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Dinâmica de muitos corpos
primeira aula



• Pontos são aproximações! Na natureza há muitos sistemas complexos!

Galáxias são formadas por estrelas + …

 Como se movem as galáxias no Universo?



• Dependendo da escala que olhamos 


carro de fórmula 1 pode ser tratado como um ponto



• mas os carros tem várias partes


• como relacionar o movimento do ponto com a descrição mais detalhada? 

• Como as forças sobre constituintes se combinam?


• O que é o ponto que vemos de longe?


• O que é relevante?



Objetivos das 2 primeiras aulas:

1. Centro de massa


2. Coordenadas relativas


3. Conservação do momento linear



1. Centro de massa
1.a Aquecimento com 2 partículas

m1
d2~x1

dt2
= ~F ext

1 + ~F12

m2
d2~x2

dt2
= ~F ext

2 + ~F21

<latexit sha1_base64="YYVGaAbfYIMnBSOVw3OoeMPrrxg="></latexit>

m1
d2~x1

dt2
+m2

d2~x2

dt2
= ~F ext

1 + ~F ext
2 + ~F12 + ~F21

(m1 +m2)
d2

dt2

✓
m1~x1 +m2~x2

m1 +m2

◆
= ~F ext

1 + ~F ext
2

<latexit sha1_base64="5XJjHPjSzzcQGizP5snple9V6dc="></latexit>

m1

<latexit sha1_base64="E+lFQODuk4nMjivhL4otg5GYXnw=">AAAB63icbVDLSgNBEOz1GeMrKnjxMhgET2FXo8kxxIvHBMwDkiXMTmaTITO7y8ysEEJ+wYsHRbx69C/8Am9e/BZnsxHUWNBQVHXT3eVFnClt2x/W0vLK6tp6ZiO7ubW9s5vb22+qMJaENkjIQ9n2sKKcBbShmea0HUmKhcdpyxtdJX7rlkrFwuBGjyPqCjwImM8I1okkek62l8vbBXsGtEicOclXDuuf7LX6Vuvl3rv9kMSCBppwrFTHsSPtTrDUjHA6zXZjRSNMRnhAO4YGWFDlTma3TtGJUfrID6WpQKOZ+nNigoVSY+GZToH1UP31EvE/rxNrv+xOWBDFmgYkXeTHHOkQJY+jPpOUaD42BBPJzK2IDLHERJt40hAuS+XiuYMWyXcIzbOCUyxc1E0aVUiRgSM4hlNwoAQVuIYaNIDAEO7gAR4tYd1bT9Zz2rpkzWcO4Besly81WZGi</latexit>

m2

<latexit sha1_base64="KQjmvAzYMmi0osGx6x0QzxHsN4Q=">AAAB63icbVDLSgMxFM3UV62vquDGTbAIrspMrbbLUjcuW7APaIeSSTNtaJIZkoxQhv6CGxeKuHXpX/gF7tz4LWY6FdR64MLhnHu59x4vZFRp2/6wMiura+sb2c3c1vbO7l5+/6Ctgkhi0sIBC2TXQ4owKkhLU81IN5QEcY+Rjje5SvzOLZGKBuJGT0PicjQS1KcY6UTig1JukC/YRXsOuEycBSnUjpqf9LX+1hjk3/vDAEecCI0ZUqrn2KF2YyQ1xYzMcv1IkRDhCRqRnqECcaLceH7rDJ4aZQj9QJoSGs7VnxMx4kpNuWc6OdJj9ddLxP+8XqT9qhtTEUaaCJwu8iMGdQCTx+GQSoI1mxqCsKTmVojHSCKsTTxpCJeVavncgcvkO4R2qeiUixdNk0YdpMiCY3ACzoADKqAGrkEDtAAGY3AHHsCjxa1768l6Tlsz1mLmEPyC9fIFNt6Row==</latexit>

