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Introduction

Mathematical puzzles and games appeal to a wide range of
people from all walks of life. Puzzles appear in all sorts of
places: on matchboxes, in Xmas crackers, on breakfast cereal
packets, on beer mats, in newspapers, in magazines, and last
but not least, in puzzle books. This book has been written
following the success of my earlier book, The Amazing
Mathematical Amusement Arcade. It has well over a hundred
different puzzles with which to capture your imagination.
They range widely from matchstick and coin puzzles, to
railway shunting problems, number puzzles, chess-board
puzzles, topological impossibilities, tricks, games, and yet
more on magic squares. Some puzzles are variations on well
tried but worth repeating themes, but there are enough
original ones here to challenge.the most ardent puzzler.
The second part of the book is given over to a detailed
commentary so that you can check your solution, or find
help when baified. But don’t give up too quickly for the real
satisfaction comes in solving a puzzle for yourself.

Brian Bolt
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1 Matchstick magic

Remove only four
matches fromthe 3 X 3array
toleave exactly five identical
squares.

What is the smallest number
of matches you can remove to
leave just two squares?

2 The car jam

In a small underground
private car park in the centre
of London the cars were
packed in like sardines. So
tightly were the cars parked
that the only way a car could
be moved was to push it
forwards or backwards along
its length. The car marked 1
in the diagram belonged to
the managing director of the
firm owning the car park. He
was in a hurry to get out!
Help the car park attendant
by finding the minimum
number of car moves
required for car 1 to be
released from the jam it is in.
A set of dominoes makes a
very handy visual aid when
trying to solve this puzzle.
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3 Who nobbled the racehorse?
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The favourite for the Winter Race Meeting at Aincot was
stabled inside the racecourse on the night before the big
race. Security inside the racecourse on that night was very
tight with no one allowed inside the boundary fence from
11 p.m. until 7 a.m. the next morning. The guards and their
dogs had had a cold night patrolling the grounds and at
7 a.m. when the four main gates were unlocked by the
groundsmen and they were about to go home it began to
snow. The snow delayed the arrival of the stable lad who
entered at B and, before going to the stables to feed and
exercise the favourite, had a few words in the tack room
with the groom, who was there cleaning the saddle. He
stayed with the horse right up to the start of the race, so
imagine his distress when the horse ran very badly, finished
last, and was shown to have been doped. He had his
suspicions that one of the team of people surrounding the
horse was guilty, so he set out to gather evidence about their
movements between 7 a.m. and 7.15 a.m. when he had
reached the stable. In this period of time he found that the
owner of the horse had entered at C and strolied across to
the member’s enclosure. On the way the owner passed the
trainer, who had entered at D, inspecting the water jump.
The owner also saw the jockey on his way from B to the
weigh-in, while the jockey passed the time of day with the
groom, who had entered at A, when he was on his way to
the tack room. They had all discussed the snow and remarked
on their trails of footmarks which strangely didn’t cross
anywhere.

Who nobbled the horse?



4 The car importer

A new assignment of Japanese cars had just been off-
loaded from the freighter onto the dockside. The car
importer checked that they were all of the same model as
ordered, and went to complete the necessary paper work
with the customs officials. While there, he was intrigued to
notice that the total retail value of all the new cars was
£1 111 111.

What was the retail price of the car (a whole number of
pounds) and how many were there?

R -t
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5 Number pyramids

In the number pyramids which follow the numbersineach
new level of the pyramid are derived from the level below by ¢
the simple addition rule shown on the right. Find the missing y
. A B C=A+8
numbers in each case. %

(a) (b)

%;3 {/12 //
/9% 2

N\
(78]

\\\\:

N

{c) (d)
19 23

%
6 / % 3 7 7%

\

\ ©
N




6 The triangular building site

A builder acquired planning permission to erect three
detached houses on a triangular building plot bounded by
three roads. To make the best of the site the builder
proposed to divide it into three triangular sites each having
the same area.

How can this be done?

7 Ring the triangle

(a) {b)

Make a triangle of six pennies as shown in (a). What is the
smallest number of pennies you can move by sliding to
form the ring of pennies as in (b}, if every time a penny is
moved it must be put into contact with two other pennies?
Note you are not allowed to push one coin with another.

4



8 The jeweller’s chain

A jeweller had an urgent order to make a chain with 251links
for alocal mayor. At the time she had an assistant and five
apprentices so they each set to with a will to make a part of
the chain. The links were large so the jeweller was well
pleased when by 5 o’clock they had made the 25 links. She
then realised how inefficient they had been, for between
them they had seven pieces of chain; two with 2 links, two
with 3 links and one each of 4 links, 5 links and 6 links. Tojoin
the pieces into one chain of 25 links she would need to cutand
rejoin some of the links. She reckoned that to cut and joina ) .
single link would take her 20 minutes so she decided tostay . .
on and finish the job by herself.

What was the earliest time the jeweller could have gone
home with the 25-link chain complete?
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9 The anti-litter campaign

The c¢ity councillors were becoming very concerned about
the amount of litter being left in their very beautiful park.
To combat this they decided to instal a number of litter
bins as strategically as possible. The park was criss-crossed
in an intricate way by fourteen straight paths, as shown in
the plan on the right, and the city fathers recommended that
there should be a minimum of 3 litter bins on each path.
The city treasurer protested at the likely cost, for he
supposed it would require 14 x 3 =42 bins, so he was
pleasantly surprised when the park keeper showed him that
the requirement could be met with far fewer bins.

What is the smallest number of bins required, and where
should they be placed?

How many park attendants would be required to ensure
that there is one on every path?

10 The railcar terminus

MAIN LINE

Many different railcar routes converged at an important
city station which formed the terminus for the lines. This
terminus differed from most others however in that it did
not have a multiplicity of sidings but, instead, had a single
loop at the end of the track (see the diagram). The railway
engineer who designed the layout was praised for his
economic use of land and the ingenious way in which the
loop ailowed the order of the railcars arriving at the station
to be permuted for different departure patterns. Show how
to use the loop to change the order of nine railcars which
arrive in the order 1, 2, 3, 4, 5, 6, 7, 8, 9, so that they can
depart in the order 7, 9, 8, 1, 2, 4, 5, 3, 6. Note that the
loop is long enough to contain all the railcars together, if
necessary, and that the railcars can travel around the loop
in a clockwise direction.




11 Paving the patio

A keen gardener planned a new patio, in the form of a
square, using 64 paving slabs. To add interest, he used an
equal number of paving slabs in each of four colours.
After much experimenting he ended up with a design which
consisted of four identical interlocking shapes, one in each
colour,

Each of the paving slabs labelled A, B, C and D in the
diagram was a different colour. What was the design?

12 Mind stretching

We have all seen a glove or sock turned inside out, and it
doesn’t need much imagination to sce that a ball with a
hole cut in it could be turned inside out. =
Imagine, however, an inner tube of a bicycle or lorry iJ
and imagine cutting a large hole where the valve would be. £

. ) . 1 )
By stretching the tube would it be possible to turn it in- l
side out? ;;pl'f' - __@

It may help you in your deliberations to make a model @( " TTTRRT e
of the tube, when the hole has been stretched so that there k

is almost more hole than tube, using two strips of paper 3
coloured to indicate the inside.




13 The chapel hymnboard

The Methodist chapel at the village of Trepolpen
prided itself on its singing and everything was
domne to ensure that it kept its good reputation.
At each service the organist’s wife carefully
placed the number cards in the hymnboard so
that all the congregation could clearly see which
hymn was to be sung next.

But after many years' use the cards had
become very worn and a disgrace. The last straw
came at the Harvest Festival service when there
were not enough serviceable numbers left to
display the hymns chosen by the visiting minister,
and the organist threatened to resign,

The result was an emergency meeting of the
chapel trustees at which they agreed that they
would order a new set of cards. At first they
estimated that with 15 positions for numbers on
the board and 10 different digits possible they
would require 150 cards, which they couldn’t
afford. However, the organist’s wife pointed out
that in her experience a 6 could double as a 9
when placed upside down, and that different
numbers could be put on the two sides of a card.
She felt sure she could design a set of cards so
that five of the 984 hymns in the Methodist
hymnbook could be put up on the board with
less than 100 cards.

What is the smallest number of cards which
would fulfil all the requirements?

14 One step forward, march!

Imagine 8 knights placed on
the black squares of a 4 x4
board as shown. Show that
they can all manage to make
one move.

This is not difficult, but
the equivalent problem
starting with 13 knights on
the black squares of a 5% 5
board is a different matter.
See what you can make of it!

8



15 Sim

This is a simple game for two
players devised by Gustavus
Simmons (hence its name).

Play starts with the six
points A, B, C, D, E, Fatthe
vertices of ahexagon
inscribedin a circle. Players,
using different coloured
pencils or pens take turns to
join a pair of the vertices with
astraight line.

There are fifteen possible
lines so the game must finish
in a limited time, and the aim
of the game is to avoid making
atriangle of your colour, with
vertices on the circle. If you
do, youlose. Interestingly, it
isnot possible to draw all
fifteen lines with two colours
and avoid a triangle of one
colour, so someone must lose!

The result of one game is
shown here, with numbers to
indicate the order in which the
lines were drawn. The solid
lines represent the first player
P and the dotted lines the
second player Q. Itis Q’sturn
and the only possible moves
are DFwhich completes DAF,
and FE which completes EAF.
S0 Q must lose.

16 Complete the set

1 9 64 256 1296 2187

3125 4096

This series is incomplete. Spot the underlying pattern and

supply the missing number.



17 The 0ld Girls’ reunion

At their school’s annual
reunion five friends shared a
table for dinner. Each friend
ordered something to drink, a

meat course and a dessert.
Brenda and Mrs Burns had VRSN \\\ 0\\
martinis while Betty and Mrs : ng

=R )\sfwfl >
\

Brown ordered sherry. Ms

Baker had a fruit juice since Q
she was driving. Brenda and ’

Miss Broad ordered steak. ? "@}} ﬁ v} {(9 \\B

Beryl and Ms Baker had roast By %“

beef. For dessert Beryl and ’ A ’&‘-‘ rrﬂﬂp 9\?\ 20901 Q2 _
Miss Black ate gateau, while Nt "----‘ %—&'—u E\\.);?
Barbara and Ms Baker hadice A \— Z | ——=— 3 [N
cream. The other friend hada -2 las V4 \ =0
fruit salad. No two friends Naf . @j ':’T “a%
sitting next to each other were

served two things the same.

Who had duck and what did
Bridgeteat?

,_.-_-—-

18 The chocolate
manufacturer’s dilemma f

A manufacturer of chocolates designed a new box of
chocolates to celebrate the firm’s centenary. The boxwas
carefully designed to just hold 48 identical spherical
chocolates arranged in a single layer with 8 rows of 6.

Unfortunately, when all the preparations were complete it
was found that the chocolates were 4% below their
advertised weight. It was too late to redesign the boxes and
too difficult to change the specification for the chocolates.
But there is a neat way in which the manufacturercan
overcome the dilemma. How?

10



19 The Ruby wedding

At their Ruby wedding celebrations William and Ruth had
all their family to a party. Reflecting on their long life
together William recalled how he had first fallen in love
with ‘young Ruth’ when they had shared a desk at school
together many years ago. Looking around at his children
and their families he wondered whether they would all be
together for a golden wedding anniversary and, so
speculating, he realised that the difference between the
square of his age and the square of his wife’s age was
exactly equal to the square of the number of their children.

How old were William and Ruth when they married, and
how many children did they have?

20 The flight controller’s nightmare

With the increase in package-

holiday flights to the
continent, a flight controller
was responsible for trying to
route safely an ever-
increasing number of planes
from the south of England to
the continental resorts.

One particularly vexing
problem was caused by three
large companies who
operated out of airports 4, B
and C respectively and who
each wanted direct flights to
the airports at P, Q and R.
Because of the high density
of traffic on these routes it

was important that none of

the flight paths should cross.

Flying over an airport is quite
out of the guestion. Can you

find nine flight paths to solve
the controller’s problem?

21 Three of a kind ABC
+ABC

Find 4, B and C to make the adjoining addition ﬁ
sum correct. BBB

11



22 Coin contortions

O o O

O O O
S ONON®

O O O

(a) Arrangesix coinsinthe (b) Arrangesevencoinsin
form of a cross as shown then the form of an H as shown,
move just one coin to form then add two coins to form ten
two lines with four coinsin lines with three coinsin each
each line. line.

23 An elephantine hole

A magician challenged his audience to cut a hole in a sheet of
newspaper big enough for a fully grown elephant to walk
through. No one took him up on it so he quickly demonstrated
to them that it was a practical proposition which neededno
sticky tape or magic shrinking potion for the elephant.

Can you do better than his audience?

12



249 Loading the ferry
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The only way to cross a wide river estuary was to use the
ferry. The approach road to the ferry was very narrow sothe
traffic for the ferry had to queune in single file in the orderin
which it arrived. The ferry itself had a loading bay 40 metres
long which could hold three lanes of traffic.

The person responsible for loading the ferry let the
vehicles onto the ferry so that the left-hand lane was filied as
far as possible before using the middle lane, and when the
next vehicle in the queue was too long for the space left inthe
middle lane the vehicles were diverted to fill the right hand
lane.

This strategy for loading the ferry meant that it was
frequently loaded inefficiently, particularly when the queue
contained several long lorries. The ferry owner became
concerned about this for it was not only bad for public
relations but significantly reduced his profits. To overcome
the problem a device was installed which measured the
length of each vehicle as it joined the ferry queue and fed the
information into a computer which worked out the bestlane
of the ferry’s loading bay for each vehicle. Aseachdriver
came to the head of the queue and drove up the loadingramp
agreen light came on over the appropriate lane.

On one occasion the lengths of the vehicles in the ferry
queue, taken in order of arrival were

3m, 5m, 9m, 14m, 6m, 10m, 1lm,
13m, 7m, 8m, 15m, 1lm, 8m, 4m.

Before the computer was installed how many of these
vehicles would have been loaded and what percentage of
space would have been wasted?

Show that by carefully selecting the lane for each vehicle as
it comes to the head of the queue it is possible to load the
ferry to full capacity from this particular queue.

13



25 Postage due

At the end of the day a secretary was faced with putting
stamps on a large number of packages. She had plenty of
stamps but they were only in two denominations and she
was not sure that she would always be able to find the
right combination to match the postage due. However,
experience showed her that although she could not find a
combination of the stamps to make 39p, any higher
postage due could be arranged with a suitable combination
of the stamps available.

Assuming that the stamp denominations were a whole
number of pence, what were they?

