
Collider Physics



1I.B Phase space

• Evaluation of cross sections

• Two-particle final states

• Three-particle final states

• Multi-particle final states
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Reference: Byckling ans Kajantie: Particle Kinematics



Cross section evaluation
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• Consider a process 
<latexit sha1_base64="dhkB+LxuGyedsIzHvvVFOkBDs0c=">AAACDnicbVDLSgMxFM3UV62vqktFgqUgCGWmPtpl0Y3LFuwD2mHIpJk2NDMTkoxQhi5dufFX3EhRxK1rd36DP2E6raDWC8k995x7Se5xOaNSmeaHkVpYXFpeSa9m1tY3Nrey2zsNGUYCkzoOWShaLpKE0YDUFVWMtLggyHcZabqDy4nevCFC0jC4VkNObB/1AupRjJSmnGyeOwgeQ+64sKNCna2kKuq70w2VTCrdlzMLZhJwHlgzkKvsj2uftwfjqpN919M48kmgMENSti2TKztGQlHMyCjTiSThCA9Qj7Q1DJBPpB0n64xgXjNd6IVCn0DBhP05ESNfyqHv6k4fqb78q03I/7R2pLyyHdOAR4oEePqQFzGoF594A7tUEKzYUAOEBdV/hbiPBMJKO5hJTDgvlU9PLDgPvk1oFAvWWcGsaTcuwDTSYA8cgiNggRKogCtQBXWAwR14AE/g2bg3Ho0X43XamjJmM7vgVxhvXzJdnPw=</latexit>

pa + pb ! p1 + p2 + · · ·+ pn

•  Given the scattering amplitude M the total cross section is

 where we added all possible final states and 
<latexit sha1_base64="g/AZ8DmrYRttVB7IOGRJGQKk+yI="></latexit>

F = 2�(s,m2
a,m

2
b)(2⇡)

3n�4

<latexit sha1_base64="xRBNncdMIrZWIpWRK0QHNg7ZWUw="></latexit>

�(x, y, z) = (x� y � z)2 � 4yzwith

•  We use the continuum normalization

<latexit sha1_base64="uMxKumYoQgzRK7jYatPXGS92wEM="></latexit>

� =
1

F

Z nY

j=1

d3pj
2Ej

�4(pa + pb � p1 � · · ·� pn) |M |2

•  For decays:
<latexit sha1_base64="5ccHXHoxTynKUAvRF/MDMTy6Z+I="></latexit>

pa + pb = p and F = 2m(2⇡)3n�4



4

•  The factor          is Lorentz invariant 

<latexit sha1_base64="7IMQ0YbdQXSNDPCgxzz3Nd2XPbQ=">AAAB+XicbZBLSwMxFIUzPmt9jboQcRMsgqsy06rtsiiCywr2Ae1YMmmmDc1khiRTKMP8EzcuFHHrHxF3unHrzzCdVlDrgcDhnHvJ5XNDRqWyrDdjbn5hcWk5s5JdXVvf2DS3tusyiAQmNRywQDRdJAmjnNQUVYw0Q0GQ7zLScAfn474xJELSgF+rUUgcH/U49ShGSkcd02x7AuG4e1OEYRIXLpKOmbPyVio4a+ypyVXKHy+775971Y752u4GOPIJV5ghKVu2FSonRkJRzEiSbUeShAgPUI+0tOXIJ9KJ08sTeKiTLvQCoR9XME1/bsTIl3Lku3rSR6ov/3bj8L+uFSmv7MSUh5EiHE8+8iIGVQDHGGCXCoIVG2mDsKD6Voj7SKNQGlY2hXBaKh8XbThrviHUC3n7JG9daRpnYKIM2AcH4AjYoAQq4BJUQQ1gMAS34B48GLFxZzwaT5PROWO6swN+yXj+ApUnl5w=</latexit>

d3p

2E
<latexit sha1_base64="DrjmG12167OZzgZmYWLP7Gn/52A="></latexit>

d3p

2E
=

Z
d4p �(p2 �m2)⇥(p0) [show it ;-)]

usually omitted

•  Differential cross sections are given by 

•  Sometimes it is possible to remove the delta analytically

<latexit sha1_base64="3y0/Sq+ewLooiYCbkxVwcLj8TLk="></latexit>

d�

dx
=

1

F

Z nY

j=1

d3pj
2Ej

�4(pa + pb � p1 � · · ·� pn) �(x� x(pk)) |M |2
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•  The factor          is Lorentz invariant 

