refraction, so this is the same as (ii).

1 {1 - 1 - 1 -
Boundary condition (iv): — {——EO,(— cosf;) + —Eq, cos 91] = ——Fg (—cosfs) =
H1 |0 U1 H2U2

~ ~ M1V COSGQ ~ COs 92 M1V ~ ~ ~
Ey, — Ey, ={ ~—————") Ey,.. Let = —=; = .| Then| Ey, — By, = afEy...
01 0% <u2v2 cos 91> or = sy p L2 Vs o1 0% BEox

- - - - . 2 -
Solving for EOR and EOT: 2E01 = (1 + aﬂ)EOT = Eo.r = (m) Eo,;

- . - 2 14+ aB)\ = . 1—af\ =
Fos = Eor = Eo, = (1+aﬂ B 1+aﬂ> Bo = For = (m) For-
Since a and 3 are positive, it follows that 2/(1 + af) is positive, and hence the transmitted wave is in phase

2?
with the incident wave, and the (real) amplitudes are related by | By, = (W) Eg, .| The reflected wave is




164 CHAPTER 9. ELECTROMAGNETIC WAVES

1—apf

in phase if af < 1 and 180° out of phase if af < 1; the (real) amplitudes are related by | Fo, = !

These are the Fresnel equations for polarization perpendicular to the plane of incidence.
1 -sin*6/82 32 —sin2 @
cosd a cosé

To construct the graphs, note that af = 3 , where 8 is the angle of incidence,

V' 2.25 — sin’ @

so, for 8 =1.5, aff =
cosd

e}

1 T L 1 1 1

0" 10 20 30 40 50 60 70 30 90 9,

Is there a Brewster’s angle? Well, Ey, = 0 would mean that «f = 1, and hence that

\/1 —(vg/v1)2sin20 1 2 2
a = : :—::—Mﬂ, 0r1—<32—> sin29=(w> cos® §, so
cos B mu U1 vy

2
v . . . . . .
1= (U—r‘) [sm2 6 + (p2/p1)? cos? 6]. Since p1 & py, this means 1 2 (v/v;)?, which is only true for optically
1
indistinguishable media, in which case there is of course no reflection—but that would be true at any angle,
not just at a special “Brewster’s angle”. [If y; were substantially different from y;, and the relative velocities
were just right, it would be possible to get a Brewster’s angle for this case, at

2 2 2 :
(U1> =1-cos’6+ <ﬂ2> cos? 0 = cos?f = (i/v2)* =1 _ (mea/mer) =1 _ (e2/er) = (m/p2)

vs w (m2/m)? =1 (ua/m)? =1 (p2/m) — (w1 /p2)’

But the media would be very peculiar.]
By the same token, ég is either always 0, or always m, for a given interface—it does not switch over as you
change 6, the way it does for polarization in the plane of incidence. In particular, if 8 = 3/2, then a8 > 1, for

. —
.25 — 0
aff = ——2—2-5———;3— > 1if 2.25 - sin20 > cos? 6, or 2.25 > sin?§ + cos?f = 1. v
cos
In general, for 8 > 1, af > 1, and hence g = 7. For <1, aff <1, and 6z = 0.
’ 2 1-
At normal incidence, a = 1, so Fresnel’s equations reduce to Ey, = (ﬂ) Eo,; Eop = !i+—g Eo,,

consistent with Eq. 9.82.

2 2
Reflection and Transmission coefficients: | R = (EOR = (1 — aﬁ) .| Referring to Eq. 9.116,
Eo, 1+ aﬁ
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2 2
_ €2U2 EOT . 2
- 61’U1a (E0,> =|op (1+aﬂ) .
R+T:'(1—aﬂ)2+4aﬂ=1—2aﬂ+a2ﬂ2+4aﬂ=(1+aﬂ)2_ Y
(1+ ap)? (1+apB)? (1+ap)?
Problem 9
Equatlon 9 106 = 3 =2.42; Eq. 9.110 =
\/1 — (sinf/2. 42)°
cosf E 5 1.0{_ ———————————————————
a — 0.8~
9 =0 = a=1 Eq 9109 = [=22) = =

(a) “ d ( Ey, ) a+p 0.6 [Eg/ N
1-242 142 < By /
1+242 342 _ 04

Eor 2 2 0.2

= =[0.585.]

(Eo:> O‘+ﬂ 342 5 0 S I T N N B N 6,
(b) Equation 9.112 = 65 = tan™'(2.42) = ol O R0 A0S0 G B
(c) Bop = Eor > a—-F=2;a=0+2=1442 )
(4.42)% cos? 0 = 1 — sin? 0/(2.42)%; -0.44 VE o/Ell
(4.42)%(1 — sin? ) = (4.42)% — (4.42)?sin? @ 0.6 -

= 1-0.171sin%#; 19.5 — 1 = (19.5 — 0.17) sin® ;

18.5 = 19.35sin? 6; sin? 9 = 18.5/19.3 = 0.959;

sinf = 0.979; [ = 78.3°.]
Problem 9.18

(a) Equation 9.120 = 7 = ¢/o. Now € = ¢pe, (Eq. 4.34), ¢, = n? (Eq. 9.70), and for glass the index of
refraction is typically around 1.5, so € ~ (1.5)2 x 8.85 x 10712 = 2x 107! C? /N m?, while ¢ = 1/p = 10712 Qm
(Table 7.1). Then 7 = (2 x 10711)/10712 = (But the resistivity of glass varies enormously from one
type to another, so this answer could be off by a factor of 100 in either direction.)

(b) For silver, p = 1.59 x 1072 (Table 7.1), and € = ¢p, s0 we = 2w x 101° x 8.85 x 1012 = 0.56.
Since ¢ = 1/p = 6.25 x 107 >> we, the skin depth (Eq. 9.128) is

1 3 3
_- - = = = 6. 1 -7 = 6. —4 .
d=_ \/wou \/27r 1000 % 6.25 x 107 x 4r x 10—7 - 04> 1077 m =6.4x 107 mm

I'd plate silver to a depth of about | 0.001 mm; | there’s no point in making it any thicker, since the fields don’t
penetrate much beyond this anyway.
(c) For copper, Table 7.1 gives o = 1/(1. 68 x 10~ 8) = 6 x 107, wep = (2w x 10%) x (8.85x 10712) = 6 x 1075,

Since o >» we, Eq. 9.126 = k =~ ,/u%, so (Eq. 9.129)

: = 4107 m = [04mm ]

=2
womo "V 27 x 10° x 6 x 107 x 47 x 10-7
From Eq. 9.122, the propagation speed is v = % = -2%,\ == (4 x 107*) x 10° = |400m/s.| In vacuum,
A= -S = 3—)1(0%3—9« = v=1c=|3x 108 m/s. | (But really, in a good conductor the skin depth is so small,

compared to the wavelength, that the notions of “wavelength” and “propagation speed” lose their meaning.)
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Problem 9.19
(a) Use the binomial expansion for the square root in Eq. 9.126:

1/2
. €l 1(0)2 eul o g (u
=/ Eh+= (L) -1 = =547
r=w 2{+2 ew \/iew €
1 2
So (Eq. 9.128) d = — = — = qed
K o\ pu

€ =¢.¢p = 80.1¢p (Table 4.2),
For pure water, { ‘u = pg(L + Xm) = po(1 — 9.0 x 107°%) = y19  (Table 6.1),
o =1/(2.5x10%) (Table 7.1).

= y B
So d = (2)(2.5 x 10°) i <10~ =11.19 x 10* m

(b) In this case (¢/ew)? dominates, so (Eq. 9.126) k 22 k, and hence (Egs. 9.128 and 9.129)

A:Q%%'Q—T_de ord =

15 7 7
Meanwhile & 2 1/6“ “’““ \/ (1072) (4r x 10 )0 _ g 107 d = = = =
w % 8 x 107

1.3x1078 = m So the fields do not penetrate far into a metal——whlch is what accounts for their opacity.

(c) Since k = k, as we found in (b), Eq. 9.134 says ¢ = tan™'(1) = 45°. qed

Bo . B 107) (4w x 10~7
‘Meanwlile, Eq. 9.137 says — = u_o_ =|. /22 |For a typical metal, then, — = \/( 07) (47 x ) -
Eo w EQ 1015

(In vacuum, the ratio is 1/c = 1/(3 x 10%) = 3 x 1079 s/m, so the magnetic field is comparatively
about 100 times larger in a metal.)
Problem 9.20

(a) u = % <€E2 + —IIZB2> = %e“z“ {GES cos®(kz —wt +8g) + %Bg cos®(kz — wt + 6 + d))} Averaging

over a full cycle, using (cos”) = 3 and Eq. 9.137:

1, [e 1 1 _,.
<U>:§6 22{§E3+ZL‘B3:!:Z622

1 2 1
€E? + ;Ege,u 1+ (i) } = Ze_QNZGEg

1+ 1+(%)"’}.

ew
a\E_ 2 ¥ 1 ok [ &
But Eq. 9.126 = 14+ 4/1 + (g;) = o , 8o (u) = 46—2“6E§ ] = S E2e™?%* | So the ratio of the

magnetic contribution to the electric contribution is

(umag) _ Bé/p 1 \/ T \2 \/ o \?
U — ] =4/1 — 1. d
(Uelec> ng #6#6 L+ (ew> + (ew> > ae

1 }
(b)S = l(ExB) = lEOBOe"Q’” cos(kz—wt+06g) cos(kz—wt+dp+¢) Z; (S) = Q—uEOBoe"Z"z cos¢ z. [The
7 I

™ 1 -
average of the product of the cosinesis (1/2x) f02 cos 8 cos(8+¢) d8 = (1/2) cos¢.) Sol = Z—M—EoBoe 62 cos ¢ =
1 2 —2Kz K H _ — k 2 —2'<z
—Eje — cos ¢ }, while, from Eqs. 9.133 and 9.134, K cos¢ =k, s0 | I = —FEje qed
2u w 2uw
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e et =+ oo s e e o oo .

167

22
1-p

L —-_1—5 1-4 , where § = fing
1+ 8 1+8) \1+5 pow
H1Uy

= (k2 +1ik2) (Egs. 9.125 and 9.146). Since silver is a good conductor (o > ew), Eq. 9.126 reduces to

/€2H2 [ O /Uwﬂz B _ M /Uwﬂz (1+1) = o / (1+1).
sz Q,U
/ / /Uuo g | (6 x107)(4m x 10~7)
x 1 = 20.
Let y =m0 2 " 2uow 0%) (3(4 x 107%) 9. Then
)

Y l—y+iy) _ (1= : o
=10.93. | Evidently 9 f the ligl i .
<1+’Y+1’Y> (1+’Y ’Y) (1+’Y)2+72 m vidently 93% of the light is reflected

Problem 9.22
(a) We are told that v = v/}, where a is a constant. But /\ = 27r/k and v = w/k S0

w = ak/27/k = av2nk. From Eq. 9.150, vy = — = aVv'2 2\/_ \/ af v or

~ 2
Ey,

Ey,

According to Eq. 9.147, R =

; — bt E 2 hk? E h
(b)’L-(—E:—E-—}%——)“:I(kiv—wt)ik:%,wzgzﬁﬁ:% Therefore U:%:;:%:é—%’
dw  2hk ﬁk D 1 . . . . .
vy = d—k S S S Solv= 5%' Since p = mu, (where v, is the classical speed of the particle), it

follows that ﬁg (not v) corresponds to the classical veloctity.]

Problem 9.23

E——l—q—g:::rF——E—— —Li T = ~Kkepring? = —mwiz (Eq. 9.151). So |wy = ¢
T 4rmeg ald e 4req a3 T Tepmmem 0 4% | "\ dregma®
o=y e s s [ultravi

= — = — = .1 1 . h 1 .

W= S T 27\ T (B85 x 10-12)(0.11 x 10-91){0.5 x 10-10)8 — L16x 1077 Ha: [This is

JFrom Eqs. 9.173 and 9.174,

A ng’> f N = # of molecules per unit volume = A%%:‘dlg?:s# = 26;12:118?3 = 2.69 x 10%°,
2megwl | f = #of electrons per molecule = 2 (for Hy).
(2.69 x 10%)(1.6 x 10719) i 107]
= (011 % 10-71)(8.85 x 10- 12)(4 5 SETIGE 4.2 x 10 (which is about 1/3 the actual value);
orc\? (2 10° ,
B = (iro—c) = (%—) = {which is about 1/4 the actual value).

So even this extremely crude model is in the right ball park.
Problem 9.24
Equation 9.170 &> n=1+

N¢? (w§ —w?)

2meg [(wd — w?)? + y2w?]

dn  N¢ [ 2w (W —w?)

== S { o ( 0D2 [2(wf — W) (—2w) + ¥Y*2w] p = 0= 2wD = (Wi -f,wz) [2(wd — w?) — ¥*] 2w;
(W ~w?)? +7%w? = 2(wg ~w?)? =¥ (]

Let the denominator = D. Then

F-wh)? =P+l ~w?) = Y] = (W]

~w?), or (w -w?) = *wyy;
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w? = wi Fwoy, w=wov/1F v/ wo = wo(lFy/2wo) = wo F /2. So ws = wp +7/2, w1 = wp —7/2, and the
width of the anomalous region is [ Aw =ws ~w; =7. I '

2.2
From Eq. 9.171, o = Ng'w 5 7 , S0 at the maximum (w = wp), Emax = N’ .
mege (Wi — w?)? + y2w? meey
At w; and ws, w? = Wi F wyy, S0 @ = Ng'e? J =a (.._“.)3__ But
' 2’ o o, meoe VWi +72w? T T \w2+w )
W wiTFwoy 1 AFy/wo) 1 1= (14 g1(1 7T\ 1
w2+w§_2w§$w07—2(1$7/2wo)_2( * 0)( ﬂ>-—2 $2_w(:>_§'

S0 @ = famax at w; and wa. qed
Problem 9.25

w Ng* £ dw 1
k=—|1 2 . = — =

T 2meg Z (W? - w?) Y= 3k (dk/dw)
dk 1 Ng? 5 (—2w) 1 (W} +w?)
=211 J —
dw ¢ { + 2meg (W? —w?) + waJ (W? ~w?)? ¢ 2me Z hitg =z (w? — w?)?

w + w?) -
w2)2 .| Since the second term in square brackets is positive, it follows that

-1
w

vy < ¢,|whereasv = — =c¢ is greater than ¢ or less than ¢, depending on w.

k [ 2m60 Z (w3 —wQ)] & P &

Problem 9.26 -
LOE e i(ke—wt)

. B - L ~
(a) From Eqgs. 9.176 and 9.177, V X E = —?-—— = inoe‘U‘Z_“"); VxB=——=-—Ege
ot ct ot c?

In the terminology of Eq. 9.178:

. 9E, OE 0Eo, . = \ i OE
vV xE — z vy _ z 1(Lz——w£). sy Y2z — 4 )
(VxE), 5% 5 ( a9 zkEoy) e So (ii) i ikE, = iwB;
nd _ BE 8E _ . -~ 8E_;I()x i(kz—wt) e <1, .
(V x E)y‘— 5, Br = (zkEoz - T) e . So (iii) = iwB,.
. oE, OFE OFo, 9Eo, \ ; OE, OE
V x E), = Y T _ v 1(kz——wt)‘ zZ — ;whB..
(V> E): =5 ~ 5y ( 5z By ) ¢ So ) 5~ 5y ~Wh
- B, 0B 3B, - ; dB iw
V x B), = z v _ : _ kB 1(kz——wt)' 2 _ - -_"F.
(V xB) By P ( 5y ik 0,) e So (v) En ikB, = E,
aB:c 0B, P 8BOx i(kz—wt) Y g 9B, = w
(V X B)y = B2 oz = (ZkBoz — —E—) e . So (Vl) ZkBI - 8—11 = _C_2Ey
- B, 0B dBo, 0Bo, \ i ., 0B, OB iw
B). = y z __ v = i(kz—wt) vy _ T - = .
(V xB). oz oy ( oz Oy ) € So (iv) Oz dy c? E
. . 2 g O0FE 0B, .
This confirms Eq. 9.179. Now multiply (iii) by &, (v) by w, and subtract: ik*E; ~k——— 6 —w Ty +iwkBy, =
. iw? o, w? OF, 0B, ) _ i . OFE, 0B,
kaBy -+ CTEI =1 (k - C_2> oz wE, or (l) E. = ( /C 2 Y (k 5z + w 3y )
. .. . 8B iw? . w? 2
Multiply (ii) by &, (vi) by w, and add: E +iwkBy—w——= ek = iwkBz— Ey =1 = k" E, =
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OE, = 8B, .. . i 8E, 8B,
-k 5y +w3—m, or (ii) E, = Gl —F (k 5 W )
. .. . w OF, .wk .12 0B, w? wk
Multiply (ii) by w/c?, (vi) by k, and add: E oy 1—6-2—E,, +ik*B; — k 5 = z?fBz - z—gEy =
2 .
. w 0B, w OF, i 0B, wiE,
- = - B, = ——— 1k - = .
: (k c? ) B. =k oz ¢ 8y’ or (i) (w/e)2—k2\ 9z & Oy
oty (i) by w/e? kg _wOB 0B, L. ik
Multiply (iii) by w/c?®, (v) by k, and subtract: 1 =2 E, 2 B2 k 5 +ik*B, = i3 By, + = E, =
2 .
e w w OF, dB, . ) 0B, w OFE,
il = = —z B, = k - .
: (k c? By 2oz T k dy’ or () B, (w/c)? — k2 dy ¢ Oz
This completes the confirmation of Eq. 9.180.
. 9E, OE, OE 8Fo,  OFs, . =\ itke-wt OE, OE, .
X — x z = ¥ E i(kz—wt) _ y kEz = Q.
(b) V- E g + By + 52 5 + 3y +1kEg, J e 0= £ +~_8yv+z 0
i 9?E.  9°B, i 9’E,  9’B;
i .91 - — kE, =
Using Eq. 9.180, Wl =i (k £ +w8m8y) + W= ( 2y w818y> +1ikE; =0,
0’°E, O°E, 2 .2
C o Ty ((w/e)* - K} E; =0.
- B, B, .
Likewise, V- B=0= 252 . %Py 4y g 0o
oz oy
i 0’B, 3 EBZEZ + i kaZBz LY OFE, tikB. =0
(w/c)? — k2 0z 2 0zdy (w/c)? — k2 oy?  c? 0x0y =
8’B, 0°’B,

2 _ 2 -
922 +—%+[(UJ/C) —k]B;—O.
This confirms Egs. 9.181. [You can also do it by putting Eq. 9.180 into Eq. 9.179 (i) and (iv).]

Problem 9.27
Here £, = 0 (TE) and w/c = k (n = m = 0), so Eq. 9.179(ii) = E, = —cB;, Eq. 9.179(iii)) = E, = cBy,

0B, . w iy w _ ) 0B, . w _
Bq. 9179(v) = & = i (kB, - c—zEz) =i(k3 - ZBy) = 0, Eq. .179(vi) = = = i (kB. + c—,_,Ey) -
0B, 0B,
oz Ay
a constant (as Eq. 9.186 also suggests). Now Faraday’s law (in integral form) says %E -dl = — / %—? - da,

= 0, and since B, is a function only of z and y, this says B, is in fact

i (ka - ‘-;’-BI) = 0. So

B
and Eq. 9.176 = %7 = —iwB, s0 § E-dl = iw [ B-da. Applied to a cross-section of the waveguide this gives

%E -dl = jweikzwt) / B, da = iwB.e'**~“Y (ab) (since B, is constant, it comes outside the integral). But
if the boundary is just inside the metal, where E = 0, it follows that So this would be a TEM mode,
which we already know cannot exist for this guide.

Problem 9.28

1
Here @ = 2.28cm and b = 1.01cm, S0 v1g = —wip = — = 0.66 x 101 Hz; vp0 = 2-— = 1.32 x 10'* Hz;
2 2a 2a
c c c c 1 1
v3o = 3% = 1.97 x 10! Hz; vp; = 55 = 1.49 x 101° Hz; vy, = 255 = 2.97 x 10'°Hz; vy; = sV te =

1.62 x 10!° Hz. Evidently just four modes occur: llO, 20, 01, and ll.l

To get only one mode you must drive the waveguide at a frequency between g and voq:

[0.66 x 10" < v < 1.32x 1010Hz.| A==, 50 Ao =2a; heo =a. [228cm < A< 4.56cm.|
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Problem 9.29 )
From Prob. 9.11, (S) = W(E x B*). Here (Eq. 9.176) E = Eqeit>~«8)| B* = Bie~#k*~vt) and, for the
0

TE,,, mode (Egs. 9.180 and 9.186)

. —ik —m . (MTZT
B = <w/c>2~k2( )303‘“( @

a
= e () e (220 (22
57 = e (S (2],
B = (w/c;.c:—kz <_Zﬂ> Bocos (5 ) sia (7).
B = e () B (T2 s ()
E., = 0
So
9 = o (2) o () o (2 (52
e (2) o () (1) () 5
o B (5 o (B2 ot () ()" sn (P25 o (%72)] 2},
/(S)-da = i@%ab[(g)%(gﬂ. [In the last step I used

Jy sin*(mnz/a)dz = [} cos?(mnz/a)dz = a/2; fob sin(nny/b) dy = fob cos?(nmy/b) dy = b/2.]
Similarly,

() = l(eoﬁ.ﬁm_‘.ﬁ.ﬁ*)
4 Ho

- S (5 e (o () () s (25 ()
+ 4—;—0{33 cos? (m;rz (

(3] o (22 i () (2 o (22

a 2,232 2 2 B2 Py - : .
forw={¥ {sraer i [0+ (] 8+ i () + (0]}
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These results can be simplified, using Eq. 9.190 to write [(w/c)2 - kz] = (Wmn/c)?, €otto = 1/c? to eliminate e,
and Eq. 9.188 to write [(m/a)? + (n/b)?] = (wmn/7c)?

2
/(S>.da_ MBO, /<u>da: _wab g

8uow?,, Spowz, ,

Evidently

- . . 2
energy per unit time J(S)-da _ ke ¢ SR

= = = Eq. 9.192 d
energy per unit length  [(u) da wooow mn = Vg (Ea. ). ae

Problem 9.30

Following Sect. 9.5.2, the problem is to solve Eq. 9.181 with E, # 0,B, = 0, subject to the boundary
conditions 9.175. Let E,(z,y) = X(z)Y (y); as before, we obtain X (z) = Asin(k,z) + Bcos(k,z). But the
boundary condition requires £, = 0 (and hence X = 0) when £ = 0 and ¢ = a, so B = 0 and k, = mn/a.
But this time m = 1,2,3, ..., but not zero, since m = 0 would kill X entirely. The same goes for Y (y). Thus

E, = Eysin (m”) sin (”ﬂ) with n,m =1,2,3,... .
a

b
The rest is the same as for TE waves: |wp, = cmy/(m/a)? + (n/b)? | is the cutoff frequency, the wave

velocity is v = ¢/v/1 — (wWmn/w)?, and the group velocity is vy = ¢\/1 = (Wmn/w)?. The lowest TM mode is

11, with cutoff frequency w1, = cmy/(1/a)? + (1/b)%. So the ratio of the lowest TM frequency to the lowest

c7r\/(1/a)2+(1/b)2 _ W

TE frequency is (cr/a) =

Problem 9.31

_lﬁ _li . ) _ OFE; ~__16Es'h___Eoksin(kz—wt) 27
(2) V-E = S 2-(sE)) =0/ VB = - o(By) =0, VxE= 2 gt o = - éL
BB Eowsin(kz—wt) - . _ ) __8B¢A 12 . Epksin(kz —wt) . 7
T T e . ¢ v (since k =w/c); V xB By s+565(sB¢)z_ - 8=

1 0E _ FEywsin(kz — wt)
2ot 2 s
(b) To determine A, use Gauss’s law for a cylinder of radius s and length dz:

- 1
E-da= B2 = 500, = —Qenc = Irde= [X = 2meo By cos(kz — wt) |
0 €0

§ v'. Boundary conditions: El = E, =0v;BL=B,=0 .

To determine I, use Ampére’s law for a circle of radius s (note that the displacement current through this

E - wt 2
Eqg cos(kz — w )(2“) = oL = | T = TEy
c .. s toc

loop is zero, since E is in the § direction): %B-dl = cos(kz — wt).

The charge and current on the outer conductor are precisely the of these, since E = B = 0 inside
the metal, and hence the total enclosed charge and current must. be zero.

Problem 9.32
{oe] [oe]
f(z,0) =/ A(k)e** dk = f(z,0)" —/ A(k)*e ™% dk. Let | = —k; then f(2,0)" =

— 00

/ A=)t (—dl) = / (=)%e'=dl = / A( k)'ei’” dk (renaming the dummy variable [ — k).

o0 - o

£(2,0) = Re [ f(z,O)] % [f(z 0) + f(z,0)" / ” (—k)*] ¢*** dk. Therefore
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%[/i(k) +A(—k)*] = % /_(:f(z,o)e“'kz da.

. 0o . ' _ .
Meanshile, f(z,6) = [ AR)(-iw)e® 0 dk = fa,0) = [ (miwA@®)le™ di.
- —00
(Note that w = |k{v, here, so it does not come outside the integral.)

f(z,O)" = /_i[iwzi(k)‘]e‘ikz dk:/;O;[i]klv,i(k)‘]e_ikzdk:[;m[illlvg(_l):]euz(_dl)
- /_Z[ilklwi(_k)*]eikwk=/:[z'wi(—k)*]eikz dk.
fz.0) = Re[f(z0)] = [f(z 0) + /(2,0 = /_: :12[ i AR) + iwA(—k) ) db
2 [A0 - Akr] = g [ 0 s or 3 [A6) - Awr] = - [ | L] ea,

1 [ - N
Adding these two results, we get | A(k) = 5 / l f{z,0) + L-d—f(z,O)J e %2 dz.| qed

Problem 9.33

. , . 1 0Es;
(a) (i) Gauss’s law: V -E = e 8¢ =0.v
(ii) Faraday’s law:
6B 1 14 ~
= = ENf— -~
5 VxE= 9 69 (sm@ s) T ~ (rEy) 0
1 9 sin’ 1 . . 18 . 1 . A
= a5 [Eo - (cosu~z;smu>}r o {Eo&nG(cosu—H&nu)} 0.
0 . 0 .
But — cosu = —ksinu; — sinu = kcosu.
or or
= 1 @QSinGCOSG cosu——l—sinu i'—lEosinG —ksinu+—1—sinu—lcosu 6.
rsinf kr T kr? T

1 1
Integrating with respect to ¢, and noting that /cosudt = ——sinu and /sinudt = —cosu, we obtain
w w

wr? wr kr?