26 Ann’s tower

One of Ann’s Christmas presents was a box of building
bricks. The bricks were all cubes with an edge of 5 cm and
completely filled the box which was also in the shape of a
cube. Like many young children Ann was fascinated with
building towers and it wasn’t long before she had tipped
out all the bricks and started building. She started by
building a large cube, then a smaller cube on top of that
and a vet smaller cube on top of the latter. When the three
cubes were complete she could still look over the top of her
tower when standing, which disappeinted her, but she had
the satisfaction that she had used every single brick in her
construction.

How high was the tower?

14




27 Seeing is believing!

We are trained to interpret certain kinds of two-
dimensional drawings as representing three-dimensional
objects, and the ability to understand such diagrams and to
draw them is an aid to thinking and communicating ideas
about space. However, as the drawings illustrate, visual
impossibilities can be created. Is the last drawing a 3-pin
or a 2-pin plug? Can a staircase join up on itself? Couid

you make the triangle from three pieces of wood?
Visual perception is more the area of study of the

psychologist than the mathematician, but diagrams are
widely used by mathematicians to help in thinking about
space so their shortcomings need to be recognised

The Dutch artist M C Escher made great play of creating
impossible worlds based on the illusions in the drawings.
See, for example, his lithographs entitled ‘Waterfall’, or
‘Ascending and Descending’, or ‘House of Stairs’, in The
Graphic Work of M.C. Escher.

_;))J
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28 Reafforestation!
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A part of the woodland owned by the forestry commission
needed thinning out. At the start there were 49 fir trees in
a 7x 7 array as shown, but by the time the forestry
workers had done their job they had removed 29 trees and
managed to leave 20 trees so that they stood in 18 lines
with 4 trees in each!

How did they do it?

29 Find the route Start

It is possible to start at the top left hand corner, move one

square to a 1, then move two squares to a 2, then move

three squares to a 3, and so on, without revisiting any

square, and ending with the 8 in the bottom right hand
corner.

~ | |W |, W

Moves can be made only vertically and horizontally not

o

diagonally.
See if you can find such a route.

L=+ T I S I & I S % O N R & |
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30 The tournament draw

For the end of season squash tournament there were 27
entries. The tournament was arranged on a knockout basis
with the loser of each match being eliminated. A number of
players received a bye in the first round so that fromthe
second round onwards the number of players going forward
ateach stage was halved.

Norman and Theresa, the squash captains, met to arrange
the draw. Their first problem was to decide how many
matches would be needed in the first round and hence how
many players should have byes. Norman was worried, he
didn’t really know how to begin, but Theresa withexperience
of organising tennis tournaments on similar lines was very
quickly able to say how many rounds would be needed, how
many byes to give and how many matches there would be in
the whole tournament. What are the numbers involved?

How many matches would need to be playedina
tournament with N players?

31 The police officer’s beat

The map shows the streets which have to be patrolled by a
police officer on the beat. The length of side of a smallsquare
represents 100 m, and the total length of road to be patrolled
is2.5km. What is the shortest distance the police officercan
walk to patrol the whole beat?

200 m

200 m 100 m

17



32 Gale

This is a game devised by David Gale whowas b’
a professor of mathematics at Brown
Universlity. ”f[’_he playinhg zzirga cor;sis:ls of two ° Py ® PY Py
rectangles of intermeshed dots. In the area |
shown the rectangles are both 6 X 5 andone +oF + + + +
set of dots is shown as crosses to make them ? g o * ®
distinguishable. Player A tries to make a + + : + +
_cont_inuous path between side ¢ and side a’ ® P 'Y ——
joining the crosses, while player B triesto s ; , .
make a continuous path between side b and ' _i !
side b’ joining the dots. »--o—- o | o

Players take turns to join any pair of + : +—tt : +—+t
talclj acent dots or crosses, with vertical 01: ¢ e Py ¢— -

orizontal, but not diagonal, lines. Paths may I 4 I

not cross! 0 F + * o

The board shows the end of a game wonby o o e ¢ A
A.

b

33 The stamp machine

A stamp machine was being designed so that in return fora
20p coin and a 10p coin it would eject a strip of stampsworth
30p. To gain publicity the Post Office decided toholda
competition. The public were asked to suggest the values for
the individual stamps in a strip, so that any letter or package
could be stamped correctly with sums from 1p to 30p.

In the end they awarded two first prizes of free postage for
ayear, one to Mrs Royale Mail and the other to the Rev
Enue. Mrs Royale Mail had shown that the problem could be
solved with a strip of just five stamps, and her solution was
eventually used.

What were the values of the five stamps?

The Rev Enue, however, had found a solution where any
of the values from Ip to 30p could be found by using asingle
stamp or a connected set of stamps. One way to do thiswould
be to have a strip of thirty 1p stamps but youcando alot
better than that! Whatis the smallest number of stamps
which could be used to achieve this, and what will be their
values and order on the strip?

18




34 Billy Bunter’s bargain

Billy Bunter was delighted when the manufacturer of
SCRUNCH, his favourite chocolate bar, decided to have a
special promotion for a limited period. They authorised the
shopkeepers to give a bar, free, to anyone presenting them
with eight SCRUNCH labels.

Billy persuaded all his friends to donate their labels to him,
and by the end of the period he had collected 711abels.

How many free SCRUNCH bars was Billy able tocollect
at his school tuckshop?
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35 Al touching

B

e c«

Show how to arrange six pencils (or matchsticks) so thateach
of them is touching the other five.

Now show that seven pencils can be arranged so that they
all touch each other,

19



36 1984 revisited

This activity has nothing to do with George Orwell!

(a) Didyou know that 1985° — 1984 is a perfect square?
When did this last happen?

(b) Itis notvery difficult to express 1984 using eight ‘4’ digits
and any mathematical symbols you might care to use, but
it will tax your ingenuity to do the same using four ‘8’
digits.

37 Identical twins, quads
and triplets

What must 49 be multiplied
by to produce 49497

What must 38 be
multiplied by to produce
3838387

Find four prime numbers
whose product with any
2-digit number @b will turn it
into the 6-digit number - -
ababab. "i""s

Investigate the effect on
2-digit numbers of the QuaAos TRIPLETS
product 73 x 101 x 137. 5

38 Rhyme around

Sir, I bear a rhyme excelling

In mystic force and magic spelling
Celestial sprites elucidate

All my own striving can’t relate.

See, I have a rhyme assisting
My feeble brain, its tasks ofttimes resisting.

Both these rhymes were composed for the same purpose.
What was that purpose?
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39 Touching coins

{a) Thefirst problemis to place four identical coins in sucha
way that they are all the same distance from each other. The
solution is not a square array, as the diagram shows, forthe
distance from A to Cis more than the distance from A toB.
There is more than one solution, but the best has the centres
of the coins equidistant from each other.

2

(b) Itiseasy to place four coins so that they each touch afifth
coin, but how can you place five identical coins so that they
each touch all the others?

40 Two wrongs make aright

WRONG Inspite of what we
+ WRONG are always told two

RI GHT wrongs can make a
rightif eachletterin
the adjoining sum s
taken tostand fora
different digit.
Can you find a solution?
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41 Narcissistic numbers

The number 153 has the interesting property that itisequal to
the sum of the cubes of its digits.

FP+5+3'=1+125+27=153

370is another number with the same property.
Ignoring unity, there are two further numbers, both less
than 500 with the same property. Can you find them?

42 Inside and out

Given five hoops with radii
50 em,40cem, 20¢m, 20cm
and 10¢m, show how to
overlap them so that the
shaded area inside the largest
hoop (see the diagram) is
equal to the total area of the
shaded shapes inside the four
smaller hoops.

43 Matchstick manoeuvres

Move, not remove, four i
matches in the Os and Xs grid
to form three identical

squares. - 1 & " »
There are three quite
different solutions, can you
i 9
find them? - St = »
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44 Micro millions

The micro millionaire studied his balance sheet at the end of
the year with great interest. The total income from the sale of
the very popular Domomicro model came to £1 000 000000.
What aroused his interest was not so much the total asthat
neither the number of micros sold nor the cost of an
individual micro contained a single zero digit.

How many micros were sold?

45 The economy cut
Emma was always looking for ways to save money. While in
the remnant shop she came across just the material she

wanted to make a table-cloth,

Bm

im

Unfortunately the piece of material was in the form ofa
2m X S mrectangle and her table was 3 m square. She bought
ithowever having decided that the area was more than
enough to cover the table. When she got home howevershe
decided she had been a fool because she couldn’t see howto
cut up the material to make a square. But just asshe
despaired she had a brainwave, and with 3 straight cuts, inno
time at all, she had 5 pieces which fitted neatly togetherina
symmetric pattern to form a square using all the material.
How did she doit?
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46 The variable menu

The owner of a transport cafe had many regular customers.
So as not to bore them with a monotonous menu she devised
a plan which would ensure that no two meals should repeat
themselves for at least a year. She saw each meal asbasically
consisting of 4 parts (i) potatoes or equivalent, (ii) meator
fish (iii) a vegetable, (iv) a sweet. Her solution is embodied in
the following table.

chips pork peas apple pie
boiled potatoes lamb carrots ice cream
roastpotatoes  chicken  sweetcorn fruit salad
rice fish cabbage
beef cauliflower
brussels sprouts
broad beans

Starting on the first day of the year she served chips, pork,
peas and apple pie and on each succeeding day she replaced
each part of the meal by the next ingredient in the table. The
next ingredient to the one at the bottom of a column beingthe
onc at the top so, for example, if on one day the mealwas
rice, fish, broad beans, and apple pie, on the next dayit
would be chips, beef, peas, and ice cream.

How many days pass before a meal repeatsitself?

What meal is served on day 100 from the start of the
scheme?

On what day would you expect to be served roast potatoes,
lamb, brussels sprouts and apple pie?

The cafe became known for its variable menu and the trade
increased so much that the owner appointed a new cook.
Thinking to please the owner the new cook extended the
table above by adding sausages to the meat columnand
turnips to the vegetable column. Why did the ownersack
him?

47 Not in her prime

A computer programmer worked out the product of her
age in years, the age of her cat in years, and the number
of her house. Given that the product was 17 654 how old
was she?
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48 Loop-line limitations

loop line
508 -w— 7 e
A branch line B

The branch line from the city main line station to a popular
seaside resort only justified a single line because for most of
the year the passenger traffic was light. This did create
problems in the busy holiday period however so the railway
company added a short loop line at the half-way point to
allow trains to pass one another and thus enable trains to
travel along the line in both directions at the same time. The
loop line and the branch line between the points at A and B,
see the diagram, could each take an engine and six carriages,
Of seven carriages.

This made passing easy as long as one of two trains meeting
at this point could be wholly contained by the loop.
Unfortunately on a busy Bank Holiday a relief station master
allowed a train with 14 carriages to leave the seaside just asa
train with 16 carriages ieft the city headed towards the sea.
Many cross words were exchanged by the engine drivers
when they met at the half-way point, but before they came to
blows one of the passengers showed them an efficient way out
of their dilemma. The passenger was a life-long puzzle freak
and she saw the situation as an occasion to put her problem
solving skills to practical use. She convinced the drivers that
they could pass each other with a minimum of fuss —indeed
one of the trains could stay coupled together for the whole of
the operation. Show how the trains can pass with the
minimum of stopping and starting by the engines.

49 As easy as abc!
Find numbers a, b and ¢ such that
a® x ¢* =abca

where abca stands for a 4-digit number.
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50 Magic polygons

Complete these magic polygons by putting numbers in the
circles so that the total along each side of the polygonisequal
to the number given in the centre of each polygon. The
numbers to be used for the triangle are 1 to 6, the numbersfor
the square 1 to 8, the numbers for the pentagon 1to 10,and
for the hexagon1to12.

With the magic total given and many of the numbers
already in place the solutions to the above polygons were
relatively easy to find. The real problem is to try to find all the
possible ways in which the same numbers couid be putin the
circles to make the polygons magic. The totals may not be the
same, and there are at least four solutions in each case.

Investigate strategies for these polygons which could be
used to search for solutions of polygons with more sides.
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51 Factors galore

The number 3 785 942 160 made up of the ten digits0,1,2,...,
9is divisible by all the integers from 1 to 18 inclusive. How
many other such numbers can you find?

52 Fascinating fractions

Thedigits 1, 2, 3, ..., 9 can be arranged to form twonumbers
whose ratio is 2 as follows

7329 _ 1
14658 2

This is interesting in itself, but even more fascinating isthe
fact that the nine digits can also be arranged to form numbers
whose ratio is 15, Y, 14, v, 4, %, %.

Get your calculator to work and see how many solutions
you can find.

53 Howlarge anumber can
you make?

You can use the digits 1, 2 and 3 once only and any
mathematical symbols you are aware of, but no symbolisto
be used more than once. The challenge is to see whocan
make the largest number. Here are some numbers to set the
ball rolling.

321 213 (3=.1)

54 Food for thought i

The row/column/diagonal total for a 3 X 3 magicsquare
is 20. The first two entries are given, what are the

remaining entries?
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55 Howmany will you take?

This is a game for two players. Start with a pile
of counters (matchsticks, coins or paperclips will ® ®
do). ® ®
Each player plays in turn and must remove ® ®
either 1 or 2 or 3 counters from the pile. The ®
player forced to remove the last counter loses the
game. 9 ®
Play‘the game with your friends and see if you
can determine a winning strategy. ®

56 The dishonest gold
exporter

Because gold is such a precious metal an exporter tried to
make money by melting down the genuine goid ingots and
recasting them in moulds which produced ingots which were
one gram light. The customs officers became aware of this
fraud from an undercover agent and set about trying to find
the light ingots.

-~ Y s ~
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In their bonded warehouse at the time they had several
consignments of 100 ingots each made up of 10 piles of 10
ingots. Their information told them that one pile of 10ingots
in each consignment came from the dishonest exporterand
they wanted to find an efficient way of finding the light pilein
each consignment. After some thought a customs officer
came up with a neat method which enabled them to find the
light pile in each consignment using just one weighing. How
was it done?
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57 Do you know your birthday?

Perhaps you know on which day of the week you were
born. You could hardly be expected to remember the day
itself, and your parents may well have forgotten, although
you, and they, will know your date of birth. Sc are you a
Wednesday's child, full of woe, or a Monday’s child fair
of face, or what?

If you had the patience you could carefully count back
the days through the vears, not forgeiting that every fourth
year is a leap year, until you arrived at your birthday. That
could take a long time. But don’t despair, there is a much
easier way as follows:

Let Y be the year you were born.

Let D be the day of the vear you were born,
Calculate X=(Y — 1)/4 and ignore the remainder.
Find S=Y+D+ X

Divide S by 7 and note the remainder.

LT I P N

The day on which you were born can now be deduced by
using the table below to see which day corresponds to the
remainder.

