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A B S T R A C T

A mooring system project is an iterative process, involving design and analysis with numerous
parameters. In this context, analytical tools can help to reduce the use of expensive and time
consuming full nonlinear numerical simulations based on high-order hierarchical models such
as Finite Element models, mainly during early stages of the design. By employing Analytical
Mechanics approaches, the present article brings an analytical and closed-mathematical-form
formulation to determine the six-degree-of-freedom (DOF) mooring system stiffness matrix
at any generic position of the floating body, provided mooring line forces are modeled as
conservative ones. In order to demonstrate the use of these tools, the international benchmark
of the OC4-DeepCwind platform is considered as a case study. The influence of the vessel mean
position and design parameters in the stiffness, natural periods and oscillation modes is studied,
revealing interesting coupling effects. Results are benchmarked against the commercial code
OrcaFlexTM showing good agreement, observing that the analytical result requires much less
computational cost.

1. Introduction

Mooring system design is of vital importance for offshore floating systems. Not only operational requirements, but also financial
demands can impact the whole design process. The mooring system must be both able to keep the vessel position within certain
limits and cost-effective. This cost-efficiency is even more relevant in the floating offshore energy scenario than in the regular
offshore Oil and Gas (O&G) industry. Indeed, offshore renewable energy projects are highly cost-sensitive and any over-design may
compromise its feasibility. On the other hand, seeking for an optimal mooring system using high-order hierarchical models can be
really expensive from the computational point-of-view. Such an aspect, together with deeper physical insights that can be gained,
justifies efforts for analytical and expedite tools for design and analysis, mainly regarding initial phases of the project.

The design of a mooring system involves several parameters, such as: number, orientation, pretension and mechanical properties
of mooring lines, geometric arrangement of the system, among others. In addition, the novel offshore renewable energy starts
to attract investments and new conceptual studies have been being developed, resulting in different mooring technology and
arrangements. For the sake of an example, [1] studied the effect of different line profiles on the response of a Floating Offshore
Wind Turbine (FOWT) installed in shallow waters. The great complexity of such problems calls for a more basic understanding of
the effects of the parameters on the response of the system. The use of analytical models can help to meet the demand, instead of
the high number of computational simulations that might increase design cost.
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The mooring system stiffness matrix is a relevant information for any successful offshore floating structure project. The stiffness
oefficients are of great value not only at the initial stages of design but also during verification and operational phases. For instance,
he knowledge of the mooring stiffness matrix is mandatory, whenever slow-drift motions are concerned, being them the classical
nes on the horizontal plane (surge, sway, yaw) or even those that might occur in heaving, pitching and rolling motions. As well
nown, slow-drift motions are resonant responses of the system at their low natural frequencies to the action of second-order wave
orces in low frequencies, as well as to the action of wind forces or even current induced forces, and for which the mooring stiffness
lays an important role. The mooring stiffness matrix may also have some influence in calculating the motion response of the vessel
complex (amplitude and phase) frequency responses – to first-order wave forces, commonly named as RAOs (Response Amplitude
perators).

The mooring system rule from BV [2] brings the requirements for the classification of the mooring system of floating units among
thers. According to the standard, the 6 × 6 stiffness matrix associates elementary displacements applied to the floating unit with

the elementary reaction loads resulted from them, around a given position. Considering this, many authors have proposed different
ways to evaluate the mooring system stiffness matrix.

Some authors were interested in specific applications and modeled only some portions of the stiffness matrix. [3] have proposed
an analytical stiffness matrix formulation considering planar displacements on the vertical plane, for a given hydrostatic equilibrium
condition, where the coordinates of the center of gravity were known a priori. Based on Taylor expansions techniques, [4] proposed
n analytical formulation for the stiffness matrix of a generic mooring system, taking into account pretensioning effects of the
ooring lines, however restricted to the unloaded equilibrium configuration. [5] [Chapter 8, page 265] presented a simple analytical

ormulation for the mooring system stiffness matrix, considering horizontal motions around the trivial equilibrium configuration,
ut without taking into account the effects of the mooring line pretensioning. [6] formulated the analytical mooring stiffness matrix
or vertical planar motions, for a two-line mooring system. [7] proposed an analytical 3 × 3 stiffness matrix considering linear
prings for the two-dimensional motions on the vertical plane. [8] numerically calculated, via Finite Element Method (FEM), the
tiffness coefficients associated with translational motions, only. Recently, [9] presented a closed analytical formulation for the 3 × 3
tiffness matrix for the horizontal plane problem considering a generic heading and offset position of the vessel, by using Analytical
echanics approaches.

Considering a full 6 × 6 stiffness matrix, [10] presented an analytical formulation around the trivial equilibrium position based
n perturbation methods. In turn, [11] obtained the stiffness matrix by applying prescribed static offset analysis on a FEM model.
n [12], the mooring system stiffness is numerically calculated with a linearization analysis around the mean equilibrium position
f the platform using the results of the generalized forces versus displacements curves. Similarly to [10,13] formulated an analytical
× 6 stiffness matrix from perturbation methods, considering particular profiles for the mooring line.

The present paper proposes a closed-form analytical tool to assess the mooring system stiffness around any pre-stated position of
he floating body, given the mooring line characteristic tension functions. It differs from [10] and from [13] numerical procedures, as
he present formulation is based on classic methods of Analytical Mechanics, extending the derivation given in [9], instead of dealing
ith perturbation approaches. In addition, the presented formulation is not restricted to specific mooring line profiles. In other
ords, the formulation herein proposed is generic concerning the floating body geometry, position and mooring system parameters,

ncluding line profile. With this approach, the matrix is defined in a formal way, allowing to state some strong conclusions about
otion couplings and symmetries. Determining the stiffness matrix at any given equilibrium position can be of particular interest for

ystems highly sensitive to offsets and attitude angles effects, such as FOWTs. [14,15] show that the mean horizontal offset and trim
ngle of the floater may potentially change the dynamic responses. By using the analytical formulation presented in [9,16] shows
hat the susceptibility of a multi-column semi-submersible to Vortex Induced Motions (VIM) can be highly dependent on the change
f mooring stiffness due to offset variations. Experimental studies, including parametric ones, also may require a proper mooring
tiffness matrix formulation for both, calibrating the mooring parameters and for numerical modeling of the physical results [15,17–
0]. Finally, studies regarding the stability of the equilibrium position can be assessed by the analytical formulation of the stiffness
atrix around given equilibrium points. Sensitivity studies herein developed by means of the analytical formulation are also another

ontribution of this paper. In this sense, the present paper is an extension of [9], to the full 3D case. This analytical tool is meant
o help the design and analysis of mooring systems.

In order to present an application of the proposed methodologies, the OC4-DeepCwind semi-submersible platform is taken as case
tudy. The stiffness coefficients are calculated for different offset scenarios, demonstrating the importance of a proper formulation.
he effect of the heading angle on the coupling of the generalized coordinates is also investigated. The results are presented in
he same innovative manner introduced in [9], by using colormaps for the stiffness matrix coefficients, plotted as function of offset
osition. These maps could help to understand the effects of the static vessel mean position on the mooring system stiffness. The use
f the analytical formulation as a design tool is demonstrated by varying a parameter of the mooring line, namely the pretension.

The main contributions of this paper are: (i) a generic analytical formulation to compute the mooring system stiffness of a moored
essel and (ii) its use as a design and analysis tool. Due to the simplicity of the presented model, it can help mooring designers
n basic understanding of the effects of the floating body position and mooring parameters on the stiffness parameters and natural
eriods of moored vessels.

For the sake of organization, the paper is structured as follows. The full closed-form analytical formulation of the mooring system
2

tiffness matrix is derived in Section 2, the case study is developed in Section 3 and the conclusions are drawn in Section 4.
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Fig. 1. Sketch of a generic floating body, moored by 𝑁 mooring lines: at the equilibrium position of the autonomous system (dashed) and at a generic
displacement position (full lines).

2. Stiffness matrix model

As already pointed out, the mooring system stiffness matrix is a key-point in the analysis of moored systems. In this context, the
mooring forces that originally present nonlinear behavior should be linearized around any generic position of the floating body.
The term ‘‘position of the floating body’’ is herein understood in a generic sense, as the formulation treats a 6-DOF problem. The
term ‘‘trivial equilibrium position’’ is reserved to that for the externally unloaded system, i.e. under no current, wind or wave
forces, nor any other external one, as a towing force applied by a tug boat, for instance. If constrained to motions on the horizontal
plane, the term ‘‘generic position’’ may be interpreted as ‘‘offset’’ and ‘‘heading’’, regarding the trivial equilibrium one. By using
classic Analytical Mechanics approaches, this section aims at presenting the mooring system stiffness matrix. The following is a
three-dimensional extension of the planar formulation (horizontal plane) presented in [9].