2Fy cos 1 Eqsin § 1 ! j
B — 220€0sP ( +k—cosu) + o Sin ( kcosu+——cosu+;smu>0
-

(iii) Divergence of B:

1 2 1
V -B = ;2—6— (T Br) 0 69 (sm GBG)
= —1-2 M sin +—1—cos + 1 ﬁ EOSin29 ——kcosu+—1—cosu+lsi u
T2 or w u kr u Tsing 86 wr kr? —

2E0 cosf 1
= ———— { kcosu — cosu — —sinu
r? w k T
1 2E0 sin @ cos 6
rsind

1
-k osu+ cosu+—smu
T
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2Eg.cosf 1 1 1 1
= Z20C08Y kcosu— —cosu — ~—sinu —kcosu+ —scosu + —sinu ) =0. v
wr? kr? T kr? T

(iv) Ampére/Mazwell:

1 OB,
VxB = ;{ (rBg) — 60}(1)
1{ 08 [Eysiné kcos u + 1 cosu+1s' 8 [2Egcost w_t 1 o -
= —-< — - —_— —sin - — | — —
r | Or w kr? oy o6 wr? sin krc st ¢
_ Egsind 2 sinu — 2 o 1 - 1 +k L2 2 4+ 2 2
= - sinu i S U r2s = sinu 7_cosu 2 5 Sinu 3 cosu q>
k Egsinf -~ 1E 1 -
= Lrlosh (ksinu+lcosu>q‘)._ - osinf <ksinu+—cosu) .
w T r T r
1 OE 1 Egsind . w ;1 wkEgsing . 1 -
o = el k -
=T =2 " (gusmu+ p cosu>¢ P ( sinu + rcosu)qb
1 i -
= L Egsinf <ksinu+lcosu)¢:VxB. v
c T T

(b) Poynting Vector:

Eysinég 1 2F, é 1
S = L(EXB):—(LSB-L cost — — sinu | | 287 u+ —cosu )@
o LoT kr wr? kr
Eysiné 1 1
+ =207 [ kcosu+ — cosu + - sinu (-r)
wr kr? T
E2sing {2 é 1 1 -
= :011:2 { CSS [Sinucosu + E—_(cos2 u —sin?u) — ) sin u cos u} 6

. 1 1 1 1 . 1 5 N
— sinf | —k cos® u+——2 cos? U+ —sinucosu + —sinucosu — Sz sinucosuy — —sin“u |t
kr T T k2r kr

Egsin9{2c059
T

1 1 .
[(1 - k_"’r?) sin u cosu + H(coszu — sin? u)] 0

Howr?

2 1 1
+ sind [( k2 3> sinucosu + kcos® u + m(sinzu— coszu)] f'}.

Averaging over a full cycle, using (sinucosu) = 0, (sin? u) = (cos?u) = 1, we get the intensity:

Elsing (k . 6’)1‘- E%sin®6

I=(S)= 7 sin 2poer?

fowr?

It points in the ¥ direction, and falls off as 1/r%, as we would expect for a spherical wave.

E? [sin®@ , El T 4 E?
(c¢) P= /I da—m/ =T 2sin6dfd¢ = -2_#0—27T/0 sin® 6df = ?poc
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Problem 9.34

<0 E(z,t) = Ereis=et g, By(z,t) = LEeitii-otl y
z : ~ - . ~ ~ .
ER(Z,t) - ERel(—klz—'wt) %, BR(z,t) — _leERet(—kxzﬂut) 5,

Er ) = Er’ i(k2z—wt) & ﬁr — LE.-lr i(kaz—wt) &
0<z<d: e =1 i(—k z~ut)x"’ o) ") > i(—k z—w}:) 5

E(z,t) = Eett™* X, Bi(z,t) = —;};E;e 2 y.
z2>d: { Er(z,t) = Epeitbsz=wtl g Bp(z,t) = J~3E~Tei(k3""“") y.

Boundary conditions: E‘I‘ = Eg, Bll’ = Bg, at each boundary (assuming p; = p2 = usz = ug):
Er+Egp=E, + Ej;

2=0: 90y . 1. 1. 1. s - .-
—E;~—FEpr=—E,— —E = E; - Eg = B(E. — E|), where 3 = v;/v,.
()] (5] Vo (3
E‘reikzd _+_ E‘le—lkgd — E‘Telkad;

z=d:

1 - . 1 - _. 1. . - S -

—E,etf2d . _Femik2d = __Fretkad o B etk2d . Feih2d = g Eret3? where a = va 3.

V2 U2 U3 .

_ We have here four equations; the problem is to eliminate Eg, E,, and E,, to obtain a single equation for
Er in terms of Ej.

Add the first two to eliminate Epg : 2E:'J1 =(1+ ﬂ)E‘r +(1- ﬂ)E‘,;
Add the last two to eliminate E : 2E,.e**24 = (1 + a) Ereitsd;

Subtract the last two to eliminate E, : 2Eje 22 = (1 — a)ETei*s?,
Plug the last two of these into the first:

o
&
I

(1+ ﬂ)—;-e“"‘?d(l + a)Erei*s? 4 (1 — g)%eiknd(l — a)Bpetsd
[(1+a)(1 + Be~*2 4 (1 a)(1 — B)ei*24] Eretts

[(1+ af) (24 + e%2) 4 (@ + B) (e~*2d — eik2d)] Breitsd
= 2{(1+4 af) cos(kzd) — i(a + B) sin(kzd)] Ere*sd,

e
=
il
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Now the transmission coefficient is T =

T =

175

vsez B, _us (poe;;) |Er|? _ v_1_|E~T]2 —a |Ep|? .
v Ej) to€r ) |Ef2 vs |Eyf? |Ef|?’
|Er = L1t (1 + aB) cos(kad) — i(a + B) sin(kod)] e'*3? ’
E P af|2 i

[(1 + aB)? cos® (kad) + (a + B)? sin®(k2d)] . But cos?(kod) = 1 — sin®(kod).

1
4af
Lﬂ [(1+aB)? + (o® + 208+ B% — 1 ~ 206 — a? ) sin®(kzd)]
Lﬁ [(1+ aB)? ~ (1 — a?)(1 — B2) sin?(kyd)] .

But n; = —

4TL1TL3 Ty

Problem 9.35
T =1=sinkd

=0= kd = 0,7,27.... The minimum (nonzero) thickness is d = n/k. But k = w/v =

2nv /v = 2wvn/c, and n = \/ep/eopo (Eq. 9.69), where (presumably) 4 = wo. So n = \/e/ep = \/€r, and hence

e _ C

d=

3 x 10
. 0\/_=9.49x10“3m,0r

e 26 2(10 x 109)v2.5

Problem 9.36
From Eq. 9.199,

Since sin®(3wd/2c)

_ 2, 106/9) — O/ - ©/4)] _
= / 10 {[(4/3 +1]° + ©74) $ (3wd/2c)}
- % [ (-17/ :;34() 5/4) n2(3wd/2c)} _ i—g + m%sm?(swd/zc).

49 + (85/36) sin®(3wd/2¢)

48 48 ,
f 1 min = max — T~ = . .
ranges from 0 to 1, T, 9T (85/36) 0.935;] T, 9 0.980. | Not much

variation, and the transmission is good (over 90%) for all frequencies. Since Eq. 9.199 is unchanged when you

switch 1 and 3, the

transmission is the same either direction, and the | fish sees you just as well as you see it.
you ) Y

Problem 9.37

(a) Equation 9.91 = Eg(r,t) = Eoe/*T ™% kr .t = kr(sinfr X + cosfrz) - (zX +yy + 22) =

kr(zsinfr + zcosb

) = zk sinfr + izkpy\/sin® 07 — 1 = kz + ixz, where

ko= kTsin9T=(“’—"2)--—si 6; = ™ sino;,
c / ng c
k = kry/sin?r—-1= £7:L-z—\/(nl/ng sin?;—1= —\/n,lsm 6r —n2. So
Er(r,t) = Ege *%**=9)  ged
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.42 9
E — .
(b) R= EOR = Z T8l Here 3 is real (Eq. 9.106) and « is purely imaginary (Eq. 9.108); write a = ia,
0y .
. ia -3 —ia—f3 a? + 3
th I: R= = =1
with g real: R (z’a+6) (—z’a+ﬂ> 21
1-af 1-af)? {1-iaBl® (1 —iaB)(1 +iafh)
13 Prob. 9.16, Ey, = |——| Eo,, so R = = - = - - =L
(c) From Pro 0 1+ af Ors 50 1+ a8 il +1a8 (1 +ia8)(1 — iaf)

(d) From the solution to Prob. 9.16, the transmitted wave is
8 . . 1 -
E(r,t) = Eo, e’ (T 7w g B(r,t) = — Eg,e/*7 79 (_ cosf X + sin b7 2).
Uy

. . . . ck . CK
Using the results in (a): k7 -r = kx + ikz — wt, sinfr = —, cosbp = i—:
wna Wna

E(r.t) = B, e~ elb==wth g B(r 1) = — Fy, e~ eitkz=wt) (—ii’i %+ & z) .
Ua WMo Wi

We may as well choose the phase constant so that E(,T is real. Then
E(r,t) = Ege "*cos(kz —wt)y;
B(r,t) = —%Eoe‘"’uj—;—;Re {{cos(kz — wt) + isin(kz — wt)] [—is% + kZ]}
= %Eoe_'” {xsin(kz — wt) X + kcos(kz — wt)Z). ged

(T used vy = ¢/n2 to simplfy B.)

(e) () V-E = (—% [Ege“"Z coé(k:z: - wt)] =0.v
3 _ 9 [Eo —KZ,. _ 9 [Eo —Kzj, .
iiyv-B = 32 1 ¢ rsin(kz wt)} + % {w e "*kcos(kz — wt)
E . .
= —wﬂ [e™"*kk cos(kz — wt) — ke "k cos(kz — wt)] = 0. v
X y Z
(i) VxE = | 98/0c 0/0y 38/0= :—%E—£i+%E—y2
0 E, 0 Z z
= kEpe ™ cos(kr — wt) X — Ege™ " ksin(kz — wt) Z.
E,
_B = e [—rw cos(kz — wt) X + kwsin(kz — wt) &)
ot w
= kEje " cos(kr —wt) X — kEge "*sin(kr —wt)z2 =V x E. v
% g 7
(iviVxB = |{9/0z 3/Fy 8/9z |= <3an - 68BZ> ¥y
B, 0 B ‘ o

E
= [——:}9/{26”” sin(kz — wt) + %le"“’k2 sin(kz — wt)] §=(k*~ nQ)—E—Oe"‘Z sin(kx — wt) ¥.
: w
2 2
Eq. 9.202 = k? —k? = (%) [n]sin® 87 — (ny sin6)® + (n2)?] = (nsz) = wlegpty.
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eapewEge™ sin(kz — wt) §.

0E
,11.262-8—{ = ,UQEQEQ(Z_KZOJ sin(k:z: - wt)y =V xB/V.
f 1 1 E3 x y z
(0 S§ = —(ExB)=_—"0¢ 2% 0 cos(kz — wt) 0
He H2 @ ksin(kz — wt) G k cos(kz — wt)

2
= —?;e“%z [kcos®(kz — wt) % — ksin(kz — wt) cos(kz — wt) 2] .
M2 .

~2Kz o

2
Ek
—e %. On average,

2 oW
then, no energy is transmitted in the z direction, only in the z direction (parallel tol:;he interface). qed
Problem 9.38
Look for solutions of the form E = Eq(z,y, 2z)e”™*, B = By(z,y,2)e ™, subject to the boundary condi-
tions El = 0, Bt = 0 at all surfaces. Maxwell’s equations, in the form of Eq. 9.177, give
V-E=0 =V-Eg=0 VxE=-28 = VxE;=iwBy;
{ V-B=0 =>V -Bg=0; VxB:f,%—% :>VxBo=—%“g’Eo, }
From now on I'll leave off the subscript (0). The problem is to solve the (time independent) equations
V-E=0; VxE=iwB;
V-B=0; VxB=-%E.
From V x E = iwB it follows that I can get B once I know E, so I'll concentrate on the latter for the moment.

: 2
V x (V xE) = V(V-E) - V2E = ~V2E = V x (iwB) = iw (—%E) =2 E. So
C

Averaging over a complete cycle, using (cos?) = 1/2 and (sin cos) = 0, (S) =

2 2 2
ViE, = - (f) E,; V’E, = — (%) E,; V’E, = — (%) E,. Solve each of these by separation of variables:
- .

d?’X d?Y d’Z wy?2 1d2X 1d%Y 1d%Z
=X Z(z Z——+4+ZX—4+XY—=—-(—-}) X o5ttt =
Ba(w,9,2) = X(@Y 0)2() = Y2 +2X Gy 4 XY 55 (C) YZ ot 3ty et o
d?X &Y d?z
- (w/c)2. Each term must be a constant, so o —k:X, :iz—ﬁ- = —sz, pr —k2Z, with

k2 + k2 + k2 = — (w/c)®. The solution is
E.(z,y,z) = [Asin(k.z) + B cos(k,z)][C sin(kyy) + D cos(kyy)|[Esin(k.z) + F cos(k,2)].

But Ell = 0 at the boundaries = E; =0aty =0and 2 =0,s0 D =F =0,and B, =0aty =band z = d, so
ky, = nm/band k, = [r/d, where n and [ are integers. A similar argument applies to £y and E,. Conclusion:

E.(z,y,z) = [Asin(k;z)+ Bcos(k.z)]sin(kyy)sin(k,z),
Ey(z,y,2) = sin(k;z)[Csin(kyy) + D cos(k,y)]sin(k,z),
E.(z,y,z) = sin(k;z)sin(kyy)[Esin(k;z) + F cos(k.z)],

where k; = mn/a. (Actually, there is no reason at this stage to assume that k;, k,, and k, are the same for
all three components, and I should really affix a second subscript (z for E;, y for Ey, and z for E;), but in a
moment we shall see that in fact they do have to be the same, so to avoid cumbersome notation I'll assume
they are from the start.) ’

Now V-E = 0 = k;[A cos(k,z)—B sin(k, )] sin(kyy) sin(k. 2)+ky sin(k;z)[C cos(kyy)—Dsin(kyy)] sin(k.z)+
k, sin(k;z) sin(kyy)[E cos(k,z) — Fsin(k;z)] = 0. In particular, putting in z = 0, kA sin(k,y)sin(k.z) =0,
and hence A = 0. Likewisey =0 = C =0and z = 0 = E = 0. (Moreover, if the k's were not equal for different
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components, then by Fourier analysis this equation could not be satisfied (for all z, y, and z) unless the other
three constants were also zero, and we’d be left with no field at all.) It follows that —(Bk; + Dk, + Fk;) =0
{in order that V - E = 0), and we are left with

E = Bcos{kz) sin(kyy) sin(k.2) X + Dsin(k;z) cos(kyy) sin(k,2) ¥y + F'sin(kzz) sin(kyy) cos(k.z) Z,
with k; = (mn/a), k, = (nw/b), k. = (Ix/d) (I, m, n all integers), and Bk + Dk, + Fk, = 0.

The corresponding magnetic field is given by B = —(i/w)V x E:

B, = —~£ (8;; - 8;;3’) = —5 [Fky sin(kzz) cos(kyy) cos(k,z) — Dk, sin(k, ) cos(kyy) cos(k.2)],
B, = _u% (—%F;f - B;;Z) = ~5 [Bk, cos(kzz) sin(kyy) cos(k,z) — Fk cos(kzz) sin(kyy) cos(k,2)],
B, = ——(% (% - 8;;) = ~£ [Dk; cos(k, ) cos(kyy) sin(k,z) — Bk, cos(k;x) cos(kyy) sin(k,2)].
Or:
B = —E(Fky — Dk,) sin(k;z) cos(kyy) cos(k,2) % — :—'J(Bkz — Fkg) cos(k;z) sin(kyy) cos(k.z) ¥

- :~J(Dkz — Bk,) cos(k,x) cos(kyy) sin(k,z) 2.

These automatically satisfy the boundary condition B* =0 (B, =0 atz =0andz =a, B, =0 at y = 0 and
y=b,and B, =0 at z =0 and z = d).
As a check, let’'s see if V- B =0:

V-B

it

—i—(Fky — Dk, )k; cos(k,z) cos(kyy) cos(k,2) — ;JZ—(Bkz — Fk2)ky cos(kzz) cos(kyy) cos(k. z)

(Dkg — Bky)k, cos(k;z) cos(kyy) cos(k; z)

€l

1

i _
—=(Fhghy = Dhgks + Boky = Fhaky + Dksks — Bkyk:) cos(ka) cos(kyy) cos(kzz) = 0.

The boxed equations satisfy all of Maxwell’s equations, and they meet the boundary conditions. For TE
modes, we pick £, =0, so F' = 0 (and hence Bk, + Dk, = 0, leaving only the overall amplitude undetermined,
for given I, m, and n); for TM modes we want B, = 0 (so Dk; — Bk, = 0, again leaving only one amplitude
undetermined, since Bk, + Dk, + Fk, = 0). In either case (TE;n, or TMiny,), the frequency is given by

w? =2k + k2 + k) = & [(mn/a)? + (nw/b)? + (In/d)?], or |w = cm/(m/a)? + (n/b)2 + (I/d)2.




Chapter 10

Potentials and Fields

Problem 10.1

oL v 8 vV 9
oW+ = = V¥V~ 4+ —(V-A — =V 4+ (V-A) =
+ B vy Ho€o pY) + 6t( )+li0€0 52 VV + 8t(V A)
2
0’°A-VL = VZA—poeo%g—V(V~A+poeo%%):—;LOJ‘\/

——p. v

Problem 10.2

1 1
(a) W = 5/ (GOEZ + M—B?) dr. At t1 = d/c, s >d=ct;,s0 E=0, B =0, and hence | W(t;) = 0.
0

At T2 = (d+h)/c, Ctz = d+ h:
Hoo 1 pocr

E:—T(d+h—$)z, B:E——Q—(d-*—h_m)y’

1
so B? = E;Ez, and

1 1
(60E2 + ——B2> =€ (E2 + ————1—E2> = 2¢0 E2.

Ho Ho€g C?
Therefore
’ (d+h)
202 2.2 d+ h— g)314Hh
W(t2) = 1(250)#0(1 / (d+ h — 2)2 dz (lw) = 202 lw[ (d+h-x) _
2 4 4 3 )

! ! 7 ¥ 1 2 pao? .
b) S(z) = —(BxE)= —E* (-2 x (£§)] =+ —E* % = |+ —(ct — |z])? %
( ) ( ) ILO( ) HoC [ ( y)] HoC dc ( l |)

(plus sign for = > 0, as here). For {z| > ct, S =0.
So the energy per unit time entering the box in this time interval is

dw poclw 9
— = = . = ——(ct — .
7 P /S(d) da s (ct —d) -

Note that no energy flows out the top, since S(d + h) = 0.

179
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(d+h)/c
poa®lw / (ct — d)?dt = woclw [(ct - d)B](Hh)/C | poe®lwh?
4c : T 4c 3c ’

d/c 12¢2

t2
(c) W:/Pdt:
ty

d/z

Since 1/c® = ppep, this agrees with the answer to (a).
g

Problem 10.3

E-_wvy-92_| L 2. B=VxA=[0]

ot 47eg 12
This is a funny set of potentials for a I stationary point chargel q at the origin. (V = 7] ! g, A = 0 would, of
MTEQT
course, be the customary choice.) Evidently | p = ¢63(r); J = 0.]
Problem 10.4
0A . .
E = -VV- i —Agcos(kz — wt) §(—w) = I Apwcos(kz — wt)y,}
B = VxA=1z % [Ag sin(kz — wt)] = IAok cos(kz — wt) 2. l

Hence V.E=0v, V-B=0/.

VXE =% (% [Aow cos(kz — wt)] = —Apwk sin(kz — wit) Z, —%lti = —Apwksin(kz — wt) Z,
s0 VXE = _9B v.
ot
. 0 2 . OE 2 R
VxB=-§ . [Aok cos(kz — wt)] = Aok® sin(kz — wt) ¥, i Aow” sin(kz — wt) ¥.

OE .
So VxB = ,uoc:oé? provided or, since ¢ = 1/ poco,

Problem 10.5

1 1 qt 1 1
V/:V_%_i‘zo_(“ 1 ﬂ)z TIA =A+ VA= — 3_2;+(_ qt) (__-f>:

dTeg T dmeg T’ 4meg 4Teg r2

This gauge function transforms the “funny” potentials of Prob. 10.3 into the “ordinary” potentials of a sta-
tionary point charge.

Problem 10.6

Ex. 10.1: V.A = 0; %‘ti =0. |Both Coulomb and Lorentz. |
t y t |4
Prob. 10.3: V-A = -2 w. (£} = _ L), IV,
47eg T2 €0 ot
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Problem 10.7

Suppose V-A # —pugep %—1; (Let V-A + poeoaa—lt/ = ®—some known function.) We want to pick X\ such

/
that A’ and V' (Eq. 10.7) do obey V-A' = —poeoaa—l:.
v’ 1% 2\
V-A' + poeg—— = V-A + VIA + poeoa— — poeoa =34+ 0%\

at ot a2

This will be zero provided we pick for A the solution to 0%\ = —&, which by hypothesis (and in fact) we know
how to solve.

We could always find a gauge in which V’ = 0, simply by picking A = fot V dt'. We cannot in general pick
A = 0—this would make B = 0. [Finding such a gauge function would amount to expressing A as —V A, and
we know that vector functions cannot in general be written as gradients—only if they happen to have curl
zero, which A (ordinarily) does not.]

Problem 10.8
(From the product rule:

v. (;1) = %(V-J) +1J- (v%) , V' (%) = %(V'-J) +3J- (v'%).

1 1
But V; = —V';, sincea=r—r'. So

v. (i> - %(V-J) ~3J (v:}) - %(V-J) + %(V'-J) - (i) .

2 2
But
g2 00 00y 01 000t 04,0 0.0
~ Oz Oy 8z Ot 0z  Ot, 8y Ot, 0z’
and
O _ 1% On_ 10 O _ 10
oz = cdx’ Oy Oy 0z  cdz’
S0
1{0J, 80 Oy O, 0] 1083
VI |G n a7
Similarly,
dp 103 ,
03=_ _ 2% (v
ViI= =% o (VY
[The first term arises when we differentiate with respect to the ezplicit r', and use the continuity equation.]
thus
JY 1] 103 . 1[ 8p 1083 ; JY _ 10p  (J
v (“) =5 | ca (V’”)] 3 [‘a <3, (V”’] v () =5V
(the other two terms cancel, since V2 = ~V'2). Therefore:
b0l 0 (2 [ (L) ar] = -mad [ [ 2 _Eej{!.d
VA—47r_ 6t/¢dr /V <¢)d7—:|_ Ho0 Bt | 4meo Al e (e

v
The last term is over the suface at “infinity”, where J = 0, so it’s zero. Therefore V-A = —p0€°—67' v
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t

%

b ; Problem 10.9
(a) As in Ex. 10.2, fort <r/c, A =0;for t > r/c,

C N Ve
k(t—\/r2+z2/c)d uokz ; / dz 1 / d
= — ——— — z
Ve 4+ 22 2n ) Vri+22 ¢
0

(ﬂok i) [tln (Et_i'__________ V(:t)w) - % (ct)? — 7.2:] )

A(r,t)

H
e
515
N
S
[\
—

il

e Accordingly,

2 _ 2
E(r,t) = —%—?=-%’;2{m(——————-——d+ (ft) T)+

: T (l) + 1 2% 1 2ck
c+ ey - ) \r) "2 @ =) " ey -
_ —Mi | ct+ +/(ct)? —r2 + ct 3 ct
2m " T V=2 Jflet)? — 2

(or zero, for t < r/c).

_ —@ln (ct+ V (ct)? —1-2) 5
T

27

B(r,t) = A

—2r

~é
Pl (=20) g —r
{t( T ) [ 2 flcty—r2 ct (ct)? —r2 1 (~2r) é
(ct)? —r2

_hok il
2 ct + y/(ct)

#ok

—Ct2 T }J}: ﬂok( Ct2+T)¢;: \/—_7-2(25

(ct)? — 1'2 (ct)? —r2?

or rey/(ct)? — r2 2rre

o z * god(t —2/c)
4r 2

—00

(b) A(r,t) = dz. But 2 = /72 + 22, s0 the integrand is even in z:

2

A(r,t) = (‘;0—?2)2/0‘)0?—“———4—/—0—)-11.2

1 22 2d
T 2Var =2 g2’

A(r,t):%i/wlé(t__’f)_ﬁ_%_

2

and z=0=2=7r, 2=00 =2 = 00. So:
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f\ Now §(t —2/c) = cé(/pv-— ct) (Ex. 1.15); therefore A = ‘L—%? ic/roo é(;—__(f% dr, so
A(rt) = ﬂgzroc (Ct)t = r?? (or zero, if ct < r);
e = 8ot () T ] et
B(r,t) = _35\; b= _#(;(71:)6 (__;_) Rz-t_)_i:_z'_:ﬁgﬁ é = -%—[(Et)%og_ﬂ%.].aﬁ é| (or zero, for t < r/c).

Problem 10.10
- !(t_’)dlz“_olf/g_'_"_@dl:“_olf{i d_l_l/dl}

4 2 47 2 47 2 ¢

kt
But for the complete loop, [dl =0, s0 A = #—0——{ /dl+ /d1+2 / ?} Here [, dl = 2a%x (inner

circle), [, dl = —2bx (outve:’mrcle), 50
y.okt 1 1 _ . I_],Okt _ —B_A- _ bok
= i [a(2a)+ 3 2b)+21n(b/a)}x=> A="—"l/a)%,| E=-—-= ln( /a) %.