<latexit sha1_base64="7IMQ0YbdQXSNDPCgxzz3Nd2XPbQ=">AAAB+XicbZBLSwMxFIUzPmt9jboQcRMsgqsy06rtsiiCywr2Ae1YMmmmDc1khiRTKMP8EzcuFHHrHxF3unHrzzCdVlDrgcDhnHvJ5XNDRqWyrDdjbn5hcWk5s5JdXVvf2DS3tusyiAQmNRywQDRdJAmjnNQUVYw0Q0GQ7zLScAfn474xJELSgF+rUUgcH/U49ShGSkcd02x7AuG4e1OEYRIXLpKOmbPyVio4a+ypyVXKHy+775971Y752u4GOPIJV5ghKVu2FSonRkJRzEiSbUeShAgPUI+0tOXIJ9KJ08sTeKiTLvQCoR9XME1/bsTIl3Lku3rSR6ov/3bj8L+uFSmv7MSUh5EiHE8+8iIGVQDHGGCXCoIVG2mDsKD6Voj7SKNQGlY2hXBaKh8XbThrviHUC3n7JG9daRpnYKIM2AcH4AjYoAQq4BJUQQ1gMAS34B48GLFxZzwaT5PROWO6swN+yXj+ApUnl5w=</latexit>

d3p

2E
<latexit sha1_base64="DrjmG12167OZzgZmYWLP7Gn/52A="></latexit>

d3p

2E
=

Z
d4p �(p2 �m2)⇥(p0) [show it ;-)]

usually omitted

•  Differential cross sections are given by 

•  Sometimes it is possible to remove the delta analytically

this is the phase space integral

<latexit sha1_base64="3y0/Sq+ewLooiYCbkxVwcLj8TLk="></latexit>

d�

dx
=

1

F

Z nY

j=1

d3pj
2Ej

�4(pa + pb � p1 � · · ·� pn) �(x� x(pk)) |M |2



The phase space integral
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•  Taking
<latexit sha1_base64="luRUV4zishFYw0KpvOlnfoo4bcM="></latexit>

p = pa + pb and s = p2

• It is Lorentz invariant

• The number of integrals is (3n- 4) is hard to do analytically for n 

large

• The choice of variables related to the physics problem!

•  It is a bit of an art!

<latexit sha1_base64="3G0QPQL+aHCk8Ib0VIRTpqdGbDo="></latexit>

Rn(s) =

Z nY

j=1

d3pj
2Ej

�4
 
p�

X

k

pk

!

=

Z nY

j=1

d4pj�(p
2
j �m2

j )�
4

 
p�

X

k

pk

!



Two-particle final states
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<latexit sha1_base64="tAyc8yg2dPSJyTL2zE75FlnevqQ="></latexit>

R2(s,m
2
1,m

2
2) =

Z
d4p1 d4p2 �(p21 �m2

1) �(p
2
2 �m2

2) �
4 (p� p1 � p2)

• Let’s assume that p is timelike and integrate over p2

<latexit sha1_base64="+BjK3PHN/iQ2cjpYr6SdmzTBgRo="></latexit>

R2(s,m
2
1,m

2
2) =

Z
d4p1 �(p21 �m2

1) �((p� p1)
2 �m2

2)

=

Z
d3p1
2E1

�((p� p1)
2 �m2

2)

going to the CM system
<latexit sha1_base64="WJk4br7C3M5U758PLvHTiahFl7w=">AAACBnicbZDLSgMxGIUz9VbrbdSlCMEiVJAyo9V2IxTduKxgL9AZSyZN29AkMyaZQhlm5cZXceNCEbc+gzvfxmk7grcDgY9z/p8kxwsYVdqyPozM3PzC4lJ2Obeyura+YW5uNZQfSkzq2Ge+bHlIEUYFqWuqGWkFkiDuMdL0hheTvDkiUlFfXOtxQFyO+oL2KEY6sTrmbnDj8BCewQJ01K3UkYoPoTMiOLLig1zHzFtFayr4F+wU8iBVrWO+O10fh5wIjRlSqm1bgXYjJDXFjMQ5J1QkQHiI+qSdoECcKDeafiOG+4nThT1fJkdoOHW/b0SIKzXmXjLJkR6o39nE/C9rh7pXcSMqglATgWcX9UIGtQ8nncAulQRrNk4AYUmTt0I8QBJhnTQ3K+G0XCkd2/AvfJXQOCraJ0XrqpSvnqd1ZMEO2AMFYIMyqIJLUAN1gMEdeABP4Nm4Nx6NF+N1Npox0p1t8EPG2ycAupfI</latexit>

