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Introduction

Objective:
Compute the buckling load for plates

*thin plates: when the thickness/length is small
and/or the transverse shear modulus is high the
transverse shear is negligible — pure bending -
(Kirchhoff theory); higher buckling load

*thick plates: when the transverse shear is
significant the Reissner-Mindlin theory should
be used; lower buckling load
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Introduction

Plates:

*the geometry is a flat surface in the X-y plane

* have bending in two planes.

the moments and displacements are functions
of two coordinates (X, Y)

*the equilibrium equations are partial differential
equations

*the buckling load may not be the failure load
e post-buckling analysis may be necessary
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Equilibrium equations (Kirchhoff)

Hypotheses:

*the transverse shear strain (y,, %,) are
negligible; the normal lines to the neutral surface
remain normal after the deformation

*the normal stress o, and the correspondent
strain g, are negligible; the transverse deflection
W is independent of z (W = w(X,Y))

the material is homogeneous, isotropic and
obeys Hooke’s law
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Plate stress resultants
Definitions:
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Plate stress resultants

Positive orientation:

M, positive direction 74

corresponds to the dsz(:zO'Xdz
direction of the z-%_’

resultant moment of :::ij_'ff

a positive force o0z \ M, positive
for positive z direction

JuE@ARL7 Materiais Compositasility
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Plate stress resultants
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Plate stress resultants
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Equilibrium equations

Equilibrium in the z-direction due to the in-plane
stress resultants:

F, = Nx[aw+ 2 (awjdx—@jdy+ Ny[aw+ g (awjdy—%jdx+

OX OX\ OX OX oy oy\ oy
+ N, 8W+ 0| oW dx—% dx+ N, aW+ 2 ((Mde—@ dx
oy oOx\ oy oy OX oy \ oOX OX
2 2 2 2
F, =NXa \;dedy+ Nya Vzvdx+ N, g dedy+ N, ow dxdy
OX oy OXoy OX

+ N, —+2N;

2 2 2
F = Nxa\;v o°W 0°W
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jdxdy
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Equilibrium equations

Equilibrium in the in the z-direction due Q, and Q.

oQ oQ 0Q, 0Q

Fo=|Q +—2dx-Q, |dy+|Q, +—2dy-Q, |dx=| —*+—L |dxd
Equilibrium in the z-direction:
F,+F, =0

a 2 2 2
R, 2 dxdy + Nxa\;V+NyaV2V+2NSaW dxdy =0
oXx oy OX oy OX0Y

a 2 2 2
6QX+ Qy+Nxa\£\l+NyaV2v+2Ns6W=O
ox oy OX oy OXoy
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Equilibrium equations

Equilibrium of moments around Yy-axis:

(M +6Msdx—ijdy+ Ms+aMsdy—I\/Is dx—-Q, dydx =0
OX oy

M, dxdy + M, dydx —Q,dydx =0
OX

oM +8MS 0, =0

OX oy
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Equilibrium equations

Equilibrium of moments around X-axis:

oM, oM,
(—My— & dy+Myjdx+(—Ms— By dx+Msty+dexdy:O

_ M, dydx — M, dxdy + Q, dxdy =0
OX oy
oM
L M, -Q, =0
oy OX
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Equilibrium equations
Equilibrium in the z-direction:

a 2 2 2
aQX+ Qy+NX8\;V+NyaV2V+2NS A =0
ox oy OX oy OX0Y
oM, oM 2
Q, =L, W 5Qx:5M2x+aMs
OX oy OX OX OXoy
oM 2
Q, - y+6MS 8Qy:8 My+a|\/|s
ay  oXx oy  oy*  oxoy
2 o0°M 2 2 2
aMZX-F 2y+28M5+NXa\;V+NyaV2V+2NSaW:O
OX oy OXoy OX oy OXoy
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Stress resultants as functions of displacements
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t/2

E (o°w  0*w
MX: I 1_‘/2[6)(2 +Vay2
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Equilibrium equations

2 52M 2 2 2
aasz + 8y2y +22I\g§/+NXZ\£V+Ny ZyVZV+ZNS§;Vy:O
X X X X
0°M 0w 0w
7 =-D T TV a2
OX OX oX oy
ayZ __D ay4 aXZayZ
0°M 4
. =—D(1—V) azwz
OX0Y OX“0oy
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Equilibrium equations