The changing magnetic field induces the electric field. Since we only know A at one point (the center), we
can’t compute V x A to get B.

r\ Problem 10.11 .
In this case g(r,t) = p(r,0) and J(r,t) = 0, so Eq. 10.29 =

1 hl ! 4 !
E(r, t) = 1 / p(r )O) +p(r ;O)tr + p(r )0) ;LdT’, but tr — t— 2 (Eq- 10.18), S0
4meg 22 o , c
! A el sf 1 YN} '
- 1 / pir',0) + 4,00t pr',0)/c)  pU,0) ] oy L /p(r 5 qed
4Teg 22 Y cr 4meg 22

Problem 10.12 . .
In this approximation we’re dropping the higher derivatives of J, so J(t,) = J(t), and Eq. 10.31 =

B(r,t) = 2‘; 1 [J(r t)+(tr—t)j(r',t)+%j(r’,t)] x Adr', but t, —t = _'-: (Eq. 10.18), so
Ho J(r at) X% !
= G/Td‘r' qed

Problem 10.13
At time t the charge is at r(t) = a[cos(wt) X + sin(wt) ¥}, so v(t) = wa[— sin(wt) X + cos(wt) §]. Therefore
2 = z% — afcos(wt,) X + sin(wt,) ], and hence 22 = 2% + a? (of course), and 2 = V22 + a2.

A-v= ;1;(4 V) = 'lb {~wa®{-sin(wt,) cos(wt,) + sin(wt,) cos(wt,)] } #,0, $0 (1 - I‘—cv-> =1
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Therefore

” V2 1 a2
goa [— sin(wt,) % + cos(wt,) §),| where | t, =t — Lﬁ.

1 q
V ,t = A ,t = —
(1) (1) 4megc? V22 + a? c

dmeo V22 + a2’

Problem 10.14
Term under square root in (Eq. 9.98) is:

I = M2 -2%(r-v) + (r-v)2+ 2% — P —v?r? 2Pt
(r-v)2+(c? —v)r? + A(vt)? — 2c*(r - vt). putin vt =r — R?,
(r- V)24 (=) + 2@+ R~ 2r-R) - 2¢%(r2 —r - R) = (r - v)? = r?0? + c*R?.

but
(r-v)2—7r%? = ((R+vt)-v)? = (R +vit)*®

= (R-v)2+v*? + 2(R-v)v’t — R%? - 2(R - v)tv? — v?t%?
= (R-v)? - R%? = R*v?cos’ § — R*v* = —R*v? (1 — cos® 6)
= —R%’sin?4.

Therefore 2

I = —R*»%sin? 6 + *R? = ¢*R? (1 - v_2 sin? 0) .
c N
Hence

1 g

4meo . /1 - 2 sin® 6

qed

Vir,t) =

Problem 10.15

Once seen, from a given point
x, the particle will forever remain
in view—to disappear it would
have to travel faster than light.

[Light raysin + r dircction]

Graph of w(#)

A person at point

z first sees the
particle when this p
ie.at z = -ct, or
t=-z/c

Region below wavy line represents space-time
points from which the particle is invisible
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Problem 10.16

First calculate t,: t, =t — [r — w(t.)|/c =

—c(ty —t) =z — /b2 + 42 = c(t, —t) + T = /b + 2t2; .
0] —
2 — 2%t + Pt + 2zct, — 2zet + 10 = b2 + c*t; 1wt P
2ct (z — ct) + (2% — 2zct + *t?) = b7 k z -
B — (z — ct)?
t (1 — ct) = b2 — (z — ct)? B M el
2ct(z —ct) =b° — (z —ct)*, ort 2e(z — cf) .
Now V(z t)—i——gi——— and 2c —2-v =2(c—v); 2= c(t — t,)
T dreg (e —a-v)’ B vhr=c "
Y = 1 1 02y - . B c*t, (e—v) = Atr+elz—ca) -, clx—ct)
—2,/b2+c2t2 "ty —t)+z  ctp+(z—ct)’ B cte + (z — ct) et +(z—ct)’
c(t—t)e(z—ct) At —t)(z—ct) b2 — (z — ct)? b% + (z — ct)?
—a-vV = = - ; ¢ty -Ct) = ——— -cl) = —————;
ey cty + (z — ct) cty + (z — ct) et (z ) 2(z - ct) +le—e) 2(z — ct)
2ct(z—ct) =2+ (z—ct)? (z—ct)(z+ct)—b®> (22 -2 —b?)
t—t, = _ _
2¢(z — ct) 2c(z — ct) se(z —ct) ~ Lherefore
1 [p2+(z—ct)? 1 2¢(z ~ ct) _ b + (z — ct)?
rc—-a-v 2(z ~ ct) c2(z ~ct) 2ct(z —ct) — b2 + (z — ct)?]  c(z — ct) [2ct(z — ct) — b2 + (z — ct)?]’

The term in square brackets simplifies to (2ct + z— ct)(z — ct) — b® = (z + ct)(z — ct) — b® = 22 — %1% — b2,

_q b + (z — ct)?
So|Via,t) = dreo (z — ct)(z? — 22 - b2’

Meanwhile

b + (z — ct)? dmeq (z — of) (22 — c2¢2 — b2)

V.- c2t, 14 . b2 —(z—ct)?] 2z—ct) ¢ b? + (7 — ct)?
2 crt(z—ct)e2T | 2c(z—ct)

q b — (7 — ct)?
drege (z — ct)(x? — 22 — b?)

Problem 10.17
From Eq. 10.33, c(t — t,) =4 = c*(t — t,)? =4? = 2- 4. Differentiate with respect to t:

ot o ot On
204 2T 9. = _ 2T . = —r—
2t — t,) (1 5t ) P 5 O (1 at) % o Now 2 =r — w(t,), s0
on ow ow Ot, oty Oty : Ot, ot, Oty
—_— e — = ———— = — Y — —_—— ] = = Y —— = — = —— (A . .64
8 ot oot ot (1 az) Vg AT (@ * V)= Gy () (Eq. 10.64),
ot, o
and hence % an qed
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(-\ Now Eq. 10.40 says A(r,t) = Cle(r, t), so
O _ LDy W)L (v, 00
ot c? a't ot ot ot ot
- L [a%—ttl 47350 fcu 47350 (4_16)2 gt(w —n- V)J

- Ll |ad v (O o 0
T Cd4meg [4-u Ot (2-u)? ‘ot "o Y o)l

O Ot, _ On Ot,
Butfy—c(t—tr):a—c(l——é?>,4_r—— (,)=>6t —vﬁ(asabove), and

ov _ dv ot aat,
ot 3t Bt t

- dmeoc(r- U)2{ V[c (1 6t> TV e T
_ q B ot
T 4megc(a- u)2{ (2 -wa+ (¢ —v* +2-a)v] at}
= Tee - o
- 471'606(4 u)2 { c V+ 4 u)a+ (C 'U +2- a)v] 4.u}
= ne CEI,, u)3[ cvir-u) + or(a-u)a+ ar(c® — v? +2-a)v]
0
qc

_ _ 2 o2 .o ) '
= 4ﬂ€0(w~4.v)3 [(w a- v)( v+ca>+c(c vi 42 a)v]. qed

/\ Problem 12.18 N
— 2 2 —
E—Ew[(c —v)u+2x (uxa)l. Here v = ]L(,)‘ ) .
vX, a = a¥, and, for points to the right,2 = X. So u = k_ﬁ)__ﬂ
{(c—v)%, uxa=0, and 2-u =2{c —v). i
_q 2 2 v e 4 l(c+v)(c—v)2h_ g 1 [/c+v) .
E = 4meg 23(c — v)3 (¢ —v)e—v)x = 4deg 22 (c—v)3 = 4dmeg 2?2 \c—v X
B = lfan:O. qed
c
For field points to the left, 4= —%X and u = —(c+v) X, s0 2- u = 2{c + v), and
—_ 3 P 2y c=| 91 fe=v) . g
E= 47r60¢3(c+v)3(c v)(e+v)k = 4meg 22 (c+v> % B =0.
Problem 10. 19
(@) E = (1 -/ 2)/
R? [1-( v/c)2sm 0]3/
The horizoptal components cancel; the vertical com- ¥
ponent of R is sin@ (see diagram). Here d = Rsin#, so //‘
1 sin?f =z d R 4
55 = ; == =coth, so dz = —d(—csc® ) df = —— db;
R g2 d ® ( ) sin” — : e




1 d sin?6 do
. —dr=—"""48=="_. Th
O BE g e g The
y m sin 6 _ . 9 2
E = —————(1 v?/c?) (—>/ df. Let z =cosb, so sin®f =1-— 2%

4meo d/Jo 1~ (v/c)2sin? )"

AM1=v?/c?)§ 1
= 3/2 dz

dmeod -1 {1 = (v/c)? + (v/c)?2?]

A=/t 1 z +
B 4reod (v/c)? (c?[v? —~ 1) (c/v)2-1+22|_,

Al —v?/c? ) 1 12X )
= = f t .

Trecd ) m ires d ¥ | (same as for a line charge at rest)
(b) B = zl,z(v x E) for each segment dg = Adz. Since v is constant, it comes outside the integral, and the
same formula holds for the total field:
1 1 2X to 2Av
2(v xE) = 2" 47re _( #060v47r60 d 2= x d =
o 21 - . .
But \ov=1,s0!B = ey ¢ | (the same as we got in magnetostatics, Eq. 5.36 and Ex. 5.7).

Problem 10.20
w(t) =
v(t) =
a(t)

, 2= —w(tr);

' 2= R;

tr =t — R/c;

u

!

42X (uxa)

2.1

| v? = (WR)%.

g R
4meo (Ro)3
9 1
4meq (Re)?

So (Eq.

R[cos(wt) % + sin(wt) §};
Ruw{~ sin(wt) X + cos(wt) §;
— Rw?[cos(wt) X + sin(wt) §] =

—wlw(t);

By
NV,

oA — v(t,) = —c[cos(wt,) X + sin(wt,) ¥] — wR[— sin(wt,) & + cos(wt,) §]

—~ {{ccos(wt,;) — wRsin(wt, )] % + [esin(wt,) + wR cos(wt,)] ¥} ;

(2-a)u— (2-u)a; 2-a = —w- (—wlw) = WIR%

R [ccos®(wt,) — wRsin(wt,) cos(wt,) + csin®(wt,) + wRsin(wt,) cos(wt,)] = Re;

2 = —[cos(wt;) % + sin(wt,) ¥};

10.65):

[u(c® -

{~[c? cos(wt,) —

g cu—Ra Ra

w?R?) + u(wR)? — a(Re)] = TIneo (ROE

wResin(wt, )] % — [¢? sin(wt,) + wRccos(wt,)] ¥

+ R2w® cos(wt,) % + R%w?sin(wt,) ¥}

g
dreg (Rc)?

{[(«w?R? - ¢®) cos(wt;) + wResin(wt,)] % + [(w?R? - *) six,l(wt,) —wRecos(wt,)] ¥}
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B = %ixE:%(iIEy_iyEz)i
1 g 1 2p2 2\
— tr - .
e Tnes (RO 5 {cos(wt,) [(W*R? — &%) sin(wt,) ‘chcos(wt )]
—sin(wt,) [(w?R? - c*) cos(wt,) + wRcsin(wt,)] } 2
¢ 1 ; N
= = — tr _ ] g 1 _

ne, B3 [~wRecos?(wt,) — wResin?(wt, )] 2 Trea chs“’Rcz =t

Notice that B is constant in time.

To obtain the field at the center of a circular ring of charge, let ¢ = A(2xR); for this ring to carry current

I, weneed I = Av = AwR, so A = I/wR, and hence ¢ — (I/wR)(2xR) = 2x]/w. Thus B = 43{{}—31—22, or,
TE€Q £1C
I
since 1/¢% = ¢gpo, | B = ;(}2 the same as Eq. 5.38, in the case z = 0.
Problem 10.21
A(#,t) = Aol sin(8/2)|, where 8 = ¢ — wt. So the (retarded) scalar potential at the center is (Eq. 10.19)
1 2r : _
v = — [2ar=! / dolsinl(6 = wt )2, 4y '
4meg 2 4meo Jo a
Ao ™ Ao n / y
R 8/2)df = =2 [~2 cos(8/2 P
dmes /o sin(6/2) df o [—2cos(8/2)] . 03 i
Ao Ao
= —2-(-2)j=]—.
= [2-(-2)] —_— -\r/
(Note: at fixed t,, dp = df, and it goes through one full cycle of ¢ or 8.)
Meanwhile (¢, t) = Av = Aqwa [sin[(¢ — wt)/2}| . From Eq. 10.19 (again)
A in[(¢ ~ b
My = 1 [Lar s [ dbine et )26,
But t, =t — a/c is again constant, for the ¢ integration, and cf& = —sin¢gX +cosgdy.
2n
= @—;}E—a—)g/ Isin[(¢ — wt;)/2)| (—sing % + cosp¥)d¢. Again, switch variables to 8 = ¢ — wt,,
m ]

and integrate from § = 0 to # = 27 (so we don't have to worry about the absolute value).

2n
= #0:1\;):-10 / sin(6/2) [— sin(6 + wt,) X + cos( + wt,) §] df. Now
0



2w
/ sin (0/2) sin(6 + wt,) df
0

2n
/ sin (8/2) cos(8 + wt,) df
0

So

A(t) = ”02;“’“ (%) [sin(wt,) &

27

[cos (8/2 + wt,) — cos (36/2 + wt,.)] db
0

2n
{2 sin (/2 + wt,) — % sin (36/2 + wt,)}

I

[N T R

0

1. 1
= sin(r + wt,) — sin(wt,) — 3 sin(37 + wi,) + 3 sin(wt,.)

2 4
= —2sin(wt,) + 3 sin(wt,) = ~3 sin(wt-).

27
= ; / [ sin (8/2 + wt,) + sin (30/2 + wt, )] df
0
1 2 27
= 3 2cos(8/2 + wt,) — 3 008 (36/2 + wt,)
0

1 1
= cos(m + wt,) — cos(wt,) — 3 cos(3r + wt,) + 3 cos(wt,)

2 4
= —2cos(wt,) + 3 cos(wty) = —3 cos(wtr).

—cos(wt,)¥] = e {sinJw(t — a/c)] %X — cos[w(t —- a/c)]¥}.

Mo /\owa
K
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Problem 10.22

SOURCES
p.J

3
(v-J =~§g)

[ | =sevaluate at the retarded

time, 1,
POTENTIALS FIELDS
V.A E.B
g=213V ) 9B
(V-B=Z% o) . (V:B=0. VXE=3)
3A

E=-VV-{2,B=VxA
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Problem 10.23
Using Product Rule #5, Eq. 10.43 =

V-A = Z—;’:qcv -V [(t-r- v)? 4 (=) (r? - c'ztz)]_l/2
1 -
= ﬂ—z:cv . {_5 (Pt —r-v)? + (S —v*)(r® = P?)] Py [(Pt—r-v)? + (- v?)(r? — cztz)]}
= ,uggc [t —r-v)2+ (S —v*)(r? —cztz)]_s/zv- {-2(c®t—r-v)V(r-v)+ (- v})V(r)}.
Product Rule #4 =
Vir-v) = vx(Vxr)+{v-V)r, but Vxr=0,
1o} 1o} 1o}
(v-V)r = (vza—x+uy(9 +vz(9 )(:vx+yy+zz) U X+ v, ¥ +v,2=v, and
V{#rY) = V{r-r)=2rx(V xr)+2(r-V)r=2r.So
V-A = ,uggc [(*t —r-v)? + (S — o) (r? - Cztz)]—3/2 v [=2(c®t —r-v)v + (S — v?)2r]
= ’% (%t —r-v)2 + (P = 0?)(? = )] 2 {(Pt—r - v)o? = (@ — D) (r-v)}.
T
But the term in curly brackets is : c2tv? — v%(r - v) — ?(r - v) + v3(r - v) = 2 (0%t — r - v).
_ pogc® (Wt —r-v)
4T (2t —r-v)? 4 (2 — v2)(r2 — c2t2)]3/2'
(\ Meanwhile, from Eq. 10.42,
ov 1 1 —3/2
~Hoto gy = ——,uoeoch (—-2-> [(Pt—r-v)? + (P = v?)(r? - Pt?)] x
% [(Pt—r-v)?+ (S —v?)(r? — P¢?)]
= _kege [t —r-v)? + (P —v*)(r* - Cztz)]—3/2 [2(cPt — - v)? + (S — v?)(—2c%)]

_ koge® (St —r v —c*t+v2t)

=V.-A/V
AT [(c2t—r-v)2 + (2 — v2)(r2 — c242))/?

Problem 10.24

'3 I %

Q42 1
F -
(a) | F2 = dmeo (b2 + cztz)

(This is just Coulomb’s law, since ¢; is at rest.)

(b) I = B2 /"9 1 oo [i tan-1 (ct/b)”m = BB (o)~ tan! (—oo)]

dmeg J_o (B2 + c2t2) 4meg oo 4meobe
_ N [E _ (_j_f_)] _| 99T
T 4mwegbe 2 4meq be’




4meg 22 \ec+uv
and v are to be evaluated at the retarded time t., which is
given by c(t —t,) = z(t,) = /b% + 212 = 2 —2ett, + 72 =
2,2 _ p2
c’t — b
b? + cztf =t = Tt Note: As we found in Prcb. 10.15,
c
go first “comes into view” (for ¢;) at time ¢t = 0. Before that it
can exert no force on ¢, and there ¢s no retarded time. From
the graph of ¢, versus t we see that ¢, ranges all the way from
—oo to oo while ¢t > 0.

{(c¢) From Prob. 10.18, E = — 2 1 (C — v> %. Here z

26212 — 22 4 b2 _ b? 4 %2
2ct - 2ct

242 — b2 2 t 2t2 . b2
v(ty) = (C t2t ) ( ¢ > =c (—c—————> (for t > 0). Therefore

z(ty) = c(t - t,) = (fort > 0). v(t) =

b2 + c22 2t + b2
_ 2t2 + b2 _ 2t2 _ b2 2b2 b2 4 2t2 2
cov_ (e )= (c ) _ = (fort>0). E=—-2 ¢ L
c+u (22 +0%) + (22 - b)) 2c%? PR 4meg (b2 + c2t2)? 2t?
0, t <05
Fi={ qg 4

X, t>0.
dmeg (b2 + c?t2)2 x b2

q192 2 o0 1
d = -4 —————dt. The i li
(d) I . b /0 CENIDE dt. The integral is

_1_/°° 1 dt—i<i t °°+/°° 1 gl = L (7rc

ct Jo (Bl 422t \2b2 ) [ (B/c)2+ 12, o [(Bfe)2+1t2)] ] 2c2h2 5:3)
Q192 T

So 1L = 4meg be”
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£

X =

o
T 4eb3’

(e) F, # —F,, so Newton's third law is not obeyed. On the other hand, I; = —I, in this instance, which
suggests that the net momentum delivered from (1) to (2) is equal and opposite to the net momentum delivered
from (2) to (1), and hence that the total mechanical momentum is conserved. (In general, the fields might
carry off some momentum, leaving the mechanical momentum altered; but that doesn’t happen in the present

case.)

Problem 10.25

s=L(ExB): B= —12—(v x E) (Eq. 10.69).

E
Lo 4 R
S0 S = ——[E x (v x B)] = & [E?v — (v E)E]. RV
HoC >

The power crossing the plane is P = [ S - da,
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and da = 27rdr % (see diagram). So

P = ¢ /(E2v — E2v)2nr dr; E, = Ecosé, so E*— EZ = E?sin®4.

_ 2.2 _ g 1 R _ 1
= 27reov/E sin“drdr. From Eq. 10.68, E = e P [1 o/ s 6]3/2 where vy = \/I_——j—_v—r—/ci
2 .92
1 [ ] 1 ]
= 27reov( d > —2/ rom 5 dr. Nowr =atanf = dr = a—5— df; l:ﬁ)s__.
dreo) 72 Jo RA[1 - (v/c)?sin6) cost0 T R e
v ¢ 1 [/ sin® 8 cos @

= — — 5df. Letu= sin? 6, so du = 2sinf cosf db.
2v% 4meg a® Jo [1- (v/c)?sin® 6]

_ vg? /1 u = vg? _7_4 | vg?
T 16megaly? J, [1-(v/c)2u]3 T 16megatyt \ 2 ) | 327mepal’

Problem 10.26

(@) | Fua(t) = —— 22 5

(b) From Eq. 10.68, with § = 180°, R = vt, and R = —i:

1 qlqg(l—v2/c2)2
4meg (vt)? ’

Newton'’s third law does not hold: Fi5 # Fsy,

because of the extra factor (1 — v?/c?).

Fo (t) =

(c) From Eq. 8.29, p = ¢o [(ExB)dr. Here E = E; +E,, whereas B = By, so ExB = (E; xBy)+(E; xB,).
But the latter, when integrated over all space, is independent of time. We want only the time-dependent part:

1 1
p(t) = e /(E1 x Bq)dr. Now E; = L. L F, while, from Eq. 10.69, B, = (v x E3), and (Eq. 10.68)
4dreg T2 c?
o (1 -v?%/c?) R B 2 2, 2.2 ., _rsin8
E; = dmeo (1 —v2sin29'/c2)3/2ﬁi. But R=r—-vt; R =r°+v°t* — 2rvicos#; sinf’' = 7 So
1— 2 /.2 — vt R
2= L (1=v'/c’) 32(1' 3v) Finally, noting that v X (r — vt) = v X r = vrsinf ¢, we get
4meo [1 ~ (vrsinf/Re)?)*/* R
1—v%/c? vrsiné 5 1-v2/w [ 1 rsind (F X ¢
B, = %2 2/ ) : 75 b S0 p(t) = o0 2 é ) /-—2 (f x 9) 7
dmegc [R? — (vrsinf/c)?] 4meo 4megc T [R? — (vrsin8/c)?]
Butfx ¢ =-8= —(cosfcospx + cosfsinp§ —sinf z), and the z and y components integrate to zero, so:
02 /02) 5 in2 9
p(t) q192v(1 121 [c*) 2 / sin - 2 sin 6 dr df d
(4mc)?eo r[r? + (vt)2 — 2rvtcos 6 — (vrsinf/c)?]
_02/02) 5 -3
_ q1g2v(1 —v?/c*) 2 rsin® 6 dr dé.

8mceo / [r? + (vt)2 — 2rvt cos @ — (vrsin 9/c)2]3/2
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I'll do the r integral first. According to the CRC Tables,
/°° T P 2(bz + 2a) 2 b 2a
o (a+br+cx?)3/? (dac— b2)Va + bz +cz?ly  dac—b2 [ o a
2 2 (2+/ac — b) 2
= —_— e bl 2 = —= = —F
Veltac 5 O~V = Zvm b Gvas ) = ve VR TY)-
In this case £ = r, a = (vt)?, b= —2vtcosh, and ¢ = 1 — (v/c)?sin® 4. So the r integral is
2 1
1 - (v/c)?sin® @ [2vt 1 — (v/c)?sin® @ — 2vt cos 9} vt\/l — (v/c)?sin% 9 [\/1 — (v/c)?sin® 6 — cos 0]
— 2 gin?
[ 1— (v/c)?sin® 6 + cos()] 1 [ 050
T /e T vt 0 - ) |
vty/1— (v/c)?sin® 6 [1 — (v/c)?sin® @ — cos2g] V5" ve/e I_ 1—(v/c)?sin@
So
1-v%/c?)% 1 | 6
p(t) = Q1Q2v(8 21) /c*) 2 - / LI cosf sin® 8 d
TTC € ’Ut( -V /C) o SIn 0 1—(v/c)2sin29
N2 / sin9d9+f/ cosbsind 4o\
8nc €0t 0 vV Jo ’(c/v)Z - sin2 e
But [/ sinfdf = 2. In the second integral let u = cos 6, so du = —sinf df:
T : 1
/ c0s 0 sin df = / 2” 5 du = 0 (the integrand is odd, and the interval is even).
o /(c/v)? —sin®6 -1 /(c/v)2~1+u
. Hoq142 . R
Conclusion: | p(t) = It 2 (plus a term constant in time).
™
(d)
1 12, 1 @ee(1-2v*/?) . qige VY. qg . _ poqige
F = - = 1-14+— = = .
12+ Fa 4meg v21t2 z 4meg v2¢2 z 4requt? + c? z 4megcit? z Ant2 °
dp Hoq1q2 .
—-Et— = yy—y Z=Fio+Fy. qed

Since q; is at rest, and ¢o is moving at constant velocity, there must be another force (Frech) acting on
them, to balance Fi5 + Fo1; what we have found is that Fpnech = dpem/dt, which means that the impulse
imparted to the system by the external force ends up as momentum in the fields. [For further discussion of
this problem see J. J. G. Scanio, Am. J. Phys. 43, 258 (1975).]




Chapter 11

Radiation .

Problem 11.1 )
From Eq. 11.17, A = —E%)Ru—j— sin[w(t —r/c)](cos 8 & —sin 8 §), so

V-A = _M;PT(:W {—15—(;—?— [r —sin(w(t — r/c)] COSH} rsi1n9 ;—0 [— sin® 0% sinfw(t — r/c)]} }
= ,uopow { (sm[w(t —-r/c)] - — cos[w(t - r/c)]) cos @ — 2—%}%.;—? sinfw(t — r/c)]}

= oo { Pov (Ti? sin{w(t — r/c)] + ;E cosfw(t ~ r/c)]) cose} :

4meq

Meanwhile, from Eq. 11.12,

O = et L oty /) - Loinlutt — /) )

dt  Adnmeor
_ DPow 1 6V
= ire { sinfw(t — r/c)] + Ccos[w(t r/c)]}cos& So V- A = —poeg—— 5 qed
Problem 11.2
) _ W po-T B ) _ _Howpo _
Eq. 11.14: | V(r,t) = T 7 sinfw(t - r/c)]. | Eq. 11.17: | A(r, t) y— sinfw(t — r/c)].

Now po X f = posind @ and £ x (pg x ) = posin§(F x ) = —posinf B, so

pow? B X (po X F) _ ] _ _ﬂ0w2 (pg x 1) _
Eq. 11.18: | E(r,t) = o . coslw(t — r/c)]. | Eq. 11.19: | B(r, t) = T cos{w(t — r/c)].

4 22
(Sy = pow® (Po X F) £

Eq. 11.21: =
q- 1121 32n2c 1?2

Problem 11.3 )
= I’R = g?w?sin®(wt)R (Eq. 11.15) = (P) = %qngR. Equate this to Eq. 11.22:

,_‘_,___; ,,,,,,

= 'uodzuﬂ' or, since w —- gﬁ
127c T 6me 1 TN

pod® 4m2c® 2 d\* 2 -7 s (4 ; 2y’ _
_ —— T = —_ = — 4 - = - Q = B .
R e N 3o { 5 37r( m x 107°)(3 x 10%) X 80w 3 789.6(d/A)* Q2

195

1
5‘13‘“23 =
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For the wires in an ordinary radio, with d = 5 x 1072m and (say) A = 10°m, R = 790(5 x 107%)2 = 2x 1076 Q,
which is negligible compared to the Ohmic resistance.

