PQI-5884 - Programacao Inteira Mista aplicada a
Otimizacao de Processos

3° Periodo 2023
Data Atividade Contetdo
14/set Aula 1 Introdugéo, formulagio, classes, representagdo
21/set Aula 2 Condigdes de otimalidade
28/set Aula 3 Condigdes KKT, multiplicadores
06/out* Aula 4 Otimizacio irrestrita

19/out Aula 5 LP

26/out Aula 6 NLP

09/out Aula 7 MILP

16/nov Aula 8 MILP, problemas classicos

23/nov Aula 9 MILP, problema de scheduling

30/nov Aula 10 | MINLP, problema de sintese

07/dez . Apresentagdes

OTIMIZACAO SEM RESTRICOES

I) Otimizacao unidimensional sem restri¢cdes (line search)

min f(X)

s.a. X € R! NGL=1

Métodos:

- analitico (of/ox = 0 e 6*f/ox?> > 0)

- reducado de intervalo

- aproximacao polinomial

- baseados em derivadas (analiticas ou numéricas)

10/6/2023



Método de Newton-Raphson

Série de Taylor para aproximagao de f(X) em um ponto a:

f(x) =f(a + Ax) =

(x_a'):i beeey

n=0

f'(a) J"(a) f¥(a)

Ha) + =z —a) A Tiﬂ?—ﬂ)z B
[ 20

AX AX
15
0t = f f=ex
n = 0: f(x) = f(a), constante 10
n = 1: aproximagao linear em a
n = 2: aproximag¢ao quadratica em a °
n = 3: aproximagao cubica em a 0
-2 0

Método de Newton-Raphson

min f(X)
s.a. X e R!

Como X" é ponto estacionario: f’(x*) = 0.
A primeira derivada pode ser aproximada por uma série:
£7(X) = £7(X) + (X ). (X = %) + ...

f (%)
£ (%)

RiLY)
(%)

Desvantagem : as iteragdes podem divergir

Paraf’'(x)=0-> X ~ X, —

X & X —
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Método da Newton-Raphson

EXEMPLO: obter o minimo de f(x) = 2.x> + 16/x partindo de x, = 10.
Derivadas analiticas: f7(x) =4.x—16/x2

') =4 +32/%3

200 4

1
1
1
1
1
i
iter. X fx) fi(x) o ']
1 10.000 | 201.60 | 39.84 4.03 !
2 0119 | 134.43 | -1128.48 | 18970.563 |
3 0.179 | 89.68 | -501.26 | 5627.27 | ' | 1
4 0.268 5093 | -222.35 | 1673.71 ‘\
5 0.400 4028 | -98.17 | 502.29 '
6 0.596 27.56 -42.67 15523 | 80|
7 0.871 1989 | -17.62 | 5246 |
8 1.207 16.17 6.16 2222 |
9 1.484 15.19 133 1379 | 404 & |
10 1580 15.12 ~0.08 12.11 .
11 (| 1587 | Y15.12 0.00 12.00 g 00
0 e e
2 4 6 8 10

33 calculos de fungao -40

Método Quasi-Newton

Aproximagdes numéricas das derivadas

, f(x+h)-f(x-h)
lx) 2h

wioy F(x+h)=2.f(x)+ f(x—h)
f (X)N h2




M¢étodo Quasi-Newton

EXEMPLO: obter o minimo de f(x) = 2.x2 + 16/x partindo de X, = 10
usando derivadas numéricas comh=1.10-5.

[ n T 15 |

iter. X f(x) f(x+h) f(x-h) f'(x) '(x)

1 10.000 201.60 202.00 201.20 39.84 4.03
2 0.119 134.43 124.02 146.75 | -1136.50 [ 19105.25
3 0.179 89.68 84.94 94.99 -502.83 | 5644.92
4 0.268 59.93 57.79 62.24 -222.66 | 1676.02
5 0.400 40.27 39.32 41.28 -98.23 502.59
6 0.596 27.56 27.14 27.99 -42.69 155.26
7 0.871 19.89 19.72 20.07 -17.62 52.46
8 1.207 16.17 16.11 16.23 -6.16 22.22
9 1.484 15.19 15.17 15.20 -1.33 13.79
10 1.580 15.12 15.12 15.12 -0.08 12.11
11 (] 1.587 15.12 15.12 15.12 0.00 12.00

33 calculos de fungio

OTIMIZACAO SEM RESTRICOES

[I) Otimiza¢do multivaridvel sem restri¢coes

min f(X)

s.a. X e R" NGL=n

Métodos:

- analitico

- busca direta

- baseados em derivadas (analiticas ou numéricas)
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Busca Direta Simplex