~F ext
1

<latexit sha1_base64="VeKn9RGK5/kll6xVXtyZBZenulU=">AAAB+XicbZBLSwMxFIUz9VXra9Slm9AidFVmtNoui4K4rGAf0NaSSW/b0MyDJFMsw/wS3bhQxK2/wq070R9j2qng60Dg45x7yeU4AWdSWdabkVpYXFpeSa9m1tY3NrfM7Z269ENBoUZ97oumQyRw5kFNMcWhGQggrsOh4YxOp3ljDEIy37tUkwA6Lhl4rM8oUdrqmmZ7DDQ6i68iuFZx1850zZxVsGbCf8GeQ66SzX+8l15uql3ztd3zaeiCpygnUrZsK1CdiAjFKIc40w4lBISOyABaGj3iguxEs8tjvK+dHu77Qj9P4Zn7fSMirpQT19GTLlFD+Tubmv9lrVD1y52IeUGowKPJR/2QY+XjaQ24xwRQxScaCBVM34rpkAhClS4rKeG4VC4e2vgvfJVQPyjYxcLRhW7jBCVKoz2URXlkoxKqoHNURTVE0Rjdonv0YETGnfFoPCWjKWO+s4t+yHj+BJaMl5g=</latexit>

~F ext
2

<latexit sha1_base64="SZ/wKXnZzmVCm6aock3UUrCs5bc=">AAAB+XicbZDNSwJBGMZn7cvsa6tjl0EJPMmuWXqUguhokB+gJrPjqw7OfjAzK8niX1KXDkV07a/o2i3qj2l0DSp7YODH87wv8/I4AWdSWda7kVhaXlldS66nNja3tnfM3b2a9ENBoUp97ouGQyRw5kFVMcWhEQggrsOh7gzPpnl9BEIy37tS4wDaLul7rMcoUdrqmGZrBDQ6n1xHcKMmnXyqY2asnDUTXgR7DplyOvv5UXy9rXTMt1bXp6ELnqKcSNm0rUC1IyIUoxwmqVYoISB0SPrQ1OgRF2Q7ml0+wYfa6eKeL/TzFJ65Pzci4ko5dh096RI1kH+zqflf1gxVr9SOmBeECjwaf9QLOVY+ntaAu0wAVXysgVDB9K2YDoggVOmy4hJOiqXCkY0X4buEWj5nF3LHl7qNUxQriQ5QGmWRjYqojC5QBVURRSN0hx7QoxEZ98aT8RyPJoz5zj76JePlC5gRl5k=</latexit>

~F12

<latexit sha1_base64="WovpjEa2pjIJF4Ki94j6tYIRP0E=">AAAB9HicbZDLSgMxFIbPeK31VhXcuAkWwVWZqdV2WSqIyxbsBdqhZNK0Dc1cTDKFMsxzuHGhiEt9Cp/AnRufxbRTQa0/BD7+/xxy+J2AM6lM88NYWl5ZXVtPbaQ3t7Z3djN7+w3ph4LQOvG5L1oOlpQzj9YVU5y2AkGx63DadEaX07w5pkIy37tRk4DaLh54rM8IVtqyO2NKoqu4G1n5ON3NZM2cORNaBGsO2fJh7ZO9VN6q3cx7p+eT0KWeIhxL2bbMQNkRFooRTuN0J5Q0wGSEB7St0cMulXY0OzpGJ9rpob4v9PMUmrk/NyLsSjlxHT3pYjWUf7Op+V/WDlW/ZEfMC0JFPZJ81A85Uj6aNoB6TFCi+EQDJoLpWxEZYoGJ0j0lJVwUS4UzCy3CdwmNfM4q5M5ruo0KJErBERzDKVhQhDJcQxXqQOAW7uABHo2xcW88Gc/J6JIx3zmAXzJevwAMnJWR</latexit>

