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a b s t r a c t

This paper presents numerical investigations into the dynamics of a rigid cylinder,mounted
on elastic supports fittedwith piezoelectric harvesters and subjected to theVortex-Induced
Vibrations (VIV) phenomenon. Hydrodynamic loads are considered by wake-oscillators
models, whereas linear constitutive equations are adopted aiming at coupling the solid
and electric oscillators. The main objective is to highlight the influence of an additional
structural degree of freedom (namely, in-line oscillations) on the dynamics of the fluid–
solid-electric system.

For a particular set of dimensionless parameters that define the harvester circuits,
oscillation amplitudes, electric tension and harvested power are obtained for different
reduced velocities. Among other findings, the simultaneous presence of in-line and cross-
wise oscillations can be emphasized to lead to a marked increase in the maximum energy
harvesting efficiency.

In addition to this analysis, a sensitivity study with respect to the influence of the
dimensionless quantities that characterize the piezoelectric harvesters is carried out. The
study shows that the energy harvesting efficiency can be increased by up to 50% for a
particular reduced velocity.

© 2017 Elsevier Ltd. All rights reserved.

1. Introduction

Flow-induced vibrations phenomena (FIV) cover a comprehensive class of generally non-linear problems that lead to
self-excited oscillations. Examples of FIV phenomena include galloping, flutter and vortex-induced vibrations (VIV), the latter
being the focus of this contribution. The textbookswritten by Blevins (2001), Naudascher andRockwell (2005) and Païdoussis
and de Langre (2011) are examples of surveys on this topic.
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Nomenclature

ωn,y and ωn,x Cylinder’s natural frequencies
ms,mf andmd Structural mass, potential added mass and mass of fluid displaced by the cylinder
U∞ Free-stream velocity
ωf Vortex-shedding frequency
D, L Cylinder diameter and length
ρ Fluid density
ky and kx Spring stiffnesses
cy and cx Damping constants
Ry and Rx Electric resistances
CP,y and CP,x Capacitances
θy and θx Electro-mechanical coupling constants
t Dimensional time
Y and X Dimensional displacements
Vy and Vx Dimensional electric tensions
V0 Reference electric tension
qy and qx Wake variables
τ Dimensionless time
y and x Dimensionless displacements
vy and vx Dimensionless electric tensions
ϵy, Ay, ϵx and Ax Parameters of the wake-oscillator models
m∗ and Ca Mass parameter and potential added mass coefficient
ζy and ζx structural damping ratios
Ur Reduced velocity
St Strouhal number
Cy,v , Cx,v, CL,v and CD,v Force coefficients due to vortex-shedding
Ĉ0
L and Ĉ0

D Amplitude of the lift and drag coefficients observed for a stationary cylinder
C
0
D Mean drag coefficient observed for a stationary cylinder

σ1,y, σ1,x, σ2,y and σ2,x Dimensionless quantities related to the piezoelectric harvesters
ηel,y and ηel,x Dimensionless electric power harvested at cross-wise and in-line harvesters

VIV is a very interesting fluid–structure interaction problem commonly found in several engineering applications. Its
self-excited and self-limited character has attracted attention from both the industrial and the academic communities in
the last decades. Fundamental aspects of flow around cylinders can be found, for example, in the reviews by Bearman
(1984, 2011), Parkinson (1989), Williamson and Govardhan (2004), Sarpkaya (1979, 2004). Besides these reviews, a series
of investigations have focused on different aspects of the phenomenon has been published since the 1970s. Examples of
studies include those related to the cylinder response to oscillatory flows (Sarpkaya, 1977, 1986; Sumer and Fredsøe, 1988),
the wake patterns (Williamson and Roshko, 1988; Williamson, 1996), reduced-order modeling approaches (Hartlen and
Currie, 1970; Iwan and Blevins, 1974; Skop and Griffin, 1975; Skop and Balasubramanian, 1997) and the dynamics of flexible
cylinders (Lyons and Patel, 1986; Hover et al., 1997; Pesce and Fujarra, 2000; Fujarra et al., 2001; Chaplin et al., 2005b, a;
Huera-Huarte and Bearman, 2009a, b).

Even though the aspects aforementioned are important,we focus on the fundamental problemof a rigid cylindermounted
on an elastic support free to oscillate only in the cross-wise direction (direction orthogonal to the free-stream velocity). For
this condition (herein named 1-dof VIV), it is well known that relevant oscillations (with maximum amplitude close to one
diameter D) are observed in the range of reduced velocities 3 < Ur = U∞/fn,yD < 12, being U∞ the free-stream velocity
and fn,y the natural frequency obtained with the cylinder submerged in a still fluid. In this range of reduced velocities, the
vortex-shedding frequency ff is close to fn,y and the lock-in phenomenon is observed.

Experimental results presented in Khalak and Williamson (1999) revealed the existence of distinct response branches
depending on the mass-damping parameter m∗ζy, where m∗ is the mass parameter, defined as the ratio between the
oscillatingmass and themass of fluid displaced by the cylinder and ζy is the damping ratio. The latter reference also discussed
the dependence of the hydrodynamic force coefficients as functions of Ur , as well as distinct vortex-shedding pattern.