(Nelder e Mead) fx) < f(x,) < fx)
X
b fx,) < f(x®)
X©
x@ f(x() < f(x,) < f(x©)
f(x@) < f(x) < f(x)
f(x,) > f(x®)
M¢étodo de Busca Direta Simplex (Nelder e Mead)
s H H
-5 = flu,¥] = -dx+x —y-MT+y
3 [ 6.
] Lyl
NS,
6.0 ST
s N2
2 ¥ . z.5
1.3
1}
L
0.3
1 - z 2 3 5

http://mathfaculty.fullerton.edu/mathews/n2003/neldermead/NelderMeadMod/Links/NelderMeadiod_Ink_5.html
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| 2009

Melder-Mead Simplex search ower Himmelblau function

1500

{
1000

| 500

C

GNU Octave

MATLAB

fminsearch Simplex modificado (Nelder-Mead)

EXEMPLO: Minimizar a fungdo f(x;,X,)) = X,* = 2.X,2.X, + X,2 + X2 = 2.X, +5
tendo como ponto inicial x =1 2]T

x0 = [1 2]
[x,f] = fminsearch(@(x) x(1)"™4 -2*x(1)"2*x(2) + x(2)"2 + x(1)"2 -2*x(1) +5, x0)

1.0000 1.0000

4.0000
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exemplo_fun.m

function F = exemplo_fun(x)

= XM -2*x(D)"2*x(2) + x(2)*2 + x(1)*2 -2*x(1) +5;

x0 = [1 2];
[x,f] = fminsearch(@(x)exemplo_fun(x),x0)
T = exemplo_fun(x)

1.0000 1.0000

f =
4.0000

M¢étodos baseados em gradientes

1) Determinar direcdo d que diminui f(x)
2) Line search para determinar o passo o nesta dire¢ao
Xk = x(®) 4 0 k)

3) Verificar convergéncia

- Newton

- Steepest descent

- Marquardt

- Quasi-Newtonianos

10/6/2023



Line Search

EXEMPLO: Minimizar a fungéo f(X;,X,) = X;* — 2.X,2.X, + X,2 + X2 —2.X, +5
tendo como ponto inicial x=[1 2]T

Diregdo de busca: d® = -Vf(x®) d——Vf = _[4.x,3 — 4% X, +2.X, —2}
(steepest descent) = —2.%7+2.X,
Iteracao 1:
XO=[12]" > fx0)=5

> db=[4 -2

1 4 1+4.A
X =x®indV = el T2 T
2 -2 2-2.1

min 2(h) = f(xV) = (1+4.0)* — 2.(1+4.1)2.(2-2.0) + (=202 + (144 12 — 2.(1+4.1) +5

2(h) = 256.04 + 32003 + 8442 204 +5
2’() = 1024.03 + 960.A2 + 168.1 —20
27(L) = 30722 + 1920.% + 168

Newton-Raphson partindo de A, = 0

iter. A f(l) 3
1 0,0000 | 5,00
2 0,119 | 440 |X,
3 0,0842 | 4,12 95
4 00798 | 4,11
5 0,0797 ) 4,11

)((])— 1+4.A _ 1,319 1E
= Tl2-2 1,841

0af
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Algoritmos tipo-Newton

0. k=0
1. Estimar x®, f(x®) e Vf(x®)
2. Célculo da diregio de pesquisa d® em x®
Sistema linear de equagdes em d(®: B®.d® = —vf(xk)
3. Line Search
Célculo do tamanho do passo a®¥ que melhore f(x) ao longo de d®
4. Obtengdo no novo ponto: x k1) = x® + ®) gk
Se | f(xkD) — f(xW) | <g e || x&'D—x®| <g,  entdo PARE

Sendo, k=K +1 e va para 1

A escolha de B® :
Bl =1
B® = H(f(x))
B® = H(f(x®)) + B.I

Método steepest descent
Método de Newton
Métodos de Marquardt

x®

Steepest descent:
aproximagdo de 12 ordem em x®

Newton:
aproximagdo de 2 ordem em x®
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Steepest descent

METODOS QUASI-NEWTONIANOS

Formula DFP (Davidon-Fletcher-Powell, 1964)
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METODOS QUASI-NEWTONIANOS

Formula BFGS (Broyden-Fletcher-Goldfarb-Shanno, 1970)

MATLAB e OCTAVE — Otimizacgao irrestrita

fminsearch Simplex modificado (Nelder-Mead)
fminbnd Line search unidimensional
fminunc Quasi-Newtoniano

11
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Matlab: Optimization Toolbox Examples
Minimization of the Banana Function (Roesenbrock function)

f(z,y) = (1—=2)” + 100(y — 2°)” () =(LD
fungdo de dificil minimizagao f(x,y) =0
J1001
lll'll-l}l
|