Problem 11.4
By the superposition principle, we can add the potentials of the two dipoles. Let’s first express V (Eq. 11.14)
in Cartesian coordinates: V(z,y,z,t) = — Pow ( z 2) sinfw(t—7/c)]. That’s for an oscillating dipole

dmege \ 22 +y% + 2
along the 2z axis. For one along z or y, we just change z to z or y. In the present case,

p = po[cos(wt) X + cos(wt — w/2) ¥], so the one along y is delayed by a phase angle 7 /2:

sinfw(t ~ r/c)] = sinfw(t —7/c) — /2] = — cos[w(t — /c)] (just let wt = wt — 7/2). Thus

V = —42_0:;6 {zQ +;2+22 Sin[LU(t—T/C)] - ;é—_*_—l—/yz—q_—zgcos[w(t—r/c)]}
- |- 41;0:016 si: 4 {cos ¢ sin[w(t — r/c)] — singcos[w(t —r/c)]}.| Similarly,
A= _%0;‘*_’ {sinfw(t — r/c)} % — cosfw(t — 7/c)]§} .

We could get the fields by differentiating these potentials, but I prefer to work with Eqs. 11.18 and 11.19,
using superposition. Since Z = cosft — sinf 8, and cosd = z/r, Eq. 11.18 can be written

_ popow? .z L
E= R i— cos{w(t ~r/c)} {2 — —T). In the case of the rotating dipole, therefore,
T

-3

E = @l—f%_u—}— {cos[w(t —r/c)] (i — ;f') + sinfw(t —r/c)] (5’ - %f') }’
B = %(f‘XE) .
S:i(EXB):i}z[Ex(f'XE)]zﬁ[EQf_(E'f)E] :;E()%f(noticethatEi':O). Now

E? = (%) {a? cos?[w(t — r/c)] + b* sin®[w(t — r/c)] + 2(a - b) sinfw(t — r/c)] cos[w(t — r/c)]},

where a = % — (z/r)f and b = § — (y/r)f. Noting that X -r =z and § - r =y, we have
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2 2 2 2
=145 0L 1T . oYL g p= YT IV TV _ TV
r r r? r2 rr rr 12 r2

E? = <£‘91’°—“ﬁ>2 <1_f—z> cos2[w(t—r/c)]+<1—§;>sin2[w(t_r/c)1

4mr

- 2:—23’1 sinfw(t — r/c)] cosw(t - r/c)]}

1- T—12- (z? cos?[w(t — r/c)] + 2zy sinfw(t — r/c)] cos(w(t — r/c)] + y? sin?[w(t — r/c)]) }

{
{1 - ;1-2- (z coslw(t ~ r/c)] + y sinfw(t — r/c)])2}

But z = rsinfcos¢ and y = rsinésin ¢@.

1 — sin2 6 (cos ¢ cos[w(t — r/c)] + sin gsin[w(t — r/c)])2}

) |
(ILOPOW2>2 {1 — (sin @ cos[w(t — r/c) — ¢])2} ’

-
z

Intensity profile
(1- 4 sin6)

2
S = % <I:107:i2> {1 — (sin@cos{w(t — r/c) — ¢])2} £. y
_ Ho p0w2 2 1 R - ’
(S) = = ( o ) [1 - Esm2 6] T.

2 2
- dam o (PowNT [ L) 2y
P = /(S) da = - (47r> /r2 (1 5 Sin 9)1‘ sin @ df d¢

2, .4 m ™ 2 4 2 4
Hopw . 1 / . 3 HopPow 1 4 Kopow

= —2 6df — - fdf| = —2L—(2->.-) = ——.
16n2c [/0 sin 2 Jo sin ] 8mc < 2 3 6mc

This is twice the power radiated by either oscillating dipole alone (Eq. 11.22). In general, S = i(E x B) =
Ho

1 1
;L_— [(El + EQ) X (B1 + Bg)] = ;u— [(El X Bl) + (E2 X BQ) + (E1 X BQ) + (E2 X Bl)] = Sl + Sz+ Cross terms.
0 0

In this particular case, the fields of 1 and 2 are 90° out of phase, so the cross terms go to zero in the time
averaging, and the total power radiated is just the sum of the two individual powers.

Problem 11.5
Go back to Eq. 11.33:

=

A =l (ﬂ> {%cos[w(t —r/c)] - Ec’-sin[w(t -~ r/c)]} é.

47 r
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Since V = 0 here,

E - _%%‘t - _ﬁ_‘%:’rlg <Si:9> {%.(—-—w) sinfw(t — r/c)] — %w cosfw(t — 7‘/C)]} ¢
= |t (0 (L g+ cosote /) &
B = VxA= ;_;iln_éc%(%sma) - %%(r%) b
_ uzv:o {'rsilnt? 25“‘?_“059 [% cosfw(t ~r/c)] — %sin[w(t - r/c)]} P
B Sifrl‘? {_;15 cosfw(t — r/c)] + ;"—C sinfw(t —r/c)] — “—CJ (~%) cosfw(t — T/C)l} }
) E%L:_O {2_%5_@ [% coslw(t —7/c)] - %—sin[w(t - T/C)J} £
- _ Si:" [_%cos[w(t —r/e)] + :’—c sin[w(t — r/c)] + (%)2 cos[w(t — T/C)]} 9}-

Homow2

These are precisely the fields we studied in Prob. 9.33, with A — ."The Poynting vector (quoting

e
the solution to that problem) is
23 /& 2

pomgw® sinf\ (2cosf c . c 2 9 N
S = 1- sinucosu + — (cos“u —sin“u}| 6

1672¢? r? r w?r? wr ( )

. C2 R W 2 [ .2 2 N
sinf | { —= + —— | sinucosu + — cos’ u + — (sin® u — cos” u) r},
T w?r? c wr
_ pomiw? sin®

where u = —w(t — r/¢). The intensity is | (S) = the same as Eq. 11.39.

—
3272¢3 2

Problem 11.6

2,4 2b41'2 4 7rb4 4 e
R= Homo _ HoT 0 0% ,S0| R = BoT® @ _ or, since w = ——7r—,
12n¢c? 127cd 6¢c? A

1
I’R = I2Rcos*(wt) = (P) = -2-13

WLl oo

e =3 . (°)(dr x 1077)(3 x 10°)(b/A)* = 3.08 x 10°(/1)* Q.|

4 4.4 1
R___umrb 167c! §7f5uoc<é) _

Because b < A, and R goes like the fourth power of this small number, R is typically much smaller than the
electric radiative resistance (Prob. 11.3). For the dimensions we used in Prob. 11.3 (b = 5cm and A = 10® m),
R=3x10%5 x 107%)* = 2 x 107'2Q2, which is a millionth of the comparable electrical radiative resistance.
Problem 11.7

With « = 90°, Eq. 7.68 = E' =cB, B' = -E/c¢, ¢,, = —¢cge = mg = g},d = —cged = —cpo. So

B = c{_“°("”°/°""2 (%22) coslote =711 6} = ‘—‘—T—“i-(—") cos[w(t—r/c)}q‘sl

4rc 4re

Il

c 47 4mc?

B - -1 {_“0(‘""‘0/0)“’2 (Si‘:‘g) cosfu(t ~ r/c)]é} _ | - pomow” (Si:_‘g) coslw(t - r/c)] 6.
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These are identical to the fields of an Ampére dipole (Eqs. 11.36 and 11.37), which is consistent with our
general experience that the two models generate identical fields ezcept right at the dipole (not relevant here,
since we’re in the radiation zone).
Problem 11.8

p(t) = po[cos(wt) X + sin(wt) §] = P(t) = —w?pofcos(wt) & + sin(wt) §] =>

2 4 g2

w?® sin‘ 6
uloé)y(r)% 3 .| (This appears to disagree
with the answer to Prob. 11.4. The reason is that in Eq. 11.59 the polar axis is along the direction of p{to);
as the dipole rotates, so do the axes. Thus the angle # here is not the same as in Prob. 11.4.) Meanwhile,

%

[B(1)])* = w'pi[cos? (wt) + sin®(wt)] = paw?. So Eq. 11.59 says |S =

popgw*
6rc
and the orientation of the polar axis irrelevant.)

X Problem 11.9
At t = 0 the dipole moment of the ring is

Eq. 11.60 says{ P = .| (This does agree with Prob. 11.4, because we have now integrated over all angles,

S ‘ 27 27
/ Apdl = / (Ao sin @) (bsin @ § + bcos p)bdg = Aob? (y / sin? ¢d¢ + X / sin¢cos¢d¢>
e 0 0

Po =
= AX(ry+0%)=nb’No .
As it rotates (counterclockwise say) p(t) = polcos(wt) ¥ - sin(wt),i], so p = —w?p, and hence (p)? = wip?.
Therefore (Eq. 11.60) P = 67rc WA (P A)? = ﬂ{%ﬁ-

<% Problem 11.10
p=—ey¥y, y=3gt?, sop = —3get’§; p=—gey. Therefore (Eq. 11.60): P = 6 =2 (ge)?. Now, the time

it takes to fall a dlstance h is given by h = 2gt?' = t = y/2h/g, so the energy radiated in falling a distance h
is Upaqg = Pt = uo(g ——=——/2h/g. Meanwhile, the potential energy lost is Upo, = mgh. So the fraction is

Una _ pog’e® [2h 1 poe?  [2g | (4w x 1077)(1.6 x 10719)2  [(2)(9.8) 3
f= = == =]2.76 x 10722,
67(9.11 x 10-31)(3 x 108) |/ (0.0§)

Upot 6mc mgh 6mmcVY h

Evidently almost all the energy goes into kinetic form (as indeed I assumed in saying y = 1gt?).
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Problem 11.11

w [cosf .
(a) Vo = 4:4];0500 (—;;—i) sinfw(t —ry/c)]. Vi = Ve + V..
d
e = /r24(d/2)2 F2r(d/2)cosf = r/1F (d/r)cosf =r (1 ¥ éd—cosO> . 2
T d
1 2
— = l(1:t—d—c039>.
T4 T 2r
g 2 1
cos 84 M:r(cos@q: i)—(liicow) = cosf + icosr"@;i
T4 2r /) T 2r 2r

= cosl T i(1 —cos* ) = cosf ¥ —(—i-sin2 6.
2r 2r

2r

. . T d . wd _
sinfw(t —ry/c)] = sin {w [t - (1 F 5 cos 9)} } = sin (wto + EW cosﬁ) , where tg =t - r/c.

= sin{wtp) cos <%§ cos 8) + cos(wtp) sin (%—Z—i cos 9) = sin(wtp) £ %‘Z cos 8 cos{wtop).
c

Vi = T Pow { (1 + 4 cos 9) (0039 ¥ 4 sin? 9> [sin(wtg) + wd cos&cos(wto)} }
2r 2r 2c

d ., d . wd
<c059 F 5 sin 6+ 57, 008 9) {sm(wtg) + e cosd cos(wto)} }

. d d )
= ;4:2:; [cos@sm(wto) + L;—C cos” f cos(wto) * o™ (cos® § — sin? 9) sin(wto] .
d d
Vigw = —-Po¥ [“J_ cos” § cos(wto) + — (cos” § — sin® ) sin(wto)}
dmeger | € T
2d
= —Z?g:—g; [cos2 6 cos(wtg) + i (cos? § — sin® 6) Sil’l(wto] )
: . . powzd
In the radiation zone (r > w/c) the second term is negligible, so |V = T e cos? @ cos[w(t — r/c)].
TE€QCeT
Meanwhile
Ay = %ﬁi sinfw(t —r4/c)] 2
ZFpopOw 1+ d cosf | |sin(wty) £ wd cosf cos(wito)| ¢ 2
= ————— —— 1 ——

dnr 2r o= 2 0

:Fuopow sin{wip) % wd cosd cos(wip) £ d cos @ sin(wto)| Z

= 1 _ —_ .
4nr 0 2c 0 2r 0
popow [wd d . .
Ay = AL +A_ - — cosf cos(wip) + — cosfsin(wto)| Z
47r c T
_ bopow’d

c
= ——cos§ [cos t — i t ] Z.
Tror (wto) + - sin(wtp)




= sinfw(t — r/c)]
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(in the radiation zone).

(cosf)i'—sinf)é).

cosfo(t = /)] | } 6

2
In the radiation zone, | A = _uap;::r d cosf cosfw(t — r/c)] 2.
2
(b) To simplify the notation, let a = ——ug—z—;rig. Then
29
V = a cos{w(t — r/c);
_ oV, 19V 4 2 1 W -
vV = it 0 = acos“ 6 {-—TZ cos[w(t — r/c)] + s sinfw(t — r/c)]} f
- i . 2
01—3:—0:—,;,Eﬂ cos{w(t ~r/c)]8 = a2 4 sinfw(t — r/c)] F
acosf - JA aw cosf
A = — - f— si . =
. cos{w(t — r/c)] (COS 6t —sinf 0) ot ~
_ aA _ aw | N 2 na 2 na . A
E = ~-VV- - el sinfw(t — r/c)] (cos Ot —cos® Ot +smﬂcosl90)
= —%:—) sin 8 cos @ sinfw(t — r/c)] 0.
1[d 04,] -
B = VXA:;{E(TAB)— 60}¢
a8 . 9 [cos?d
o {E (cos 8 cosfw(t — r/c)](—sinB)) — 50 [
= ~C;(-— sin 8 cos 0)%’ sinfw(t — r/c)] ¢ (in the radiation zone) =

1
Notice that B = Z(f xE)and E-f = 0.

aw . -
~ sin @ cos O sin[w(t — r/c)] ¢.

1 1 1 2
S = —(ExB)=—Ex (fxE)=— [E’t~ (E-f)E] = — ¢
#0( ) HoC ( ) #00[ ( ) ] bocC
- | L {gﬂsinﬂcosﬂsin[w(t~r/c)]}2f' I= 1 (% sin00050)2
~ moc e ’ ” 2uoc \ rc '
_ L jawnN? [, 2, . 1 rawn? i 2 2, .
P = /(S) da = uoc( - ) /sm 0 cos®*@sinfdfdg = 2p0c( - ) 27r/0 (1 — cos™ @) cos™ §sin 8 df.
) . cos?d|* cos’dir 2 2 4
The integral is: — 3 | =, =3 515
1 o? 2 49 4 Ko 2 6
Srre & Tom2 P09 W2 Tp = | oo (pod)w

Notice that it goes like w®, whereas dipole radiation goes like w?.

Problem 11.12

Here V = 0 (since the ring is neutral), and the current depends only on ¢ (not on position), so the retarded

Lo

vector potential (Eq. 11.52) is A(r,t) = y

f!it;,fic—) dY. But in

this case it does not suffice to replace 2 by
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r in the denominator—that would lead to Eq. 11.54, and hence to A = 0 (since p = 0). Instead, use Eq. 11.30:
% o ;1‘- (1 + é sin § cos ¢'> . Meanwhile, dl' = bdg‘b’d; = b(—sing’' % + cos¢’' §) d¢', and
T

I(t —2/c) = I{t —r/c+ (b/c)sinfcos @') = I(to + (b/c)sinfcos¢') 2 I(ty) + j(to)g sin 8 cos ¢'

(carrying all terms to first order in b). As always, to =t —r/c. (From now on I'll suppress the argument: I,
I, etc. are all to be evaluated at t5.) Then

1 b b ,
A(r,t) = Z; <1+—sm9cos¢>(I+Izsin0cos¢’>b(—sin¢'§c+cos¢')")d¢’

o Hob
T d4wr

. b b
/ [1+Izsin0cos¢' +I; sinecosgb’} (—sing’ X + cos ¢’ §) d¢'.
0

27 27 27 27
But / sin¢g’ d¢' = / cosd' d¢' = / sin ¢’ cos ¢’ dp' = 0, while / cos? ¢' dp' = 7.
0 0 0 0

_ b b b pob® T\
= —(7¥) [I sinf +I- smgjl = sm0(1+21)y

4nr
In general (i.e. for points not on the z z plane) y — qZ); moreover, in the radiation zone we are not interested
b? 0 -
in terms that go like 1/72, so{ A(r,t) = /LZ [ (t—r/c )] sin® @.
_ J0A pob sm0
Blnt) = =% =5 [fe=r/9] =
1 4 19 A
= VxA= 9 F— —=
B(r,t) s sy (Apsing) © ~ % (rdy) 8
2 ; A 2 0
= Hob” ! l2smt9cost9r-——1 ! sing 8| = pob [il_rl_g
4¢ |rsinfr ¢ 4¢? " r

(mB):L(Mﬁm_") (-6 x8) - ngs.(baf)“in”’f.

1
Ho HoC 4c r 3

P = /s da= —= 1603 (bz ) /si zer sinfdfd¢ = ~—— 03 (bz ) (2m) (;) ,;g (b2 )
Mot

= (Note that m = Iwb?, so i = Imb*.)

6ncd
Problem 11.13
2,2
(a) P= /L%q ¢ , and the time it takes to come to rest is t = vo/a, so the energy radiated is Upaq = Pt =
0
. U 2
_____,uoq ¢ Y The initial kinetic energy was Uyin = $mv}, so the fraction radiated is f = rad _ | _Hog @
6rc a Ukin 3rmugce
1 1 2 v2 v2
b)d= at’ = a2 = 2 = -2 Th
(b) d=Fat" = 5a7g =5, 0@ =5, Then

2 2 -7 ~19y2 5
Hog ’UO Hogq~ Vo (471' x 10 )(16 x 10 ) (10 ) ~10
67(9.11 x 10-31)(3 x 108)(3 x 10-9) [2x1070]

37rmv0c 2d ~ 6mmed
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So radiative losses due to collisions in an ordinary wire are negligible.
Problem 11.14

e L8 e m au AL A the beginni =0.54)

= Tmer? ma=m p U= pPp— ie beginning (ro = 0. ,
v (1.6 x 10719)2 1/ — 0.0075
¢ |47(8.85 x 10~12)(9.11 x 10-31)(5 x 10-11) 3x108 T

and when the radius is one hundredth of this v/c is only 10 times greater (0.075), so for most of the trip the
velocity is safely nonrelativistic.

2 2\ 2 2 2 \2
(From the Larmor formula, P = Hod (v_) = Mol ( LI > (since a = v?/r), and P = —-dU/dt,

6mc \ r 6rc \ dweg mr?
where U is the (total) energy of the electron:

1 1 ¢2 1/ 1 ¢ 1 ¢? 1 ¢
U = Usin + Upor = =mv? — —= = =1 - — e,
kin + Upot 2m'u dmeg T 2 (47rco r 4dmeg T 8meg T
dU 1 ¢*dr q° 1 ¢ ? dr 1 q° 1
S - 1Y _po d hence & = —— =
So dt 8mep 2 dt 6meged \dmeg mr2 ) and hence dt 3c \ 2megme) 2’ or

2megme z 2 2megme 2 o 9 2megmc 2 3
dt = -3¢ 5 ridr=t=—-3c 5 redr =lc 5 L
q q ro q
27(8.85 x 107'2)(9.11 x 10-31)(3 x 10%)1> _ -
= (3 x 10%) { ( (1.6(>< TEDE ) )} (5 x 10713 =11.3 x 10! s. | (Not very long!)

Problem 11.15

s 2
' 0
According to Eq. 11.74, the maximum occurs at % {—(‘fj_s—gl—c‘m

=0 = 2cosf(1 — fcosh) = 50sin* = 54(1 — cos? §);

] = 0. Thus

2sinf cosd 5sin? §(f sin 6)
(1-pBcosB)5 (1~ fBcosh)s
2cosf — 2B cos’ 8 =58 ~508cos?8, or 3Bcos? +2cosf — 53 =0. So

-2+ 4/4 2 1
cosd = 2 + 605 = E’;_ﬁ— ( 141582 — 1). We want the plus sign, since 6,, — 90°(cosé,, = 0) when

68
2 _

B - 0 (Fig. 11.12): 3

For va e, B 1; write 8 =1 — € (where € € 1), and expand to first order in €:

(ml) = A [VITBI =P 1) % 204 [VIF B =39 -

34 3(1-¢)

= %(1+e) (V16 — 30e — 1] :%(1+e) [4\/1’_-(1367‘5_1] 3%(1+e) [4(1—1—2-5) ~1]

1 15 5 ) 1
= - —_— = ——e)=1 — —e=1-—- —¢.
3(1+e) <3 1 e) (1+¢)(1 46) +e€ 7€ i

Evidently Omax & 0, 50 cOSOmaxy 21— 3602, =1—4e= 02, = T€, or Omax = Ve/2=]/(1-B)/2.
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Let f =

CHAPTER 11. RADIATION

(dP/ds.. ), . sin® Omax
(dP/dQo, ) pesy  L(1 — BcosBmax)® |,

Now sin® 8imay =% €/2, and

5
(1—Bcosbmax) =1~ (1—-€)(1-2e) 21— (1-€—;€e)=3e So f= /2 —(é) —1— But

(5¢/4)> ~ \5/ 2¢

1 1 1

~

= —1— Therefore

1
1= \/1—/32~\/1—(1—e)2‘— V1= (1-2e) \/2‘6;” 292’

4\°1 1/8\°
f= (3) 5@ =17 (g) 7 =2.627°.

Problem 11.16

@ Jx(ux a)l2

dP
Equation 11.72 says — = . Let B=v/c.

d0 T 167%¢  (a-u)®

u:oi—vzoi-—vi:>&~u:c—v(fz-2):c—vcos():c(l—gcos()) =c(1 — Bcosb);

a-u=ac(k-4) —av(k-2) =acsinfcosp; u’>=u-u=c*-2cv(r-2)+v>=c+v? - 2cvcosh.

ax(uxa) = (4-a)u-—(2-u)a;

|2 % (u xa)

dP pogta? [(1 — Bcos)? — (1 — B%)sin® 6 cos® ¢)]
an 1672c (1= Bcosh)®

2 = (-a)’u®-2(u-a)(r-a)(-u)+(2-u)a®

= (¢ +v% ~ 2cvcos)(asinfcos $)? ~ 2(acsinb cos ¢)(asinh cos ¢)(c — vcosf) + a®c*(1 — Bcos)?
= a® [*(1 — Bcosh)® + (sin® 6 cos® ) (c* + v — 2cv cosf — 2¢* + 2cv cos §]
= a’c? [(1 - Bcosh)? — (1 — B*)(sinf cos $)?] .

The total power radiated (in all directions) is:

P =

dP [ dP . _ pogta’ [(1 - BcosB)? — (1 — %) sin®fcos® @]
20 dQ_/dQ sinfdfd¢ = 16n7c // (1= foosf)s sin 8 d6 d¢.

2n 27
But / d¢ =27 and / cos? pdp = 7.
0 0

Hogta’® /" [2(1 = Bcosh)? — (1 — B%)sin® 6] 046
1672¢ " 0 (1 - BcosB)® Sy

Let w = (1 — Bcosf). Then (1 —w)/B =cos6; sin’6 = [#? — (1 — w)?] /7, and the numerator becomes

2w

. (1

515 2026 + (1 - 67)% — 2(1 - f%)w + w?(1 — f%)]

= ﬁi [(1= 6%)? — 201 — B + (1 + 2)?] ;

—-——é—zéil(ﬂz ~1+2w—w?)
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dw = fsinfdf = sinfdf = é—dw. When 8 =0, w=(1-0); when8=x, w=(1+4).

2.2 (1+0) »
poo it %/ﬂ_m ;}; [(1—6%)? —2(1 - B)w+ (1 + F)w?] dw. The integral is
Int = (1—ﬂ2)2/$.dw—2(1—ﬂ2)/$dw+(1+ﬂ2)/-u-}§dw
— 1 ﬂ? 2 1 2'1 ﬂ2) 1 1 2 1 o
- foosr () - oo ()
1 11 (1=28+B)~-(1+28+p4%) 48
wh-p ~ (1482 (1-8)2 (1+6)2(1 - B)? T -p2)%
18 11 (1-30+32-0)-(1+36+362+0) _ 20B+6%
why T T+pF  T-07 T+ 871 - By TR
1 1 1 (1-48+68°-40°+8Y) - (1+48+66°+48° +4%) _ 86(1+45%)
wih-g — (1+8)% (1=-8) (1+p)t(1-p)* T
3 1\ —8B8(1 + 8% 1\ -28(3+ 4% 1 —44
=07 (=) e —20- 0 (=5) o+ 00 () e
2 2 8 B
= (1—“%‘2?[(1+ﬂ2)“§(3+ﬂ2)+(1+ﬂ2)] 25(1—?@7;
p - pog®a® 18 B | poga®y! b 1
T 16me B3(1-p2)2 | 6mc | e = Vi-8

Is this consistent with the Liénard formula (Eq. 11.73)7 Here v x a = va(Z x X) = vay, so

2 2 1 2,6 -2
a? — (Y- % a) =a’{1- 1% = (1~ f%)a? = —a?, so the Liénard formula says P = Bod v @
c c 2 6mc 2
Problem 11.17
lloqzz.1

(a) To counteract the radiation reaction (Eq. 11.80), you must exert a force F, = —

e
For circular motion, r(t) = R[cos(wt) X + sin(wt) ¥], v(t) = F = Rw |- sin(wt) X + cos(wt) ¥];

2
a(t) = v = —Rw?[cos(wt) % + sin(wt) 7] = —w’r; a = —wl = —w?v. So |F, = 'tgfc w?v.
poq”
P.=F,-v= -6——w2v2. This is the power you must supply.
mc

2 2
04" a
K ,and a? = wir? = wiR? = w?, 0

Meanwhile, the power radiated is (Eq. 11.70) Prag =

2 .
Pg = ?—lwzvz, and the two expressions agree.
TC
(b) For simple harmonic motion, r(t) = Acos(wt)2; v =T = —Awsin(wt)Z; a= v = —Aw? cos(wt)Z =
Hog? pog’
—wlr; 4 = —~wir = —w?v. So|F, = Twzv; P, = 5 w?v?. | But this time a® = w'r? = w!A® cos?(wt),
e C
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whereas w?v? = w42 sin®(wt), so

2
Mog Hoq* .
Pogg = Be wiA? cos?(wt) # P, = —sT—w4A2 sin® (wt);
the power you deliver is not equal to the power radiated. However, since the time averages of sin®(wt) and
cos?(wt) are equal (to wit: 1/2), over a full cycle the energy radiated is the same as the energy input. (In the
mean time energy is evidently being stored temporarily in the nearby fields.)