2.1. Geometric relations

Fig. 1 schematically illustrates a floating body on a generic position, moored by 𝑁 lines. Consider two reference frames: an
inertial reference frame grounded on Earth 𝑂𝑥𝑦𝑧 and a moving one and fixed to the body 𝐺𝜉𝜂𝜁 . Poles 𝑂 and 𝐺 are taken at the
enter of mass of the body at the trivial equilibrium position and at the displaced positions, respectively. These frames are defined
y the orthonormal bases 𝐸𝑥 = (𝑒𝑥, 𝑒𝑦, 𝑒𝑧) and 𝐸𝜉 = (𝑒𝜉 , 𝑒𝜂 , 𝑒𝜁 ).

The generalized coordinate vector considering all the vessel rigid motions is:

𝐪 = [𝑟𝑥 𝑟𝑦 𝑟𝑧 𝜙 𝜃 𝜓]𝑡 (1)

here:

𝐫 = [𝑟𝑥 𝑟𝑦 𝑟𝑧]𝑡 (2)

re the three translational displacements1 of 𝐺𝜉𝜂𝜁 with respect to 𝑂𝑥𝑦𝑧 and:

𝜽 = [𝜙 𝜃 𝜓]𝑡 (3)

are three rotation angles, defined following the Ocean Engineering order2. These angles define the rotation matrix between the
reference frames, [R]𝐸𝑥|𝐸𝜉 . This rotation matrix is given in Appendix.

The position of a fairlead 𝑃 (𝑖) with respect to 𝐺 and given in the moving frame is:

⃖⃖⃗𝑃 (𝑖)
𝐸𝜉

=
(

𝑃 (𝑖) − 𝐺
)

=
[

𝑝(𝑖)𝜉 𝑝(𝑖)𝜂 𝑝(𝑖)𝜁
]𝑡

(4)

On the other hand, the fairlead position 𝑃 (𝑖) with respect to the origin 𝑂 and represented in the grounded reference frame is:

⃖⃖⃗𝑃 (𝑖)
𝐸𝑥

=
(

𝑃 (𝑖) − 𝑂
)

=
[

𝑝(𝑖)𝑥 𝑝(𝑖)𝑦 𝑝(𝑖)𝑧
]𝑡

= 𝐫 + [R]𝐸𝑥|𝐸𝜉 ⃖⃖⃗𝑃
(𝑖)
𝐸𝜉

(5)

1 The components of 𝐫 are written with respect to the fixed reference frame. One should not confuse these displacements with classical Ocean Engineering
urge, sway and heave motions, all those defined in a frame that follows the body (not necessarily the body frame), having one local cartesian axis vertical and
he other two horizontal.

2

3

First the rotation in yaw 𝜓 direction, followed by a rotation in pitch 𝜃 and, finally, a rotation in roll 𝜙.
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Accordingly, the position of an anchor 𝐴(𝑖) in the grounded reference frame is:

⃖⃖⃗𝐴(𝑖)
𝐸𝑥

=
(

𝐴(𝑖) − 𝑂
)

=
[

𝑎(𝑖)𝑥 𝑎(𝑖)𝑦 𝑎(𝑖)𝑧
]𝑡

(6)

In this context, the horizontal and vertical projections of the anchor–fairlead distance (ℎ(𝑖)𝑓 and 𝑣(𝑖)𝑓 , respectively) are determined
as:

ℎ(𝑖)𝑓 =

√

(

𝑎(𝑖)𝑥 − 𝑝(𝑖)𝑥
)2

+
(

𝑎(𝑖)𝑦 − 𝑝(𝑖)𝑦
)2

(7)

𝑣(𝑖)𝑓 = 𝑝(𝑖)𝑧 − 𝑎(𝑖)𝑧 (8)

Both projections follow directions that can be written with respect to the fixed reference frame, by defining unity directional
ectors 𝑒(𝑖)ℎ and 𝑒(𝑖)𝑣 . These vectors are defined from the fairlead to the anchor, as follows:

𝑒(𝑖)ℎ = cos 𝛼(𝑖)𝑒𝑥 + sin 𝛼(𝑖)𝑒𝑦 (9)

𝑒(𝑖)𝑣 = −𝑒𝑧 (10)

here:

cos 𝛼(𝑖) =
𝑎(𝑖)𝑥 − 𝑝(𝑖)𝑥
𝑟(𝑖)

(11)

sin 𝛼(𝑖) =
𝑎(𝑖)𝑦 − 𝑝(𝑖)𝑦
𝑟(𝑖)

(12)

Finally, it is important to notice that ℎ(𝑖)𝑓 , 𝑣(𝑖)𝑓 , 𝑒(𝑖)ℎ , 𝑒(𝑖)𝑣 and 𝛼(𝑖) are functions of the generalized coordinates, since they depend on
the position of the fairleads with respect to the fixed frame, ⃖⃖⃗𝑃 (𝑖)

𝐸𝑥
.

.2. Generalized restoring mooring forces

This subsection brings a closed-form analytical formulation for the generalized restoring forces due to the mooring lines. It
s worth to be emphasized, though, that in this model the mooring system is supposed to be conservative, i.e., no sort of non-
onservative forces is considered acting on the lines, as current drag forces or friction ones that may be imposed in the contact
ith the soil. Therefore, the mooring lines are supposed to be subjected only to gravity and to elastic effects due to extensibility
f the line, besides reaction forces applied to their extremities, fairleads and anchors, here considered as holonomic constraints.
n summary, the system is considered conservative, mooring lines remaining in vertical planes. It is also worth mentioning that,
esides being of extreme importance for design applications and analysis, the present model does not consider the dynamics of the
ooring lines and may be considered quasi-static in this sense.

Based on those simplifying assumptions, the tension of each mooring line at the fairlead may be written as function of ℎ(𝑖)𝑓 and
(𝑖)
𝑓 , the so-called characteristic tension curve. For the present formulation, any possible mooring line configuration can be used.
owever, it is important to highlight that these characteristic functions should be known a priori, respecting the strong hypothesis

hat they must be function of the relative anchor–fairlead distances, only. For classic inextensible and extensible catenary lines, the
nalytical formulations are well known; see, for instance, [5]. In cases where the analytical formulation is not known, high-hierarchy
odels, such as those based on the FEM, might be used. Using the directional vectors 𝑒(𝑖)ℎ and 𝑒(𝑖)𝑣 , defined in Eqs. (9) and (10), the

tension vector force at the fairlead can be written as follows:

⃖⃖⃗𝑇 (𝑖)(ℎ(𝑖)𝑓 , 𝑣
(𝑖)
𝑓 ) = 𝐹 (𝑖)

𝐻 (ℎ(𝑖)𝑓 , 𝑣
(𝑖)
𝑓 )𝑒(𝑖)ℎ + 𝐹 (𝑖)

𝑉 (ℎ(𝑖)𝑓 , 𝑣
(𝑖)
𝑓 )𝑒(𝑖)𝑣 (13)

𝐹 (𝑖)
𝐻 and 𝐹 (𝑖)

𝑉 being the horizontal and vertical forces for the 𝑖th mooring line.
Considering the effect of each mooring line at the vessel, the generalized restoring mooring force vector can be defined

correspondingly to the generalized coordinate vector 𝐪.

𝐐 =
[

𝑄𝑟𝑥 𝑄𝑟𝑦 𝑄𝑟𝑧 𝑄𝜙 𝑄𝜃 𝑄𝜓
]𝑡

(14)

Then, from Analytical Mechanics (see, for example, [21]):

𝑄𝑗 =
𝑁
∑

𝑖=1
𝑄(𝑖)
𝑗 =

𝑁
∑

𝑖=1

⃖⃖⃖⃖⃖⃗𝑇 (𝑖) ⋅
𝜕⃖⃖⃗𝑃 (𝑖)

𝜕𝑞𝑗
=

𝑁
∑

𝑖=1

(

𝐹 (𝑖)
𝐻 𝑒

(𝑖)
ℎ + 𝐹 (𝑖)

𝑉 𝑒
(𝑖)
𝑣

)

⋅
𝜕⃖⃖⃗𝑃 (𝑖)

𝜕𝑞𝑗
(15)

here 𝑄(𝑖)
𝑗 is the 𝑗th generalized restoring force associated with the 𝑖th line.