4 4 4 4 4
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Equilibrium equations

4 4 4 2 2 2
-D 8\iv+8\iv+2 82W2 + Xa\gv+NyaV2V+2NsaW:O
ox" oy OX“oy OX oy OXOY
4 4 4 2 2 2
8\iv+8\iv+2 82W2_1 Nxa\g\l+NyaV2V+2NsaW =0
oxX" oy ox‘oy® D OX oy OXOY
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Boundary conditions at x = X,
Simply supported

O°W(X,,y)  O°W(X,,Y
W(X,,Y)=0; (,gxzo )+v @(yZO ):O
Clamped
_o: W Y)_

W(X,,y)=0; ~ =0
Free
o*w(X,,Y) vazw(xo,y)zo;

OX° oy’
0*W( X, y) F2(1-v )53 (%, y) N, ow(X,,y) N, ow(x y):O

ox° OXOy* D oy D OX
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Boundary conditions

Free \

Simply

Simply
/supported

supported

_—Simply Simply
supported supported —

21



Universidade de Sdo Paulo Prof. Sérgio Frascino M. de Almeida

Boundary conditions

Clamped

Simply Simply
/supported supported
\

Free

22
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Simply supported plate under uniaxial load

e §b\‘ X
< N
b\ Ny \ &
—
—

Boundary conditions

w=0 w=0
o’w  O*w aty=0andy=b o°'w  o°w atx=0and x=a
— Yy — = 2+V 2:O
oy>  ox’ OX oy
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Simply supported plate under uniaxial load
o'w , o'w a w N, oW

——+2 =0 < (O
' ooy oy T D ox N, < 0!
Solution:
wW(X, y) = ZZAmsen( axjsen(nbyj form, n=1, 2, 3...
=1 n=1
o'w & mrt . (mzx) . (nxy
- = sin| —— |sin| —Z
ot "2 Ao )
o'w &&n'rt . (mzx) . (nxy
- = sin| —— |sin| —2
¢~ L Awsin "2 Jsin Y
o'W &AMzt nir’ . nny)
= sin Si
ax26y2 ;nz_;‘ a2 b2 Ann ( a j (
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Simply supported plate under uniaxial load

O°W 2 &M . (mzX) . (nx
y:—ZZ . Annsm(jsm(byj

m=1 n=1 a a

Therefore:
i (5] (T8 (5T
sin (@jsin(wj =0
a b
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Simply supported plate under uniaxial load

2 2
N mr m? n?
Ann #0 X :72'4 +

D a’ a’ b’

y -7 Dad’ (mz nzjz

+
X b2 m2 a2 b2

2D(mb n%a)
N, = +—
b a mb

[
H

N, crit IS the minimum value of N, n
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Simply supported plate under uniaxial load

kD

x,crit b2

N

where n =1 and:

2 2
kcz(mern a) )

a mb

Similar plots are
available for
different boundary
conditions and
loading
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Simply supported plate under uniaxial load

e For very long plates the m approaches

 The tendency is that the plate buckles in a mode
where the buckling length is equal to the plate
width

 Therefore, the plate would buckle in a series of
square plates

* Notice from the previous plot that for a square

plate (@/b =1) the buckling load is a local
minimum.
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Effect of
boundary
conditions
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Simply supported plate under uniaxial load

16~
l, boundary
4= -
{-—Loaded edges diarped conditions
T | strongly
| s
o 4 affect the
‘8l ouckling load
==—"=< Unloaded edges clamped
el One qnlaadiad edge clamped ou t t h ey are
nesmoysppered — hard to model
_________ Both unloaded edges
4+ simply supported
ol One unloaded edge clamped
__“‘_"' :::: — one free
"""""""" One unloaded edge free
o ‘II é 5 7 é one simply supported
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Simply supported
plate under
biaxial load
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Simply supported plate under biaxial load

Y 4 ill lL a“_w+2 o*w +84W+
—_— ox’ 6x26y2 8y4
N, - b - NX N, 82w N, o°w
—

"D Day

kil
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Simply supported plate under biaxial load

84W+2 0w 6w N, 82W N, 6w
ox* OX* 8y 8y D OX° D 8y

Solution:

wW(X, y) = ZiAmsm( axjsm(nbyj form, n=1, 2, 3...