(c) In free fall, v(t) = 3gt*§y; v =gty;a=g9; a=0. So the radiation reaction is zero, and

2
hence But there #s radiation: | Praq = lg;qc g*. | Evidently energy is being continuously extracted from

the nearby fields. This paradox persists even in the ezact solution (where we do not assume v < ¢, as in the
Larmor formula and the Abraham-Lorentz formula)—see Prob. 11.31.

Problem 11.18

(a) v = w?r, and 7 = 6 x 107245 (for electrons). Is v € w (i.e. is 7 € 1/w)? If w is in the optical region,
w=2mv = 2x(5 x 101) = 3 x 10*%; 1/w = (1/3) x 10715 = 3 x 1078, which is much greater than 7, so the
damping is indeed “small”. v/

(b) Problem 9.24 gave Aw = v = wir = [2m(7 x 10%)]2(6 x 1072%) =1 x 10!°rad/s. | Since we’re in the

region of wp = 4 x 10" rad/s, the width of the anomalous dispersion zone is very narrow.
Problem 11.19

F dv
@a=71i+ == - = dt /—dt T/ dt+—/th

[v(to + €) — v(to —€)] = 7lalto + e) —alto —e)] + mFave, where Fy,e 1s the average force during the inter-

val. But v is continuous, so as long as F' is not a delta function, we are left (in the limit ¢ — 0) with
[a(to + €) — a(to — €)] = 0. Thus a, too, is continuous. ged

d d 1 d 1 t
(b) (i) a=Ta=Tm s = —dt = [ :—/dt:>lna=—+constant = |a(t) = Ae'/7,| where A
dt a T a T T
is a constant. F J P J ; P
(11)a*ra+—=>rdctl—a—a=>a—_——;7a dt=>ln(a—F/m) ;_—+constant:>a—a:

F .
Be!/T = la(t) = — + Be!/™,| where B is some other constant.
m

(iii) Same as (i): |a(t) = Ce'/",| where C is a third constant.
(c)Att=0,A=F/m+B;att=T, F/m+ BeT/" =CeT/" = C = (F/m)e~T/" + B. So

(F/m)+ B]e'/, t <0

oty = { |(F/m)+Betl7], 0<t< Ty

[(F/m)e—T/T + B] et t>T.

To eliminate the runaway in region (iii), we'd need B = —(F/m)e~T/7; to avoid preacceleration in region
(i), we’d need B = —(F/m). Obviously, we cannot do both at once.
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e (d) If we choose to eliminate the runaway, then

(F/m) [1 - e'T/'] et!™, t<;
a(t) =4 (F/m) [1 - e("'T)/"] . 0<t<T;

0, t>T.

(i) v=(F/m) [1 - e_T/"] /e‘/"dt = (Fr/m) [1 - e_T/'] e/™ + D, where D is a constant determined
by the condition v(—-oc) = 0= D =0.

(ii) v = (F/m) [t - ‘re("T)/']'+ E, where E is a constant determined by the continuity of v at ¢ = 0:
(Fr/m) [1 - e-T/f] = (F/m) [—Te'T/'] +E= E=(Fr/m).

(iii) v is a constant determined by the continuity of vat t =T: v = (F/m)[T + 7 — 7] = (F/m)T.

(Fr/m) [1 - e"T/"] e/, t<0;

v(t) =4 (F/m) [t 7 're('_T)/"] , 0<t<T;
(F/m)T, t>T.
(e)
uncharged particle:
(no radiation reaction)
/\ a(t) u(t)
charged particle
F
m
E(I— et

T je— charged particle

|~ (with radiation reaction)

]/T.__ uncharged particle
t

preaceeleration

R .

9] T

Problem 11.20

2)2 . 2 1 1 2
(a) From Eq.11.80, Fef = -“ié—q"ic—)—a, 50 Frag = Fint 4 oFend = %a [5 +2 (4-)] = ‘é';:ca. v
L Vi
(b) Frag = =24 / { / 2/\dy2} 2Ady;. (Running the ys v
127c ) o
integral up to y; insures that y; > y2, so we don’t count the
same pair twice. Alternatively, run both integrals from 0 to L— 1y,
intentionally double-counting—and divide the result by 2.) )dy,
. » v
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L2
2

. L .
Fraa = 222 (42%) / i dyy = L2 (40%)
0

2
_ _ Ho 2. Hod” .
ad = Tore 127c " 6rc (AL)"a = 6mre @

Problem 11.21
(a) This is an oscillating electric dipole, with amplitude py = ¢d and frequency w = \/k/m. The (averaged)

,uopgw“) sin” §

Poynting vector is given by Eq. 11.21: (S) = ( T, so the power per unit area of flooris

32n2c T2
2, 4N\ oin2
R topgw® \ sin”fcosd . R h 2 2 12
I = . = . = — = — =
[ (S)-z ( 3omie ) 2 But sinf o cos @ = and r R+ h*.
B pog*d?w? R2h
- 32m2c (R? + h2)5/2°
dly d R? 2R 5 R?
=7 iR [(RQ + h2)5/2] =0= (R + h2)/2  2(R? + pynt=0=
5 3
(R* 4+ h?) — §R2 =0=h?= §R2 =1 R = /2/3h,| for maximum intensity.
(b)
po(gd)’w* /oo R 2
P = If(R)da= | If(R)2rRdR =27 { ——— e d [{. = :
/,()a /;()ﬂ R 7r< Aonte h0 (R2+h2)5/2dR Letz =R
/°° R? AR = 1/“’ T go = L r@2)r(/2) 2
o (R?+ h2)5/2 T2/ (x+ A2/ 20 T(5/2)  3h
292, 4 272 4
_ pogq-d*w 2 pmegdw
- 2”( 32r2c >h3h | %4nc

~

which should be (and is) half the total radiated power (Eq. 11.22)—the rest hits the ceiling, of course.
(c) The amplitude is zo(t), so U = $kz} is the energy, at time t, and dU/dt = —2P is the power radiated:
1 d pow! 5 5 d pow'q®
i el S = — B0 r
2 dt (z0) 127rcq To = dt (z0) 6rkc
2 12wkec 5 127em?

TR T ek T ek

Problem 11.22 - ,
_ {pomgw” \ sin g . . _
(a) From Eq. 11.39, (S) = <m327r2c3 ) —5 b Here sinf =

R/r, 7 = VR?+ h%, and the total radiated power (E-

(23) = —kzi = z3 = d%e™" or x4(t) = de "t/

2, .4
q. 11.40) is P = ,u;);noc;) . So the intensity is I(R) =
yive
12P R? _|3p R
32n ) (R2+h2)2 ~ | 8% (R2 + h2)*

(b) The intensity directly below the antenna (R = 0) would (ideally) have been zero. The engineer should
have measured it at the position of mazimum intensity:

dal 3P 2R 2R? 3P 2R
—_— = — et 2 = T 2 h2 —_ 2 2 = = .
dR 8« [(R?+h2)2 (R? + h?)3 R 8t (R2 + h?)3 (R* + R*)=0=|R=h]
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_ 3P A? 3P

T 8w (2h2)? | 327h?

At this location the intensity is I(h)

3(35 x 10%) — -
() Imax = —5(—2—7}—(2—00? =0.026 W/m? = IQ.G ,uW/cm2.l [Yes, KRUD is in comphance.]
Problem 11.23
(a) m(t) = M cosz + M siny[cos(wt) X + sin(wt) §]. As in Prob. 11.4, the power radiated will be twice
that of an oscillating magnetic dipole with dipole moment of amplitude mo = M sin. Therefore (quoting

poM?w? sin 1

. ‘ (Alternatively, you can get this from the answer to Prob. 11.12.)

Eq. 11.40): | P =
a- 11.40) 6red
M
(b) From Eq. 5.86, with r — R, m — M, and 6 = 7/2: B = %‘;Eg, 50

4nR? 47(6.4 x 10°)3 10~°
_ AR g 4m(6.4x 107)°(5 x 10 )=[1.3x1023Am2.|
Ho 4r x 10~7

(47 x 10-7)(1.3 x 10%%)%sin?(11°) 2 ‘ -
() P= 67(3 x 10°)3 Ux60x60) (not much).

_ po@rR*B/po)w'sin®¢ 8
B 6mred - 3/1,0(:3

2
- 8 2r \* avaqosy| L _ 36
P = Sl < 10773 % 10°77 [(10—3> (10°010%)| 5 =[2x10% W] (a 100

Problem 11.24

M

(d) P (w?*R®Bsin w)z. Using the average value (1/2) for sin® 9,

(a) Az, t) = Z—;';/E(f’ﬁda

.uOi I{(tr)

= — [ ——L_9nrd
gy o ardr
_ HoZ K(t——\/r2+$2/c)rdr
2 - ' “

The maximum 7 is given by t — V72 + z2/c = 0;

Tmax = V ¢2t? — 22 (since K(t) =0 for t < 0).

()

Koz [T T kKo o™ _ poKoZ ( 5 5 _ poKo(et —z)
Alz,t) 5 /0 = == S Vi -z -—.'1:)-————~2———-—z.
K
E(z,t) = ~%: —Mi, for ¢t > z, and 0, for ¢t < .
ot 2
A K v
B(z,t) = VxA:—BBZ}‘f: 'L~L—O—2—05/, for ¢t > z, and 0, for ¢t < z.
T




210 CHAPTER 11. RADIATION

r— - rdr
o Vr?4az? ¢ Jo

A1) HoCt Z /T"‘ (t—Vr2 +z2/c) 4 HoOZ [t
T = rdr =
' o N

— —(c°t

HoQ 2 2,2 .2 HoQZ 2 poc(z — ct)®
- - )| = —2 .
5 {t(ct z) z )} i T (x? - 2tz + PtY) = i V]
E(z,t) = —B—A— = Mi, for ¢t > z, and 0, for ct < z.
Ot 2
A,
B(z,t) = VxA=—-——y= —@e(x —ct)y,|for ct >z, and 0, for ct < z.
Jdz 2¢
(b)Letu—El(\/errz?—:c) sodu_l[ ] 1——~—r———dr and
c ’ 2\/r2+:1:2 cvVri4z?
Jr2 2 oo
t—————r——i—ai—zt— E—u,amdas.r:O——)oo, u:0 - 00. Then A(z,t) = ,uocz/ K(t— E—u) du. qed
c c 2 Jo c
_ 3A pocz 0 x 0 z
E(z,t) = = / = t———u)du Buta—K( c——u)~——b—uK(t—z—u).
_ .UOC - _2- _z oo___ IJ'OC _ _ -
= / 8u - u) du 5 2 [K (t - u)”o (K(t—z/c) — K(—0)]2
= ";C (t—z/c)2,| [if K(~o00)=0).
Note that (i) and (ii) are consistent with this result. Meanwhile
OA, poc . [0 T o T 16 z
B(z,t) = - = Mo T~ CBut 2K (- )= (e-T ).
(2.1) oz ¥ c y/o oz ( c u) du. Bu oz ( c u) cOu ( c u)
Mg [T B L o T (= F )T = B (= 2/) — K (—00)] §
= -5 y/o K (¢ : u) du= = gr (-2 : u)”o = B K(t—2/0) - K(-0)) ¥

= %K(t—x/c))’, [if K(—o0)=0].
1

1
S = —(ExB)= (H"—C) (i‘ﬂ) K(t—z/c)[~2 x ] = "Oc (K(t - z/c)) %.
Ho 0 2 2
This is the power per unit area that reaches z at time ¢; it left the surface at time (¢t — z/c). Moreover an
equal amount of energy is radiated downward, so the total power leaving the surface at time t is —— [K(t)]
Problem 11.25 ) ) ) s 23
1 g " 1 ¢ Boc’q” . poc’q
p(t) = 2q2(t); b g% F=mz= " 47 (22)? z ey 4mz? 167mz? 8rmz?
2,3\ 2 3.3,6 2y 3
pob _ Ho [ poCq Koc g Kocq 1
U Eq. 11.60, th diated is P = - = = ——
sing Eq. 0, the power radiated 1s 6rc  6mc ( 87TTTLZ2> 6(4m)3m224 ( 47 > fm2z4

Problem 11.26 )
With a = 90°, Eq. 7.68 gives E' = cB, B' = _EE’ qr, = —cge. Use this to “translate” Eqs. 10.65, 10.66,
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(\ and 11.70:

E' = 0(15XE>:ﬁx(—cB'):—c(;LXB’).
c
;L 1 __1_ ge 2 9 2 .
B = CE- ity () [(? —v*)u+2x (uxa)]
_ _l(_Q;n/C) z [(2_ 2Yu 42 x (u x )]_P'Oq;n z [(2_ 2 2% (u x )]
= c—v47rsg (4~u)3 [ v7)u a _——47r (4~u)3 [ vi)u + uxaj)l.
2 2 2 2
Ho@” o _ HpaQ 1, L IPRY
P = —¢g=—"rn-—"|-=- = .
6rc T Bme ( c ’") 67rc3( m)

Or, dropping the primes,

_ Hogm 7 2 _ 2
B(r,t) = o (u) (¢ =v*)u+2ax (uxa)].
E(r,t) = —c(xB)
2 2
_ moghe
P 6med

(-\ Problem 11.27

T
(a) Wexe = /Fdz = F/ v(t) dt. From Prob. 11.19, v(¢) =
0 .

F2 T T T F2 (42 T
Wexe = — / tdt + T/ dt — TC—T/T/ e/Tdt| = — [— + Tt — Te“T/TTet/T]
m 0 0 0 m 2 o
F2 {1 . F2 /1
= — =T 47T -2 T/7 (eT/T - 1) =|— | =T?*+1T -2+ 712 T/7).
m {2 m \ 2
1 1 F? F2T2
(b) From Prob. 1119, the final velocity is vy = (F/m)T, 50 Wiin = 2mt? = ~moT? = | 1|
_ 2 2 m? 2m

pog?a’

(¢) Wraa = [ Pdt. According to the Larmor formula, P = -

, and (again from Prob. 11.19)

" (Ffm) [1 — e—T/T] et/ (t<0);
a(t) = {

(F/m)[1-e&T/7],  (0<t<T).
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_ T%"’{ (1-err)’ (Gerr) / gt 26-%/ T g 4 =TT /OTezt/T dt}

= T [5me ) e () (Ge) )

= L (12T e ) T e T (o7 1) 4 L (27 1))

e T et Tt o ar e T Tt 2| T (T

Energy conservation requires that the work done by the external force equal the final kinetic energy plus
the energy radiated:

2T‘2 F2 2 1
Wiin + Wraa = F + I (T—T—i-'re—T/T) - T4 T 72+ 72777 ) = W, v
2m m m \2
Problem 11.28
k ¢ d k [f k
(a) a=T1a+ —4(t) = a(t)dt = v(e) — v(~€) = 'r/ gy 5(t) dt = r{a(e) — a(—€)] + —.
m e dt mj_, m
N . k
If the velocity is continuous, so v(e) = v(—¢), then [a(e) — a(—¢€) = ~—.
mr
When t <0, a =71a = a(t) = Ae/™; whent >0, a=ra = a(t) = Be!/"; Aa=B—-A= _k
mr

k . Aetl™, t < 0);
> B=A- e 80 the general solution is {a(t) = { (A = (k/mr)| e/, Et N Og.

To eliminate the runaway we’d need A = k/m7; to eliminate preacceleration we'd need A = 0. Obviously,

a(t) = { (k/mr)et/™, (¢ < O);

you can't do both. If you choose to eliminate the runaway, then

v(t):/t a(t)dt:%/t et/ dt = mi )
(k/m)et/T, (t < 0);

Sov(?) ={ (k/m),  (t>0).

0, (t > 0).

t
= f—et/f (for t < 0);
~—00 m

for t > 0,v(t) = v(0) + /t a(t)dt = v(0) = —]i
o m

k g 0 (t < 0);
For an uncharged particle we would have a(t) = Eé(t)’ v(t) = / a(t)dt = { (’/m) > 0)’

The graphs:
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=]
20

=
=

& v(t)
)
l
: L/‘"L
|
!
: charged
{ .
neutral neutrat
(b)
k2
W = /FM—/FMt /(ymmmmmng.
AN
. = —_ 2 = —_—
ka 2mvf 2771 <m) 2m
o 2 0 2 0 2 2
Hoq 2 k 2t/7 K> (T atyr K _k
ex = [< t = = — =15 =5 =
Wext /Padd e [a(O)]" dt = m (m‘r) [me dt mr (26 ) N mr2 2m

Clearly, Wext = Wiin + Wiaa. v/
Problem 11.29 .
Our task is to solve the equation a = 74 + EO [=8(z) + 6(z — L}], subject to the boundary conditions

(1) = continuous at £ = 0 and z = L;
(2) v continuous at z =0 and z = L;
(3) Aa = +£Up/mrv (plus at £ = 0, minus at ¢ = L).

The third of these follows from integrating the equation of motion:
/—dt = /——dt g [~6(z) +6(z — L)]dt,

dt
+5IL‘— )]E;dl‘:o,

Aa = :—/E[—5(z)+5(z—L)] dr =+ Uo

v mrv’

il

s\

>

S

_+_

3|&
\

In each of the three regions the force is zero (it acts only at z = 0 and z = L), and the general solution is
a(t) = Aet'™; w(t) = Are!/™ + B; z(t) = Ar%e!/" + Bt + C.

(I'll put subscripts on the constants A, B, and C, to distinguish the three regions.)

Region iii (z > L): To avoid the runaway we pick 43 = 0; then a(t) =0, v(t) = B3, z(t) = Bt + C3. Let
the final velocity be vy (= Bs3), set the clock so that ¢ = 0 when the particle is at z = 0, and let T be the time
it takes to traverse the barrier, so 2(T) = L = vyT + C3, and hence C3 = L — v;T. Then

la(t) =0; w(t) = vy, z(t)=L+vf(t—T)J (< T).
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Regionii (0 <z < L) a= Aset!™ v = Agret’T + By, £ = Axr2e!!™ + Bot + Cs.

(3) = 0- AT/ = Yo = Ap = Y e~ T/,
mT‘Uf mT‘Uf
T/ Uo Uo
(2) = ‘Uf=A2T6 +BQ=’—'+BZ:—-—>BQ:U}'__‘—V
muvy muvyg
U UT
(1) = L=Ar?e™ "+ BT +Cy= == v, T — =~ 4+ Cy =v;T + ﬂ(r—T)JFCQ =
muvy muvy muf
Co=L—vT+ Yo _p,
muvy
alt) = Uo =T/,
mT‘U_fU
o) = vyt =2 [e(‘—TVT -1]; 0 <t<T).
muvy U
= - 20 _ret=T) /7 _ — -
z(t) L+v(t-T)+ — [TC t+T T] ;

[Note: if the barrier is sufficiently wide (or high) the particle may turn around before reaching L, but we're
interested here in the régime where it does tunnel through.)
In particular, for t = 0 (when z = 0):

0=L—vT+ Lo, [Te*T/T +T—T] =>L=v/T - Lo [TG_T/T +T—-T] . qed
mv, mvf
(\ Regioni (2 < 0): a= Ale‘/r, v=A et + B1, z = A172€!/™ + Bit + C,. Let v; be the incident velocity
(at t = —o0); then B; = v;. Condition (3) says

U e, U
mruy mrvg’

where vp is the speed of the particle as it passes £ = 0. From the solution in region (ii) it follows that

U
v = vy + m'z (e‘T/T —- 1). But we can also express it in terms of the solution in region (1): vg = 417 + v;.
f
Therefore
U U U U
v; = vf+ 9 (e_T/T - 1) - AiT=vs + L (e‘T/T - 1) b =2 T
muy muy mvy  muy
O/ S/ TN . WY SRR A WU ° N B vy
= m =Y v =T m U, =T/t _ ]
muvy Vo muvy Vo vf vy + ( o/m’l)j) [C ]

1
vf — Y 1- 5 . qed
muy 1+ (Uo/mv3) [e=T/7 —1]
If %mv% = 1 Uy, then

L=vT —-vy ['re—T/T + T—T] = v, [T— re~T/T T4 T] - ',rvf (1 _ e—T/r) ,
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' 1
Vi =V —VUf [1 - m] = vy (1 -1 +6T/T) = vfeT/T.

Putting these together,

L -T -T L T 1 'Uf
—:1-—- /r /T=1-——-:$ /T=——-—-——-:>i=———————-——-—-_
TUf € =€ TVUf .e 1—(L/Tvyg) v 1—(LjvsT) qed
I ticular. for [ = /4 vi = v 4 o KE, _ é‘my2 v; 2 16 .
n particular, for L = vy7/4, T1-1/4° 3 fo KE; - %mv} vy 9
16 161 8
1:——1{E = ——— = - .
KE 9 J; 9 2Uo gUo

Problem 11.30 5
(a) From Eq. 10.65, E; = (41/22(4 : B [(*~v*)u+ (2 -a)u—(2-u)a). Hereu=ct—v,2 =1% +d¥,
0 u
v=vX,a=aX,s0a-v=Iv,s-a=la, 2 u=c—4-v=oc—lv. We want only the z component. Noting
that u, = (¢/2)l —v = (cl — vf;)/f; we have:

E, = gﬂl'l—q)(Tn_:,ﬁl_v)E %(cl—m)(c2 —v2+la)~a(m-—lv)}
= 87:’]—60(_(;1-_——11_‘0)3- [(cd —v)(c* —v®) + cl’a — mla — act® + alv] . But 2> = 1 4+ 4%
= 81\('160 (E/LTIZ—'(T)E [(cl ~ v)(c* —v?) — acd?].

Feef = ¢ 1 [(cl = »)(c? — v*) — acd®] k. (This generalizes Eq. 11.90.)

8meg (2 — lv)3

r Now z(t) — z(t,) =l = vT + 3aT? + }aT? + .-, where T = t — ¢, and v, a, and & are all evaluated at the
retarded time ¢,.

" 1 1
() =2=0+d*=d>+ (T + %aTz + édT3)2 =d* + v’T? + vaT’ + gvizT“ + Za2T“;

AT?(1 - v?/c?) = AT /42 = d* + vaT® + (%viz + %az) T*. Solve for T as a power series in d:

_ad by OTE s 8) = L ) o
T=—(1+Ad+Bd + ):>72 7 (1+24d+2Bd" + Ad°) = d*+va——(14+34d)+{ =+ 7 | d".
C like powers of d: A = = 2B a2 = S 4, (V0 2\ T
omparing like powers o = c3, 3 5t 7) o

o = WL ¥ 1, zzi+_az_ @yt _wayl e’ (1 %) 3vPa’yt
S 29371 f 34 4 3¢t 4t \y? 2 2 B
4, 2,2 2,2 2 4 2,2 2
¥ [va a*y v v v ¥* [va ~%a v

= — | — —_— —_—— - — — = | — 4—

ct [3 t ! 2 c? +6c2)} =B 2ct [3 t (1+ c2>]
~d va 73 ¥4 [va  +%a? v? 4

T = — 1 —é-gd+-2-—- 3 T2 1+4c_2 %+ ()d (generalizing Eq. 11.93)

D)

|
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I = vT+%aT2+é—de+-~-
= g’gﬂ{l‘\"%z—j +21;_[%+724a2 <1+4Z—j>}d2}+%a’y;dz [1+va’gd} +%(’17§d3
- (1’61)(”%%;(1—Z;+§)d2+{2—62~:[”—;+71‘12 (1+4z—§>]+;a7—jva-’§+éd2—3
- @ () BE 0 (- D)
- (e () e s[5 e 0

v = 0T=7d{1+1;—a§d+%{?+72a2 %+§)}d2}+()d4+-~
= c*yd(l j) g;—l%+ 2a2<z+2—2>—%~§1ﬁz—-—2a—2]d3+---
= Ed+Z;;zd:’+()d“+--~
d—w = v'yd+%‘id2+2—7€;<—g+gv§a2)d3—v7d—%‘-§d2~g—j—[%+72a2 <§+§)}dﬂ
(2o 2 (L e
; = 2

= (5
(2 — )™ = {fﬂ (1+76a2d2)}_3:(%)3<1—3ﬂ‘id2)+-~~

2 3 6,2 2 3 22 2
q v v8a? a 2 7 (a4 vyia 3] C 2| o
- IV (1= d ar X (2 & S~ acd
Fear 8meg (cd) < 3 8ct ) {{( 2c ) '+ 2c? <3 Tz ) } 2 ac }x
2 .3 6,2 : 2.2
q° 37°%a” , ac v (& vvy“a .
= T (12X )% T (8 d
8mep 3 (1 8 ct ) { t3 <3 * c? )
2 .3 - 2.2
g 71 a  vy‘a 2 -
= MARLY 2 d+()d*+--
87reoc3d2[ ac+7(3+ a )i+ Od+ }x
q2 ;3 a ,74 a 1}’)‘2(12 R o
= yom =Y 124 + i3 \3 + 2 +()d+---| % (generalizing Eq. 11.95).
Switching to t: v(t,) = v(t) + 0(t)(t, — t) + --- = v(t) — a(t)T = v(t) — ayd/c. (When multiplied by d, it

doesn’t matter—to this order—whether we evaluate at t or at t,.)



- [y_(tL)r -1 [v(t)? - 2vavyd/d] _ [1 N u(t)2] (1 N 2av~/3d) o
. ;

c2? c? 3
-1/2

y= {1 _ (M)z] = 7(t) (1 _ ”ZZS d) i a(ty) = a(t) — Ta = a(t) — d—cf’-d.

Cc

Evaluating everything now at time ¢:

¢ [ a(1=3vd/c) (a-aydfe) o (a gja_2)+()d2+m] .

F = — =
self 4meg 7 4c%d 4¢3 \ 3 + c? *

2 [ .3 3/ 2.2 4 s 2,2

q ya Y ay va—y Y a  vya A
- B ad SR bl N Lz
4meg | 4ctd 4c2(c + 3 )-{_4c3 <3+ c? )+()d+ }x

2 [ A3 4 : 2.2 2,2
q Ya /. & _va*y®  vyia -
= S T Z4+3 d+---
4meg | ad T4 <a+3+ c? ta >+() + ]x
2 [ A8 4 2.2
q 7a Y . vaty - -
= Ire 304 + 33 <a+3 = ) + ( )d+~--] % (generalizing Eq. 11.96).

The first term is the electromagnetic mass; the radiation reaction itself is the second term:

. 2 2.2
Fint _ Hod_ 4 (c’z +3227 > (generalizing Eq. 11.99), so the generalization of Eq. 11.100 is

rad = 121rc7 c?
2 ] valvy?
F,, = 7 4(a+3 Y )

6mc v c?

