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Foreword

Fracture Mechanics has developed rapidly from a largely theoretical base to one
of important practical consequence in the field of compenent design, service
inspection and safe materials usage.

The main purpose of this publication is to introduce the reader to the concepts
of fracture mechanics by a series of WORKED EXAMPLES, to illustrate how
fracture toughness values are derived and to show how this information can be
utilised as a means of avoiding failures in service.

The book is not intended for experts in fracture mechanics, but for those who
wish to learn about the subject and its application,




1. Introduction

Conventional engineering design is based on avoidance of failure by general
plastic collapse. The material property specified in design codes is the flow
stress: usually the vield stress or 0.2% proof stress, but occasionaily, in older
codes, the tensile strength. The DESIGN STRESS is then the applied stress
calculated to cause collapse, divided by a SAFETY FACTOR. Typical safety factors
are: 1.5 for wrought steel in applications such as pressure vessels or boilers;
perhaps, 4 for steel castings in similar applications; and some 5-10 for wire
ropes, supporting crane hooks or 1ift cages. The prime aim of the safety factor is
to take account of any extra stresses imposed during erection, fabrication, or
service, which may raise the applied stress to the value reguired to cause plastic
coliapse and failure,
As defined above, the safety factor does not recognise the possibility of failure
by an alternative mode such as ‘brittie’ or ‘fast’ fracture. It was generally
believed that the safety factor could ‘safeguard” against this type of low stress
fracture by the use of higher figures applied to the tensile strength. However
experience has shown this not to be the case, there being a number of instances
where total failure of a component or structure has occurred in the presence of a
material defect or crack at stresses well below the design stress. Moreover, the
higher safety factors applied for castings, as compared with wrought material,
stemn from fears that the castings might contain more inherent defects, which
could lead to fast crack propagation at or below the applied design stress. This,
in the engineering sense, is a ‘brittle’ failure and it is clearly necessary that a
STRESS CONCENTRATCR must be present to obtain a brittle failure because the
piastic strains required to operate the fracture mechanism has to be able to
develop in a local region, without causing overall general collapse.
In service, the stress concentrators of importance are CRACK-LIKE DEFECTS,
particularly if these are situated in regions of high background stress, such as
those around fillets, keyways, nozzle openings or hatchways. Typical exampies
of crack-like defects include:-

Solidification c¢racking in welds or.castings

Hydrogen cracking in heat-affected zones

Lamellar tears around inclusions in rolled plate

Cracks which have grown in a ‘sub-critical’ manner by fatigue or

stress-corrosion mechanisms.
It is usually possible to detect such defects, using ultrasonic inspection or some
other NDT technique and lo determine the maximum size of defect in the
region of interest.



2 Introduction

The aim of FRACTURE MECHANICS is then to calculate whether or not a defect of
given size wiil propagate in a catastrophic manner under service loading and
thence to determine the degree of safety that the structure possesses with

respect to failure by fracture. The property which measures resistance to fast -

crack propagation is the material's FRACTURE TOUGHNESS (measured by loading
to fracture testpieces which contain sharp cracks of known lengths).

in this new edition, we have extended coverage to include the J-integral
methods and some aspects of sub-critical crack growth. Details of test
procedures have been revised to conform to BS 7448 (1991).

Units

The units used throughout this book are taken from the SI system of umits.
However, other systems of units are used within the study of fracture mechanics
and a conversion table of the most commonly tsed units and their conversion
factors is given below.

To convert from To Multiply by
inch metre (m) 2.54 x 102
pound force newton (N} 4.448
kilogram force newton (N} 9.807
kilogram force/metre? pascal (Pa) 9.807
pound mass kilogram (kg) 4.536 x 10!
ksi pascal (Pa) 6.895 x 106
ksivin MPa m!? 1.099
daNcm 32 , MPa 2 1x 102
Table 1.1

Further difficulty may arise in the interpretation of SI units. Due to the
magnitude of the numbers involved the stress within a body is usually given in
MPa. However MPa may be calculated in one of two ways, either from MN and
m or from N and mm. This will cause ro difficulty until fracture toughness is
calculated. If the units used are N and min the result will be 31.623 larger than
the resuit using MIN and m. Care has to be taken to enter the data into the
equations in the correct form te obtain the correct result. MN and m are used
through this book.
Thig change of units can cause problems in equations such as the Paris Law
(equation 54)

da/dN = AAK™
in which the constants in the equation are dimensional and therefore vary with
a change in units. The Paris exponent, m, depends on the system of units that
the stress intenstiy factor, X, and the crack growth increment, da, are measured
in (in this book MPa m!2 and m respectively. are used). The value of m, and the
units of K and da subseguently affect the value of A, hence the values of these
constants must be given with reference to the system of units used,

2. Béckgmund Theory

2.1 Griffith’'s Relationship

The basic theory on which fracture mechanics is founded emanates from the
work of A.A, Griffith in 1920. This concerned the calcuiation of the fracture
strength of a brittle solid {glass) which contained a sharp crack. The model,
Figure 2.1, is that of a through-thickness crack of length 24 in an infinite body,

Iying normal to 2 uniform applied tensile stress, Gy
Plane-strain conditions are assumed: ie. a
Tapp condition of zero strain in the direction
orthogonal to both the crack length and that of

? the applied stress.

An energy balance equation, assuming linear
elastic behaviour, then gives for the fracture

stress, Gp:
12
2E
G =| e w
n(l -y )a

where E is Young’s Modulus

v is Poisson’s Ratio

2 is the work of fracture (yis

often taken as the surface energy)
Figure 2.1 This expression provides therefore a relation-
ship between fracture stress and crack length if
the material's work of fracture (27y) is known. ‘

2.2 Orowan [ Irwin Relationship

The above relationship was later modified by Orowan and Irwin to take account
of the occurrence of plastic flow at the crack tip before the onset of crack
extension. Then, using elastic relationships for the body as a whole, which can
be justified only if the size of the plastic zone is very small, the equation
hecomes:
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4 Backgrowzd Theory
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/é i where GJp is the material's piane strain
(opening mode ) fracture toughness.
In metals, Gy is a measure primarily

must be done before the crack extends.

HR it is also possible 1o apply stress to the
i crack in plane shear (mode 1) or

antiplane shear (mode JII), where the
toughnesses are written as Gy, and
Giye  respectively,  These  are

Figure 2.2 illustrated in Figure 2.2

In plane-stress deformation (very thin sheer) the (1-v2) factor is missing from
the denominators of the previous equations and the material's toughness is then
written as G,

Usually, Eguation (2), or its plane-stress version, is used to calculate the
maximum size of defect that can be tolerated under a given design siress. This
process can however be reversed to estimate the maximum stress thar can be
applied 10 a component which contains a crack of known length.
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19 of the amount of plastic work which

Exampie 2a - Caleulation of Minimum Defect Size

Rocket motor cases may be fabricated as thin walled tubes from:

(a) low alioy steel of proof stress 1200 MPa and fracture toughness
24 kJ m? measured in sheet of the appropriate thickness, or

{b} maraging steel of proof stress 1800 MPa and fracture toughness
24 kJ 2,

In a particular application, the design code specifies that the design
stress is G)/1.5, where o, is the proof stress. Calculate the minimum
size of defect required to give brittle fracture in service for the two
materials. Comment on the result. (Young's modulus may be taken
as 200 GPa in both cases).

Solution

For thin sheet, use Equation (2) in plane stress form viz:

GF"'
. Ra

If fracture is to occur in service, we need to calculaie the value of ‘a’
when
Oy

Op =—=
T

Case (a} - Low Alloy Steel
(work in MIN and m)
o, = 1200, oy/1.5 = 800, G, = 24 kI m"?

34 382
. 800:(200@ x24x10

ik
2
64)( 1(}4 e M
na
oa :(w%m)xi()"g m
4
= 2.40 mm

This is the half-length of a central crack. The minimum crack length
is therefore 4.30 mm.

Case (b} - Maraging Steel
oy = 1800, 0y/15=1200, Ge=24kim?

- p
200x10° x24x1072
T

1200&(

a:(i»)xlo‘zm = 1.06mm
3n

Therefore the minimum crack length is 2.12Zmm.




6 Background Theory

Comments

We see that, because the design stress is given as a fraction of the
proof stress, it is necessary to increase the toughness of the maraging
steel by a factor of (1800 / 1200)2 to a G, value of 54 kJm to give the
same tolerance to defects.

Example 2b - Calculation of Fracture Stress

If the fracture stress of a large sheet of maraging steel containing a
central crack of length 40 mm is 480 MPa, calculate the fracture stress
of a similar sheet containing a crack of length 100 mum.,

Solution
(Work in MN and m)

From Equation 2,
op = const, @2 where 2a = 40mm
Hence, 480 = const. (0.02)"12
. const.= 480(0.02)*"?
For 2a = 100 mm,
op = const. (0.05)y172

0.023 /2
) = 480] ———
°F (0.05)

2.3 Energy Release in Terms of Crack Tip Stresses

Most practical situations cannot be modelled by the simple infinite body
configuration and allowance must be made for the presence of free surfaces, or
combinations of applied stresses.

A commonly used method of deriving crack tip stresses is by stress: analysis
calculation, whilst a more direct experimental approach uses compliance
techniques (see Section 2.6),

In its simplest form, the tensile stress distribution ahead of a sharp, through-
thickness crack of length 2a in an infinite body (shown schematically in Figure
2.3) is given by:
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Capp

Yo TR . - A €))
12
{l—az/ xz)
which holds in the regions -x < -g and x > a4, To understand why the stress
distribution is of this form see the Appendix.

If we consider Equation 3, in relation to Figure 2.3, we see that:
Near the crack tip, x—a and © —e

At large distances, X —ee, a/x -0, ¢ - Sapp

If Equation 3 is now written in terms of the distance ahead of the crack tip,

r = (x-a), the local stress very close to the crack tip (i.e. r << @) becomes:
K

o= (27r )2

4)

. where K is defined as the STRESS INTENSITY FACTOR and has the value

K=0,p,(Ra)!2 for a central crack of length 2 (see Table 2.1 later). X has the
units of MN m"¥2 or MPa m!2, in the S.L system based on MN and M. (See
Table 1.1 for conversion faciors to other sets of units).

T app

— + ———————————————————————————————
L_———-"/\
Crack Tip

T
i

! X

Figure 2.3
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Example 2¢ - Derivation of Stress Intensity Factor

Show that equation 4 is a first approximation to the stress ahead of a
crack, but is about 1.5% inaccurate at a distance r = 0.02a ahead of the
crack.

Solution
G gppX
From Equation3, ¢ = wm%
2 23
(x> -a?)
let 7= (x - @) and substitute x = {r + a).
S applr+a)
Then G = iz 7
2 2
[(rz +2ar+a )——a ]
_ Oapp {r+a)
- 1/2
(r2 + 2ar)
Now, if r<<a, (r + a} — a and (72 + 2ar) — 2ar.
2
= 0o )
I sttt 2222 Y o
Hence, o (2ar}1/2 app| 57
To.follow convention, muitiply numerator and denominator by 112
2
Ga‘pp(m)
(2nr)7?
K .
or O = e {cf. Equation 4)
(2mr)’

At r=0.02q, the value of x is 1.02a

.02a

Lo JU
i = 5.075¢

From Equation 3, o =
(0.040442)

F ion 4, § = et = 5, 000G
rom Equation 4, { }1/2 . app

Thus, the % error =[ 0. ms)xEOO = §1.48 %
5075
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In the derivation of the Griffith's relationship, Equation 1, the propagation of a
crack is treated thermodynamically, by balancing the elastic energy released
when a crack extends against the work required to produce Lwo new surfaces. A
particularly powerful method of calculating the change in energy, 6€, when a
crack is extended by an amount, 82, makes use of a virtual work argument - the
crack tip stress field does work as it reduces to zero by moving through the
displacements of the virtually extended crack.

Example 2d - The Virtual Work Theorem

Show that, if the term a5 da PeT unit thickness is defined as the

POTENTIAL ENERGY RELEASE RATE, G, it is possible to express G in
terms of the stress intensity factor, K, through the relationship:

_ou'(2

E

where 0. = 1 in plane stress

and ¢ = (1 - VZ) in plane strain,

Selution
The stress ahead of a crack of length @ is given by:

G =K 2uy 2 gee Equation 4
The displacement within a crack virtually extended to {a + Ba) is given
by:

2 K '
M= 21/——(1"}5(6(1—- r)m (from the Appendix)
T

where 1 is still measured from the tip of the unextended crack.
Then the work done, per unit thickness, on virtual crack extension is

given by:-
Ba 8a
8 = Gua’rﬂj K!iz dr
0 (an)
2 K*? &’[ Ba r}”z
o O e dr
Tt E J0 r
Substitute r = Sa sin2® r=08=90
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dr = 2 8a sinb cost dé
N2 P
JaSa( da r] dr = J’Tc 2[ cosg )sin 8 cosHdado

0 r 0 sin
/2 '
= J: (1+cos26)0ad®

1 w2
= [8+msin29] da
2 0

Hence, 8 = a—da

2
in the limit 5,0, 4. 2 =G = OL—IS—

da da E
The virtual work argument produces the extremely important
relationship that the potential energy release rate per unit thickness, G,
18 given by:

2

G= ) in plane stress (5)

=K2(1wv2)

and in plane strain (6)
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Critical vatues of G, i.e. the fracture toughness, are then identically equivalent
to eritical values of K, and it is these latter figures that are usually quoted for a
material’s fracture tonghness.

Example 2e - Equivalence of G and K

Show that the stress analysis definition of K = Ogpp(na)'® produces
compatibility between Equations 2 and Equation 6 for plane strain.
What values of toughness, in terms of critical values of K, pertain 0
the low alloy steel and the maraging steel in Example 2a? How would
this affect the comments made in that example?

Selution
Since K = G5 (ma)'/?
i-v)
and G= —5 (Equation 6)
2 2
G oo mall —v
then G=—b 1 E( )

2
EG
or G, =
e T:i 1 vE Sa

At fracture, G atiains a critical value, G, and Oy, becomes of

Hence,
2
EGg,
o, = (as Equation 2
wr { wll~v?a J 4 )

Alwernatively, we may wrile;

K¢ Kie = oF (na)? n

For Case (a) - Low Alloy Steel
{Work in MN and m)
In plane stress K = EG, (Equation 5) G =24 kJ m™2

=200 x 10% x 24 x 1073
= 4800

K = 69.3 MPam!/?

For Case (b) - Maraging Steel
Ge=24 kI m?
K* = EGe
K = 69.3 MPam!/?
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Comment Exambple 2f - Fracture in a Centre-Cracked Panel

Since the applied stress (from conventional design) is a constant
fraction of the vield stress, the toughness measured as a critical Kj.
value, must increase in a linear fashion with yield stress to maintain
constant defect tolerance.

A thick centre-cracked plate of a high strength aluminium alloy is 200
mm wide and contains a crack of length 80 mm. If it fails at an
applied stress of 100 MPa, what is the fracture toughness of the ailoy?
What value of applied stress would produce fracture for the same
length of erack in -

(a) an infinite body

(0) a 120 mm wide plate?

2.4 Effects of Finite Boundaries

The expression for the stress distribution ahead of a sharp crack, Equation 3, ‘

holds only for an infinite body. If finite surfaces are present, the infinite plate Solution using tan function
solution is modified by an algebraic, trigonometric or polynomial function From Table 2.1, for a centre-cracked plate

chosen to make the surface forces zero. 12
. . -. K, = Oapp[Wtan(w)']

In other words, the resultant value of K, as the dominant term in a series : w _j

expansion, is thea not equal 10 Gapp{T @2 but is amended to take account of K Since Oupp = 100 MPs, a=0.04 mand W =02 m

the width, W, of the testpiece or structure.

a na
Examples of such X values are given in Table 2.1 for some of the more W"D'zand tan(szo. 726

} : common loading configurations. Therefore, Gupp0.726]1/2 = 100 x 0.38

: . : Hence, Ky =38 MPa ml/2
Type of Crack Stress Intensity _
Centre»crac.k, This value will be taken as the plane strain fracture toughress, K7,
length 2, in an Ki=0upp (ra)”? : if the plate is very thick.
infmite plate.
Centre-crack, 12 vz
length 2a, in Ki = Gupp Wtan(ltﬁ] of K; =0, msec(ﬂ) Case (a) - Infinite Body

' W W E 172

plate of width W. rom Table 2.1, K= Capp (na}
Central, peany PALL ' Thus 38 = o, (0.047)2
shaped crack, K; = zcapp(”TEJ - app( .041t)
radius @, in S OF=107.2 MPa
infinite body.
Edge crack, Case (b) - Centre Cracked Plate
length a, in K; =1120,,, (ta)"? _ a_ na
sermi-infimite app 7 W=10.12 m, W 0.333and tan ek 1732
plate.

2 symmetrical From Table 2.1, K7 = op(1.732W)172 = 38

172
12 na . 2T
edge-cracks each K;= Gappw l:tan(——u;}% 0. Esm( o H Thus, oF = 83.4 MPa
length 4, in plate i

of total width W,

Solution using sec function

Table 2.1 - Stress Intensity K Factors for Various Loading Geometries From Table 2.1, for a centre-cracked plate,
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na 12
K;= oapplimsec(wﬂ

since Gypp = 100 MPa, a = 004m W=02m
£ -9 2and sec(ltﬁ] =1.236
w %'

‘Therefore, K] = Gapp [0.04 x 7 x 1.236]*2 = 100 x 0.394

Hence, K7 =394 MPam!?.
Case {a) - Infinite Body

From Table 2.1, K =0Cgp (ra)"?
Thus, 39,4 = 6 (0.0}

<. op=111.1 MPa

Case (b} - Centre Cracked Plate
na

W=0.12 m, - =0.333and sec( ]:2
W W

From Table 2.1,  Kjo=op(0.04n x 2)12 =394
Thus, Gy = 78.6 MPa

Comment .
It can be seen that the two formulations agree to within about 5%. The
sec expression is regarded as the more accurate of the two.