Since the early 2000s, focus has also lain on the problem of a rigid cylinder free to oscillate in both in-line (parallel to
the free-stream velocity) and cross-wise directions, referred to throughout this paper as 2-dof VIV. As verified, for example,
in Jauvtis and Williamson (2004), Stappenbelt and Lalji (2008), Blevins and Coughran (2009), Freire and Meneghini (2010)
and Franzini et al. (2012) there are marked differences between 1-dof and 2-dof VIV. Among these differences, we can
highlight the dependence of in-line oscillations magnitude with m∗ζ , the increase in cross-wise response due to in-line
oscillations and a new vortex-shedding pattern.
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Due to its intrinsic complex character, VIV is commonly investigated using both experimental and computational
approaches. Computational studies on VIV can be carried out using high-order hierarchical models such as those based
on the Finite Volume Method or using reduced-order models. In the latter approach, the wake behavior is modeled using a
nonlinear oscillator coupled to a structural one. The approach is also named as wake-oscillator model and has been used in
the last four decades in a series of studies for both 1-dof (Iwan and Blevins, 1974; Facchinetti and de Langre, 2004; Gabbai
and Benaroya, 2005, 2008; Ogink andMetrikine, 2010) and 2-dof VIV (Furnes and Sørensen, 2007; Srinil and Zanganeh, 2012;
Dhanwani et al., 2013; Zanganeh and Srinil, 2014).

Recently, investigations aimed to convert part of structural kinetic energy into another kind of energy, such as, electric or
gravitational energy. Focusing on obtaining electric energy from structural oscillations, we can highlight two conversion
mechanisms based on electromagnetic or piezoelectric effects. A comprehensive review regarding piezoelectric energy
harvesting can be found in the textbook by Erturk and Inman (2011).

Particularly, energy harvesting from flow-induced vibrations phenomena is an interesting approach, since most FIV
problems lead to self-excited oscillations. A series of investigations focuses on energy harvesting from both galloping and
flutter phenomena. A review of energy harvesting from flapping foils can be found in Xiao and Zhu (2014).

Tang and Païdoussis (2009) proposed the concept of the flutter-mill, inwhich a cantilevered flexible plate embeddedwith
a conductor oscillates between two magnetic plates. Barrero-Gil et al. (2010) focused on energy harvesting from transverse
galloping of a prism, investigating the effects of the cross-section geometry on the harvested energy at the dashpot. Energy
harvesting from flexible plates or flags in fluttering is also investigated by Doaré and Michelin (2011), which presented
a linear stability analysis of a piezoelectric plate subjected to axial flow. Fernandes and Armandei (2014) experimentally
investigated how the torsional galloping of a rigid and pivoted plate can be used to lift weights. For plates with 0.2 m and
0.3 m in chord length and 0.45 m in depth tested on a towing tank facility, the authors showed to be possible to lift a mass
of 0.227 kg at a 2.2 m height. Numerical studies presented in Franzini et al. (2016) and in Franzini et al. (2017) showed that
parametric excitation can significantly affect piezoelectric energy harvesting from a square prism.Wind tunnel experiments
with prisms coupled to magnets and subjected to galloping were detailed in Hémon et al. (2017). As an example of result,
the authors plotted the harvested electrical power as a function of the load resistance, obtaining a maximum value close to
0.5 mW. In their results, the authors pointed out that despite the low efficiency of this energy harvester, it can be improved
and applied to situations in which standard turbines cannot be used.

A series of efforts into energy harvesting from VIV phenomenon is also found. Bernitsas et al. (2006) presents the concept
of VIVACE (Vortex-Induced Vibration Aquatic Clean Energy), a device based on a series of cylinders in tandem arrangement
that uses the electromagnetic effect to convert structural kinetic energy into electricity. InMehmood et al. (2013), the authors
investigated piezoelectric energy harvesting using the Computational Fluids Dynamics (CFD) approach to model the fluid
forces on the cylinder, showing that the electric resistance plays an important role at the onset of synchronization.

Numerical studies on energy harvesting from VIV can also be found in Grouthier et al. (2012, 2014). In these papers,
fluid forces were modeled using the wake-oscillator concept and energy harvested at dashpots were obtained. Among other
findings, the authors pointed out a peak of energy harvesting efficiency close to 0.23 for 1-dof VIV, aswell as the possibility of
high-efficiency regions for flexible cylinders. Energy harvesting from flexible cylinder VIV was also investigated by Antoine
et al. (2016b), which showed the loss of efficiency on flexible structures to be less sensitive than rigid cylinder elastically
supported to flow fluctuations around the value corresponding to the maximum energy harvesting efficiency. Antoine et
al. (2016a) employed adjoint methods in order to optimize the distribution of harvesters along a straight cable subjected
to VIV. As a major conclusion, the authors recommend to distribute the harvesters close to one of the attachments
points.

Arionfard and Nishi (2017) experimentally studied energy harvesting from a pivoted rigid cylinder subjected to VIV. A
sensitivity study regarding the energy harvesting efficiency as functions of different parameters of the set-up was carried
out, allowing obtaining a maximum harvested power close to 60 mW. Another conclusion drawn by the authors is that the
increase in the Reynolds number does not necessarily increase the energy harvesting efficiency.

Nishi et al. (2017) also presented an experimental investigation on electro-magnetic energy harvesting from VIV. In this
latter paper, the authors inserted a secondary cylinder between a cylinder excited by VIV and the generator. This secondary
cylinder allowed enhancing the range of free-stream velocities in which the energy harvesting is effective. Experimental
results indicated that the electric tension can reach 9 V. The recent paper written by Soti et al. (2017) numerically studied
the dynamics of a system composed of a cylinder fixed to a magnet that can move in the direction of a coil. An interesting
result pointed out by the authors is a value of maximum dimensionless harvested power equal to 0.13.

Piezoelectric energy harvesting from VIV has also been focused by recent investigations. Akaydin et al. (2012) carried out
a series of experiments in a wind tunnel facility with a rigid cylinder assembled to a flexible beam fitted with a piezoelectric
layer. Among other findings, the authors showed that the harvested electric power experimentally obtained is close to
0.1mW.A similar problemwas also analytically studied byDai et al. (2014),which also included the effects of base excitation.

