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Figure 1 © 1983 IEEE. Reprinted, with permission, from the IEEE and R. H. Stevens. 
 
Abstract: Definitions used for measurement of electric power quantities under sinusoidal, 
nonsinusoidal, balanced, or unbalanced conditions are provided in this standard. Mathematical 
expressions that were used in the past, as well as new expressions, are listed, as well as 
explanations of the features of the new definitions. 

Keywords: active power, apparent power, nonactive power, power factor, reactive power, total 
harmonic distortion 
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Introduction 

This introduction is not part of IEEE Std 1459-2010, IEEE Standard Definitions for the Measurement of Electric Power 
Quantities Under Sinusoidal, Nonsinusoidal, Balanced, or Unbalanced Conditions. 

The definitions for active, reactive, and apparent powers that are currently used are based on the knowledge 
developed and agreed on during the 1940s. Such definitions served the industry well, as long as the current 
and voltage waveforms remained nearly sinusoidal.  

Important changes have occurred in the last 50 years. The new environment is conditioned by the following 
facts: 

a) Power electronics equipment, such as Adjustable Speed Drives, Controlled Rectifiers, 
Cycloconverters, Electronically Ballasted Lamps, Arc and Induction Furnaces, and clusters of 
Personal Computers, represent major nonlinear and parametric loads proliferating among 
industrial and commercial customers. Such loads have the potential to create a host of 
disturbances for the utility and the end-user’s equipment. The main problems stem from the 
flow of nonactive energy caused by harmonic currents and voltages. 

b) New definitions of powers have been discussed in the last 30 years in the engineering literature 
(Filipski and Labaj [B9]a). The mechanism of electric energy flow for nonsinusoidal and/or 
unbalanced conditions is well understood today. 

c) The traditional instrumentation designed for the sinusoidal 60/50 Hz waveform is prone to 
significant errors when the current and the voltage waveforms are distorted (Filipski and Labaj 
[B9]). 

d) Microprocessors and minicomputers enable today’s manufacturers of electrical instruments to 
construct new, accurate, and versatile metering equipment that is capable of measuring electrical 
quantities defined by means of advanced mathematical models. 

e) There is a need to quantify correctly the distortions caused by the nonlinear and parametric 
loads, and to apply a fair distribution of the financial burden required to maintain the quality of 
electric service.  

This standard lists new definitions of powers needed for the following particular situations:  

⎯ When the voltage and current waveforms are nonsinusoidal 

⎯ When the load is unbalanced or the supplying voltages are asymmetrical 

⎯ When the energy dissipated in the neutral path due to zero-sequence current components has 
economical significance  

The new definitions were developed to give guidance with respect to the quantities that should be measured 
or monitored for revenue purposes, engineering economic decisions, and determination of major harmonic 
polluters. The following important electrical quantities are recognized by this standard:  

⎯ The power frequency (60/50 Hz or fundamental) of apparent, active, and reactive powers. These 
three basic quantities are the quintessence of the power flow in electric networks. They define 
what is generated, transmitted, distributed, and sold by the electric utilities and bought by the 
end users. This is the electric energy transmitted by the 60/50 Hz electromagnetic field. In poly-
phase systems, the power frequency positive-sequence powers are the important dominant 
quantities. The power frequency positive-sequence power factor is a key value that helps 
determine and adjust the flow of power frequency positive-sequence reactive power. The 

                                                 
a The numbers in brackets correspond to those of the bibliography in Annex C. 
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fundamental positive-sequence reactive power is of utmost importance in power systems; it 
governs the fundamental voltage magnitude and its distribution along the feeders and affects 
electromechanical stability as well as the energy loss. 

⎯ The effective apparent power in three-phase systems is eee IVS 3= , where eV  and eI  are the 
equivalent voltage and current. In sinusoidal and balanced situations, Se is equal to the 
conventional apparent power IVIVS n 33 == , where nV  and V  are the line-to-neutral 
and the line-to-line voltage, respectively. For sinusoidal unbalanced or for nonsinusoidal 
balanced or unbalanced situations, Se allows rational and correct computation of the power 
factor. This quantity was proposed in 1922 by the German engineer Buchholz [B1] and in 1933 
was explained by the American engineer Goodhue [B11].  

⎯ The non-60 Hz or nonfundamental apparent power is SN (for brevity, 50 Hz power is not always 
mentioned). This power quantifies the overall amount of harmonic pollution delivered or 
absorbed by a load. It also quantifies the required capacity of dynamic compensators or active 
filters when used for nonfundamental compensation alone. 

⎯ Current distortion power DI identifies the segment of nonfundamental nonactive power due to 
current distortion. This is usually the dominant component of SN. 

⎯ Voltage distortion power DV separates the nonfundamental nonactive power component due to 
voltage distortion.  

⎯ Apparent harmonic power SH indicates the level of apparent power due to harmonic voltages 
and currents alone. This is the smallest component of SN and includes the harmonic active power 
PH.  

To avoid confusion, it was decided not to add new units. The use of the watts (W) for instantaneous and 
active powers, volt-amperes (VA) for apparent powers, and (var) for all the nonactive powers maintains the 
distinct separation among these three major types of powers.  

There is not yet available a generalized power theory that can provide a simultaneous common base for  

⎯ Energy billing 

⎯ Evaluation of electric energy quality 

⎯ Detection of the major sources of waveform distortion 

⎯ Theoretical calculations for the design of mitigation equipment such as active filters or dynamic 
compensators  

This standard is meant to provide definitions extended from the well-established concepts. It is meant to 
serve the user who wants to measure and design instrumentation for energy and power quantification. It is 
not meant to help in the design of real-time control of dynamic compensators or for diagnosis 
instrumentation used to pinpoint to a specific type of annoying event or harmonic. 

These definitions are meant to serve as a guideline and as a useful benchmark for future developments. 

Notice to users 

Laws and regulations 

Users of these documents should consult all applicable laws and regulations. Compliance with the 
provisions of this standard does not imply compliance to any applicable regulatory requirements. 
Implementers of the standard are responsible for observing or referring to the applicable regulatory 
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requirements. IEEE does not, by the publication of its standards, intend to urge action that is not in 
compliance with applicable laws, and these documents may not be construed as doing so.  

Copyrights 

This document is copyrighted by the IEEE. It is made available for a wide variety of both public and 
private uses. These include both use, by reference, in laws and regulations, and use in private self-
regulation, standardization, and the promotion of engineering practices and methods. By making this 
document available for use and adoption by public authorities and private users, the IEEE does not waive 
any rights in copyright to this document. 

Updating of IEEE documents 

Users of IEEE standards should be aware that these documents may be superseded at any time by the 
issuance of new editions or may be amended from time to time through the issuance of amendments, 
corrigenda, or errata. An official IEEE document at any point in time consists of the current edition of the 
document together with any amendments, corrigenda, or errata then in effect. In order to determine whether 
a given document is the current edition and whether it has been amended through the issuance of 
amendments, corrigenda, or errata, visit the IEEE Standards Association web site at 
http://ieeexplore.ieee.org/xpl/standards.jsp, or contact the IEEE at the address listed previously. 

For more information about the IEEE Standards Association or the IEEE standards development process, 
visit the IEEE-SA web site at http://standards.ieee.org. 

Errata 

Errata, if any, for this and all other standards can be accessed at the following URL:  
http://standards.ieee.org/reading/ieee/updates/errata/index.html. Users are encouraged to check this URL 
for errata periodically. 

Interpretations 

Current interpretations can be accessed at the following URL: http://standards.ieee.org/reading/ieee/interp/ 
index.html. 

Patents 

Attention is called to the possibility that implementation of this standard may require use of subject matter 
covered by patent rights. By publication of this standard, no position is taken with respect to the existence 
or validity of any patent rights in connection therewith. The IEEE is not responsible for identifying 
Essential Patent Claims for which a license may be required, for conducting inquiries into the legal validity 
or scope of Patents Claims or determining whether any licensing terms or conditions provided in 
connection with submission of a Letter of Assurance, if any, or in any licensing agreements are reasonable 
or non-discriminatory. Users of this standard are expressly advised that determination of the validity of any 
patent rights, and the risk of infringement of such rights, is entirely their own responsibility. Further 
information may be obtained from the IEEE Standards Association. 
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IEEE Standard Definitions for the 
Measurement of Electric Power 
Quantities Under Sinusoidal,  
Nonsinusoidal, Balanced, or 
Unbalanced Conditions 

IMPORTANT NOTICE: This standard is not intended to ensure safety, security, health, or 
environmental protection in all circumstances. Implementers of the standard are responsible for 
determining appropriate safety, security, environmental, and health practices or regulatory 
requirements. 