S5 () () () () - () -5
sin(?jsin(%) =0
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Simply supported plate under biaxial load
ﬂ_gNsz Nyn2_m4 M2n—7z_2 n—77'_4
a0 w3 S (AT (5] AV

For a given relation N, / N,, the minimum value
of N, that satisfies the above equation is N,

From this value, N, .;; can be computed

The values of m and n that minimizes N,
define the buckling mode

May/2017 Stability 35
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Simply
supported
loaded edges
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Simply supported loaded edges plate

_> Free\ X
Slmply i
b Nx Supported supported 4 Nx
Free >
y a
Equilibrium equation —,+2

ox*  ox‘oy° ay D@x

2
2 V2v=0 forx=0,a

Boundary conditions w=">
X
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Simply supported loaded edges plate
Solution:  w(xy)= f(y)sen| ™)

Substituting in equilibrium equation:

(2T gf g S (T (7)o

d4dfy£y) _Z(maﬂjz dzdfy(zy) {(TT ) I\E|>X (maﬂjz} "

0
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Simply supported loaded edges plate
Solution for f (y):

f(y)=C1cosh(ayj+czsinh(ay)+c cos(ﬂijrc sm('gy)

12 12
o= ﬂ(mbj WY k”z}

d | a
where . "
:ﬂ(rnbj _rnb_|_k(]:/2:|
a | a

39



Universidade de Sado Paulo

Prof. Sérgio Frascino M. de Almeida

Plate under In-
plane bending
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N, = No(l—

Solut

w(X,y)

Bend

1¢

U==>
D .

Vv

Plate under in-plane bending
y

Yy
) :

Y X
<

lon:

_cin[ XS iy
_sm( " jnzllAmsm( : j
Ing strain energy:

(o8 +0,6, +7.7,)
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Plate under in-plane bending

Stress-strain re

i
fgx\ E
V
<8y$: —E
kj/S)
0
O, VO
&, =— !
E
O, — VO
£, = yE .
_ 5
Vs G

| 4

0

ations:
[ E vE
2 2
fo_xw O_X\ 1-ve 1-v
| vE E
O, (O, = T2 1.2
\Ts; \Ts) O 0

o, :1—1/2 (gx +vgy)
E

Gy :1_V2 (VEX +€Y)

7, =Gy,
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Plate under in-plane bending
For pure bending:

&y = u,x o Z\N,xx &y = _Z\N,xx
&y =V, —2ZW,, &y =—LW,,
ys=U, +V, — Zzw’Xy Ve = —Zzw,Xy
Therefore:
Ez

Ou = (W +vw,, )
o - EZ(W,W+VW,XX) Bending

1-v stresses

43
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Plate under in-plane bending

H

—j o8, tO,E, +T 7/3) dVv

,—Vo, o, —Vo, T
— +0, +7,=> | dV
2V E G

) 2
1_[[0 +o,~2v0,0, +2(1+v)TES] dv

H I\J
<

Vv

Therefore:

= %J‘(of +0'§ —2vo,o, +2(1+ v)z'sz) dv
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Plate under in-plane bending
Substituting the bending stresses:

Y= 21E (1—Ev22 )2 \'[[22 (W'XX JrVW,yy)2 +7° (W,yy TVWo )2 -
—22%v (W +vW, (W, +vW, )+2°2(1+ 1/)(1—1/2)2 (1+1v)2 w2, |dzdA
1 E? Tzzdzzg E 22 D
2E(1—V2)2—t/2 2(1—1/2)2 3|, 2(1_‘/2)
Et°
where: D=12(1_V2)
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Plate under in-plane bending