Zhang et al. (2017) also investigated energy harvesting from VIV in a wind tunnel. In their paper, the rigid cylinder
was assembled to a flexible piezoelectric beam and the presence of two magnets led to nonlinear restoring forces. The
authors showed that the mentioned nonlinearity increased the harvested electric power by up to 29%. Bunzel and Franzini
(2017) numerically studied energy harvesting from 2-dof VIV using a wake-oscillator model. The authors showed curves of
oscillation amplitudes and energy harvesting efficiency as functions of the reduced velocity and for different piezoelectric
dimensionless quantities.
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(a) 1-dof VIV with a piezoelectric har-
vester.

(b) 2-dof VIV with two piezoelectric harvesters.

Fig. 1. Schematic representation of the problems.

This literature review shows that piezoelectric energy harvesting from 2-dof VIV is not commonly investigated. We here
aim to contribute to the context of energy harvesting from VIV, enhancing the discussions presented in Bunzel and Franzini
(2017). The focus lies on rigid cylinders mounted on elastic supports fitted with piezoelectric harvesters. Fluid forces are
modeled by wake-oscillator models for both 1-dof and 2-dof VIV. The main contribution of this paper is to illustrate the
differences caused by the presence of simultaneous in-line and cross-wise oscillations. In addition, we present a sensitivity
study regarding the influence of two dimensionless quantities that define the piezoelectric circuits in the harvested electric
power for a particular reduced velocity.

This paper is structured in five Sections. After this literature review, Section 2 is dedicated to the derivation of the
mathematical model. Section 3 discusses the analysis methodology. Section 4 presents and discusses the numerical results.
Finally, the final remarks are presented in Section 5.

2. Mathematical models

This Section presents the mathematical model for the problems investigated herein and sketched in Fig. 1. For both
problems, the rigid cylinder has total mass ms, length L and is immersed in a fluid of density ρ. For the 1-dof VIV (Fig. 1(a)),
the cylinder is assembled to an elastic base with linear stiffness and damping (ky and cy respectively). For this condition, the
piezoelectric harvester is defined by its resistance Ry, capacitance CP,y and electro-mechanical coupling term θy.

For 2-dof VIV (see Fig. 1(b)), the cylinder is mounted on a support with linear cross-wise stiffness and damping constants
equal to ky and cy respectively. In the in-line direction, the elastic support has stiffness and damping equal to kx and cx,
respectively. Both in-line and cross-wise directions present independent piezoelectric harvesters, so that the electric power
can be harvested from to themotion in both directions. The cross-wise piezoelectric harvester has resistance Ry, capacitance
CP,y and electro-mechanical coupling term θy, while these properties are Rx, CP,x and θx for the in-line harvester.

For the sake of organization, the wake-oscillator models for 1-dof and 2-dof (properly adopted in order to take into
account the piezoelectric effect), will be presented in Sections 2.1 and 2.2 respectively.

2.1. Mathematical model: 1-dof VIV

The fluid forces on the cylinder follow the methodology presented in Facchinetti and de Langre (2004) and modified
by Ogink and Metrikine (2010) a few years later. The van der Pol’s equation is commonly adopted aiming at representing
the fluid dynamics. Following the suggestion by Facchinetti and de Langre (2004), an acceleration coupling scheme is used
for the solid–fluid interaction. Finally, a constitutive equation couples the solid-electric oscillators, similarly to what was
carried out in Mehmood et al. (2013). The solid–fluid-electric system is governed by Eqs. (1)–(3).

(ms + mf )
d2Y
dt2

+ cy
dY
dt

+ kyY − θyVy =
1
2
ρU2

∞
DLCy,v (1)

d2qy
dt2

+ ϵyωf (q2y − 1)
dqy
dt

+ ω2
f qy =

Ay

D
d2Y
dt2

(2)

CP,y
dVy

dt
+

Vy

Ry
+ θy

dY
dt

= 0 (3)

The wake of a stationary cylinder is commonly described by Eq. (2), but taking its right-hand side as null. This condition
leads to a limit-cycle periodic solution with amplitude q̂y = 2 and frequency equal to the vortex-shedding frequency
ωf = 2πStU∞/D, being St the Strouhal number. Considering that the natural frequency in still water is given by ωn,y =



200 G.R. Franzini, L.O. Bunzel / Journal of Fluids and Structures 77 (2018) 196–212

Fig. 2. Sketch of the fluid loads acting on the cylinder. 1-dof VIV.

2π fn,y =
√
ky/(ms + mf ), a series of dimensionless quantities can be defined as:

ζy =
cy

2(ms + mf )ωn,y
,Ur =

U∞

fn,yD
, St =

ωfD
2πU∞

, y =
Y
D

, τ = ωn,yt, vy =
Vy

V0

m∗
=

ms

md
, Ca =

mf

md
, σ2,y =

1
CP,yRyωn,y

, σ1,y =
θ2
y

CP,y(ms + mf )ω2
n,y

being V0 =
(ms+mf )ω2

n,yD
θy

a reference electric tension andmd = ρπD2L/4 the mass of fluid displaced by the cylinder. Defining
(̇ ) as the derivative with respect to dimensionless time τ , Eqs. (1)–(3) are rewritten as:

ÿ + 2ζyẏ + y − vy =
1

2π3

U2
r

(m∗ + Ca)
Cy,v (4)

q̈y + ϵStUr (q2y − 1)q̇y + (StUr )2qy = Ayÿ (5)

v̇y + σ2,yvy + σ1,yẏ = 0 (6)

Now, we focus on describing the relation between Cy,v and wake variable qy. Fig. 2 presents a schematic representation
of the cylinder oscillating in the fluid and clearly reveals the geometric relations given by Eqs. (7)–(9).

U =

√
U2

∞
+

(
dY
dt

)2

= U∞

√
1 +

(
2π ẏ
Ur

)2

(7)

sinβ =
−

dY
dt

U
= −

2π ẏ

Ur

√
1 +

(
2π ẏ
Ur

)2
(8)

cosβ =
U∞

U
=

1√
1 +

(
2π ẏ
Ur

)2
(9)

The fluid forces associated to vortex-shedding are written through Eqs. (10)–(12).