Often, the calculations of the stress distribution ahead of a crack make use of
stress functions which are written as a polynomial series, rather than single
algebraic functions.

For example, in the single-edge notched (SEN) bend testpiece the stress
intensity factor, K, may be derived from the expression:

. P
- BWI/A
where P is the applied load,

(8)

B is the testpiece thickness,

W is the testpiece width,
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and Y, is a dimensicnless polynomial functicn in odd half

a a )2 a o2
powers of [_) from (-—-) to (W)
W w w

Practical details of this standard type of testpiece including tabulated values of
Y, are given in Chapter 3 (Section 3.2).

Example 2g - Fracture in an SEN (Single Edge Notched) Bend
Testpiece

A standard three-poini-bend testpiece made of the aluminium alloy
referred to in Example 2f, has a thickness, B, equal to 50 mm; a depth,
W, of 100 mm; a loading span, L = 2W = 200mm, and is precracked by
fatigue to give a total crack depth of 53 mm.

What applied load is required to produce fracture, assuming that linear
elastic conditions apply?

Solutign
_ kBW'?
H

P {from Eguation 8)

W = 100 mm, crack length, a = 53 mm .. /W =0.53
for an /W value of 0.33, ¥, is found to be 11.74 (see Figure 3.1, p36)
From Example 2f, Kjc = 39.4 MPa m!/2

Then working in MN and m, -
39.6x0.05x(0.1)"%
1174

=0.0531 MN
=53.1 kN

P:

An alternative standard testpiece design is that of the Compact Tension
Specimen (CTS), for which dimensions and Y-values are given in Figure 3.2.
Although a given K-value can be obtained in a smailer amount of material, the
loads required to give fracture {and hence the testing machine capacity) may
have to be greater than for the SEN bend specimen.
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Example 2h - Fracture in a CTS (Compact Tension) Testpiece

What load would be required to fracture a CTS specimen of
dimensions W = 100 mm, @ = 33 mm, B = 50 mm, made in the same
aluminium alloy referred 1o in Examples 2f and 2g?

Solution
From the calibration of a CTS specimen (see Figure 3.2, p37)
b KBWY
%
® 12
At fracture, Proe —;&C—’g’—v——-

Now a/W = 0.53, so that ¥2 = 10.62 (see Figure 3.2)
_39.4x0.05x(0.1)
- 10.62

= (0.0589 MN
= 58.9 kN

Hence, Pe

2.5 Specimen Size Requirements

The assumed linear elastic stress analysis can be applied only if the extent of
in-plane plasticity is small compared with testpiece dimensions. Additionally,
the iestpiece must be sufficiently thick in order that most of the deformation
occurs under plane-strain conditions. If this is the case, the total fracture
instability is coincident with the.initiation of plane-strain fracture and the
measured toughness is a true material property.

Experimentally, it has been found that this condition is met if:

2
B=z235 K
G,

- where B is the thickness of the testpiece and o, is the ¢.2% proof stress under
the conditions of the test,
The in-plane dimensions, ¢ and {W-a) are set by two further considerations:
(i) To use the stress-intensity approach, the region of noa-linear behaviour (j.e.
plastic deformation) must be smaller than the region in which the K description
of the stress field is a reasonable approximation. This implies that the plastic
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zone size must be much smaller than the crack length, a. The rule set by the
Standard (see Chapter Three) is that

2
afapprox. } 2 2. 5(5‘1]
Sy

(ii) If (W-a) is decreased, hoiding B and a constant at a given stress intensity,
the free surface of the back face of the specimen is brought closer to the plastic
zone. This effectively reduces the shear stiffness of the elastic materiai in the
uncracked ligament and the applied shear stress is able to produce an increased
plastic zone size. This tends again to invalidate the X description of the stress
field. The Standard specifies that

2
(W~ a)approx.z 2. 5( Sz ]
Oy
But, this conid be an over-stringent requirement (ref. 19)

The net resuit of the above considerations is that the testpiece dimensjons must
be greater than those given by the Standard's specification, viz:

2
a,B,(Wwa)22.5{£f£~J
Ty

and 0.45 < /W < 0.55 (W = 2B) (1%

Example 2i - Testpiece Dimensions (1)

It was assumed in Example 2g that a bend testpiece thickness of 50

mm was sufficient to guarantee plane strain fracture in a high-strength

aluminium alloy, ’

{a) I the 0.2% proof stress of this alloy was found to be 450 MPa, in a
uniax;ial tensile test, would the above assumption be Justified?

(b) What is the minimum strength level of an alloy of the same
toughness that would still give a valid K7, result in this size of
testpiece? '

Solution
For (a) From Example 2f, Ky, = 39.4 MPa m1/2
From Equation 10, for a valid Kje test

2
322.5[5‘3}

Iy
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2
-2 5( 39.4)
450
=19.1 mm
A testpiece thickness of 50 mm is therefore more than adequate for a

valid K}, resuit.
For (b} {Working in m)

2
B a:z.s[ﬁlJ
Oy
39.4 )
0.052 2.5[—'_]
Gy
Gy 2 279 MPa

The minimum value of proof stress is therefore 279 MPa.

Example 2j - Testpiece Dimensions (2)

An alloy forging steel has a specified minimum proof stress,

oy = 800 MPa and a guaranteed minimum fracture toughness,

Kic =120 MPam1/2,

{a) Calculate the minimur testpiece dimensions needed to carry out
valid tests to check the toughness figures.

(b) Estimate the weights of sufficiently large standard SEN bend and
CTS testpieces.

(c) Estimate the test machine capacity required.

Solution

2
For{a) B=z22 S[wﬁﬁ} from Equation 10
o)
y
Kje =120, 5y =800
s B22.500158%m
=56.25 mm
and W=28

W=112.5 mm

For (b) SEN bend specimen (see Figure 3.1}

Testpiece length, L = 4W + 10 mum
oL 460 mum
Ignoring the notch, the volume is Bx Wx L

-~ volume = 0.0029 m3
- mass = 23 kg (since density of steel = 7900 kgm™)

CTS specimen (see Figure 3.2)
length =2H = 1.2W= 135 mm
total width = 1.25W = 140.6 mm
hole diameter, D, = 0.25W=28.125 mm
Ignoring the notch, Volume = (2H x B x C) - 2(xD%/4 x B)
<= (0,001068 - 0.000069) m?
= 0,001 m?
.. mass =79 kg
For (¢} In order to obtain the minimum machine capacity required,
assume the minimum permissible (/W) value = 0.45 to
calculate the maximum load required to give a Kjp of 120
MPam1?2 (cf Examples 2g and 2h).

SEN - bend specimen (see Figure 3.1)

From Equation 8,
P = K BW"
Y

Now W=112.5 mm, B = 56.25 mm and ¥; =9.14
(W = 0.45)
(Working in MN and m)
_ 120x0. 05625x(0.1125)*
9.14

=0.248 MN

Pp

The minimum machine capacity required is therefore 248 kN

CTS Specimen (see Figure 3.2)

From equation 9,
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K BwY?

Py
F Y

for /W = 0.43, ¥3 = 8.34 (see Figure 3.2)
Hence Pp=271kN

Comments

This example provides a good illustration of the practical features
involved in the testing of a reasonably tough forging steel. The
testpiece size becomes quite large and, for the SEN bend geomeltry,
uncomfortably heavy for a single operator to handle easily. If the
testing machine is of limited capacity, it may be necessary to resort to
the bend geometry since the loading span can be increased to facilitate
fracture. However, this may present difficulties in respect to the supply
of material in suitable form.

If we take this example further, assuming the test machine is limited
to 250 kN capacity, we could adopt a higher (a/W) vaiue within the
permitted range (i.e. up o /W = 0.55) to lower the value of Pp
However, since a minimum guaranteed K[, value of 120 MPam!'? is
specified, in practice a higher K, will be the case, which in turn wiil
require a higher value of Pr. Thus, B and W must be increased
correspondingly,

In the present hypothetical case, B might be set at 65 mm (W = 130
mm) which would enable valid K7, results to be obtained up to a value
of 129 MPam'/2, If the test machine is limited to 250 kN, it would be
Jjust possible to test a standard testpiece, provided that 0.54 < a/W
<0.55 (¥ > 12.15), which would require exceptional control on the
mitial crack length. It would not be possible to fracture a CTS
testpiece of 'valid' size in the machine. The use of higher /W values,
outside the Standard, is clearly attractive if the (W-a) requirement is,
indeed, over stringent.

2.6 Compliance Methods

The mathematical expressions for K become complicated for standard testpiece
geometries and although the ¥ functions referred in Equation &, are tabulated,
the physical sense of what is being calexlated is often lost.

For testpieces, a conceptually more direct method is to determine
experimentally the change in stored elastic energy with increasing crack length,
measured in terms of the displacement of the loading poines, and w© obtain a
value of & from the expression: '
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o-3)8

Whilst examples of its usage are given below, the compliance approach has
certain limitations. First, the measurement of small changes in displacement is
difficult to make with accuracy. Additionally, in many structures, such as a
pressure vessel, the position of the loading points is undefined. The theoretical
methods must then be used.

Example 2k - Derivation of G Using Compliance Method

If the displacement-load relationship for a body of thickness, B,
containing a crack of length , is given by u = CP, where C is the
compliance and is a function of @  a longer crack makes the specimen
behave like a weaker elastic spring), show that the energy release rate
per unit thickness, G, is given by:

y4
Gm_f’_(ﬂg)
2B\ da

if the crack extends under a constant load P.

Solution

The strain energy stored in the body at crack length, a, is given
by 14y Pu = 1py CP (the area under the load-displacement curve),

If the crack extends at constant load, the displacement will increase to
(u+ du), whilst P remains constant, because the specimen with crack
length {a + da) behaves like a weaker spring.

The new strain energy stored is then increased to Uy P(u + du).

But, the applied load does work of magnitude -P(du), so that the aet
release of potential energy is equal to -1/y Pdu. i.e. d& = -1py Pelu

Now u = CP

= P%t-j- since dP = 0 (constant load)
14

Now, the change in energy for crack extension is given by:
4 _1pdu
da 2 da
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. Eé—_.ipzﬂq
“da 20 da
. . 1/ dé
G is defined as the positive value of — —
Bi da
P*(dC
Hence, G = —| — 11
ence ZB(daJ (11)

Example 21 - Compliance and Fracture Toughness

In the compliance calibration of an edge cracked fracture toughness
testpiece of an aluminiam alloy, it was observed that a load of 100 kN
produced a displacement between the loading pins of 0.3000 mm when
the crack length was 24.5 mm and 0.3025 mm when the crack length
was 25.5 mm. The fracture load of an identical testpiece, containing a
crack of length 25.0 mm is 158 kN. Calculate the critical value of the
potential energy release rate at fracture and hence the plane-strain

fracture toughness, K¢ , of the alloy. All testpieces were 25 mm thick.
2

. . K
From Equation 6, for plane strain conditions, G = _}3_(1 - v2) where

v has a value of 0.3 and E is 70 GPa for this alloy.

Solution
At P =100 kN, ay = 24.5 mm and »; = 0.3000 mm

ap = 25.5 mm and u; = 0.3025 mm
Since u=CF
Then €y = 0.3000 x 102 mun kN-!

¢ = 0.3025 x 1072 mm kN-!

diC G ~C

da  ap-a

4C _ 0.0025x10 2 !
da 1

2.5 x 105 kN-1

Pt (dC
Corie =255\ o
[v3

From Equation 11,
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. 158%%2.5x107°
B 2x25
= 12.5 kJm=
From Egquation 6,
2. Gk

K; 5

< 1-v
_ 12.5x10™2 x70x10°

0.91

=962
- K7p = 31.0 MPa m172

2.7 Weight Functions

We have shown (exampie IV) that the potential energy release rate per unit
thickness, G, is given by

‘ G=aKk*/E (equations 4 and 5)
and that the work done on extending a crack is given (example 24, p9) by
Ba
ngz"-ocudr. . (12

For a crack growing {rom zero to a crack length of @, r becomes identical to x ;
hence dr = dx and we have

dﬁ—Ff dx 3
= Joudx. (13)
d& 2 du
Now P AP e (0
da Ooda )

since neither o nor dx vary with @, and as G is defined as dé/da per unmit
thickness, then ‘

K> @ du

—— = | Ge—dx (15}
E 0 da ..
This may be rearranged this to give the form:
ok y
0ok da (16)
Define m(x) as
mix) = MEMSE 17
oK da an

hence
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apply a weight function known for one geometry to 2 component with a roughly

a
K= J‘Gm( x)dx. {(18) comparable geometry but for which the weight function is unknown.
0

Example 2n - Calculation of the weight function for a cracked

i i tion. ’
The term m(x) is known as the weight functi bend testpiece

A bend testpiece in pure bending (four point ivading) contains a
crack of length a. The stress across the testpiece varies linearly
from a maximum tensile stress (G),) at one surface, through zero

Example 2m - Derivation of a Weight Function for a Crack in
an Infinite Sheet

Using the equation for 4, (équation A22 in the Appendix) derive % in the centre, to a maximum compressive stress (-Gyy) at the other
the weight function for a crack of length 2a in an infinite sheet surface. The stress mtcnsgy factor ISagI";El ‘;fix
. - 12 x
under an applied stress of Ggpp. | K= 1-1215;;(7360 JOW
. ] where x is the distance from the top surface of the lestpiece.
hutio
IS:;)Gl[‘rxle:uation A22 we have : : Calculate the value of fin the equation K =fGp (an Y2
2 2 27 ‘ for the bend testpiece if the crack is 0.05 &/W in length.
“2"‘“‘"’”(1“" )Uapp -
Asoe=(1- vz) this becomes Solution . L s .
2 \/—2—“2— The equation for the variation of the stress within the festpiece
Uy = = O gpp X must be derived. As stress drops linearly from Oy at x =0, to
du 20t a zero at x = W/2 and on to -0y, at x = W, the vanation of thc stress
and B 5w T o ; with distance, x, in the uncracked body, is
da E a -x
Note that we are differentiating with respect to a not with respect The cquation above b o{x) = Opp (1-20/W)
to x. This can be substituted into the equation for the weight q n above becomes
function m(x) to obtain £ 2a 2 K:i.lZlSE(na)uzg a(};—ZxéIfg
(XY = o o (3 s : ' 0(a” ~x%)
oK E JERE K=112152 ~(ra o2 el ¥ do- [ 25 e
w,,zmc a W {Jo(g? — %)% o (a? —x2 )72 .
= Capp ‘ a :
: : a* 5 infini For f p) iz 172
: From table 2.1 we have K = G (ma) for an infinite sheet. o(ag® —x%)
Substimting for X we obtain : let x = a sin @, then dx = g cos @. When x =0, © = 0 and when x
: )= a p ; = a, O =772,
mix)= I |
a 1 n/2 asin®
) Hence L{az_xz)uzdx:jo (@~ 2 cos® )2 do
Although for this case it is easier to use the formula found in table 2.3, the
weight function method becomes useful for more complex loadings and ) sinw
geometries. The function m(x) is a geometric function which depends simply on = L W
the crack length and shape and on the geometry of the testpiece or component ;

in which the crack is preseat. A humber of weight functions for different As sinw = 1- cos2w, then
geometries are available in the literature (e.g. ref 20}, and it can be of value to '
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w______—-nmdx:J. m_____—m—dq)zjdmm @™ = . : -
JO PN o (smlo)? A (o] 5 i A K=fou,yna
Ca 9% _ where a is the crack length from the edge of the hole.
—_— dx o - . .
For L (@ — )2 _ - The value of fis given in the graph below. Note that, as #/4~50, 50
Tot w2 = a2-x2, then dx = -w/x du. When x = 0, u = a and when x = f“ﬂ-iZ_X 3, the factor for an edge crack, Table 2.1, multiplied by
au=0. : the elastic stress concentration factor for a hole, 3.
Hence i
4 3.5
a 2x 0 2u 0 a0 :
Lw———-—-ﬂ{az BT dx == L»«—-———d(uz N 1 = -2La‘u =-2[u}, =2a
Substituting back into the equation for K, we obtain 3.0
G, |W Sy
K m1.1215~2—(m}”2—'—'*-{m5‘m2a W
L W2 3]
For a crack length of 0.05 a/'W q% 2.5
2
K =11215=(na)"? c,,,{ﬁ—mzxo.os} 2
B 2 =
K = 1.050 op, (x @)M? 20 2.0
Thus, f=1.050 =
Comments 1.5
The weight function derived here is 1.050 whereas that given in
the standard reference 20 is 1.071. This is because the equation
used assumes the form for an edge crack in a semi-infinite sheet. i0
However, the error in this method is only 5% up to a crack length ’ ! T T
of 0.075 a/W. It may be noted that the stress intensity factor ! 0.0 0.5 1.0 1.5 2.0
calculated from equation 8 and a compliance function such as that )
in reference 21 differs by only 1% from that caiculated by the Crack length / hole radius, a/R
weight function method, . Figure 2.4
The weight function method is very useful for the cases where there are stress If the hole has a radius, R, show that the hole and cracks can be
raisers or residual stresses in a material as they allow the modified stress ; represented by a single crack with a maximum error of 5% for

intensity factor to be calculated. : cracks longer than 0.1 &/R.