This IEEE document is made available for use subject to important notices and legal disclaimers.  
These notices and disclaimers appear in all publications containing this document and may  
be found under the heading “Important Notice” or “Important Notices and Disclaimers  
Concerning IEEE Documents.” They can also be obtained on request from IEEE or viewed at 
http://standards.ieee.org/IPR/disclaimers.html. 

1. Overview 

This standard is divided into three clauses. Clause 1 lists the scope of this document. Clause 2 lists 
references to other standards that are useful in applying this standard. Clause 3 provides the definitions, 
among which there are several new expressions.  

The preferred mathematical expressions recommended for the instrumentation design are marked with a || 
sign. The additional expressions are meant to reinforce the theoretical approach and to facilitate a better 
understanding of the explained concepts.  

1.1 Scope 

This document provides definitions of electric power to quantify the flow of electrical energy in single-
phase and three-phase circuits under sinusoidal, nonsinusoidal, balanced, and unbalanced conditions. 
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1.2 Purpose 

This document provides organizations with criteria for designing and using metering instrumentation. 

2. Normative references 

The following referenced documents are indispensable for the application of this document (i.e., they must 
be understood and used, so each referenced document is cited in text and its relationship to this document is 
explained). For dated references, only the edition cited applies. For undated references, the latest edition of 
the referenced document (including any amendments or corrigenda) applies. 

DIN 40110-1997, Quantities Used in Alternating Current Theory.1 

IEC 80000-6:2008, Quantities and Units—Part 6: Electromagnetism.2 

3. Definitions 

For the purposes of this document, the following terms and definitions apply. The IEEE Standards 
Dictionary: Glossary of Terms & Definitions should be referenced for terms not defined in this clause.3  

NOTE—Mathematical expressions that are considered appropriate for instrumentation design are marked with the sign 
|| . When the sign ||  appears on the right side, it means that the last expression that is listed is favored. Each descriptor 
of a power type is followed by its measurement unit in parentheses.4  

3.1 Single phase 

3.1.1 Single-phase sinusoidal 

A sinusoidal voltage source 

2 sin( )v V tω=  

supplying a linear load will produce a sinusoidal current (assumed lagging the voltage) of 

2 sin(ω θ)i I t= −  

where 

V is the rms value of the voltage (V) 
I is the rms value of the current (A)  

                                                 
1DIN publications are available from DIN Deutsches Institut für Normung, e.V., Burggrafenstrabe 6, 10787 Berlin, Germany 
(http://www.din.de). 
2IEC publications are available from the Sales Department of the International Electrotechnical Commission, Case Postale 131, 3 rue 
de Varembé, CH-1211, Genève 20, Switzerland/Suisse (http://www.iec.ch/). IEC publications are also available in the United States 
from the Sales Department, American National Standards Institute, 11 West 42nd Street, 13th Floor, New York, NY 10036, USA. 
3 The IEEE Standards Dictionary: Glossary of Terms & Definitions is available at http://shop.ieee.org/. 
4 Notes in text, tables, and figures of a standard are given for information only and do not contain requirements needed to implement 
this standard. 
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ω is the angular frequency 2πf (rad/s)  
f is the power system frequency (Hz) 
θ is the phase angle between the current and the voltage (rad) 
t is the time (s) 

For more information on symbols and units, see IEEE Std 280TM-1985 [B13] and IEC 80000-6:2008. 

3.1.1.1 Instantaneous power (W) 

The instantaneous power p is given by  

vip =||  

qa ppp +=  

where 

cos [1 cos(2 )] [1 cos(2 )]ap VI t P t= θ − ω = − ω ;   cosP VI= θ  

sin sin(2 ) sin(2 )qp VI t Q t= − θ ω = − ω ;   sinQ VI= θ  

NOTE 1—The component pa is the instantaneous active power. It is produced by the active component of the current 
(i.e., by the component that is in phase with the voltage). The instantaneous active power pa is the rate of flow of the 
energy 

0

0 0( ) [sin(2 ) sin(2 )]
2

t

a a
t

Pw p dt P t t t t= = − − ω − ω
ω∫  

This energy flows unidirectional from the source to the load. Its steady-state rate of flow is not negative, pa ≥ 0. 

NOTE 2—The instantaneous active power has two terms: the active or real power P and the intrinsic power 
cos(2 )P t− ω . The intrinsic power is always present when net energy is transferred to the load; however, this oscillating 

component does not cause power loss in the supplying lines. 

NOTE 3—The component pq is the instantaneous reactive power. It is produced by the reactive component of the 
current (i.e., the component that is in quadrature with the voltage). The instantaneous reactive power pq is the rate of 
flow of the energy 

0

0[cos(2 ) cos(2 )]
2

t

q q
t

Qw p dt t t= = ω − ω
ω∫  

This energy component oscillates between the sources and the electromagnetic energy stored within the magnetic field 
of the inductors and electric field of the capacitors of electrical equipment, as well as the mechanical energy stored in 
moving masses pertaining to electromechanical systems (motor and generator rotors, plungers, and armatures). The 
average value of this rate of flow is zero, and the net transfer of energy to the load is nil; nevertheless, these power 
oscillations do cause power loss (Joule and eddy-current) in the conductors. 

3.1.1.2 Active power (W) 

The active power P, which is also called real power, is the average value of the instantaneous power during 
the measurement time interval τ to τ + kT 
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1||
kT

P pdt
kT

τ

τ

+
= ∫ 1 kT

ap dt
kT

τ

τ

+
= ∫  

where 

T = 1/f   is the cycle time (s) 
k   is a positive integer number 
τ  is the moment when the measurement starts 

cosP VI= θ  

NOTE—P is also equal to the average of pa over a period, or an integer number of periods, because the average of pq is 
zero. 

3.1.1.3 Reactive power (var) 

The magnitude of the reactive power Q equals the amplitude of the oscillating instantaneous reactive power 
pq.  

Q = VI sin θ 

1 1 1 1
2 2

kT kT kTdi dvQ vdi idv v dt i dt v idt dt
kT dt kT dt kT

τ τ τ

τ τ τ

ω
π π ω ω

+ + +− − − ⎡ ⎤= = = = = ⎢ ⎥⎣ ⎦∫ ∫ ∫ ∫ ∫ ∫  

||
kT

Q i vdt dt
kT

τ+

τ

ω ⎡ ⎤= ⎢ ⎥⎣ ⎦∫ ∫  

NOTE 1— If the load is inductive, then Q > 0. If the load is capacitive, then Q < 0. This means that when the current 
lags the voltage θ > 0 and vice versa. 

NOTE 2—The application of the previous definitions to nonsinusoidal conditions is presented in A.2. 

3.1.1.4 Apparent power (VA) 

The apparent power S is the product of the root-mean-square (rms) voltage and the rms current (see The 
IEEE Standards Dictionary: Glossary of Terms & Definitions5). 

||S VI=  

22 QPS +=  

NOTE 1—The apparent power of a single-phase load can be interpreted as the maximum active power that can be 
transmitted through the same line while keeping the load rms voltage V constant and the supplying line power loss 
constant (i.e., the rms current I constant). This is an ideal condition, for which the process of energy conversion at the 
load remains unchanged, but the utilization of the supplying line is improved (i.e., the thermal stress of the line or cable 
remains the same while the amount of energy transmitted through the supplying line is increased). This concept implies 
that an additional load with unity power factor can be connected in parallel with the original load compensated by 
means of a shunt capacitance or an active compensator. 

NOTE 2—The instantaneous power p follows a sinusoidal oscillation with a frequency 2 2 / 2f = ω π  biased by the 
active power P. The amplitude of the sinusoidal oscillation is the apparent power S.  

                                                 
5 The IEEE Standards Dictionary: Glossary of Terms & Definitions is available at http://shop.ieee.org/. 
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3.1.1.5 Power factor 

|| PF P
S

=  

NOTE 1—The power factor can be interpreted as the ratio between the energy transmitted to the load over the 
maximum energy that could be transmitted provided the line losses are kept the same. 

NOTE 2—For a given S and V, maximum utilization of the line is obtained when P = S; hence, the ratio P/S is a 
utilization factor indicator. 

NOTE 3—When a load, or a cluster of loads, is to be compensated to a higher power factor, the load voltage will 
increase by a certain increment. If the new voltage is larger than the recommended value, the load voltage can be 
reduced and brought within recommended range by means of voltage regulators, transformer tap-changers, or other 
methods of voltage control.  

3.1.1.6 Complex power (VA) 

The complex power is a complex quantity in which the active power is the real part and the reactive power 
is the imaginary part 

S =+= jQP VI ∗  

where according to 3.1.1 

oV 0/=V  is the voltage phasor 
θ−= /II  is the current phasor 

θ/I=∗I  is the complex conjugate of the current phasor 

This expression stems from the power triangle, S, P, and Q, and is useful in power flow studies. Figure 1 
summarizes the conventional power flow directions as interpreted in literature (see Stevens [B19]). The 
angle θ is the phase angle of the equivalent complex impedance Z/ θ  = /V I . 
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Figure 1 —Four-quadrant power flow directions  

(© 1983 IEEE. Reprinted, with permission, from the IEEE and R. H. Stevens [B19]) 

3.1.2 Single-phase nonsinusoidal 

For steady-state conditions, a nonsinusoidal periodical instantaneous voltage or current has two distinct 
components: the power system frequency components v1 and i1 and the remaining term vH and iH, 
respectively.  