FD,v =
1
2
ρU2DLCD,v (10)

FL,v =
1
2
ρU2DLCL,v (11)

Fy,v =
1
2
ρU2

∞
DLCy,v = FL,v cosβ + FD,v sinβ (12)

Hence, the cross-wise force coefficient is given by:

Cy,v =

(
U
U∞

)2

(CL,v cosβ + CD,v sinβ) =

(
CL,v −

CD,v2π ẏ
Ur

)√
1 +

(
2π ẏ
Ur

)2

(13)
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where CL,v e CD,v are the force coefficients observed in the flow around a stationary cylinder (Ogink and Metrikine, 2010).
Moreover, the oscillatory lift coefficient is related to wake variable qy in Eq. (14).

CL,v =
qy
q̂y

Ĉ0
L (14)

where Ĉ0
L is the amplitude of the lift coefficient observed in stationary cylinder. Eq. (14) can be substituted into Eq. (4) leading

to the following system of differential equations:

ÿ + 2ζyẏ + y − vy =
1

2π3

U2
r

(m∗ + Ca)

⎡⎣(
qy
q̂y

Ĉ0
L −

CD,v2π ẏ
Ur

)√
1 +

(
2π ẏ
Ur

)2
⎤⎦ (15)

q̈y + ϵStUr (q2y − 1)q̇y + (StUr )2qy = Ayÿ (16)

v̇y + σ2,yvy + σ1,yẏ = 0 (17)

Note that Eqs. (15) and (16) represent the dynamics of the cylinder subjected to 1-dof VIV if σ1,y = σ2,y = vy(0) = 0
(pure 1-dof VIV). These equations are the same obtained by Ogink and Metrikine (2010) in their wake-oscillator model but
re-written using a different dimensionless time τ .

For energy harvesting, the electric power (Pel,y) should be computed, expressed in the dimensional form as:

Pel,y =
V 2
y

Ry
(18)

This power is made dimensionless with respect to the flux of fluid kinetic energy across the cylinder front area. Using
this concept and the quantities already defined, one can obtain:

ηel,y =
Pel,y

1/2ρU3
∞
DL

=
4π4

U3
r

σ2,y

σ1,y
(m∗

+ Ca)v2
y (19)

Observe that ηel,y can be interpreted as the energy harvesting efficiency, similarly to what was discussed by Grouthier et
al. (2014). Their paper, however, discussed energy harvesting by means of the power dissipated at the dashpot.

2.2. Mathematical model: 2-dof VIV

This Subsection presents the derivation of the mathematical model corresponding to a rigid cylinder free to oscillate
both in the cross-wise and in the in-line directions. Similarly to what was carried out in Section 2.1 for the 1-dof VIV case
and by Srinil and Zanganeh (2012) and (Dhanwani et al., 2013) for 2-dof VIV, van der Pol’s equations are used for modeling
the fluid forces. As already mentioned, we consider that there are piezoelectric circuits that allow energy harvesting from
oscillations in both directions independently. Hence, the solid–fluid-electric system is governed by Eqs. (20)–(25).

(ms + mf )
d2Y
dt2

+ cy
dY
dt

+ kyY − θyVy =
1
2
ρU2

∞
DLCy,v (20)

d2qy
dt2

+ ϵyωf (q2y − 1)
dqy
dt

+ ω2
f qy =

Ay

D
d2Y
dt2

(21)

(ms + mf )
d2X
dt2

+ cx
dX
dt

+ kxX − θxVx =
1
2
ρU2

∞
DLCx,v (22)

d2qx
dt2

+ ϵxωf (q2x − 1)
dqx
dt

+ (2ωf )2qx =
Ax

D
d2X
dt2

(23)

CP,y
dVy

dt
+

Vy

Ry
+ θy

dY
dt

= 0 (24)

CP,x
dVx

dt
+

Vx

Rx
+ θx

dX
dt

= 0 (25)

For the 2-dof VIV problem, both dimensionless time τ and reduced velocity Ur are defined as discussed in the previous
Subsection. In addition to the quantities already defined for the 1-dof VIV problem, consider the following parameters:

ωn,x =

√
kx

ms + mf
, ζx =

cx
2(ms + mf )ωn,x

, x =
X
D

, vx =
Vx

V0

σ2,x =
1

CP,xRxωn,x
, σ1,x =

θ2
x

CP,x(ms + mf )ω2
n,x

, f ∗
=

ωn,x

ωn,y
, θ∗

=
θx

θy
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Fig. 3. Sketch of the fluid loads acting on the cylinder. 2-dof VIV.

In the 2-dof VIV problem, the fluid forces acting on the cylinder are sketched in Fig. 3. From this sketch, one can easily
obtain the following relations.

U =

√(
U∞ −

dX
dt

)2

+

(
dY
dt

)2

= U∞

√
1 −

4π
Ur

ẋ +

(
2π
Ur

)2

(ẋ2 + ẏ2) (26)

sinβ =
−

dY
dt

U
= −

2π ẏ

Ur

√
1 −

4π
Ur

ẋ +

(
2π
Ur

)2
(ẋ2 + ẏ2)

(27)

cosβ =
U∞ −

dX
dt

U
=

1 −
2π
Ur

ẋ√
1 −

4π
Ur

ẋ +

(
2π
Ur

)2
(ẋ2 + ẏ2)

(28)

The hydrodynamic loads sketched in Fig. 3 are given by Eqs. (29)–(32):

FD,v =
1
2
ρU2DLCD,v (29)

FL,v =
1
2
ρU2DLCL,v (30)

Fy,v =
1
2
ρU2

∞
DLCy,v = FL,v cosβ + FD,v sinβ (31)

Fx,v =
1
2
ρU2

∞
DLCx,v = −FL,v sinβ + FD,v cosβ (32)

The force coefficients in the cross-wise and in the in-line directions are given in terms of the lift and drag coefficients and
angle β as:

Cy,v =

(
U
U∞

)2

(CD,v sinβ + CL,v cosβ) (33)

Cx,v =

(
U
U∞

)2

(CD,v cosβ − CL,v sinβ) (34)

Contrary to Srinil and Zanganeh (2012) and Dhanwani et al. (2013), which considered small angles of attack β such as
sinβ ≈ β , we here kept these nonlinearities in themathematical model. Drag and lift coefficients (CD,v and CL,v respectively)
are written in terms of wake variables qx and qy by Eqs. (35) and (36).