3v%2a%v
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2
(b) Fraq = Av* (d + = >, where A = %‘:—ng. P = Aa%4% (Eq. 11.75). What we must show is that

tz t2 t2 ,U2a2,72 t2
/ Fqvdt = —/ Pdt, or / 7t <('w +3— ) dt = —/ a8 dt
ti t1 ty c ty

(except for boundary terms—see Sect. 11.2.2).
t tz2 g4
’ —/ E(“/‘u)a dt.

b2 2 da
Rewrite the first term: 74('111 dt = / ("/4U)E dt = 74va
t th

ty ty

d 4 sdy 4 dy d 1 1 1 2va vay?
—_ = 4vy* — oo e - = - ) = .
Now di ('7 ‘U) Y o v+ 7 aq; dt dt \/TT‘Uz/—c? 2 (1 _ Uz/cz)a/z c2 o2 So
3
vay

2 2 2
4 6 v v 6 v
62 +7a—7a(1—§+4c—2>—7a(1+36—2-)

ta ts t2 2
/ Yavdt = vival - / 78a? (1 + 3—2-) dt, and hence
t ¢

t t
t2 3v2a2y2 ta 123 2 ay?
7 av + VLY N gt = tval + % (143 ) +39° dt = vva
c? ¢ c? c?
ty 1 t

d
2;(’7411) =47’y

tz

t1 t

ta
—/ v%a%dt. qed

Problem 11.31

3.2.6 2

Hog o™y ) . c’t
P=HTYY 54 1175). w= b+ (Eq 10.45); v = th = ——ome
(a) 6me (Eaq )ow ¢*t* (Eq kv Vb + c2t?
c? ctt(c*t) c? Tt

a=v= = (b2+c2t2—c2t2) =

VBt (B + )2~ (82 + t2)3r

(b2 + c2t2)3/2 3
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1 1 b + 2 1, ‘
2 _ = = == (B*+c%tY). S
TETI e T 1- [c282/ (0 + c2t2)]  b* 4 c*t2 — c*2 b2 (" + %) °

2 pace B2 4+ o242)3 2,
p =t ° (b + c7t) .y Yes, it radiates | (in fact, at a constant rate).

~ 6me (b2 + c2t2)3 bo Gmegh?
(b) Foy = ﬂoq274 it 3’72(121) oA __?: b202(202t) - 3b2c4¢ . - 3’720.21) _
rad 6nc c? ! 2 (b2 + c?2)5/2 (b2 + c2¢2)3/2° o2
3b%cit 3 (B +c2?) bt cit

=0. IF,ad = 0.} [No, the radiation reaction is zero.]

TEIEE T E B (R e g on




Chapter 12

Electrodynamics and Relativity

Problem 12.1

Let u be the velocity of a particle in S, 1 its velocity in S, and v the velocity of S with respect to S.
Galileo’s velocity addition rule says that u = u + v. For a free particle, u is constant (that’s Newton’s first
law in S).

(a) If v is constant, then @ = @i~ v is also constant, so Newton’s first law holds in S, and hence S is inertial.

(b) If S is inertial, then @ is also constant, so v = u — i is constant.

Problem 12.2
(a) mauyq + mpup = mcuc +mpup; uw; =10; +v.
ma(tig +v) + mp(ip +v) = me(ic + v) + mp(ip + v),
malig + mpipg + (g + mp)v = mgic +mpip + (me +mp)v.
Assuming mass is conserved, (ma + mp) = (m¢ + mp), it follows that
maus + mpip = meic + mpilp, 50 momentum is conserved in S.

(b) smavh + jmpul = jmeug + jmpup =
Ima(@} + 204 - v +0?) + tmp(ah + 20p - v +0?) = sme(ad + 24c - v +v?) + fmp(ad, + 20p - v + v?)
imat? + tmpu} + 2v - (mang + mpiip) + 10’ (m4 + mp)
= imcid + gmpid + 2v - (meiic + mpiip) + §v*(me + mp).

But the middle terms are equal by conservation of momentum, and the last terms are equal by conservation

of mass, so imat% + tmpiy = ymcll + ympiid. qed

Problem 12.3

(a) ve =vap +vBc; vE = 1+vaBJ“l_11})30/C§ ~ Vg (1 — Ak ) == 'v—cv = ARy,
In mi/h, ¢ = (186,000 mi/s) x (3600sec/hr) = 6.7 x 10% mi/hr.

. vg=YE % =6.7x 10716 = [6.7 x 1071% errorl (pretty small!)

. G

(b) (%c+ %c) / {1+ % . %) =(3¢)/ (1—8-) = %c (still less than c).

—

(c) To simplify the notation, let 8 = vac/c, B = vap/c, B2 =vpc/c. Then Eq. 12.3 says: = %ﬁ%, or:

BR+26:8:+ 68 _ 14288 +B18 (BB A -F5) m (L-BDO-F) A

2 _ _ =
= (142818 +F263)  (1+2818+ B262) (1 +20162+ 5262) (14 5152)?

219
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(\ where A = (1 — 2)(1 — 82)/(1 + 152)? is clearly a positive number. So 2 < 1, and hence |vac| < c. qed
' Problem 12.4
(a) Velocity of bullet relative to ground: 3c+ tc= 2c= 3¢

Velocity of getaway car: %c = %c. Since vy > vy, lbullet does reach target. l

letd 3
(b) Velocity of bullet relative to ground: f%if- =& =2c= g—gc.
N 23

Velocity of getaway car: ;13-6 = %c. Since vg > v, lbullet does not reach target.]

Problem 12.5
(a) Light from the 90th clock took %g%“; =300 s = 5 min to reach me, so the time I see on the clock is

(b) I observe

Problem 12.6

light signal leaves a at time t}; arrives at earth at time t, =t + d,/c,
light signal leaves b at time t}; arrives at earth at time t, =t} + dp/c.

=A

dy — d,
,'_Atztb—ta=tz—t:,+£—’1“c~—‘?l

'
- g
gt 4 (ZvAticosd) [l_zcosg],
C C

(Here d, is the distance from a to earth, and ds is the distance from b to earth.)

vsinf At vsind

= " s 9: ! =
As = vAt'sin (1= v/ccosf)’ u (1 - %cosh)

is the the apparent velocity.

du  v[(1— ¥cosB)(cosf) — sinO(¥sin6)]
de (1 - %cosh)?

=0=(1~- -Ecos&)cos&: %sinzﬁ

v, . v
= cosf = z(sm29+ cos® ) = —
c

. . V1—vzj3
At this maximal angle, u = hd l_u;’/C/,C = \/1—1:,2/&'

Asv e, because the denominator — 0, even though v < c.

Problem 12.7
The student has not taken into account time dilation of the muon’s “internal clock”. In the laboratory, the
_ T . « » Yipaet —6
muon lasts y7 = Fioa where 7 is the “proper” lifetime, 2 x 107° s. Thus

Omax = cos~!(v/c).

d d
v — 2 =2 /T=v2/c2, where d = 800 m.
t//1—-v?/c2 T /

2
(@ =1-% AG) + 2=t =

v? 1 ¢ (2x107%)(3x10%) 6 3 o7 1 16 4

E T 1+ (refd?’ d T 800 87 2T1+9/16 25 5
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Problem 12.8
. ' _ 1 . o~y 1 _ 1 _
(a) Rocket clock runs slow; so earth clock reads vt = W oy 1 hr. Here v TR = s

alon

. According to earth clocks signal was sent | 1 hr and 15 min ] after take-off.

(b) By earth observer, rocket is now a distance (2c) (£) (1 hr) = 3¢ hr (three-quarters of a light hour) away.

Light signal will therefore take % hr to return to earth. Since it left 1 hr and 15 min after departure, light

signal reaches earth |2 hrs after takeoff. ‘

(c) Earth clocks run slow: trocket =7 - (2 hrs) = § - (2 hrs) =

Problem 12.9

L L 2 1 112 3. 1 v2 3. v2 3 13 V13
_ L _ Ly, 2 1 _ _ (12 _ /s, —1._v._ 3. — 1.3 13|,
Le=2Ly; =250 2= b= /1~ (3) _\/:r?f“l T Tl T e |V 1 ©

Problem 12.10 .

Say length of mast (at rest) is . To an observer on the boat, height of mast is ! sin 6, horizontal projection
is lcosf. To observer on dock, the former is unaffected, but the latter is Lorentz contracted to %lcos 4.
Therefore:

tand = Isind tanf, or tané-——~—t—an~61——
%lcosﬁ_’y ’ T /1o

Problem 12.11 .

Naively, circumference/diameter = %(27rR)/(2R) =n/y=m/1— (wR/c)? — but this is nonsense. Point
is: an accelerating object cannot remain rigid, in relativity. To decide what actually happens here, you need a
specific model for the internal forces holding the disk together.
Problem 12.12

(iv) > t= %— + 4. Put this into (i), and solve for z:

. t vz v? - 1 . T - —
:c:’y:z:—yv(;+c—2>:'yz(l—_c—2>—vtz'y:z:—’ﬁ—vt:———vt; z = (T + vi). \/A

Similarly, (i) = = = £ + vt. Put this into (iv) and solve for ¢:

= 2
- YU /T . v v___t v _ - v _
t—vt—?(;+vt)—’yt(l—c—Q)—C—za:——:y——c—Qa:, t—7(t+—2-I)\/

Problem 12.13 4
Let brother’s accident occur at origin, time zero, in both frames. In system & (Sophie’s), the coordinates
of Sophie’s cry are z = 5 x 10° m, ¢t = 0. In system S (scientist’s), £ = y(t — %z) = —yvz/c®. Since

1 — 13 _ 13 o)
= = . (0]
\/1_(12/13)2 \/169—144 5

F=— (%) (2¢) (5 x 10°)/c® = 12 x 10°/3 x 10° = —4 x 1073, |4 x 10?5 carlier. |
Problem 12.14

(a) In S it moves a distance dy in time d¢. In S, meanwhile, it moves a distance dj = dy in time df =
y(dt - Zdz).

this is negative, ISophie’s cry occurred before the accident,] inS. v =

.4y _ dy _ _ (dy/dt) :or @, = Uy I Uz
R et R T (s T s
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o a u-)] 1 ()
b t 9:___!/:__ y- [ —_ —_ Y .
Ot = g = e o)/ (1= %)~ 7w —0)
In this case u; = —ccosf; u, = csinf = tanf = % (—_—C_&%SS”(;—E) )

- 1 sin @ = g S . .
tanf = — (m—> . [Compare tan 8 = 72—;‘;—2 in Prob. 12.10. The point is that velocities are sensitive
v \ cos ¢

not only to the transformation of distances, but also of times. That’s why there is no universal rule for
translating angles—you have to know whether it's an angle made by a welocity vector or a position vector.]

Problem 12.15

5
Bullet relative to ground: ?c, Outlaws relative to police:

2c—3c  —(1/28)c 1
1-5-3 (13/28) 13
of B relative to A, so all entries below the diagonal are trivial. Note that in every case tpyjet < Uoutlawss SO 1O
matter how you look at it, the bad guys get away.]

¢ . [Velocity of A relative to B is minus the velocity

Bullet relative to outlaws:

e |

speed of — )
relative to || Ground | Police | Outlaws | Bullet || Do they escape?
Ground 0 lc ic Sc Yes
Police -1c 0 Zc le Yes
QOutlaws -3 —2c 0 —~ e Yes
Bullet — ‘;~’c —%c T%C 0 Yes

Problem 12.16
(a) Moving clock runs slow, by a factor v = Vfﬁ/T); = % Since 18 years elapsed on the moving clock,

% x 18 = 30 years elapsed on the stationary clock. {51 years old.
(b) By earth clock, it took 15 years to get there, at ¢, so d = 3¢ x 15 years = (12 light years).

(c) ﬁ = 15 years, z = 12¢ years.}

(d) ]f: 9 years, T = O.] [She got on at the origin in S, and rode along with S, so she’s still at the origin. If
you doubt these values, use the Lorentz transformations, with z and ¢ from (c).]

t=7(t+ 5x)
ST = %(120 yrs + %c- 15 yrs) = -:5; - 24c yrs =
t=2(15yrs+ 5 - 12cyrs) = § (156 + 4) yrs = (25 + 16) yrs =

(f) Set her clock {ahead 32 years, ‘ from 9 to 41 (£ — t). Return trip takes 9 years (moving time), so her clock

(e) Lorentz transformations: { I =(z+0t) } (note that v is negative, since S is going to the left).

will now read years at her arrival. Note that this is g - 30 years—precisely what she would calculate if the
stay-at-home had been the traveler, for 30 years of his own time.

(g) (i) t =9 yrs, z = 0. What is t? t = Bz + % =%.9= 2 = 5.4 years, and he started at age 21, so he’s

26.4 years old. | ( Younger than the traveler (!) because to the traveler it’s the stay-at-home who's moving.)

(ii) t = 41 yrs, z = 0. What is t? ¢ = -41 = 23 = 24.6 years, and he started at 21, so he’s

45.6 years old.

2w
o
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(h) It will take another of earth time for the return, so when she gets back, she will say her

twin’s age is 45.6 + 5.4 = years—which is what we found in (a). But note that to make it work from
traveler’s point of view you must take into account the jump in perceived age of stay-at-home when she changes
coordinates from S to S.

Problem 12.17

—a%° + alb! + a*b? + adb® = —42(a® — Bal)(B° — BbY) + v (at — Ba®)(b* — Ba®) + a?b? + a®b®
= —42(a%° _ﬂ%l ——ﬁ/a*‘/bo + 6% — olp! +ﬁ,a*‘/b° +ﬁ;r°61 ~ B2a°°) + a®0 + a3°

= —72a%0(1 — B?) + v2alb} (1 — B%) + a2b? + a®b®

= —a®° +a'bt +a?b? + a®b®.  qed  [Note: v*(1 - 5%) =1]

Problem 12.18

ct 1 0 0 0 ct
(a) ; = _Oﬂ (1) (1J 8 ; (using the notation of Eq. 12.24, for best comparison).
z 0 0 01 z
vy 0 —8 0
0 1 0 O
b) A=
) -8 0 v O
0 0 0 1
¥ 0 -3 0\ /v -8 0 0 Yy =78 -8 0
. . 0 1 0 0 -8 v 0 0O —-vf3 v 0 0
¢) Multiply the matrices: A = _ = - = I _
(c) Py arHees -8 0 ¥ O 0 0 10 -8 v ¥ 0
0 0 0 1 0 0 01 0 0 0 1

the order does matter. In the other order, “bars” and “no-bars” would be switched, and this would give
a different matriz.

Problem 12.19

(a) Since tanh§ = 219 and cosh®§ — sinh® § = 1, we have:

cosh §?
1 1 cosh d
v = = = =cosh8; v8 = cosh#tanh § = sinh 6.
\/1 - 122/62 \[1 — tanh? 8 \/cosh2 6 — sinh® ¢
coshf —sinhd 0 O .
—sinh® coshd 0 0 cos¢ sing 0
A= 0 0 1 0 Compare: R= | —sin¢ cos¢ 0}.
0 0 01 o 01
- i - - tanh ¢ — tanh 6
(b) a = ;_;E_ % = %—/_c—)(?)(i()—i—gz = tanh¢ = 1intaih¢?;nh9’ where tanh ¢ = u/c, tanh8 = v/¢

_ ¢
tanh ¢ = i/c. But a “trig” formula for hyperbolic functions (CRC Handbook, 18th Ed., p. 204) says:

tanh ¢ — tanh 8 T

1 — tanh ¢ tanh @ = tanh(¢ —6). .. tanh¢ = tanh(¢p —8), or: |¢p=¢ — 6.
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r Problem 12.20
(a) (i) I = —c*A2 + Az? + Ayl + A2 = —(5-15)2+ (10— 5)2 + (8 — 3)2 + (0 — 0)2 = —100 + 25 +25 =
(i) (In such a system At =0, so I would have to be positive, which it isn’t.)

(i) Sy B

S travels in the direction from B toward A,
making the trip in time 10/c.

3]

y.

[\-R e

SV = e =

—t
(=]

LT~
o
[N

2
Note that & = % + ;} = %, sov = 71210, safely

less than c.

2 4 6 8 10
(b) () IT=-B-1)2+(5-22+0+0=-4+9=[5]
(i) By Lorentz transformation: A(ct) = y[A(ct) — B(Az)]. We want At = 0, so A(ct) = f(Axz); or
Z = AA((:) = Eg : ;; = % Solv= %c, in the +z direction.
(iii) (In such a system Az = Ay = Az = 0 so I would be negative, which it isn’t.)
Problem 12.21

Using Eq. 12.18 (iv): At = y(At - 5Az) =0= At = Az, 0rv = —2—;8 =

tg —ta
""—‘—C2.
IB — T4

(\ Problem 12.22

‘ (a) ol . Truth is, you never do communicate with
‘ the other person right now—you communicate
with the person he/she will be when the mes-
sage gets there; and the response comes back
to and older and wiser you.

world line

of player 1\’\~ world line of

/ player 2

(b) It is true that a moving observ-

T er might say she arrived at B before she left
world line of A, but for the round trip everyone must agree
the ball that she arrives back after she set out.
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(\

Problem 12.23

¢ x
(a) | Y YA S e ]

| ; nlu/ g R/ P ¢ _ _ 9.2

i F 1w VN e g Az (b) £ = slope = 2%

T U, 1 = v -
B SAS T er] s v=tie=[09c]

S R I | v/ /o T
S T“M-‘%_TAV ANV L '7 cb \ (c)v' =%¢,s0v = ‘15?:5‘3'
/ /‘14/ 5'5
A ¢ (7/5) 35
] "/ 7 - /64/2 2(37.,/525C =| 37¢ =0.95¢c v
| B
/] d &z
/4l i
+ 7
| -/ B
gy RN
A AT HT Lo
Problem 12.24
1

(a) (1 - ’;‘;)172 =u% u?(1+ g;—) =n?%lu

itpd "

b 1 = 1 — cosh § — . _ 1 _ _ -
(®) Vi-u?/c?  \/1-tanh?8  y/cosh?6—sinh? g cosh ;7 Jiaje coshfctanh§ =
/'\ Problem 12.25
2
(a) Uz=uy=ucos45°:%%c: ze
b) =t =1 = B =5 n=-—2__ =|p=9=2¢c
\ﬁ—u2/c2 \/:1/5 5—4 g \/1—:_;2—/—6; TNz =Ny = .
©) n® =ve={V5c.
- v \V2/5¢c=4/2/5¢
U = 1 %UE - -2 =

(d) Eq. 12.45=>
oo 1 u — 2
Uy = ;(“H‘_u ) = 1—-5

1-=%= -3 3/5
() 7 = (e — 61°) = /1= 2 (VEe~ \[1vBe) =[0] |m, =n, = V2e
£ 1 - 1 -3 _ — nz—\/guz—o./
() Vi-wr/et o 1-(2/3) Vi \/Eu:>{ Ty = V3iy =v2¢c. v
Problem 12.26 ) ) )
1 (1—-u*/e?)
By oo (102 2 _ 2 2y _ _ 2 B
L (77) +7 (1—U2/62)( c +u) c(l_u2/c2) ¢ .
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Problem 12.27
(2) From Prob. 11.31 we have v = {02 + 282, .17 = [1dt = bf\/af‘%ﬁf = Yin(ct + VB% + 32%) + k; at

1
t=0wewant 7=0: 0=2Inb+k, sok=—tlnb T:gln E(ct+\/b2+c2t2)].

(b) V22 = b2 + z = bec™/¥; /22 — b2 = beT/b — z; 22 — b2 = b2e2°T/b — 22beCT/® 4 22; 22beT/b = b2(1 4 e2¢7/P);
z = b(ﬂ%‘*———fr—/f—) = {bcosh(cr/b). | Also from Prob. 11.31: v = c*t/v/b? + c?¢2.

515 2 _ cosh?(cr/b)—1 __ sinh(ct/b) __ cT
sVa? - b = m\/bz cosh (CT/b) -0 = C\/ cosh(cr /b) - czoshx'r,;b)) =|ctanh (?) -

z

S]
I

(c) n* =7(c,v,0,0); v = % = cosh ¢F, so n* = cosh & (¢, ctanh ,0,0) =|c (cosh Ebz,sinh %—,0; 0) .

Problem 12.28

(a) mauas + mpup = meuc + mpup; uA————Ej-—U——
AUA DUD; Ui 5 @)
Uug +v up +v uc +v up +v

m +m =1m +m —.
AT+ (@av/c®) | P1+ (agu/ed) | C1+ (acv/ed) | P1+ (@pu/c?)
This time, because the denominators are all different, we cannot conclude that
matiga + mplup = mcuc + mpup.

As an explicit counterexample, suppose all the masses are equal, and uq = —ug = v; u¢c = up = 0. This
is a symmetric “completely inelastic” collision in §, and momentum is clearly conserved (0 = 0). But the
Einstein velocity addition rule gives @4 = 0, g = —2u/(1 4 u?/c?), iic = ip = —u, so in S the (incorrectly .

defined) momentum is not conserved:
—2u
" (m"/—) # o
(b) mana + mpne = mene + mpnp; 0 = Y@ + B7Y). (The inverse Lorentz transformation.)
may(fia + Bi%) + mpy(ijp + Bi%) = mev(fc + BAE) + mpy(Ap + Bip). The gamma’s cancel:

mafia +mpip + B(maiy + mpiy) = meic + mpip + B(meig + mpip).
But m;n? = pf = E;/c, so ifI energy is conserveEI in S (Eq4 + Ep = Ec + Ep), then so too is the momentum

(correctly defined):
mafia + mpfp = mefc + mpip. qed

Problem 12.29 _
7mc2—mc2:nmc2:>'y:n+1:71_=‘1ﬂ7?¢1—%;= i

cou? 1 _ n®+ont1-1 _ n{nd2), _ n(n+2)
%7 =1- (n+1)2 — 2 _(}-n—:-l?—)Q - (n¥1)2 u= n+1 C.

Problem 12.30
Er=E+E+---; pr=p+p2+---; pr=7(pr—-BEr/c)=0= =v/c=prc/Er.
v=cpr/Er=|(o1+p2+ )/ (B +E2+~~-).]
Problem 122.31 ) (m? o ,
m,+m ms +m 1 1
E,‘Z(—"———#)czz’ym#c?:}'y: T “)z ;1_1)_.___;
2y 2mam, /1—v2/c? 2
VoL dmimh mi o dmimg b —dmpl (mp o) | (me o
c? 2 (m2 +m?2)? (m2 +m?)? (m2 +m2)? m2 4+ m2
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Problem 12.32
Initial momentum: E? ~ p?c? = m?c* = p?c? = (2mc?)? — m2ct = 3m2ct = p = V3mec.
Initial energy: 2mc? + mc? = 3mc?.

Each is conserved, so final energy is 3mc?, final momentum is v/3 me.

E? — p?c® = (3mc®)? — (V3me)?c? = 6m2ct = M2t = ~ 2.5m.

(In this process some kinetic energy was converted into rest energy, so M > 2m.)

= PE _ Y3med [7C
T E T 3mez V3

Problem 12.33
First calculate pion’s energy: E? = p?c? + m?c* = Fm?c* + m*c* = Em?c! = E = 3mc?.

Conservation of energy: Smc? =E4+ Ep )
. 3 E 3,2 2E4 = 2mc®.
Conservation of momentum: 4—mc =pa+pp = -—A =B = ymet = Ejs - FEp

1

Problem 12.34 :
Classically, E = ;mv®. In a colliding beam experiment, the relative velocity (classically) is twice the

velocity of either one, so the relative energy is 4F.

v Let S be the system in which (D) is at rest. Its
® E E@ E ® speed v, relative to S, is just the speed of @
© ~ in S.
S S
P =~ - Bp!) = %_ = v (£ - Bp), where p is the momentum of @ in S.
E=yMc soy= 3t; p=—YMv = —yMpBec; E =~ (£ + pyMpBc) c = v(E+yMPB?).
2 —-

Y=dmal-f=hap=1-5 =23 E_WE+[(M€) 1me.

- E? ) 2 | = 2E?
E=gat e - M E=

For E = 30 GeV and Mc® = 1 GeV, we have E = B89 _ 1 — 1800 — 1 = [1799 GeV | = [60E. |

- M.

Problem 12.35

Ea

One photon is impossible, because in the “center of mo- 60°

mentum” frame (Prob. 12.30) we’d be left with a photon %—’ % p

at rest, whereas photons have to travel at speed c. Ep

(before) (after)

Cons. of energy: v/poc? + m2ct + mc®> = E4 + Ep.

‘ ¢ ) horizontal: pg = -A cos 60° + —5— cos@ = Egcosf =woc — EA, d add:
Cons. of mom.: { vertical: 0 = “#45in60° — Sm0 = Epsinf = iEA, } square and adc:
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1 3
E}(cos® 6 +sin’0) = poc® — pocEa + 7 5 + T E}

2
= Ej = poc® ~pocEa + B} = [\/P(2J‘32 +m?ct +mc” - EA]

= poc® + mict + 24/pic? + m2ct(mc? — Ea) + m2ic* - 2Eamc? + E%. Or:

—pocEa = 2m2ct + 2me?\/pic? + m2ct — 2E 41/ pic? + m2ct — 2E4mc?;
Ex(mc® + \/pEc® + m2ct — poc/2) = m2ct + me*v/poc? + m2ct;

Ex = md (me? + /pic? + m2ct) (mc® — /pge? + m?ct — poc/2)
(me? + /p2e + mict — poc/2) (mc? — \/pic + m3ct — poc/2)
2 (7p2/c4 —pic? - mz/c“ — 3pomnc® — BE\/pict + m2ct) | mc? (me + 2po + /p} + m2c?)

(m/c4 — pomcd + ’—7346—2 ~ pc? — rp/c“) 2 (me + %po)

Problem 12.36
dP d mu % N 1 _?12_ 211 . %%
dt  dt /1 —-u?/c? /1= ut/c? 2) (1—u?/c?)3/?

- e et )

' Problem 12.37 T P
: At constant force you go in “hyperbolic” mo-
tion. Photon A, which left the origin at ¢ <0, .

catches up with you, but photon B, which AL
passes the origin at ¢t > 0, never does. .
¢

Problem 12.38 o0 o _dodt id : | -
(2) Tdr  dtdr A\ T-w/E)| JI-ije

c 1\ (-&)2u-a (1 u-a
('5>(1—wﬁﬂﬂwﬂ Tle(T-u?/e)?