Hvvv += 1  and Hiii += 1  

where 
 1 1 12 sin( )v V t= ω −α  

1 1 12 sin( )i I t= ω −β  

0
1

2 sin( )H h h
h

v V V h t
≠

= + ω − α∑  

0
1

2 sin( )H h h
h

i I I h t
≠

= + ω − β∑  
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The corresponding rms values squared are as follows:  

2 2 2 2
1

1 kT
HV v dt V V

kT

τ

τ

+
= = +∫  

2 2 2 2
1

1 kT
HI i dt I I

kT

τ+

τ
= = +∫  

where 

||2
1

2

1

22
0

2 VVVVV
h

hH −=+= ∑
≠

 

and 

||2
1

2

1

22
0

2 IIIII
h

hH −=+= ∑
≠

 

are the squares of the rms values of Hv and Hi , respectively. 

NOTE 1—The direct voltage and the direct current terms V0 and I0, must be included in VH and IH. Significant direct 
current (dc) components are rarely present in alternating current (ac) power systems; however, traces of dc are 
common.  

NOTE 2—Distorted waveforms often contain frequency components called interharmonics (see  
IEC 61000-4-7:2002 [B12]). A special group of interharmonics is characterized by h < 1. The components belonging to 
this group have periods larger than the period T of the fundamental frequency. They are called subsynchronous 
frequency components or subsynchronous interharmonics (in the earlier documents, they are called subharmonics).  

NOTE 3—If the distorted voltage and current waveforms consist of harmonics only, then a measurement time interval 
kT (see 3.1.1.2) enables the correct measurement of rms and power values. If the monitored waveform contains an 
interharmonic, the measurement time interval kT, which is needed to correctly measure rms values and powers, is the 
least common multiple of the periods of the fundamental component and the interharmonic component (i.e., ikT mT= ; 

1 /i iT f= , where if  is the interharmonic frequency and ,k m =  integer numbers). When the measurement time 
interval kT does not include an integer number of periods Ti (i.e., ikT mT≠ ), the rms value of the interharmonic as well 
as the powers associated with it are incorrectly measured (see Peretto et al. [B17]). This error is also reflected in the 
measurement accuracy of the total rms and powers values. The error is also compounded by the fact that cross-products 
between the interharmonic current and harmonic voltages (and vice versa) do not yield instantaneous powers with zero 
mean value. 

If at least one of the interharmonics of order h is an irrational number, then the observed waveform is not periodic (it is 
called nearly periodic.) In such a case, the measurement time interval kT should be infinitely large to have a correct 
measurement of the rms value or power. For practical situations when the bulk power is carried by the fundamental 
components, such errors are small (see A.1). The larger the measurement time kT, the less significant become the errors 
caused by interharmonics (see Peretto et al. [B16]). The theoretical measurement error created when the active power 
of an interharmonic is measured is strongly affected by the phase angle between the voltage and the current. The closer 
the phase angle is to ±90°, the larger becomes the error (see Peretto et al. [B16]).  

Figure 2 presents the envelopes of the maximum errors made when the rms value of an interharmonic is measured in 
function of the number of cycles m.  

For example, if m = 20, the rms value of the interharmonic will be measured with a maximum error of ±0.2%. 
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Figure 2 —Percent maximum error of rms measurement versus number of cycles 

3.1.2.1 Total harmonic distortion (THD) 

The overall deviation of a distorted wave from its fundamental can be estimated with the help of the total 
harmonic distortion. The total harmonic distortion of the voltage is as follows: 

2

1 1
|| THD 1H

V
V V
V V

⎛ ⎞
= = −⎜ ⎟

⎝ ⎠
 

The total harmonic distortion of the current is as follows: 

2

1 1
|| THD 1H

I
I I
I I

⎛ ⎞
= = −⎜ ⎟

⎝ ⎠
 

3.1.2.2 Instantaneous power (W) 

vip =  

qa ppp +=  

where the first term  

0 0 cos [1 cos(2 2 )]a h h h h
h

p V I V I h t= + θ − ω − α∑  
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is the part of the instantaneous power that is equal to the sum of harmonic active powers. The harmonic 
active power of order h is caused by the harmonic voltage of order h and the component of the harmonic 
current of order h in-phase with the harmonic voltage of order h. Each instantaneous active power of order 
h has two terms: an active, or real, harmonic power cosh h h hP V I= θ , and the intrinsic harmonic power 

cos(2 2 )h hP h t− ω − α , which does not contribute to net transfer of energy or to additional power loss in 
conductors. 

The second term pq is a term that does not represent a net transfer of energy (i.e., its average value is nil); 
nevertheless, the current related to these nonactive components causes additional power loss in conductors. 

0 0

sin sin(2 2 ) 2 sin( )sin( )

2 sin( ) 2 sin( )

q h h h h m n m n
h n m

m n

h h h h
h h

p V I h t V I m t n t

V I h t I V h t

≠

= − θ ω − α + ω − α ω − β

+ ω − β + ω − α

∑ ∑ ∑

∑ ∑
 

The angle h h hθ = β − α  is the phase angle between the phasors Vh and Ih. 

3.1.2.3 Active power (W) 

1 1||
kT kT

aP pdt p dt
kT kT

τ τ

τ τ

+ +
= =∫ ∫  

HPPP += 1  

The components P1 and PH are defined in 3.1.2.4 and 3.1.2.5. 

3.1.2.4 Fundamental active power (W) 

1 1 1 1 1 1
1|| cos

kT
P v i dt V I

kT

τ+

τ
= = θ∫  

NOTE—The fundamental active power is often referred to by the fundamental frequency. For example, for a 60 Hz 
power system P1 can be referred to as “60 Hz active power.” 

3.1.2.5 Harmonic active power (nonfundamental active power) (W) 

0 0 1
1

cos ||H h h h
h

P V I V I P P
≠

= + θ = −∑  

NOTE 1— HP  as defined contains also components for which h is not an integer (i.e., interharmonics and 
subharmonics). 

NOTE 2—For ac motors, which make up most loads, the harmonic active power is not a useful power (does not 
contribute to the positive sequence torque). Consequently, it is meaningful to separate the fundamental active power P1 
from the harmonic active power PH . 

Authorized licensed use limited to: UNIVERSIDADE DE SAO PAULO. Downloaded on August 08,2012 at 22:16:10 UTC from IEEE Xplore.  Restrictions apply. 



IEEE Std 1459-2010 
IEEE Standard Definitions for the Measurement of Electric Power Quantities Under Sinusoidal, Nonsinusoidal, Balanced, 

or Unbalanced Conditions 

10 
Copyright © 2010 IEEE. All rights reserved. 

NOTE 3—When it is necessary to compute separately the powers of a component with a noninteger value of h, caution 
must be used. A measurement error will be caused if the measurement time interval kT is not an integer number of 
periods T/h (T/h being the period of the observed component). 

NOTE 4—The harmonic active power is often referred to by the fundamental frequency. For example, for a 60 Hz 
power system, PH can be referred to as “non-60 Hz active power.” 

3.1.2.6 Fundamental reactive power (var) 

1 1 1

1 1 1

||

sin

kT
Q i v dt dt

kT
V I

τ+

τ

ω ⎡ ⎤= ⎢ ⎥⎣ ⎦
= θ

∫ ∫  

3.1.2.7 Apparent power (VA) 

VIS =||  

NOTE 1—Apparent power is the amount of active power that can be supplied to a load, or a cluster of loads, under 
ideal conditions. The ideal conditions may assume the load supplied with sinusoidal voltage and current. The loads are 
compensated by means of active or passive devices such that the line current is sinusoidal and in phase with the voltage 
that, ideally, is also adjusted to be sinusoidal. The rms value of the current I is kept equal with the line rms value of the 
actual current. The load voltage is adjusted to a value that yields unchanged load performance (i.e., the same amount of 
useful energy is converted and delivered by the load). If the performance criterion is the electrothermal conversion of 
the electric energy, then the rms value of the voltage at the terminals where the measurement is implemented must be 
kept constant. 

NOTE 2—An important practical property of S is that the power loss ΔP, in the feeder that supplies the apparent power 
S, is a nearly linear function of S2 (see Emanuel [B7]).  