pµ = (
p
s,~0)



where
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going to the CM system

<latexit sha1_base64="NNWWIB+5cPVaeq+LOL/Cvgs6t3U="></latexit>

E?
1 =

s+m2
1 �m2

2

2
p
s

<latexit sha1_base64="yPRx9GrJSZzDXjjuY5lT2Ut2S8o="></latexit>

P ?
1 =

�1/2(s,m2
1,m

2
2)

2
p
s

fixed in the CM

<latexit sha1_base64="895rVKffeQireVQ/9tlvYyFRqe8="></latexit>

R2(s,m
2
1,m

2
2) =

1

2

Z
d⌦?

1dE
?
1 P ?

1 �(s� 2E?
1

p
s+m2

1 �m2
2)

=
P ?
1

4
p
s

Z
d⌦?

1

<latexit sha1_base64="WJk4br7C3M5U758PLvHTiahFl7w=">AAACBnicbZDLSgMxGIUz9VbrbdSlCMEiVJAyo9V2IxTduKxgL9AZSyZN29AkMyaZQhlm5cZXceNCEbc+gzvfxmk7grcDgY9z/p8kxwsYVdqyPozM3PzC4lJ2Obeyura+YW5uNZQfSkzq2Ge+bHlIEUYFqWuqGWkFkiDuMdL0hheTvDkiUlFfXOtxQFyO+oL2KEY6sTrmbnDj8BCewQJ01K3UkYoPoTMiOLLig1zHzFtFayr4F+wU8iBVrWO+O10fh5wIjRlSqm1bgXYjJDXFjMQ5J1QkQHiI+qSdoECcKDeafiOG+4nThT1fJkdoOHW/b0SIKzXmXjLJkR6o39nE/C9rh7pXcSMqglATgWcX9UIGtQ8nncAulQRrNk4AYUmTt0I8QBJhnTQ3K+G0XCkd2/AvfJXQOCraJ0XrqpSvnqd1ZMEO2AMFYIMyqIJLUAN1gMEdeABP4Nm4Nx6NF+N1Npox0p1t8EPG2ycAupfI</latexit>

pµ = (
p
s,~0)



where
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going to the CM system

<latexit sha1_base64="NNWWIB+5cPVaeq+LOL/Cvgs6t3U="></latexit>

E?
1 =

s+m2
1 �m2

2

2
p
s

<latexit sha1_base64="yPRx9GrJSZzDXjjuY5lT2Ut2S8o="></latexit>

P ?
1 =

�1/2(s,m2
1,m

2
2)

2
p
s

fixed in the CM

<latexit sha1_base64="895rVKffeQireVQ/9tlvYyFRqe8="></latexit>

R2(s,m
2
1,m

2
2) =

1

2

Z
d⌦?

1dE
?
1 P ?

1 �(s� 2E?
1

p
s+m2

1 �m2
2)

=
P ?
1

4
p
s

Z
d⌦?

1Obtain a phase space

when p is spacelike and

timelike

<latexit sha1_base64="WJk4br7C3M5U758PLvHTiahFl7w=">AAACBnicbZDLSgMxGIUz9VbrbdSlCMEiVJAyo9V2IxTduKxgL9AZSyZN29AkMyaZQhlm5cZXceNCEbc+gzvfxmk7grcDgY9z/p8kxwsYVdqyPozM3PzC4lJ2Obeyura+YW5uNZQfSkzq2Ge+bHlIEUYFqWuqGWkFkiDuMdL0hheTvDkiUlFfXOtxQFyO+oL2KEY6sTrmbnDj8BCewQJ01K3UkYoPoTMiOLLig1zHzFtFayr4F+wU8iBVrWO+O10fh5wIjRlSqm1bgXYjJDXFjMQ5J1QkQHiI+qSdoECcKDeafiOG+4nThT1fJkdoOHW/b0SIKzXmXjLJkR6o39nE/C9rh7pXcSMqglATgWcX9UIGtQ8nncAulQRrNk4AYUmTt0I8QBJhnTQ3K+G0XCkd2/AvfJXQOCraJ0XrqpSvnqd1ZMEO2AMFYIMyqIJLUAN1gMEdeABP4Nm4Nx6NF+N1Npox0p1t8EPG2ycAupfI</latexit>