Remainder 0 1 2 3 4 5 6
Birthday Fri Sat Sun Mon Tue Wed Thur

The following worked example is based on my eldest
daughter’s birthday and should make the method clear.
She was born on the 6th day of June in 1960.

1 Y=190

2 January 31 days
February 29 days as 1960 a leap vear
March 31 days
April 30 days
May 31 days
June 6 days 3 xe 1962—1 _

D=158 19459 =489 ignoring the remainder

4 S=1960+ 158 +489=2607
5 2607 =7 gives 372 remainder 3

Using the table, a remainder of 3 would indicate that my
daughter was born on a Monday. That was a day I shall
never forget as it was a Whitsun Bank Holiday Monday!

When you have found the days on which you and your
family and friends were born see if you can see why the
method works.
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58 Ten tors training

Dartmoor .
High Willhays
Wild tor
Kitty tor b
.
Great .
Brat tor Kneeiet Hangingstone
® ] . hill
Rattiebrook Cranmere
hill Pool
Quintins
H e Man
are tor .
Fur tor
0 1 2 *
Miles Lovootoiaalienlyaild

Every year thousands of teenagers take part in the Ten tors
expedition which involves walking over Dartmoor and
visiting tors (granite outcrops usually found on hilltops) such
as those given on the map above. For months in advance of
the actual event teams can be found training on the moor
every weekend. One weekend a team set out from Brat tor
on a map-reading exercise with the object of visiting all the
places named on the map shown and returning to their
starting point. Find the shortest route they could take.

59 Alphametic puzzles

Solve these where different letters stand for different digits.

MARS

. CRAM _ SANTA + BARS
COE CLAUS ARE
RACE XMA S BEST

The solutions are not unique.
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60 K9 or One man and his dog

This is a puzzle based on the traditional problem of finding

a route for a knight to follow on a chess board which visits
each square of the chess board once only. See activity 44 in
The Amazing Mathematical Amusement Arcade if you are
not familiar with knight’s tours.

Man 1 Man 3

Man 2

Dog A

Dog C

Dog B

The drawing depicts three men and three dogs, and the
object is to pair them off correctly. To do this you must
investigate knight’s tours on these shapes and decide on
which it is

(i) impossible to find a tour
(ii) possible to find a tour
(iii) possible to find a re-entrant tour.

Note that a re-entrant tour is defined as a route which a
knight could follow around the shape, visiting each square

once, and ending up a knight’s move from its starting
square.



61 Quadreels

A quadrille is a dance for four
couples. Quadreelsis a spatial
game for a couple to play
involving sets of four cotton
reels. Itisinfacta
three-dimensional version of
the popular game Connect
Four. Before playing the
game you will need to
construct the playing frame
and collect anumber of cotton
reels.

The playing frame consists
of a square base board say
15cm by 15cm, in which are
inserted 16 dowel rodsina
4 X 4square array (see the diagram). The diameter of the
dowel should be about 4 to 5 mm so that a cotton reelcan
slide down it easily. The length of a dowel above the base
board should be sufficient for four cotton reels tostand
securely onit.

To play the game you will need up to 64 cotton reels, halfof
which should be painted red and half blue, or whatevertwo
colours you prefer.

Players take turns to add a reel of their colour to the frame,
and the winner is the first person to obtain a line of four of
their reels. The line may be horizontal, vertical, orany
diagonal so there are many possibilities. A player’s turn
provides at most 16 possible moves, but deciding which to
take to improve your own chance of aline while trying to
make sure you stop your opponent needs a lot of skill.

62 Topsy-turvy

Investigate the set of numbers which have the property that
when they are multiplied by nine their digits are reversed.

When you have found the underlying pattern to that set
of numbers try finding the numbers whose digits are
reversed when multiplied by four.
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63 Which was the winning
strategy?

In a cross-country race four friends each decided ona
different strategy towards the way theyran.

Alan decided to run half the distance at 16 km/h and half
the distance at 8 km/h.

Bruce ran at 16 km/h for half the time and jogged at 8km/h
for the remaining time.

Christine decided to run at a steady pace of 12km/h
throughout.

Daphne counted her paces as she ran and reckoned torun
half of her paces at 16 km/h and the other halfat 8 km/h. In
what order did they finish?

64 A topological trick
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Ataparty Norman and Nuala were tied together asshown
and challenged to separate themselves without untying the
string or cutting it. To make it quite clear, Norman hasone
end of a piece of string tied around his right wrist, A, and the
other end tied around his left wrist, B. Nuala has a second
piece of string with one end tied around her left wrist, P, and
then looped under and over Norman’s string before the other
end is tied around her right wrist, Q. Try it yourself witha
friend. It may look impossible to solve at first but thereisa
neat way of unravelling yourselves which doesn’t require any
acrobatics.
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65 The blanket box

Peter went to a DIY shop to buy some plywood to make a
rectangular box in which to store blankets. The shop had a
policy of charging at a high rate for cutting into a new
sheet of plywood, but at a low rate for offcuts. Peter
searched diligently among the stack of offcuts and
eventually found three pieces which exactly fulfilled his
requirements. One piece was just right for the bottom and
a side. Another piece, when cut in two, would make a side
and an end. The third piece was just right for the top and
the remaining end. The DIY owner worked out the areas
of the three pieces (in order to compute their cost) as

6048 cm? 4563 cm? and 4995 cm?

Ignoring the thickness of the wood involved, what are the
dimensions of the box?

66 Divisibility

Can you arrange the digits 1, 2, 3,4, 5,6, 7, 8, 9in an
order so that;

the number formed by the first two digits is divisible by 2
the number formed by the first three digits is divisible by 3
the number formed by the first four digits is divisible by 4
and so on up to nine digits?

The order 1 2365 498 7 looks promising as

1 2 is divisible by 2

1 2 3 is divisible by 3

12 3 6 is divisible by 4
12365 is divisible by 5
12365 4is divisible by 6

Unfortunately 1 2 3 6 5 4 9 is not divisible by 7. Back to
the drawing board and try again!

67 Calculator challenge

The square number 25 has the property that when its
digits are increased by 1 it is converted to 36, another
square number, There is just one 4-digit square number
with the same property. What is it?
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68 Toasting efficiently

An old-fashioned electric toaster is only capable of toasting
one side each of two pieces of bread at the same time.

Two hands are needed to insert, remove and turn each
shice.

The time to toast a side is 30 seconds; the time to turnover
aslice is 2 seconds; the time to remove aslice and putitona
plate or to take a slice from the plate and putit in the toaster
is 3seconds. Starting with three slices of bread on aplate,
find the minimum time to get three slices of toast onthe
plate.

69 Playing safe!

A business man called away
ina hurry packed his bagin
the dark so as not to disturb
his wife. He had only two
colours of socks in his drawer
and, being a methodical
person, he knew the drawer
contained 10 grey socks and
14brown socks.

How many socks did he take
out to be sure of getting a
pair to match?

70 Odds on winning

Atalocal point-to-point meeting one of the races had only Odds
four horses running and the odds offered by the bookmakers | Brigadoon ~ 2to 1favourite
are those shown here. Odds of 5 to 2 mean that for every £2 Tophatter 5to2
bet the punter wins £5 and has the £2 bet returned, if this Lightning ~ 6tol
horse wins. Virginsky ~ 6tol

How could you lay your bets so that you could be sure that
no matter which horse won you would win £10.
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71 Tangrams

Start with a square ptece of
card(8cm X 8cmisa
convenient size) and cut itinto F
the seven pieces shown.
Now try fitting the pieces A G
together to form the shapes
below. Note all seven picces
must be used. B €
This is an ancient Chinese
puzzle which is ageless.

The shapes shown below are just a sample of the hundreds
of possible ones. The book by van Delft and Botermans,
Creative Puzzles of the World, is an excellent reference on
this puzzle, known as a tangram, and of many others such as
circular and egg-shaped tangrams.
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72 Number the sectors

Findnumbers A, B, C, D, E, and Ffor the six sectors sothat
the number in a sector, or the total of the numbersin a set of
adjacent sectors, gives all the integers from 1 to 25 inclusive.

Isit possible to obtain a larger range of numbers in this
way?

73 Rearranging the
hospital ward

A hospital ward contains 16 beds as shown. Usingeight
screens the ward has been subdivided into four regions
containing 8, 3, 3 and 2 beds respectively, categorised by the
patients’ illnesses. With a new intake it is necessary to
subdivide the ward into three regions containing 6, 6 and 4
beds.

What is the smallest number of screens that could be
moved to achieve this?

74 One hundred up!

This is anumber game for two players involving simple
addition. The first player calls a number from 1 to 10. The
second playerincreases this number by any number from 1to
10.

Players play alternately by always increasing the last
number called by any number from 1to 10. The objectis tobe
the first person to reach 100.

Can you devise a winning strategy?
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75 Hidden shapes

//’

4

(@) The sphinx-like shape A can be cut into tweidentical
pieces which can be rearranged to form many different
shapesincluding B, C, D and E. See what different
shapes you can find.

(b) Shape A has the further interesting property that itcan
be divided into four equal parts which are identicalin
shape to A itself. Can you find them?

What other shapes have this property?

(c) The trapezium shape T can also be obtained from A by
dividing it into two pieces of equal area and rearranging
them. How?

76 Always one short

479 has the interesting property that when it is:

dividedby 6 itleaves aremainderof 5,
dividedby 5 itleavesaremainderof 4,
divided by 4 itleavesaremainderof 3,
dividedby 3 itleaves aremainderof 2,
dividedby 2 itleaves a remainderof 1.

Which is the smallest number with this property?

There are three numbers less than 10 000 with the property
that on division by 10,9,8,7,6, 5,4, 3 and 2 theremainder
left is always one less than the number divided by. Canyou
find them?
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77 HAmoeboid patterns
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Amoebas move by changing their shape. The sequence of
shapes above all have the same area and change from one te
the next by a simple rule. Find the rule and give the nexttwo
shapes. Will the shape ever return to its original position?
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Spot the rule in this second amoeboid pattern and
investigate the different shapes which are generated.
Try making up rules of your own to generate shapes.

78 The Embassy reception

There were 80 ambassadors at
the Utopian Embassy’s
reception. By the end of the
evening every one of the
ambassadors had been
formally introduced and
shaken hands with every other
ambassador. How many
handshakes took place?




79 Quartering a circle

A circle can be divided into four parts of equal area inmany
ways, two of which are shown above. See what other ways
you can find of doing this.

Now see if you can find a way of drawing three curvesfrom
Ato B, ofequal length, which do not cross each otherand
divide the circle above into four equal areas.

80 Sweeping the park
efficiently

c 140 D 120 '3 .
Greenfingers

Park

80

A

The map above shows the paths in an inner city park, with
their lengths given in metres. Each day before the park is
open to the public a council worker drives around ail the
paths with a mechanical road sweeper. The sweeperis
housed at H and the worker is annoyed because no matter
what route is followed it does not seem possible to sweepall
the paths without retracing some. Is thisinevitable?

What is the shortest distance which the sweeper can take to
sweep all the paths and return to H?
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81 Pentomino parcels

For Xmas a large London store decided to pack its gifts into
boxes whose horizontal cross-sections were in the shape of
the pentominoes. They were then able to assemble a large
variety of Xmas hampers with a square (5X35) cross-section
each containing five presents. One such hamper is shown.
Also shown are the 12 pentomino boxes and their contents.
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The parents of a pair of twins Lucy and Philip put in an
order for two hampers with the proviso that Lucy’s should
contain a clock and that neither twin should have a prescnt

in common. What did they each get?

It is taken for granted that the five boxes in each hamper
are different.
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82 A stamp book with a
difference

One GPO stamp designer, more out of curiosity than

practicality, decided to design a book with six stamps in a
3 x2 page in such a way that by removing a single stamp or
a connected set of stamps it would be possible to match all

possible postage rates 1p, 2p, 3p, . . ., Np where N was to
be as large as possible. There would be no conditions on the
values of stamps which were allowed and his first solution
is shown here. The designer was very pleased with it to start

with for it seemed possible to tear off a stamp or a connected
set of stamps for all values frem 1p to 32p. However, on
checking there was one value which could not be made up.
(Note that the stamps must be connected by their edges.)

rerarra

[

23p 29p

The diagram shows connected sets of stamps which give
totals of 21p, 23p and 29p respectively. Check all the other
totals from 1p to 32p and find which one is not possibie.

Eventually the designer found values for the stamps which
made it possible to get further than 32p and without any gaps.
How far can you get?

83 Some curious number
relations

$3=4+3
135=1"+32+5
518=5"+1*+§°
2427=2"+4*+2°+7*

See if you can find any more with similar patterns.
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84 Concentric magic
squares

The 5X 35 magic square given here has the fascinating property
that the 3x3 array of numbers at its centre is also a magic 231112 |2|18
square.

This is not the only way in which the numbers 1 to 25 can 22116 9 (14} 4
be arranged to form a 5X5 magic square which includes a 5 11111315 | 21
3X3 magic square at its centre. Another one can be found
by forming a 3X3 magic square from the numbers g 112117 110 ] 18

5,6,7,12,13,14,19,20,21 7125|241 6| 3
and then suitably placing the missing numbers around its
border. See what you can find.

The concept of magic squares within squares can be
extended. When the adjoining 9X9 magic square is
completed it will contain each of the numbers 1 to 81 and
also contain within itself:

a 7x7 magic square 13
a 5X5 magic square 2 7 8116
and a 3X3 magic square 18 62| 65
7 3b 53 23
321 38 40 | 50 74
73] 57 41 25
22 441 34 10
68 46 52| 63
67 | 54 56 | 21
70 4| 3 80
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85 Connecting the fire
hydrants

Phoenix 100 D

80

60

A 90 G 110

The town of Phoenix was notorious for the number ofits
houses that were lost due to fires. To overcome thisbad
reputation the town councillors drew up a plan to site nine
fire hydrants at the points shown on the above map. To
ensure sufficient water pressure at these hydrants it was
decided to lay a new water main to interconnect them all.
Digging trenches to put in the necessary pipes was going tobe
very expensive so the town councillors decided to holda
competition to see who could devise the shortest watermain
to connect all the hydrants. Because of the existing buildings
the pipes could only be placed along the lines shown onthe
map. The length of each line in metres is given on the map.
Would you have won the competition?

86 To set you thinking

Twelve matches are

arranged like a hexagonal
wheel to form six identical
equilateral triangles. Show
how to move just four matches
to form three equilateral
triangles.

AN\/\
\\/
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87 Kirkman’s schoolgirls

problem
AN
= k".L';&-.?‘%
. AN Ry S
This problem was first proposed by o 1
T.P. Kirkman in the Lady’s and N )g ’-@ '

Gentleman’s Diary for 1850 and it
has since been subject to much analysis by numerous puzzlers
and mathematicians.