Example 20 - C F the Stress Intensity F £ Solution

xample 20 - Comparison of the Stress Intensity actors of a The stress intensity f i c
Crack and a Crack Emanating from a Hole in an Infinite in Table 2.1 asn ity factor for a single crack of length 24, is given
Sheet, '

; K=0up,yna

To compare the two formulae the crack length of the single crack
becomes 2a + 2R and hence the equation becomes

The stress intensity factor ahead of one of two cracks smanating
from opposite sides of a hole in an infinite sheet under uniaxial

tension is given by the equation
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K =0 gpp{a+R)

Figﬁrc 2.4 gives the crack length as a maltiple of the hole radius,
50 that the equation is best modified to the form

K:(}'app'\/; R(%"ﬂ"lj

and for the hole and cracks,
a
K=Ffogpr /ﬂ:(;).

If we divide one equation by the other we obtain
a

Khole - f R

Kcrack ’_"i,{,l
R

Which when plotted against the ratio of crack length to hole
radius, &/R, gives the graph

1.2

1.0

0.8 1

0.5

Khole / Kcrack

0.2 1

0.0

T i I
0.0 0.5 i.0 1.5 2.0

Crack length / hole radius, a/R

Figure 2.5

Weight
stresses
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The sharp crack can be seen to over-estimate the stress intensity
factor due to a hole plus cracks up to a crack length of 0.1 of the
hole radius. The hole and cracks then give a stress intensity factor
up to 5% higher (at a/R of 0.5} before asymptoting to the value for
a gingle crack,

29

function methods can also be used to calculate the effect of residual

around a particle

Example 2p - Residual Stresses Around a Particle

A particie of radius 2 pm in a large sheet of steel induces a tensile
residual stress field on the surrounding matrix due to thermal
mismatch. At the particle matrix interface this stress is 1000 MPa.
Calculate the effect of this residual stress on the stress intensity
factor of two cracks each of length 4 pm emanating from the
centre of this particle, if the sheet is under 2 uniaxial tension of
200 MPa. The stress intensity factor is given by the equation

Kzfcresﬂ/a'

The length of each crack, 4 ym, is twice the particle radius, and f
is given as 0.2511 for a crack of half length 2R {where R is the
patticle radius),

Solution
The stress intensity factor due to the residual stress is

Kzfcresm

K =0.2511x10004/n4x 1075
K =f0Cgma

K = 0.89 MPa m!/2,

The stress intensity factor due to a hole and a crack given in
Example 2o is

K= fog,Jna
and f is taken from figure 2.4, for a crack / hole radius of 2, as

1.25. This gives )
K =1.25x2004/47x107

K = 0.89 MPa m!/2.
The stress intensity factor due to the residual stress is equal to that

of the applied stress and thus doubles the stress intensity factor.
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Comment. .
If the appiied stress approaches 1000 MPa then the stress intensity
factor due o the residual stress falls to 20% of that of the applied
stress. Although these values of stress intensity factor are much
less than the fracture toughness of steel, anything which acis as a
stress raiser in this way will have a marked effect on the fatigue
life (see Chapter 5) because the fatigue life depends on the stress
intensity factor range and, in this example, this is increased by
increasing the maxirnum stress.

2.8 Effects of Microstructure

The microstructure within a material can have marked effects upon the
mechanical properties of the material. Here are two examples; the Petch
equation and transformation tonghening. . .

The Petch equation gives an expression for the lower yield stress, relating 1o
conditions at the front of a Luders band, propagating along a tensile testpiece.
The physical situation which is modelled is that of a slip-.band in one grain,
impinging on the grain-boundary between this and an unyielded grain (figure
2.6).

unyielded grain

yieided grain

Figure 2.6
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The dislocations in the slip-band have to move against a "frictional stress”, Tj.
The slip-band is modefled as a Mode I{ shear crack, acted on by a reduced
shear stress.
T = Tapp — T

The local stress at a distance, r, ahead of the tip of the crack, is given by the
form

_ Ty = ('rapp —'ci)(d [ 4r)M?
This derives from the expression for the stress intensity factor pertaining to a
central crack of length 2a = d, subjected to a Mode II (shear) stress, T. The
general form is:

K =t{ma)"?
T = Hrar2nr)?
={d/4r)*?

This applied stress produces a value
172

Kopp = '{app(dfdfr)

and this is reduced by the friction stress by an amount
1/2

T(r) = (Tapp BT )(d/4r)
Hence Ty = (Tapp —1; {d 14r)V?
it is now supposed that yield is produced in the unyielded grain when ()
attains a critical value T* at a critical distance r* ghead of the tip of the slip-
band. For lightly-pinned dislocations, t* would be the unpinning stress and ¥
would be the average distance to the nearest dislocation source.
We then have T ('zapp —1; (@7 =)

or by rearrangement C Tappr) =T +[(4r}”2 T *}d'”z

The term [(41’*)“2 ‘C*] is written as kj where the superscript ‘s’ denotes shear,

To convert from shear to tension, both sides of the equation are multiplied by
the “Taylor factor’, M, which takes account of the statistical distribution of
avatlabie slip systems in different, randomly-oriented crystal systems. For b.e.c.
crystals, M = 2.75, for the f.c.c. system, M = 3.2

Hence, Ty = M'Capp(y) =d; +ky a

This is the Petch equation, in which all terms refer to uniaxial tension. The
temperature dependence of the yield stress depends on those of ; and Ly, The
friction stress, o, generally contains two components: one, "athermal’, deriving
from strong barriers, such as disjocation networks, precipitates or irfradjation
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damage; the other, temperature-dependent, deriving from weak barriers, such
as isolated solute atoms or the Peierls-Nabarro siress, The temperature
dependence of ky relates to the strength of pinning of dislocation sources by
interstitial solute atoms: weak pinning gives temperature dependence, but
strong pinning gives rise to a temperature-independent ky (for very strong
pinning, new slip dislocations may be created athermally at the common grain
boundary).

Example 2q - The Effect of Grain Size on Yield Stress |-

Given that the unpinning stress for weakly-pinned
distocations is 125 MPa and that the nearest dislocation
source is located at a distance of 1 pm ahead of the slip-
band tip, calculate the values of tensile yield stress for
randomly oriented iron polyerystals of mean grain size
100 pm and 10 pm, having a friction stress of 25 MPa.
What value of kyis obtained?

Solution

Values of v* and r* are given as 125 MPa and 1 pum
respectively.

Hence, ford = 100 pm, (in MN and m}

12 -1/2
Tappiyy = T +[(4r*) T*ld

Tanotts :25+i:(4x10‘6)”2125}(10“4)—1”
Tapp(yy = 25+25
Tapp(Y) = 50 MPa
Now iron is b.c.c.; hence M =2.75
Oy = M Tapp(¥) = 2.75 x 50
oy = 137.5 MPa
Now ky = {ar9) P oe
hence ky = (.25 MPa m1/2

Ford =10 Bim Tﬂpp(Y} =T +[(4r*)”2 T*] dnl/z

Tapp(y) =254 [(43( 10“6)”2 125}(10“5)4'{2

Tapp()’} =25+79.06

Tapp(Y) = 104.06 MPa
Now iron is b.c.c.; hence M = 2.75
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Gy = M Topp(¥) = 2.75 x 104.06
Oy = 286.16 MPa

Now ky =(4r#) s
hence ky =9.25 MPa m!/?

The yield stress is increased on decreasing the grain size
but the value of £y is independent of grain size,

Transformation toughening effects the fracture toughness of a material by
causing a clamping stress on the crack which opposes crack opening. When
stressed, a material (e.g. zirconia-containing cerarnics) may undergo a phase
change. This phase change will usually be in the highly stressed area, ahead of
a crack tip, and will usually involve a volume change. This volume change can
exert a pressure on the crack which opposes opening and hence increases the
fracture toughness.

Example 2r - The Effect of Transformation Toughening on
Fracture Toughness.

A model of transformation toughening in ceramics assumes that the
effect of the transformation is to exert a clamping pressure, p, over a
short distance immediately behind the crack tip. Calculate the
improvement in toughness predicted by this model for a crack of half-
length | mm in a ceramic of surface energy 1 Jm~2 if the transformed
region is 100 um long and produces a clamping pressure of 60 MPa.
Young's modulus for the ceramic is 400 GPa and Poisson's ratio is
0.25. '

Sohution .
The stress intensity for a crack of half-length a loaded by a pressure p
over a distance (a-¢) from the tip of the crack can be calculated from
equation 18:

a

K= |om{x)dx

a—c

and méx)} is given by (ExampleZm)
Jn(x) E] .-‘..1.. W......?__..._

X yal-x?
This gives

o e " __dr
Kﬁz\/:P.[,wc [ 2
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Ifx=asin @, then dx=acos Bde
sin”' 1 acos@dﬁ

[ofy-
aec gq? o x sin~ela g% _ g sm"‘ 8
sin?l cosBdb sin™'1
:J =140
sinfela cOSO sin~ ola
Therefore the stress intensity due o the transformation is (in MN and

m)
2
K= 2p(-€) {sin‘f 1 —sin“l(—c—)}
- a

V2
K=2x 60( 0. 001) {sin” 1-sin™ ( 0. 0009]}
T 0.001
K = 0.966 MPam1/2

From equations 1 and 2 we have

Gre=2v
GIC =72 Jm“2
From equations 5 and 6 we have
K 2
Gfr: = et
E
For an uatransformed material Kjc is given by
G . E
K.’c = _J&”M

/2 x400x10°
1-0.25°
= 0.924 MPam1/2
The addition of the stress intensity factor for the tcughening leads to

Ko =0.966 + 0.924
Kjc = 1.89 MPam1/2

2z
Now G = E[—%~
(1~0.252)(1.89x10° )’
400x10°
Gle =837 Jm2

e =

Comment
It can be seen that the stress intensity at fatlure is doubled by the
transformation but the fracture toughness is increased fourfold.

3. Fracture Toughness Determination

The basic aim of the fracture toughness test is to obtain a reproducible value of
the critical toughness of the material, denoted by K., for mode 1 opening.

The object in this Section is to go brefly through the steps required for the
experimental determination of Ky.. For more precise information and guidance,
reference should be made to BS 7448 ‘Methods for Determination of Kje,
Critical CTOD and Critical J Values of Metallic Materials’.

3.1 Qutline of Test

The test involves loading a test-piece which contains a pre-existing crack
usuaily developed by fatigue from a machined notch. The practical objective is
to determine the applied force at which a given amount of crack extension has
taken place from the pre-existing crack. This information is established from a
force / displacement test record in terms of a given deviation from linearity.
The plane-strain fracture toughness, Kj. , is then calculated using the stress
analysis relationship developed specifically for the particular type of test
specimen involved.

3.2 General Testing Details

in order to determine the fracture toughness Ky, value from a laboratory test it
is necessary to know the applied force, the initial crack length and the way in
which the K value varies with increasing crack length, as a result of the
boundary and loading conditions imposed by the particular design of test
specimen - otherwise referred to as the K-COMPLIANCE or K-CALIBRATION
function.

As was mentioned in Chapter 2, K-calibrations can be derived exper;mentaliy
for a given specimen design (see Example 21) or mathematicaily, the latter
procedure being the more accurate.

Two standard types of testpiece are currently recommended in BS 7448 (and in
ASTM E399-74T). The first is a single-edge-notched (SEN) bend testpiece and
the second, a compact tension (CTS) testpiece. These are illustrated in Figure
3.1 and Figure 3.2 respectively, together with tables of K-calibration values (i.e.
¥ functions in Equation 8 and Equation 9).

35
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/’—\\‘
a

s
]
oWas(min) || 2W+ 5 (min)

60°
Nominal

Width =W

TFhickness

=B=035W

Half Loading Span L =2W
Bffective crack length a = 0.45Wto 0.55W
Dimensions in mm.

Values of ¥ ) as a function of a/W for bend testpiece, three point loaded, with
half-loading span to testpiece width ratio 2:1.
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Net Width =

Total width € = 1.25W
Thickness B =0.5W
Half height H = {(.6W
Hole diameter =(.25W

Effective notch length M = 0.25W 1o 0.40W
Effective crack lengtha = 0.45Wto 0.55W
Dimensions in mm.

Values of ¥, as a function of o/W for a compact tension testpiece
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Figure 3.2
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In simple terms, the fracture toughness (Kjc)is given by .
PY g
K!c - BW“Z (19)
As was explained in Section 2.5, before a valid Ko result can be obtained in
the laboratory, it is necessary to prescribe limits in terms of specimen size and
crack length so that there is sufficient constraint to achieve fully plane-strain
conditions. In other words, the specimen must be sufficiently large in section
for the contribution to the measured toughness from plastic deformation to be

negligible, so that fracture proceeds under essentially elastic conditions.

Current requirements of the Standard for a valid Kjo measurement are as

follows:
X 2
Bz 2.5(-—&)
G}'

B = specimen thickness
W = specimen width (W = 28)
and 0.45 < a/W < 0.53

(cf. Equation 10}

Where a = crack length

Oy = 0.2% proof stress under the conditions of test.

it is impossible o determine at the outset of testing whether a valid Kj¢
measurement has been made. It is first necessary to calculate a provisional
resuit, Kp, which involves a geometrical constiuction on the force /
displacement test record and then to determine whether this result is consistent
with the testpiece requirements, as specified above (see Standard for precise
details).

3.3 Derivation of K@ and Kjc - The 'Offset Procedure’

Referring to Figure 3.3, which illustrates the main types of force / displacement
test records, draw the secant line OP through the origin with a stope of 5%
less than the slope of the tangent OA to the initiai part of the record. Py is the
lowest force at the intersection of, or tangency to, the secant with the force /
displacement record. The force Py is equal to P, or any higher force which
precedes Ps, and this value is used to calculate K uvsing Equation 19, with the
value of Y taken from the appropriate K-calibration iables (see Figures 3.1 and
3.2)

i
!
|
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A horizontal line is drawn at 80% of Py. The distance v; between the force /
displaccmcpt record and the tangent OA should not exceed Yy of the
corresponding deviation from linearity, v, at Py If this condition is not

satisfied, the non-linearity present is due to plastic deformation and the result
must be rejected.

The 5% line i3
exaggerated

Displacement Gauge Quiput

Figure 3.3

The v?%ue of }‘3,,,65 /Py is recorded. If this ratio exceeds 1.10 it is likely that Ko
bears insufficient relation to K and the curve should be rejected.

Tl?e factor 2.5(Kp /ca‘y)2 is next calculated and if this is less than both the
thickness and.crack length of the testpiece and ail other validity criteria are
met, then K¢) is equal 10 Kj (see Equation 10). Otherwise it is necessary to use

a larger testpiece to determine KJ. , such that the thickness and crack iength
are not less than Z‘S(K']C/Gy)z.

Exampie 3a - K, Determination (Bend Testpiece)

Figure 3.4 shows the force / displacement record obtained on testing a
23mum thick high strength low alloy steel in 3-point bending with a 4:1
loading span, The sketch shows the fractured surface of the test
specimen. Determine whether the test represents a valid K. resuit,

It may be assumed that the fatigue cracking, testing and measurement
are in accordance with BS 7448, -

The 0.2% proof stress is 1640 MPa.
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Solution
From the testpiece measurements,
a=23.75 mm, B = 2500 mm, W= 50.00 mum
\a/W= 0,475 (ie 0.45 <a/W < 0.55)
The compliance function (¥1) is obtained from Figure 3.1

From the test record, the 5% secant construction provides

ie. Yy = 9.85 (note haif loading span is 2:1)
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Pp=272kN

(The 0.8 P() deviation and P,,m/PQ requirements are met)
Hence, from Equation 8, (working in MN and m)

PoY
g= BWir
. 0.0272x9.85
ie. Kp =t Z
0.025x(0.030)
= 47.9 MPa m1/2
From Equation 10,
2
K 2
oy 1640
=2.1 mm
For a valid Ky, resuit
2
K
a,B22.5 —2
G,
ie. a, B 221 mm

From the testpiece measurements, this is seen to be the case,

Hence, Kp=Kjc =479 MPa ml/2

Example 3b - KJ Determination (Tension Testpiece)

Figure 3.5 shows the force / disptacement record obtained on testing a
50mm CTS tension testpiece taken from a forging of proof stress 1050
MPa. A sketch of the fractured testpiece is shown.

Determine whether the test represents a valid X/ result.

Solution N
From the testpiece measurements,

a=52.09.mm, B=4993 mm, W=100.03 mm

SoafW=0.521 (l.e. 0.45 < afW < (1.55)
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The compliance function (Y3 is obtained from Figure 3.2,
i.e. Y= 1032
From the test record, the 5% secant construction provides
Pg=0241 MN
Also, Poac= 0261 MN
2:‘“/ &
5’,' / ,3‘?
S P oy 0261 MN
i
/
i !
7
Py =0241 MN
I~ T Sl
08Py
= B ™
9 / Machined
9 é Notch “~—~_~___\*
=3
2
’% Loading Line b e = = e R
Fatigue "
e Crack ]
Y
Displacement ._
Fracture | 3
Surface
A E
5 cm
Figure 3.5
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so that Frax _ 0.261 =1.08.
B, 0241
From Equation % (working in MN and m)
_ o
KQ - pwliz
_ 0.241x10.32
0.04993x(0.100)"2
=158 MPa m1?
From Equation 10,
2
K 2
25 =2 =9, 5(—158-)
o, 1050
For a valid Kj, result
2
X
aB22.5 -2
Ty
i.e. 2 56 mm

From the testpiece measurements of a and B, this is seen not to be the
case.