pµ = (
p
s,~0)



ŝ = (pa + pb)2 = (p1 + p2)2 = E2
cm,

t̂ = (pa � p1)2 = (pb � p2)2 = m2
a + m2

1 � 2(EaE1 � pap1 cos �a1),
û = (pa � p2)2 = (pb � p1)2 = m2

a + m2
2 � 2(EaE2 � pap2 cos �a2)

pa + pb � p1 + p2 The Mandelstam variables for                             

ŝ + t̂ + û = m2
a + m2

b + m2
1 + m2

2with

s-channel physical region
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[this is used to name channels]

<latexit sha1_base64="nt8N+pbt3U8t2IWGzTgZoJj0kK4="></latexit>

ŝ � (ma +mb)
2 why?

<latexit sha1_base64="i7QsPJrMbHJx7OCuBxMJiaczLCo="></latexit>

2m2 + 2µ2 � s  û  (m2 � µ2)2

s

<latexit sha1_base64="On8HVYFYwuiF9uYcFk2vOaH5EX4="></latexit>

��(s,m2, µ2)

s
 t̂  0 for ma = m1 = µ ; mb = m2 = m



ŝ = (pa + pb)2 = (p1 + p2)2 = E2
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t̂ = (pa � p1)2 = (pb � p2)2 = m2
a + m2

1 � 2(EaE1 � pap1 cos �a1),
û = (pa � p2)2 = (pb � p1)2 = m2

a + m2
2 � 2(EaE2 � pap2 cos �a2)

pa + pb � p1 + p2 The Mandelstam variables for                             

ŝ + t̂ + û = m2
a + m2

b + m2
1 + m2

2with

s-channel physical region
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[this is used to name channels]

<latexit sha1_base64="nt8N+pbt3U8t2IWGzTgZoJj0kK4="></latexit>

ŝ � (ma +mb)
2 why?

<latexit sha1_base64="i7QsPJrMbHJx7OCuBxMJiaczLCo="></latexit>

2m2 + 2µ2 � s  û  (m2 � µ2)2

s

<latexit sha1_base64="On8HVYFYwuiF9uYcFk2vOaH5EX4="></latexit>

��(s,m2, µ2)

s
 t̂  0 for ma = m1 = µ ; mb = m2 = m

pa

p2pb

p1

pa

pb

p1

p2

pa

pb

p2

p1

s channel

t channel u channel
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8

[this is used to name channels]

<latexit sha1_base64="nt8N+pbt3U8t2IWGzTgZoJj0kK4="></latexit>

ŝ � (ma +mb)
2 why?

<latexit sha1_base64="i7QsPJrMbHJx7OCuBxMJiaczLCo="></latexit>

2m2 + 2µ2 � s  û  (m2 � µ2)2

s

<latexit sha1_base64="On8HVYFYwuiF9uYcFk2vOaH5EX4="></latexit>

��(s,m2, µ2)

s
 t̂  0 for ma = m1 = µ ; mb = m2 = m



d�2 =
1
4

dt d⇥1

s �1/2 (1, m2
a/s, m2

b/s)

We can express the two-particle phase space as 

9

[Prove this]

[invariant under boosts in the beam direction]