CD,v = C
0
D + Cosc

D = C
0
D +

qx
q̂x

Ĉ0
D (35)

CL,v =
qy
q̂y

Ĉ0
L (36)

being C
0
D and Ĉ0

D the mean value and the oscillation amplitude of the drag coefficient observed in the problem of a stationary
cylinder. Substituting Eqs. (33)–(36) into Eqs. (20)–(25) and considering the dimensionless quantities already presented, the
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Table 1
Properties of the experimental investigation presented in Franzini et al.
(2012). Pure VIV tests.

Parameter Value

m∗ 2.6
L/D 15
ζy = ζx 7 × 10−4

D 44.45 mm
fn,y = fn,x 0.62 Hz

solid–fluid-electric system is described by the following dimensionless equations.

ÿ + 2ζyẏ + y − vy =
1

2π3

U2
r

(m∗ + Ca)
Cy,v (37)

q̈y + ϵyStUr (q2y − 1)q̇y + (StUr )2qy = Ayÿ (38)

ẍ + 2ζxf ∗ẋ + (f ∗)2x − θ∗vx =
1

2π3

U2
r

(m∗ + Ca)
Cx,v (39)

q̈x + ϵxStUr (q2x − 1)q̇x + (2StUr )2qx = Axẍ (40)

v̇y + σ2,yvy + σ1,yẏ = 0 (41)

v̇x + f ∗σ2,xvx +
σ1,x

θ∗
(f ∗)2ẋ = 0 (42)

The harvested electric power obtained at the cross-wise direction piezoelectric circuit is given by Eq. (18), whereas this
quantity obtained from the in-line direction is given by Eq. (43).

Pel,x =
V 2
x

Rx
(43)

Similarly to the 1-dof VIV, electric power is made dimensionless by using the flux of kinetic energy across the cylinder
front area, giving rise to the in-line energy harvesting efficiency ηel,x. For the 2-dof VIV case, ηel,y is calculated using the same
expression obtained for the 1-dof VIV case (see Eq. (19)). The in-line energy harvesting efficiency reads:

ηel,x =
4π4

U3
r

(θ∗)2

f ∗

σ2,x

σ1,x
(m∗

+ Ca)v2
x (44)

3. Analysis methodology

Eqs. (15)–(17) (1-dof VIV) and Eqs. (37)–(42) (2-dof VIV) are numerically integrated using MATLAB R⃝ ode45 function
(Runge–Kutta scheme). The adopted time-step is∆τ = 0.01 and themaximumdimensionless time is defined as τmax = 800.
For both 1-dof and 2-dof VIV simulations, the only non-trivial initial condition is qy(0) = 0.01. For avoiding the effects
of transitory responses, steady-state responses are considered only for τ > τmax/2. Similarly to (Franzini et al., 2013),
characteristic oscillation amplitudes in the cross-wise and in the in-line directions (ŷ and x̂ respectively) are computed by
taking the averaged value of the 10% highest extrema of the corresponding steady-state time-histories.

The parameters of the elastic support and the piezoelectric harvesters are assumed to be identical in the cross-wise and
in the in-line directions, such that σ1,y = σ1,x = σ1, σ2,y = σ2,x = σ2 and f ∗

= 1. Notice, however, that the mathematical
models allow a more comprehensive investigation.

As alreadymentioned, this investigation aims to investigate the dynamics of a cylinder coupled to piezoelectric harvesters
subjected to VIV. In a first set of simulations, themathematicalmodels presented in Section 2 are simulated considering pure
VIV cases and the numerical results are compared with the experimental data presented in Franzini et al. (2012), whose
dimensionless parameters are presented in Table 1.

After the numerical–experimental correlation for the pure VIV case, the dynamics of the same cylinder previously
simulated is simulated, but now considering the presence of the piezoelectric harvesters on the elastic support. As
in Mehmood et al. (2013), the piezoelectric harvesters have capacitance CP = 120 nF, electromechanical coupling term
θ = 0.00155 N/V and electric resistance R = 100 k�. Combining these quantities with the cylinder properties presented in
Table 1, σ1 = 0.35 and σ2 = 21.4 are obtained.

Throughout this paper, the dimensionless electric power is discussed in terms of quantities η̄el,y or η̄el,x, corresponding to
the time-averaged value during the steady-state response of the dimensionless electric powers. Additionally to the electric
power, we also investigate the root-mean square values of the electric tensions (vy,rms and vx,rms).