Therefore:
D 2 2
Y= 2(1—V2)£|:<W’XX +VW,W) +(WW +VW’XX) -

2 \2
—2V(WXX -|—VW'yy)(W,yy +VW’XX)+2(11_+V1/§ w2, | dA

_f[ 1+v W . -l—W,ZW)-I-4VW,XXW,yy —2v(l+v )WXXWW -
A

1-v2)
—2v2(wzxx+wiw)+2((1+vg w2, | dA

0= DT w2, 2w, 28 e o
2(]'_'VZ)A s ey e (L+v) Y
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Plate under in-plane bending

Simplifying:
D 2 2 2 2 1-v* 2 2 _
U :2(1_1/2){[(1—1/ )Wy + W, )+ 2v(1-v )V\I’XXV\I’W+2((1+V; w2, | dA

ﬂ [W + W, +2vW Wyy—|—2<(1]:|_‘:/2))W§yJ:| dA

Finally:
U= %j(wix + W, +2vw, W +2(1-v)wh ) dA
A

May/2017 Stability atl
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Plate under in-plane bending
From the solution

© 4 4
m 7 - MzX ) . Nt
2 2 2 2
T A2 sin (jsm (b j

m=1 n=1 a a
< ntrt M7 X n
7 2 =2 2
=) AL sin (ajsm j
m=1 n=1
o 2 2 .2 2
_ Mz N > . o M 2 n7Z'y
WXXWW_Z a2 2 a SN ( 1 j (
m=1 n=1
o0 o0 2 2 2 _2
M7z Nx X n7zy
2 2 2 2
W. = S| —— |C —
Y mz;z; a® b* ™ ( a ( j

48



Universidade de Sdo Paulo Prof. Sérgio Frascino M. de Almeida

Plate under in-plane bending
Integrations:

sin®(0) = () j}sin2 (mnxj dx = ;T(l—cos(ZmszD dx

2 : a ; a

jsinz(mnx)dx=a
a 2

0

210 0 o ad 4 a b
[[widndy =337 T AL [ [sin’ (mzxjsinz (”Ey) dxdy =
00 m=1 n=1 00

&wmiztab ,

_;é a4 4 n
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Similarly:

= 2 m*rt ab
w2 dxdy = 2
y XX y ;; a.4 4 Aﬂn

“ab .,
4Am

4
N7

m=1 n=1

© & m°nz* ab
Vv,xnydedy = ZZ 212 A121n
m=1 n=1 d b 4

Ot O Ot
Ot T O T O T
=
2
Q.

x
Q.
<
I
(@n
I

Plate under in-plane bending
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Plate under in-plane bending
Also:

cos’(0) = 1+CO§(29) jcos (mn jdx_ j'(l—cos(Zm;zZDdx

0

jcos2 (mnxj dx =2
: a 2
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Plate under in-plane bending

U= Bj(wix Wi, + 20w, W+ 2(1-v)w ) dA=

A
D& (m* n? m?n? m?n? \ab
=— +—+ 2V +2(1-v T A =
2 ;;\ 24 pt 22h? ( ) 222 | 4 'A\nn

© / 4 4 2.2
:BZZ m4+n pp L jabyz“ATinZ
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Plate under in-plane bending

Potential energy of the in-plane resultant stresses
V= (Ndy)edx+] (N dx)edy+ [ (Ndx)sldy+ [ (Ndy)sldx

Non-linear strains:

1(@w) o Lfow)y e owow
" 2\ Ox Y 2\ oy OX oy
Resultant stresses:

N. = N (1—53’) N, =N. =0

X 0 b y S
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Plate under in-plane bending

Potential energy of the in-plane resultant stresses

_ Ny Y)..2
Y _2-[A(1_'Bbj w? dxdy

but:
5w 8 2 2
=33 g s i (MY
m=1 n=1 a a
Integrating
_&_a_boo 2 (mPr? 2 _@w m°z?| b 2 8b” & AﬂnAﬂnm
Y 222[ a’ A““j b 2t at (4™ ;;(”2")
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Plate under in-plane bending

Computing the equality: U=V

The coefficients A are such that they minimize
No
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Plate under in-plane bending

Differentiating N, with respect to A, and
equating to zero:

56
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Plate under in-plane bending

From the previous equation:

n‘a’) a’ (, p a’ & Ani
A1|:[ b j NO,crlt b( 2):| SﬂNOCrltﬂADZ(nz_i)