/1= u?/c?

a_dn_gii@_ 1 ii_ u _ 1 a +u(—l) —E%Qu-a
Bl i \/1—-u2/c2 dt \ /1—-u?/c? - \/1——11.2/62 \/1__u2/02 27 (1 ~u?/c?)3/2

_ 1 {aum@}

T-w/) " @ - @)
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1 u - 2 1 U2 1 2
(b) apat = —(a®)?+a-a= _c_2(1 (__ u2a/)02)4 + A=)y [a (1 - ZZ—) + E—,Z-u(u . a)]

_ 1 2 w2\’ (u-a)? u? ol
‘m—a-u?/c?)‘*{a (1 0—2) + (~1+2_—202+C—2)

~ i
"

1~ %)

Tla —u12/c2)2 { i (S—aiz)] ‘

(©) 70y = —c?, 50 £ (nn,) = o*nu +Fa, = 2a#n, =0, so

,u

(d) K* = 2= = L (mnp*) =|ma*. [K“T)u = maktn, = 0.]

Problem 12.39
K,K* = —(K°)? + K- K. From Eq. 12.70, K - K = =57y, From Eq. 12.71:

KO = 1dE _ 1 d mc? _ me {*l (-1/c%) 2u-a} _m (u-a)
Tcdr o /1-udt \ JT=uij2 )  J1-uEjcE | 2(1—u?/c?)3/? e (1-u?/c)?

m u?(u-a) m(u - a)
. 2 : . F = F 9 = ———— . =
But (Eq. 12.73): u uF cos S [(u a) + 2= u2/cz)} =W jayn’ o)
Fcosb F? u?F2 cos® 6 1— (u?/c?) cos? 8
KO= U207 . K Ke= - — 2
c/T-uzfcz’ " (I-u?/c®)  (1-u?/c?) [ (1—u?/c?) } o aed

Problem 12.40

F:T\/__mr——-]; [a+1:§u a)} =¢E+uxB)=>a+ 2(11—:2)) —;(—:L—\/I—UQ/CQ(E-FUXB).

(
inu: (u-a u’(u - a) haltha g —u?/c?|u- u-(u ;
Dot in u: ( )+02(1——u2/02) A= m\/l u?/c[u-E + (*;(B)},
\/1—u2/c2{E+u><B-—Elé-u(u-E)]. ged

~ u{u-a) _9
(2 -~u?) m

V1 —-uz/czlil—z—z.——}i). Soa=

g
m

Problem 12.41

One way to see it is to look back at the general formula for E (Eq. 10.29). For a uniform infinite plane of
charge, moving at constant velocity in the plane, J = 0 and p = 0, while p (or rather, o) is independent of ¢
(so retardation does nothing). Therefore the field is exactly the same as it would be for a plane at rest {except
that o itself is altered by Lorentz contraction).

A more elegant argument exploits the fact that E is a vector (whereas B is a pseudovector). This means that
any given component changes sign if the configuration is reflected in a plane perpendicular to that direction.
But in Fig. 12.35(b), if we reflect in the x y plane the configuration is unaltered, so the z component of E would
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have to stay the same. Therefore it must in fact be zero. (By contrast, if you reflect in a plane perpendicular
to the y direction the charges trade places, so it is perfectly appropriate that the y component of E should
reverse its sign.)

Problem 12.42
(a) Field is 0o/€g, and it points perpendicular to the positive plate, so:

[ o~ . 0 A 2] ~ ~
Ep = —(cos45° X + sin45 =|—=(-%x+¥)
0 60( y) \/_2—60( Y)
go
(b) From Eq 12108, Ez = EID = —7%0(—0’ Ey = ’YEyo = 77—%‘%0. So|E = \/560(

(c) From Prob. 12.10: tanf = v, so

(d) Let fi be a unit vector perpendicular to the plates in S—evidently
= —sinf %k +cosby; |El = 1442

So the angle ¢ between 11 and E is:

. 1 g
E-n = c0S¢p = —==—=(sinf + ycosf) = e

B[ 7T Ty V1+2

. 2’Y
Butﬂ),:tangzzgg_%c v g —1:>c039_7 +1= cosh = 1+7 . So cos¢:(1+72>.

Evidently the field is perpendicular to the plates in S.
Problem 12.43

1 1-v2/c?) R
(a) E = gl-v /C ) R
dmeo (1 — Y5 sin? 6)3/2 R

202 2
/E-da: q(1 v/c)/ R sxn9d9d¢)
RY(

(tanf + v) =

(Eq. 12.92) =

dmep 1 - 7 sin? §)3/2
1-9? T inf do
Zgg———v—*/c—)‘%f/ 512n‘ 3 . Let u=cosf, sodu = —sinfdf, sinf =1 —u®.
4reg o (1-Ysin 9)3/2
g(1 —v?/c?) /1 du ) (0)3 /‘ du
o i geEan T W W g hea
+1
u 2 vy 3 2
The integral is: = = _)
(& -1) e 1rwla (-1 (C (1-wv?/c?)

so [Braa = 52 (0 (2) (g = ¢

. 1 1 1 w(- v2/02)2v31n9
b) U Eq. 12.111 and Eq. 12.92,S= —(E x B R x
(b) Using Eq and Eq uo( )= o Tre 4n R (1~ Zsin’ 6)7 (\Vﬁ)

~

-6
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' A (1 —v?/c*)?usind 4
' | 16720 Ri(1 - Y sin®4)?

Problem 12.44
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)
1 v
(a) Fields of A at B: E = 47}60 4459; B =0. So force on gp is |F = QAZB y B L
4reg d d
—_&—"._____.p T
4
y B Y QA9B . . . _
i (b) (i) From Eq. 12.68: | F = e Y (Note: here the particle is at rest in S.)
T
ae
d y : s_ 1 qal—-v*/®) 1 v qa,
From Eq. 12.92, with ¢ = 90°: £ = —y = =
=% Z (ii) From Eq W dmeg (1 — v2/c2)3/2 2z dmeq d? Y
vHa (this also follows from Eq. 12.108).

B # 0, but since vz = 0 in S, there is no magnetic force anyway, and | F = 47 %’—3—5’ (as before).
TEQ
Problem 12.45 A
Here § = 90°,2 =9, ¢ = 2,2 = r, so (using ¢® = 1/uoeo):
a 7. g vy, 1
E=- -3, B=—- —~—= 2, wherey= .
dmep 12 Y dmeg c? 12 e V1—v?/c?

Note that (12 - B2¢?) = (4=)"2(1 - %) = (3%=)°
use this as a check.

47r€0r) is invariant, because it doesn’t depend on v. We can

‘/_\?w ‘SystemA: vsz,soE:—4:€0%§', B:-47Tq_€(‘)—:3%i,whereﬂ/: 1*1?)2/62
F:q[E+(-—v5<)><B]=—4Ziog[y—“z‘(ixz)]:‘4Ziog(l+%;)9
System B: wvp = 1:_2_21;02 = a +21)1;/c2)
= 12 - (1+v?/c?) =(1+Uz/cz)=’72(1+vz);Ub73=2v’72-
- ey J1-25 4y (-0
:—47360—7'_12_’72(1_*_};;)9; :—47360%21{2_;

¥ 4réor
q2 ,—)/'2 2
F=¢E=— = ( )¥. (+q at rest = no magnetic force). [Check: Eq. 12.68 = F,
Teg T
: g 1. ¢ 1.
System C: vc=0. E=-———=9;, B=0;, F=¢E=-
drey T

4meg [524
[The relative velocity of B and C is 2v/(1 + v?/c?), and the corresponding ¥ is ¥*(1 + v?/c?).
= Fo = sy e V)

So Eq. 12.68
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CHAPTER 12. ELECTRODYNAMICS AND RELATIVITY
Summary:
(—47reor§)7y (_471'501‘2)72(1 + Ef)y (_47reor2)y
(—Trarz) 72 (~gri) B2 0 7= _\/T:l—‘—;z_/;{
Z FERN 7 2 22\ ~ R
(~wim (1 +8)7 | (k=) 1+ 3)8 | (Cwie)¥

Problem 12.46
(a) From Eq. 12.108:

+7*(Ey —vB.)(By + %E:) +v(E, +vB,)(B, ~ —E,)

c2?

2 2
:EzBﬁy?{EyByq_c—z)zy/Ez—v%Bz %5 F:B; + E,B /E +vB{B. — E,B,)

9 '1)2 ‘112
= E.Bs + [EyBy(l - 6—2) + B.B.(1- 07)] =FE,B, +E,B,+ E.B,=E-B. qed

v
*(By —vB.)’ + 77 (E: +vB,)] = [BL 47’ (By + 5E:)’ + 97 (B: - SB,)’]

= E2 +*(E; - 2E,B. +v*B! + E} + 2EAB, +v*B; - B} — ¢*2

vE:
'zv2 2 _ 2p2 2 2”2 2 2 p2
- B - B; +c2 By —c EZEy)— B;
2 2 2 2| 2 v’ 2 v 2 2 v? 2 172 v?
~ — BBl e B (1= )+ B (1- ) - @B (1- ) - @B (1- )|

=(EZ+E)+E) - (B, + B2+ B))=E>-B>. qed

(c) For if B = 0 in one system, then (E? — ¢?B?) is positive. Since it is invariant, it must be positive in
any system. Therefore E # 0 in all systems.

Problem 12.47

(a) Making the appropriate modifications in Eq. 9.48 (and picking 6 = 0 for convenience)

E
E(z,y,2,t) = Eycos(kr — wt)§, B(z,y,z,t) = TO cos(kz —wt)2, where k= %

(b) Using Eq. 12.108 to transform the fields:

|

&)
8
It

. =0, E,=~v(E,—-vB,)=vE [cos(k:c — wt) — %cos(k:n - wt)] = aEj cos(kz — wt),

Ba::By:Oa Bz:'Y(Bz""

E
;E )y =~Eq [ cos(kz — wt) — c_ cos(kz — wt)} = <Jz—-cE cos(kx - wt),

v 1-v/c
h = (1——): .
where |a=1v T+ o/c
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Now the inverse Lorentz transformations (Eq. 12.19) = z = y(Z + vl) andt =+~ ({+ %:E), 50
c

kx—wt:q[k_(i+vf)—w(f+%:i)]=’7[(k—%21—)):i—(w-—kv)f] = k% — at,

where (recalling that k = w/c): k=19 (k - %) =7k(1 - v/c) = ak and @ = yw(1l ~ v/c) = aw.

_ _ - _ E, _

E(z,,2,) = Egcos(ki — @)y, B(z,§,%,0) = —E‘l cos(kz — @) 7,

Conclusion: B _ 1—v/c
‘where g = aEy, k=ak, W=ow, anda=

1+v/c

1-v/c .. - < 2 2 A
ST LS g o =22 v
(|w=w T5o/c This is the { Doppler shift | for light. A T ak o The velocity of the

= V- W
wave in S is 7 = éi/\ =3 = this is exactly what I expected (the velocity of a light wave is the
iy

same in any inertial system).

S o, —
(d) Since intensity goes like E?, the ratio is -ﬁ- = -g—g =a? = ; " ij

Dear Al,

The amplitude, frequency, and intensity of the light wave will all [decrease to zero] as you
run faster and faster. It’ll get so faint you won’t be able to see it, and so red-shifted even your
night-vision goggles won’t help. But it’ll still be going 3 x 108 m/s relative to you. Sorry about
that.

Sincerely,
David

Problem 12.48
102 = AQAZEr = AJAZLO2 + AQAZE'2 = 4802 + (—B)t!? = (%% — Bt1?).
1% = AJATE = ABAZEO + ADAGE!® = 7t + (—yA)t!® = (1% — Bt'®) = 7 (% + pe*).
25 = AN = AZARES = £,
Bt = AJALE = AAME + ASALES = ()65 + 99 = (85 + %),
B2 = ALABEA = ABABIO? 4+ ALABE2 = ()02 4+ 9t1% = 162 - pi2).
Problem 12.49
Suppose t¥#* = £t#" (+ for symmetric, — for antisymmetric).

B = ARAN
P = AJASE™ = AJAGEH [Because p and v are both summed from 0 — 3,
it doesn’t matter which we call ¢ and and which call v.]
= AfAS(£t#) [T used the symmetry of t#¥, and wrote the A’s in the other order.]
= +i"* qed >
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Problem 12.50

F#VFLW - FOOFOO _ FOIFOI _ F02F02 _ F03F03 _ FIOFIO __ F20F20 _ F30F30
+ FIIFII + F12F12 +F13F13 +F21F21 +F22F22 +F23F23 + F31 sl +F32F32 + F33F33
= ~(Ez/c)® ~ (By/c)® = (B:/c)* = (Bz/c)® ~ (Ey/c)* = (E:/c)’ + B + By + B + B% + B} + B;
E2)

— . 2
=92B% — 2F?/c* = 2(3 -

which, apart from the constant factor —fv;, is the invariant we found in Prob. 12.46(b).

G**G,, = 2(E*/c* — B?)| (the same invariant).

F#VG#V = =92 (FOIGOI +F02G02 + F03G03) +9 (F12G12 +F13G13 +F23G23)

<2 (LBBa + 15,8, + B.B.) 21Bu(=B2/0) + (~By)(By/) + Bu(~Ee /o)

Il

2 2 4
_E(E.B) - E(E-B) = —E(E~B),

which, apart from the factor —4/c, is the invariant of Prob. 12.46(a). [These are, incidentally, the only
fundamental invariants you can construct from E and B.]

Problem 12.51

0 ¢ 0 0
_ 1 2xs ? o
SHaex T ima X (|, pod [ —c 0 0 -
- Ava Av o~ T 2rz 0 0 0 O

Problem 12.52

8, F* = puoJ*.  Differentiate: 8,0, F* = o0, J*".

But 9,8, = 0,0, (the combination is symmetric) while F*# = —F*" (antisymmetric).

;L 0,0, F* = 0. [Why? Well, these indices are both summed from 0 — 3, so it doesn’t matter which we
call g, which v: 8,0, F* = 38,0,F"* = 3,0,(-F*") = —0,8,F*". But if a quantity is equal to minus itself,
it must be zero.] Conclusion: 8,J# =0. qed

Problem 12.53

We know that 3,G#¥ = 0 is equivalent to the two homogeneous Maxwell equations, V-B =0 and VXE =
—%—?. All we have to show, then, is that O\ F,, + 0, F,x + O, F), = 0 is also equivalent to them. Now this
equation stands for 64 separate equations (u =0—3,v=0—3, A=0— 3, and 4 x 4 x 4 = 64). But many
of them are redundant, or trivial.

Suppose two indices are the same (say, ¢ = v). Then Ox\Fj,, + 0, Fux + 0, F\, = 0. But F,, = 0 and
F,y» = ~F),, so this is trivial: 0 = 0. To get anything significant, then, g, v, A must all be different. They
could be all spatial {p,v,A =1,2,3 = z,y,z — or some permutation thereof), or one temporal and two spatial
(p=0,v,A=1,20r 2,3, or 1,3 — or some permutation). Let’s examine these two cases separately.

All spatial: say, p =1, v =2, A = 3 (other permutations yield the same equation, or minus it).

a a a
O3F12 + 01 Fo3 + 02 F3 =0 = 52(32) + E(Bz) + %(By) =0= V. -B=0.
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One temporal: say, p =0, v =1, A = 2 (other permutations of these indices yield the same resuit, or minus
it).

7] E, 9 8 [E
02Fo1 + 0o F12 + 01 Fp =0 = — (——c-) + 6—(~Ct—)(Bz) + -3; (_Cl) = (,

9y
or —ga—‘i‘ + (%%‘ %Ii;l) = 0, which is the z component of —%= = VXE. f pu=0,vr=1,A=2, weget the y
component; for v = 2, A = 3 we get the £ component.)
Conclusion: OxF,, + 0, F,» + 0,F\, = 0 is equivalent to V:B = 0 and %% = — Vx E, and hence to

3,G* =0. qed
Problem 12.54
K = qn,F% = q(m F°' + 1, F% + 3 F%) = q(n - E)/c = g’yu- E.|Now from Eq. 12.71 we know that

K° = 14W . where W is the energy of the particle. Since dr = ~dt, we have:

1 dW aw
LAY 0 gy [ W

dt a = (- E).

This says the power delivered to the particle is force (gE) times velocity (u) — which is as it should be.
Problem 12 55

10 1 8¢ 0t O¢ Iz 3(1) ay 8¢ 0z
0 = -2 ==
% azod’ coi*= "Gt sat Tayar T as o)
ot Oz Oy _ 0z

From Eq. 12.19, we have: 5 = v, 57 = v, %" 51 =0.

- 1 ,8¢ 9¢ . S 9¢ v O¢

0 = — -y (L2 O — Y. F0g = (9P 0.\ _ aral
So 8% = (at +og- ) or (since ct ==z Tp): 8% 'y(az 3 =) =7[(6°) - 83" ¢)].

1¢:_?_¢ 0¢ 0t  0¢0z  0¢dy 8¢32_7v3¢+73¢ 7(6¢_2_Q£)
oz dt 0zt | 9z 9% 6y 0z | 67 0% c? Ot Oz Jr1 ¢z
= OJ¢ 0O¢pOt 0¢p8z O¢dy OIpdz I¢ 5
=57 " 5io; " os05 yoy dz05 dy 0 %
___Qf 6¢6t+6¢6z+6¢6y+8¢62 9¢
8z 0t0z 8z dz Oyodz 020z Oz
Conclusion: 9% ¢ transforms in the same way as a* (Eq. 12.27)—and hence is a contravariant 4-vector. ged
Problem 12.56
According to Prob. 12.53, 866;” = 0 is equivalent to Eq. 12.129. Using Eq. 12.132, we find (in the notation
of Prob. 12.55):

8F,, OF,, 0F,
oz + OzH + OV

v[(8'¢) - B(8°¢)].

= 3°¢.

= 6,\F,,,, + 6”F,,,\ + a,,F)‘#
= 0 (OuAy — B Au) + 0u(By Ax — D\AL) + By (BrAy — BuAr) |
= (Ox0u Ay — BuOrAu) + (0,0, Ax — Bu0, Ax) + (8,02 Ay — 8x0, A,) = 0. qged

94, _ B4,
9zz# ~ dzHdz

[Note that 9\9, A, = = 0,0\A., by equality of cross-derivatives.)
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Problem 12.57

y
Step 1: rotate from zy to XY, using Eq. 1.29: g
) -
X =cos¢z-+sindy N *
Y = —sindz +cosdy )
- 3 * _
Step 2: Lorentz-transform from XY to XY, using z
Eq 12.18 '0‘/
X = y(X — vt) = y[cos ¢z + sin ¢y — Bct] ¢ —
Y =Y = —sin¢z +cosdy
Z=Z=2

{=v(ct — BX) = v[ct — B(cospz + sinpy)]
Step 3: Rotate from XY to Z7, using Eq. 1.29 with negative ¢:

f=cos¢p X —~singp¥ = ycosglcospz +singy ~ Bct] — sin¢{—sing x + cos ¢y}
= (ycos? ¢ + sin® ¢)z + (v —- 1) sinpcos gy ~ vB cos ¢ (ct)

§=singX +cos¢Y = ysind(cospx + sinpy — Bct) + cos p(—singc + cos p y)
= (v - 1)singcosdz + (ysin® ¢ + cos? ¢p)y — yBsin ¢ (ct)

ct ¥ —vf3 cos ¢2 —vBsin ¢ 0 ct

. 1 z] || -vBcos¢ (ycos®¢+sin®¢) (y—1)singcos¢ O z

In matrix form: §] || -vBsing (y-1)singcos¢ (ysin®¢+cos?¢) 0 y
z 0 0 0 1 z

Problem 12.58

In center-of-momentum system, threshold occurs when incident ener-

m D
! ' € O—+ <0  before (CM)
gy is just sufficient to cover the rest energy of the resulting particles,

with none “wasted” as kinetic energy. Thus, in lab system, we want o0 after (CM)
the outgoing K and ¥ to have the same velocity, at threshold: KX

O—- O oO—

7T p K X

Before After

Initial momentum: py; mmal energy of m: E? — p2c? = m2c! = E2 = m2c* + p2c?

Total initial energy: mpc® + \/m2c? + p2c2. These are also the ﬁnal energy and momentum: E? — p?c? =
(mk + mg)3ct.

(m,,c +vm2ct + p2 c"’) —pic? = (mg +mg)c?

2 2
m2g + e \/mIS + P o+ migh + pEE ~ g = (mi +mp)’

2m

P _ 2 2 2
vmic? +p2 = (mg +mg)® —m, —m;
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4m?
(m2c? +p§)c—2p = (mg +mg)*! - 2(m,2J +m2)(mg +ms)? + my +mi + me,m?,

—Lp% = (mi +mzp)* — 2(m2 +m2)(mg + mg)? + (m2 —m2)?

c
Pr = 2—n;\/(m;( +mgz)t - 2(m2 + m2)(mk + mz)? + (mZ —m?2)?

= (—;ﬂ;i;y)—c\/(mkc"’ + mzc?)t — 2[(mpe?)? + (mrc?)?] (mic® + muc?)? + [(mye?)? - (m,,cz)"’]2

= goriany V (1700)* — 2[(900)2 + (150)2] (1700)2 + [(900)2 — (150)2]?

= 505z v/ (8-35 x 1012) — (4.81 x 10'2) + (0.62 x 10'?) = 1z15-(2.04 x 108) =|1133-MeV /c.

Problem 12.59

l z (p = magnitude of 3-momentum

p
In CM: Oo— -0 in CM, ¢ = CM scattering angle)

Outgoing 4-momenta: r# = (%,pcos ¢,psing,0); st = (%,——pcos ¢, —psing,0).

In Lab: o0—+ O 0 Problem: calculate 6, in terms of p, ¢.

Before G
Lorentz transformation: 7, = y(ry — Ar%); 7y = ry; 82 = 7(sz — Bs%); 5, = 5.

Now E = ymc?; p = —ymuv (v here is to the leff); E? — p*c® = m®c*, s0 f = —E.
o Tz =7 (pcos¢ + %%) = yp(1 + cos ¢); 7y = psing; 5. = yp(1 — cos¢); §, = —psing.
F-8 Y2p2(1 — cos? ¢) — p*sin® ¢
cosf = —_ =
rs \/[72;;2(1 + cos ¢)2 + p? sin? ¢} [¥2p?(1 ~ cos ¢)2 + p? sin” ¢
(y* = 1)sin ¢
\/[72(1 + cos ¢)2 + sin® ¢] [y2(1 — cos )2 + sin? )]

- 0’ -D - (" ~1)
Ve ) rezmeyer] V0ol §21)(07 e §41)
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cosf = : s (where w = 4% - 1)
\/(1 +cot? £ +weot? £)(1 + tan? ¢ + wtan® £)
_ w _ wsin%cosg
\/(csc2 ¢ +weot? £)(sec? ¢ +wtan? £) \/(1 +wcos? £)(1 + wsin? £)
B swsin ¢ _ sin ¢
\/ﬁ + w(l + cos )] [1 + 2w(l — cos¢)] \/[(% +1) +cosg] [(£ +1) — cos ¢}
sin ¢ sin ¢ 1 9 4 4
= = = - , where 7° = — + —,
JE+) —corrg \Ja+Erants  VIT(/sme] o
. : ) / »
sinf = ;Zo. 77 = H(1+w) = '('71—%—1)7’72, so tan§ = (;,:313)‘;;7. 6\5\0' Jsing
2c2
. 2 _(y=na2f1_ 1Yo A2 —
Or, since (v* —~1) =7~ (1 ;/—7) 7%, | tanf Py o -

Problem 12.60

dp _ dp dt _ dt _ 1 u
£ = K (a constant) = £ 3+ = K. But Z: = ey p= \/1:'1.‘2/02'

. u _— K . _ .
3 (ortem) = £VI= W78 Muliply by & = L.

iéi(__&*)hi(___u___)_i_____\/l—tﬂ/cz Lot w = ——t
dz dt \ \/1 —u?/c? dz \ /T —u2/c? m i ’ T—uljc
dw -Iil dw 1d , &k d(wz)_g_Ig

2K
hadadiu . ot - - = 2y = 22 .
dz  mw’ Jdz  2dz” m’ dz m = d{w’) m (dz)

sw? = %z+ constant. But at ¢t =0, z = 0 and © = 0 (so w = 0), and hence the constant is 0.

2—2K:c—' v, 2Kz 2Kzu2_ u2(1+2KI)_2K.’£
R Tl —u?/c?’ T mc® ' me?’ T m '
2Kz/m c? dz c mc?
2
u? = e = e = e ct:/ 1+ (55=) dz.
I+58 1+(3E) ¢ iy (zd) 2Kz

Let’;‘f:Eaz; ct = [¥Zredz. Let z =% dr = 2ydy; VT =vy.

2 2
ot = /._._.__Vy;a ydy =2 /,/y2 +aldy = [y\/y?' +a? +aln(y + Vy2 + az)] + constant.

Att=0,z=0= y=0,s00=a?lna+ constant => constant = —a?Ina.

et =W F @+ n(/es VR ED =2 (1) (1) 1em(La/(4) 1))

2Kt :
Let: z = y/a = 2/ 25 = /252 Then|— = zv/14 22 +In(z + V1 + 22).

mce
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Problem 12.61

(a) z(t) = £ [\/ﬁzat—)?—— 1], where & = £, The force of +¢ on d/2] """""""" T7 """"""""""
2

—q will be the mirror image of the force of —¢ on +¢ (in the z axis),
so the net force is in the z direction (the net magnetic force is zero).

All we need is the z component of E. ~d/f2 s
The field at +q due to —q is: (Eq. 10.65)
q 2 2 2
E=—e—2t__ 2 - ca) —alz-u)l.
Trey o) [u(c® = v?) + u(2-a) — a2 - u))

u:m—v:>uI=c§b—v:,lb(cl—m);a-u:oz—a-v:(m—lv);a-a:la. So:

q “ 1 1
E, = T E—s [;(cl —wm)(c® —v?) +\;(cl —p)la — a(r —}f})]
rca(l? —4%) = —cad? /2
q 1

= Iney (o ol (& = 0)(@ =) —cad”]

The force on +q is gE,, and there is an equal force on —g¢, so the net force on the dipole is:

2¢* 1

It remains to determine 2, [,
T 4meg (or ~ v)3

v, and a, and plug these in.