After some algebraic work (see [22]), one may find that the components of 𝑄(𝑖) are:

𝑄(𝑖)
𝑟𝑥

= 𝐹 (𝑖)
𝐻 cos 𝛼(𝑖) (16)

𝑄(𝑖)
𝑟𝑦

= 𝐹 (𝑖)
𝐻 sin 𝛼(𝑖) (17)

(𝑖) (𝑖)
4

𝑄𝑟𝑧 = −𝐹𝑉 (18)
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𝑄(𝑖)
𝜙 = 𝐹 (𝑖)

𝐻

(

cos 𝛼(𝑖)
𝜕𝑝(𝑖)𝑥
𝜕𝜙

+ sin 𝛼(𝑖)
𝜕𝑝(𝑖)𝑦
𝜕𝜙

)

− 𝐹 (𝑖)
𝑉
𝜕𝑝(𝑖)𝑧
𝜕𝜙

(19)

𝑄(𝑖)
𝜃 = 𝐹 (𝑖)

𝐻

(

cos 𝛼(𝑖)
𝜕𝑝(𝑖)𝑥
𝜕𝜃

+ sin 𝛼(𝑖)
𝜕𝑝(𝑖)𝑦
𝜕𝜃

)

− 𝐹 (𝑖)
𝑉
𝜕𝑝(𝑖)𝑧
𝜕𝜃

(20)

𝑄(𝑖)
𝜓 = 𝐹 (𝑖)

𝐻

(

cos 𝛼(𝑖)
𝜕𝑝(𝑖)𝑥
𝜕𝜓

+ sin 𝛼(𝑖)
𝜕𝑝(𝑖)𝑦
𝜕𝜓

)

(21)

2.3. Mooring system stiffness matrix

The generalized forces presented in the previous section are dependent on position only and, therefore, can be seen as potential
forces, i.e. forces arisen from a potential function.

𝑄𝑗 = − 𝜕𝑉
𝜕𝑞𝑗

(22)

where:
𝑉 = 𝑉 (𝐪,𝛱) is the potential energy, and
𝛱 =

{

(

𝐴(𝑖), 𝑃 (𝑖), 𝐹 (𝑖)
𝐻 , 𝐹

(𝑖)
𝑉

)

|

|

|

𝑖 = 1,… , 𝑁
}

is the set of parametric functions of the mooring system.
Then, locally, around any generic position 𝐪0, the mooring system stiffness matrix [K] (𝐪0) may be defined as the Hessian matrix

f 𝑉 (𝐪,𝛱) at that point:

K(𝐪0) =
[

𝜕2𝑉
𝜕𝑞𝑗𝜕𝑞𝑘

]

𝐪0
= −

[ 𝜕𝑄𝑗
𝜕𝑞𝑘

]

𝐪0
(23)

Considering the definition of the generalized forces from Eq. (15) and recalling that 𝐹 (𝑖)
𝐻 , 𝐹 (𝑖)

𝑉 , 𝑒(𝑖)ℎ and 𝑒(𝑖)𝑣 are functions of 𝐪, after
some algebra, each component of the 6 × 6 stiffness matrix associated with the mooring system can be written as:

𝐾𝑗𝑘 =
𝑁
∑

𝑖=1
𝐾 (𝑖)
𝑗𝑘 = −

𝑁
∑

𝑖=1

⎛

⎜

⎜

⎝

𝜕𝐹 (𝑖)
𝐻

𝜕ℎ(𝑖)𝑓

𝜕ℎ(𝑖)𝑓
𝜕𝑞𝑘

+
𝜕𝐹 (𝑖)

𝐻

𝜕𝑣(𝑖)𝑓

𝜕𝑣(𝑖)𝑓
𝜕𝑞𝑘

⎞

⎟

⎟

⎠

𝑒(𝑖)ℎ ⋅
𝜕⃖⃖⃗𝑃 (𝑖)

𝜕𝑞𝑗
+

−
𝑁
∑

𝑖=1

⎛

⎜

⎜

⎝

𝜕𝐹 (𝑖)
𝑉

𝜕ℎ(𝑖)𝑓

𝜕ℎ(𝑖)𝑓
𝜕𝑞𝑘

+
𝜕𝐹 (𝑖)

𝑉

𝜕𝑣(𝑖)𝑓

𝜕𝑣(𝑖)𝑓
𝜕𝑞𝑘

⎞

⎟

⎟

⎠

𝑒(𝑖)𝑣 ⋅
𝜕⃖⃖⃗𝑃 (𝑖)

𝜕𝑞𝑗
+

−
𝑁
∑

𝑖=1

[

𝐹 (𝑖)
𝐻

𝜕
𝜕𝑞𝑘

(

𝑒(𝑖)ℎ ⋅
𝜕⃖⃖⃗𝑃 (𝑖)

𝜕𝑞𝑗

)

+ 𝐹 (𝑖)
𝑉

𝜕
𝜕𝑞𝑘

(

𝑒(𝑖)𝑣 ⋅
𝜕⃖⃖⃗𝑃 (𝑖)

𝜕𝑞𝑗

)

]

(24)

with 𝐾 (𝑖)
𝑗𝑘 being the stiffness coefficient for the 𝑖th mooring line.

Notice that 𝐪0 is considered given and represents an arbitrary position of the system, possibly under the action of steady constant
forces. All coefficients in Eq. (24) are fully developed in Appendix.

Some interesting points should be highlighted here. Firstly, as expected, the resulting stiffness matrix is symmetric, provided the
considered forces are purely conservative. Indeed, as it can be seen from the fully developed coefficients in Appendix, coefficients
𝐾𝑗𝑘 = 𝐾𝑘𝑗 as 𝜕𝐹 (𝑖)

𝐻 ∕𝜕𝑣(𝑖)𝑓 = 𝜕𝐹 (𝑖)
𝑉 ∕𝜕ℎ(𝑖)𝑓 . In addition, it is crucial to understand that the given stiffness matrix is not defined at the

moving frame 𝐸𝜉 . In other words, it is not defined with respect to the frame fixed to the body. If the reader intents to work on this
reference frame, one should rotate the result. This operation is shown in Appendix.

Regarding the expressions for the stiffness coefficients, it is noticeable that some are combinations of others. This allows to rewrite
the stiffness matrix in a more elegant and concise way. Consider the partitions of the matrix, by representing only the translational
DOF as K(𝑖)

𝑇𝑇 . The partition representing the coupling between translational and rotational motions is K(𝑖)
𝑇𝑅 and the one associated

ith the rotational DOF only as K(𝑖)
𝑅𝑅. As the stiffness matrix is symmetric, K(𝑖)

𝑅𝑇 = K(𝑖)𝑡
𝑇𝑅. Then, the stiffness matrix associated with

he 𝑖th mooring line can be expressed as:

K(𝑖) =

(

K(𝑖)
𝑇𝑇 K(𝑖)

𝑇𝑅
K(𝑖)
𝑇𝑅 K(𝑖)

𝑅𝑅

)

(25)

Considering coefficients from partition K(𝑖)
𝑇𝑅, it is possible – as showed in the respective equations – to rewrite them as:

K(𝑖)
𝑇𝑅 = K(𝑖)

𝑇𝑇 ⋅ 𝛁
(

[R]𝐸𝑥|𝐸𝜉 ⋅
⃖⃖⃖⃖⃖⃗𝑃 (𝑖)

𝐸𝜉

)

(26)

ith:

𝛁[ ](𝜙, 𝜃, 𝜓) =
(

𝜕[ ]
𝜕𝜙

, 𝜕[ ]
𝜕𝜃

, 𝜕[ ]
𝜕𝜓

)

(27)

Now, we focus on the partition [K𝑅𝑅]. From the aforementioned coefficients:

K(𝑖) = K(𝑖)∗ − K̄(𝑖) (28)
5
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with:

K(𝑖)∗
𝑅𝑅 = 𝛁𝑡

(

R𝐸𝑥|𝐸𝜉 ⋅
⃖⃖⃖⃖⃖⃗𝑃 (𝑖)

𝐸𝜉

)

⋅K(𝑖)
𝑇𝑅 (29)

nd

K̄(𝑖)
𝑅𝑅 =

𝜕2𝑝(𝑖)𝑥
𝜕𝜽2

𝐹 (𝑖)
𝐻 cos 𝛼(𝑖) +

𝜕2𝑝(𝑖)𝑦
𝜕𝜽2

𝐹 (𝑖)
𝐻 sin 𝛼(𝑖) −

𝜕2𝑝(𝑖)𝑧
𝜕𝜽2

𝐹 (𝑖)
𝑉 (30)

ecalling that 𝜽 = [𝜙 𝜃 𝜓]𝑡.
Thus, the stiffness coefficients associated with the translation–rotation and rotation only motions are functions of the stiffness

oefficients associated with the translational DOFs. In fact, by only defining the stiffness coefficients of the translational motions,
ne may find all the others only by geometry.