The above set of algebraic set of homogeneous
equations may have a non-trivial solution
yielding the buckling mode and the critical load
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Plate under bending

o k. 77°E (t)z
T 12(1-v*)\b

O
>
\ 4
’N
/,\\
| ) )
\\é,l’
’N
| )
\\%/
’N
/,\\
| ) )
\\é,l’
\QA

58



Universidade de Sado Paulo

Prof. Sérgio Frascino M. de Almeida

Plate under
shear
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Plate under shear

> N,
A 64W 0w 8W 2N, 0°w
ox* 6xay 8y D oxdy
) b
v X TX nnyj
W(X, sin sin| —=-
N, < (y)z_;;A“” (aj(b

SBR[

ATl
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Plate under shear

m,n = all
m+ p =odd
n+qg=odd

May/2017 Stability 61



¥  Universidade de Sao Paulo

Prof. Sérgio Frascino M. de Almeida

Plate under shear

Symmetric mode: A;; and A, fora=>0

(1

32k, (a)34
7> \b) 9

32k, (aj34
7> \b) 9

A

64k,
O’

64K

O’

64
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Plate under shear

Anti-symmetric mode: Ay, Az and A,

128k
1+1)° 0 :
( ) 972_2
—384k
0 9+1)° 1=
( ) 1572_2
128k, —384k. 2
9r° 157° (4 T 4)
2
‘ T 2x10x8 1045

T
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Plate under shear
2

- n°’k E ('t
T 12(1-vZ)\b

>
> > > > > > >
A i , : N
W_ f—_-~~\
~
\ 4 .= \\ ) !
7N 1
b D TR wd
\ 4 /7 7
h__—, /
\ ’/ A
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Plate under shear

Comments:
 For a square plate the buckling mode is

symmetric K. ... = 9.35 (value obtained using 10
first terms)

*For the same case, Kk, = 11.63 for the first anti-
symmetric mode

For a>Dh:

1<a/b<?2 symmetric buckling mode
2<al/b<35 anti-symmetric buckling mode
3.5<a/b<... symmetric buckling mode

s,crit
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Plate under shear

Comments:

«As a/bincreases, it is difficult to distinguish
between symmetric and anti-symmetric bucking
modes

* For infinite plates the buckling coefficient does
not depend on the symmetry conditions
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Plate under shear

Effect of boundary conditions

15
13

F

Clamped
edges

Simply supported
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Local buckling
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Local buckling

Complex shapes are more efficient than plates for
buckling
Examples:

u IV

Angle T-section

These shapes buckle under different loading and
boundary conditions
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Local buckling

The unsupported shapes buckling are governed
by beam buckling (typically, Euler beam)

2
k, 7°E (t,
GCF — 2
12(1-vZ)\ b,
where:
K, is a constant that depends on loading and boundary
conditions

E modulus of elasticity
V, Poisson ratio

t, thickness

b,, width
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Crippling
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Crippling

Crippling Is characterized by a local distortion of
the cross sectional shape

The initial distortion usually occurs at a load
appreciably lower than the failing load with the
more stable portions of the cross section
continuing to take additional load while
supporting the already buckled portions until
complete collapse occurs

No satisfactory theory exists for the prediction of
the average stress failure
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Crippling

Therefore, design for crippling relies on test
results or empirical methods

When the corners of a thin-walled section in
compression are restrained against any lateral
movement, the corner material can continue to be
loaded even after local buckling has occurred in
the section

The remaining material is largely ineffective in
supporting additional loading above the local
buckling load

May/2017 Stability 73



Universidade de Sdo Paulo Prof. Sérgio Frascino M. de Almeida

Crippling

When the stress in the é\

corners exceeds the yield
stress, the section loses
Its ability to support any
additional load and fails

The average stress on the
section at the ultimate
load is called the crippling //\\

stress, F. )

Cross sectional distortion
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Crippling

a change of stress
distribution occurs \{
after buckling \"

Stress distribution
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Crippling

The crippling coefficients are available in the
specialized literature in tables or figures

The analysis of crippling is very challenging. It
Involves large displacements, buckling, contact
problems, plasticity (with non-linear constitutive
equations) and a large variety of boundary
conditions and loading
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