R
VS

V
r

P e
2

2
2 +=Δ  

where 

R  is an equivalent shunt resistance, representing transformer core losses and cable dielectric 
losses 

re  is the effective Thevenin resistance. Theoretically re can be obtained from the 
equivalence of losses as follows: 

22
h

h
shdce IKrIr ∑=  

where 

V/SI =  

1>shK  is a coefficient that accounts for the skin effect and proximity effect, as well as the 
losses caused in cable sheath. This coefficient is a function of harmonic frequency 
and the geometry and conductors’ material. The value of re is affected by the 
current harmonic spectrum.  

rdc is the Thevenin dc resistance (Ω). 
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3.1.2.8 Fundamental apparent power (VA) 

Fundamental apparent power S1 and its components P1 and Q1 are the actual quantities that help define the 
rate of flow of the electromagnetic field energy associated with the fundamental voltage and current  

1 1 1S V I=  

2
1

2
1

2
1 QPS +=  

NOTE—The fundamental apparent power is often referred to by the fundamental frequency. For example, for a 60 Hz 
power system, S1 can be referred to as “60 Hz apparent power.” 

3.1.2.9 Nonfundamental apparent power (VA) 

The separation of the rms current and voltage into fundamental and harmonic terms (see 3.1.2) resolves the 
apparent power in the following manner (see Emanuel [B8]): 

22
1

22
1

2
1

2
11

22
1

22
1

22 )()()()())(()( NHHHHHH SSIVIVIVIVIIVVVIS +=+++=++==
 

2
1

2|| SSS N −=  

is the nonfundamental apparent power and is resolved in the following three distinctive terms: 

2222
HVIN SDDS ++=  

3.1.2.10 Current distortion power (var) 

1 1(THD ) ||I H ID V I S= =  

3.1.2.11 Voltage distortion power (var) 

1 1(THD ) ||V H VD V I S= =  

3.1.2.12 Harmonic apparent power (VA) 

1(THD )(THD ) ||H H H I VS V I S= =  

22
HHH DPS +=  

3.1.2.13 Harmonic distortion power (var) 

22|| HHH PSD −=  
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In practical power systems, THDV < THDI, and SN can be computed using the following expression (see 
Emanuel [B8]): 

2 2
1 (THD ) (THD )N I VS S≈ +  

When THDV ≤ 5%, this expression yields an error less than 0.15% for any value of THDI.  

For THDV < 5% and THDI > 40%, an error less than 1.00% is obtained using the following expression (see 
Emanuel [B8]):  

1(THD )N IS S≈  

3.1.2.14 Nonactive power (var) 

22|| PSN −=  

This power lumps together both fundamental and nonfundamental nonactive components. In the past, this 
power was called “fictitious power.” The nonactive power N shall not be confused with a reactive power. 
Only when the waveforms are perfectly sinusoidal, QQN == 1 . 

3.1.2.15 Fundamental power factor 

1
1 1

1
PF cos ||

P
S

= θ =  

This ratio helps evaluate separately the fundamental power flow conditions. It can be called the 
fundamental power factor. The fundamental power factor is often referred to by the fundamental frequency. 
For example, for a 60 Hz power system PF1 can be referred to as 60 Hz power factor. PF1 is also often 
referred to as the displacement power factor.  

3.1.2.16 Power factor 

PF P
S

=  

1 1 1 1 1 1
2 2 2 2 2 2
1 1

( / )[1 ( / )] [1 ( / )]PF
PF

1 ( / ) 1 THD THD (THD THD )
H H H

N N I V I V

P P P S P P P PP
S S S S S

+ + +
= = = =

+ + + + +
 

NOTE 1—For a given S and V, maximum utilization of the line is obtained when P = S; hence, the ratio P/S is a 
utilization factor indicator. 

NOTE 2—The overall degree of harmonic injection produced by a large nonlinear load, or by a group of loads or 
consumers, can be estimated from the ratio SN /S1. The effectiveness of harmonic filters also can be evaluated from such 
a measurement. The measurements of S1, P1, PF1, or Q1 help establish the characteristics of the fundamental power 
flow. 

Authorized licensed use limited to: UNIVERSIDADE DE SAO PAULO. Downloaded on August 08,2012 at 22:16:10 UTC from IEEE Xplore.  Restrictions apply. 



IEEE Std 1459-2010 
IEEE Standard Definitions for the Measurement of Electric Power Quantities Under Sinusoidal, Nonsinusoidal, Balanced, 

or Unbalanced Conditions 

13 
Copyright © 2010 IEEE. All rights reserved. 

NOTE 3—In most common practical situations, it is difficult to measure correctly the higher order components of PH 
using simple instrumentation. The main reason for this difficulty stems from the fact that the phase angle between the 
voltage phasor hV  and the current phasor hI  may be near / 2±π , so even small errors in phase angle measurement 
can cause large errors in PH, even to the extent of changing the sign of PH. Thus, one should use instrumentation 
optimized specifically for measurements of PH components when making technical decisions regarding harmonics 
compensation, energy tariffs, or the quantification of the detrimental effects made by a nonlinear or parametric load to a 
particular power system (see Emanuel [B8], IEEE Working Group on Non-sinusoidal Situations [B14], and Swart et al. 
[B20]). 

NOTE 4—When THDV < 5% and THDI > 40%, it is convenient to use the following expression: 

12

1PF PF
1 THDI

≈
+

 

NOTE 5— In typical nonsinusoidal situations, DI > DV > SH > PH.. 

The definitions presented in 3.1.2.8 through 3.1.2.16 are summarized in Table 1. 

Table 1 —Summary and grouping of the quantities in single-phase systems  
with nonsinusoidal waveforms 

Quantity or 
indicator Combined Fundamental 

powers 
Nonfundamental 

powers  

Apparent S 
(VA) 

S1 

(VA) 
 SN     SH 

(VA)  
 

Active P 
(W) 

P1 

(W) 
PH 

(W) 
Nonactive N 

(var) 
Q1 

(var) 
DI DV 

(var) 
DH 

Line utilization PF = P/S PF1 = P1/S1 — 
Harmonic pollution — — SN /S1 

NOTE—A more detailed explanation of the power components followed by a numerical example is presented in  
Annex B. 

3.2 Three-phase systems 

3.2.1 Three-phase sinusoidal balanced 

In this case assuming a counterclockwise rotating positive-sequence system, a, b, c, the line-to-neutral 
voltages are as follows: 

2 sin( )av V t= ω  

o2 sin( 120 )bv V t= ω −  

o2 sin( 120 )cv V t= ω +  

Authorized licensed use limited to: UNIVERSIDADE DE SAO PAULO. Downloaded on August 08,2012 at 22:16:10 UTC from IEEE Xplore.  Restrictions apply. 



IEEE Std 1459-2010 
IEEE Standard Definitions for the Measurement of Electric Power Quantities Under Sinusoidal, Nonsinusoidal, Balanced, 

or Unbalanced Conditions 

14 
Copyright © 2010 IEEE. All rights reserved. 

The line currents have similar expressions, and they are as follows: 

2 sin( )ai I t= ω − θ  

o2 sin( 120 )bi I t= ω − θ −  

ο2 sin( 120 )ci I t= ω − θ +  

NOTE 1—Perfectly sinusoidal and balanced three-phase, low-voltage systems are uncommon. Only under laboratory 
conditions, using low-distortion power amplifiers, is it possible to work with ac power sources with THDV < 0.1% and 
voltage unbalance V –/V + < 0.1%. Practical low-voltage systems will rarely operate with THDV < 1% and V –/V + < 
0.4%, where V + and V – are the positive- and negative-sequence voltages. 

NOTE 2—In the case of three-wire systems, the line-to-neutral voltages are defined assuming an artificial neutral node, 
which can be obtained with the help of three identical resistances connected in Y.  

3.2.1.1 Instantaneous power (W) 

For three-wire systems 0=++ cba iii , and the instantaneous power has the following expressions: 
 

Pivivivivivivp ccabbabbcaacccbaab =+=+=+=||  

 
where , , and  ab bc cav v v  are instantaneous line-to-line voltages. Because the voltages and the currents are 
balanced, the instantaneous power p is constant and equal to the active power P. 

For four-wire systems 

Pivivivp ccbbaa =++=||  

If the voltages are referred to an arbitrary reference point r, then the expression of the instantaneous power 
is as follows: 

Pivivivp ccrbbraar =++=||  

where , , and  ar br crv v v  are instantaneous line-to-reference point voltages. 

3.2.1.2 Active power (W) 

1||
kT

P pdt
kT

τ

τ

+
= ∫  

3 cos 3 cosP VI V I= θ = θ  

where 

V  is line-to neutral rms voltage 

V  is line-to-line rms voltage 
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3.2.1.3 Reactive power (var) 

3 sin 3 sinQ VI V I= θ = θ  

2 2| |Q S P= −  

where S is defined in 3.2.1.4. 