Quasi-Newton
1500 l

. 1000
Quasi-Newton i 1
minunc ;
|
Steepest Steepest ]1;_ _
‘53{: - =g .2':'
Simplex Busca Simplex ~ fminsearch’,, . o W8 .
05 = = st R

Marquardt Isgnonlin -05 “18

Optimization Toolbox

>> help optim > lista de fungdes

Help = Demos = Toolboxes = Optimization

http://www.mathworks.com/access/helpdesk/help/pdf doc/optim/optim_tb.pdf

Optimization Toolbox™ 5
User's Guice

MATLAB

12



>> help optim
Optimization Toolbox Version 4.2 (R2009a) 15-Jan-2009

Nonlinear minimization of functions.

fminbnd - Scalar bounded nonlinear function minimization.
= fmincon - Multidimensional constrained nonlinear minimization.
= fminsearch - Multidimensional unconstrained nonlinear minimization, by Nelder-Mead.
= fminunc - Multidimensional unconstrained nonlinear minimization.

fseminf - Multidimensional constrained minimization, semi-infinite constraints.

Nonlinear minimization of multi-objective functions.
fgoalattain - Multidimensional goal attainment optimization
fminimax - Multidimensional minimax optimization.

Linear least squares (of matrix problems).
Isglin - Linear least squares with linear constraints.
Isgnonneg - Linear least squares with nonnegativity constraints.

Nonlinear least squares (of functions).
Isqcurvefit - Nonlinear curvefitting via least squares (with bounds).
Isgnonlin - Nonlinear least squares with upper and lower bounds.

Nonlinear zero finding (equation solving).
fzero - Scalar nonlinear zero finding.
fsolve - Nonlinear system of equations solve (function solve).

Minimization of matrix problems.
bintprog - Binary integer (linear) programming.
linprog - Linear programming.
quadprog - Quadratic programming.

£ Octave
Arquivo Editar Depurar Janela Ajuda Novidades
L] E] Diretério Atuz Documentagdo 4 No Disco (Em Seu Computador)

Navegador de Arquivos i

g q Relatar Defeito Online (na Internet)
| C:/Users/User

Pacotes do Octave
Nome Contribuir
-anaconda DoacBes para o Octave
.conda
. Sobre o Octave
.config

20.2 Minimizers

fminbnd - Scalar bounded nonlinear function minimization.
fminsearch - Multidimensional unconstrained nonlinear minimization, by Nelder-Mead.
fminunc - Multidimensional unconstrained nonlinear minimization.

25 Optimization

glpk - Linear Programming Kit.

gp - Quadratic Programming.

sqp - Multidimensional constrained nonlinear minimization, SQP.

10/6/2023
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GAMS - General Algebraic Modeling System
Guia de utilizagao — Parte 1

Exemplo:

min  Z=15Y,+2,5Y,+0,5Y;+ X2+ X,?
sujeito a (X, — 2,4 -X,<0

X, -X,+4,1.(1-Y,)<0

X +X,+3.Y;-1,3.X;=0

In(X,)-X;<0

X, <5

X,<5

X, -10.Y,<0

Y, +Y,>1

com X, X,, X; >0 reais

Y,,Y,=1{0, 1} binarias

Y; 2 0 inteira

rkwrr Rk RxRRk Problema de OLIMIZAGHD ***wrsisitirins
Fakkxxkk Declaragdo de Variaveis e Equagfes ki

FREE VARIABLES Z;

POSITIVE VARIABLES X1, X2, X3;

BINARY VARIABLES Y1 decisédo de producdo, Y2 variavel légica;
INTEGER VARIABLES Y3;

EQUATIONS 0BJ, R1, R2, R3, R4, R5, R6, R7, R8;

sk Ak EquacOes

0BJ..  Z =E= 1.5*Y1 +2.5%Y2 +0.5%Y3 +X1**2 +X2**2 ;
R1.. SQR(XL -2.4) - X2 =L= 0 ;

R2.. X1 -X2 +4.1*(1 -Y2) =L= 0 ;

R3.. X1 +X2 +3*Y3 -1.3*X3 =E= O ;

RA.. LOG(X1) - X3 =L= 0 ;

R5.. X1 =L= 5 ;

R6.. X2 =L= 5 ;

R7.. X1 -10*Y1 =L= O ;

RS.. Y1 4Y2 =6= 1 ;

sxxxxrrrkxxx L imites e Valores Inicials = *sssstrksss
X1.L =1 ;

X2.L =2 ;

sk KR Rx S0l UGED

MODEL Problema / ALL / ;

SOLVE Problema USING MINLP MINIMIZING Z;