The empirical parameters of the wake-oscillator models are clarified as follows. For the 1-dof VIV, the mentioned
parameters are the same suggested by Ogink and Metrikine (2010), assuming St = 0.1932 and CD,v = C

0
D = 1.1856,
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Table 2
Parameters of the wake-oscillator models.

1-dof VIV 2-dof VIV

ϵy 0.05
Ur < 6.5

ϵy 0.0045e0.228m
∗

Ur < 8ϵx 0.6

Ay 4 Ay 2
Ax 12

ϵy 0.7
Ur < 6.5

ϵy 0.7

Ur > 8ϵx 0.7

Ay 12 Ay 12
Ax 12

Ĉ0
L 0.3842

0 < Ur < 15

Ĉ0
L 0.3842

0 < Ur < 15CD
0 1.1856 CD

0
1.1856

Ĉ0
D 0.2

St 0.1932 St 0.17

irrespectively of the value of Ur . For the upper-branch response (herein defined in the interval Ur < 6.5), ϵy and Ay are
considered equal to 0.05 and 4 respectively. For the lower-branch response (Ur > 6.5), these quantities are ϵy = 0.7 and
Ay = 12.

For the 2-dof VIV wake-oscillator model herein derived and already presented in Section 2.2, the calibration of the
parameters is carried out partially based on expressions and values previously presented in the literature. Some parameters
are kept invariant with the reduced velocity. The force coefficients are taken as Ĉ0

L = 0.3842 and C
0
D = 1.1856, the same

values suggested by Ogink and Metrikine (2010) for 1-dof VIV. A slightly decrease in the Strouhal number is adopted for the
2-dof VIV case, assuming St = 0.17. Notice, however, that this Strouhal number value was already used in the 1-dof VIV
context by Grouthier et al. (2014).

The remaining parameters are defined as functions of the reduced velocity. Considering Ur < 8, ϵx = 0.6 and ϵy =

0.0045e0.228m
∗

are adopted (see Srinil and Zanganeh, 2012). For this range of reduced velocities, the adoption of Ay = 2
and Ax = 12 lead to a good correlation with experimental data. The numerical–experimental correlation will be presented
in Section 4.1. For Ur > 8, we employ ϵy = ϵx = 0.7 and Ax = Ay = 12. Surprisingly, the calibrated parameters for
the 2-dof VIV lower-branch are the same obtained by Ogink and Metrikine (2010) for a 1-dof VIV model. Notice that the
calibration approach herein presented focused on a single set of experimental data. The appendix presents some sensitivity
studies with respect to the parameters of the 2-dof VIV wake-oscillator model. Investigations focusing on the influence of
certain parameters such as the mass ratio parameter are left for a further work. Table 2 presents the parameters of the
wake-oscillator models herein adopted.

4. Results and discussions

Subsection 4.1 focuses on the discussion of the pure VIV cases, comparing the numerical results with experimental data.
Subsection 4.2 discusses the dynamics of the cylinder subjected to concomitant VIV and piezoelectric effects, highlighting
differences between the cases in which the cylinder is free to oscillate in one or in two directions.

4.1. Pure VIV

Fig. 4 presents the numerical–experimental correlation for both 1-dof and 2-dof pure VIV conditions. Discussing the 1-dof
VIV case firstly, Fig. 4(a) shows a marked adherence between numerical and experimental data. The maximum oscillation
amplitude is max{ŷ} ≈ 0.9, obtained at similar reduced velocities Ur ≈ 6. Quantitative and qualitative agreements are
also found in the range of reduced velocities 7 < Ur < 9.5, corresponding to the lower branch. Even though the onset of
the desynchronization regime occurs for a slightly larger value of reduced velocity in the experimental investigation, the
wake-oscillator model can be concluded to represent the experimental data very well.

Next, we analyze the 2-dof VIV condition. Considering both cross-wise and in-line characteristic oscillation curves
(Figs. 4(b) and 4(c) respectively), a good adherence with experimental data can be observed. The maximum cross-wise
oscillation amplitude from the wake-oscillator model is slightly larger than that experimentally verified. Similarly to what
was found for the 1-dof VIV, there is a remarkable adherence of the characteristic oscillation amplitude for the lower branch.
The onset of the desynchronization regime occurs at Ur ≈ 10.5, a value slightly larger than that experimentally observed.

Fig. 4(c) shows the variation of x̂with the reduced velocity. The plot also reveals a marked agreement between numerical
and experimental results, including the in-line resonance regime observed in the interval 2 < Ur < 4. The peak of in-line
characteristic oscillation amplitude occurs at Ur = 6.5 (numerical results) and Ur = 6.9 (experimental data).

The results in this Subsection indicate that thewake-oscillatormodels used verywell reproduce the general aspects of the
response of elastically mounted rigid cylinders subjected to 1-dof or 2-dof VIV. The next Subsection discusses the dynamics
of the cylinder assembled on an elastic support fitted with piezoelectric harvesters defined by σ1 = 0.35 and σ2 = 21.4.
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(a) 1-dof VIV.

(b) Cross-wise oscillation amplitude: 2-dof VIV.

(c) In-line oscillation amplitude: 2-dof VIV.

Fig. 4. Oscillation amplitudes—numerical and experimental results. Pure VIV.

4.2. Concomitant VIV and piezoelectric effects

Fig. 5 shows the characteristic oscillation amplitudes as functions of the reduced velocity. Considering both the 1-dof VIV
and the 2-dof VIV cases, the piezoelectric harvester herein adopted does not lead to significant changes in the values of x̂ and
ŷ. Unsurprisingly, the piezoelectric harvesters lead to a decrease in the oscillation amplitude when compared to the pure
VIV conditions.

Fig. 6 presents examples of displacement time-histories, amplitude spectra and trajectories in the xy plane for both the
cases of pure VIV and VIV combined with piezoelectric energy harvesting. In agreement with Fig. 5, the presence of the
piezoelectric harvesters with σ1 = 0.34 and σ2 = 21.4 neither leads to significant decrease in the oscillation amplitude nor
to modifications in the narrow-banded character of the amplitude spectra (see Fig. 6(a) to 6(d)).

As well known, the trajectory in the xy plane is governed by both amplitude spectra of the displacement time-histories
and the phase-shift between these signals. The marked similarities found in Figs. 6(e) and 6(f) reveal that the piezoelectric
effect has practically no influence on the phase-shift between the cross-wise and the in-line displacements.