3.2.1.4 Apparent power (VA) 

IVVIS 33|| ==  

3.2.1.5 Power factor 

|| PF P
S

=  

3.2.2 Three-phase sinusoidal unbalanced 

In this case, the three current phasors Ia, Ib, and Ic, do not have equal magnitudes, and they are not shifted 
exactly 120° with respect to each other. Load imbalance leads to asymmetrical currents that in turn cause 
voltage asymmetry. There are situations when the three voltage phasors are not symmetrical. This leads to 
asymmetrical currents even when the load is perfectly balanced.  

The line-to-neutral voltages are as follows:  

2 sin( )a a av V t= ω + α  

o2 sin( 120 )b b bv V t= ω + α −  

o2 sin( 120 )c c cv V t= ω + α +  

where at least one of the three line-to-neutral amplitudes aV2 , bV2 , or cV2  has a value different than 
the value of the other two amplitudes. The same may apply to the phase angles aα , bα , and cα . If one 
phase angle has a value different than the value of the other two, the system is losing its symmetry and is 
unbalanced. 

The line currents have similar expressions. They are as follows: 

2 sin( )a a ai I t= ω + β  

o2 sin( 120 )b b bi I t= ω + β −  

o2 sin( 120 )c c ci I t= ω + β −  
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NOTE—In the case of three-wire systems, the line-to-neutral voltages are defined assuming an artificial neutral node, 
which can be obtained with the help of three identical resistances connected in Y.  

3.2.2.1 Instantaneous power (W) 

For three-wire systems, 0=++ cba iii , and the instantaneous power has the following expressions: 

bbcaacccabbaccbaab ivivivivivivp +=+=+=||  

where , , and  ab bc cav v v  are instantaneous line-to-line voltages.  

For four-wire systems, 

ccbbaa ivivivp ++=||  

If the voltages are referred to an arbitrary reference point r, then the expression of the instantaneous power 
is as follows: 

ccrbbraar ivivivp ++=||  

where , , and  ar br crv v v  are instantaneous line-to-reference point voltages.  

3.2.2.2 Active power (W) 

1||
kT

P pdt
kT

τ

τ

+
= ∫  

cba PPPP ++=||  

where , , and a b cP P P  are phase active powers: 

1|| cos
kT

a a a a a aP v i dt V I
kT

τ+

τ
= = θ∫ ;  a a aθ = α − β  

1|| cos
kT

b b b b b bP v i dt V I
kT

τ+

τ
= = θ∫ ;  b b bθ = α − β  

1|| cos
kT

c c c c c cP v i dt V I
kT

τ+

τ

= = θ∫ ;  a a aθ = α − β  

3.2.2.2.1 Positive-, negative-, and zero-sequence active powers (W) 

In systems with four-wires there are situations when the use of symmetrical components may be helpful. 
The symmetrical voltage components V +, V –, and V 0 and current components I +, I –, and I 0 with the 
respective phase angles θ+, θ–, and θ0 yield the following three active power components: 

The positive-sequence active power 
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3 cosP V I+ + + += θ  

The negative-sequence active power 

3 cosP V I− − − −= θ  

The zero-sequence active power 

0 0 0 03 cosP V I= θ  

The total active power is 

0PPPP ++= −+  

3.2.2.3 Reactive power (var) 

Per-phase reactive powers are defined with the help of the following expressions:  

sin
kT

a a a a a aQ i v dt dt V I
kT

τ+

τ

ω ⎡ ⎤= = θ⎢ ⎥⎣ ⎦∫ ∫  

sin
kT

b b b b b bQ i v dt dt V I
kT

τ+

τ

ω ⎡ ⎤= = θ⎢ ⎥⎣ ⎦∫ ∫  

sin
kT

c c c c c cQ i v dt dt V I
kT

τ+

τ

ω ⎡ ⎤= = θ⎢ ⎥⎣ ⎦∫ ∫  

For the imaginary component of the vector apparent power SV (see 3.2.2.6), the total reactive power Q is as 
follows:  

cba QQQQ ++=||  

NOTE—The previous expression of Q cannot be used in conjunction with the arithmetic apparent power SA, which is 
defined in 3.2.2.5. 
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3.2.2.3.1 Positive-, negative-, and zero-sequence reactive powers (var) 

The three reactive powers are as follows: 

The positive-sequence reactive power 

3 sinQ V I+ + + += θ  

The negative-sequence reactive power  

3 sinQ V I− − − −= θ  

The zero-sequence reactive power  

0 0 0 0
ln3 sinQ V I= θ  

The total reactive power is 

0QQQQ ++= −+  

3.2.2.4 Phase apparent powers (VA) 

cccbbbaaa IVSIVSIVS === ;;  

222222222 ;; cccbbbaaa QPSQPSQPS +=+=+=  

3.2.2.5 Arithmetic apparent power (VA) 

cbaA SSSS ++=  

NOTE 1—The arithmetic apparent power cannot be resolved according to 3.1.1.4,  

2 2
AS P Q≠ +  

where 

cba PPPP ++=  

and 

cba QQQQ ++=  

NOTE 2—It is recommended to renounce the arithmetic apparent power definition and replace it with the effective 
apparent power; see 3.2.2.8. 
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3.2.2.6 Vector apparent power (VA) 

22 QPSV +=  

|||)(| jQPQQQjPPPS cbacbaV +=+++++=  

|)(| 00 QQQjPPPSV +++++= −+−+  

NOTE—It is recommended to renounce the vector apparent power definition and replace it with the effective apparent 
power; see 3.2.2.8. 

A geometrical interpretation of SV and SA is presented in Figure 3. 

 

Figure 3 —Arithmetic and vector apparent powers (VA) 

3.2.2.6.1 Positive-, negative-, and zero-sequence apparent powers (VA) 

|||| ++++ +== jQPSS  

|||| −−−− +== jQPSS  

|||| 0000 jQPSS +==  

+ 0| + |VS −= +S S S  

0
AS S S S+ −≠ + +  

3.2.2.7 Vector power factor and arithmetic power factor 

PFV
V

P
S

=  

Authorized licensed use limited to: UNIVERSIDADE DE SAO PAULO. Downloaded on August 08,2012 at 22:16:10 UTC from IEEE Xplore.  Restrictions apply. 



IEEE Std 1459-2010 
IEEE Standard Definitions for the Measurement of Electric Power Quantities Under Sinusoidal, Nonsinusoidal, Balanced, 

or Unbalanced Conditions 

20 
Copyright © 2010 IEEE. All rights reserved. 

PFA
A

P
S

=  

NOTE—A three-phase line supplying one or more customers should be viewed as one single path, one entity that 
transmits the electric energy to locations where it is converted into other forms of energy. It is wrong to view each 
phase as an independent energy route. In poly-phase systems, the meaning of power factor as a utilization indicator is 
retained (see 3.1.2.16). Unity power factor means minimum possible line losses for a given total active power 
transmitted. The following example helps clarify certain limitations pertinent to the outdated, old apparent power 
definitions SA and SV . 

EXAMPLE: 
A four-wire, three-phase system, Figure 4(a), supplies a resistance R connected between phases a and b. 
The active power dissipated by R is as follows:  

R
VPR

23=  

and the line current RVI na /3= . Assuming each line has the resistance r , the total power loss is 

2
6 ⎟

⎠
⎞

⎜
⎝
⎛=Δ

R
VrP

 
Now, let us assume a second system with a perfectly balanced three-phase load, Figure 4(b), consisting of 
three resistances RB connected in Y. This system dissipates the same active power as the unbalanced one; 
hence,  

B
RB R

VP
2

3=  

thus, RB = R and the line currents flowing within the three lines, Figure 4(b), is 

VI
R

=  

The line power loss for this balanced system is as follows:  

2

3 0.5B
VP r P
R

⎛ ⎞Δ = = Δ⎜ ⎟
⎝ ⎠
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Figure 4 —Unbalanced system: (a) actual circuit, (b) balanced equivalent circuit,  
and (c) phasor diagram 

The power loss dissipated in the unbalanced system is twice the power loss in the balanced one. This 
observation leads to the conclusion that the unbalanced system has PF 1< . The balanced system operates 
with minimum possible losses for a given load voltage and active power; hence, its power factor is unity.  

For the unbalanced system, the arithmetic and vector apparent powers have the following components [see 
phasor diagram in Figure 4(c)]:  

3 1cos(30°) ; sin(30°) ;
2 2a a a a a a a a aP V I VI Q V I VI S V I VI= = = = = =  

3 1cos( 30°) ; sin( 30°) ;
2 2b b b b b b b b bP V I VI Q V I VI S V I VI−= − = = − = = =  

0c c cP Q S= = =  

The total active power is 

R
VVIPPP ba

233 ==+=  

The total reactive power is 

0a b cQ Q Q Q= + + =  

The vector apparent power is 

PSV =  

Authorized licensed use limited to: UNIVERSIDADE DE SAO PAULO. Downloaded on August 08,2012 at 22:16:10 UTC from IEEE Xplore.  Restrictions apply. 