10/6/2023
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rwrwrwrRkRERERE Problema de OTEMIZAGHD ****sitwrkx
*axkxxxk Declaragdo de Varidveis e Equagfes >k

FREE VARIABLES Z;

POSITIVE VARIABLES X1, X2, X3;

BINARY VARIABLES Y1 decisdo de producdo, Y2 variavel légica;
INTEGER VARIABLES Y3;

EQUATIONS 0BJ, R1, R2, R3, R4, R7, R8;

AR R xRk x Equaches

0BJ..  Z =E= 1.5*Y1 +2.5%Y2 +0.5%Y3 +X1**2 +X2**2 ;
RI1.. SQR(X1 -2.4) - X2 =L= 0 ;

R2.. X1 -X2 +4.1*(1 -Y2) =L= 0 ;

R3.. X1 +X2 +3*Y3 -1.3*X3 =E= 0 ;

RA. . LOG(X1) - X3 =L= 0 ;

R7.. X1 -10*Y1 =L= 0 ;

RS.. Y1 +Y2 =6= 1 ;

Fokkkkkkkkkxkx Limites e Valores In

QES FRFFEAAA AR KA

HFFFFFF IS AAHHFFIIXXX S0 UCHO

MODEL Problema / ALL / ;

SOLVE Problema USING MINLP MINIMIZING Z;

Tipos de solvers disponiveis no GAMS:

LP [ Options
M I P Editor } Execute} Output Sohvers WLi:ensesw Colors I File Extensiunsl Chans/GDX} ExecuteZl
Project Defaults - Reset Legend
NLP | o Feet | Leserd |
Solver Llcanse|CNS‘DNLP‘EMF|LF‘MEF|M\NLP‘MIF|MIHCP|MPEC‘NLF|DCF‘F\MINLF|HMIF|HMIUCP‘HMFEC| B
MINLP ALPHAECP  [Demo . . L
AMPL Demo |

ANTIGONE Demo

EARON Demo
EDMLP Demo
BENCH Demo
EOMMIN Demo

BONMINH | Demo
CBC Demo
CONGPT Demo | X X . XX X
CONVERT  |Demo

COUENNE Demo

CPLEX Demo X X

DE Demo

DECIS Demo

DECISC Demo

DECISM Demo

DICoPT Demo . X il
W OK X Cancel

10/6/2023
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MODEL STATISTICS

BLOCKS OF EQUATIONS
BLOCKS OF VARIABLES

NON ZERO

ELEMENTS

DERIVATIVE POOL
CODE LENGTH

GENERATION TIME =

EXECUTION TIME =
GAMS 24.2.1 r43572 Released Dec 9, 2013 WEX-WEI x86_64/MS Windows 07/03/15 09:45:15 Page 5
General Algebra

Solution

SOLVE

MODEL Problema
TYPE MINLP
SOLVER LINDOGLOBAL

**** SOLVER STATUS 1 Norm
**** MODEL STATUS 1 Opti
**** OBJECTIVE VALUE
RESOURCE USAGE, LIMIT

ITERATION COUNT, LIMIT

9 SINGLE EQUATIONS 9
7 SINGLE VARIABLES 7
23 NON LINEAR N-Z 4
10 CONSTANT POOL 17
19 DISCRETE VARIABLES 3

0.000 SECONDS

0.000 SECONDS

3 M

3 M

ic Modeling
Report SOLVE Problema Using MINLP From line 33

SUMMARY

OBJECTIVE
DIRECTION
FROM LINE

al Completion
mal
7.2366

0.078

z
MINIMIZE
33

1000.000

111 2000000000

B 24.2.1 r43572 WEX-WEI
B 24.2.1 r43572 WEX-WEI

Systenm

EVALUATION ERRORS NA 0

LOWER LEVEL UPPER  MARGINAL
-——- EQU O0BJ . N N 1.000
-——- EQU R1 -INF N N -1.563
-——- EQU R2 -INF -4.100  -4.100  -0.981
-——- EQU R3 . B N EPS
-——- EQU R4 -INF -1.716 N N
-——- EQU R5 -INF 1.272 5.000 N
-——- EQU R6 -INF 1.272 5.000 N
-——— EQU R7 -INF -8.728 N N
-——- EQU R8 1.000 2.000 +INF N

LOWER LEVEL UPPER  MARGINAL
———= VAR Z -INF 7.237 +INF N
———— VAR X1 1.272 +INF N
———— VAR X2 1.272 +INF N
———— VAR X3 1.957 +INF N
———— VAR Y1 1.000 1.000 1.500
———— VAR Y2 1.000 1.000  -1.523
———— VAR Y3 A +INF 0.500

10/6/2023
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