[(cl = v2)(c* — v*) — cad?]%.

dz cl 1 caty

t
= — = ——— D 2 —_—_"‘——"‘—CQ y U= r) = h = 7‘2‘
vu(t) &~ a2 /it an? a’t T v=o(t) 7w ere T = /1+ (at,)

olty) = dv  ca (_ 1> 20%t,  ca

ca

Now calculate t,: ¢*(t —t,)? =22 = 2+ d I = z(t) — z(t,) = £[V/1 + (at)? — /1 + (atr)?], sO
P2t + 2= L1+ (o2 +1+ (fd)? — 2/T+ (ad)2/T1 + (atr)?] + (d/c)?
(%) V1+ (at)2\/1+ (at,)? =1+ ?tt, + 3 (%’)2. Square both sides:

1/ad\4 ad\?2 ad\?
2 2, 4200 _ a2 1 2 2
X+ (at)? + (at,) +a/22?r ._/1’+a/£4r+4(—) + 2 ttr+(c) +attr(c)

o _ca 1) 2%, _ca . \
@ ST cat- \ =35 | 75 T 73 1+ (at,)® = (at,)?]

[
28— o1, (%) - (9)" - “{(%)" 0

At this point we could solve for t, in terms of ¢, but since v and a are already expressed in terms of ¢, it is
simpler to solve for ¢ (in terms of ¢}, and express everything in terms of ¢,:

e (500~
R N o I RRARC Rl

i
T4
3
——
[y
+
i
~~
Q
GIQ..
N
—"
H,_
ey
+
~
Q
s
s
~~
N
pr———y
[y
+
~~
w‘Q
Y
N
w5
L ]
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Which sign? For small @ we want ¢ = ¢, + d/c, so we need the + sign:

t=t, {1+ 2(‘?) } gTD, where D = 1/1 + (gf)

Sor=c(t—t,)=>2r= ﬂn(ﬁ“c—")z +dTD. Now go back to Eq. (%) and solve for /1 + (at)?:

1+(at)2=1{1+%(90(—1)2+a2t,{tr< ( )) —TD” 2
{|1+(atr)2][1+ 2(acd) ]+ o dTD} [1+ 2(O‘Cd) ]T+ o’td

C
T2

- (—i-[\/l ¥ (af?) — 1+ (atr)2]}: ‘;’{ P+ %(%dﬂTJr otrd

Putting all this in, the numerator in square brackets in F becomes:

[ 1= {ead(&r+.D) - C;;f [0 (24Y s arp] } (¢ - S2E0) — 2

} = ad(gcff + trD).

T2 T3
_ d o Clad?
_cad[Q-cTH/ﬁ— —W]T2[1+ (ot7)? ~ (7)) — 3
Zad? 1 1 2 vd? 2ad?
=S (577 - glat)’ - 1} = e [1+ (@t = (at)? —2] = S
2 2
=1 cad’ sX. It remains to compute the denominator:
4meo [(cr — 1v)T)
cty rad\? d cat,
(2 — )T = {C{T(T) +dTD} - ad(——T+trD) = }T
2
:[ /d2+chD— /d2 atr) ]TzcdD[ T2 — (at,)? | = deD.
N e
14(gt7)? ~(a#))?
¢ c2d2ai_ q? a 4 (a—f—)
T dweg Bd3D3 T T | dreg cd[l + (ad/20)2]3/2 " me/’

Energy must come from the “reservoir” of energy stored in the electromagnetic fields.

N ~1 q2 @ ad\ 2 3/2 q2 .qu2
nee %47%0 cd[1 + (ad/2c)?)*” - <26> | " Breomd” Semd

(force on one end only)

- %df (8?1;11211)2/3 -1,s0F= 21262 (S’i’izd)z/s -1
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Problem 12.62
(a) 4# = (V/c, Az, Ay, A;) I8 a 4-vector (like z# = (ct,7,¥, 7)), so (using Eq. 12.19): V = y(V + vA,;). But
V =0, and

7 _ Mo (mXF);

Az = dr 73

Now (m X F)y; = myZ — m,§ = myz — m,y. So

& (myz - mzy)

V =
Lo 73

Now Z = 7(:v —vt) =vR;, § =y = Ry, 2=z = R;, where R is the vector (in S) from the (instantaneous)
location of the dipole to the point of observation. Thus

2
7 = 7’R; + Ry + R} = v*(R} + Ry + R}) + (1 - 7*)(R} + RI) = 7*(R® - %R2 sin” )
(where 6 is the angle between R and the z axis, so that R + R = R?sin® ).

_ Ho v'Y(msz _mzRy)

; butv.(mxR)=v(m x R); =v(myR, — m,R,), so
4T 3 R3(1 - 25 sin? 6)3/2 ! !

:H_QV'(mXR)(l_%;)
4T R3(1- G sin® )™’

2

1 R- (vxm)( %)

dmeo ctR?(1 - "'7 sin 9)3/2

or,using ytop = r and v-(m x R)=R-(vxm): V=

(b) In the nonrelativistic limit (v? < ¢?):

1 ﬁ~(vxm) 1 R-p ) v Xm
V= = =
4reg  c*R? 4rey RZ ' with p ¢z’
which is the potential of an electric dipole.
Problem 12.63
(a) B = -—‘“—“KS' (Eq. 5.56); N =m x B (Eq. 6.1), so N = —~82mK(z X 7).
N = 2 i = B (Ql?)(ov)k = £2 o I?%.
(b) Charge density on the front side: Ag (A = vAg);
/ v Charge density on the back side: X = §Ao, where 7 = "+—u27?f =
1 14v%/c? 1+0?/c? 1+0v?/c? v?
(A+02/F) 2 Qe a1y

7= - = 1072
\/ —ﬁ%)—f \/1+2—7+—4' 4%; \/1—2§§+%§ (1 —v?/c?)

Length of front and back sides in this frame: I/v. So the net charge on the back side is:

2

I\% 2(1+ Z—z—)%—i- = (1+ %Z—)/\l.
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Net charge on front side is:

2

. 1 v o1 1), e v? LANUEE VLT
p—(q+)§y~(q—) y—[(HC—?)AZ——?AZ—]y——(1+22~—1+C—2)y— VI

M2? o 1 uo
9 e 5y — | ZH0 lg ;),A.
2 260’nyz) 72/\0 vR

E:%i,wherea:'yao,soN:pr:

So apart from the relativistic factor of 7y the torque is the same in both systems—but in S it is the torque
exerted by a magnetic field on a magnetic dipole, whereas in & it is the torque exerted by an electric field on
an electric dipole.

Problem 12.64

Choose axes so that E points in the z direction and B in the yz plane: E = (0,0, E); B = (0, B cos ¢, Bsin ¢).
Go to a frame moving at speed v in the = direction:

E = (0,—yvBsin¢,v(E + vBcos¢)); B = (0,y(Bcos¢ + :—2E),'yB sin ¢).

) —yuBsin ¢ Y(E + vBcos¢)
1 Eq. 12.108.) Parallel ded =
(\ (I used Eq ) Parallel provide YBeosg+ 5E) ~Bsng or

2
—vB?%sin? ¢ = (B cos ¢ + C%E) (E +vBcos¢) = EBcos¢ +vB%cos® ¢ + %E2 + Z_QEB Cos ¢,
c

2
— .2, Y vTy, v _ EBcos¢
0=0vB® + SE + EBoos(1+ 5 ); ey rred

X y z v ExB
NowExB=1 0 0 E |=-EBcos¢x. So 575 = 73 575 9ged
0 Bcos¢ Bsing 1+v?/ct - B*+ E2/c

there can be no frame in which E 1 B, for (E - B) is invariant, and since it is not zero in § it can’t
be zero in S.
Problem 12.65

Just before:

Field lines emanate
from present position
of particle.
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Just after: Field lines outside sphere of radius ¢t emanate from
position particle would have reached, had it kept going on its
original “flight plan”. Inside the sphere £ = (. On the sur-
face the lines connect up (since they cannot simply terminate
in empty space), as suggested in the figure.

z This produces a dense cluster of tangentially-directed field
lines, which expand with the spherical shell. This is a pic-
torial way of understanding the generation of electromagnetic
radiation.

Problem 12.66 ]
Equation 12.68 assumes the particle is (instantaneously) at rest in . Here the particle is at rest in S. So

F, = lFL, Fy= F”. Using F = ¢E, then,
Y

1

F, =F, =qFE,, F, = Fyz-v—qu, F, =

1

Y
Invoking Eq. 12.108:
1 1

F, =qkE;, Fy = ;Q'Y(Ey - UBz) = Q(Ey - UBz): F, = ;Q'Y(Ez + UBy) = Q(Ez + UBy)-

But vxB=-vB,x4+vB,Z, so F=¢E+vxB) ged
Problem 12.67

Rewrite Eq. 12.108 with x —» y, y = 2, 2 = z:

Ey =E, E, =~(E, —vB,) E, =~(E; +vB,)
B, = B. =

B, 7(32 + C%—E) B, = 7(31 - C%E)

This gives the fields in system S moving in the y direction at speed v.

Now E = (0,0, Ey); B = (50,0,0), so E, =0, E, = v(Eo —vBo), E; = 0.

If we want E = 0, we must pick v so that Ey —vBy = 0; i.e.
(The condition Eq/Bg < ¢ guarantees that there is no problem getting to such a system.)

. _ _ _ 1
With this, B, =0, B, = 0, B, = 7(Bo — $Eo) = 7Bo(1 ~ %) = 7Boy = 1 Bo; |B = ~Box.
_ z
The trajectory in S: Since the particle started out at rest at the origin
in S, it started out with velocity —v§ in S. According to Eq. 12.72
it will move in a circle of radius R, given by
1 my?v q 3 _
p=¢qBR, or 7mv=q(—Bo)R:> R= . 7
v qBo e
> i
= v
The actual trajectory is given by li =0; §j=—Rsinwt; z= R(1 — coswi); | where |w = ‘E.
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The trajectory in S: The Lorentz transformations Eqgs. 12.18 and 12.19, for the case of relative motion in
the y direction, read:

T =z T =2

g=y—vt) y =77 +vt)

zZ=2z z2=2Z

f:fy(t—;"-_ry) t:'y(f+;"ﬂj)
So the trajectory in S is given by:

z=0; y=~(-Rsinwt+ol) = 'y{—Rsin[w'y(t - Ev,zy)] + v'y(t - C%y) }, or
v? v
1+ 2——) = vyt — Rsin[w (t——— )]
y( Tz g 7 7 Y (y — vt)y = —Rsin [w'y(t - E";y)];
Yy(1- 2 +2) =72y

2z = R(1 — cos® wt) = R[l - cosw'y(t - C%y)]

So:lz=0; y=wvt— %sin[w'y(t-— :—2y)]; z=R~- Rcos[w*y(t— C%y)]

We can get rid of the trigonometric terms by the usual trick:

S e A el S T D et

Absent the 42, this would be the cycloid we found back in Ch. 5 (Eq. 5.9). The v? makes it, as it were, an

elliptical cycloid — same picture as p. 206, but with the horizontal axis stretched out.

Problem 12.68

(a) D= &E+P suggests E— XD
H = S-B — M suggests B — poH

} but it’s a little cleaner if we divide by po while we’re at it, so that

E— -1-D = ?D, B — H. Then: 0 ¢cD: ecDy cD;
Hoco -cD, 0 H, -H,

DW=
-cD, -H, 0 H,
-cD, H, -H,; 0

Then (following the derivation on p. 539):

d b5} 10 : aDmv
—°'D0”= V'D: = '—_Dlu:—'—'—D: H::: T e [od
ozr - ¢ 01 =55 g oy eD=) + (VxH)e = (Jy)es so| T =y,
where J}‘ = (cpy, 7). | Meanwhile, the homogeneous Maxwell equations (V-B =0, E = —%?) are unchanged,
pwy
and hence 8¢ =0
ozv
(b) ‘ 0 H, H, H,
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(c) If the material is at rest, 1, = (—¢,0,0,0), and the sum over v collapses to a single term:

E
D*¥py = ?eFH*0ny = D*0 = 2eF*0 = —cD = —c2e—c— = D =¢E (Eq. 4.32), v

1 1
H*ono = %LG“O”O = H* = ;G“O = -H= —;B SH=1B (Eq. 6.31). v
u

(d) In general, 5, = v(—c, u), so, for up = 0:

D%n, = D%ny + D%y + D3 = cDo(yus) + cDy(vuy) + cD;(vu;) = ve(D - u),
v E, E E,
F%q, = FO'n, 4 F%ny + F%, = — (yuz) + =2 (ywy) + —(yus) = %(E ‘u), so

D%n, = PeF%n, = y¢(D - u) = c%(%) (E-u)=>D-u=¢E-u). [1]

Ho”’)u = HOl’h + H02772 + H03773 = Hz(7uz) + Hy(7uy) + Hz(7uz) = 7(H --u),
G%n, = G"'m + G%%ny + GBnz = B (yug) + By(yuy) + By (yu;) = v(B - u), so

HOn, = 260, = y(H-w) = ~(0)(B-u)  H-u=~(B-u). 2]

Similarly, for p = 1:
DY¥n, = DY+ D¥ny 4+ DVBn3 = (—cDy)(—7e) + Hi(yuy) + (—Hy)(vu,) = ¥(* Dy + uyH, — u  Hy)
= 'y[c2D+(uxH)]I,
FYg, = Fn+ F + Fon = T2 (—y)+ B ~B = B, ~u,B
o= Mo + F7n2 + Fony = —=(=7¢) + Ba(yuy) + (=By)(vus) = 7(Ez +uyB: ~ v, By)
= y[E+ (uxB)],, so D", =2eF'n, =

T’

Y [@D + (ux H)], = (1) [E+ (ux B)|, = D + ;12—(11 x H) = ¢[E + (u x B)]. 3]

HYn, = HYo+ HYn + Hng = (—Hz)(—v¢) + (—cD.)(yuy) + (cDy)(yu)
= ve(H; —uyD; +u.Dy) =vc[H- (uxD)]_,

E, E
G = G+ Gl 4 G = (<B(—0)+ (-2 ) () + (22) ()

= %(C2Bz - UyEz +UzEy) = % [C2B —_ (11 X E)]:, S0 Hll’nu — _/]iGluTlV =
gl - (ux D), = =2 [*B-(xB)], > H-(@xD) == B~ (uxE) 14
T l"'c x /J, 02 .

Use Eq. [4] as an expression for H, plug this into Eq. [3], and solve for D:
D+l x ¢ ( ><D)+l B—l( x E){ ¢ =€¢[E+ (ux B)];
24 u p = (u =€ ;

! 2 1 .1
D+c—2[(u-D)u-—u D]=e[E+(u><B)]——u—ci(u><B)+;—CT

[ux (u x E)|.
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Using Eq. [1] to rewrite u - D:

D(l_u_z) = ——-E—z(E uu +€[E + (ux B)] - #iz(lle)+ﬂ—1—[(E u)u — u’E]

c? c
H aa| 23 1= g @ s m - 5

Then

Let |«

It
m

\/_:.

D:726{(1—uz:]2)E+(1—Z—j) {(uxB)-—%(E-u)u]}.

Now use Eq. [3] as an expression for D, plug this into Eq. [4], and solve for H:

V1-u2]c?’

H—ux{—ciz(uxH)+e[E+(uxB)]}:i{B—Ciz(uxE)};

H+cl2[(u.H)u_u2H] ;{B—c%(uxE)} +e(u xE) +e[u x (ux B)].

Using Eq. [2] to rewrite u - H:

H(l—Z—j) = —#ICQ(B-u)u+/% {B—le—(uxE)} +e(ux E) + ¢ [(B-u)u—u?B]

Il

| =

———
gy
l
=
oa
e
o
oe}
+

(o= ) tow x B + 8w}

2 2
¥ U 1 1
H:7{<1_;2_>B+ <v—‘2‘—c—2) [(UXE)-F(BU)U]}
Problem 12.69

We know that (proper) power transforms as the zeroth component of a 4-vector: K% = 24%  The Larmor

cdr *
formula says that for v = 0, d;y = "SM (Eq. 11.70). Can we think of a 4-vector whose zeroth component

reduces to thls when the velocity is zero?
Well, a? smells like (o* ), but how do we get a 4-vector in here? How about n*, whose zeroth component
is just ¢, when v = 0?7 Try, then:

This has the right transformation properties, but we must check that it does reduce to the Larmor formula
when v — 0:
dW 1 dwW 1 0 1 [toq dW }Loq2

Tt = ;cK 6 CB(a a,)n°, but 7° = ¢y, so " e (o). | [Incidentally, this tells

us that the power itself (as opposed to proper power) is a scalar. If this had been obvious from the start, we
could simply have looked for a Lorentz scalar that generalizes the Larmor formula.]
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In Prob. 12.38(b) we calculated (a”a,) in terms of the ordinary velocity and acceleration:

o’oy, = [a + ZQ—%] = [a,2,y-2+ —=(v- 3)2]

=8 [a2(1 _ Z_:) + zli(v -a)?’] = {a ~ 6—12—[v2a2 — (v a)ﬂ}
Now v - a = vacos @, where § is the angle between v and a, so:
v2a? — (v - a)? = v?¥a?(1 — cos? 8) = v%a®sin® @ = |v X al’.
o, = (- [22)
c

dW  poq® of o vaa2
dt ~ 6rc (a—i c ‘>

which is Liénard’s formula (Eq. 11.73).

-

Problem 12.70

(a) It’s inconsistent with the constraint 5, K# = 0 (Prob. 12.38(d)).

(b) We want to f'md ad- vector b* with the property that (%= +b#)n, = 0. How about b* = K(—f,:ﬂu)’l“? Then
(€ 4+ b4)n, = 4%n, + k%% n, (n#1,). But n#n, = —c?, so ) this becomes (227, ) — c?x (%, ), which is zero,

2rda*  1d
if we pick & = 1/c®. This suggests | K", = lg;qc (—d%—- = ;;

components of b* vanish in the nonrelativistic limit v << ¢, and hence this still reduces to the Abraham-Lorentz
formula. {Incidentally, a*n, =0 = dr(a ny) =0=> ——-17;, +a".1- =0, so d" “-n, = —a”a,, and hence b can
just as well be written ~ % (a”a,)n*]

Problem 12.71
Define the electric current 4-vector as before: J# = (cp.,J.), and the magnetic current the same way:

= (¢pm,Jm). The fundamental laws are then

% ) Note that n* = (¢, v)7, so the spatial

JH

m

B F™ = podt, 8,G* = 2pn, K¥ = (qF*+ G )y

The first of these reproduces V-E = (1/¢g)pe and V xB = p0J .+ 11060 0E /3¢, just as before (p. 539); the second
yields V - B = (uo/c)(cpm) = popm and ~(1/¢c)(0B/0t + V x E) = (o /c)Im, or V X B = —poJ,, — 6B/6t
(generalizing page 540). These are Maxwell’s equations w1th magnetic charge (Eq. 7.43). The third (following

the argument on p. 540) says

ge

K = =g B uxBll+ [\/'72725 *ﬁ(”%*ﬁ(i)]

K ﬁ{qe[E+(uxB)]+qm{B—;(uxE)]},or
F = ¢ [E+(uxB)+qn {B—é(uxm)},

which is the generalized Lorentz force law (Eq. 7.69).




Errata
Instructor’s Solutions Manual
Introduction to Electrodynamics, 3rd ed
Author: David Griffiths
Date: June 14, 2001

Page 4, Prob. 1.15 (b): last expression should read y + 2z + 3zx.
Page 8, Prob. 1.26: last line should read

From Prob. 1.18: V x v, = ~6zz% 4+ 229 + 3222 =

V (VX vg) = £ (~622) + £;(22) + £(32°) = ~62+ 62 =0. v

Page 8, Prob. 1.27, in the determinant for V x (Vf), 3rd row, 2nd column:
change 3° to 2.

Page 8, Prob. 1.29, line 2: the number in the box should be -12 (insert

minus sign).

Page 9, Prob. 1.31, line 2: change 2z® to 22%; first line of part (c): insert
comma between dz and dz.
Page 14, Prob. 1.46(b): change r’ to a.

Page 14, Prob. 1.48, second line of J: change the upper limit on the r
integral from oo to R. Fix the last line to read:

= 47 (—e‘r) Ll: +dAme B = 4x (—e'R + 6_0) +dme B =4x. v

Page 15, Prob. 1.49(b), last integration “constant” should be I(z, ), not

Page 17, Prob. 1.53, first expression in (4): insert 6, so da = rsin 6 dr d¢ 6.

Page 17, Prob. 1.55: Solution should read as follows:

Problem 1.55 ‘
Vz=2=0,de=dz=0;,y:0—-1 v-dl=(y2)dy=0;[v-dl=0.
2)x=0; 2=2-2y; dz=-2dy; y:1—0.

vedl = (y22) dy + (3y + 2) dz = y(2 — 2y)? dy — (3y + 2 — 2y)2dy;

Q
4 g8 2 0
/v-dlzz/(2y3—4y2+y—2)dy:2[9___9_+9_,2y}
1

2 3 2

1 3

Byz=y=0;,dz=dy=0; 2:2—-0. v-dl=3y+2)dz=2zdz.

0 zzo
/V /Z ¥4 D)
2

2




Total.'fv'd1:0+%_2:

Meanwhile, Stokes’ thereom says § v - dl = [(V xvV) - da. Here da =
dy dz %, so all we need i
(VXV)y = %(37; +2z)— B%(yzz) =3 —2yz. Therefore

JJ(3—2y2)dydz = [; { o (3 - 2y2) dZ} dy
fol [3(2—2y) — 2y:(2— %y)Q] dy = fol(—4y3 +8y% — 10y +6) dy
= [—y4—|—%y3~5y2+6y]|0=—1+%—5+6:%. v

f(VxvV) da

e Page 18, Prob. 1.56: change (3) and (4) to read as follows:

B) =% rsin@=y=1,507= 55, dr = =35 c080df, 0:F — 0o =
tan~'(3).
20 cosd cos0sin
v-dl = cos? @) (dr) — (r cos 0 sin 0) (v dO _ 8 (— ) 0 — do
(r >( )= ) ) sinf sin® 6§ gin? 9
_ _(c'oszﬁ cF)s@) dez_cF)sﬁ cosQH.—i;sinzﬁ J :_c’os?)ﬁ @,
sin®g  sind sind sin® f sin” 6
Therefore
P cost 1 |% 1 1 5 1
cos
dl = — do = = - =——— =2
/v /sin30 2sin®0,,, 2-(1/5) 2-(1) 2 2
/2

(4) 0 =60, p=3;7:v/2-0. v-dl= (rcos?f) (dr) = rdr.

4 7 20 4
/V.dl:g/rdr:g% :Hg.g:_z
VB VB

Total:

3
dl=0+ = —9—|3T
j{v dl=0+2 +2-2

Page 25, Prob. 2.12: last line should read
Since Qiot = %WR3/), E= %r (as in Prob. 2.8).

1
dmep

Page 26, Prob. 2.15: last expression in first line of (ii) should be d¢, not
d phi.

Page 30, Prob. 2.28: remove right angle sign in the figure.

Page 42, Prob. 3.5: subscript on V in last integral should be 3, not 2.




Page 45, Prob. 3.10: after the first box, add:

q2

1
F= - - 5
Ireo { Ga? " @’ ey
where cos = a/va? + b, sinf =b/v/a? + b2

1 1

~

[cos95(+sin057]} ,

P q? a 17 . N b 17 .
= - =l %+ = )
16mey | [{a? +02)3/2 g2 (@ +b2)3/2 12 y

11 —q2+—q2+ q? | ¢ 1 1 1
T ddrey | (2a) 0 (2b) (2v/a? + b?) T 327mep (VaZ b2 a b

Page 45, Prob. 3.10: in the second box, change “and” to “an”.

Page 51, Prob. 3.18, midpage: the reference to Eq. 3.71 should be 3.72.
Page 53, Prob. 3.28a, second line, first integral: R® should read R?.
Page 74, Prob. 4.4: exponent on r in boxed equation should be 5, not 3.

Page 79, Prob. 4.19: in the upper right box of the Table (o for air) there
is a missing factor of eq.

Page 114, Prob. 6.4: last term in second expression for F should be +2%

(plus, not minus).
Page 125, Prob. 7.2(b): in the box, ¢ should be C.

Page 129, Prob. 7.18: change first two lines to read:

N sta go/
@:/B.da;B:uoI ,(I):uola/ d_s:uolaln(s—i-a);
8

LR 2n s 2m s

dQ dd Lo dl
&= R=—R=—=-—"-In(1 —.
hoop Bt = ¢ &~ T or Rta/ey
_ oo _ poal
dQ = —27rRln(1+a/s)dI = 1Q = 5 R In(1+a/s).

Page 131, Prob. 7.27: in the second integral, r should be s.

Page 140, Prob. 7.47: in the box, the top equation should have a minus
gign in front, and in the bottom equation the plus sign should be minus.

Page 141, Prob. 7.50, final answer: R? should read R,.

Page 143, Prob. 7.55, penultimate displayed equation: ¢p should be -.



Page 147, Prob. 8.2, top line, penultimate expression: change a? to a?; in
(c), in the first box, change 16 to 8.

Page 153, Prob. 8.11, last line of equations: in the numerator of the ex-
pression for R change 2.01 to 2.10.

Page 175, Prob. 9.34, penultimate line: o = ng/ny (not ng/ng).

Page 177, Prob. 9.38: half-way down, remove minus sign in k2 + k2 +k2 =

—(w/e)?.

Page 181, Prob. 10.8: first line: remove ;.

Page 184, Prob. 10.14: in the first line, change (9.98) to (10.42).

Page 203, Prob. 11.14: at beginning of second paragraph, remove ;.
Page 222, Prob. 12.15, end of first sentence: change comma to period.

Page 225, Prob. 12.23. The figure contains two errors: the slopes are for
v/ec =1/2 (not 3/2), and the intervals are incorrect. The correct solution
is as follows:

Problem 12.23.

(a)

e Page 227, Prob. 12.33: first expression in third line, change ¢? to c.

D
) oYY, i 6:/"* ¢ 9.25
| 7/ ;’NW/D S (b) 5 = slope = 573
VWL KTACTACY ) 6/Q
87 A év—w—?’—s
C:// o €= 37
&%
/é 7 34/ (C)v’:—c,sovzlg—i?g;
7 //// _ (/s _[35
y / = @2 ~ | 37¢ v
A S
g iVe%s A,
o %
SLTAS | o35
v
s |
8.75 >y
- //4 1