IEEE Std 1459-2010 
IEEE Standard Definitions for the Measurement of Electric Power Quantities Under Sinusoidal, Nonsinusoidal, Balanced, 

or Unbalanced Conditions 

22 
Copyright © 2010 IEEE. All rights reserved. 

The arithmetic apparent power is 

R
VVISSSS cbaA

2
322 ==++=  

The power factor computed for the unbalanced system using SV gives PF / 1.0V VP S= = . The power factor 

computed with SA gives PF / 3 / 2 0.866A AP S= = = . 

If the unbalanced load consists of a resistance connected between line and neutral, then PSS ba ==  and 
PF PF 1.0A B= = .  

These results indicate that both the arithmetic and the vector apparent powers do not measure or compute 
power factor correctly for unbalanced loads. As a rule, PF PFA B≤ . 

3.2.2.8 Effective apparent power (VA) 

This concept assumes a virtual balanced circuit that has exactly the same line power losses as the actual 
unbalanced circuit. This equivalence leads to the definition of an effective line current Ie, (see Depenbrock 
and Staudt [B4] and Emanuel [B8]). 

For a four-wire system, the balance of power loss is expressed in the following way: 

2 2 2 2 2( ) 3a b c n er I I I I rI+ + +ρ =  

where 

r  is the line resistance 
nI  is the neutral current (rms value) 

ρ nr
r

=  

nr  is the neutral wire (or the equivalent neutral current return path) resistance 

From the previous equations, the equivalent current for a four-wire system is obtained. 

2 2 2 2
2 2 0 2ρ

|| ( ) ( ) (1 3ρ)( )
3

a b c n
e

I I I I
I I I I+ −+ + +

= = + + +  

In case that the value of the ratio ρ  is not known, it is recommended to use ρ 1.0= . 

For a three-wire system, 00 =I  and 

22
222

)()(
3

|| −+ +=++= IIIIII cba
e  
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NOTE—In practical systems, ρ  is time dependent. The complicated topology of the power network as well as the 
unknown neutral path resistance, that is function of soil moisture and temperature, make the correct estimation of ρ  
nearly impossible. Since the zero-sequence resistance of three-phase lines is larger than the positive sequence 
resistance, it can be concluded that 1.0ρ > , and taking 1.0ρ =  will not put the customer at disadvantage when 
computing Ie (see Pajic and Emanuel [B16] and DIN 40110-1997). 

The equivalent voltage is obtained assuming that the active components of the load consist of a set of three 
equivalent resistances YR connected in Y, supplied by a four-wire line and dissipating the active power YP . 
The remaining active load consists of three Δ -connected equivalent resistances, ΔR , that dissipate the 
power ΔP . The power equivalence between the actual and the equivalent system is expressed as follows: 

ΔΔ
+=

++
+

++

R
V

R
V

R

VVV

R

VVV e

Y

ecabcab

Y

cba 22222222
9

3  

where 

eV  is the effective line-to-neutral voltage. 

With the notation  

ΔΔ

Δ ===
R
R

V
R

R
V

P
P Y

e

Ye

Y

3
3

9
2

2
ξ  

results 

ξξ
ξ

+
++=

+
+++++= −+

1
)()()(

)1(9
)()(3||

20
22

222222 VVVVVVVVVV cabcabcba
e  

In case that the value of the ratio ξ  is not known, it is recommended to use 0.1=ξ , thus leading to the 
following expression: 

2
)()()(

18
)(3

||
20

22
222222 VVV

VVVVVV
V cabcabcba

e ++=
+++++

= −+

 

NOTE—In most practical systems, 0 / 0.04V V + <  and the ratio ξ  does not affect the value of eV . 

For practical situations where the differences between αa, αb, and αc do not exceed ±10° and the differences 
among the line-to-neutral voltages remain within the range of ±10%, the following simplified expression 
can be used:  

22
222

)()(
9

|| −+ +=
++

= VV
VVV

V cabcab
e  

The error caused by this simplified expression is less than 0.2% for the above conditions. This equation 
gives accurate results for three-wire systems. 
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The effective apparent power (see Buchholtz [B1] and Goodhue [B7]) is as follows:  

|| 3e e eS V I=  

NOTE 1—Applying the concept of Se to the unbalanced circuit described in the example given in 3.2.2.7 results in the 
following:  

2 2 2;
3

a b
e e

I I VV V I
R

+= = =  

2 233 2 ;e
V VS P
R R

= =  

Hence the power factor is as follows: 

1PF 0.707 PF PF
2e A V

e

P
S

= = = < <  

NOTE 2—When the system is balanced, then 

a b c eV V V V V= = = =  

a b cI I I I= = =  

0nI =  

and  

V A eS S S= =  

NOTE 3—When the system is unbalanced, then 

V A eS S S≤ ≤  

and  

PF PF PFe A V< <  

NOTE 4—Both the vector and the arithmetic apparent powers do not satisfy the linearity requirement of system power 
loss versus the apparent power squared (see Emanuel [B8]). 

3.2.2.9 Effective power factor 

|| PF /e eP S=  

3.2.2.10 Positive-sequence power factor 

PF /P S+ + +=  
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This index has the same significance as the fundamental power factor 1PF  (see 3.1.2.15). It helps evaluate 
the positive-sequence power flow conditions.  

3.2.2.11 Unbalanced power (VA) 

22 )( +−= SSS eU  

It evaluates the amount of VA caused by the system unbalance. It should not be confused with the voltage 
unbalance. It reflects on both the load unbalance and the voltage asymmetry.  

where  

+++ = IVS 3   is the positive-sequence apparent power 

222 )()()( +++ += QPS  

3.2.3 Three-phase nonsinusoidal and unbalanced systems 

This subclause covers the most general case. It deals with all the situations presented in the 3.2.1 through 
3.2.2. 

3.2.3.1 The effective apparent power and its resolution 

In the past, Se was divided into active power P and nonactive power N as follows: 

222 NPSe +=  

This approach, however, does not separate out the positive-sequence fundamental powers. The approach 
used in 3.1.2.8 to 3.1.2.14 and 3.2.2.8 can be expanded for this situation. 

For a four-wire system, the balance of losses in the actual line and the fictitious one is 

22222 )(3 nh
h

snhndcchbhah
h

shdcee IKrIIIKrIr ∑∑ +++=  

The equivalent resistance dcse rKr 1=  (i,e., the line resistance measured at fundamental frequency), where 

dcr  is the dc resistance and 1sK  is the skin and proximity effect coefficient at fundamental frequency 
(most common being 60 or 50 Hz). Thus, the equivalent current will have the following expression: 

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

⎥
⎦

⎤
⎢
⎣

⎡
+++= ∑

h
nh

dc

ndc

s

snh
chbhah

s

sh
e I

r
r

K
K

III
K
K

I 2

1

222

1
)(

3
1  
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where 

snhsh KK ,  are the skin and proximity effect coefficients of the supplying line conductor and 
the neutral current path, respectively, computed for the h harmonic order, or any 
frequency component present in the currents spectra 

ndcr  is the dc resistance of the neutral current path 

The rms effective current can be separated into two components—the fundamental 1eI  and the 
nonfundamental eHI , (see Emanuel [B8] and IEEE Working Group [B14]. 

2 2
1e e eHI I I= +  

2 2 2 2 1
1 1 1 1 1 1 1

1

1 [( ) ];
3

sn ndc
e a b c n

s dc

K r
I I I I I

K r
ρ ρ= + + + =  

2 2 2 2

1 1 1

1 ( ) ;
3

sh snh ndc
eH h ah bh ch h nh h h

h s s dc

K K r
I I I I I

K K r
κ ρ κ ρ

≠

⎧ ⎫⎡ ⎤= + + + = =⎨ ⎬⎣ ⎦⎩ ⎭
∑  

In most practical applications, the ratios 1, , and hρ ρ hκ  are not known. Moreover, these ratios are function 
of temperature, network topology, and loading. Until tools that allow the correct determination of such 
values will be available, it is recommended to use the values  1.0.1 === hh κρρ  This approach leads to 
simpler expressions that do not disadvantage the user (i.e., yield for the effective current a value smaller 
than the value obtained from the exact expression). The practical expressions are as follows: 

3
||

2222
ncba

e
IIII

I
+++

=  

3
||

2
1

2
1

2
1

2
1

1
ncba

e
IIII

I
+++

=  

||
3

2
1

2
2222

ee
nHcHbHaH

eH II
IIII

I −=
+++

=  

For three-wire systems, 01 == nhn II  and the expressions become simpler. 