<latexit sha1_base64="OKIwJUL5z1nRJ9UtjQGIv2bsRE8=">AAAB83icbZDLSgMxGIUz9VbrrSq4cRMsgqthplN72ZW6cdmKbYXOUDKZtA3NXEwyhTL0Ndy4UMRt38IncOfGZzHtKHg7EDic8//k53MjRoU0jDcts7K6tr6R3cxtbe/s7uX3DzoijDkmbRyykN+4SBBGA9KWVDJyE3GCfJeRrju+WPTdCeGChsG1nEbE8dEwoAOKkVSR7cGrftEmtzGd5Pr5gqHXFirD1Fg1ZYySaVgWNHVjqUL9qPVO542XZj//anshjn0SSMyQED3TiKSTIC4pZmSWs2NBIoTHaEh6ygbIJ8JJljfP4KlKPDgIuXqBhMv0+0aCfCGmvqsmfSRH4ne3CP/rerEcVJ2EBlEsSYDTjwYxgzKECwDQo5xgyabKIMypuhXiEeIIS4UphVCuVEuWCf+aLwidom6e60ZL0WiAVFlwDE7AGTBBBdTBJWiCNsAgAnfgATxqsXavPWnP6WhG+9w5BD+kzT8Ag3WVTA==</latexit>

dR2 ⌘
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Three-particle final states
<latexit sha1_base64="YPOWB8pk1W1ECf9tdPNUf9ei0DQ="></latexit>

R3(s) =

Z
d4p1 d

4p2 d
4p3�(p

2
1�m2

1) �(p
2
2�m2

2) �(p
2
3�m2

3) �
4 (p� p1 � p2 � p3)

• There are many ways to evaluate R3

• Let’s group p2 and p3
<latexit sha1_base64="bNGGlGhzoU/OFaKVWyGpG5YhSdk="></latexit>

q = p2 + p3 and 1 =

Z
d4q dM2 �4(q � p2 � p3) �(q

2 �M2)

<latexit sha1_base64="u3zmi9T680z34/JSSOlfMtd8+RY="></latexit>

R3 =

Z
dM2

✓Z
d4p1 d4q �(p21 �m2

1) �(q
2 �M2)⇥

Z
d4p2 d4p3 �(p22 �m2

2) �(p
2
3 �m2

3) �
4(q � p2 � p3)

◆
so

and
<latexit sha1_base64="UrJyEWPncM7idF6oZRyk2HNIl1E="></latexit>

R3(s, p1, p2, p3) =

Z
dM2 R2(s, p1, q)⌦R2(q

2, p2, p3)

•  So we simplify to the calculation of two-particle states!
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• The grouping of particles is not unique: 
<latexit sha1_base64="IEZXvVHnvu3WR38EVARkAwSq+7g="></latexit>

p1 + p2 or p2 + p3 or p1 + p3

•  We could also start by integrating over p1
<latexit sha1_base64="YPOWB8pk1W1ECf9tdPNUf9ei0DQ="></latexit>

R3(s) =

Z
d4p1 d

4p2 d
4p3�(p

2
1�m2

1) �(p
2
2�m2

2) �(p
2
3�m2

3) �
4 (p� p1 � p2 � p3)

<latexit sha1_base64="cHdG+VCWJxBFmxtaF37vuUMog90="></latexit>

R3(s) =

Z
d4p1 �(P 2

1 �m2
1)

Z
d4p2 d4p3 �(p22 �m2

2) �(p
2
3 �m2

3) �
4 ((p� p1)� p2 � p3)

=

Z
d4p1 �(p21 �m2

1) R2

�
(p� p1)

2, p2, p3
�
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• The grouping of particles is not unique: 
<latexit sha1_base64="IEZXvVHnvu3WR38EVARkAwSq+7g="></latexit>

p1 + p2 or p2 + p3 or p1 + p3

•  We could also start by integrating over p1
<latexit sha1_base64="YPOWB8pk1W1ECf9tdPNUf9ei0DQ="></latexit>

R3(s) =

Z
d4p1 d

4p2 d
4p3�(p

2
1�m2

1) �(p
2
2�m2

2) �(p
2
3�m2

3) �
4 (p� p1 � p2 � p3)

<latexit sha1_base64="cHdG+VCWJxBFmxtaF37vuUMog90="></latexit>

R3(s) =

Z
d4p1 �(P 2

1 �m2
1)

Z
d4p2 d4p3 �(p22 �m2

2) �(p
2
3 �m2

3) �
4 ((p� p1)� p2 � p3)

=

Z
d4p1 �(p21 �m2

1) R2

�
(p� p1)

2, p2, p3
�



• These choices can be shown graphically as

•  For instance, we  can use the first choice to evaluate the 

process

12

[mention details like boosts]