The variation in the root-mean square (rms) dimensionless electric tension with the reduced velocity is now discussed.
Considering the 1-dof VIV condition firstly, Fig. 7 shows that the qualitative aspect of the vy,rms curve follows the one observed
for the oscillation amplitude. The maximum value reaches max{vy,rms} ≈ 0.01 at Ur = 5.5. Within interval 6.5 < Ur < 9, a
constant value vy,rms ≈ 0.007 is obtained.

As aforementioned, electric tension is obtained from both in-line and cross-wise piezoelectric harvesters for the 2-dof
VIV. The latter plot reveals that the 2-dof VIV leads a marked enhancement in the values of vy,rms in the range 5 < Ur < 8.
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(a) 1-dof VIV.

(b) In-line oscillation amplitude: 2-dof VIV.

Fig. 5. Oscillation amplitudes—numerical results. Cylinder assembled to an elastic support with piezoelectric harvesters.

Roughly speaking, the peak of vy,rms is twice that observed for 1-dof VIV and is verified for a slightly larger reduced velocity.
Considering the interval Ur > 8, the cross-wise electric tension obtained for the 2-dof VIV is larger than that obtained from
1-dof VIV.

Fig. 7 also reveals that the dimensionless electric tension obtained in the in-line harvester is significantly lower than that
corresponding to the cross-wise piezoelectric circuit. Notice that max{vx,rms} ≈ max{vy,rms}/4. Furthermore, electric tension
is observed in the in-line harvester only in the range 5 < Ur < 8.

The dimensionless electric tension time-histories obtained atUr = 6 are presented in Fig. 8. This plot shows a very regular
aspect of the time-histories, with a practically constant amplitude. For the 2-dof VIV case, Fig. 8(b) shows that the oscillation
frequency of the in-line electric tension is approximately twice that corresponding to the cross-wise one.

In the context of energy harvesting, it is of interest to evaluate the time-averaged electric power at the harvesters. The
variation in the energy harvesting efficiency with the reduced velocity is presented in Fig. 9. For the 1-dof VIV case, energy
harvesting efficiency reaches its peak max{η̄el,y} ≈ 5% at Ur = 5. Notice that, despite significant oscillations and electric
tension in the interval 7 < Ur < 9, energy harvesting efficiency is smaller than 1%. In fact, this is not surprising, since
Eq. (19) indicates that ηel,y is proportional to 1/U3

r .
The analysis of the same figure reveals interesting features of the 2-dof energy harvesting from VIV. A first aspect that

is clearly revealed by this plot is that energy harvesting from in-line oscillations is much less efficient than from cross-wise
oscillations.

A second interesting feature can be assessed by comparing the results of η̄el,y from 2-dof VIV with those from 1-dof VIV.
Themaximumenergy harvesting efficiency from the 2-dof VIV ismax{η̄el,y} ≈ 15%, practically three times the value obtained
for the cylinder free to oscillate only in the cross-wise direction.

In addition to the latter result, themaximumenergy harvesting efficiency occurs for a higher reduced velocity in the 2-dof
VIV case. This implies an enhancement of the dimensional piezoelectric energy harvesting, as observed in Fig. 10. This plot
refers to the electric power that would be harvested from the VIV of a cylinder whose dimensions are presented in Table 1.

A direct comparison of the results from 1-dof or 2-dof VIV indicates that the cylinder free to oscillate in both in-line
and in cross-wise direction allows harvesting higher time-averaged electric power P̄el,y for practically the whole range of
free-stream velocities herein simulated. Furthermore, the max{P̄el,y} is 2.6 mW for 1-dof VIV and 11 mW for 2-dof VIV.

4.3. A sensitivity study

In this Subsection, we discuss the influence of variations in σ1 and σ2 on the harvested power. For this, we consider the
particular reduced velocity Ur = 6 and a 20 × 20 grid spanning the intervals 0.07 < σ1 < 1.35 and 4.28 < σ2 < 107.
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(a) 1-dof pure VIV. (b) 1-dof pure VIV.

(c) Displacement time-histories and amplitude spectra.
Pure VIV.

(d) Displacement time-histories and amplitude spectra.
σ1 = 0.34 and σ2 = 21.4.

(e) Trajectory in the xy plane. Pure VIV. (f) Trajectory in the xy plane. σ1 = 0.34 and σ2 = 21.4.

Fig. 6. Displacement time-histories, amplitude spectra and trajectories in the xy plane. Ur = 6.

Fig. 7. Dimensionless electric tension (rms) - numerical results. Cylinder assembled to an elastic support with piezoelectric harvesters.

Fig. 11 presents the variation of ŷ, η̄el,y and P̄el,y as functions of σ1 and σ2 for both 1-dof and 2-dof VIV conditions. For the
sake of better visualization, different scales are adopted.
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(a) 1-dof VIV. (b) 2-dof VIV.

Fig. 8. Dimensionless electric tension time-histories. Ur = 6.

Fig. 9. Energy harvesting efficiency—numerical results. Cylinder assembled to an elastic support with piezoelectric harvesters.

Fig. 10. Time-averaged electric power at the cross-wise harvester—numerical results.

Figs. 11(a) and 11(b) present the variation in cross-wise oscillation amplitude. These plots indicate that significant
changes in ŷ are observed for σ2 < 20 and σ1 > 0.4. Notice also that the contour levels follow approximately straight
lines.

The analysis of energy harvesting efficiency and electric power harvested are now focused on. Fig. 11(c) to 11(f) show
an increase in the values of η̄el,y (and, consequently, in the harvested electric power) in the region of σ1 and σ2 in which
cross-wise oscillation amplitude decreases.