The puzzle concerns the house-mistress of a girls’ boarding
school who took her 15 girls for a walk daily. Theyalways
walked in crocodile in 5 rows with 3 abreast. From her
experience over many years the house-mistress had devised a
scheme whereby each girl had two different walking
companions on each day of the week.

Before trying this question try solving the similar one
applying to 9 boys walking in 3 rows with 3 abreast who are to
have different walking companions on 4 days.

88 Spot the pattern

At a first glance there may seem to be no rhyme or reason
in the pattern of black and white circles. But the pattern is . O . O O .

generated from the top row, by a simple rule where each . . . O . O

new row is worked out from the row immediately above it. O O . . . .
When you have spotted the pattern complete several
more rows and see if you can decide whether a row could O . O O O .

ever consist of: . . O O . .
all white circles O . O . O O

all black circles
one black circle.

Does the pattern in a row ever repeat itself?
Investigate what happens starting off with

(a) a different pattern of circles in the first row,
{b) a different number of circles in the first row.
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89 Two of a kind

Seme games which, on the face of it have nothing incommon
turn out to be structurally identical. The following games for
two players form such a group.

1 Take a pack of playing cards and from it extract the ace and
2to 9 of diamonds. Lay these nine cards face upwardson
the table and, with ace counting as 1, playersin turn picka
card from the table. The first person to hold three cards
which total 15 is the winner.

2 Print each of the nine words on a card as shown and place
them face up on the table.

BABY S0CK RUM

CRIB XMAS CANDLE

Players, in turn, pick a card off the table. The first
person to hold three cards containing the same letter wins,

90 Carving up the camels

On his deathbed the elderly arab gathered his three sons
around him and expressed his wish that his 23 prize camels
should be shared among them. Ahab the eldest was tohave
half of the camels, Aziz the second son was to have a third
and Abdul the youngest was to have an eighth share. Initially
pleased with their lot the sons soon realised theyhad a
problem for they couldn’t see how they could divide 23
camels into their allotted shares without slaughtering some of
them. In their anguish they turned to their late father’s
revered brother for advice. After sleeping on the problem he
lent them one of his own prize camels thus making a total of
24 and suggested they shared them out. Ahab took 12, his
halfshare, Azis then took 8, his third, and Abdul then tock 3,
his eighth share, and then returned his uncle’s camel tohim
with much thanks. Where is the catch?
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91 Thwaites’ conjecture

When Bryan Thwaites was a schoolmaster in the early 1950s
ke set his pupils a task of investigating the sequence of
numbers produced when if a number was even it was halved
and if it was odd it was multiplied by 3 and then increased by
1.

For example, if 7 is taken as the starting point then
7odd - 7x3+1=22

22even—22 +2 =11
ilodd - 11x3+1=34
3even—34+2 =17

170dd —-17Xx3+1=52
52even—352+2 =26
26even—26+2 =13

and soon.

Clearly an odd number leads to a larger number, but it will
necessarily be even, so at the next stage it wili be halved.

From the pupils’ investigations at the time, and hisown
researches since, Bryan Thwaites believes that the sequence
will eventually reach 1, at which point it would keepcycling
through the sequence 421421421. .. so 1 can be taken as the
end point. Many mathematicians around the world have tried
to prove this conjecture, or alternatively find a differentend
point, but so far without success.

Continue the above sequence until it reaches 1 and then
investigate the process with other starting points.

92 A fascinating family of
square numbers

16 = 42
1156 = 347
111556 = 3347

11115556 = 3334
1111155556 = 33334

Each number in this sequence is obtained from the previous
one by inserting 15 in the middle like the extra leafinan
expanding table. Can you show why the numbers in this
sequence will always be square no matter how far yougo.

There is one other sequence of numbers like thisone. Seeif
you can find it.
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93 Playing detective

When a teacher’s telephone bill arrived she noticed with
interest that the number of pounds was a factor of her
telephone number. What’s more, she realized that the
remaining factors corresponded to the size of her fifth
year mathematics class and to the number of her
children.

Her telephone number was 18998 and you might be
interested to know she had one more son than she had
daughters.

What can you find out about her?

94 Community coppers

7

7

%

o

A city police force has to keep its blocks of buildings under
constant surveillance at night on all sides. The blocks are all

the same size, square, and in a regular pattern asshown.

Each police constable can see only the length of one block.
For example, a constable at A can see two sides of each ofthe
four blocks which meet at that cross roads. A constable at B
on the edge of the city can only watch two sides on each of two
blocks however, while a constable at C could only watch two

sides of one block. )
The probiem is to find the smailest number of police

constables who could keep a watch on the above 4 X 3city.
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95 The shunting yard

Three parallel tracks in a shunting yard, a, b and ¢, are
connected by short tracks p and q. There are twelve trucks
numbered 1 to 12 online ¢, see the diagram, and itisrequired
that trucks numbered 3,7, 10 and 11 are shunted onto linea

by the engine on line ¢ to make up a train for anew

destination. How would you do this in the most efficient way
possible, that is with the fewest shunts? The remaining trucks

and engine are toend up on line c.

96 A symmetric cross-number

An 8 X 8 cross-number puzzle
has most of its black squares
missing but they can soonbe
filled in with the knowledge
that the completed puzzle is
symmetric about the two
dotted lines shown. To
complete the puzzle all you

need to know is that every
number is either prime or the
cube of a prime, and that only
three different digits appearin
the solution.
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97 Intersecting lines

Y

Yy

4

(a) {b) (c)

Five straight lines can be drawn in a plane in aninfinite
number of ways. They could be parallel as in (a) whenthey
do not cross anywhere, or all pass through one point asin (b).
The largest number of intersections obtainable is 10 as in{(c}.

How many different ways can you find to draw 5 lines with
only 8 intersections?

Now show how to draw 10 lines so that they make 27
intersections.

98 One-upmanship!

Christopher and Elizabeth were working togetherona
project about square numbers when Christopher announced
that he had found something very special about the squaresof
the eight numbers

7,8,9,10,11,12,13,14.

He found that they could be divided into two sets of four
whose totals exactly matched:

21+ 1224+ 132 =462 =82+ 9 + 112 + 142

He sat back, proud of his find, but Elizabeth took acloser
look at the numbers. She first wondered whether the fact that
14 was double 7 was important but after further
investigation, decided that this was a red herring and tried
looking at the squares of 5,6,7,8,9, 10,11, 12. She found
that these could also be put into two sets with equal totalsand
began to speculate that it might always be possible with the
squares of eight consecutive whole numbers. Is she right?
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99 The Grand Prix circuit

80 m

50m
The plan of a Grand Prix car /<\ 50 m
racing circuit is as shown.
Every time a car roundsa 50 m

bend the wheels on the outside
of the bend travel further than
those on the inside. If the

50 m@

distance between the inner 50 m
and outer wheels of a caris2
metres, how much furtherdo

the outer wheels travel on one 4 50 m

lap of this circuit? (/
Start 4~

50 mD

50 m

150 m

100 Robotics

/ FlALC)”®
\
D A B [

At apoint on a production line four components arrive in
order ABCD but may be required at the next stage inany
order. To achieve the order required a robot hasbeen
programmed to do two basic operations:

t. interchange the first two components
r: move the last component to the front and push them
all back one space.
These operations are represented by the diagram above.
How can the robot’s two basic operations be used to
produce the order DACB?
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101 Think again!

1

1 1

21

1 211

1112 21

312 211
3112 2 21

What is the next line?

In which line does 4 occur first.
The step from one line to the next is very logical and not
difficult, but can you spotit?

102 Squared sums!

D. §tP. Barnard regularly sets puzzles in The Daily
Telegraph and set one recently based on the intriguing
relation

(6048 + 1729)* = 60481729

There is another pair of 4-digit numbers with the same
property but without a microcomputer you may take along
time to find it. However similar properties exist for pairs of
single-digit number and pairs of 2-digit numbers which are
much more accessible. Investigate all the solutions to

(a+b)>=ab whereab isa2-digitnumber,
(ab + ¢d)? = abcd where abed is a 4-digitnumber.

103 A doublymagic triangle (2)

The numbers 1,2,3, . . .,9canbe putinto the circles on the

triangle in many ways so that their sum along each side is o o
the same. But can you find such an arrangement where the

sums of the squares along each side are also equal to one

another? o o
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104 The travelling
salesman problem

=0 ]F\\ Y

BINKS

There are many times when
people have to visit a number
of different places and then
return to the starting point.
They will often want to find

the shortest possible route. BRUSHE S R

Such a situation is called the D m ( ‘!"r;—\\ ,—‘- %
travelling salesman problem, . )'—) -__) '
foritis one which salesmen (k L -
face on most days of their. C

working lives.

Itis, however, a problem which many people would like to
solve: for example,

— the oil-tanker driver who has to take petrol to a numberof
different filling stations,

— the driver of a milk-tanker who has to visit scattered
farms,

— the American tourist who wants to visit Cambridge,
Stratford-on-Avon, Edinburgh, Plymouth and
Stonehenge.

Consider Mrs Lavender asaleswoman based in Exeter, who

has to visit the local towns shown on the map (a) tosell

cosmetics. The numbers on the roads give the distancein
miles between the towns. Whatis the shortest route she can
take which will both start and end at Exeter?

EXETER

{a) Exmouth

Okehampton
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One popular method used to solve this type of problem s
the nearest city approach. This means that Mrs Lavender will
begin by going to the nearest town to Exeter. Thisis
Crediton. Next she goes to the nearest town to Creditonshe
has not already visited and so on. This leads to the solution
shownin (b). First we have the loop Exeter, Crediton,
Tiverton, Cullompton, Exmouth and back to Exeter. After
that there is the short loop Exeter, Okehampton, Exeter.

The total distance following this route is 107 miles, which s
not the shortest. In practice it may use better roads and be the
quickest, but we are only looking for the shortest distance. Tiverton
Can you find the shortest route?

Cullompton
Crediton

Suppose Mrs Lavender adds
Honiton to the list of towns
she will visit. What will now
be the shortest route visiting
all the towns (starting and Exmouth
ending at Exeter)? Could Mrs Okehampton

Lavender find a shorter route {b}

if she started and finished at

Cullompton?

Doesit make any difference
which town you start and
finish at?

If Mrs Lavender did not
have to finish at the town
where she started, which
towns should she start and end
at to give the shortest route?

Mathematicians have tried )
hard to find ways of solving Crediton
problems like these. So far
they have been unsuccessful.
They know that a shortest
route cannot cross itself.
However, the methods they
know for finding exact
solutions are no use for
complicated problems with Okehampton (cl
many towns. Exmouth

Tiverton

18

Cullompton

Honiton
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105 Evermore trianglesand

squares
Take six drinking straws and cut themin
half to give twelve short straws. Arrange \ \
them to make the two equilateral triangles
shown.
How else could you make two
equilateral triangles using all of the short
straws? { .
Using all twelve of your short straws in each case show how
to make:
(a) oneequilateral triangle {g) onesquare
(b) three equilateral triangles {h) twosquares
(¢) fourequilateral triangles (i) threesquares
(d) five equilateral triangles (j) fivesquares
(e) sixequilateral triangles (k) sixsquares
(f) eightequilateral triangles () threesquaresand

cight triangles

106 Edging along the
octahedron

E

F

Starting from one vertex of an octahedron, say A, it is
possible to find a route along all its edges and return to the
starting point without having to retrace any edge, for example

A—-B—oFE-sD>sFS5B>CosDsAF>C—oF—-A

How many such paths are there which start at A?

The fact that such paths exist means that it is possible to
make an edge model of an octahedron by first making a
closed loop of twelve straws threaded on a length of shirring
elastic, and then tying the loop together at six points
corresponding to the vertices. Make one for yourself!
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107 Toilet tissue thickness

An accountant was always on the lookout for a bargain when
she did her shopping. One day she saw that Sainsbury’shada
special line selling packs with 4 rolls of toilet tissues, with 240
sheetsin each roll. Knowing how particular her sons were
about the thickness of the tissues they liked to use, she tried
to work out the thickness of these particular tissues so that
she could compare them with those she usually purchased.

She knew the tissues were 14 cm long and she estimated the
diameter of the rolls as 11 cm, each wound on cardboard
cylinders of diameter 4 cm. At first she was concerned at the
fact that the tissues were wound onto the roll in a spiral with
increasing radius, but it wasn’t long before she saw her way
around this problem and calculated the tissue’s thickness.
How thick was the tissue?

About how many turns of paper are there on eachroll?

108 Fun with subtraction

The square pattern shown was 25

obtained by putting the
numbers 1, 25, 37 and 28 at
the corners of a square. By
joining the midpoints of its 12
sides, a smaller square was
drawn inside the first square.
Each corner of this new square
was allocated a number by
finding the difference between
the two numbers at the ends
of the line on which it stands
(eg, 37-25 = 12,3728 = 9).

This new square was then 3
taken as the starting point and
the process was repeated until
the numbers in the corners
were the same —-in this case 6.

What is the longest sequence 1
of squares that you can find?
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12 37
9 3
8 6
24 9 6 16
6 0
15 18
27 28



109 Make a century

96 + 2148 =100
537

There are eleven ways in which the digits 1, 2, ..., 9canbe
arranged as a whole number plus a rational number whose
sum is 100. One of these ways is shown above. See howmany
of the others you can find.

110 Know your cube

Find the angle between the two dotted lines drawn on the
surfaces of a cube.

111 Mixed doubles
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The village tennis club was quite a modest affair havingonly
two courts. On one Saturday afternoon only eight players
turned up to play,

Adnan, Bernard, Colin, David

Amanda, Brenda, Carole and Doris.

Carole, the club secretary, always ready to organise, soon
proposed a plan for mixed doubles. Her plan envisaged
gveryone playing three matches in such a way thatnoone
ever had the same partner twice or the same opponent twice.
The ingenuity of this plan pleased everyone so it wasreadily
accepted.

What was Carole’s plan?

Cx

’Qnub
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112 Siting the airport
terminal

AB, BCand CA represent three runways at abusy
airport. Itis planned to site a new terminal building ata
point P so that the total distance of the approachrunways
to be built

PN+ PL+ PM 5

is a minimum.

ABCis an equilateral triangle, and the new runways
are perpendicular to the main runways. Where should P
be sited?

113 Reconstructing the
manor house

Some historians were trying to piece together evidence, from
a variety of sources, on an old manor house, long since
destroyed. They knew that one of the main rooms had a
long wall completely oak panelled, while its end wall opposite
the doorway was covered by a tapestry purchased in France.
The floor had been covered by a specially made Persian
carpet. Many details of the design and colours were known

in each case, and they knew the areas of the panelling, the
tapestry and the carpet were 72m?, 32m? and 144m?.
Nowhere, however, could they find any reference to the
linear dimensions of the room. Can you help them?