Hence, the test result is invalid and must be considered only as a KQ
value.

Comment
Although this test result is invalid according to the 2.5(K/ay)? criteria,
the Pp,/Pp ratio of 1.08 means that the test result should not be tweo

far removed from Kj,. The Ky, measurement capacity of this 50mm
thick testpiece is given by:

B M2
K. =(~é-~§J ¢,  (from Equation 10)

i.e.
2.5

To achieve a valid K, result from this material it would be necessary

y2
(9—9—5—9-] 1050= 148 MPa m1?

to increase the specimen dimensions only slightly.
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34 Appiiéation of K,

It may not be appreciated that, in practice, there is no such thing as a ‘defect-
free' material. Cracks or crack-like defects are inherent in every component.
The important point to ensure is that these cracks remain harmless and do not
grow in service (i.e. by overstressing, fatigue, stress corrosion etc.) to a critical
size.

The adoption of fracture mechanics is particularly useful in this respect, since it
enables us to evaluate the reliability of a structure or component in service. Its
use in design can help in the correct choice of materiai and to judge whether a
defect is likely to be of a size to cause catastrophic fracture.

In simple terms, the higher the value of K., the greater is the resistance of the
material to catastrophic failure.

In applying fracture toughness methods io design, we determine the critical
stress intensity factor, K, at fracture in a relatively simple laboratory testpiece,
where the relationship between applied stress and crack size is kpown from a
suitable compliance analysis (see Section 3.1 to 3.3).

From a knowledge of KJ, it should be possible to calculate the applied stress to
cause failure, for a given defect size, or, alternatively, to predict the size of
defect necessary to cause failure for a given applied stress.

In practice, however, the compliance function for a particular component, or
structure, may not be known, so that a different approach for calculating critical
flaw sizes is pecessary. One method which has been adopted is based oun the
stress analysis of an edge-cracked plate.

For a surface flaw, the critical defect size is given by:-
2
92 ~0.212{0/o, )

1.21nc?

_ 2
Gop = B

(20)

where K] = plane strain fracture toughness

¢ = gross working stress rormal to the major axis
of the flaw

oy =0.2% proof stress

a,,= critical depth of surface defect
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¢ = double elliptical integral
=la2 2
Let Q—[é) -0.212(c/s, ) ] (21)
where Q can be considered as the flaw shape parameter which allows for the

geometry of the flaw,

Hence, from Equation 13 and Equation 14, we have for a surface flaw :

.flw _ K!CZ .
Q 1.21ns? 22)

or
In the case of an internal flaw, the coefficient in the denominator of Equation
22 is taken as equal to unity.

Hence for an embedded flaw :

a K2
5), = @

The relationship between the flaw shape parameter, Q, and aspect ratio, %/2c, is
shown in Figure 3.6, for different C‘i/()“y values. a 15 the semi~-minor axis and 2¢
the major axis of an ellipticai flaw,

0.4 =2 [ya
e oIS, = .00
0.3 Surface : ggg
= 1.00

Aspect Ratio, af2c
[om]
]
H

b=
=
T

Embedded

! | H

03 1.0 15 20
Flaw Shape Parameter

Figure 3.6 - Flaw Shape Parameter Curves for Surface Cracks

Values of Q for defects of various #/2¢ ratios are given in Table 3.1,

’I‘hereforf:, in any flaw size analysis problem it is necessary to have a knowledge
of two of the following three quantities:
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1) The fracture toughness (KJq) : - 1S8clution

(i) The applied stress (o) | ‘ Case (i)

(1) The flaw shape and size (%/2¢) . x From Equation 22 )
In most cases, the flaw size will be the unknown quantity aqd before one can ! a4 K.
calculate the critical flaw size, it is necessary to assume the likely flaw aspect _ 0), 12Inc?
ratio (4/2¢). Subsequent to this, (%/Q)¢r can be determined for the specific value 030

of & and K[ involved. Hence, 2 and 2¢ can be derived. . = TP e
This procedure can be reversed to calculate the gross failure stress for a given _ :
level of toughness and flaw size. o =0.0140 m

From Table 3.1, Q = 1.1 (o/oy = 0.21, af2c = 0.1)

© for af2c values of < acr =15.4 mm
Thus, the flaw would have to be greater than 13mm deep (i.e. halfway
olay 0.10 0.20 0.23 030 .40 through the section) before fracture would occur. Clearly, there should
0 0.6 o7 121 138 176 be tittle risk of failure.
0.9 0.91 112 1.24 1.41 L79 Case (ii}
From Equation 22
1.27 1.45 1.83 )
0.8 0.95 115 L ay) 30x30
07 0.98 L17 13 a8 e | 0), 1.21m620x620
1.532 1.90
06 .02 122 13 =0.00062 m
<0.6 1.10 1.29 1,43 1.60 1.98 From Table 3.1, Q = 0.88 (since /Gy = 1)
Tabie 3.1 - Flaw Shape Parameter Values ‘ s odep = 0.54 mm

In this case, a flaw only 0.54 mm deep would be critical, which
corresponds with the maximum depth specified in production. On this
basis, it would be difficult from inspection to ensure that fracture did
not oceur upon quenching. ‘

Example 3c - Calculation of Tolerable Size of Surface Flaw

During the water quenching of a steel component, 30 mm in section,

heat transfer caiculations indicate that the stress generated is E.xample 3d - Calculation of Failure Stress for a Known Defect
130 MPa. The Kj; determined in laboratory tests was 30 MPa ml/ Size

and the proof stress was 620 MPa. : o

The maximum size of surface defect specified in production is

0.50 mm. _

(i) Calculate the tolerable defect size given that the aspect ratio of the
flaw, %/2¢ = 1/10.

(i) What would be the situation if the generated stress approached the
proof strength of the materiai?

Following the failure of a rocket motor casing during proof testing it
was found that an internal flaw had extended to a size of 4 mm by 1.6
mm. The measured failure stress was 1260 MPa.

The material had been heat treated to a proof strength of 1645 MPa
and had a Ky, vaiue of 60 MPa m!7?.
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formula for an embedded flaw in Equation 23. Assume the ratio of
o/Gy to be unity.

Solution
The aspect ratio, B 08
2¢ 4

(@cr = half the width for an embedded flaw)
From Table 3.1, 0 = 1.07 (since cs./cy =1}

5)

T{ -

Q cr

_ [60x60x1.07
70.0008

= 1238 MPa

The predicted stress of 1238 MPa shows close agreement with the
ohserved failure stress of 1260 MPa.

. From Equation 23,

Calculate the applied stress necessary to cause failure using the|

3.5 Shoart Crack Ky Values

It has been stated (see B.S. 7448) that for a Kj. value to be valid the fatigue
pre-crack length must fulfil the criterion in equation 10 that

0.45 zalW z 0.55.

This requirement applies to the fractare toughness test procedure. For values of
KJc to have relevance to practical engineering assessments it is clearly
important that vaiues should either be strictly applicable to a range of crack
lengths, or should demonstrably give conservative (i.e. safe) predictions. Strict
applicability is more likely to hold for high strength, rather brittle materiais.
Figure 3.7 shows the fracture toughness values calculated from testpieces of
(3150 maraging steel of yield strength 2400 MPa for a range of a/W values. As
long as the material has not exceeded any of the other criteria for fracture
toughness evaluation, a crack length outside the Standard still gives the same
result. This relies upon the use of a compliance function which is valid at the
crack length in question. The function in B.S. 7448 holds between 0 2 o/W 2 1,
but resalts below @/W =0.} may become less accurate because the error in
measuring the crack length is large with respect to the crack length.
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Note that these results would not hold to such low /W values if the yield |
strength was substantially lower, because plasticity would invaiidate the linear
elastic assumptions of the stress analysis (see later).



4. Yielding Fracture Mechanics

4.1 Introduction

The principles of linear elastic fracture mechanics can be ap?iied only in
situations where the stress field is dominated by the stress intensity factor (see
Section 2.5).

Examples treated so far have been concerned with high strength stc?els., allf)y
steels and ajuminium alloys, where valid Kj¢ results can. be ebtaaged with
relatively smali testpieces. However, it was seen, that even for a forging stfaei
(Example 2j), quite large specimens were needed 1o satisfy the size
requirements imposed by the British Standard.

This problem is accentuated when we consider materials of lower yietlcl
strength, such as structural steels at room temperature. For example, with
AS533B (0.23 C 1.5 Mn 0.5 Mo) steel, which is used to make welded pressure
vessels in nuclear power reactors, the yield strength is approximately SOO.MPa
and a reasonable lower bound to the fracture toughness of fully stressmrehev_ed
plate at room temperature s 180 MPa m!? Applying the standard size

reqoirement:
2
B2 S
Oy

gives B 2 0.324 m and W2 0.648 m

This would equate o a weight of approximately 1500 kg in a CTS spe-cimen
and imply a fracture load of ~ 5 MN. Whilst Fhe thickness is not
unrepresentative of the service application (very larg.e, thick vessels), the size of
the testpiece .needed to give a valid Kjo value is clearly too large f0 be
contemnplated for routine purposes.

In the application of A533B, there is an obvious need to assess t'he effects of
neutron irradiation on toughness, It is possible to subject specimens to an
enhanced neutron flux by embedding them in the reactor core, but such
surveillance specimens must of necessity be very much smaller than those
needed for valid Kjc tests. Other toughness parameters, whlich can be measgred
using small testpieces, must therefore be sought. An essential polat to consider,
therefore, is the effect of plasticity on the crack tip stress field.

50
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4.2 Plasticity “Correction Factors”

An early approach treated the infinite body in plane stress, for situations where
the plastic zone preceding fast fracture was considered as an additional
contribution to the initial crack length. For a plastic zone of length 2r,, where

1, is given by:
2
a| OF
P, == =~ 24
-5 2] 2

Y

it was argued that the distribution of stress was equivalent to that for an elastic
crack of length (a + ry), i.e. -

K=o(x (a+ ) (25)

Althongh the energy relationship, K? = EG, is not proved for this definition of
K, the expression is instructive in showing that, if the amount of plasticity-is
significant, the value of K developed by a given stress, G, is higher than the
elastic relationships indicate.

Example 4a - Effect of Local Crack Tip Plasticity
Ap aluminium alloy of yield stress 400 MPa, is tested in wide sheets.
For a central crack of length 25.4 mm the fracture stress is observed to

be 200 MPa. Por a central crack of length 16.6 mm the fracture stress
is 240 MPa.

Calculate vajues of fracture toughness for the alloy,
(2) using simple LEFM analyses
(b) applying the plasticity ‘correction’.

Solution
Taking the stress analysis as that for an infinite body (see Table 2.1)
Case (a) - Elastic Solution

K = Ogppfm a)/?
For () Z2a=254mm .. ¢=0.0127 m

K. =200 (0.0127m)12

=39.9 MPa m1/?

For (ii) 2a = 16.6 mm ., a = 0.0083 m

K¢ =240 (0.0083m)!/2




52 VYielding Fracture Mechanics

= 38.8 MPami/?

Case (b} - With ‘Plasticity Correction’

K = Gapplmia + r,)] V2

At fracture

12
. 2
K, =0 M(E +W2%€) {from Equation 24)

Gy

For (i) Ke=39.9 [1 + (052172
. Kp =423 MPaml/2

For (i) Ko =388 (1 + 1n0.6)2112

- Ko =422 MPam!/2

Comiments

The discrepancy between the elastic calculation and the ‘corrected’
result becomes greater a5 (Ogp,/0y) increases, i.e. as the plastic zone
size becomes larger.

As ((‘)’appfﬁy) is increased still further, this modification of the elastic
stress analysis becomes increasingly inappropriate. It is also often the
case that; although a large structure may fail before general yield, so
that some modified stress analysis could be used, a much smaller test
specimen of the sameé material would exhibit general yielding before

fracture.

4.3 Crack Tip Opening Displacement

In circumstances of extensive plasticity, several toughness parameters have
been proposed. One which has found particular favour in the UK has been the
CRACK TP OPENING DISPLACEMENT (CTOD) usually given the symbol 8.

In simple terms, CTOD is the opening of the crack at a position corresponding
to the original (sharp) crack tip and a specific value of CTOD, §;, characterises
the onset of crack extension. In some shtuations, total instability is coincident
with §;, bat, in others, such instability may not occur untii a higher value, &, is
attained. Fhis is associated with 2 finite amount of crack growth, Aa, so that:
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o (B
%=t +(E§]A‘” 26)

In plane stress, for vzfxiues of Tgpp/0y < 1 {ie below general yield) it is possible
to relate & to the applied stress, Tapp, through the expression:

-89 3 app
& s ain{sec{_—z—c—i— (27)

For low values of G,p,/0y, the "In sec” term may be expanded to the first order

as follows:
=G, 26,2
In| see] —F o qpy| 1 e
20, gdyz

2
T O g
85,*
Hence, for conditions of small scale yielding, Equation 27 becomes:
2
Lo g
R 28
o F (28)
KZ
= —(;;—E. (see Eguation 4, p7)
or &= g (see Equali
5, quation 5, Example 2d, pi(0)

By comparison with previous expressions , the toughness, G, is eguated to
oy?)c‘. Aflthough the energetics of the situation for extensive plasticity do not
predict instability, an analogy to the virtuai work argument may be considered
under conditions of small-scale yielding (cf Exampile 2d) ’

) Sa
If 8E = Ldudr ,

where i i i i
. the stress c? remains constant at Gy in the plane stress yielded region and
the displacement is a constant at 8¢,
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Hence, BE = oyd.da
8%

Since G = > per unit thickness
71

Then Ge = Gyde ' 29

The punciple of CTOD testing is then that a critical value, 8¢, may be
measured in a body (testpiece) which has undergone extensive yielding (or even
general yielding), where linear elastic fracture mechanics cannot be applied,
and this same value can then be used to calculate the toughness of a much
larger body (structure) where Gup,/0, is small, so that the relationship G, =
oyde can be employed.

For higher stress levels, 8. characterises the fracture cendition, but energy

calculations show that the system of crack plus yielded zone is always in
neutral equilibrum, so that a condition for instability cannot be derived.

4.4 CTOD Testing Details

The preferred testpiece is of SEN bend configuration, the same as that indicated
in Figure 3.1, with thickness, B, equal to the thickness of material to be tested.
The width, W, is equal to 2B, and the specimen is precracked in fatigue, to
obtain &/W values in the range 0.45 - 0.55, Testing is carried out in three-point
bending, with a total loading span of 4W. A subsidiary testpiece, with W = B, is

also permitted,

The CTOD is obtained by converting a clip-gauge displacement, Vg, measured
at knife-edges, situated at a height z above the top surface of the specimern, {0 a
crack-tip value, 8. The fatigue crack length on the fractured surface is measured
and an average value of a is obtained. The relationship between & and clip-
gauge displacement is given by:-

KH1-v?)  oa(w-a)v,
= +
ZGyE 0.4W+0.6a+z

)

where Vp is the plastic componeat of the displacement obtained by constructing
a line from the point of interest on a load / displacement curve, parailel to the
elastic loading line, and measuring the offset corresponding to zero load.

The first term in Equation 30 derives from a finite element calculation relating
& 10 K in plane strain (see Section 4.53) and the second term from the geometry
of specimen deformation, assuming a centre of rotation at 2 distance 0.4 (W-g)
below the crack tip.

™ e i G (G 80 50 AT
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| Example 4b - Calculation of CTOD from Clip Gauge Displacement

In a CTOD test made on a structural i

' ¢ steel of yield st
usmg a specimen of dimensions B = 25 mm,yW = ;gnrit:a 4;)ng1;:’
crac‘ned 0a deptﬁ of 26 mun, to what total erack tip dispzace’mem cil)oes
?h(.:hp gauge plastic deformation of 0.33 mm correspond, if the load at

Is point is 30 kN, and the knife-ed ;

; s ges are 2 mm thick? !

modulus is 200 GPa and Poisson's ratio is 0.3) ekt (Youngs

Solution
Elastic term (from Equation 30) is:
K2 (1 —y? )
- 20,E
Where X = Ph

. 2 {(see Equation 8)

or a/W = = = i

otk mzﬁ;oandoiz, Yy=11.36 (see Figure 3.1)

__ 0.05x1136
0.025x(0.05;%2

= }01.6 MPa m}2

From above therefore:

5 1016 (0.91)

2x430x200x10°
_ . = 0.035 mm
Geometrical term (Equation 23) is:
5= 0.4(24)x0.33
{0.4x50)+(0.6x26) +2
= 0.084 mm

Thus the total (on-load) CTOD = 0.14 mm

The standard simply specifies the method by
S, may be obtained from clip gauge readin
stz:mgfltfc?rw_farcf for a cleavage fracture, where fast fracture instabilit inci

w1th 1}n1tla£zon, but, in other siruations, it may be necessa to1 e
1n:t1‘auon value, &, or a value corresponding to a fixed amour?t( of c::elz:sum o
.Whlls‘t ‘f{acture instabilities .in testpieces can perhaps be related o Bt
Instabilities in service, it is hazardous to suppose that the o:sett{z)ff;afztsutli:

instabﬂit in a [estplece (at 8 i relates 04
y necessar: y iti Wi i
i . . m) Iy [ t 1 C[’liical event in a

which critical values of CTOD,
gs. The determination of 8, is
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D et

It is possible, in some materials, to detect initiation of fibrous fracture, using

acoustic emission or potential drop techniques, but these methods are not | Solution
universally applicable. A technique which has proved useful in steels is to g Plot a graph .
ph of CTOD (8 -
obtain a full curve of 8 versus the crack extension Aa. Testpieces are unioaded o (0) against Aa (as shown in Figure 4.1)
from different positions on the load / clip-gauge displacement curve, heat tinted i 05 :

if necessary and fractured in liquid nitrogen. It is then possible 1o calculate the
CTOD at the position of the original crack tip (taking into account any change ‘
in the centre of rotation due to crack growth) and to plot this against Aa. 04
Extrapolation to Aa = 0, provides a vahue for 8;. ’ ’

Another technique is to unload specimens partially at various positions on the =

load / Vg displacement curve and use the elastic unloading slopes to detect any g

changes in compliance, which would indicate crack extension, A fusther “.

method i to use two or more clip-gauges situated at different heights above the @
: crack tip. The first major deviation from the initially linear proportionality of “
readings from gauges is indicative of crack initiation.