[there are additional diagrams]
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A bit of history: Dalitz plot

•  Invariant variables

<latexit sha1_base64="U5FTa7hnvMlT65iR6iDEWupsGdY=">AAAB/nicbVDLSgMxFM3UV62vUXGlSLAIglBmWrVdFt24bME+oB2GTJqpoZmZkGSEMhTc+CFuXCjitt/hzm/wJ0ynFdR6IJfDOfdyb47HGZXKsj6MzMLi0vJKdjW3tr6xuWVu7zRlFAtMGjhikWh7SBJGQ9JQVDHS5oKgwGOk5Q2uJn7rjghJo/BGDTlxAtQPqU8xUlpyzT0OuyqC3LXhqa7FtJZcM28VrBRwntgzkq8ejOufD4fjmmu+d3sRjgMSKsyQlB3b4spJkFAUMzLKdWNJOMID1CcdTUMUEOkk6fkjeKyVHvQjoV+oYKr+nEhQIOUw8HRngNSt/OtNxP+8Tqz8ipPQkMeKhHi6yI8Z1B+eZAF7VBCs2FAThAXVt0J8iwTCSieWS0O4KFfOSjacJ98hNIsF+7xg1XUal2CKLNgHR+AE2KAMquAa1EADYJCAR/AMXox748l4Nd6mrRljNrMLfsEYfwGgEJdE</latexit>

p ! p1 + p2 + p3

<latexit sha1_base64="cryhr8nYlZcD3dT40s4eWPXPUWE="></latexit>

s12 ⌘ s1 = (p1 + p2)
2 = (p� p3)

2

s23 ⌘ s2 = (p2 + p3)
2 = (p� p1)

2

s31 ⌘ s3 = (p3 + p1)
2 = (p� p2)

2

there are more invariants in collisions. Notice that

<latexit sha1_base64="SeURyZn1k4R8/L3UKdfY5bAmmjo="></latexit>

s1 + s2 + s3 = s+m2
1 +m2

2 +m2
3
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• In the CM (non-invariant variables)
<latexit sha1_base64="FQ+eF0v96yWnax2gkWYjEM/wcGo=">AAACbXicbZFbS8MwGIbTeprzVBUvPCDB4QHE0XbT7UYYiuDlBLcJ6yxplmpYejBJhVF25y/0zr/gjX/BbJ2gmx8EXt7v+b6EN17MqJCm+aHpM7Nz8wu5xfzS8srqmrG+0RRRwjFp4IhF/MFDgjAakoakkpGHmBMUeIy0vN71sN96JVzQKLyX/Zh0AvQUUp9iJJXlGm9H8Ma14CV0fI5wKuApDFzr0YZnwrUHqe2IFy5TMRjkHS c/ZO0J1s7Y0n9saYItZaw1ybpGwSyao4LTwhqLAhhX3TXenW6Ek4CEEjMkRNsyY9lJEZcUM6J2JoLECPfQE2krGaKAiE46SmsAD5XThX7E1QklHLm/J1IUCNEPPEUGSD6Lyd7Q/K/XTqRf7aQ0jBNJQpxd5CcMyggOo4ddygmWrK8Ewpyqt0L8jFQ8Un1QFsJFpVouWXBa/ITQtIvWedG8KxdqV+M4cmAXHIATYIEKqIFbUAcNgMGnZmjb2o72pW/pe/p+huraeGYT/Cn9+Bszd7SZ</latexit>

E1 =
s+m2

1 � s2
2
p
s

E2 =
s+m2

2 � s3
2
p
s

E3 =
s+m2

3 � s1
2
p
s

<latexit sha1_base64="M6GcqLP3UsTinP/kWtIzeqlKM7A="></latexit>

P1 =
�1/2(s,m2

1, s2)

2
p
s

. . . . . .