3
||

222
cba

e
III

I
++

=  

3
||

2
1

2
1

2
1

1
cba

e
III

I
++

=  

||
3

2
1

2
222

ee
cHbHaH

eH II
III

I −=
++

=  
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The practical expressions for the effective voltage are obtained in a similar manner 

22
1 eHee VVV +=  

[ ]222222 )(3
18
1|| cabcabcbae VVVVVVV +++++=  

[ ]2
1

2
1

2
1

2
1

2
1

2
11 )(3

18
1|| cabcabcbae VVVVVVV +++++=  

[ ] ||)(3
18
1 2

1
2222222

eecaHbcHabHcHbHaHeH VVVVVVVVV −=+++++=  

For three-wire systems 

9
||

222
cabcab

e
VVV

V
++

=  

9
||

2
1

2
1

2
1

1
cabcab

e
VVV

V
++

=  

||
9

2
1

2
222

ee
caHbcHabH

eH VV
VVV

V −=
++

=  

The resolution of eee IVS 3=  is implemented in the manner shown in 3.1.2.9 to 3.1.2.14.  

22
1

2
eNee SSS +=  

where  

111 3|| eee IVS =  is the fundamental effective apparent power and SeN 
is the nonfundamental effective apparent power. The 
resolution of SeN is identical to the resolution of SN 
given in 3.1.2.9. 

222
1

2
1

22|| eHeVeeeeN SDDSSS ++=−=  

The current distortion power, voltage distortion power, and harmonic apparent power are as follows: 

eHee IVD 11 3|| =  

13|| eeHeV IVD =  

eHeHeH IVS 3|| =  

and 
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22|| eHeHeH PSD −=  

By defining the equivalent total harmonic distortions as follows:  

1
|| THD eH

eV
e

V
V

=  

1
|| THD eH

eI
e

I
I

=  

practical expressions, identical to those found in 3.1.2.10 through 3.1.2.14, for the nonfundamental 
apparent power SeN and its components DeI , DeV , and SeH are obtained. 

2 2 2THD THD (THD THD )eN eI eV eI eVS = + +  

1|| (THD )eI e eID S=  

1|| (THD )eV e eVD S=  

1|| (THD )(THD )eH e eV eIS S=  

For systems with THD 5%eV ≤  and THD 40%eI ≥ , the following approximation is recommended (see 
IEEE Working Group [B14]): 

1|| (THD )eN e eIS S=  

The load unbalance can be evaluated using the following fundamental unbalanced power: 

2
1

2
11 )(|| +−= SSS eU  

where 

+
1S  is the fundamental positive-sequence apparent power (VA). This 

important apparent power contains the following components: 

++++ = 1111 cos3 θIVP  is the fundamental active power (W). 

++++ = 1111 sin3 θIVQ  is the fundamental reactive power (var). 

Together they result in  

2
1

2
11 )()( +++ += QPS  

Authorized licensed use limited to: UNIVERSIDADE DE SAO PAULO. Downloaded on August 08,2012 at 22:16:10 UTC from IEEE Xplore.  Restrictions apply. 



IEEE Std 1459-2010 
IEEE Standard Definitions for the Measurement of Electric Power Quantities Under Sinusoidal, Nonsinusoidal, Balanced, 

or Unbalanced Conditions 

29 
Copyright © 2010 IEEE. All rights reserved. 

and the fundamental positive-sequence power factor  

1
1

1

|| PF
P

S

+
+

+=  

that plays the same significant role that the fundamental power factor has in nonsinusoidal single-phase 
systems. 

The power factor is  

|| PF
e

P
S

=  

The most important definitions are summarized in Table 2. 

Table 2 —Summary and grouping of quantities for three-phase systems  
with nonsinusoidal waveforms 

Quantity or indicator Combined Fundamental powers Nonfundamental 
powers  

Apparent Se 
(VA) Se1 1S +  

(VA) 
S1U 

 SeN  
(VA) SeH 

Active P 
(W)  1P+  

(W) 
  PH 

(W) 
 
 

Non-active N 
(var)  1Q+  

(var) 
 DeI 

DeV 
(var) DeH 

Line utilization PF / eP S=  1 1 1PF /P S+ + +=  — 

Harmonic pollution — — 1/eN eS S  

Load unbalance — 1 1/US S +  — 

Table 2 lists the three basic powers: apparent, active, and nonactive. The columns are partitioned into three 
groups—the combined powers, the fundamental powers, and the nonfundamental powers. The last three 
rows give the following indices: power factors (i.e., line utilization factor), harmonic pollution factor, and 
load unbalance factor. 
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Annex A  

(informative) 

Theoretical examples 

A.1 The effect of the integration interval 

Table A.1 summarizes voltage and current phasor values at the input terminals of a nonlinear load taking a 
total active power 716.4072=P  W. The oscillograms are presented in Figure A.1. 

Table A.1—Phasors and the active powers of the studied load 

h f 
(Hz) 

/h hV α  

(V) 

/h hI β  

(A) 

cos( )h h h h hP V I= β − α  

(W) 

0.0217 1.302 43.5 10−⋅ / 90.0−  1.48 /80.2  45.1734 10−− ⋅  

0.0433 2.598 31.4 10−⋅ / 107.3−  2.26 / 8.4−  44.9507 10−− ⋅  

0.957 57.42 0.16 / 75.5−  0.92 5.173/ −  –0.0208 

0.978 58.68 0.56 / 97.2−  2.24 / 193.2−  –0.1329 

1.0 60 70.71 / 7.2−  70.71 / 42.4−  4085.72 

1.022 61.32 0.46 / 82.9−  1.75 / 178.9−  –0.08425 

1.043 62.58 0.35 / 104.3−  0.91 / 202.3−  –0.04488 

3.0 180 5.02 / 76.0−  19.09 /18.3  –7.18671 

4.268 256.1 0.95 /176.4  5.43 / 87.0−  –0.59219 

5.0 300 3.18 / 114.0−  7.64 / 15.8−  –3.46588 

7.0 420 2.33 / 142.0−  3.68 / 43.2−  –1.31261 

9.0 540 1.13 / 165.0−  1.41 / 69.0−  –0.16724 

The voltage and current waves contain harmonics (fundamental, 3rd, 5th, 7th, and 9th) as well as three 
interharmonics (h = 1.022, 1.043, and 4.268) and four subsynchronous interharmonics (h = 0.0217, 0.0433, 
0.957, and 0.978). 

Figure A.2 graphs the theoretical error 

1001
716.4072

1

% 0

⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢

⎣

⎡

−=
∫
t

P

dtvi
t

ε
 

versus time for ms3000ms200 << t . At t = 200 ms, the error is approximately –4%, and as the 
measurement time reaches 3000 ms = 180 cycles, the error is significantly reduced. 
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Figure A.3 presents the error obtained when only the power of the interharmonic of order h = 4.268 is 
measured. In this case, the error can be significant, reaching approximately 112% at t = 300 ms and 
converging toward %8±  around t = 3000 ms. 

 

Figure A.1— Studied voltage (upper trace) and current (lower trace) oscillograms 

 

Figure A.2—Total active power measurement percent error versus measurement time 
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Figure A.3—Interharmonic of order h = 4.268: active power measurement percent  

error versus measurement time 

A.2 The use of varmeters in the presence of distorted waveforms 

Varmeters that use 90° phase shift in time of fundamental may measure correctly the reactive power under 
sinusoidal conditions. When the voltage and current waveforms are highly distorted, such meters yield a 
reading that has questionable significance (see Filipski, and Labaj [B9]; Filipski et al. [B10]; Cataliotti et 
al. [B2], and The IEEE Standards Dictionary: Glossary of Terms & Definitions6). The theoretical 
expressions of the measured results depend on the definition on which the meter design is based 

Case A: 

1 0 2 3 4 5
1 ( ) ( / 4)

kT
Q v t i t T dt Q P P Q P Q

kT

τ

τ

+
= − = + − + − +∫  

where  

 1 1 1 1sin( )Q V I= θ  ; 000 IVP =  ; 2 2 2 2cos( )P V I= θ  ; 3 3 3 3sin( )Q V I= θ  

Case B: 

32
1 0( )

2 3

kT
hQ QQQ vdt i t dt Q k P

kT h

τ

τ

ω π
+ ⎡ ⎤= = + + + +⎢ ⎥⎣ ⎦∫ ∫  

                                                 
6 The IEEE Standards Dictionary: Glossary of Terms & Definitions is available at http://shop.ieee.org/. 
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Case C: 

1 2 3
1 2 3

kT
h

dvQ i dt Q Q Q hQ
kT dt

τ

τω

+−= = + + +∫  

Varmeters that operate according to Budeanu’s definition (see Czarnecki [B3] and Lyon [B15]) will 
measure 

hB QQQQQ +++= 321  

Because sin( )h h h hQ V I= θ can be positive or negative, it results that ||
1
∑

=

≤
h

hQQ ; hence, 2
BQ  is not a 

reliable indicator of the thermal stress caused in the conductors by the reactive power (see  
Pretorius et al. [B18]). 