As a particular but important case, let us consider a perfectly polar symmetry for the mooring system. A polar symmetry is herein
efined by taking a vertical axis passing through the pole 𝐺, in the unloaded condition, with all fairleads equidistant to it and all

mooring line planes intercepting this very axis. A good image for this picture is a regular polygonal arrangement. This is the case of
the OC4 platform, studied in Section 3; see Fig. 3(a). In this scenario, it is possible to show that the only non-null mooring stiffness
coefficients for a 𝑁-line symmetric arrangement become:

𝐾11 =
𝑛
2
(𝑘𝐻𝐻 + 𝑘̄𝐻𝐻 ) (31)

𝐾15 = 𝐾51 =
𝑛
2
(𝑘𝑉 𝐻 𝑙 + 𝑘𝐻𝐻𝑝𝜁 + 𝑘̄𝐻𝐻𝑝𝜁 ) (32)

𝐾22 =
𝑛
2
(𝑘𝐻𝐻 + 𝑘̄𝐻𝐻 ) (33)

𝐾24 = 𝐾42 = − 𝑛
2
(𝑘𝑉 𝐻 𝑙 + 𝑘𝐻𝐻𝑝𝜁 + 𝑘̄𝐻𝐻𝑝𝜁 ) (34)

𝐾33 = 𝑛𝑘𝑉 𝑉 (35)

𝐾44 =
𝑛
2
(𝑝2𝜁𝑘𝐻𝐻 + 𝑝2𝜁 𝑘̄𝐻𝐻 + 2𝑝𝜁 𝑙𝑘𝐻𝑉 + 𝑙2𝑘𝑉 𝑉 + 𝑙𝐹𝐻 − 2𝑝𝜁𝐹𝑉 ) (36)

𝐾55 =
𝑛
2
(𝑝2𝜁𝑘𝐻𝐻 + 𝑝2𝜁 𝑘̄𝐻𝐻 + 2𝑝𝜁 𝑙𝑘𝐻𝑉 + 𝑙2𝑘𝑉 𝑉 + 𝑙𝐹𝐻 − 2𝑝𝜁𝐹𝑉 ) (37)

𝐾66 = 𝑛𝑘̄𝐻𝐻 𝑙
2
(

1 − ℎ
𝑙

)

(38)

where 𝑙 is the radius from the platform vertical central line to the fairleads, 𝑘𝐻𝐻 =
[

𝜕𝐹𝐻
𝜕ℎ𝑓

]

𝐪0
, 𝑘𝑉 𝑉 =

[

𝜕𝐹𝑉
𝜕𝑣𝑓

]

𝐪0
and 𝑘𝐻𝑉 =

[

𝜕𝐹𝐻
𝜕𝑣𝑓

]

𝐪0

are the horizontal, vertical and coupled local stiffness and 𝑘̄𝐻𝐻 =
𝐹𝐻 (ℎ0𝑓 ,𝑣

0
𝑓 )

ℎ0𝑓
is the so called horizontal ‘‘string stiffness’’, relevant for

some mooring system arrangements including symmetric ones; see [9].
The mooring system stiffness enables multiple applications. Considering the planar motions ([𝑟𝑥 𝑟𝑦 𝜓]𝑡), it is possible to

evaluate the natural periods and the equivalent modes of oscillation by simply solving the corresponding linear eigenvalue problem.
This can be done for the motions on the horizontal plane only, by taking the asymptotic limit at zero frequency for the values of
their respective added mass coefficients. In this scenario, the corresponding 3 × 3 stiffness matrix recovers the one obtained in [9].
Section 3 brings discussions of this linear eigenvalue problem in the context of a case study. The periods will also be functions of
the mean equilibrium position and heading. In this context, the presented formulation can be used to analyze resonant responses
for a vessel that, under the concomitant action of other static loads, has a non-trivial equilibrium position. Thus, this tool can
help to desynchronize the natural periods (to each other, thus avoiding internal resonances as well as from the environmental
loads periods, avoiding forced resonance behaviors) not only in the trivial position but at typical mean equilibrium ones. For
instance, [16] applied this formulation to investigate the susceptibility of a multi-column semi-submersible platform to VIM, for a
whole turn of sea current incidences and different velocities — resulting in different equilibrium position, comparing with reduced
order phenomenological models and experimental results. This analytical formulation can also be helpful when comparing different
concepts in an optimization schemes. The mooring system stability can also be studied from the analytical model. For example,
Eq. (79) shows that the yaw stiffness coefficient is function of the fairlead radius. Reducing the fairlead radius may lead to loss of
stability in heading.

On the other hand, considering all six DOF, the classic RAOs and their respective phases might be assessed, once the added
mass tensor and the first-order wave forces (amplitude and phase) are considered determined, as functions of frequency, from any
seakeeping potential flow code. This can be done for any given equilibrium position and attitude (heading, trim and heel) of the
floating unit, at which the mooring stiffness matrix is obtained with the present formulation. The resulting stiffness matrix may
contribute for dynamic couplings (surge-heave-pitch, for instance), as presented by [15].

The formulation herein proposed can also be seen as both design and operational tool, as it helps to easily investigate the
influence of line parameters on the stiffness and natural periods of the whole system. Thus, designers can set specific thresholds
and vary the parameters in order to find the best initial mooring concepts for analysis using more time-consuming higher-order
hierarchical models (FEM, for example). During operation, the closed form formulation allows active winch performances to change
natural periods by varying the mooring length and pretension, for instance. Next section brings a case study that illustrates this
design/operation parameter analysis.
6
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Fig. 2. Step-by-step procedure for the mooring system stiffness calculation.

Table 1
The OC4-DeepCwind original mooring system parameters.

Number of mooring lines 3
System type Spread system
Line profile One-segment
Line composition Chain
Water depth 200 m
Fairlead depth 14 m
Radius from center to anchors 834.6 m
Radius from center to fairleads 40.9 m
Unstretched length 835.35 m
Mass per unit length 113.35 kg/m
Equivalent diameter 76.6 mm
Axial Stiffness 753.6 MN

Before addressing the case studies themselves, Fig. 2 brings the step-by-step procedure for evaluating the stiffness matrix using
he formulation herein proposed. In the figure, keypoints denote the position of the mooring lines anchors and fairleads, with respect
o the global and local references frames, respectively. The second step can be used in a recursive way, allowing the user to plot the
olormaps (as it is presented later in this paper), or just once, to evaluate the stiffness matrix at a specific position (being the trivial
quilibrium position or not). Then, for each mooring line, the horizontal, ℎ(𝑖)𝑓 , and vertical, 𝑣(𝑖)𝑓 , projections of the fairlead-anchor
istance need to be calculated, as well as the ‘‘attacking’’ angle, 𝛼(𝑖). From the characteristic tension functions3 (𝐹 (𝑖)

𝐻 (ℎ(𝑖)𝑓 , 𝑣
(𝑖)
𝑓 ) and

(𝑖)
𝑉 (ℎ(𝑖)𝑓 , 𝑣

(𝑖)
𝑓 )), the components of the tension at the fairlead (𝐹 (𝑖)

𝐻 and 𝐹 (𝑖)
𝑉 ) and their derivatives (𝐾 (𝑖)

𝐻𝐻 , 𝐾 (𝑖)
𝐻𝑉 , 𝐾 (𝑖)

𝑉 𝐻 and 𝐾 (𝑖)
𝑉 𝑉 ) can be

asily assessed. Finally, the resulting stiffness matrix is computed by applying Eq. (44) to (79).

. Case studies

Aiming at illustrating and discussing the application of the analytical method herein proposed, the OC4-DeepCwind semi-
ubmersible Floating Offshore Wind Turbine (FOWT) [12] is taken as a case study. The stiffness matrix and horizontal plane natural
eriods for the trivial equilibrium position is compared with literature results [12]. The influence of mooring pretension is also
nvestigated, demonstrating the use of the analytical tool in design/operations phases. The importance of defining the matrix for an
quilibrium position other than the trivial one is also discussed through an interesting use of the presented tool, plotting colored
aps of the stiffness coefficients as functions of the offset 𝑟𝑥 and 𝑟𝑦. This follows an innovative way to display the results, originally
roposed in [9]. The linear eigenvalue problem is solved for the motions on the horizontal plane, allowing to determine the natural
eriods and their respective oscillation modes. Colormaps for the natural periods are also included. The stiffness matrix colorplot is
hen compared with numerical result obtained using OrcaflexTM [23].

The original OC4-DeepCwind mooring arrangement proposed by [12] is an equidistant 3 × 1 spread mooring system. Fig. 3(a)
hows the top view of the original design system. The mooring line profile is an one-segment mooring chain. Fig. 3(b) depicts the
ooring line profile and Table 1 presents its parameters.