• Notice we can go back to invariant variables

<latexit sha1_base64="6kbqfG6rbi0MxiqvPyY4UsKJdgM="></latexit>

s1 = m2
1 +m2

2 + 2E1E2 � 2P1P2 cos ✓12 =)

cos ✓12 =
(s+m2

1 � s2)(s+m2
2 � s3) + 2s(m2

1 +m2
2 � s1)

�1/2(s,m2
1, s2)�

1/2(s,m2
2, s3)
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•  Physical region (anologous/equal to 2 to 2 case)

<latexit sha1_base64="cQtAV84dwuzRRRzcwnXwaK6qBJo="></latexit>

G(s1, s2, s,m
2
1,m

2
2,m

2
3)  0

<latexit sha1_base64="Y6AiS/1pi71RK9mFRc1HOnfBSMc="></latexit>

G(x, y, z, u, v, w) =
1

2

����������

0 1 1 1 1
1 0 v x z
1 v 0 u y
1 x u 0 w
1 z y w 0

����������

• In the CM frame

<latexit sha1_base64="E+GaVtawNcB1d/g6VPHTSF9oFcI=">AAACcXicbZFda9swFIZl76vLvrKPmzE2Dg2DlNFgx93am0LZCOyyG0tbiFMjy8etWtnWJLkQhHvd39e7/ond7A9MTlL20R2QeDjnfZH0KpWCaxMEV55/6/adu/dW7ncePHz0+En36bM9XdWK4ZhVolIHKdUoeIljw43AA6mQFqnA/fT0UzvfP0OleVV+MzOJ04IelTznjBrXSroXX5Oor9dgG2JeGoilqrLEnmyHzWEEca4os5 kjmZw0djhy+3mcoTD0MOpDfIbMBg2sL0g2SQjr1zj8jdEaLEzOor8rY3XrGbXqUasbtYqk2wsGwbzgJoRL6JFl7SbdyzirWF1gaZigWk/CQJqppcpwJrDpxLVGSdkpPcKJw5IWqKd2nlgDb10ng7xSbrlnz7t/OiwttJ4VqVMW1Bzrf2dt83+zSW3yranlpawNlmxxUF4LMBW08UPGFTIjZg4oU9zdFdgxdTEb90mdeQgfNrc2ohBuwnUIe8NB+H4QfNno7XxcxrFCXpFV0ich2SQ75DPZJWPCyA/vhffae+P99F/64K8upL639Dwnf5X/7hf2u7hG</latexit>

R3(s) =

Z 3Y

j=1

d3pj
2Ej

�3(~0� ~p1 � ~p2 � ~p3)�(
p
s� E1 � E2 � E3)
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•  Integrating over 
<latexit sha1_base64="Z0uFyrozHq0Zs/bMFuy19avQC/8=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lqtT0WvXisYD+kDWWznbRLdzdhd1Moob/CiwdFvPpzvPlvTNMIan0w8Hhvhpl5XsiZNrb9aeXW1jc2t/LbhZ3dvf2D4uFRWweRotCiAQ9U1yMaOJPQMsxw6IYKiPA4dLzJzcLvTEFpFsh7MwvBFWQkmc8oMYn00J8CjcP5oDIoluyynQKvEicjJZShOSh+9IcBjQRIQznRuufYoXFjogyjHOaFfqQhJHRCRtBLqCQCtBunB8/xWaIMsR+opKTBqfpzIiZC65nwkk5BzFj/9Rbif14vMn7djZkMIwOSLhf5EccmwIvv8ZApoIbPEkKoYsmtmI6JItQkGRXSEK5q9eqFg1fJdwjtStm5LNt31VLjOosjj07QKTpHDqqhBrpFTdRCFAn0iJ7Ri6WsJ+vVelu25qxs5hj9gvX+BfdDkL8=</latexit>

~p2
<latexit sha1_base64="Z34B3M4Fw1/JL7CEglGOb5jEleg="></latexit>

R3(s) =

Z
d3P1d3p3
8E1E2E3

�(
p
s� E1 � E2 � E3)

with
<latexit sha1_base64="Lp28TKPM9qRLLYPRz65wshJMzZM="></latexit>

E2
2 = P 2

1 + P 2
3 + 2P1P3 cos ✓13 +m2

2

•  Write the integrals as 
<latexit sha1_base64="VPZz7z1FKrnCu5y/P5PSrJBrRhE="></latexit>

d3p1d
3p3 = P 2

1 dP1d⌦1 P 2
3 dP3d cos ✓13d'3

and use the delta:

<latexit sha1_base64="rRjTziTxHppymS7NFsaiPOjNZls="></latexit>

dE2

d cos ✓13
=

P1P3

E2
<latexit sha1_base64="HZ7LOaSAJjzq1lCWoHtl3kjg8Ag="></latexit>

R3(s) =
1

8

Z
dE1dE3d⌦1d'3 ⇥(1� cos2 ✓13)

• Now

<latexit sha1_base64="XJK/mZiyYYOssamODuRkv8eoxIc="></latexit>

dE1 =
ds2
2
p
s

and dE3 =
ds1
2
p
s
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• Finally,
<latexit sha1_base64="FOZz2N14INvuIknqCVm4EQurL2M="></latexit>

R3(s) =
1

32s

Z
ds1ds2d⌦1d'3 ⇥(G(s1, s2, s,m

2
1,m

2
2,m

2
3))

•  A bit of Physics: some decays don’t have a special direction 

<latexit sha1_base64="ASWj1oNPl+tw90IH1g3CUsII3DY="></latexit>

d2R3

ds1ds2
=

⇡2

4s

• We can gain information on the scattering amplitude from data

<latexit sha1_base64="q33A/BDYJQw5USvSmwHtrzE36zY="></latexit>

K+ ! ⇡+⇡+⇡� =) d⌦1 = 4⇡ and d'3 = 2⇡
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• Finally,
<latexit sha1_base64="FOZz2N14INvuIknqCVm4EQurL2M="></latexit>

R3(s) =
1

32s

Z
ds1ds2d⌦1d'3 ⇥(G(s1, s2, s,m

2
1,m

2
2,m

2
3))

•  A bit of Physics: some decays don’t have a special direction 

<latexit sha1_base64="ASWj1oNPl+tw90IH1g3CUsII3DY="></latexit>

d2R3

ds1ds2
=

⇡2

4s

• We can gain information on the scattering amplitude from data

<latexit sha1_base64="q33A/BDYJQw5USvSmwHtrzE36zY="></latexit>

K+ ! ⇡+⇡+⇡� =) d⌦1 = 4⇡ and d'3 = 2⇡
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•  Dalitz plot is still used in real life!

• LHCb analysis of 
<latexit sha1_base64="uSnExV5hXD85ooCI4ZyFetUi8Lg=">AAACAnicbZBLSwMxFIUzPuv4GnUlboJFEMQy46vdiEVdCG4q2Ad0xpJJM21o5kGSEcpQ3PhPxI0LRdy6d+9G/DemnQpqvZDwcc69JPe4EaNCmuanNjY+MTk1nZnRZ+fmFxaNpeWKCGOOSRmHLOQ1FwnCaEDKkkpGahEnyHcZqbqdk75fvSZc0DC4lN2IOD5qBdSjGEklNYzV06stCG0ZwnMFdkSH97beMLJmzhwUHAVrCNmjN/0wuvvQSw3j3W6GOPZJIDFDQtQtM5JOgrikmJGebseCRAh3UIvUFQbIJ8JJBiv04IZSmtALuTqBhAP150SCfCG6vqs6fSTb4q/XF//z6rH0Ck5CgyiWJMDpQ17MoNq4nwdsUk6wZF0FCHOq/gpxG3GEpUotDeEgX9jbteAofIdQ2clZ+znzwswWj0FaGbAG1sEmsEAeFMEZKIEywOAG3INH8KTdag/as/aSto5pw5kV8Ku01y+ijZhC</latexit>

D+ ! K+⇡+⇡�



Multiparticle Phase Space

Diagrams by MadGraph  u u~ -> mu+ mu- g  
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• Choice of variables decided by 
physics

• e.g., m34 in this example

• a possible starting point is the 
relation: X=1+...j and Y=(j+1)+...+n

d�n(ab⇥ 1 . . . n) = d�2(ab⇥ XY ) � dM2
X dM2

Y � d�j(X ⇥ 1 . . . j) �
d�n�j(Y ⇥ j + 1 . . . n)

19



• it is possible to generate “generic” phase spaces

s-channel t-channel

or more customized choices

20





<latexit sha1_base64="MDr8a99w3/S5z5F7HLaYxOJD0Cg="></latexit>

R3(s) =

Z
d4p2 d4p3 �((p� p2 � p3)

2 �m2
1) �(p

2
2 �m2

2) �(p
2
3 �m2

3)