0.1
b ‘Example d¢ - Determination of §; by Multi-Specimen
Extrapolation Technique 0 . ! ! } |
02 04 06 08 10
The following table gives values of CTOD and fibrous thumbnail ; ) Crack Extension, Aq, mm ‘
iengths for specimens of HYS0 steel. What are the values of 8; and ! Figure 4.1
(dd/da) for this material? ' From the graph
: _ . Extrapolation to Aa =0 yields:-
Crack Exiension (Aa) CTOD (at original crack tip) ’
mm mm . 8; =0.14 mm
; and the slope of the line dd,.
0.00 0.09 l\ fda= 0.42 mm/mm
0.03 0.15 Example 4d - D ’
: ~ Determination of 5i :
0.125 0.18 Technique of 3i by Double Clip-Gauge
22 o
0.14 0.2 Sgoﬁijtests are made in a cast NiCrMo steel of 0.2% proof strength
0.30 0.25 Two cli 4, using lestpieces of dimensions B = 10.mm, W = 20 mgm
0.40 0.30 éw;r; lzbiaj‘egcsg 1 ?nd II, are mounted at heights z7 =0 mm and a1 = |
. . e top surface of each testpi ' L
L - e piece, If the first
0.50 (.34 fvei:;ztl\(fm from linearity in a graph of Vg([) against Vg(hrs) org:i?;
0.90 0.50 valuo of 3, or :?15 9? 5 for a crack length of 9.83 mm, what is the
: : i steel? Figure 4.2 shows the test d
Ve(n, Young's modulu record of load versus
Table 4.1 as Og. & s may be taken as 206 (iPa, and Poisson's ratio
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, Elastic Loading Line

15 - ,
[ Vg, = 0295 mmy
11.92 b B0 7
e e e — 5
/ 7
10 , //
2t /
£l /
= /
)/
/
/
....... u(l! z“---nlnnuunluu»».-nln.nnuj
0 o1 02 03 04 03
Clip Gauge Displacement,
Vp = 0.083 mm Vg - mm
Solution

of the elastic loading line on the Vg( axis gives Vp %0.083 mm
KH1-v?)  oaw-a)vp

o, " T20,E | 0.4W+0.6a+z
BmIOmm,W=20mm,a~—*9}.’83mm,z=0

PY
and K‘—-‘W

For a/W = 9.83/20 = 0.492, ¥ = 10.38 (see Figure L
11.92x107° x10.38
T non0.02)2
= §7.49 MPa m2
(87.49)%(1~0.09)x10°  0.4(20-9.83)0.083
Thus, Ty T13R2062100 < (0.4x20)+(0.6x9.83)

i intercept |
When Vg() = 0.295 mm, the value of P is 11.92 kN and the intercep

= 0.058 mm
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4.5 CTOD and Fracture Toughness

In principle, a critical value of CTOD, measured in a testpiece, may be used to
calculate the refationship between fracture stress and defect size in a structure,
The first example employs a plane stress analysis.

Example d¢ - Calculation of Critical Defect Size using CTOD

A rocket motor case is fabricated from Cr-Mo low alloy steel of proof
strength 1.2 GPa, as a long cylinder of diameter 0.5 m and wall
thickness 2.5 mm. I the design pressuse at maximum thrust is 8 MPa,
calculate the size of the largest defect that could be tolerated in the
motor case without any risk of bursting at blast-off, given that the
criticai CTOD for the material is measured as 50 pm in a small
testpiece.

(Young’s modulus for the steel is 200 GPa.)

Solution
Assume that the conditions are those of plane stress, becanse the case

is thin. The most dangerous defect will be a longitudinal crack, lying
normal to the hoop stress.
The hoop stress is given by:

Chr=pd/2:
where d is the diameter (0.5 m), ¢ is the wall thickness (2.5 mm} and p
is the pressure (8 MPa)
o4 =223 500 Mpa
2x2.5x10

oo K= 800 (ra)is2

Now, in plane stress:

KC2 = E(}C = Eﬁyéc
=200x 10%x 1200 x 50 x 106
= 12 000

£

oin

_ 12000

" 800x8007

=58 mm

Qriy

The total length of defect that could be tolerated is therefore 11.6 mm.

Comments
A rough estimate of the plastic zone radius is given by:
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2
alop | _58 ( 800 )2
Y=2l6, | T2 \i200
is 1.3 mm, so that 2ry (2.6 mm) is about equal to the piate thickness.
is 1. , ‘
The plane stress assurmption is therefore tenable.

i CTOD on applied stress has
i full analytical dependence of . : :
b Piaﬂri;;zlg iar;:)hough some finite element solutions are becoming available.
tl?rixilef eonditic;ns of small ‘scale’ yielding. the results are of the form_.

K2 BH
I
different calculations give values of B from 0.45 _to 0.7, aithough some
. h jelded a value of unity. Additionally, in structural steels, the
D inte crai‘t{::; value, 8, is not easy to deduce if slow ductile growth
;Er)gz:ger;att;e final fracture instability. A lower—boundfestimat;: 0 Kgc;b‘;‘;':: t{EZ
L. ade from values ot O,
ductile / britt;l:s 22?:;;;0;;2?1;)2‘::12 S,C:SSZ&ZEZZ”Y Jess than the Kjo value in a

value of K; Standard incorporates an amount of crack

large specimen, because the Kf¢
growth at Pp. {See Section 3.3).

Example 4¢ - The Toughuess of High-Strength Weld Metal

An alloy weld metal, of proof strength 1 GPa, w?fz fcI:ung ’;g;)la:;z[:
i f 95 MPa m'/~. In \

train fracture toughress. K¢, o
ﬁ:g: i; thick, small specimens, the value of &; was fo;nd to_be 4'0
jm. What is the value of the constant, B, relating 8 to K4/ O,E in this

materiai?
Young's moduius may be taken as 200 GPa.

Solution s
b= B-E—— {Fquation 31)
o, K
y
king in MN and m
workine 0.04x1073 x10% x200x10°
b= 95x95
= 0,89 _
Hence, experimentaily, for these plane strain tests,
5=0.80-5
o, E
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Example 4g - Estimates of Toughness in Thick-Section Pressure
Vessel Steel

Room temperature CTOD tests on stress-relieved AS33RB pressure-
vessel steel gave a value for 8; of 0.19 mm and a more-or-less linear
increase of CTOD with crack exteasion (d&/da) of 0.5 mm/mm.
Calculate values of K; for this material and estimate possible values of
K] that might be obtained in large LEFM testpieces. The 0.2% proof

strength is 500 MPa , Young's modulus is 200 GPa and Poisson's ratio
is 3.3.

Selution

The lowest value of the constant, B, relating to KzfﬁyE is given in the
British Standard, where:

B=(1-v3)y2=045
Working in MN and m, from Equation 31,

_ 01931073 x500x200x10°
0.45

o K =206 MPa mi2

K2

The highest value of §, from experimental measurement, may be taken
as unity,

Hence, from Equation 3],

K#=0.19 x 10°% x 500 x 200 x 10°
o K =138 MPa,ml2

Comments

At room temperature, values of Kj. measured experimentally were of
the order 180 - 200 MPam!2, suggesting that the tofal fracture
instability in this material occurs very shortly after initiation.

If a K value of 200 is taken, the ‘valid’ testpiece dimensions become:

2
B,a, W-ay2 2.5[£}

Gy

= (.4 m
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The 5% offset secant construction (see Section 3.3) in the fracture
toughness standard, permits an amount of plasticity and crack growth
totalling 2% of the crack length. If the cracking is half this amount, it
would be possible to contemplate as much as 4 mm slow crack growth
preceding fast fracture at a temperature somewhat above roOm
temperature, Such growth would imply a CTOD value:
&= 8; + [d&
d

——JAa (see Bquation 26)
a
=0.19 + (0.5)x4
= 2.19 mm
and K = 690 MPa m!/ for f§ = 0.45
or K =460 MPa m!/2 for = 1

Similar effects have been noted, using J - integral calcujations, and
there is a real question as to whether a steel, such as stress relieved
AS533B, which has a high resistance to ductile growth, can show a fast
fracture instability, in thick section, above its fibrous / cleavage
transition temperature.

4.6 CTOD and Quality Control

Another use of CTOD is to provide a screeaing test for quality control
purposes. Here, the aim is to specify the crack-tip ductility that a material must
possess if it is not to fracture by cleavage in a plate of given thickness, B, The
cause of such cleavage fracture is the high tensile stress that is generated ahead
of the crack tip by triaxial constraint. If the plastic zone is sufficiently large,
however, the triaxial stresses may be relieved by yielding on plates at 45°
through the thickness.

The criterion suggested is that the plane-stress plastic zone radius, ry = In &
(K/Gy)z, must be at least equal to the plate thickness, B. If &, in plane stress, is
given simply by:

K
8 = i Eqguation 31
i (see Bg )

substitution for K in terms of ry gives:

§=2nr,(0/E)
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Wn'm}g the yield strain, g,, for (6/E) and setting the condition that rn2Bto
avoid cleavage, we have, for quality control:

§22ne,B (32)

In practice, this value of CTOD may be equated to an equivalent minimum
Charpy value.

Example 4h - Estimate of Minimum C rack-Tip Duectility

Estimate the minimum crack tip ductifity (critical CTOD) required to
prevent cleavage fracture in 25 mm thick structural steel plate at a
temperature of 265 K, at which temperature its yield stress is 400
MPa. Young’s modulus for the steel is 200 GPa.

Solution

The yield strain is given by:

[+3
g, =2
> E
400

200x10°
cogy=2x 1073

From Equation 25,
822nx 2% 103 x 25

= 9.314mm

Comment

Hence, if the steel possesses, at 265 K, in 25 mim thick testpieces, a
CTOD greater than 0.314 mm, the plate should not fail by cleavage,

whatever the initial defect length. If the CTOD is less than 0.314 mm
a more detailed fracture mechanics assessment must be carried out. ,

4.7 Defect Assessment (Welding Institute Method)

In liew of detailed finite-element calculations, relating the applied load on a
structure tg the values of CTOD developed at defects situated in stress fields
around major stress concentrators (such as a crack in a weld around a nozzle in
a pressure vessel), the Welding Institute has developed a design procedure,

. using a curve, which relates CTOD to the local estimated strain level.
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There are W0 components 1o the approach. Firstly, a wealth of data has been

collected from tests on large pre-cracked plates, expressing crack tip CTOD as -

a function of applied strain level. Secondly, the strain concentration arcund a
feature in service is equated to the stress concentration of the feature.

The design curve is shown in Figure 4.3 where the ‘normalised’ CTOD
(8 /27 &) is plotied as a function of normalised strain (e/e,).

(€83
T

Normalised COD
812, gy
(3]
i

| i E i
0 1 2 3 4
Normalised Strain e/ey

Figure 4.3

For a given value of &/g,, the curve shows the value of &/a that is developed.
This information can be used in two ways: either to specify minimum values of
§ for a given defect population, or to set NDT limits for material of known
crack-tip ductility. Residual stress may also contribute to the value of efay.

It should be noted that the value of 4 refers to the half leagth of maximum
allowabie through wall crack. The derivation of equivaient surface and
embedded crack depths is explained in reference 14.
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.| Example 4i - Use of Welding Institute Design Curve

A pressure vessel, of diameter 25m and wall thickness 0.25 m is made
of low-alley steel of proof strength 500 MPa and contains steam at a
pressure of 5.3 MPa. Large pipes are welded into circular openings in
the vessel wall using matching weld metal. If the available NDT
techniques are able to detect defects of length 10 mm in the welds,
calculate the minimum eritical CTOD of the weld metal required to
prevent fast fracture, assuming that a residual tensile stress equal to
half the yield strength may be present in the region of the weld.

Solution

Since the diameter, d, is very much greater than the thickness, 1, treat
as a thin-walled tube:

Hoop stress Gy =+

Around the circular holes, the stress will be raised by a factor of x3, so
that the proof stress is exceeded locally and the material is strained
plastically.

If we assume that:

S &
Gy, €,
Hence, £ = §%§~
e, 500
=163 from the external loading
But E—E— =0.50 from the residual stress
¥
g
Hence, Total =215
Fy

From the Design Curve (see dotted line on Figure 4.3)
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8 19 (For =215
ne a g,
500
and g, = —
Y 200x10°
=25x 103

To be on the safe side, we can take g as an edge crack and substitute a
value of 10 mm (i.e, NDT detection lmit)

Hencs, §22mx25x103x10x 1.9

& 8¢ 203 mm

Comments

This value of 8¢ should not be difficuit to obtain in fully stress-relieved
material above the cleavage / fibrous transition temperature but
attention must be drawn to the importance of proper stress relief in
welded regions. If residual stresses were o promote cleavage fracture
in a brittle, untempered microstructure, the valune of 8¢ could bhe
substantially reduced, to a value less than that required to give
catasirophic propagation.

4.8 Defect Assessment (‘Two Criteria’ Approach)

This recognises that two distinct classes of failure can occur:

(a) Failure by fast fracture at ap applied stress below the general yield stress (or
collapse load).

(o} Failure by plastic collapse.

The existence of these two classes may be understood by considering the effect
of decreasing the defect size in a large structure of constant toughness.

At large crack lengths, failure could occur under LEFM conditions, with the
failure stress, Oy given by:

or=Kfe (may?

As a is decreased, so Gy must increase, until it eventually becomes greater than
the collapse stress ogy. Under these conditions, any fracture mechanics failure
criterion is meaningless. Failure occurs by plastic collapse, although oy must
be calculated for cracked, rather than the uncracked body.
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This simple concept is illustrated in normalised form in Figure 4.4 where the
ordinate is the ratio Ly Lgy, of the failure stress to the collapse stress and the

abscissa is the ratio Lg/Lgy of the failure stress predicted by LEFM to the
collapse stress.

As L/L(;;.(, (Gupp/Ocy) becomes large, the linear elasfic description bf the stress
field begins to break down. Use is then made of the ‘In sec’ formula {Equation
27} to derive a ‘true’ value of K, from the plane stress expression:

2
s K
cxyE
Hence, K= (E o, 8172

At high values of 0,,,/Gy, 8 is given by:

g
8, = ——2 glnsec s
nt E 2o,

Substituting, K = (£ 6,82, K = o (na)!/2

k? =§-Gy2aln sec| T F
£ 20,

K. 122
of KC2 == %Gyzaln{sec( ZGQ ](g—] ] 33
¥

which is one form of the expression used to deduce ‘true’ K values from
‘apparent” K values,

In terms of the normalised stresses, L Li and Lgy, write:
Kg = Lim a)'/2
K¢ = Lg(ma)l/2
Lgy=0,

Hence, the equation becomes:

g nL
Li*na =2 1op%a0 f
4 " Gy aln sec 5T {343

GY

w‘hich gives (Lﬁ/L(;y) as a function of (Ly/Lgy), plotted as the failure curve in
Figure 4.4.
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1.5 1
w Linear Elastic
] Fracture
% 10 | Plastic Collapse__ o
=
o 3? Failure Curve
B
=08 b
£
z
I |
0 1 2
Nermalised Failure Stress.
Predicted by LEFM, Lg/Ley
Figure 4.4
4.9 The R6 Approach

In yet another formulation, due to Milne et al, {ref. 17) the ratio LgLg is written
as k7 and LifLygis written as S

L Y Loy ¥ L
Lef L8[ tar m[sec( f]
Lf T Lf 2LGY
172
1 HERS nly
— = | —=1ni sec
k! s/ix? 2Lgy

g - —1/2
Kf :S{ ?En[sec(aﬁ'{ ]ﬂ (35)

From Equation 34,
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10 Failure
Envelope
087
K'r
el
SAFE
0.4r
02r
i i ] L
0 0.2 0.4 0.6 0.8 1.6
ST
Figure 4.5

and this expression is plotted as the ‘faflure assessment’ curve Figure 4.5,
although this may incorporate & ‘collapse load’, L,, instead of Lgy, where
L, is caiculated using the same constraint using the same constraint factor, but
with o, replaced by the tensile strength ©,, or an average flow stress, equal to
’fg((fJa + @,). Such expressions are held to provide a useful lower bound to
experimental results obtained on specimens which fracture at fairly high
fractions of, and even beyond, general yield.

This approach may draw conclusions, as to the danger of defects, rather
different from those using the Welding Institute method (previous Section 4.6).
As for the Welding Institute method, it suffers from having a basis which is a
mixture of plane stress analysis and empiricism. This approach is perhaps more
open to question in situations where a small test specimen breaks well after
general yield, but an actual structure made from the same material could fait
before general yield.

If plastic collapse of the test specimen has occurred, it is not clear what
parameter can be used in design.