114 Who came in second?

Tom, Dick and Harry engage in some track and field events
in which points are awarded for 1st, 2nd and 3rd. At the end
of the events Tom has 22 points, while Dick and Harry both
have 9 points. No-one else had any points. Dick was 1st in
the javelin throw. Who came 2nd in the 100 metres?
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115 Chess board tours

Although the activities here are described in terms of a chess board and
chess pieces all that is required is some squared paper, a pencil, and the
basic knowledge of how a chess piece moves.

Rook’s tours

A rook can move to right or left, or up or down only. Investigate
routes which a rook can follow on a chess board which enable it to visit
every square once and return to its starting point. Such routes, which
form continuous loops are called re-entrant. Two solutions are given to
start you off.

What is the smallest number of changes of direction required by a
rook to complete a re-entrant tour?

If a rook’s tour is not required to be re-entrant then it can visit each
square once with only fourteen changes of direction. Can you find such
a route?

Is it possible for a rook to start at one corner, enter every square
once, and finish in the opposite corner?

Queen’s tours




A queen can move diagonally as well as to and fro and up

and down like a rook, so its tours can have more variety.

The first example of a queen’s tour shown here is sym-

metric and travels from one corner to another, while the

second one has no pretence to symmetry but is re-entrant.
Investigate symmetric re-entrant tours.

If the queen is allowed to visit a square more than once
then it is possible for her to make a re-entrant tour of the
board with only thirteen changes of direction. See if you
can find such a solution.

The queen’s tour shown right has the fascinating pro-
perty that if the squares are numbered consecutively, as
they are visited, starting with 1 in the square marked S,
then it will be a magic square. Test it for yourself.

Bishop’s tours

Bishops are restricted to diagonal movements only, so if a
bishop starts on a black square it can only move to another
black square. Even then, it is not possible to visit all the
black squares on the board without re-visiting some of
them on the way. Why?

The tour shown here misses out on six black squares.
You can do better than this!

If you allow the bishop to revisit some squares then it is
possible to start at one corner, visit every black square and
end in the opposite corner on a route consisting of seven-
teen lines. How?

116 Amaze your friends

Ask one of your friends for two 6 figure numbers, aand b.
Write these down and under them write a number a* of your
own choosing. Now ask for a different 6 figure number c,
which you write down and then add another number ¢* also
of your choosing, before quickly writing down the total of
all the five numbers.

How are a and c connected to a* and ¢*, and how is the
total connected to b?

The queen’s magic tour

728461 a
376598 b
+2716538 a*
8547500 ¢
145249 c*
2376596



117 Court card capers

Take all the Jacks, Queens, Kings and Aces from
a pack of playing cards and arrange them in a Ace King Queen Jack
4 x 4 square array so that each row and each
column contains exactly one card of each rank.
One solution is shown but there are many more.

Now find a solution in which the diagonals as
well as the rows and columns contain only one
card of each rank.

But the real puzzle is to find a solution where
there is only one card of each suit as well as only
one card of each rank in every row, column and Jack Ace King Queen
diagonal. There are 72 solutions ... take your
pick!

King Queen Jack Ace

Queen Jack Ace King

118 Crossing the desert

A group of students organise an expedition to explore the
interior of a vast desert region. They arrive at the edge of
the desert with supplies (petrol, water, food etc.) for a
journey of 1600 miles. Unfortunately they only have one
lorry, and fully laden it can only carry sufficient supplies for
400 miles.

What is the greatest distance they can travel into the desert
and return safely?
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119 Don’t be square

Four counters can be puton a5 X 5 board so that they lieat
the vertices of a square in many ways. Two are shownhere,
but how many are there altogether?

What is the largest number of counters which you can put
on the board so that no four counters lie at the vertices ofa
square?

You could make an interesting game out of this for twoor
three players. Each player adds a counter to the board in turn
and is eliminated if this counter forms a square with three
other counters already on the board. The winner is the last
person to play a counter which does not form a square.

120 Can you help the
motorway designer?

Four large towns lie at the vertices of a square of
side 20 miles. Because of the growing importance
of trade between the towns the government
decided to design a moterway network to
connect all the towns to each other. Naturally,
the government wanted to keep the cost to a
minimum, so they insisted that the engineers
made the motorway as short as possible,

The engineers considered the merit of a variety
of solutions, such as the three shown here, and

B4 c 8 c g

Al D A D A

soon came to the conclusion that the best
solution would be to have a motorway along the
two diagonals AC and BD which required 56.6
miles of carriageway which they thought was the
shortest solution. But they were wrong. There is
a better solution. Can vou find it?
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121 Look before you leap!

1 Which weighs heavier, 50 kilograms of feathers or 50
kilograms of coal? PR %

2 How much earth is there in a hole in the ground which ~ %
is 25m long, 6m wide and 2m deep?

3 A ship stood at anchor outside a port. To make access
for visitors easier a rope ladder was hung over the side. The
rungs of the ladder were (.4m apart, and at 10a.m., 12 rungs
of the ladder were above the water. The tide was rising at
a rate of 1.2m an hour, so the lady mayoress of the port
delayed her visit to the ship until 1.00 p.m. by when, she
argued, she would have fewer rungs to climb. How many
rungs did she climb assuming that the tide continued to rise
at the same rate, and that she arrived on time?

4 A squash racket and a ball together cost £31.60. The |
racket cost £30 more than the ball. What did the ball cost? * . TV &y o

5 A farmer, who had been plagued by rabbits, went out
early one evening armed with his shot gun. He found 13
rabbits feeding in his corn field and with his first shot killed
one. How many rabbits remained in the field?

122 What’s wrong?

Letx = y be any non-zero number. Then multiplying
through by x gives

x2=xy

and subtracting y° gives
=y =xy =y

factorising both sides leads to
(x=y)x+y)=(x—y)y

and then dividing through by the common factor leaves
x+y=y

Buty =xs0
2x=x

and as x is non-zero we must conclude that
2=1

Where is the flaw in the argument?



123 Calendar capers

Because the numbers on a calendar occur in 7 columns there
is a regularity about their pattern which can be exploited in
some simple tricks.

Ask someone to add together three numbers which come
immediately beneath each other in a column and give the
total. Suppose the total came to 45 then you can very quickly
give them the three dates they have added, for the middle
date is “2 of the total (i.e. 15) and the other dates are 7 each
side of it (i.e. 8 and 22).

What were the dates when the total given was 577

How could you adapt the method if someone gave you
the total for five numbers in a column?

One of the columns of five numbers above totals 85. Which
one? You should have no need to add up any of the columns,
When you start looking at the pages of calendars, no

matter for which month or year, you will realise that the
same numbers always occur underneath one another for they
stepupin7s, so, for example, 18 is always below 11 and 25
always below 18.

Why can’t a column which starts with 6 have five numbers
in it?

Can you devise a method to give the dates when you are
told the total of four numbers which came underneath each
other?

Relationships can easily be established between the dates
inside a2 X 2 square or 3 X 3square and theirtotals.

Witha2 X 2 square for example the total isalways

4 X (smallest date + 4)

and this can be used both ways:

(a) ask someone to give you the total and then you give the
dates
or

(b) ask someone to give you the smallest number and then
you give them the total.
Why does it work?

Suppose the smallest date is D then the four datesare

D D+1
D+7 D+8

with a total of 7= 4D + 16 whichis equal to 4(D +4).
Suppose you were given the total Tthen to find D first
divide by 4 to find D + 4 then subtract 4.
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Sun Men Tue Wed Thu Fri Sat

4 5

11 12 13 1
18 19 20 2

6 7
4
1

1 2 3

819 10
15(16 17
22123 24

25 26 27 28 29 30 31

Sun Mon Tue Wed Thu Fri Sat

1

7 8

14 15

2 3
9 10
16 17

4 5 6
11 12 13
18 19 20

21 22 23 24 25 26 27
28 29 30 31




124 Optimising

The number 17 can be expressed as the sum of positive
numbers in many ways, for example

17=6+11=2+3+5+7

Now consider the product of the numbers used in the
decomposition in each case:

6 %X 11 =66 2X3x5x7=210

The challenge is to find the decomposition of 17 into a set
of positive numbers which yields the largest product.

125 How not to cancel

In a lesson on simplifying fractions Jane saw the two 6s in
the fraction ¢ and crossed them out.

%r_/ _ 2
5 5
When the teacher read out the answers at the end of the

lesson Jane proudly ticked her answer. How many other

fractions of the form -?)—2- can you find where crossing out the

bs will leave the correct answer %? You may ignore the
trivial solutions where a = b = c.

126 Integers only

Investigating triangles whose sides and whose areas were
integers a student found to her surprise that she had
discovered three such triangles whose area was 84 square
units. Can you find them?
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127 Box designing

A cardboard box manufacturer asked his designers to
produce a suitable net for a box equivalent to two cubes with
a partition down the middle and two lids as shown. There
are many possible designs which you can find for yourself,
but the design eventually used by the manufacturer was
based on the cross shown.

Show how, by making two cuts in the cross, it can be
folded to form the required box complete with its lids.

128 A multitude of magic
sqgquares

5| 8 518123

12 B 30112| -6

1116 19

Starting with 5, 8 and 12 in the positions shown the magic
square can be completed uniquely as shown by knowing that
the magic total is always 3 times the number in the centre.
The challenge is to find all the different 3 X3 magic squares
which contain, 5, &, and 12.
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COMMENTARY

1 Matchstick magic

Insolving matchstick puzzles most people start with a hit or

miss approach, but a little bit of analysis can pay dividends.
Here there are 24 matches so removing 4 leaves 20. If exactly
five identical squares have to be formed then it indicates the

need to look for five squares which have no matchstick in
common. As matches are only being removed, the
arrangement must already exist within the original array and

the solution is shown here. The smallest number of matches
that can be removed to leave just two squares is eight: the

outside 33 square and the middle square.

2 The car jam

Take the width of a car as 1 unit, its length as 2 units, and
L, R, U, D to mean left, right, up, down respectively.

Then car 1 will be released by the following car moves:
LD, 4U1), 5(R2), 11{U2), 6(U1), 1(U2), 12(L4), §(L1),
13{UD), 10(R1), 1{Dé). The key to the solution is to
appreciate that 10 must move to the right which can only
be achieved by moving 13 up, which in turn requires that
12 moves left etc.

Try making similar puzzles of your own,

3 Who nobbled the racehorse?

GG WEGHUN LS} Memecr's
ENCLasuRE

GROOM

‘ !
STABLE .~ JOCYEY OWNER <RAINER

BOY
Putting all the evidence available on the diagram of the
racecourse leads to the groom as being the guilty party. The
jockey’s route excludes the owner and the trainer, while the

fact that the stable lad and the groom met at the tack
room excludes the jockey.
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4 The car importer

This puzzle depends on the fact that 1 111 111 is the
product of just two prime factors: 4649 and 239. Thus
there were 239 new cars each costing £4649. Theoretically
4649 cars at £239 is a possible but unrealistic answer.

S Number pyramids

30 22
7 7
%7 A 13 ;2 / 10
AR 5 % 7 % E
{a) (b)
19 23
7 Z
711 /A; ;1 ﬁ;
s U510 3 a Kk /¢ 2
(c) {d}

6 The triangular building site




8 The jeweller’s chain

There are seven pieces to join so the obvious solution would
appear to be to cut a link on six of the pieces and use it toadd
another piece of the chain thus taking 2 hours.

A better solution is to cut all the links of the piece which
had 5 links and use those links to join together the remaining
six pieces thus taking 1 hour and 40 minutes.

The best solution however is to cut the 4 links of the two
pieces which had 2 links and use these to join together the
remaining five pieces thus needing only 1 hour and 20
minutes.

The jeweller could thus have gone home at 6.20 pm.

9 The anti-litter campaign p

11 bins are required to ensure 3 on each path. The solution
is indicated by the small circles which occur at all the 10
points where four paths intersect, and where two paths
intersect at the middle of the bottom end of the park.

Only four park attendants would be required to ensure
the presence of at least one on each path and their placing
is indicated by the letter P on the diagram.

This puzzle is best tackled by making a drawing of the
plan of the paths and experimenting with positioning
counters at intersections to aid one’s thinking.




10 The railcar terminus

The solution to this puzzle depends on appreciating that
the effect of driving a set of railcars around the loop is
that they re-enter the main line in the opposite order to
that which they left it. To put railcar 7 in the position to
depart first requires, initially, that it is positioned on the
left hand end of the line of railcars, by driving 1, 2, . . . 7
around the loop, and then to drive all nine railcars around
the loop.

9 81 2 3 4 5 6 7

These two moves correctly position railcar 7 which can
now be left alone and the next railcar to depart, number 9
be repositioned. The strategy would be to first get railcar 9
to the left hand end and then reverse the order of the eight
railcars to the left of railcar 7 to achieve the correct
position of railcar 9. In this case railcar 9 is already
conveniently at the left hand end so only one move is
required and when it is carried out it also carries railcars 8,
1 and 2 into their correct departure positions.

- 1
9 81 2 3 4 5 6 7
6 5 4 3 21 8 9 7

The next railcar to position is thus number 4 and this
requires two moves

6 5 4 3 2 1 8 9 7
—
4 56 3 21 8 9 7

3 65 4218 97

Again the moves conveniently alse place railcar 5 in the
right departure position so it only remains to interchange
railcars 3 and 6 to achieve the required order
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1
36 5421897

6 3 5 421 8 9 7
In this case the correct departure order has been

achieved by 6 moves, where a move is defined as taking a
set of railcars around the loop.

11 Paving the patio

12 Mind stretching

It is possible. The sequence of diagrams indicates how the
paper model can be turned inside out and how one can
imagine the hole shrinking and the tube returning to its
original shape.

13 The chapel hymnboard

Only 51 cards are necessary.
Because of the possibility of someone choosing the five
hymns

966 699 696 669 666

The 6 (9) digit will have to occur in fifteen different cards.
Because of the possibility of someone choosing five
hymns such as

888 881 882 883 884

all the digits 8, 7, 5, 4, 3, 2, 1 will have to occur on eleven
different cards.
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The largest number of occurrences of 0 will be with a
selection of hymns such as

100 200 300 400 500

5o that 0 will have to occur on ten different cards.

This gives a total of 102 numbers, and by careful pairing
of these it will be possible to put them onto 5] cards and
satisfy all requirements.

Such a solution would be as follows.

Two cards each of (6, 1) (6, 2) (6, 3} (6, 4) (6, 5) (6, 7) (6, B)
One card 6, 0)

Four cards 0, 8)
Five cards 8,7
Four cards 7, 5
Five cards (5. 4)
Four cards {4, 3)
Five cards (3, 2)
Four cards 2, 1)
Five cards 1, 0

14 One step forward, march!

Many solutions are possible with a 4 x 4 board. One is D'A|C'|B

shown here where A — A’, B = B’ etc. The 5 X 5 board clelola

however cannot be solved for the simple reason that if

there are 13 black squares there will only be 12 white HY1E |G| F

squares, and as a knight jumps from a black square to a GlElH|E

white square there are just not enough vacant squares.