In conclusion, when the voltage or the current waveforms are highly distorted, none of the previous 
methods yield a correct value for the fundamental reactive power or for the nonactive powers defined in 
this standard (see 3.1.1.3 and 3.1.2.9). 

This standard emphasizes 1Q , the fundamental reactive power, and +
1Q , the fundamental positive-sequence 

reactive power, as separate quantities. 

The effective apparent power is separated in five basic components (see 3.2.3.1 and Annex B): 

2222
1

2
1

2
eHeVeIe SDDQPS ++++=  

The terms eVeI DD ,  and a large part of eHS  are nonactive powers that correctly correlate with the line 
power losses caused by instantaneous power components that oscillate between the measured load and the 
voltage source.  

These components (except the harmonic active power 22
eHeHeH DSP −= ) do not transfer net energy to 

the load. 
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Annex B  

(informative) 

Practical studies and measurements: A detailed explanation of apparent 

power components 

A load is supplied with a nonsinusoidal voltage 

1 2 5 7
1,3,5,7

2 sin( )h h
h

v v v v v V h t
=

= + + + = ω − α∑  

has a nonsinusoidal current 

1 2 5 7
1,3,5,7

2 sin( )h h
h

i i i i i I h t
=

= + + + = ω − β∑  

(To simplify the explanations, the eventual presence of dc components was ignored.) 

In this case, the instantaneous power has 16 terms that can be separated in two groups 

mnhh ppvip +==  

where 

 1 1 3 3 5 5 7 7
1,3,5,7

hh h h
h

p v i v i v i v i v i
=

= + + + = ∑  

 
is the instantaneous power that contains only direct products (i.e., each component is the result of 
interaction of voltage and current harmonics of the same order). 

 

 1 3 5 7 3 1 5 7 5 1 3 7 7 1 3 7
1,3,5,7 1,3,5,7

( ) ( ) ( ) ( )mn m n
m n

n m

p v i i i v i i i v i i i v i i i v i
= =

≠

= + + + + + + + + + + + = ∑ ∑  

is the instantaneous power that contains only cross products (i.e., each component is the result of 
interaction of voltage and current harmonics of different orders). 

The direct products yield  

=hhiv 2 sin( ) 2 sin( ) [1 cos(2 2 )] sin(2 2 )h h h h h h h hV h t I h t P h t Q h tω − α ω − β = − ω − α − ω − α  

where 

 cos( )h h h hP V I= θ  and sin( )h h h hQ V I= θ  

are the harmonic active and reactive powers of order h, respectively, and h h hθ = β − α  is the phase angle 
between the phasors hh IV and . 
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The total active power is 

1
1,3,5,7

h H
h

P P P P
=

= = +∑  

where 

 )cos( 1111 θIVP =  is the fundamental (power-frequency) active power 

 3 5 7
1

H h
h

P P P P P
≠

= + + =∑  is the total harmonic active power 

For each harmonic order, there is an apparent power of order h 

22
hhh QPS +=  

The cross-products of the instantaneous powers have expressions as follows: 

 
{ }2 sin( ) 2 sin( ) cos[( ) ] cos[( ) ]m n m m n n mn m n m nv i V m t I n t D m n t m n t= ω − α ω − β = − ω − α + β + + ω − α − β

 
where 

 nmmn IVD =  

The total apparent power squared 

))(( 2
7

2
5

2
3

2
1

2
7

2
5

2
3

2
1

222 IIIIVVVVIVS ++++++==  

may be separated in the same manner as the instantaneous power, in direct and the cross-products: 

2
5

2
7

2
3

2
7

2
7

2
5

2
3

2
5

2
7

2
3

2
5

2
3

2
7

2
5

2
3

2
1

2
7

2
5

2
3

2
1

2
7

2
7

2
5

2
5

2
3

2
3

2
1

2
1

2 )()(

IVIVIVIVIVIV

VVVIIIIVIVIVIVIVS

++++++

+++++++++=

 
or 

22
1

2
75

2
73

2
57

2
53

2
37

2
35

222
7

2
5

2
3

2
1

2
NVI SSDDDDDDDDSSSSS +=+++++++++++=  

where 

 
2
1

2
1

2
1 QPS +=  

 
with 11 , PS , and 1Q  are the apparent, active, and reactive fundamental powers, and 

2222
HVIN SDDS ++=  
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where 

)( 2
7

2
5

2
3

2
1

2 IIIVDI ++=   is the current distortion power 

)( 2
7

2
5

2
3

2
1

2 VVVIDV ++=   is the voltage distortion power 

2
75

2
73

2
57

2
53

2
37

2
35

2
7

2
5

2
3

2
7

2
5

2
3

2
75

2
73

2
57

2
53

2
37

2
35

2
7

2
5

2
3

2

DDDDDDQQQPPP

DDDDDDSSSS H

+++++++++++=

++++++++=

 (B1) 

 
is the harmonic apparent power 

If the load is supplied by a line with a resistance r the power loss in the line is 

( ) ( )2222
1

2
12

22
12

2
2

2
HVIN SDDQP

V

rSS
V

rS
V

rrIP ++++=+===Δ  (B2) 

It is learned from this expression that every component of S contributes to the total power loss in the 
supplying system. This means that not only fundamental active and reactive powers cause losses but also 
the current and voltage distortion powers as well as the harmonic apparent power cause losses.  

The following numerical example is meant to facilitate the understanding of the previous explanations: 

The instantaneous voltages and currents are 

o
1 2 100sin( 0 )v t= ω −                o

1 2 100sin( 30 )i t= ω −  

o
3 2 8sin(3 70 )v t= ω −               o

3 2 20sin(3 165 )i t= ω −  

o
5 2 15sin(5 140 )v t= ω +            o

5 2 15sin(5 234 )i t= ω +  

o
7 2 5sin(7 20 )v t= ω +               o

7 2 10sin(7ω 234 )i t= +  

The calculated active powers are summarized in Table B.1. 

Table B.1—Active powers 

1 (W)P  3 (W)P  5 (W)P  7 (W)P  (W)P  (W)HP  

8660.00 –13.94 –11.78 –1.74 8632.54 –27.46 

The total harmonic active power =HP  –27.46 W < 0 is supplied by the load and injected into the power 
system. This condition is typical for dominant nonlinear loads. The bulk of the active power is supplied to 
the load by the fundamental component =1P  8660.0 W. 

The four reactive powers are given in Table B.2. 
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Table B.2—Reactive powers 

1 (var)Q  3 (var)Q  5 (var)Q  7 (var)Q  

5000.00 159.39 –224.69 49.97 

Of interest is the fact that 05 <Q , whereas other reactive powers are positive. If one incorrectly defines a 
total reactive power as the sum of the four reactive powers (in accordance with C. Budeanu’s definition): 

67.49847531 =+++= QQQQQB  var 

and assumes that the supplying line has a resistance Ω= 0.1r  and the load is supplied with an rms voltage 
240=V V, the power loss due to BQ  in line is 

WQ
V

rP BB 37.43167.4984
240

1 2
2

2
2

===Δ  

According to the previous analysis, [see Equation (B1) and Equation (B2)], the correct way to find the 
corresponding power loss due to 1 3 5 7, , , and Q Q Q Q  is  

( ) BPWQQQQ
V

rP Δ>=+++=Δ 39.4352
7

2
5

2
3

2
12

 

The reactive power 5Q , despite its negative value, contributes to the line losses in the same way as the 
positive reactive powers. The fact that harmonic reactive powers of different orders oscillate with different 
frequencies reinforces the conclusion that the reactive powers should not be added arithmetically (as 
recommended by Budeanu). 

The cross-products that produce the distortion powers DI and DV are given in Table B.3. 

Table B.3—Distortion powers and their components 

D13 (var) D15 (var) D17 (var) DI (var) 

2000.00 1500.00 1000.00 2692.58 
D31 (var) D51 (var) D71 (var) DV (var) 

800.00 1500.00 500.00 1772.00 

Finally the remaining cross-products that belong to the harmonic apparent power are presented in  
Table B.4. 

Table B.4—Distortion harmonic powers 

D35 (var) D37 (var) D53 (var) D57 (var) D73 (var) D75 (var) 
120.00 80.00 300.00 150.00 100.00 75.00 

The studied system has the rms voltage and current: 

56.101=V  V and 56.103=I  A with the total harmonic distortions 

THD 0.177V =  and THD 0.269I =  
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The apparent power and its components are represented in the following tree: 

 

The fundamental power factor (displacement power factor) is 1 1 1PF / 0.866P S= = , and the power factor is 
PF / 0.821P S= = . The dominant power components are 1P  and 1Q . Due to relatively large distortion, 

NS  is found to be a significant portion of S , and the current distortion power ID  is the dominant 
component of NS . 
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Annex C  

(informative) 
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