3 It is important to highlight again that for computing the ith mooring line contribution for the whole system stiffness matrix, the characteristic tension
functions have to be known a priori, seen as inputs of the present problem. Again, for some cases, such as catenary-laying, the analytical formulation is known.
7

hen not, the characteristic tension functions might be determined using numerical methods, e.g. FEM modeling.
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Fig. 3. The OC4-DeepCwind floating wind original mooring system: (a) Top view and (b) Chain mooring line profile.

Table 2
The OC4-DeepCwind original mooring line forces and stiffness.

Pretensioning (𝑓𝑂𝐶4) 1.16E+3 kN
Horizontal force (𝐹𝐻 ) 9.63E+2 kN
Vertical force (𝐹𝑉 ) 6.49E+2 kN
Horizontal local stiffness (𝑘𝐻𝐻 ) 5.29E+1 kN/m
Vertical local stiffness (𝑘𝑉 𝑉 ) 6.84 kN/m
Coupled local stiffness (𝑘𝐻𝑉 ) 1.62E+1 kN/m
Horizontal ‘‘string stiffness’’ (𝑘̄𝐻𝐻 ) 1.21 kN/m

As aforementioned, for the one-segment mooring line, the characteristic tension curves are known extensible catenary equations,
ith 𝛾 and 𝐸𝐴 being the immersed weight per unit length and the axial stiffness, respectively (see, for instance [5]):

ℎ𝑓 = 𝑙 − 1
𝛾
𝐹𝑉 +

𝐹𝐻
𝐸𝐴

𝑙 +
𝐹𝐻
𝛾

ln

(𝐹𝑉 +
√

𝐹 2
𝐻 + 𝐹 2

𝑉

𝐹𝐻

)

(39)

𝑣𝑓 = 1
𝛾

√

𝐹 2
𝐻 + 𝐹 2

𝑉 + 1
2
𝐹 2
𝑉

𝐸𝐴𝛾
(40)

Again, notice that Eqs. (39) and (40) are written in the inverted form, i.e. the distances as function of the forces at the fairlead.
or the development herein proposed, it is necessary to numerically evaluate forces as well a tangent stiffness (in the plane of the
ine) and ‘‘string’’ stiffness (normal to the plane). This can be done by using the Newton–Raphson method for instance. Table 2
rings the stiffness values for the trivial equilibrium position.

The mooring system stiffness [K]𝐴 for the trivial equilibrium position, obtained from the methodology herein proposed, is then
presented in Eq. (values in kN, m and rad). The obtained results are in agreement with those from [12], presented in Eq. (42).

[K]𝐴 =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎝

7.09E+1 0 0 0 –1.07E+2 0
0 7.09E+1 0 1.07E+2 0 0
0 0 1.91E+1 0 0 0
0 1.07E+2 0 8.73E+4 0 0

–1.07E+2 0 0 0 8.73E+4 0
0 0 0 0 0 1.17E+5

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎠

(41)

[K]𝑁 =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

7.08E+1 0 0 0 −1.08E+2 0
0 7.08E+1 0 1.08E+2 0 0
0 0 1.91E+1 0 0 0
0 1.07E+2 0 8.73E+4 0 0

−1.07E+2 0 0 0 8.73E+4 0

⎞

⎟

⎟

⎟

⎟

⎟

⎟

(42)
8
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Fig. 4. Effect of the mooring line dimensionless pretension at the dimensionless stiffness coefficients.

Here, some important comments should be done. Firstly, note that the resulting matrix from the analytical methodology is
symmetric, as expected from Section 2.34. However, the result presented by [12] is a non symmetric stiffness matrix. The mooring
model used by those authors considered non-conservative forces related to the friction of the mooring lines with the seabed, what
may be the main reason for the non-symmetry of the resulting matrix. Another explanation for the difference come from the
resolution required for the numerical method used by [12]. In fact, in that paper, the stiffness coefficients were calculated via
central-differences of the force–displacement curves. Those curves were obtained by imposing small perturbations around the trivial
equilibrium position in all six DOFs, resulting in restoring forces. Thus, the final result is sensitive to the approximation considered
for the small perturbations. This indicates an interesting gain of the analytical model, as it is evaluated with precision. In other words,
one may consider the analytical stiffness matrix herein proposed as the ‘‘tangential’’ stiffness matrix, and the one found through
prescribed perturbations as the ‘‘secant’’ matrix. Additionally, while the prescribed static offsets analysis via central-differences
needs to evaluate the forces in 18 distinguish points (three points for each degree of freedom), the analytical formulation requires
the computation of lines’ forces and stiffness at one point only, which can be interesting for successive evaluations.

The formulation allows to investigate the effects of varying line parameters on the system stiffness in a easy way. Fig. 4 brings
the influence of the variations of the line pretension on the stiffness coefficients. The values are dimensionless with respect to the
OC4 base case (i.e. 𝑓 ∗ = 𝑓∕𝑓𝑂𝐶4 and 𝐾∗

𝑖𝑗 = 𝐾𝑖𝑗∕𝐾𝑖𝑗𝑂𝐶4). It is remarkable that the coefficients vary differently. This could help
design and operation decisions in terms of stiffness requirements and natural periods, for instance. The pretension is function of
the nominal length of the mooring line, allowing to establish a relation between line length (and, consequently, acquisition costs),
stiffness and tension.

As pointed out, an important gain from the methodology is to evaluate the mooring system stiffness at different mean positions.
For instance, let us consider that the mean equilibrium position of the vessel is no longer the trivial one but at an initial heading
angle 𝜓̄ = 5◦, caused by any static load, with all other generalized coordinates null. The stiffness matrix [K]𝜓̄ is presented in Eq. (43)
(values in kN, m and rad).

[K]𝜓̄ =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎝

7.16E+1 0 0 −9.14E+1 −1.08E+2 0
0 7.16E+1 0 1.08E+2 −9.14E+4 0
0 0 1.92E+1 0 0 1.63E+2

−9.14E+1 1.08E+2 0 8.77E+4 −5.14E+3 0
−1.08E+2 −9.14E+4 0 −5.14E+3 8.77E+4 0

0 0 1.63E+2 0 0 1.19E+5

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎠

(43)

Notice that even for a small yaw rotation, some coefficients that are null at non-yawed condition, assume non-null values. Notice
also that the matrix remains symmetric, resulting from the conservative mooring forces consideration. Features like those make
closed-form formulations important for proper evaluations. Additionally, it is also possible to map the coefficients for different

4 In fact, as only conservative forces are considered in the mooring line model, the stiffness matrix is nothing more than the Hessian of a scalar function 𝑉 , a
mooring force potential function, calculated at a given position. As well known, Hessian matrices are symmetric by construction, thanks to the linear properties
of the partial derivative operators, which lead to their interchangeability and, therefore, to symmetry.
9
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Fig. 5. Stiffness coefficients as function of the offset – OC4-DeepCwind all-chain mooring system: partitions (a) K𝑇𝑇 (unities: kN/m), (b) K𝑇𝑅 (unities: kN/rad)
and (c) K𝑅𝑅 (unities: kNm/rad). Offset normalized. Immediate (three seconds) construction of the whole map, with an IntelTM core i7 quad core processor and
16 Gb of RAM.

offset positions, following the innovative strategy proposed in [9]. As an example, colored maps of the mooring system stiffness
matrix coefficients are plotted as functions of the platform offset. This is done by varying parametrically the offset in the range
𝑟∗𝑥 = 𝑟∗𝑦 = [−20%𝑅𝑓 ; 20%𝑅𝑓 ], being [𝑟∗𝑥, 𝑟

∗
𝑦] = [𝑟𝑥∕𝑅𝑓 , 𝑟𝑦∕𝑅𝑓 ], where 𝑅𝑓 is the distance of the fairleads from the platform vertical

central line passing through G. All other generalized coordinates are left unaltered and null. Fig. 5 brings these maps for the a
81 × 81 mesh, presenting the partitions K𝑇𝑇 , K𝑇𝑅 and K𝑅𝑅. Notice that due to the symmetry of the stiffness matrix, only the
upper-triangular matrix is shown.

The color maps can be analyzed as follows. Consider that a constant external load changes the equilibrium position from the
trivial one to another. The mooring system stiffness coefficients must be recalculated. The methodology herein presented could
help designers to rapidly evaluate and design the mooring system, taking into account the dependence of the stiffness matrix on
the equilibrium position. Additionally, some stability studies, such as the use of catastrophe sets [24,25], can be also conducted by
using this kind of maps, considering scenarios where the system might lose stiffness. The loss of stability can have different origins,
such as variation in the mooring parameters, external forces magnitudes (and the consequent equilibrium position) among others.
In other words, the analytical formulation herein proposed allows an easy investigation on the variation of the real and imaginary
parts of the eigenvalues due to variations of the system parameters. Although a mooring system equilibrium stability study is of
great relevance, it is kept for further works.