16 Complete the set

The numbers are all of the form n'%~*where ne{1,2, ...,9}

so the missing number is 343 = 7°.

17 The 0ld Girls’ reunion

Mrs Barbara Brown had duck.

Ms Bridget Baker had roast

beef and an ice cream Miss Brenda | Mrs Barbara| Mrs Beryl | Miss Betty | MsBridget
.. S Black Brown Burns Broad Baker

This is not such a difficult

P roblem'to solve as it may first drink martini sherry martini sherry fruit juice

appear, if tackled meat steak duck r. beef steak r. beef

systematically using 4 table. dessert gateau ice cream gateau fruitsalad | icecream
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18 The chocolate manufacturer’s
dilemma

This is a packing problem. By using

hexagonal packing instead of square

packing the box can hold 50 chocolates

instead of 48 and thus be of the correct Square

weight. Instead of 8 rows with 6 chocolates packing

there are 5 rows with 6 chocolates and

4 rows with 5 chocolates. To show that

this is a possible solution use circular

counters or coins. Theoretically itis not

difficult to justify. In square packing the

distance between the lines of the centres

is2R, where Ris the radius of the H::;? ;:,',';al

chocolates, whereas in hexagonal

packingitis V3R, see the diagram. Thus

the length of box required for the 9rows

inthe hexagonal packing is

2R +8V3R =159R

which is just less than the 16R required by 8 rows insquare
packing.

AABC is equilateral with side 2R
AD=2Rcos30° = R/3

19 The Ruby wedding

The Ruby wedding celebration puts the likely ages of William
and Ruth above 56, while their ages are not likely to differ

by more than one if they shared a desk at school. This
suggests numbers which differ by one whose squares differ
by a square number.

Now 61° — 60 = 112
and 85% - 84% = 13?

look likely. The second can be ruled out however as it
suggests a family of thirteen children born to a couple who
married in their forties. Thus William and ‘young Ruth’
married when they were 21 and 20 respectively, and raised
eleven children.
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20 The flight controller’s
nightmare

No solution is possible.
As soon as flight paths have been arranged from A and
Bto P, Q and R then one of these airports (P in the
diagram) will be inaccessible to flights from C. Eight of the
nine flight paths can be planned but not the ninth.

L X4

21 Three of a kind

Intelligent use of trial and error starting with possible
values for A and deducing possible values for B soon leads
to the solution A = |, B = 4, C = 8. This is the only
solution unless youcount 4 = B = C = 0.

22 Coin contortions

OX 2®

(a)

{a) The bottom coin of the
cross is moved on top of
the centre coin.

(b) The two coins are added
to the H pattern to give
ten lines of three coins as
shown. ‘ (b) l
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23 An elephantine hole

Take a folded sheet of newspaper and make cuts as shownin
the diagram alternately from the folded edge and the edge
opposite the fold. Then cut along the fold line from Pto Q.
The resultis alongloop of newspaper. By making asufficient
number of cuts theoretically the loop can be made as large as
one pleases and certainly large enough for an elephant!

24 Loading the ferry

Using the ‘fill each lane from the left’ strategy only 11 willbe
loaded:

leftlane 3+45+9+4+144+6=37
middlelane 10+ 11+ 13 =34
rightlane 7+8+15 =30.

This leaves spaces at the ends of the lanes of lengths 3m, 6m
and 10 m which cannot be utilised by the next vehicle inthe
queue which is 11 mlong. The percentage wastage isthus

B+6+10) w100 =16%
120

However, by carefuily selecting the lane which each vehicle
joins as it enters the loading bay it is possible to load 13
vehicles with no wasted space:

3, 5, 9, 14,6, 10,11,13,7, 8, 15,11,8, 4
LLMRRLULRRMMLM

leftlane 3+454+10+114+11=40
middlelane 9+ 8+ 15+ 8 =40
rightlane 14+6+13+7 =40.

25 Postage due

Using stamps of denominations 2p and 41p or 5p and 11p,
the largest unobtainable postage would be 39p. Both
solutions are correct although the second solution seems
more realistic.

o~
0=
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26 Ann’s tower

The only way Ann could have made exactly three cubes of
bricks from one cube of bricks is if the cubes in the tower
have edges of 5 bricks, 4 bricks and 3 bricks and the box

has an edge equivalent to 6 bricks for
3P+ 4+ =6

and no other reasonably sized numbers satisfy this

relationship.

The tower will be twelve bricks, i.e. 60 cm, high.

28 Reafforestation!

A pegboard and plentiful
supply of pegs would be an
aid to solving this puzzle.
The solution is very satisfying
when you find it because of
its symmetry.

29 Find the route

Start == 1

o~

G\
Y

Y
bty

|
)
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30 The tournament draw

At the end of the first round there need to be 16 (2*) players
left in to allow for a half of the players to be eliminatedin
each succeeding round. This means that 11 (27—16) players
have to be eliminated in the first round. This in turnimplies
11 first round matches involving 22 players, so only Splayers
will receive byes. There will then be 16, 8, 4, 2 playersinthe
succeeding rounds, i.e. 5 rounds altogether.

The number of matches will be half the number of players
ateach stage so willbe

11+8+4+2+1=26.

But you could have arrived at this number much more easily.
There is only one winner in the competition and 26 losers.
Each match determines one loser so for a tournament with N
competitors there will need to be precisely N — 1 matchesto
eliminate the N — 1losers.

31 The police officer’s beat A 4

The police officer can patrol
the beat by walking 2.6km. Y Y

It is impossible to trace out £ £ G H

]

3
4
Y

the whole route without
retracing at least one street.
All possible shortest routes
will start and finish at the

h

A
L

points O and I and will retrace
BC. L

One way of doing this is to
start at O and follow the route A

given by N
OPLMIDCBGHCBAFENOKIJFGKLHI Start

which ends at 1.

A mathematical analysis of
this problem depends on the
distribution of odd and even
nodes in the network.

BFinish
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33 The stamp machine

Mrs Royale Mail used stamps with values of 1p, 2p, 4p, 8p
and 15p and this solution is based on that of designingthe
most efficient set of weights for a pair of scales. In thatcase
weightsof 1,2, 4, 8 and 16 are used which allows accurate
measurement of weights from 1to 31. The extraconstraint
here was in the coins used which gave the total value of the
stamps as 30p.

W

Above s a neat solution requiring eleven stamps to give any
value from 1p to 30p but better solutions requiring only nine
stamps are given by the sequences:

1 1t 12 4 3 3 3 2
1 1 2 3 7 7 4 4 1

34 Billy Bunter’s bargain

He was able to collect 10 free bars.

Using 64 of the 71 labels collected he obtained eight free
bars.

But each of these bars had a label which enabled himto
collect one more free bar. With the label from this bar and
the seven left from the original 71 he could then collect his
tenth bar. Inevitably he had one label from that bar left which
he kept to remind him of his lucky break!
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35 Al touching

This may seem an impossible problem to solve until yousee
the solution, (a).

Even more surprising is the ability to arrange seven pencils
so that they all touch each other; see (b).

36 1984 revisited

(a) 1985% — 1984% = 632, an occurrence which last happened
in 1860-61.

(b) 1984 = 211 — 2% = 64(32—1) so one solution using eight
‘4 digits is
1984 = (4 4 x 4) {(4 X 4 X V4) — 4/4).
1984 = (2% — 8) X 8s0 using [ V8] which gives theinteger
part of V8 we have 1984 = ([ V8]? — 8) X §usingjust
four ‘8’ digits.

37 Ildentical twins, quads and

triplets
49 x 101 = 4949
38 x 10101 383838

Now 10101 = 3 x 7 x 13 x 37

so any 2-digit number ab multiplied by 3 then 7 then 13
then 37 will give ababab.

73 x 101 x 137 = 1010101

so the product of ab by these numbers produces abababab.

38 Rhyme around

Both rhymes are aids to remembering the digits for an
approximation to x. Count the number of letters in each
word . . .

7 = 3.141 592 653 589 793 238 46 ...
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39 Touching coins

(a) The usual solution given to this puzzle is to have three
coins touching each other in an equilateral triangle array
with the fourth coin on top of them. The most satisfying
solution is to have the four coins placed as if they are the
incircles of the faces of a regular tetrahedron.

(b) A tricky puzzle to solve! First place two coins touching
each other flat on top of a third coin as shown. Nowstand
two coins on the bottom coin and tilt them, to toucheach
other. With care the ‘standing’ coins can be placed to
touch all three horizontal coins thus selving the problem.

40 Two wrongs make a right

This is just one of the hundreds of puzzles set by the Victorian
king of puzzles Henry Ernest Dudeney. It has more thanone
solution. Four are given here

25938 25387 25469 49265
+ 25938 + 25387 + 25469 + 49265
51876 50764 50938 98530

41 Narcissistic numbers

371=3+7+1
07=#+0°+7
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42 Inside and out

The factis the hoops can be anywhere as long as the four
smaller hoops do not overlap each other. The areainside a
circle of radius 50 em is 2500 cm?. The total area inside the
four circles of radius 40 cm, 20 cm, 20 cm and 10 cmis

(16007 + 4007 + 4005 + 100mx) = 25007 cm?

which isidentical to the large circle. Start with all of the
smaller hoops outside the large hoop, when the shaded areas

clearly balance. Now imagine the 40 cm radius hoopmoving = ,,:"'
towards the large hoop and overlapping it. The overlapping %

area is then lost to the 40 cm hoop and is also lost to the large
hoop, so the balance of the shaded areas is maintained. The
same argument applies if the other hoops overlap the large
one so there is no difficulty in obtaining a balance!

43 Matchstick manoeuvres

Four matches have to be moved so the number of matches
in the solution is twelve, the same as at the start,

As three identical squares are to be formed we are looking
for three squares with no matchstick common to two squares.
From the starting point, five solutions at first seem possible,
see below, but only the last three are solutions as the others
require that more than four matches are moved. It is also
possible to form three identical squares by moving only three
matches. Can you see how?

O o _
L 1 L.Em.

44 Micro millions

1000000000 = 10° =2° x 5°
=512 X 1953125

Any other factorisation will involve 2X5 = 10 and soinvolve a
zero digit. With the usual price of micros being in hundreds of
pounds the conclusion is that 1953 125 micros were sold at £512.

A related investigation is to see which powers of 10 can
be expressed as the product of two factors, neither of which
contains a zero digit. 10’ cannot be so expressed, for
example, as 2'° = 1024.
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45 The economy cut

first
cut

2 ¥ 3

second
cut

Feel pleased if you managed it with four cuts butcongratulate

\

yourself if you managed it in three cuts like Emma.

She first cut off a2 X 2 square then cut the remaining
rectangle into two 3 X 1 rectangles. Next she superimposed
one of these rectangles on the other and cut along a diagonal
to give herself four identical triangles which fitted neatly
around the 2 X 2 square to form a V10 x V10 square. No
doubt she lost some size in sewing the pieces together butthe
square she obtained would cover her 3 X 3table.

46 The variable menu

420 days pass before a meal isrepeated.

The potato cycle is 4 long, the meat cycle 5long, the
vegetable cycle 7long and the sweet cycle 3long. Thusthe
first time the first meal can repeat is after 4 X 5 X 7 X 3days,
i.e. on the 421st day which is well into the second year.

As 100 is a multiple of 4 and 5 then rice and beef willbe
served on day 100. Further, as 100 leaves a remainder of 2on
division by 7, and a remainder of 1 on division by 3 the restof
the meal will consist of carrots and apple pie.

To find when roast potatoes, lamb, sprouts and apple pie
are served we need to find the smallest number that

leaves a remainder of 3 on division by 4
leaves a remainder of 2 on division by 5
leaves a remainder of 6 on division by 7

leaves a remainder of 1 on division by 3.

The answer is 307.

Adding sausages and turnips to the meat and vegetable
columns makes the four cycles of lengths 4, 6, 8 and 3 withan
LCM of 24 so the meals repeat themselves every 24 days.
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47 Not in her prime
2XTX13xX97=17654

The only plausible deduction is that the computer

programmer was 26, her cat was 7 and her house number
97.

48 Loop-line limitations

—-4—— SB3d

city —=

@ 6
/ 14 10
(a) e N\ S

6 14 7
0 [C]umr——{S| m

3
B

13 14 3
(d) [?L—I—J?lm

The train from the city, C, uncouples 10 carriages and takes6
carriages onto the loop. The train arriving from the seaside,
S, stays on the branch line and pulls up to the 10 carriagesleft
by the city train. See (a). The train, C, on the loopnow
travels onto the branch line with its 6 carriages while train §
pulls 7 of the seaside bound carriages along the branchline
and leaves them between the points while continuing withits
own 14 carriages until it is outside the points. See (b).

Train § now travels around the loop, and couples up with
the remaining 3 seaside bound carriages. See (c). Sreverses
back along the branch line leaving the 3 seaside bound
carriages between the points, and in the meantime Chas
reversed and picked up its 7 carriages. See (d). Itisnowa
simple matter for train § to travel around the loop and tothe
city, leaving train C to reverse along the branch line to pick
upits remaining 3 carriages before setting off for the seaside.

49 As easy as abc!
2 x 92 =2592

83



50 Magic polygons

The first polygon of each kind above corresponds to the
solution of that in the puzzie.
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A close look at the solutions given will show that theyare
related in pairs. Take all the numbers in one of the square
solutions away from 9 and it gives one of the other square
solutions. The number 9 is chosen asitis 1 more thanthe
largest number used in the square solutions. Thus once you
have a new solution the transformationrn — 9 — ngives
another.

Similarly n— 11 — nand n— 12 — n will generate further
solutions for the pentagon and hexagon respectively.

When trying to find a solution to a magic polygon itis
helpful to decide first on a magic sum. But what numbers are
possible for such asum? Consider the hexagon which
contains the numbers 1 to 12.

Six times the magic sum, §, must be the total of the
numbers 1 to 12 {equal to 78) added to the total of the
numbers at the vertices, as these each occur on two sides. The
smallest corner total is 1+2+3+4+5+6 = 21 and the largest
is7+8+9+10+114+12 = 57 soit follows that

9<65<135

from which
§=17,18,19,20,210r22.
Suppose you decide to try 17 as a magic sum. The next
thing to do is to look systematically at all the sets of three
numbers from 1 to 12 which sumto17:

12+4+1 1243+2 114+5+1 11+4+2 10+6+1
104542 10+4+3  9+7+1 9+6+2 94543
§+7+2 8+6+3 B8+35+4 T+6+4

Then it is helpful to note how often each number occursina
set. For example, 12 only occurs twice so it is advisable to put
this into the hexagon first and then in the middle of aside
where it will not be needed again. These strategies narrow
down the field but trial and error and patience are still
required. With experience further strategies recommend
themselves but the above should give you a good start.