Fig. 9 shows that η̄el,y is close to 4% for 1-dof VIV and η̄el,y ≈ 15% for 2-dof VIV when σ1 = 0.35 and σ2 = 21.4 are
adopted. Considering σ2 = 20.5 (close to the value investigated in Subsection 4.2) and increasing σ1, Fig. 12 shows that
energy harvesting efficiency can reach twice (1-dof VIV) or three times (2-dof VIV) the result presented in the previous
Subsection. Furthermore, notice the upward trend of η̄el,y for the 2-dof VIV case.

5. Final remarks

The dynamics of a rigid cylinder, mounted onto an elastic support fitted with piezoelectric harvesters and subjected to
Vortex-Induced Vibrations (VIV) were numerically investigated. We considered both the cases in which the cylinder is free
to oscillate only in the cross-wise direction (1-dof VIV) and in the in-line and in the cross-wise directions concomitantly
(2-dof VIV).
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(a) ŷ(σ1, σ2). 1-dof VIV. (b) ŷ(σ1, σ2). 2-dof VIV.

(c) η̄el,y(σ1, σ2). 1-dof VIV. (d) η̄el,y(σ1, σ2). 2-dof VIV.

(e) P̄el,y(σ1, σ2). 1-dof VIV. (f) P̄el,y(σ1, σ2). 2-dof VIV.

Fig. 11. Sensitivity study and contour levels. Ur = 6.

Fig. 12. Variation of η̄el,y with σ1 . Ur = 6 and σ2 = 20.5.

Wake-oscillator models were employed for describing the hydrodynamic loads. For the 1-dof VIV, a nonlinear wake
oscillator model previously published was adopted. A fully nonlinear wake oscillator model was derived for the 2-dof
VIV condition. Linear constitutive equations were used aiming at modeling the piezoelectric harvesters. The mathematical
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(a) Cross-wise direction.

(b) In-line direction.

Fig. A.13. Example of sensitivity study with respect to some parameters of the wake-oscillator model. Pure 2-dof VIV.

models were obtained and numerically integrated, allowing obtaining curves of oscillation amplitude, electric tension and
time-averaged electric power as functions of the reduced velocity.

Special focus was placed on the comparison between the results from 1-dof and 2-dof VIV for a particular set of
dimensionless parameters that govern the solid–fluid-electric systems. To the authors knowledge, energy harvesting from
2-dof VIV is not commonly found in the literature.

As the major contribution of this paper, we highlight the marked increase in the energy harvesting efficiency from 2-dof
VIV when compared to that obtained from 1-dof VIV considering the same parameters of the piezoelectric harvesters. The
maximum energy harvesting efficiency was shown to drop from η̄el,y ≈ 5% to η̄el,y ≈ 15% when 2-dof VIV is considered
instead of only cross-wise displacements.

Additionally to the comparison between the dynamics of the cylinder with one and two degrees of freedom, a sensitivity
study was conducted with respect to the influence of the dimensionless quantities that define the piezoelectric harvesters.
Considering reduced velocity Ur = 6, this sensitivity study showed that the energy harvesting efficiency should be
significantly increased.

Further works include extending the sensitivity studies, considering other reduced velocities and modifications in the
structural dimensionless quantities, particularly the influence of the in-line to cross-wise natural frequencies ratio.
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Appendix. A study on the sensitivity of the parameters of the 2-dof VIV wake-oscillator model

This Appendix presents a sensitivity study into the response of 2-dof VIV wake-oscillator model with respect to
parameters Ax, Ay, ϵx and ϵy. For this, eight pure 2-dof VIV simulations are carried out according to the nomenclature
presented in Table A.3, being Sim1 the case discussed in Subsection 4.1. The remaining parameters of the wake-oscillator
models are those already presented in Subsection 4.1.

Fig. A.13 presents the oscillation amplitudes obtained from the simulations defined in Table A.3. Firstly, we discuss the
results related to variations in the parameters adopted for Ur < 8. The first study involves Sim2, Sim3 and Sim4. As verified
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Table A.3
Parameters of the wake-oscillator models—sensitivity study.

Simulation Ur < 8 Ur > 8

Ax Ay ϵx ϵy Ax Ay

Sim1 12 2 0.7 0.7 12 12
Sim2 8 2 0.7 0.7 12 12
Sim3 14 2 0.7 0.7 12 12
Sim4 12 4 0.7 0.7 12 12
Sim5 12 2 0.5 0.5 12 12
Sim6 12 2 0.9 0.9 12 12
Sim7 12 2 0.7 0.7 10 10
Sim8 12 2 0.7 0.7 14 14

in Fig. A.13, there is a very good agreement in the results from Sim2 and Sim3. Hence, small variations around Ax = 12 do not
lead to significant changes in the oscillation amplitudes. On the other hand, increasing Ay to 4 implies a significant increase
in both cross-wise (Fig. A.13(a)) and in-line (Fig. A.13(b)) oscillation amplitudes.

Now, focus is placed on the influence of variations in the parameters forUr > 8, corresponding to simulations Sim5, Sim6,
Sim7 and Sim8. Notice that, in this interval, both parameters ϵx and ϵy are different from the values suggested by Srinil and
Zanganeh (2012). Figs. A.13(a) and A.13(b) reveal that only Sim8 presents oscillation amplitudes significantly different from
the other simulations. This result indicates that the oscillation amplitude are less sensitive to variations in ϵx and ϵy (Sim5
and Sim6) around ϵx = ϵy = 0.7. Yet, the increase in Ax = Ay to 14 (Sim8) leads to larger oscillation amplitudes observed in
this range of reduced velocities.

Note that the sensitivity study presented in this Appendix focuses on the variations of some parameters of the wake-
oscillator model around the values defined in Subsection 3. A comprehensive calibration of these parameters must include
other physical parameters of the system such as the mass ratio parameterm∗. This is left for further work.
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