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The magnetic “force”

* When studying magnetism we never start by looking at magnets: their physics is actually quite
complex!

* Instead, we look at wires that carry some current. It is observed that a pair of current-carrying wires that
are placed near each other exert a mutual force that depends not only on the intensity of the current
and the orientation of the wires, but also on how far are the two pieces of wire.

* Since the force is perpendicular to the direction of the current, it is inevitable that we use a force law
and a notion of field that involves the vector product.

* Theideais that the current, the field and the force are all related through vector products:
Idl 1 dB 1 dF

* We may start with the force, and try something like:
dF =(Id)x B

which we recognize as the magnetic part of the Lorentz force. For a general current density we
should in fact write:

dF =(JdV)x B
* For a point charge this then reduces to:

—

F,=qVxB = F,=q(E+7VxB) whichis, ofcourse, just the Lorentz force.
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The magnetic “force”

* From the start it is important to get something clear: the magnetic force
never does actual work.

« This is self-evident from the Lorentz force;

—

Fqu(f+7><§)

— — d—) — —
= dW=FL~d7=qE-d7+q<7:XB>-d7 = qgFE -dx

* Hence, although the magnetic field can exert a torque, it cannot do any
actual work.

* Although we know this, it is easy to forget and to mindlessly blame the
magnetic field for effects which are not its fault!

* Remember: every time that work is being done to/by a system, it is
ultimately the electric fields doing the job. We will come back to this later.
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Magnetostatics

« We will start with the simplest possible case of stationary currents. This means that
the current density is such that no charges accumulate anywhere.

* In other words, from the continuity equation we have:

— — 0
V- T+2 =0
or

Since the charge density is static, we have that:

—_— —

V-J=0
* This will be our working assumption for now — later we will relax this condition.

* Under the assumption of stationary currents, it was found first by Ampere and Biot-

Savart that the magnetic field (the one in the Lorentz force!) is described by the laws:

—

VX? = UoJ [Ampere’s law] , and

—

V.-B =0

Charge
comes out

tht

tate

Charge
goes in...
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Magnetostatics

* Historically, before Ampére (1826) there was a law derived by Biot-Savart (1820) that
worked perfectly well — it just wasn't general enough.

* The expression from Biot-Savart is the following:

- —),

AL
F-FP 4z

B(F) = @Jl(?’) dl' % i

A

JdV’ J(7) %

|7 =7

* In order to show that the Biot-Savart law follows from Ampere’s law we will make use of
the vector potential. Since

_— —

V-B = 0 , weareableto write (remember the Helmholtz Theorem!):
B =VxXA

* Substituting this into Ampere’s law we get:
VXB = Vx(VXX) = yOT

= V(V-Z’)—WZ’ = uyJ
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Gauge invariance

* At this point we can make use of the fact that the physical fields (fand ?) are invariant under the gauge
transformation:

X—>X+Vf, and

of
¢*¢—E

* For now only the first part really matters — the gauge invariance for the vector potential. It means that we
can choose any function f such that:

—

V-A->V. <Z+ Vf) =0 (thisis known as Coulomb gauge)
* This means that we can now look at a simple equation for the vector potential in terms of the current:
sz = - ﬂoT

- In Cartesian coordinates the solution for each component, A, , A, and A, is exactly the same as the one we

found for the Poisson equation (and the Green function, etc. etc.):

_ J
A = ﬂJdV’—_, O
4 |7 — 7’|

where we are ignoring many subtleties related to boundary conditions. But you get the idea!
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Gauge invariance

* Using the solution we obtained above it is now possible to compute the magnetic field:

B =VXA =—1|dVVX|———— ,  which simplifies to:
4n |7 =7 Y R
JdV' [ "
= :uO r T ? - 7/ i i
B = —1|dV' J(r) X — , i.e,theBiot-Savart law.
4r |7 — 7|
* Itisinstructive to check explicitly that the field in this expression obeys our initial assumptions: r' r
VX§=uOT and V-B=0 1

* Let’s start with the second one, which is simpler. We have:

—_ — IblO — — 7—?,
V-B =—|dV'V- (r") X 3
A |7 — 7'
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Gauge invariance

* Obtaining the second identity (Ampeére’s law) involves just a bit more algebra:

— — //lo — — }_’)—l_")/
VXB = —|dV'VX|J@)X —
dr |7 — 7|

Ho — — r—r' — — r—r'
= Lo tav T |V | =T V| —=—
dr |7 — 7| |7 — 7|

* The first term inside square brackets is an “old acquaintance":

— F—71 S
V. T ] = A o(r —r')
|7 = 7]

* The second term can be shown to become a surface term that integrates out to zero

plus another term proportionalto V - J=0 (check!), with the expected result that:

Jdv’

ELECTRODYNAMICS I / IFUSP / LECTURE 6

S



Boundary conditions for magnetostatics

>

J=0

* We should now go back and try to be a bit more careful about the boundary conditions for the
magnetic field and the vector potential.

* We can first select any volume that includes a section of the interface, and is just thick enough to
include a section of the interface that runs parallel to its upper and lower sides. We then have:

0= Jde- B = ﬂEd?. B
* Neglecting the field on the sides of the box (small areas!) we get:

* If we now integrate the field along a circuit that crosses that same interface we get that:

ﬂﬁdz& 7 = de’. (VxF)= [d?. (1 7)

+ Computing the left-hand side explicitly for circuits such as this, and defining the surface currents:

f” = JdS T” (N.B.: oriented perpendicular to the sides of the circuit), we obtain: B i
I

AB| =puy K, Xn , whereiisthe normalto the interface (not to the surface of the circuit!) Y
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Boundary conditions for magnetostatics

>

J=0

* The previous discussion implies that the magnetic field obeys the
boundary conditions:

* This can be translated into boundary conditions for the vector potential:

where n is the direction normal to the interface.
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Boundary conditions: example

- Consider a surface current in the z = 0 plane that is given by:
K = Kyx cosky ,  which meansthe currentis:
J = Ky X cosky 6(z)

« We want to solve for the Laplace equation, VZA =0.Infull analogy to what was done
for the case of the electric potential, we try a solution of type:

A =AOY(y)Z(Z) ’
where we have no dependence on the direction x due to the symmetry of this problem.

 The Laplace equation for this ansatz leads to a familiar equation:

1d’Y 1d°Z N 1 d*Y 1 d*z )
Ydy?  Zdz?

—_—— +__ — —
Ydy? Z dzZ

which leads to the solutions:

Y = {sinay, cosay} and Z={e%,e %}
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Boundary conditions: example

- Now we impose the boundary conditions: A is continuous on z=0,and A(dX/dz)Fo = — Uy K.

* Itis immediately clear thata — k.

By construction A is continuous, and the second condition leads to:

- MK A e .

A = ()Zk()xcoskye“”kZ ,  whichleads to

— Uy K, . _ .. -

B = 02 0 |F9 coskye™<+2 sinky e¥]

A

AX
B
- - ~ \ 1] ’ - - ~ AN [} 7 4 - -~
- =~ N A ' y e =~ N \ Y
N N Y 2 S
B 'Y A < P A dn N
: —— R o

-~ - T o w — L
~ - r 14 \ N N > o+ g ) \ x - -
~ ~ s 4 N\~ = - 4 § [
- - » ’ [ \ ~ - - / ' \ ~ - -
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Multipole expansion of the vector potential

* Let’s now get back to our explicit solution for the vector potential in terms of the current density:

— T ! —_ —
A = Z—O JdV’ % (where, remember, we used the Coulomb gauge V - A =01)
V1 r—r

« Recall that the term 1/| 7 — 7’| can be expanded in terms of the multipole expansion:

1 re .
W = 2 oy P, n-n') , orevenbetter:
£
r<
- Y3y Ym* (77
|r— | _22f+1rf+1 oY)

* Substituting in the expression for the vector potential we get:

4

N /,{O — 47[ r< A * A
A = —|dV' J ({7’ YO(7R) YOO (i
4ﬂJ ();,:12“ (i) Y (@)

£+1
I rét

* Assuming for the moment that we have an inner distribution of currents and we want to compute the vector potential in the exterior region, we get:

— 4 —
A = o " Frlym@y 70 where
47 o~ 20+ 1 ¢ 4

T(fm) = [a’ V't Y;m)*(ﬁ’) T(?’) are the multipoles of the current density.
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Multipole expansion of the vector potential

* There are some subtleties with the multipole expansion of a vector field that we will discuss later. But let’s go with what we have for now, and consider
the multipoles of the current density as they were defined above:

T = [dV’ Yy T ()
. Let’s look at the very first term that appears here: the monopole (£ = 0). Since Yé()) = 1/4/4r we have:

R 1 -
J = [dV’— J ()
A

* Now, this is obviously zero. You know it's zero, right?... But how do you go about proving this?