~F21

<latexit sha1_base64="+EQtNDRFVovYM+5L62ZfOUoi5ts=">AAAB9HicbZDLSgMxFIbPeK31VhXcuAkWwVWZqdV2WSqIyxbsBdqhZNK0Dc1cTDKFMsxzuHGhiEt9Cp/AnRufxbRTQa0/BD7+/xxy+J2AM6lM88NYWl5ZXVtPbaQ3t7Z3djN7+w3ph4LQOvG5L1oOlpQzj9YVU5y2AkGx63DadEaX07w5pkIy37tRk4DaLh54rM8IVtqyO2NKoqu4G+WtON3NZM2cORNaBGsO2fJh7ZO9VN6q3cx7p+eT0KWeIhxL2bbMQNkRFooRTuN0J5Q0wGSEB7St0cMulXY0OzpGJ9rpob4v9PMUmrk/NyLsSjlxHT3pYjWUf7Op+V/WDlW/ZEfMC0JFPZJ81A85Uj6aNoB6TFCi+EQDJoLpWxEZYoGJ0j0lJVwUS4UzCy3CdwmNfM4q5M5ruo0KJErBERzDKVhQhDJcQxXqQOAW7uABHo2xcW88Gc/J6JIx3zmAXzJevwAMnZWR</latexit>

Definimos o centro de massa por:

~R =
m1~x1 +m2~x2

m1 +m2

<latexit sha1_base64="ZGGoTqMqyRFnDqXxtsoWj7ZuJd8="></latexit>

massa total

M = m1 +m2

<latexit sha1_base64="UeHr34or4BphuMYfq9yVxtYY3HI=">AAAB9HicbVDLSgMxFM34rPVVFdy4CRZBEMpMrbYbodSNG6EF+4B2KJk0bUOTzJhkCmXod7hxoYhL/Qq/wJ0bv8V0WkGtB+7lcM693MvxAkaVtu0Pa2FxaXllNbGWXN/Y3NpO7ezWlB9KTKrYZ75seEgRRgWpaqoZaQSSIO4xUvcGlxO/PiRSUV/c6FFAXI56gnYpRtpI7jW8gLztwBPTs+1U2s7YMeA8cWYkXdyvfNKX0lu5nXpvdXwcciI0ZkippmMH2o2Q1BQzMk62QkUChAeoR5qGCsSJcqP46TE8MkoHdn1pSmgYqz83IsSVGnHPTHKk++qvNxH/85qh7hbciIog1ETg6aFuyKD24SQB2KGSYM1GhiAsqfkV4j6SCGuTUzIO4TxfyJ06cJ58h1DLZpxc5qxi0iiBKRLgAByCY+CAPCiCK1AGVYDBLbgDD+DRGlr31pP1PB1dsGY7e+AXrNcv2I+UJQ==</latexit>

e



M
d2 ~R

dt2
= ~F ext

1 + ~F ext
2

<latexit sha1_base64="8246TxlT9OSNfnwMUEYF2uFpTiA="></latexit>

Então

~vCM =
d~R

dt
=

1

M
(m1~v1 +m2~v2) =

1

M
(~p1 + ~p2)

<latexit sha1_base64="tQHeoBrIu2rB5H6LkHBDjXwLqBA="></latexit>

Logo, o momento do centro de massa é

~PCM = M~vCM = ~p1 + ~p2

<latexit sha1_base64="nV3O2muCHDgIjB67SeA1wWXQP8E=">AAACHnicbZDLSgMxFIYzXmu9jbp0EyyCIJSZ2tpuhEI33RQq2Au0w5BJ0zY0cyHJFMowT+LGV3HjQhHBlb6N6XQsav0h8OU/53CS3wkYFdIwPrW19Y3Nre3MTnZ3b//gUD86bgs/5Ji0sM983nWQIIx6pCWpZKQbcIJch5GOM6nN650p4YL63p2cBcRy0cijQ4qRVJatl/pTgqNmbEe1RgxvYAMmxnRpJNcgtk14ueSCreeMvJEIroKZQg6katr6e3/g49AlnsQMCdEzjUBaEeKSYkbibD8UJEB4gkakp9BDLhFWlHwvhufKGcChz9XxJEzcnxMRcoWYuY7qdJEci7+1uflfrRfKYcWKqBeEknh4sWgYMih9OM8KDignWLKZAoQ5VW+FeIw4wlIlmk1CuC5XilcmXIXvENqFvFnMl26LuWo9jSMDTsEZuAAmKIMqqIMmaAEM7sEjeAYv2oP2pL1qb4vWNS2dOQG/pH18AZx5oc4=</latexit>