It is possible to compute similar colormaps using other methods to calculate the mooring system stiffness. However, this could
be computationally inefficient, as it depends on the efficiency of computing the stiffness coefficients for each point of the map. For
instance, the stiffness maps can be assessed by using numerical tools based on higher-order hierarchical models, such as OrcaFlexTM .
This result is presented in Fig. 6, considering a 1000-element mesh for each line, for the same 81 × 81 map. It is clear that the results

TM
10

are in good agreement, showing consistency in the implementation of the codes. However, it matters emphasizing that OrcaFlex
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Fig. 6. Stiffness coefficients as function of the offset – OC4-DeepCwind all-chain mooring system obtained using OrcaFlexTM : partitions (a) K𝑇𝑇 (unities: kN/m),
(b) K𝑇𝑅 (unities: kN/rad) and (c) K𝑅𝑅 (unities: kNm/rad). Offset normalized. Five hours to run the whole map, with an IntelTM core i7 quad core processor
and 16 Gb of RAM.

coefficient 𝐾33 presents a small blur due to computational convergence, even for such discretized mesh. For low discretized meshes,
other coefficients could also present blurred maps. In terms of computational efficiency, the latter takes over five hours to run the
whole map, while the analytical result is obtained almost immediately (less than three seconds) using the same computer (an IntelTM

core i7 quad core processor and 16 Gb of RAM). Such comparison can be helpful to evaluate codes and meshes, which, under the
same hypothesis (conservative system), should recover the analytical result for every point. In fact, the analytical result can be used
as the paradigm for mesh convergence analysis.

Regarding the maps, notice that the stiffness coefficients vary substantially, even if the offset is within operational limits.
Additionally, some degrees of freedom that are not coupled at the trivial position might be coupled at a certain offset — see,
for example, the stiffness coefficient 𝐾12. This illustrates the influence of the system configuration on the mooring system stiffness,
justifying the use of an analytical model for evaluations at that real equilibrium position, instead of taking into account the stiffness
matrix at the trivial one.

Furthermore, one may see some anti-symmetric and symmetric patterns in the colored maps. For instance, notice the symmetry
of the elements in the diagonal with the respect to the displacement 𝑟𝑦, as expected following the symmetry of the mooring system at
the trivial position. Considering the planar DOFs, i.e. 𝑟𝑥, 𝑟𝑦 and 𝜓 , the symmetric/anti-symmetric pattern is even more pronounced.
𝐾12 is anti-symmetric with respect to 𝑟𝑦 while 𝐾26 is symmetric with respect to both, 𝑟𝑥 and 𝑟𝑦.

Considering the slow motions on the horizontal plane only, i.e. 𝑟𝑥, 𝑟𝑦 and 𝜓 , the methodology herein proposed also allows
estimating the corresponding natural periods of oscillations. The natural periods are calculated by solving the corresponding linear
eigenvalue problem, by taking the asymptotic limit at zero frequency for the values of the added mass coefficients, also obtained
from [26]. Additionally, Table 3 brings the values obtained considering the linearization of the stiffness matrix around the trivial
equilibrium position and the comparison with the values presented in the literature. Table 4 brings the structural properties and the
11
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Table 3
Natural periods of oscillation for the trivial position. Unities: s.

𝑇1 𝑇2 𝑇3
Analytical formulation 76.02 105.48 105.48
Numerical results [26] 76.03 105.53 105.53

Table 4
The OC4-DeepCwind floating platform added masses (at the asymptotic
limit at zero frequency).

Mass (𝑚) 1.3473E+7 kg
Platform yaw inertia about CM (𝐼𝜓𝜓 ) 1.226E+10 kgm2

Surge-Surge added mass (𝑀𝑎𝜉𝜉 ) 6.49E+6 kg
Sway-Sway added mass (𝑀𝑎𝜂𝜂) 6.49E+6 kg
Yaw-Yaw added mass (𝑀𝑎𝜓𝜓 ) 4.87E+9 kgm2

Fig. 7. The OC4-DeepCwind natural periods on the horizontal plane as function of the offset. Unity: s. Offset normalized.

added mass values for the OC4 platform. In this scenario, the corresponding 3 × 3 stiffness matrix recovers the one obtained by [9].
Notice that in Table 3, the natural periods are enumerated following a crescent order and not that associated with the generalized
coordinates. As one could expect, the results show good agreement.

Similarly to the influence on the stiffness coefficients, the mean position may strongly affect natural periods. Such result was
already pointed in numerical [14] and physical [15] experiments, taking into account the mean surge position. Fig. 7 brings the
colormaps for the natural periods as function of offset position. It is remarkable that the values vary significantly. This demonstrates,
once more, the applicability of the present tool, specially in the early stages of design. In fact, the designer usually aims to
desynchronize the natural periods of motion from those contained in the excitation. These maps can be used as guiding tools. Again,
natural periods maps using OrcaFlexTM can also be assessed. However, as the mass and added mass matrices would not be different,
and the differences between analytical and numerical stiffness results are already pointed out as small, the final natural periods map
are expected to not differ significantly from the analytically constructed map already presented. For the sake of concision it is not
shown in this paper.

Finally, the modes of oscillation for the horizontal plane motions can also be analytically obtained. Fig. 8 brings the natural
periods and modes for the trivial equilibrium position ((𝑟∗𝑥, 𝑟∗𝑦) = (0, 0)) and for four shifted positions: (𝑟∗𝑥, 𝑟∗𝑦) = (±0.20,±0.20). Notice
that at the trivial equilibrium position, the modes of oscillation can be seen as ‘‘pure’’, i.e. there is no coupling between the chosen
generalized coordinates. This is expected, provided the stiffness matrix considering only these motions is diagonal for that position.
In this context, it is possible to recover the ocean engineering classification, from left to right: yaw, sway and surge motions. On
the other hand, for the shifted positions, the modes couple those motions. For example, modes 2 and 3 couple surge and sway
motions at shifted offset positions. In turn, mode 1, that at the trivial equilibrium position is a pure-yaw mode, becomes a coupled
yaw-surge-sway oscillation mode at all shifted positions. Notice also that symmetry patterns of the mooring system arrangement
with respect to axis 𝑂𝑥 is reproduced on the natural periods, whereas producing an anti-symmetric one for the oscillation modes
(e.g., for shifted positions (𝑟∗𝑥, 𝑟∗𝑦) = (0.20, 0.20) and (𝑟∗𝑥, 𝑟∗𝑦) = (0.20, −0.20), mode 2 and mode 3 are mirrored with respect to the
surge and sway motions, respectively).

The definition of the oscillation modes is useful for the proper understanding of forced responses of the moored vessel. For
example, if the oscillations occur around (𝑟∗𝑥, 𝑟∗𝑦) = (0.20, −0.20) and are resonant with the second mode (i.e, the external force has
period 𝑇2), the response has components in surge and yaw, despite being unimodal. The natural modes can also be employed in
the Galerkin’s method for obtaining reduced-order models (ROMs) that describe the dynamic behavior of the vessel under external
static and dynamic loads. Such ROMs exhibit less DOFs than the original equations of motion and, eventually, may have analytical
solutions which would be easily programmed in spreadsheets.

4. Conclusions

The present work proposed an analytical and closed-form formulation to obtain the mooring system stiffness. Each mooring line
12

is supposed to be loaded only by conservative forces (gravitational and elastic ones) and linked to holonomous constrains, such
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Fig. 8. The OC4-DeepCwind modes of oscillation for the trivial and shifted equilibrium positions, corresponding to natural periods 𝑇𝑗 , 𝑗 = 1, 2, 3.

that tension may be written as function of position only. Using classic Analytical Mechanics approaches, the generalized restoring
mooring forces are obtained. These forces correspond to the restoring forces acting on the vessel associated to the six generalized
coordinates: three translational along 𝑥, 𝑦 and 𝑧 axes (𝑟𝑥, 𝑟𝑦 and 𝑟𝑧) and three rotational ones (𝜙, 𝜃 and 𝜓). Then, the mooring system
stiffness is obtained locally, in a closed analytical form, at any pre-defined position of the vessel. The importance of the present
formulation is to provide the designer an analytical tool, easily implementable, able to assess the mooring system stiffness matrix
in preliminary design stages. At least to the authors’ knowledge, such closed-form, expedite analytical formulation, as well as the
developed analysis regarding the effect of the mean position on the stiffness and natural periods are not found in the literature and
are novel contributions.