The modified ‘collapse’ based on ©, is empirical and G/, values in a
genesally yielded festpiece do not have obvious meaning with respect to the
prediction of failure in a structure.
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Example 4j - Stress Analysis When Yielding is Extensive

Show formaily that expansion of Equation 27 to second order terms
leads to an expression for K similar to that used in Example 4a. For
the aluminiom alloy described there, what critical defect size
corresponds to a failure stress of 360 MPa? The yield strength of the
material is 400 MPa,

Soluation
Referring to Equation 27,

Let (————-J =0 and expand to second order terms
msecB=-lncosB

(S

From which it can be shown, to second order terms, that

4
Ensecé):l 0%+ 8
2 6

Hence Equation 27 becomes
5 = K? 8 Oy i1 1ro g . ozt
6, m E |2\ 40,7 6xibc,?

k=252, wlopl mlopt
S K. =g + Y
Y 4<5y %60,

4. 2
Ga e}
£ n? 4 F2
240,

n
=0p nﬂli].‘i'z———}

Fracture Mechanics — Worked Examples 7]

2 22
‘o
K, =op(ra)?| 1+ =L
e =0rp(na) % g2
- 5 W2
172 Cr
K. =0p(na)’®|1+0.41—=
Oy

which should be compared with the following expression used in
Example 4a:-

- 52
K, =cp(na)?1+0.52E }
Sy
For 04p,/0y = 0.5, the correction factors applied to the op(na)!’? term
are 1.05 and 1.06 respectively.

For Capp/Gy = 0.6, the factors are 1.07 and 1.086.

Taking %2 =35 2410 sed] “OF
N 2
¥

2
o
KCZ:_SZ_ —2 | in| sec] Z2E O gl
e\ Gpg 20,

with ¢/0y = 0.5 and 0.6 gives factors applied to op(ra)!2 of 1.06 and
1.094. Agreement appears to be better with the simple plastic zone
correction than with the expansion to second-order terms. The
corrected values for K, in Exampie 4a using the “In sec’ formula
become 42.3 and 42,4 MPa m!/2.

if the fracture stress is 360 MPa and the yield stress is 400MPa, we

H {ie Equation 27)

can write
K= ?.Gyzaln!jsec{ nGFH

b 20),

2_8 2 p
as (42.35)° = —(400)* alnfsec81°]

T

a=2.37 mm

2a = 4.7 mm
Comments

Hence, a defect of length 4.7 mm would cause failure at an applied
stress of 360 MPa.

Note that the LEFM treatment for this stress and crack length would
give

Kp =360 (000237132 = 30.9 MPa m!”2 only.
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Nozzle

Weild

Curve drawn through
points intercepts at

1.0 0.85,0.79,
08 , 1.95,0.79
0.58, 0.7,
K. 0.54, 0.64

08
E
|

0.4 -
|
l

02 }
|

' 0.?2, 0 é’ i L
0 0.2 04 S 0.6 0.8 1.0

Figure 4.6
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Example 4k - Failore Assessment using the R6 Approach

A set-on nozzle is welded to a pressure vessel shell, as indicated in
Figure 4.6,

it is assumed that a thumbnail crack of aspect ratio @/ = 0.5 and a/t
variable, may be present at location A. Using the information in table
4.2, calculate the critical size of this crack needed to give catastrophic
failure, if the membrane stress is a simple hoop tension oy, of 210
MPa. The materials have the following properties: 0.2% proof stress =

420 MPs; tensile strength = 540 MPa; K] weld metal = 80 MPa m//?

a, min as Sy Ky FI%R)

0 0.0 0.52 0.00 3.60

10 G.14 0.54 0.64 1.80

20 0.28 0.58 0.70 1.40

30 0.42 0.65 0.74 1.29

40 0.56 0.76 0.78 1.01

50 0.70 1.95 0.79 1.00

Tahle 4.2
Solution

Successive pairs of values of Sy and K, corresponding to different
values of @/t {eg 0.52, 0; 0.54, 0.64; 0.58,0.70; etc) are plotted as
points on the failure assessment diagram (see Figure 4.6).

The line joining these points crosses the faifure envelope at

Sr =0.85 and Kr =0.79

i.e. when a =45 mm

Failure is predicted for crack depths greater than 45 mm.

Comiments

The values of 5, have been calculated by finite element analysis, using
the membrane stress of 210 MPa, and flow stress equal to Ly(proof
stress + tensile strength), allowing for the change in ligament area as
a/t varies. Values of X are given by:

K = o (ma)'? £ (%/g)
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where f (%/g) is a factor to take account of the stress|

gradient beyond the circular nozzle.

When @/ is zero, = 3.

When %/p is large, f = 1.

For a = 45 mm, the table 4.2 shows that f= 1.
It is interesting to note that the simple expression Kje = Oy (may) 2,
which does not incorporate the factor of 1.12 for an edge crack (see
Table 2.1), nor any factor for elipticity of the thumbnail profile (see
Section 3.4), gives, with KJ¢ = 80 MPa m'?, o, =210 MPa and f=1,

2
a= —1~(—8~9—) x10°
w\ 210

= 46 mm

The R6 Assessment has now been modified to take account of materials w‘hxch
have a high initial rate of strain hardening. The Sr axis qf the fa;h‘ire
assessment diagram (figure 4.5) has been replaced by L, which is the .apphed
stress divided by the yield stress. The modified f'ai!ure assessmem‘d:agram,
figure 4.7, has cut-offs in Ly corresponding o Spe:cilﬁc .ﬁow stress / yield stress
values appropriate to various classes of material with different strain hardening

characteristics.

1.2 r

Cul-Offs, corresponding to

lastic collapse at:-
0.8 P

L=
K, 06 1 r
1.15 (Typical of A508)
% T 1.25 {Typical of Mild Steel Weids)
0.2 1.8 {Typical of Austenitics)

Figure 4.7

This revised diagram forms the basis of the assessment diagram f.or PD
6493:1991. A very convenient way to assess defects in structures following PD
6493:1991 procedures is to use interactive softwar_e packages, §uch- as
'CRACKWISE, available from TWI, Abington Hall, nr. Abington, Cambridge.
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4.10 Non-Linear Flastic Behaviour

For a material which behaves in a linear elastic manner (the graph of stress vs.
strain is a straight line). However there are types of material e.g. rubbers, which
behave in 2 non-linear elastic manner such that the stress-strain graph is a
curve. The material still behaves elastically in that loading, unloading and re-
loading follow the same curve.

The energy release rate associated with notional crack extension in non-iinear
elastic materials is characterised by a parameter termed J, which is the non-
linear equivalent of the potential energy release rate, G per unit thickness
derived for linear elastic materials (section 2.3). J is defined as follows

J=-dU,,/Bda (36)

where U, is the total potential energy within the system. J is the non-linear
elastic equivalent to G, and in a linear elastic material J would be identical to
G. For a lesipicce containing a crack and subjected to stress, the potential
energy is composed of two parts.

Ui =Ug+ U, (37)

where Uy is the potential energy associated with the testing system loading an
un-notched testpiece and U, is a component arising from the fact that the
testpiece contains a crack of length a. If a plot of load against load-line-
displacement is made, this second component, I/, is the area under the trace.
Thig can be expressed as

U, = J P(a) dg (38)

where g is the joad-line-displacement. If the crack is extended by a small
amount Ag, under fixed displacement (ie. keeping ¢ constant) the load
decreases and the change in total energy is

AU, = Uy +,[ Pla)lg - U, -J Pla + Aa) dg (393

= J AP dg {40)

for infinitesimal crack extension

dUm,:,[ dP dg 1)

J =—f(%§)dq (42)
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This can be seen graphically in fig. 4.8. The crack of length a+Aa can be seen
to give a lower load for a constant displacement. As the stored strain enerﬁy,
[/,, in the testpiece is the arga under the curve, then for the crack of !en%t a
th?,s is OAC. For the increased crack length this becomes OBC and the release
of stored strain energy is CAC-OBC. As

al
" %a
g
Then JAa = area OAB = _[OAqu

h J—jq(g—g}ﬂq
as Aa —+ 0 then = ol an

If we now take the case where the load is held constant then the displacement q
will change (Fig. 4.9). In this case the work done' = PAg = ABCD ar;dcls
negative as this is work obtained. The increase in strain energy = OBD - O

as OBD = ODBE - OBE

and OAC = OCAE - OAE

then OBD - OAC = ODBE - OCAE - (OBE - OAE).
As ODBE - OCAE = ABCD

then ABCD = PAg - OAB.

The net energy release = -PAg + (PAq - OAB) = -OAB.
and the equation becomes
: (43)
JAa =areaQAB = JOAqu

and then J becomes
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_{Pfdq
J“fo (EZ)dF 4

Another way of looking at this equation for J is that the axes of figure 4.9 are

swapped round such that the load is along the x-axis and the displacement is
along the y-axis.

It is, then, possible to provide J-calibrations for specific testpiece geometries by
measuring the area OAB for fixed displacement or constant load as appropriate.
in principle this may have to be measured using a plapimeter {or counting
squares on the graph), but analytical technigues are also available {see later),
The critical value of J at fracture initiation (often defined as a crack extension
of 0.2 jm) may be regarded as a fracture toughness, equivalent to G, In the

following example, we choose an analytical non-linear (parabolic) relationship

between P and q to illustrate the general principle.

Example 41- Calculation of J for a Non-Linear Elastic
Material

The graph of load against-load-iine displacement for a non-linear
elastic material is characterised by the equation

P=3.16x 107 (1 - a/W) gif2

where P is the load in &, and g is the load point dispiacement in
m, The testpiece dimensions are W = 10 mm, B = 5 mm and the

initial crack length of 5.0 mm grows to 5.2 mm. Calculate the J
value if

(i} the load point displacement remains constant at 1 mm,

{i1) the load remains constant at 5 kN.

Sohution
() From qU,_, =JAP dg and P=3.16 x 105 (1 - /W) ¢/
‘we have dU,, =fA(3.15 x 109 (1 - /W) ¢'2) dg
AU,y =3.16 X 107 [1-0.52- 1 +0.512 g%2 /3
= -4216.4 x 0.001%2

Now J= j— AUBAq {remember J is defined as being per
unit thickness)
F=0.133.37(0.0002 x 0.005)

J=1333kIm2
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(i) dU, = - [ aqap

if g is now expressed as a function of P, we have effectively
swapped the load and displacement axes over

PZ
T 10t (1 a/w)?

P2
= | Al e — 4P
dUm{ '[ {10];(1__@/“‘,)2}

Now q

1 LEL 11 p3 (1052 2
~iip? =- - 1/0.6%) /3
=-10711p |tz 1071 P2 (1005 )
0 [0.432 0.5 )3

= - 0.1417
Now J = - dU/Bda (remember J is defined as being per

unit thickness)
J=0.1417 7 {0.0002 x 0.003)
J= 1417 kI m*?

Comments

There is 2 significant difference between the values obtained bly
holding the load point displacement or the load constant. This
difference is reduced if the crack growth is smailer. For crack
growth of 0.01 mm {from 5 mm 0 5.01 mm) the J value for
constant load point displacement remains at 133.3 kJ m™* whereas
the J value for constant load becomes 133.6 kIm?. As for linear
elastic behaviour, the values approach each other as Aa — 0. This
method may be obviously be extended for any power-law
relationship between P and ¢ (this reflects a power law
dependency of stress on strain .. O = Ken)

411 fasa Characterisin_g Parameter

As defined above, J is a non-iinear elastic energy release rate which becomes
identical to G for linear elastic behaviour. It will be recajled that G can also be
related to the intensity of the stress and strain fieids around a stressed cracj:zk tip
through the identity (calculated from a virtual work arguqlent} G =g K</ E,
(Exampie 2¢ pp9-10) where K is the (linear elastic) stress intensity fac:'or. F?r
material whose stress-strain curve is represented by a power law relationship
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between stress and strain ("power law hardening’ material) the stresses do not
follow the 1% relationship which holds for linear elastic bebaviour, but are
distributed in a manner such that the exponent of r is a function of the work
hardening exponent. Thus, if the basic stress strain relationship is of the form ¢
o g7,

. . Gapp
the stress field is given by ¢ o< —*

A

rl|+|

&
and the strain field is £ =< m-‘f-‘ii’i

ratl
1

The displacement field in the open crack is of the form u = uy rot! )

and the justification for denoting the strengths of fields by J is that the virtual
a+ia

work argument for notional crack extension remains as J= | odu as for the
a

&/ K refationship.

4.12 Path Independence of J

We have so far treated evaluations of J for remote fixed-grip {load point
displacement) conditions, for remote constant load, and, via the virtual work
argument, for the stress / displacement field at the crack tip. These treatments
are eatirely analogous to those used for G and the point to be made is that, for a
given applied stress, the ¢crack tip value of J (calculated from stress analysis) is
the same as that determined from remote boundary conditions {which, in
principle, can be determined experimentally). The value of J is the same for
two circuits or ‘paths’:- one from the lower surface of the crack tip region
round to the upper surface: the other following all external surfaces of the (2D
plane section of the ) testpiece. Both paths encompass the crack tip (singularity)
and the same value of J is obtained. It can be shown theoretically that for any
contineous path within the body, starting from the lower crack surface,
encompassing the crack tip (singularity) and ending on the top crack surface,
the value of J remains constant. The statement is made that / is a ‘path-
independent integral’. The use of the word ‘integral’ simply implies that J is
evaluated within and all the way around the chosen path. For a given path J is
defined as the difference between two terms: the first, the integrated strain-
energy density within the path; the second, the work done by the surface
tractions which would exist afong the path’s boundary if it were cut from the
strained body without change of shape, moving through the appropriate
displacements to remove these tractions to zero. In the limit of load controlled
J-calibration, the first term is equivalent to the increase in strain energy stored
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{PAg - OAB, fig. 49):the second to the work done by the applied load (PAg,
fig 4.9).

4.13 Elastic/Plastic Behaviour

Although the J-Integral is defined strictly for non-linear elastic behaviour it has
been applied to materials which behave in an elastic / plastic manner. In an
elastic / plastic material the graph of load versus load-line-displacement curve
is different on unloading from that on loading, because permanent plastic work
remains stored in the specimen. it is apparent that J, defined as a potential
energy release rate, is inapplicable to this situation. It is however, possible to
define a J-like parameter ‘J' in terms of the work input rate

*J = dU/Bda.

This ‘7' parameter characterises the work-rate put into a cracked testpiece, but
this work is not fully recoverable to drive a crack. In Eshelby’s words ‘it is all
right, so long as we do not call the material's biuff by unloading’. It is,
however, plausible and open to experimental test, that, if a given value of *J’
characterises a given amount of crack extension in one geometry, the same
vajue of *J* will characterise the same amount in another geometry. It is;
therefore, possible that a critical value of *J* measured on a small testpiece and
corresponding to 0.2 mm of growth for example, would characterise 0.2 mm in
a cracked structure. The experimental procedures require a means of measuring
values of 'J’ in a testpiece. It has become conventional to omit the guotation
marks and refer to *J as J. This practice is now adopted, but it must be
remembered that J for an elastic/plastic material is a characterising paramelter
and does not bear the full connotation of energy release. Elastic / Plastic finite
element analysis shows that this new J is sensibly path-independent for a
number of standard geometries.

For elastic / plastic material, J is defined as the work input rate during the
loading of a testpiece. This work rate can be used (o produce either elastic or
plastic deformation. Equations 42 and 44 still hold but they are medified to
enable J 10 be determined from a single test.

If it is assumed that deformation only occurs in the ligament & (= W-a) it
follows that d/da = -&/db. As J is measured per urit thickness it is necessary to
express the load P as P* = P/B. The displacement, ¢, is a function of (P¥/b2)
and various material constants governing the stiffness. Hence g = fP*ib%) and
as the amount of deflection due to the un-notched testpiece is small, g can be
assumed to be due almost entirely to the presence of the crack. Since
dida = -d/db
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d __d

W T 43
d [ P*

a7 0

. . d
If this is wrilten as e f(t) where ¢ = P¥B? we can use the relation
d ddt

— e |y tal
a5 " ara O
d A P*Y 1
L5
where f{t} imphies df/ds. Now f{z) is a function of both P* and b we can also
Lood d
Wril =—
rite YR and hence
d Py PV
w7 e (“8)
then substitute f‘(P*/bz) to obtain
dq _ Ef,_(éi]
da b \ 4P’ “9)

Substituting this into Equation 44 and replacing P* by P/B, for crack extension,
keeping displacement constant,

2P dg
Je{ 2508 \ip
fo Bb(df’)d 50)

Hence

2 q
/= B(Wwa)-[epdq (51)

where B{W-a) is the cross section of the unbroken ligament. 1t therefore
becomes straightforward to obtain a / value from a test. It can be seen from
Equation 38 that the integral can be replaced by the area under the ioad / load-
line-displacement curve. Hence Equation 51 becomes

2
N =L —
BW —a) U; (52)

where U} is the area under the curve up 1o the displacement of interest. A line is
drawn parallel to the elastic loading line to pass through the curve at this point.
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The area, Up,between the line that has been drawn, the loading trace and the_
abscissa is calculated, and J is then given by
U,
B(W ~a)

p

7 =212 (53)

where K= P ¥,/ (BN W).