Discussão ~R =
m1

m1 +m2
~x1 +

m2

m1 +m2
~x2

=
m1 +m2 �m2

m1 +m2
~x1 +

m2

m1 +m2
~x2

= ~x1 +
m2

m1 +m2
(~x2 � ~x1)

<latexit sha1_base64="2akmJ3Q9PtzeSntTDYBYvSztExw="></latexit>

para ~R ' ~x1 +
m2

m1
(~x2 � ~x1)

<latexit sha1_base64="+heiok4a5/q+B5YvRu76LHo4Io4="></latexit>

~R ' ~x1 +
1

2
(~x2 � ~x1)

<latexit sha1_base64="wynn4oJ6E+53DDevHAV3cAXbGn8="></latexit>

m1 >> m2 =)

<latexit sha1_base64="iej5/rGT90k9VwR5mD41J8rkodo="></latexit>

m1 = m2 =)

<latexit sha1_base64="o77Apr6PTUy5xWjfOl85kiFG4o8="></latexit>

x1

x2

R

O CM está entre as duas massas



1.b N corpos:

Introduzimos a notação:

mk
d2~xk

dt2
= ~F ext

k +
X

j 6=k

~Fkj para k = 1, 2 . . . N

<latexit sha1_base64="L8mf7yWYNR5nyyUqhP2EbmxXwBs="></latexit>

m1
d2~x1

dt2
= ~F ext

1 + ~F12 + ~F13 + · · ·+ ~F1N

m2
d2~x2

dt2
= ~F ext

2 + ~F21 + ~F23 + · · ·+ ~F2N

. . . . . .

mN
d2~xN

dt2
= ~F ext

N + ~FN1 + ~FN2 + · · ·+ ~FN(N�1)

<latexit sha1_base64="Jp+ZfasP6O9k2gdwBQvMc5RCo/w="></latexit>

agora somamos todas as equações 



X

k

mk
d2~xk

dt2
=

X

k

~F ext
k +

X

k

X

j 6=k

~Fkj

<latexit sha1_base64="QS9eY1UE6GvZ7umpp0HMdEi00to="></latexit>

o último termo é nulo pela terceira lei de Newton:

d2

dt2

 
X

k

mk~xk

!
=
X

k

~F ext
k

<latexit sha1_base64="k1ArD4Ckv0sVQnIGDHiFEjcUEEg="></latexit>

definindo M =
X

k

mk

<latexit sha1_base64="p8vc8an5Qn5gIDDiIFNmWLzs1PE="></latexit>

M
d2

dt2

✓P
k mk~xk

M

◆
=

X

k

~F ext
k

<latexit sha1_base64="K6f0eJ/NAVwQXNbtfpEQZjFZ9Lc="></latexit>

O centro de massa é ~R ⌘
P

k mk~xk

M
=)

<latexit sha1_base64="nlBwYbE5HBPSKha3G1l/8lxtInA="></latexit>

M
d2 ~R

dt2
=

X

k

~F ext
k = ~F ext

total

<latexit sha1_base64="jW1dK4/qsnh1jlx0oYkZ/R+NuTY="></latexit>



~vCM =
d~R

dt
=

d

dt

✓P
k mk~xk

M

◆

=
1

M

 
X

k

mk~vk

!
=

1

M

X

k

~pk

<latexit sha1_base64="TgFzJFqU4VlzR3SkmZ+GIoEjyTs="></latexit>

Note que 

logo

~PCM ⌘ M~vCM =
X

k

~pk

<latexit sha1_base64="j6hzUkmB3Mu5QX2juywqfgqW49E="></latexit>



Exemplo 1: molécula d’água

Molécula é simétrica por


reflexão com respeito à linha 


azul

CM sobre a linha azul
O

H H

~R =
1

18
(~xH,1 + ~xH,2)

