
Basic Structures: Sets, Functions, 
Sequences, and Sums 

CSC-2259 Discrete Structures 
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The set of rational numbers 
is countable 

all rational numbers: ,
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Theorem: 

Proof: 

We need to find a method to list 
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Naïve Approach 

Rational numbers: ,
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Positive integers: 

One-to-one 
correspondence: 

,3,2,1

Doesn’t work: 

we will never list  
numbers with nominator 2: ,
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Start with nominator=1 
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Better Approach: scan diagonals 
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Nomin.=1 

Nomin.=2 

Nomin.=3 

Nomin.=4 
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first diagonal 
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second diagonal 
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third diagonal 
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Every element will be  
eventually scanned 

fourth diagonal… 
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Rational Numbers: ,
2

2
,

3

1
,
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2
,

2

1
,

1
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One-to-one 
correspondence: 

Positive Integers: ,5,4,3,2,1

End of Proof 

Diagonal listing 
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Theorem: Set                       is uncountable RS  )1,0(

Proof: Assume that     is countable,  S

then we can list its elements 

},,,{ 321 sssS 

Elements of S
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1251248164.0

3112300123.0

4813502031.0

1375123121.0

6124925410.0
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List the elements of )1,0(S
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10987654321.0 xxxxxxxxxxt 

Create new element based on diagonal 
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3112300123.0

4813502031.0
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10987654321.0 xxxxxxxxxt 













1251248164.0

3112300123.0

4813502031.0

1375123121.0

6124925410.0
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If diagonal element is 0 then set digit to 1  
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10987654301.0 xxxxxxxxt 













1251248164.0

3112300123.0

4813502031.0

1375123121.0

6124925410.0
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If diagonal element is not 0 then set digit to 0  
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10987654101.0 xxxxxxxt 













1251248164.0

3112300123.0

4813502031.0

1375123121.0

6124925410.0
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If diagonal element is 0 then set digit to 1  
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10987651101.0 xxxxxxt 













1251248164.0

3112300123.0

4813502031.0

1375123121.0
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If diagonal element is 0 then set digit to 1  
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10987601101.0 xxxxxt 
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If diagonal element is not 0 then set digit to 0  
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101101.0t
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By repeating process we obtain new number 

)1,0(
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101101.0t
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1st  (differ on first digit) Observation: 
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101101.0t













1251248164.0
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4813502031.0
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2st  (differ on second digit) Observation: 
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101101.0t













1251248164.0
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4813502031.0

1375123121.0
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3st  (differ on third digit) Observation: 
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ist  (differ on      digit) Observation: i
for every i

)1,0(},,{ 21  ssSt

Contradiction! 

101101.0t )1,0(

End of Proof 
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It follows that the set of real numbers  
is uncountable 

 is uncountable We have proven: 

It can be proven: Every subset of a 
countable set is countable 

R)1,0(

R
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The previous proof technique is known as: 

Cantor diagonalization argument 

The same technique can  
be used in other proofs 
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Theorem: If       is an infinite countable set,  
then the power set          
is uncountable 

)(SP
S

Proof: 

Since       is countable, we can list its elements  S

},,,{ 321 sssS 

Elements of S
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Elements of the power set          
have the form: 

},{ 31 ss

},,,{ 10975 ssss



)(SP



}{ 1s

},,{ 431 sss
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We encode each element of the powerset 
with a binary string of 0’s and 1’s 

1s 2s 3s 4s 

1 0 0 0}{ 1s

Powerset 
elements 

Binary encoding 

0 1 1 0},{ 32 ss

1 0 1 1},,{ 431 sss







(in arbitrary order) 

)(SP
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Observation: 
Every infinite binary string corresponds 
to an element of the power set 

10 Example: 0111 0

Corresponds to: )(},,,,{ 6541 SPssss 
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Let’s assume (for contradiction)  
that the power set         is countable 

Then:      we can enumerate  
               the elements of the powerset 

},,,{)( 321 tttSP 

)(SP
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1 0 0 0 0

1 1 0 0 0

1 1 0 1 0

1 1 0 0 1

Power set  
element Binary encoding 

1t

2t

3t

4t











suppose that this is the respective 

)(SP
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1 0 0 0 0

1 1 0 0 0

1 1 0 1 0

1 1 0 0 1

1t

2t

3t

4t









Binary string: 

Complement of  
diagonal 

Take the binary string whose bits  
are the complement of the diagonal 

0011t

0 0 1 1 
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0011tThe binary string 

corresponds 
to an element of  
the power set       : )(},,{ 43 SPsst  )(SP
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Thus,       must be equal to some     :        it

However,  

the i-th bit in the binary string of     is  
different than the         bit of     , thus:  

Contradiction!!! 

t
itt 

i-th 
it itt 
t

End of Proof 

)(SPt

},,,{)( 21 ntttSPt 