4.14 J Testing Details

“The British Standard (BS 7448) describes two testpiece geometries, the SEN
pend testpiece and the CTS testpiece. The CTS testpiece is stepped at the top of
the notch to allow for the positioning of clip gauges (figure 4.10). The SEN
bend testpiece, as shown in figure 3.1, has B= 2w althoug.h a testpie'ce
seometry of B = W is also permitted and testing is carried out in three point
bending with a total span of 4W. Both types of testpiece are fatigue precracked
toa = 0.45W,

607
Nominal =

| e et T

-t W Y |t— p — e
-t c - Section ¥-¥

Net width =

Total width C = L25W

Thickness B =(}.5W

Half height H = 0.6W

Hole diameter = 0.25W

Effective notch length 3 = (.25W 1o 0.40W

Effective crack length a = 0. 45W t0 0.55W

Dimensions in mm.

Figore 4.10
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During the test a trace of load against load line displacement needs to be
obtained. The true load line displacement may be measured in a number of
ways:

(i} using a comparator bar.

(i) placing an un-notched testpiece in the test machine, with the rollers close
together, measuring the elastic response of the system and subtracting this from
the load crosshead displacement trace.

(i) Using a clip-gauge arrangement to monitor the crack opening
displacement and relating this to the load-line-displacement.

After the test the area UP must be measured and this can be done either directly
from the test record or by nuwmerical integration using computer technigues.
The value of J can then be obtained from equation 53,

Example 4m - Caiculation of J for a SEN bend Testpiece.
A testpiece of NiCrMo steel of dimensions 8= 10 mm,
W =20 mumn, gave the load / load-line-displacement trace shown in
Figure 4.11. If the crack length is 9.83 mm calculate the value of
J for the material. The area {/, was found to be 4.820 Nm?,
Young's modulus may be taken as 206 GPa and Poissen's ratio as
0.3.
15 / /
10 i
%
o
E]
-t
5
0 i ;S UV S |
01 02 03 04 03 06 07
~ Load Line Displacement, ¢, mm
Fig. 4.11
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Solution

The value of the maximum load is 13.5 kN.
Now

S 2 2U,
I = 1-v? el
E ( Y ) B{W ~a)
B=00im W=002m, a=000983m, W-a=0.01017m,
c. a/W= 04915 and ¥ = 10.38 (from figure 3.1)
PY  13.5x10°x10.38
Km =
BIW  0.01xV0.02

2
(99.09)(106) (0.91) 544820
+
206x10° 0.01x0.01017

= 99,09 MPa m"?

= 43372 4 Q4789
J=1382 kJ m2

The J determination of initiation (0.15 mm crack growth) can be carried out
using two other methods, one similar to the method for evaiuating CTOD in
Example 4¢ and the other using an unloading technique.

4.15 Evaluation of Jj..

Having cbiained J values for a number of testpieces it is possible to obtain a
value for Jj.. Firstly, to be valid, the result must obey the criteria that both

B and W-a > 25 J/ cp.
However, results which satisfy these criteria still may not be valid J values. To
determine the validity of the results a plot of J versus crack extension, Aa, must
be plotted {figure 4.12).

H

a2y Biunting Line

.

1.5 mm Offset fine

156

-~ Region of invadid J values

Region of invalid J values

50
Minimum apparent
erack exlension

|--et—- Maximum apparen!

crack extension

i + i I 1 ! 1 { I} 2 1 ! 1
0 82 o4 .6 0.8 L0 1.2 id L&

Crack Exteasion. aa{mm)

Figure 4.12 - The plot of J versus crack extension
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Then a number of constructions must be added. First, the blunting line,
J= (G)‘S +GUTS)M’

must be drawn, followed by two lines paratle] to the blunting fine but with
offsets of 0.15 mm and 1.5 mm. These two offset lines determine the limits of
valid J values. A best {it line through the vaiid J values (called the R line) is
then extrapolated to the blunting line to give the Ji value for the material. The
points where the R line cross the two offset lines are the minimum and
maximurn apparent crack extension. The Jp value may be called the Jj, value if
there are at least four valid J values and the first valid value is at a crack
extension of less than 0.6mm.

4.16 Unloading Compliance Jj, test

During a normal fracture mechanics type test where load and CTOD are
monitored, the testpiece is unfoaded approximately 10% a number of times
during the test. From these unioading lines an estimate of the crack growth may
be obtained at each point on the curve and a point on the J versus Aa plot is
obtained. This plot may be evaluated, in the manner described above, 1o obtain
a value of JJ..

This method is a popular test procedure as it only reguires a single testpiece.
The experimental procedare is ideally suited to computerisation and this makes
the test conducive for guality control testing.

4.17 Defect Assessment Using J

Values of J7 may be used in defect assessment procedures {e.g. PD 6493:1991)
by calcuiating equivalent values of the critical stress intepsity through the
expression :

_EJ

o
This is clearly analogous to equations 5 and 6 for linear elastic behaviour, with
G replaced by J. Such values of X are often referred to by the symbol K. The
ordinate of the assessment diagram (figure 4.9) is then expressed as
Ky = Kapp / Ky and assessment proceeds as described in section 4.7, Detailed
assessments are cairied out using computer assisted methods {c.f.  the
MCRACKWISE package mentioned at the end of section 4.9).

KZ



5. Fatigue Crack Growth

If a material is subjected to a cyclic stress which is well below the yield strength
mechanical failure would not generally be expected. However, if there is 2
feature in the compodnent such as a crack, an inclusion or a sharp geomczr?'cai
discontinuity the stress may be raised locally to a level greater than the yield
strength and crack initiation and growth may occur. As the apphgd stresses are
cycled the crack may extend by a small amount on each cycle. This is known as
fatigue crack growth,

5.1 The Paris-Erdogan Equation

The graph of fatigue crack length versus number of cycles usually has the form
shown in figure 5.1

da/dN = gradient

Crack lengh, a

Number of Cycles, N
Figure 5.1

The graph may be used to calcuiate how fast a crack is gr(‘)wing‘ at any
particular point by measuring the gradient of the curve at the point of interest.
This measure is the crack-growth-increment per cycle, da/dV, and its
derivation is demonstrated in figure 5.1.

For quasi-elastic (LEFM) conditions, the most popular, empirical relationship
between the crack-growth-increment per cycle (da/dN) and parameters of stress
range (AG) and the instantaneous crack length (a) is that proposed initially by
Paris and Erdogan which gives:

86
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da/dN = AAK™ (34)
where A and m (the Paris exponent) are constants, and AK is the range of
stress-intensity factor:

AK =K e = Konin (55
Here, K and K, are respectively the maximum and migimum values of
stress intensity factor in the cycle, derived from the maximum or minimum
stress and the appropriate comptliance function, ¥(@/W) (see section 3.2, for an
instantaneous crack length, a.
The engineering application of Equation 5.4 may be illustrated by considering
the case of an infinite body, containing a central, through thickness crack of
length 2a lying normal to a constant stress-range, AG (cf. section 2.3). The
expression for AK then becomes:

AK = Ac{ma)? (56)
(see tabie 2.1) 50 that equation 34 may be written as:

da/dN = AAG™ ™2 o™? (57
Variables (¢ and N for constant AG) may be separated to give:

a4y = AAS™ 1™ AN (58)

It is thea possible to integrate the two sides of this equation: the left hand side
between limits ag (the jnitial defect size, determined by process control or NDT
inspection limit) and af (the final defect size, determined by the onset of fast
fracture or plastic collapse): the right hand side between limits zero and the
number of cycles to failure, Nf The result of this integration, for all values of m
except m = 2, is:

2m
(2-m)
For m = 2, the result is

Ly o2 _aolﬁmﬂ = AAc™n™ 2N, (59)

n{ay /ag) = ABG? 2N, (60
Equivalent expressions for fimite geometries may be obtained using the
compliance functions, Y(aW).

The initial defect size is determined by the NDT detection limit or the size of
defect introduced by the processing of the material, The final defect size can be
calculated from the fracture toughness of the material. Hence, for a given

" applied stress range, AG, equations 59 and 60 can be used to calculate the

propagation lifetime, Nf. Increases in Ny are expected if af can be increased
(e.g. by using material of higher fracture toughness) or if ap is reduced (e.g. by
a process which reduces the size of initial defects). For higher values of m, Ny is
particularly sensitive to the value of @g, which may initially be taken as a
constant for a given material, or structure.
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Exampie 3a - Effect of Crack Size on Fatigue Lifetime

An NDT evaluation of a componenf shows that there are cracks
present of 3 mm which grew by fatigue to a final crack length
under service conditions of 8 mm, determined by fast fracture.
Calculate the percentage increase in fatigue life for the component
(i) If the final crack length is extended (by 2 mm to 10 mm)
through the use of a material of higher fracture toughness.

(it) If the initial crack size is reduced (by 2 mm) t0 1 mm.

Take the Paris exponent, m, to be 3 for the materiai in question.

Sohution

From equation 59
2m

””””””"”””(2,»,,1)!‘21‘1_"’/2 —aol""’zi = AL&G”‘T:”’/ZNf
Ifm=3
~6la; 12 —agV2| = AAG RN

For ag=3 mm and af = 8 mm

A Ac3 Np=17.63
(i) For ag = 3 mm and af= 10 mm

A Ac3 Np=8.90

N(3-10mm) 890

= =117
Ny(3~8mm) 7.63

This gives an increase in fatigue life of 17%.
(1) For ap = 1 mm and af= 8mm
A Ac? Np=22.03
Ny(1-8mm) 22.03 _
Ny{3~8mm) 7.63
This gives an increase in fatigue life of 185%.

2.89

Comment

It can be seen that the life of the component is very much more
sensifive to the value of initial crack length. If the production
process can be improved to reduce the initial defect size the
component can be left in service for nearly three times the original
lifetime. An improvement in material toughness (of the order of
12%) can be seen to have only a small effect (17%). Part (i) of the
calculation shows that 17% of the life is taken np growing from 0.8

O

Fracture Mechanics - Worked Examples 89

af to af (8 mm to 10 mm). Quite large safety factors are applied to
determine ‘safe lifetimes’ for structures and for service
agsessments, 17% is hardly significant.

From the example above, we can see that the initial defect size has a very
marked effect on the fatigue lifetime of the component. In ail materials the
defects will have a spread of sizes and it is the maximum defect size which
determines the life of a baich of components. When a component is guaranteed
to last for a particular lifetime it is the maximum defect size which gives the
minirmum lifetime. Thus, a reduction in the average defect size in a material
will only have an influence on the predicted minimum lifetime if the maximum
defect size in high stress regions is reduced.

5.2 The da/dN Curve

From equation 54 we may take logarithms of both sides to obtain

log {(da/dN) = m log (AK) + const,

Hence the graph of log (da/dN) against log AKX is predicted to be a straight line.
The general behaviour of materials can be seen in figure 5.2. Although the
Paris relation (equation 34) can be seen to be obeyed in the central portion of
the graph, the ends deviate from linear. At low AK it can be seen that there is a
minimum vaiue of AK below which no fatigne crack growth occurs, This is
called the threshold value. At high AKX, the crack prowth accelerates to failure
at a faster rate than is predicted by the Paris relation.

104 |-
I
Y - !
4
o ! | X, Finai
g 105 - Failure
£ Threshold A, |
= |
3 i
wé - - l
i |
log AK
Figure 5.2
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The Paris exponent (the gradient of the central portion of the graph) varies

from material to material. General values can be found in table 5.1.

Fracture Mechanics — Worked Examples

becomes %Ia[w —ao“wl =4x107"? (1000)3 1r:wa

91

Material Paris Exponent (m) Constant (A)

Average "Steel” 3 10711
Structural steel (AS33B, wet) 3 4x 10711
Forging steel . 2-3 10-11

High strength Al atloy (7010) 3 10712

Ni alloy 33 4x 10712

Ti alloy (IM1 834) 5 10-1

Table 5.1. Table of Paris exponents for various alloys.

Example 5b - Calculation of the Fatigue Lifetime of an Aero-
Engine Disc

An aero-engine gas-turbine disc contains defects w{tich may be
treated as internal cracks of half length, a = 50 um. The crifical
crack half length in the material is 2 mm. During each flight, of
average duration 3 hours, the disc is subjected to one large ‘take-
off / landing’ cycle, which produces a stress amplitude of 1000
MPa. The crack growth rate, da/dV, (in m/cycle) is related to the
alternating stress intensity, AK, (in MPa ml’2y through the
expression:
da/aN = 4x10712 (AK )3

Calculate:

(i) the iife of the disc limited by the take-off landing cycles;

{1} the maximum value of the vibrational stress which could be
aliowed in an engine running at 5000 revolutions per minute, if
the Tife of the disc is not to be reduced by more than 5%.

Solution

Using MPa and m. ' o
(i) If we assume that the crack is treated as a crack in an infinite
plate then

AR = Ac{na)? (see table 2.1)

and the integration of da/dN = 4x1071% (AK)?

{see equation 59).
This gives ~6/22.36 - 141.42| = 4x10™> n¥2 N

and Np= 32070 cycles.

(i1) If the life span can be reduced by a maximum of 5%, then this
is 1604 cycles.

For an average flight time of 3 hours and a vibrational frequency
of 5000 Hz, the number of cycles is then:
1604 x 3 x 3600 x 5000 = 1.44 x 107 cycles.

2x3 - - -
Ez—_,ﬁ|af V2 - g,™V2| = 4x10712 (1000 =¥ N
As the defect sizes need to be calculated from the large stress
cycle data, the equation becomes:

2x3 - _ _
m[af V2 - 4,7 = 4x107 (1000)° 17 1604

Now

For the vibrational stress we have:
2x3 ' - -
la V2 0712 = 451071 (A0 172 1442107
(2-3)
As the left hand sides of the equations are equal for the vibrational

siress causing 5% crack growth of the take-off / landing cycle,
then

4x1072 (Ac P ¥ 1.44210% = 4x10712 (10002 22 1604
(Ac)? =(1000)° 1604 /1. 44x10°
(Ac)® =11111

Ac =10.4 MPa
The maximum vibrational stress amplitude which would reduce
the life of the turbine disc by the specified amount is 10.4 MPa.

5.3 Application to Variable Amplitude Loading

As we have seen in Example 5a, in pragmatic engineering assessment of
fatigue life, af may be taken as approximately constant, because the number of
cycles associated with growth from, say, 0.8 afto aris small compared with Ny,
and the calculation of lifetime is therefore insensitive to the precise value taken
for af. It is possible to provide a good engineering approximation to the
calculation of lifetime under variable amplitude loading, It is necessary to
reduce the general fatigue spectrum to a number of ‘blocks’ of constant
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amplitude. If a given block is denoted by i, we count the number of cycles in
that block as N' and the number of cycles to failure at the appropriate stress
ampliinde as N‘f There is a traditional (non fracture mechanics) method used
to calculate the failure criterion under these conditions (Miner's Law) and it

may be shown that the integration crack growth rates leads to a compatible
result.

If equation 58 is integrated between crack lengths of ag and ay, for a fixed
siress range, the result can be denoted as Ip;. If the crack grows to failure at af
then the integral becomes Ipy. This enables us to write
N' Iy
Nt oy
If the stress range is changed and the crack grows from a; t© gz the integration
now gives I, and

(61)

N2

(62)
N} Iof

In general

N
_l_;_]..ww(]01+112 -1'123‘*"“’“[-{'__]'1“) (63}
Nf 0f

The term in parentheses on the right hand side of equation 63 are simply the
sequential integrals of a2 from ay to a; 10 a3 t0 a3 . . etc. to af. By the

. definition of integrals their sum is equal to Iof, so that the resultant right hand

side is unity. Hence:

N
Z—I-V—;; =1 (64)

This is known as Miner's Law.

Example 5¢ The Use of Miner's Law

Use Miner's faw to calculate the minimuin stress allowed in part H
of example 5b

Solution

As the lifetime must not be reduced by more than 5% the value of
Ni for the high stress cycle becomes at least 0.95 A 7. If the
number of cycles at the lower stress level are taken as ! and n ‘s
then Miner's law states that,
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Nf ”f
Hence, nt =0 OSnf .

As N{fz 32070 cycles, and the average flight time is 3 hours and
the vibrational frequency is 5000 Hz, then the number of
vibrational cyeles, nt is

(32070 x 0.05) x 3 x 3600 x 5000 = 1.44 x 10° cycles.

Using the equations
da/dN =4 x 10712 (AK)3

and AK = Ac(ma)l2
2x3 .
we obtain —reda V2 g Y 2 4010712 (A P R
(2.,,3)! f ] x (Ac) f

Substi.tuting for the final and initial defect sizes (see Example 5b)
and n‘fwe obtain

_6[22.36 - 141,42 = 4x10712 (A P 132 L4107

0 05
Hence AG3 = 1113.6
and Ac = 10.4 MPa
Comment

The use of Miner's law predicts the same maximum vibrational

stress amplitude as that in Example 5b.

5.4 Application te Quality Control of Materials and [ or Fabrication
Procedures

Fatigue life calculations may be used to calcufate the maximum permissible
flaw size in a component to prevent failure in a certain number of cycles for a
particular stress range. This can determine either the time a component may be
left in service or the period between NDT inspections.

Exampie 5d - Caleulation of Minimum Defect Size

The aero-engine-gas turbine disc in Example 5b is now made of a
different material which can now be loaded up to a stress
amplitude of 1200 MPa. If the crack growth equation remains the
same, what is the control of the initial defect size which would
ensure the same component lifetime?
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Solution
Taking the equations

2x3 2
2-3)| 7

da/dN =4x1072 1Ak )
~122

and -2 _g =4x10712(1200)° n¥2 N,

from Exampie 5b,
we have ~6[23.36 - ag™V2| = 6.912x107° 72 32000

g~V = 12367 8 12336 =229.6

ap =19 pm _ -
This is the half length of the embedded crack, so the full length is
38 pm.

Comments .