S1 Factors galore

Any such number must be a multiple of the LCM of 1, 2,....
18, thatis 12 252 240, and this gives a practical approachto
finding all the solutions which are

2438195760 = 12252240 X 199
3785942160 = 12252240 x 309
4753869120 = 12252240 x 388
4876391520 = 12252240 x 398
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52 Fascinating fractions

The solutions are not necessarily unique as the following
show.

1_ 729 _ 6729 _ _7269
2" 14586 13458 14538

1 _ 583 _ 583

3~ 17469 — 17496

1_ 795 _ 5796 _ 3942 _ 4392
4~ 31824 23184 15768 17 568
1_ 2697

5~ 13485

1_ 2943 _ 4653 _ 5697

6~ 17658 27918 34182

1_ 2394 _ 2637 _ 4527
7716758 ~ 18459 _ 31689

1_ 3187 _ 4589 _ 4591 _ 6789
8 25496 36712 36728 54312
1_ 638 .. 6471

9~ 57429 ~ 58239

53 How large a number can you
make?

This is an interesting investigation in the use of notation and
then in deciding which numbers are the largest.

23! and 3% are both large but which is the larger?
Now _2.;1 = 210(2)21 =20 .4.)“2: 8 10 2«1
3 3 9/ 3 \8/ 3

When the factorial notation is used then the numberscan
become enormous. Some of these are shown below in order
of size.

21 < (2P < (3N < 32 < 23 17062)

The justification of this order is very interesting and shows
how different the numbers are. For example

3211 << 321321 < (36)321 = 31926 < < 321!

17929 which is equivalent to 1 followed by 32! zerosis the
largest found by the author.
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54 Food for thought

The first row is easy to complete, but then anyone trying
an empirical approach will almost always try integers and
not be able to complete the square. The point is that the
magic total is always three times the number in the centre
of the square. Using this fact leads to the number in the
centre as being 63 and the rest follows.

55 How many will you take?

A player, to win, must leave his opponent eventually
with 1 counter. To do this, at his penultimate move, he
must leave 5 counters, for if he leaves 2, 3 or 4 counters
his opponent could always take away 1, 2 or 3 counters to
leave one. On the other hand, if he left 6, 7 or 8 counters
his opponent could leave him with 5 and a losing position.

A similar line of reasoning shows that it is ‘safe’ to leave
totals of 9, 13, 17, 21, .. ., 4n + 1, for no matter what
his opponent’s play is from one of these totals he can
always play to leave the next smaller pile in the sequence
. . . until his opponent is faced with removing the last
counter.

The player knowing this underlying strategy will
normally beat his opponent for if he finds himself starting
with an ‘unsafe’ total such as 19 counters he can remove 2
counters to leave a ‘safe’ total and be sure of winning if
from then on he arranges his play to complement his
opponent’s so that they jointly remove 4 counters at each
stage.

56 The dishonest gold exporter

The customs officer weighed together 1 ingot from the first
pile, 2ingots from the second pile, 3 ingots from the third
pile, ..., 10ingots from the tenth pile. Altogether 55ingots
whose legal weight is known. If the fourth pile contains the
light ingots then the total weight of the 55 ingots will be4 g
below their legal weight. The number of grams below the
legal weight will always indicate which is the pile of
fraudulent ingots in a consignment. A neatsolution!

N
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58 Ten Tors training High Witlhays

The shortest route takes
16.6 miles.

Wild tor

Hangingstone

hill
Brat
tor Rattquflrook K?‘;astet Cranmere
i pool
Quintins
Man

Fur tor

59 Alphametic puzzles
CRAM and COE have several outcomes:

7850 5610 8970

+ 72E  + 54E  + 81E
857E 615E 978E

E=1,3,4,6,9 E=2,3,7,8,9 E=2,3,4,5,6

butif E = 1, 5, 7 or 8 the solution isunique.

Two solutions for SANTA are

24794 36156
~ 16452 2 - 55693
8342 7463

With the slogan for MARS several solutions are possible.
ForexamplewhenM =0,A=2,R=5,S=6,E=7andT=
9,thenBcanbeanyoneofl,3,40r8.
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60 K9 or One man and his dog

8 black
6 white
12
-
9
/,‘/;fg . /;/
sl 1S4 |11].8 s 1.V a4 [
\\\z\k v /; ™ 7“»«'.)// //6
10’?(7}'(2 13> 7 (2 /
AT S 14
7 7 7= [~ 7
3 5 31 5
1 2 3
14 {9
12 18
8 black 7] Y \\\ -
6 white 1] 8 151 813 101
3 L o /\’ Vi
134 [C9 s 11 4 [>7
\\ P [/ v d :
10’7'(7\5?\2 6’// 2
7 (\ 7 /7(><\
37 5 3] ‘\~5
A B C

If the squares are shaded alternately black and white
the knight must always move to a square of a different
colour. Hence a re-entrant tour is only possible if there
are an equal number of black and white squares. If
there is one more black than white square a tour is also
possible but there is no possible tour if there are 2 more
black squares than white.
So 1 pairs with C, 2 pairs with A and 3 pairs with B,

62 Topsy-turvy

Ifabc ... k X 9 = k... cba then it is easy to see that
a = 1 and &k = 9, for any other value of ¢ would lead to a
number being carried, and hence generating a number
involving more digits than the original.

But 19 x 9 # 91 because of the 8 to be carried when
multiplying the 9 in the units column by 9.

Consideration of 159 x 9 soon shows that it cannot be
equal to 91 again because of the carry over.
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However, consideration of
1bc9Ix9=9chl

soon leads to the fact that & = 0 and then ¢ = 8 satisfies
the given requirements.

1089 x & = 9801

This is the smallest solution, and the cnly one with 4 digits.
The next three solutions are

10 989 5 digits
109 989 6 digits
1 099 989 7 digits.

Then, with an obvious pattern emerging, there are two
solutions with 8 digits, namely

10 999 989 and 10 891 089.
and again with 9 digits:
109 999 989 and 108 901 089.
With 10 digits three solutions are possible
1 099 999 989 1 089 001 089 1 098 910 989

but these build on existing solutions and no new principle
is required to find the solutions with any number of digits.

The numbers whose digits are reversed by multiplying by
4 are closely related to the above — in fact are all double
the above.

1089 x 2= 2178 and 2178 x 4 = 8712
10989 x 2 = 21978 and 21978 x 4 = 87912
and so on,

63 Which was the winning strategy?

Bruce and Christine tie for first place, followed by Daphne,
and then Alan. To see why this is so imagine the race to be 16
km long.

Alantakes 14 hours, for 8 km at 16 km/h takes ; hour
and 8 km at 8 km/h takes anhour.

Bruce takes 75 hours. Suppose his time is £ hours then
from the fact that half of this time is spent at 16 km/h and half
at8km/h we have

Gtx16)+(Ltx8) =16
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fromwhich 12%t=16 so =13

Christine running at a steady 12 km/h also takes I £ hours.
Daphne runs the same number of paces at both speeds but
experience shows

(@) thatthe length of pace at the higher speed is longer than
at the slower speed so she will run more than haifthe
distance at the higher speed and thus take less time than
Alan.

{b} the time taken for a pace at the higher speed will beless
than the time taken for a pace at the lower speed soshe
will spend more than half of her time at the slowerspeed
and consequently take longer than Bruce.

64 A topological trick

First Nuala takes her string at about its middle and passesit
under the loop of string around Norman’s right wrist, A, on
the inside of the wrist and in the direction from elbowto
hand. Next she loops the string up over his hand to the
outside of his wrist. She should now be able to walk away
leaving Norman and any onlookers amazed. Their own wrists
will still be tied together but they will not be linked together.
Be warned, however, if you don’t follow the instructions
precisely the strings can easily become more entwined.

For example, if Nuala’s string goes from () under
Norman’s string before looping around it to £, then Nuala
will need to operate on Norman’s left wrist as above instead
of his right wrist. The only way to appreciate how thisworks
isto do it with a friend, as many times and as slowly asit
requires to follow what happens.

65 The blanket box @ = 72 cm
b = 45 cm
¢ = 39cm

a
b bottom a c
a b
A top end
¢ side c side end

The dimensions may be found by trial and error but can be
approached analytically as follows.



Let the dimensions be a, b, ¢ as shown and let the areas
of the three pieces of plywood be X, Y and Z respectively,
then

X=ab+ ac Y =qgc + bc Z =ab + be
0 T X+Y-Zy=a (Y +Z-X)=bc ;(Z+X-Y)=ab

Use % to find ¢ and then the other two dimensions are

easily determined.

66 Divisibility

Use divisibility tests. The 5, for example, must be in the
middle, for no other five-digit number censtructed from
the digits 1, 2, . . ., 9 is divisible by 5. As all the digits sum
to 45, and this is divisible by 9, any order for the digits will
always be divisible by 9 so divisibility by 9 can be taken for
granted. The sum of the first six digits must be divisible by
3 and the sixth digit must be even for the number formed
from the first six digits to be divisible by 6. In fact every
other digit must be even for the required divisibility by 2,
4, 6 and 8.

Such arguments as the foregoing help considerably, but
use of the calculator and a certain amount of trial and
error will be required to find the number divisible by 7.

There is only one solution: 381 654 729.

But be warned of too much dependence on your
calculator. If it only displays 8 digits then 963 258 147 will
appear to be a solution for it will appear that 96 325 814 is
divisible by 8 . . . but this is impossible as 814 does not
divide by 8.

67 Calculator challenge

2025 = 4% 3136 = 56°
2025 + 1111 = 3136 and further 45 + 11 = 56.

68 Toasting efficiently

Letthe three slices of bread be A, B, Cwith sidesa,, a5, 54,
b,, ¢, and ¢,. Then the minimum time to toast the three slices
on both sides is 107 seconds.
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Time in seconds

1-3 insert A 1
46 insert B a 1
34-35 turn A b
37-39 remove B ol
40-42 insert C a 1
6668 remove A ! ¢
69-71 insert B -
73-74 turn C by 1
102-104 remove B l
105-107 remove C !

69 Playing safe!
3 will do.

70 Odds on winning
Place £95 as follows:

£35 on Brigadoon so thatat 2 to 1, should he win, you
would collect £105.

£30 on Tophatter so that at 5 to 2, should he win, you
would collect £105.

£15 each on Lightning and Virginsky so that at 6 to 1,
should either win, you would again collect £105 and thus
be certain of gaining £10.

Itis a rare occasion in reality for the odds to be balanced
so that a punter could be certain of winning as in this case.
To see when it is possible find the sum of the reciprocals of
the odds plus 1. (Where the odds are of the form m to a
they must first be reduced to the form m/n to 1). When the
total of the reciprocals is less than 1 you are onto a winner.

With the race discussed:

odds of 2 to 1 correspond to 1/(2+1) = 14;

odds of 5 to 2 are equal to 2.5 to 1 which correspond to
1/3.5 = %4

odds of 6 to 1 correspond to V7

so the sum of the reciprocals is

1,2,141-7,6,3.3_19

377777 21 21721 21 21

from which it can be deduced that for a stake of £19 it would
be possible to win back £2 by staking

£7 on Brigadoon, £6 on Tophatter, and £3 each on
Lightning and Virginsky.
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71 Tangrams

£
W 7

72 Number the sectors

The diagram shows one way of obtaining the integers trom
1 to 25, but this is not the largest range possible.
Solutions for n = 2, 3, 4 and 5 are shown below.

f

j e
B

m
U 6 4
Range Tto 3 1to7 11013 11019

It is very tempting to extrapolate from these solutions and
assume that the optimum range is achieved by having the
sectors numbered

1,2,6,6,...,6,4

when the number of sectors is four or more, but this is not
the case. With six sectors the sequence

1,2,5,9, 6,4 gives 1 to 27.
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73 Rearranging the hospital ward ; I

Two screens are sufficient as shown in the adjacentdiagram.

74 One hundred up!

To work out a winning strategy start with the end point 100. If
you can call 89 your opponent cannot reach 100 in his next
turn but must put you in range of a win. So how can you put
yourselfin a position to call 897 If you go back 11 to 78the
same argument holds. Call 78 and your opponent must put
you in range of 89 without being able to get there. So howcan
you put yourself in a position to call 787 The answer of course
isto goback 11to 67 ... and then back 11 to 56 and soon.

The critical sequence is thus

1,12,23,34,45,56,67,78,89.

As soon as your opponent makes a call which is not in this
sequence you will be able to call one of these numbersand
then follow the sequence home to 100. Unless your opponent
is aware of this strategy your chances of winning must be very
high.

7S5 Hidden shapes

(@) Thisshould not present too many problems. The halves
of A are isosceles trapeziums equivalent to the shape
obtained by cutting a regular hexagon in halfbya
diagonal joining opposite vertices. The solutions are
shown below together with some further shapes.
Recording these shapes is best done onisometric paper.

INEXTEE )
EeAT e

95



(b) The division of A into four shapes similar to A is shownin
(1). Other shapes which can be divided into four equal
similar shapes are easier to find than one firstimagines.
Any parallelogram or triangle can be so divided andso,
for example, can the L shape and the half hexagonshown
in(ii).

N A
e

(¢) Note the change in wording. Equal areas are required
this time, not equal shapes.

JASNAN

76 Always one short

59 is the smallest number.

The key to this activity is to realise that any numberwhich
is 1less than a number which has 6, 5, 4, 3 and 2 as factorswill
have the required property. The smallest such number will
thus be 1less than the LCM of 6, 5,4, 3 and 2. Further,any
number of the form (60n — 1) will have the same property.

The same argument applies to the last part:

LCM{10,9,8,7,6,5,4,3,2} =2520

so any number of the form 2520n — 1is asolution.
In particular the three less than 10 000 are 2519, 5039,
7559.
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77 Amoeboid patterns

Z
87
//%

77
A7
2% |
1 5 6

Each shape is made up of five squares, two of which donot
move. The three other squares, A, B and C, however, slide
around the two fixed squares in an anticlockwise direction,
one square at a time. Shapes 5 and 6 are shown above. By
considering each of A, Band Cin turn it can be seen that they
return to their original position after 10 moves, so shape 11
will be identical to shape 1.