Aiming at illustrating the presented formulation, the OC4-DeepCwind project is taken as a benchmark case study, and an excellent
agreement with reported and numerical results has been obtained. For the sake of comparison, maps showing the stiffness coefficients
as functions of the pre-defined position are obtained in a few seconds with the analytical formulation. In turn, the same maps are
obtained in a few hours if a higher-order hierarchical FEM model is adopted.

Concluding, the methodologies herein proposed may be of great value for the design and further operation of mooring system
projects. The analytic and expedite formulations allow the designer to easily vary parameters in order to evaluate their impact on the
response of the whole system, allowing for comprehensive sensitivity studies regarding the mooring system stiffness. This can help
more advanced and sophisticated numerical analyses, contributing for the viability of the project. Considering operations, active
winch performances can be planned to desynchronize the natural periods from excitation, for instance. Further work may include:
(i) nonlinear dynamic analysis, bifurcation and equilibrium stability studies; (ii) VIM studies, based on reduced order models and
respective susceptibility maps; (iii) parametric optimization of mooring systems, based on the non linear behavior of the system;
(iv) digital twins of mooring systems, including health monitoring based on predicted and actual behavior; (v) an expansion of the
analytical model to take into account possible shared lines between two adjacent moored units.
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Appendix. Mooring system stiffness coefficients

Coefficients at the grounded reference frame 𝑂𝑥𝑦𝑧 are:
∙ First line coefficients — coefficients associated with a displacement in 𝑟𝑥:

𝐾 (𝑖)
11 = 𝑘(𝑖)𝐻𝐻 cos2 𝛼(𝑖) + 𝑘̄(𝑖)𝐻𝐻 sin2 𝛼(𝑖) (44)

𝐾 (𝑖) =
(

𝑘(𝑖) − 𝑘̄(𝑖)
)

cos 𝛼(𝑖) sin 𝛼(𝑖) (45)
13

12 𝐻𝐻 𝐻𝐻
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𝐾 (𝑖)
13 = −𝑘(𝑖)𝐻𝑉 cos 𝛼(𝑖) (46)

𝐾 (𝑖)
14 =

𝜕𝑝(𝑖)𝑥
𝜕𝜙

𝐾 (𝑖)
11 +

𝜕𝑝(𝑖)𝑦
𝜕𝜙

𝐾 (𝑖)
12 +

𝜕𝑝(𝑖)𝑧
𝜕𝜙

𝐾 (𝑖)
13 (47)

𝐾 (𝑖)
15 =

𝜕𝑝(𝑖)𝑥
𝜕𝜃

𝐾 (𝑖)
11 +

𝜕𝑝(𝑖)𝑦
𝜕𝜃

𝐾 (𝑖)
12 +

𝜕𝑝(𝑖)𝑧
𝜕𝜃

𝐾 (𝑖)
13 (48)

𝐾 (𝑖)
16 =

𝜕𝑝(𝑖)𝑥
𝜕𝜓

𝐾 (𝑖)
11 +

𝜕𝑝(𝑖)𝑦
𝜕𝜓

𝐾 (𝑖)
12 (49)

∙ Second line coefficients — coefficients associated with a displacement in 𝑟𝑦:

𝐾 (𝑖)
21 =

𝑁
∑

𝑖=1

(

𝑘(𝑖)𝐻𝐻 − 𝑘̄(𝑖)𝐻𝐻
)

sin 𝛼(𝑖) cos 𝛼(𝑖) (50)

𝐾 (𝑖)
22 = 𝑘(𝑖)𝐻𝐻 sin2 𝛼(𝑖) + 𝑘̄(𝑖)𝐻𝐻 cos2 𝛼(𝑖) (51)

𝐾 (𝑖)
23 = −𝑘(𝑖)𝐻𝑉 sin 𝛼(𝑖) (52)

𝐾 (𝑖)
24 =

𝜕𝑝(𝑖)𝑥
𝜕𝜙

𝐾 (𝑖)
21 +

𝜕𝑝(𝑖)𝑦
𝜕𝜙

𝐾 (𝑖)
22 +

𝜕𝑝(𝑖)𝑧
𝜕𝜙

𝐾 (𝑖)
23 (53)

𝐾 (𝑖)
25 =

𝜕𝑝(𝑖)𝑥
𝜕𝜃

𝐾 (𝑖)
21 +

𝜕𝑝(𝑖)𝑦
𝜕𝜃

𝐾 (𝑖)
22 +

𝜕𝑝(𝑖)𝑧
𝜕𝜃

𝐾 (𝑖)
23 (54)

𝐾 (𝑖)
26 =

𝜕𝑝(𝑖)𝑥
𝜕𝜓

𝐾 (𝑖)
21 +

𝜕𝑝(𝑖)𝑦
𝜕𝜓

𝐾 (𝑖)
22 (55)

∙ Third line coefficients — coefficients associated with a displacement in 𝑟𝑧:

𝐾 (𝑖)
31 = −𝑘(𝑖)𝑉 𝐻 cos 𝛼(𝑖) (56)

𝐾 (𝑖)
32 = −𝑘(𝑖)𝑉 𝐻 sin 𝛼(𝑖) (57)

𝐾 (𝑖)
33 = 𝑘(𝑖)𝑉 𝑉 (58)

𝐾 (𝑖)
34 =

𝜕𝑝(𝑖)𝑥
𝜕𝜙

𝐾 (𝑖)
31 +

𝜕𝑝(𝑖)𝑦
𝜕𝜙

𝐾 (𝑖)
32 +

𝜕𝑝(𝑖)𝑧
𝜕𝜙

𝐾 (𝑖)
33 (59)

𝐾 (𝑖)
35 =

𝜕𝑝(𝑖)𝑥
𝜕𝜃

𝐾 (𝑖)
31 +

𝜕𝑝(𝑖)𝑦
𝜕𝜃

𝐾 (𝑖)
32 +

𝜕𝑝(𝑖)𝑧
𝜕𝜃

𝐾 (𝑖)
33 (60)

𝐾 (𝑖)
36 =

𝜕𝑝(𝑖)𝑥
𝜕𝜓

𝐾 (𝑖)
31 +

𝜕𝑝(𝑖)𝑦
𝜕𝜓

𝐾 (𝑖)
32 (61)

∙ Fourth line coefficients — coefficients associated with a displacement in 𝜙:

𝐾 (𝑖)
41 =

𝜕𝑝(𝑖)𝑥
𝜕𝜙

𝐾 (𝑖)
11 +

𝜕𝑝(𝑖)𝑦
𝜕𝜙

𝐾 (𝑖)
12 +

𝜕𝑝(𝑖)𝑧
𝜕𝜙

𝐾 (𝑖)
13 (62)

𝐾 (𝑖)
42 =

𝜕𝑝(𝑖)𝑥
𝜕𝜙

𝐾 (𝑖)
21 +

𝜕𝑝(𝑖)𝑦
𝜕𝜙

𝐾 (𝑖)
22 +

𝜕𝑝(𝑖)𝑧
𝜕𝜙

𝐾 (𝑖)
23 (63)

𝐾 (𝑖)
43 =

𝜕𝑝(𝑖)𝑥
𝜕𝜙

𝐾 (𝑖)
31 +

𝜕𝑝(𝑖)𝑦
𝜕𝜙

𝐾 (𝑖)
32 +

𝜕𝑝(𝑖)𝑧
𝜕𝜙

𝐾 (𝑖)
33 (64)

𝐾 (𝑖)
44 =

𝜕𝑝(𝑖)𝑥
𝜕𝜙

𝐾 (𝑖)
14 +

𝜕𝑝(𝑖)𝑦
𝜕𝜙

𝐾 (𝑖)
24 +

𝜕𝑝(𝑖)𝑧
𝜕𝜙

𝐾 (𝑖)
34 −

𝜕2𝑝(𝑖)𝑥
𝜕𝜙2

𝐹 (𝑖)
𝐻 cos 𝛼(𝑖) −

𝜕2𝑝(𝑖)𝑦
𝜕𝜙2

𝐹 (𝑖)
𝐻 sin 𝛼(𝑖) +

𝜕2𝑝(𝑖)𝑧
𝜕𝜙2

𝐹 (𝑖)
𝑉 (65)

𝐾 (𝑖)
45 =

𝜕𝑝(𝑖)𝑥
𝜕𝜙

𝐾 (𝑖)
15 +

𝜕𝑝(𝑖)𝑦
𝜕𝜙

𝐾 (𝑖)
25 +

𝜕𝑝(𝑖)𝑧
𝜕𝜙

𝐾 (𝑖)
35 −

𝜕2𝑝(𝑖)𝑥
𝜕𝜙𝜕𝜃

𝐹 (𝑖)
𝐻 cos 𝛼(𝑖) −

𝜕2𝑝(𝑖)𝑦
𝜕𝜙𝜕𝜃

𝐹 (𝑖)
𝐻 sin 𝛼(𝑖) +

𝜕2𝑝(𝑖)𝑧
𝜕𝜙𝜕𝜃

𝐹 (𝑖)
𝑉 (66)