<latexit sha1_base64="Hm6K4BH/jdd/EgLHeujrrWfogCU="></latexit>

origem no oxigênio



Exemplo 2:

m m

2m

l

l l

Escolhemos os eixos para explorar a simetria do problema



Exemplo 2

m m

2m

l

l l

x

y

~R =
m~x1 +m~x2 + 2m~x3

m+m+ 2m

=
1

4

 
l

2
(�~i) + l

2
~i+ 2

p
3

2
l~j

!

=

p
3

4
l ~j

<latexit sha1_base64="B5w6br9IGIxOqxdG6Bffb9scfCA="></latexit>



Exemplo 3: raquete de tenis

https://www.youtube.com/watch?v=_DzgPB9646k

CM

Equação do movimento to centro de massa:

M
d2 ~R

dt2
= �Mg~j

<latexit sha1_base64="36kMFXhZiAM3R45xKr2DTcu62rU="></latexit>

solução é uma parábola

Vejamos isso na vida real

~j

<latexit sha1_base64="0Ni4eLjd0oSvaQK4XCBT/6sdfr0="></latexit>



https://www.youtube.com/watch?v=_DzgPB9646k


Exemplo 4: Salto em altura olímpico!
• Física deu a medalha de ouro de 1968 a Fosbury!


•Novamente 
M

d2 ~R

dt2
= �Mg~j

<latexit sha1_base64="36kMFXhZiAM3R45xKr2DTcu62rU="></latexit>

Truque: CM está abaixo da barra

https://www.ted.com/talks/
asaf_bar_yosef_an_athlete_uses_physics_to_shatter_world_records#t-78200



1.c Distribuição contínua da matéria:

k

xk•Divido o espaço em volumes pequenos


•Somo sobre todos volumes


•Tomo o limite do volume indo a zero

ou ainda usando que 

~R =

P
k mk~xk

M
' 1

M

X

v

dmk~xk =)

<latexit sha1_base64="FeV6gndBLr28crdIAgSJzqDT9sI="></latexit>

~R =
1

M

Z
dm ~x

<latexit sha1_base64="rvl0L6qZA6mNThufarpPXnnztBU="></latexit>

dm = dV ⇢

<latexit sha1_base64="T090VpxZRceQteG0cDRbvUmct5E="></latexit>

~R =
1

M

Z
dV ⇢(~x) ~x

<latexit sha1_base64="apzmWF9pnUEq+JiDZ8+Kha0VNhA="></latexit>



Exemplo: quadrado com distribuição de massa uniforme

• Por simetria este está no centro no quadrado!

x

y

L

L

dm = �dxdy

<latexit sha1_base64="2QhOTUYJn+aVNtC1gnCQkcYL3n0="></latexit>

M =

Z
dm =

Z L

0
dx

Z L

0
dy � = �L2

<latexit sha1_base64="AJGnnnseokpuBSgApSdGtt7Ss3U="></latexit>

Z
dm ~x =

Z L

0
dx

Z L

0
dy �(x~i+ y~j)

= �

 Z L

0
dy

Z L

0
dx x~i+

Z L

0
dx

Z L

0
dy y~j

!

= �
L3

2
(~i+~j)

<latexit sha1_base64="N2gbrx802pxSuGrxuRxhE/gPtD0="></latexit>

Por outro lado

Logo ~R =
L

2
(~i+~j)

<latexit sha1_base64="MmxTu05LQInrXy2K+zvLQWFCyU0="></latexit>