* Think about it: the current integrated inside a volume should only give you a non-zero result if charges are coming in or out of that volume. In other
words, the result is linked to the time variation of the charge — and if all the charges and currents are well inside that volume, then there is no current
exiting that volume.

* So, let’s ask for the help of the equation that relates the spatial variation of the current with the time variation of the charge — the continuity equation:

V-J + 0
ot

* Therefore, if the variation of the charge inside a volume is:

0,

5 9 [ dVp — 0 aslong as we specify that all charges remain inside that volume.
t tly
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Multipole expansion of the vector potential

* Now, let’s go back to our integral and write each component of it as:

. o0
dv J = A% JJ— = A% lJJ —x'—
JV J Z J Z [ aXJ]

* The last term is the divergence of J, which is zero due to our previous assumption that no charges are leaving that volume.
Only the first term remain, but for that we can use the Divergence theorem to write:

J dv Ji = J dv Zi(xiﬂ') = zﬂﬁ ds; x'
v % j ox/ S(V)

J
- Taking a volume that includes all charges and currents means that, on the surface that encloses that volume, the currents
vanish, so all components above must vanish. Therefore, both terms vanish and we have that the monopole vanishes:

J dvJ =0
1%
* Basically the same argument can be used to show that:

J adv (riJj—eri) = 0 , which we will usein a moment.
1%
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Multipole expansion of the vector potential

* OK, so the monopole vanishes. But what about the dipole?

T(lm) = JdV’ r Yl(m)*(ﬁ’) 7(7’) ,  and the vector potential for the dipole term is:

1

A = —— —  ¥Ym@my g = | gV'rr J(F Y™@p) YOO
: 4T£r2m§12>(1+1 RO dr 3 13 ()Z )

m=-—1

ﬂo4ﬂ1[ — 3 A A

= ——— |dV'rrJF#)— P, -7’

4z 3 13 (D7 e
/401

1
= ‘dV’ () - ('] T(F) = 4—— JdV’ [7- 71T ()

47 13 r
* This can be written in terms of the spatial components as:

. 1 | o 1 | 1 |
Al = Z—iﬁ Z rJJdV’ r'iJi(r’) = Z—;F Z rJJdV’ ) (r’J J' = r’iﬂ) ,  where we use the identity in the previous slide.
J J

* This means that we can write the dipole of the vector potential as a vector product:

— -
_ Ho M Xr .

XI(F) py— ,  Where m = > [dV’ r' X 7(7’) is the magnetic dipole moment of the current density J .
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Multipole expansion of the vector potential

- Itis interesting to compare the electric and magnetic dipoles.

* For the electric dipole we have:

— -

pP-r
471'60 7'3

¢(F) = ,  with P = JdV’ ¥ p(r")

- While for the magnetic dipole we have, in almost perfect analogy:

— m X r . 1 N —
Al(r)=Zz 3 ,  with m=EJdV’r’X J (r')

 Notice, however, that the electric potential/field have a monopole, but the magnetic
potential/field do not. This is, of course, due ultimately to the fact that there are
electric monopoles (the charges), while magnetic monopoles do not exist in nature.
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Multipole expansion: example

* As an example of an application of the notions we developed so far, let’s look into a simple situation: a
charged sphere (surface charge density o, and radius R)) that rotates with a constant angular velocity wy,

* The surface charge density and the current density at the surface of the sphere are easy to derive:
p=0y6(r—Ry) , and J = oowoRy sinb 6(r — Ry) ¢

(You can easily check that this obeys the continuity equation!)