Such sub-surface defects are virtually impossible to detect using
NDT techniques. Thus, the defect size must be controlled using
process control. This involves clean melts, atomised powder anq a
fine sieve size, with guaranteed consolidation to remove porosity.
This defect size at the lower stress level would give a life of 55500

cycles,

In Example 5b we showed that the change from a | mm to a 3 mm initial ¢rack
size has a marked effect on the fatigue life. This may be generalised to show
that a distribution of initial defect sizes, ag causes a distribution in the number
of cycles to failure. Not only does the fatigue life depend on the initial defect
size, it also depends on the orientation of the defect to the direction of the
applied stress and on the likelihood of ﬁndmg a defect of a particular size
within the vicinity of a stress concentrator,

'All these features may be present in welded joints, in which there may be crack-
like defects within the weld, residual stresses and stress concentraiors.
Situations of this kind can be approached by a weight function method in which
the various stress concentrators can be represented and added to the functions
for the residual stress within the weld and that of a sharp crack at the tip of the
stress concentrator.
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5.5 Monitering of Fatigue Crack Length

Fatigue crack growth usually takes place over a large number of cycles, and the
crack growth in a testpiece needs to be measured if a graph of crack growth per
cycle versus stress intensity is to be piotted. This is done in a number of ways.
One method is direct optical observation of the crack in which the side of the
testpieces are polished to enable easier observation. The position of the crack
tip can then be monitored using a microscope. Another method, which requires
thetest to be interrupted, is the replication technique. A sheet of acetate, wetted
with acetone, is placed on the polished side of the testpiece and allowed to
harden. Once removed, the sheet can be viewed under a microscope and the
crack can be seen in relief,

For metals a popular method of crack monitoring is the potential drop
technique. An a.c. or d.c. current is applied to the testpiece and the potential
drop across the crack is monitored on the top surface either side of the notch.
The voltage is divided by the voltage at a crack length of 0.25 W for the SEN
bend testpiece and 0.35W for the CTS testpiece. The crack length during
fatigne can be calculated from the calibration curves shown in figure 5.3, With
all these methods the instantanecous crack growth must be averaged over a
number of points to remave any contribution from noise,

0.8

0.7 CTS
06- SEN
0.5 -

0.4 1

Crack length, a/W

0.3

0.2 I T T T
1.0 1.5 2.0 2.5 30 35

Normalised Voltage, V/V,
Figure 5.3 Voltage Calibrations for the CTS and SEN Testpieces (ref. 22)
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The residual stress distribution within a component is not necessarily uniform,
and hence the caiculation of the fatigue lifetimes become more difficult. Weight
Residual stresses may be present in a component because of the manufacturing 3 functions (see section 2.7) are widely used for this type of calculation.

5.6 Effect of Residual Stresses

route employed. These stresses may not be detrimental as thgy can oftF:n oppose
the in-service stresses on the component, thereby prolonging the hff: of the
component. Beneficial compressive residual stresses may be depberately
introduced into components by methods such as  shot-peening and

autofrettaging.

Kxample Se - Effect of Residual Stress

A component is manufactured from a stgel in which the fatigue
crack growth is characterised by the equation

da/dN =107 (AK )P

For the component in gquestion the stress éntenslity is give'n b}r
K = 1.12 Gypp (ma)}2 {for an edge crack), the initial c%efect size is
1 mm and final failure occurs when the crack leagth is 10 mm. If
the in service stress has a range of 400 MPa and a peak stress of
700 MPa, what is the increase in fatigue life if a uniform residual
stress of 500 MPa opposes the crack opening?

Solution
From dafdN =107 {AK)?
and K = 1.12 agpp (0 a)'?

wehave  —oofa, M-y 2|10 112 40 7N,
(2-3)
1.6584x10!
AG®
in the untreated case Ac is 400 MPa and Nris 25912 cycles.

Then N i=

The residual stress will close the crack until a stress of 500 MPa is
reached. This reduces the stress amplitude to 200 MPa and hgnce
the number of cycles to failure becomes 207300. This is an eight
fold increase in fatigue life.

Example S - The effect of residual stress on fatigue crack
growth in an autofrettaged gun barrel.

A gun barrel with an outside diameter of 60 mm and a bore of
30 mm is made of a NiCrMoV forging steel. When the gun is
fired a pressure of 345 MPa is developed within the barre and
craze cracks due to the heating and rapid cooling of the inner
surface of barrel form and propagate with each successive firing.
If the material has a minimum fracture toughness of 75 MPa m!/2,
calculate

(i} how many times the gun can be fired if the initial defect size is

3 mm and the fatigue crack growth is represented by the equation
32 351071 ak?
dv
(ii) the crack growth rate at 3 mm.
If the barrel is autofrettaged (the bore is cold-expanded using an
oversize mandrel so that a substantial part of the wall thickness is
vielded plastically) calculate the crack growth rate at 3 mm in this
case. The residual stress intensity is given by

Kn’,’.ﬁ‘ =fGYS ya

where fis the weight function and is given as -0.642 for a radial
crack in a cylinder. The yield strength is 1050 MPa.

Sotution

{1) The stress intensity-for small radial cracks in a thick-walled

cylinder is given by

K=1L12P /na ___2__&5___
’ R,% - R?

!

where P is the pressure. For Rp = 2R; this becomes

K=3P fna

As the cracks will be semi-circular rather than through-thickness
we use the factor 0.64 and hence

K=2P/ra

Rearranging to calculate o, the crack length at failure, we have
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PR _ 7 R This is for through-thickness cracks, so we have to multiply by the
a= ,1_[__@.) : factor for semi-circular cracks (0.64) to obtain a residual stress
i 2P intensity of -41.9 MPam?2,

which gives a value of a of 3.76 mm. We can now add the residual stress intensity to the applied stress

: . intensity to calculate the medified crack growth rate.
The equation for fatigue crack growth is y .

‘ da - 3
42 _3x107M AK3 | e =3x10 "(2p fra)-41.9)
‘. v : 3 _ 3x1071(66.99-41.9)°
As K=2P.ra ; =3x {66.99-41.9)

da
1 e L= M p3gd2 N, § “— = 5x10" m/cycle
we obtain —6[——*— ,‘—;}— - } 24x10 f ] N

1
ch ; The modified crack growth rate is 0.5pmfcycle. This is nearly 20
1 1 i : times lower than for the non-autofrettaged case.
N = -6 - -“3453753/2
f J0.00376  /0.003 {24x10

With an initial defect size of 3mm and a final defect size S Comments

576 mm we obiain a value for Ny of 213 cycles. The gun can in the untreated case the barrel will split on firing when the crack
fFred 213 times before it breaks. attains a length of 3.74 mm. However, the life of the gun has been
» ; h rate is given by greatly enhanced by the autofrettage process as can be seen by the
(ii) The fatigue crack growth ra £ relevant crack growth data. It has been shown experimentally that
94 _3x1071 aK?

N

the number of cycles to failure of an autofrettaged gun barrel can
be more than doubled.

which can be writien as ,
«{;—‘% ~3x107} (2P Jxa)

For a crack length of 3 mm, this becomes

da_ 10112 x345 J50.003)
dN

da _ 4 1071(66.99)
aN

42 _90x107
aN m/cycle

“The crack grows at dpm [ cycle.
If the gun is autofrettaged then the residual stress intensity is
given by

Kyes = fOysyTa ‘
At 3mm, with a yield strength of 1050 MPa and a weight
function of -0.642 we obtain

Ko = —0.642x1050 7 0.003

L K o= —65.4.




6. Concluding Remarks

An attempt has been made to introduce the reader to the subjectd oi; Fract}tl;::

Mechanics through selected Worked Examples. Muchhback%r;sljlzs ;:r :Ezives
nitted, i i how fracture toughness

been omitted; the aim being to show ow fra h

in practice and how these values are utilised in defect assessment and design.

i i i in situations
Linear Elastic Fracture Mechanics may be applied c\;':.th cor’zIf‘"Ldeer;f:i;Cnalssnil;ue s
i tiafly elastic conditions.
where failure occurs under essen . The orea e o
i i i in calculating either the permissible
stress inteasity, KJp, is used in ca : . _ or
a given operating stress of, alternatively, the maximum applied stress fo

given defect size.

. . . ion,
When significant Jocalised plastic deformation acc;)mpar:isest cra:a};keztggiizg
is i i d recourse can be made to crack- -
the LEFM approach is invalid, an ; : 2
displacement methods, to J-integral methods, of 10 o;her mltecieelit;:c \;{’V iﬁsi:g
isati been given to demonstra
characterisations, Examples have N : ¢
Institute and (former) Ceniral Eleciricity Generafu}g Board approaches t
defect assessment in situations where extensive plasticity occurs.

Where the failure event does not result from a fractur«;:1 pro;:elss, ioc;g(l}:;e?r :;3;:
i i tic instability across the whole section,

crack tip, but is one of gross plas O S e
h as K[ or 8¢, are not relevant desig - Une

toughness paramelers suc ¢ . o oo

iti i is governed by the stiffness o

these conditions the onset of failure is g .

configuration, the material's flow siress, a'nd geometrical pa;am:;,etr;,

predominantly the area ahead of the crack, allowing for any slow c'rac. g:b-“ .

T¢ shouid be emphasised that a value of 5 or the load at plastic msat 1&11

obtained on a small, ductile testpiece, may have nodre]efvlahnce wl;at;;at:z; loand

i iti ined i structure made of the sam ,

failure conditions obtained in a large _

any ‘toughness’ values based on these parameters should be treated with

extreme caution.

The conditions imposed in the laboratory, where ]'oadsz testpiece dm;e:s;gg;
and compliance factors are able to be determined wuk;élr;gh actcturazﬁ,s e:\,ed h
i small, and the x10% scatter

that errors in the toughness are mall, ' scatt

experimental values of K[c is due primarily to material var1at_31htg.3::;{ i?fet:ess
i i t of defects in structures Is, ho , of

values in the practical assessmen_ : - ; e oten

subject to larger errors, because neither the appixed' stress’ nor the ‘defect siz

in service is able 1o be calculated with absolute precision.
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The nominal applied stress, e.g. the hoop stress in a pressure vessel shell, is, of
course, calculated accurately, and is the basis of the engineer's design against
gross plastic coilapse, but the “applied stress’ in the regions of importance with
respect to fast fracture, i.e. around stress-concentrators, which usually involve
welded details 2nd residual stresses, is far less well specified. Few elastic /
plastic, ptane- si.ain, stress analyses are available for such features at present,

although the increasing use of finite-element methods should produce more
detailed information in the near future.

The specification of ‘defect size’ is no simple matter, especially when several,
closely-spaced indications are obtained, because interaction effects between
defects are not fully understood. Present practice equates the effect of a cluster
of defects to that of a sharp crack whose profile is the ellipse or semi-ellipse
that circumscribes the defects. The detection of defects is particufarly difficult
in clad vessels, in welded nozzie regions, or in areas where access is difficult.
For example, ‘nodes’ of oil rigs, where several tubes are welded together,
represent a very awkward geometrical configuration. Another problem, which
arises with ultra-high-strength materials, is that the calculated critical defect

size may be smalier than the resolution limits of conventional non-destructive
testing techniques.

Nevertheless, despite these limitations, Fracture Mechanics is proving to be a
powerful and important tool for both defect assessment and the fracture-safe
design of componenis and structures. This is particularly true for situations
where unscheduled piant breakdown cannot be tolerated, or where the potential
hazard of a failure is such that the highest possible standards of structural
integrity are required. Such areas inchude electrical power generation, by fossil-
fuel or nuclear means; military projects, where high design stresses are used to
maximise performance; aircraft and transportation; and safety-critical
components, such as lifting-gear, hydraulic pit-props, and other pressurised
cylinders, such as those used for gas storage. The application of Fracture
Mechanics principles to lower strength structural steels in general engineering

fields, such as pipe-lines, pressure-vessels, bridges and ships, is also being
actively pursued.

With the establishment of official bodies such as the Health and Safety

"Executive, and the Nuclear Installations Inspectorate, and the rapid growth,

throughout industry, of Quality Assurance procedures, there is no doubt that
positive steps are being taken to avoid unexpected failures in service. The tragic
consequences of a large failure, such as the Flixborough disaster, are only to0
obvious. Although the critical catastrophic event in that particular instance was
not aitributed to fast fracture, it is clear that, in general, the techniques of

Fracture Mechanics are vitally in.portant in the assessment of a structure's
mtegrity.
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At the very least, engineers now have to recognise tha% their structures, far f_rom
being the perfect solids assumed in traditjonal design textbooks, conta}n a
distribution of crack-like defects, bat can, nevertheless, be c:}.p.erated in a
perfectly safe manner, provided that critical crack—gr?wth condlti?ns are not
exceeded. The metallurgist must recognise that these new—fangiec} tou‘ghness
parameters which are being specified do have real meaning  in the
establishment of a quantitative design against fracture and must strive ©
understand the ways in which toughness may be ahere§ b'y met_allurgxcal
treatrnents, in order to maximise the performance of a material in sen.uce.
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Appendix - Derivation of the
Displacement Within a Crack

If & plate contains a crack (see figure 2.1) then the stress across the x-axis in
Figure 2.3 has 10 have a distribution such that the boundary conditions are met.
These boundary conditions are:

(i) at large distances from the crack the stress must approach the applied stress
Capp-

(i1} close to the crack tip the stress must be very high,

(ii1) within the crack the stress must be zero.

A simple form of expression to satisfy the first two requirements would be

v

— GGPP

=2 Al
l-afx (AD
or for symmetry

8]
G e bl . (A2)

1;‘1—a2’/x2

Although this is identical to Equation 3 (Section 2.3) it does not meet the third
requirement. To enable the equation to be analytic over the whole range of x, a
complex number, ¢ = x + iy, replaces x and then only the real part of the
arising complex function is taken:

Reo
G = —mmestl = Red {(A3)

where

[s)

Tt ?/E’? (A4)

However, because a rigorous derivation for the displacement within a crack is
required for Example 2d, the equation has to be written

Reo

&y = =ttt = Re ¢ (AS5)
: \,‘l—-az/c2
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Where &, 18 the stréss in the direction perpendicular to the crack plane (or

paraliel to G,,,) and x, is the direction of crack growth. x, and x, are the other

orthogonal axes.
The above equation holds for all values of byl > lai.

To calculate the virtual work done in extending a crack a smai% a.mount it is
necessary to caleulate the displacement in the x, direction, u,. This is related to

the strain, &, by

and the strain is related to the stress by the following equations
Eg, = 0p - V(g + Cy), E gy =0y~ V(Gp + oy and E & = 0y - V(0 + &) (AT)
where v is Poisson's ratio and E is Young's modulus. In plane strain & = 0,
then

Egy=(1-v)o,-v(l+V)0) (A8)
Although there is an equation for Gy already derived it cannot.bc directly
substituted into the equation above as the displacement is in the region Ley! < lal

and thus involves the imaginary part of . To obtain the complete analytic
functions for oy and o, we first employ the Airy stress equations:
d*e d’® o

5 =—= apd O =- .
Ty e 7 ar? 12 drdx,

(A9)

where @ is the Airy stress function, and is a function of ¢ which satisfies the
gquation:

V4D = 0 {Al13)

where
3@ §p '

B T (A1D)
Ve B, Sxﬁﬁxzz 8x,*
The form of @ chosen is
CD:J- JRefbdxldxi +x2j1m$dxi {A12)

The Airy stress equations can be used to obtain values o‘f o; and 0, It is
straightforward to obtain a value for 0, as the above equation only needs to be
differentiated twice with respect to x,. Hence
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Ty ch¢+x2ﬁ(j;nwm$~)~ (A13)
1

To obtain ), ® must be differentiated with respect to x, and the Cauchy-
Riemann equations have to be employed. These are
d(Re) d(Im) d{Im) _d(Re)

’ = (Al4)
dxi d-x2 d-x] d.xz

and give

o, = ch)-—ng—(é—?-@

1

(A15)

The first term in the equation for @ is chosen to match the form o, = Re ¢ as
derived earlier and the second term follows to ensure that equation AlQ is

satisfied. The Airy stress equations (Al2, Al4) are then substituted into the
equation for &,:

Ee, z(l-i—v)l:{l—v)(Re@_xz giiﬁ—"g]«v[Rcfp+xz %@H (Al6)
and from &, = du, / dx, we have
Euy = (“")f [{1_\,)(}134)_;2 g%?ﬁl]-—v{i{eq)»bxl d(z“b)ﬂdxz {ALT)

i 1

Using the Cauchy-Riemann equations (A14) it follows that

Euzm(1+v)[2(1~v}j Im ¢ dx, - x, Re ¢1. (A18)

In this case x, = 0, hence: '

u2=2(1«V2)J Im ¢ dx, / E (A19)
As

i
1m¢=..._f._££l’__ (A20)
\/l—azfxlz

then

[1me & =i0,,, Jx2-ad) =0, a2 - 2 (A21)
and i, becomes

iy =21 -v2) 6, f(a® - x 2 E. (A22)
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By changing the origin to the crack tip, by making x; = r + a, using the
equation K = Capp {ma) and defining o as {1 - VZ}, iy becomes:

2 Ko {“az —(r+a)
= 1 (A23)

Uy =
E
Now if the crack is advanced to a + 8a the equation becomes

2Ka\/(a+6a)?’w(r+a)2

- :
u; = 7 (A24)

As ris small r2 + 2ra -5 2ra and 822 — 0 then this simpilifies 10
2 K
u, =2 ;a—é—\fﬁa—-r (A25)

which is the equation used in Example 2d - The Virtual Work Theorem.