𝐾 (𝑖)
46 =

𝜕𝑝(𝑖)𝑥
𝜕𝜙

𝐾 (𝑖)
16 +

𝜕𝑝(𝑖)𝑦
𝜕𝜙

𝐾 (𝑖)
26 +

𝜕𝑝(𝑖)𝑧
𝜕𝜙

𝐾 (𝑖)
36 −

𝜕2𝑝(𝑖)𝑥
𝜕𝜙𝜕𝜓

𝐹 (𝑖)
𝐻 cos 𝛼(𝑖) −

𝜕2𝑝(𝑖)𝑦
𝜕𝜙𝜕𝜓

𝐹 (𝑖)
𝐻 sin 𝛼(𝑖) +

𝜕2𝑝(𝑖)𝑧
𝜕𝜙𝜕𝜓

𝐹 (𝑖)
𝑉 (67)

∙ Fifth line coefficients — coefficients associated with a displacement in 𝜃:

𝐾 (𝑖)
51 =

𝜕𝑝(𝑖)𝑥
𝜕𝜃

𝐾 (𝑖)
11 +

𝜕𝑝(𝑖)𝑦
𝜕𝜃

𝐾 (𝑖)
12 +

𝜕𝑝(𝑖)𝑧
𝜕𝜃

𝐾 (𝑖)
13 (68)

𝐾 (𝑖)
52 =

𝜕𝑝(𝑖)𝑥
𝜕𝜃

𝐾 (𝑖)
21 +

𝜕𝑝(𝑖)𝑦
𝜕𝜃

𝐾 (𝑖)
22 +

𝜕𝑝(𝑖)𝑧
𝜕𝜃

𝐾 (𝑖)
23 (69)

𝐾 (𝑖) =
𝜕𝑝(𝑖)𝑥 𝐾 (𝑖) +

𝜕𝑝(𝑖)𝑦 𝐾 (𝑖) +
𝜕𝑝(𝑖)𝑧 𝐾 (𝑖) (70)
14

53 𝜕𝜃 31 𝜕𝜃 32 𝜕𝜃 33
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R

𝐾 (𝑖)
54 =

𝜕𝑝(𝑖)𝑥
𝜕𝜃

𝐾 (𝑖)
14 +

𝜕𝑝(𝑖)𝑦
𝜕𝜃

𝐾 (𝑖)
24 +

𝜕𝑝(𝑖)𝑧
𝜕𝜃

𝐾 (𝑖)
34 −

𝜕2𝑝(𝑖)𝑥
𝜕𝜃𝜕𝜙

𝐹 (𝑖)
𝐻 cos 𝛼(𝑖) −

𝜕2𝑝(𝑖)𝑦
𝜕𝜃𝜕𝜙

𝐹 (𝑖)
𝐻 sin 𝛼(𝑖) +

𝜕2𝑝(𝑖)𝑧
𝜕𝜃𝜕𝜙

𝐹 (𝑖)
𝑉 (71)

𝐾 (𝑖)
55 =

𝜕𝑝(𝑖)𝑥
𝜕𝜃

𝐾 (𝑖)
15 +

𝜕𝑝(𝑖)𝑦
𝜕𝜃

𝐾 (𝑖)
25 +

𝜕𝑝(𝑖)𝑧
𝜕𝜃

𝐾 (𝑖)
35 −

𝜕2𝑝(𝑖)𝑥
𝜕𝜃2

𝐹 (𝑖)
𝐻 cos 𝛼(𝑖) −

𝜕2𝑝(𝑖)𝑦
𝜕𝜃2

𝐹 (𝑖)
𝐻 sin 𝛼(𝑖) +

𝜕2𝑝(𝑖)𝑧
𝜕𝜃2

𝐹 (𝑖)
𝑉 (72)

𝐾 (𝑖)
56 =

𝜕𝑝(𝑖)𝑥
𝜕𝜃

𝐾 (𝑖)
16 +

𝜕𝑝(𝑖)𝑦
𝜕𝜃

𝐾 (𝑖)
26 +

𝜕𝑝(𝑖)𝑧
𝜕𝜃

𝐾 (𝑖)
36 −

𝜕2𝑝(𝑖)𝑥
𝜕𝜃𝜕𝜓

𝐹 (𝑖)
𝐻 cos 𝛼(𝑖) −

𝜕2𝑝(𝑖)𝑦
𝜕𝜃𝜕𝜓

𝐹 (𝑖)
𝐻 sin 𝛼(𝑖) +

𝜕2𝑝(𝑖)𝑧
𝜕𝜃𝜕𝜓

𝐹 (𝑖)
𝑉 (73)

∙ Sixth line coefficients — coefficients associated with a displacement in 𝜓 :

𝐾 (𝑖)
61 =

𝜕𝑝(𝑖)𝑥
𝜕𝜓

𝐾11(𝑖) +
𝜕𝑝(𝑖)𝑦
𝜕𝜓

𝐾 (𝑖)
12 (74)

𝐾 (𝑖)
62 =

𝜕𝑝(𝑖)𝑥
𝜕𝜓

𝐾 (𝑖)
21 +

𝜕𝑝(𝑖)𝑦
𝜕𝜓

𝐾 (𝑖)
22 (75)

𝐾 (𝑖)
63 =

𝜕𝑝(𝑖)𝑥
𝜕𝜓

𝐾 (𝑖)
31 +

𝜕𝑝(𝑖)𝑦
𝜕𝜓

𝐾 (𝑖)
32 (76)

𝐾 (𝑖)
64 =

𝜕𝑝(𝑖)𝑥
𝜕𝜓

𝐾 (𝑖)
14 +

𝜕𝑝(𝑖)𝑦
𝜕𝜓

𝐾 (𝑖)
24 −

𝜕2𝑝(𝑖)𝑥
𝜕𝜓𝜕𝜙

𝐹 (𝑖)
𝐻 cos 𝛼(𝑖) −

𝜕2𝑝(𝑖)𝑦
𝜕𝜓𝜕𝜙

𝐹 (𝑖)
𝐻 sin 𝛼(𝑖) (77)

𝐾 (𝑖)
65 =

𝜕𝑝(𝑖)𝑥
𝜕𝜓

𝐾 (𝑖)
15 +

𝜕𝑝(𝑖)𝑦
𝜕𝜓

𝐾 (𝑖)
25 −

𝜕2𝑝(𝑖)𝑥
𝜕𝜓𝜕𝜃

𝐹 (𝑖)
𝐻 cos 𝛼(𝑖) −

𝜕2𝑝(𝑖)𝑦
𝜕𝜓𝜕𝜃

𝐹 (𝑖)
𝐻 sin 𝛼(𝑖) (78)

𝐾 (𝑖)
66 =

𝜕𝑝(𝑖)𝑥
𝜕𝜓

𝐾 (𝑖)
14 +

𝜕𝑝(𝑖)𝑦
𝜕𝜓

𝐾 (𝑖)
24 −

𝜕2𝑝(𝑖)𝑥
𝜕𝜓2

𝐹 (𝑖)
𝐻 cos 𝛼(𝑖) −

𝜕2𝑝(𝑖)𝑦
𝜕𝜓2

𝐹 (𝑖)
𝐻 sin 𝛼(𝑖) (79)

For stiffness coefficients at the moving reference frame 𝐺𝜉𝜂𝜁 , it is necessary to rotate the matrix as follows:

[K]𝐸𝜉 = [R∗]𝑡[K]𝐸𝑥 [R
∗] (80)

where:

[R∗] =

(

[R]𝐸𝑥|𝐸𝜉 0
0 [I]

)

(81)

with [I] being the 3 × 3 identity matrix (Eq. (82)).

[R]𝐸𝑥|𝐸𝜉 =
⎛

⎜

⎜

⎝

cos 𝜃 cos𝜓 sin𝜙 sin 𝜃 cos𝜓 − cos𝜙 sin𝜓 cos𝜙 sin 𝜃 cos𝜓 + sin𝜙 sin𝜓
cos 𝜃 sin𝜓 sin𝜙 sin 𝜃 sin𝜓 + cos𝜙 cos𝜓 cos𝜙 sin 𝜃 sin𝜓 − sin𝜙 cos𝜓
− sin 𝜃 sin𝜙 cos 𝜃 cos𝜙 cos 𝜃

⎞

⎟

⎟

⎠

(82)
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