* The multipoles of the current density for this rotating charge sphere are:
T = JdV’ reYON R J(F) = JdV’ r YOUUR') |ogwoRy 8(r — Rp) sin 6 |

- Notice that the unit vector ¢’ is not constant as we move around the surface of the sphere — in fact, it
rotates as:

e — ol¢’ e 4 it
@' =—sing’ Xx+cosp’' y= 5 X+ 5 y
I

- Using dV' = r"2dr' d(cos 0") d¢’ and integrating the delta function, the multipoles become:

. ; . e —eW\ [T 4,
T = guwgRE* Jd(cos@')[d(ﬂ’Yé”” (0, ¢) sin ¢ K i >x+< 2 )y]
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Multipole expansion: example

* Now look at the integral over d¢’. The terms look like:

2r . 2r ' .
0 0

hence the only way this integral does not vanishisifm = F 1.

* Now, consider the integral over d(cos 0'):
1
J d(cos ') P;m)(cos @) sin 0’
-1

+ Remember the orthogonality condition for the associated Legendre functions (4 = cos 6):

2 (C+m)!
2W+1(-—m) 0

d" B [(€ —m)!
(m) — 1V . 2\ml2 (—=m) —(—1yr. |27 pim)

* In particular, notice that:

, where recall also that:

1
J dy PY™(p) PLM(p) =
-1

POw =1,

Pl(o)(/,t) =P(u)=p=cosf , and
d

PO () = (=1)(1 - ﬂz)l/zd_Pl(ﬂ) =—sinf , and P(u)=+sind
u
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Multipole expansion: example

* This discussion implies that we only have theterms £ =1, m = £ 1:

— " , " — e\ e e |
J (1’") = aoa)oRg [d(cos 0’)Jd¢’ Yl(m) (@, ¢") sin0’ [(—)x + <—>)’

21

4 ’ ’ m—"'ll 3 . 1 ,—ime : ’ e—i§0’_ei§0,
= ocywyRy [d(cosO) |de'(—1)> 0 2_71' sin@’ e X sind 2—1

* The integral over d(cos 6’) gives:

1 ! 2 4
‘ d(cos 0" sin* @' = J dpy'(1-p?)=2-==—
- 1 3 3

* Hence, we find that:

= — 6y, — — | ——3+= , an
1 0o\ 2, 3 \ T2t T 2?
oD e e [BAm (1T
= + 6y — — [+=3+=
1 %0\ 5, 3 \ Tt Y

* Substituting this into the expression for the vector potential we have:

(\o}

— Ho dr

_ —t-1ymypy Ty _ HO T L Ty 7 (-1) T(=1)
A = 1Y) T = (YO T+ v T

4”{,%2{"_1 dr 3 r? !
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Multipole expansion: example

- Plugging the expressions for Jl(il) into the vector potential we obtain:

_ 4r 1 3 4z [-1 [3 Cr: o3\ 1 [3 TR
A= B2 R A — = sinfe? (-2 ) + —/=sinfe (= +2
4z 3 12 2z 3 | 2 V2z 2 2) T2V 22 2 " 2

* Simplifying all that we get that:

— 1 ) X V , X Y
A = % — aocooRSL sin @ [e“/’ (——+X> 4+ e <+_.+X>

r2 2i 2 2i 2
. Ho 1 R4 ino . ~ ~ .
=3 oyWoR, sin [—sm(p X+ cosg y] @y
Ho L o
= ? GOG)ORg Z sin @ Q

* The solution above is for the region outside the sphere; in the interior it is completely analogous,
with:

- H A ,
A = = ogwoRor sin@ ¢ ,  whichyou can use to check that:

AQA1Or),_g, = — o K .
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Multipole expansion: example

* Now, | obviously took you out for a long walk "around" this
problem: we could have used the axial symmetry from the outset,

then realized that it was only a problem with a dipole (£ = 1),
and skipped the long calculations with the spherical harmonics!

- Infact, it is easy to see that the magnetic dipole of this sphere is:

. 4 4 4 4 —
m = EY ooWoRy 2 = EY ooy @y ,such that:
A = 1 3 (outside the sphere).

T T

 But | wanted to show that, in this simple problem, you can work
with the spherical harmonics — no problem! And for future
problems, you will have to!
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Next class:

- Magnetostatics: examples and applications
- Magnetic dipoles — and quadrupoles!
+ Magnetic force and torque

« Jackson, Ch.5
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