The second amoeboid pattern has one fixed square while
two of the other squares move togetherasa 2 X 1rectangle.
Asbefore, the squares A and B, and rectangle Cslide around
the fixed square in an anticlockwise direction. However,
whereas A or B would be able to circumnavigate the fixed
square in 8 mowves, if unimpeded, it takes the rectangle 10
moves.,

N

The result is that from time to time the squares A and B
have to remain still while the rectangle C moves out of their
path. This happens from shape 3 to shape 4in the given
sequence.

How many steps are required to get back to the original
shape? '
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78 The Embassy reception

Each ambassador shakes the hands of 79 other ambassadors.
There are 80 ambassadors but each handshake involves two
people which gives

(80 x 79) <+ 2 = 3160 handshakes.

79 Quartering a circle

Symmetricsolutions, where the quarters are identical in
shape as well as area, are not too difficult to come by, but
unsymmetric solutions are not easy to produce accurately.

The solution using three curves of equal lengths based on
semicircles of %4, 14, and V4 the diameter of the original circle
is very satisfying.

80 Sweeping the park efficiently

The worker can’t sweep the paths without retracing some of
them. The shortest distance which he can travel is 1560m
{1330m for the total length of the pathway plus 230m for the
paths retraced). This is achieved by retracing AB, HG and
IF and there are many different routes which give the shortest
distance. An example of one is:

HBCDHIDEFIFGHGABAH

A mathematical analysis of this problem depends on the
distribution of odd and even nodes in the network.
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81 Pentomino Parcels

Phi'lip Lucy

The two hampers are as shown.

Philiphas: a coat, a camera, a train set, books, and a
fishing rod.

Lucyhas: astool, aclock, a hockey stick, shoes, and a
cycle.

82 A stamp book with a difference

The impossible total is 18p. The 7p, 9p and Zp stamps total
18p but are not connected by their edges in the book. The
question of what is the limiting value for N arises and one
way of looking for a limit is to find how many ways a stamp

or set of connected stamps can be removed from the 2x3
array.

There are 40 possible ways of removing stamps so this sets
an upper limit to N, however the constraints of the problem
limit the maximum value of N to 36. This can be achieved
in the two ways shown below. Check in each case that 1p to
36p are all attainable.

--.--..q:-a.-na.oocznoooocnoota .

B

IR RTY)
: ]

: ‘1:2;%2

: .
. LIRS
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83 Some curious number relations

Further examples are

63 = 6% + 3°
175=11+7+5
598=5'+92+8§°

1306 = 1' + 32+ 07 + 6*
1676 = 1! + 6 + 7% + 64,

Another most unusual relationshipis

4+ 3P+ 8 +5+7 +9°+ 0%+ 88 + 88 =438 579088

84 Concentric magic squares

The number in the centre cell is 13 which is the middle
number in 1 to 25.

The 3x3 square has a magic total of 39 (= 3x13) and the
5% 5 square has a magic total of 65 = (5x13).

Similar rules apply to the 9X9 magic square and the

squares inside it whose magic totals are all multiples of 41,

So the 3x 3 square has a magic total of 205 = 41 x5, the 7X7
square has a magic total of 287 = 41 X7 and the 9X9 square
has a magic total of 369.

An excellent reference on magic squares is

Magic Squares and Cubes by W.S. Andrews (Dover)

85 Connecting the fire hydrants

The minimum length of water main is 520m.
Join ABHGIEF then add in CI and DL

86 To set you thinking

Itisimportant to appreciate that the question does not ask
for three identical equilateral triangles. A satisfying puzzle
to solve.

100

11

25

18

10

12

21

16

13

19

22

23

20

14

17
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87 Kirkman’s schoolgirls problem

day1l day2 day3 day4
195 296 397 498
278 381 412 523
346 457 568 671

One solution to the 9 schoolboys problem is shown here
together with a neat geometric representation of it.

9isplaced at the centre of a circle and the numbers 1,2, ...,
8 are placed symmetrically around its circumference. A
diameter and two triangles are drawn as shown which group
the nine digits into three triplets. These correspond to day 2
of the solution given.

Now imagine the diameter and triangles rotating about the
centre of the circle through 45° clockwise. They now group
the nine digits into three completely different triplets.
Repeated rotations of 45° generate four distinct sets of
triplets which correspond to the solution given. Clearly by
changing the order of the numbers on the circle many other
solutions can easily be found.

The original Kirkman’s schoolgirls problem is much
harder to solve but a solution can be expressed using acircle
and triangles as shown here, where repeated rotations ofa
seventh of a revolution are required to give the different form
of the crocodile on consecutive days.

The position of the triangles shown
corresponds to the crocodile

(1,15,8), (2,5,13), (3,7,12),
(4,6,14), (9,10,11) 14

and following days can be found by leaving
15 untouched and adding 2 to all the other
numbers where the addition is such that
144+2=2,13+2=1.

For anyone wishing to pursue this puzzle further, awhole
chapter is devoted to it in Mathematical Recreations and
Essays by W.W. Rouse Ball.

10

9
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88 Spot the pattern

The colour of a circle is determined by the two circles
immediately above and left and right of it. If the two
upper circles are the same colour, then the lower circle is
white, if different the lower circle is black.

o O O O ® O

O O o

Each row of circles is to be thought of as a continuous
band so that the circle at the right hand end is followed by
{or next to) the circle at the left hand end.

e JeX JoJeo¥ =

Thus in deciding the colour of the last circle in a new row,
it has to be seen as below the first and last circles of the
previous row, After the first row the number of black
circles {and of white circles) must be even. Why?

An all white row can only follow from an ail white row
or an all black row. So it depends on the possibility of an
all black row. Now an all black row can only be obtained
from a row which alternates white and black and this can
be shown to be unobtainable as the following argument
shows,

OOOOLOG
OX JOX JON _

Suppose 6 is white, then 1 must be black to give the
black circle en the right hand end. Then 2 must be black
also for 1 and 2 to give the white on the left hand end. 2
black implies 3 white, which in turn implies 4 white, which
in turn implies 5 black. But this makes 5 and 6 of opposite
- colours which contradict with the fact that the penultimate
circle is white, Clearly a similar contradiction would have
arisen if we started by letting 6 be black.
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A single black circle is also impossibie for it would have
to arise from a black circle and a white circle and a little
thought will soon show that at least one more black circle
must occur,

The pattern must repeat itself at some stage for there is
only a finite number of possible patterns for a row and the
process goes on generating new rows ad infinjitum!

89 Two of a kind

i XMAS RUM HOME
3157 BABY | TURKEYS| HOLLY
alol 2 CANDLE CRIB SOCK

Both games are structurally the same as Us and Xs. The
only way three numbers from 1 to 9 can total 15 is if they
formeither arow, or a column, or a diagonal of the above
magic square.

The nine words have been chosen so that when they are
put in the above 3X3 array, three words will only have a
letter in commonif they form a row, a column, or a diagonal.

90 Carving up the camels

Perhaps deathbeds aren’t the best place for mental
arithmetic! The shares the elderly arab allocated to hissons
donotadduptol.

1,1,1_23
T3t s

By the uncle’s solution in fact they all gained.

Ahabreceives 12,1

23" 2

. . 8.1
Azizreceives 73 - 3

ves 3 1
Abdul receives 3 > 3

This is a very old puzzle but well worth repeating.
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91 Thwaites’ conjecture

Trying to predict the length of the sequence from a givenstart
number has so far been found impossible in general. For
example, 27 takes 111 stages toreach 1, but who wouldhave
guessed? However, 2" converges to 1 in » stages and is very
predictable,e.g.32—» 16 58—-4—-2—1,

This process is easy to program on a micro and facilitates
the investigation. Further, it allows comparison with other
similar processes such as computing 3N + 5 or 5N — 13when
Nisodd.

92 A fascinating family of square
numbers

Consider any number in the sequence, say, 11 115556
11115556 % 9 = 100040 004 = 10002>

It is easier to see the underlying pattern, and how it will
continue for all numbers in the sequence if we look at

11115556 X (10— 1) = 111155560

— 11115556
100040004

Clearly numbers of the form 1000...4000...4 are square. Now
we got this number from the original number in the sequence
by multiplying that number by 9, itself a square number, so
that too must be square.

The only other similar sequence is produced by expanding
49 by repeatedly introducing 48.

49 4489 444889 44448889  etc.

In this case 444 889 x 9 = 4004001 = 20012, forexample,
showing how closely related the two sets of numbersare.

93 Playing detective
2XTX23%x59=18998

The only plausible deductton from what we already
know about the teacher is that the size of her class is 23,
her telephone bill is £118, she had four sons and three
daughters.
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94 Community coppers A
Ten police are required for the problem given
and can be arranged as shown. '

]

(]

95 The shunting yard

Uncouple the trucks between

1 2

11 and 12 and use the engine / 10 11
toshunt 10 and 11 onto . — b
Return the engine with 1 to9 / E123456788%12
toc. ' e

Uncouple the trucks 12
between 7 and 8 and use the / ’
engine to shunt 7onto b. (ALY I b
Return the engine with 1to 6 / E1234568 912
toc. { ¢

Uncouple the trucks
between 3 and 4 and then use {a
the engine to shunt trucks 1 to / E12371011, b
3to b and couple 3to 7 and 7to '
10. / 45689

Shunttrucks3,7,10toa
and return with 1 and 2 toc.

96 A symmetric cross-number
puzzle

The symmetry about the two lines at 45° automatically
generates all the symmetry of a square so by the time all
the black squares are filled in there are only a limited
number of spaces to be filled. Because of the symmetry
required the 2-digit number around the central square
must be of the form xx, and to be prime must be 11.
Similarly it can be argued that the number bordering each
edge must be of the form xyyx.

Such a number must have 11 as a factor so cannot be
prime. It must therefore be 11° = 1331.
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The remaining squares
require pairs of numbers of
the form xy and yx which are
both prime such as 13 and 31,
17and 71, and 37 and 73.

One solution is shown and
three others are possible using
the alternative corners given.

97 Intersecting lines

WA

5 lines : 8 intersections

X

One solution to the second
problemis to have a set of five
parallel lines crossing a set of
four parallel lines to give 20
intersections, and the 10th
line through one of these
points of intersection cutting
the other seven lines.

Another neat solution is to
have two intersecting pencils
of five lines.
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98 One-upmanship!

Yes, sheisright. If ny, n,, ..., ngare consecutive numbers
thenn,® + 1,2 + ne® + n? = ny” + ns3” + ng? + nglisalways
true.

Let the first number be n then the others will be n+1, 142,
v+,
Now n?+ (n+3)% + (n+52% + (n+6)> =4n*> + 28n + 70
and  (n+1)*+ (n+2)* + (n+4)* + (n+7)* =4n* + 28n + 70
thus proving that Elizabeth wasright.

99 The Grand Prix circuit

The difference in distance travelled in going around circles of
radii R and ris

2aR = 2nr =2n(R—r)

so for the car it would be 4% metres and it would be just the
same for one lap of the circuit.

The actual radivs of each bend does not matter and most of
the right-hand bends are cancelled by left-hand bends, as will
always be the case with a simple closed curve.

100 Robotics

One solution is 7t which means first do operation rthree
times then operation ¢ then operation r twice, i.e. work from
right to left.

ABCD 5 DABC 5 cbAB % BcDA % ¢BDA % ACBD L DACB.

Alternative solutions also requiring six stages are rtrtand
trer’t.
It can be achieved with more than six stages but notfewer.

101 Think again!

No amount of differencing or formulae will help solve this
one. Each new line counts the digits in the previous line so

312211

is counted from the left as
one 3,one 1, two 2s, and two 1s

and replacing the words by digits we have the sequence
13112221

which is the last line given.

107



The nextlineisthen -
1113213211

and the next
3 1131211131221

With alittle thought you can see that no digit can occyr four
times so 4 can never be in the sequence, or any higher digit
for that matter.

102 Squared sums!

D. StP. Barnard’s puzzles are well worth collecting asmany
of them are of a mathematical nature. His other solution toa
pair of 4-digit numbers was

(5288 + 1984)% = 52881984

This must be one of the few situations where addition is not
commutative!

O+12=01 (8+1)=81
(20 + 25)% = 2025
(30 + 25)% = 3025
(98 + 01)% = 9801

The obvious question now arises, can we find solutions to
(abc + def)*> = abcdef
Overto you!

103 A doubly magic triangle

5+1+6+8=2+74+3+8=249+4+5=20
FP+1+6°+8=2+7+3+8=2+9P+42+52=126
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104 The travelling salesman
problem

The shortest route for Mrs Lavender is 91 miles which is
achieved as follows.

Ex— Qke — Cred — Tiv— Cull— Ex— Exm— Ex
23 16 11 8 13 10 10

When Honiton is included the shortest route is achieved by
taking the same route as before to Cullompton and thento
Honiton followed by Exmouth and back to Exeter, givinga
total distance of 100 miles.

Asthe shortest route never crosses itself it is in effecta
simple closed curve so it would make no difference which
town on it was taken as the base. However, if Mrs Lavender
could finish at a different town to her starting point thenshe
would clearly choose Okehampton to end the day, having
travelled the route in reverse, thus saving herself 23 miles.

105 Ewver more triangles and squares

Two equilateral triangles can be made by having one with
an edge length of 3 short straws(ss) and one with an edge
length of 1 short straw.

(a) Edgelength4ss.

(b) One with edge length 2 ss and two with edge length 1ss.
(¢) Fourwith edge length 1ss.

@ NN N or%&

(e) %or&Aor@Aﬁ

N Q Q or an octahedron, but see (/)

(g) Edgelength3ss.

(k) Oneedgelength2ssand one edge length 1ss.
(i) Eachedgelength1ss.

1)

(k) acubeedgelength 1ss.

() Anoctahedron edge length 1ss. Eachfaceisan
equilateral triangle, each plane of symmetry through
four vertices gives a square, see the figure where one of
the squares is shaded. Better, make it up by threading
shirring elastic through your straws,
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106 Edging along the octahedron

The number of routes from one vertex of an octahedron to
visit every edge once and return to the original vertex is 1488.
How many did you find?
It may help vou to consider all the routes if you use a
topological transformation of the edges of the octahedron
such as that shown here.

107 Toilet tissue thickness

Don’t be confused by the spiral winding. If the thickness of
the tissue is d cm and the length of tissue on the rollis /cm
then! X dis the area of the cross-section of paper on theroll.

Now

and the area of cross-section is the difference between the
areas of circles of diameters 11 ecm and 4cm

= ::—f(ll2 — 4%) = 82.47 cm?
so the thickness of the tissue = 82.47 + 3360 = 0.0245¢m.

The thickness of all the turns of tissue on a full roll is 3.5 cmso
the number of turnsis 3.5 + 0.0245 ~ 143,

108 Fun with subtraction

When the starting point has the smallest number opposite
to the largest number the end point appears to arrive within
five stages but if this is avoided longer sequences can be
formed with surprisingly small numbers. The solution below
was found by a girl in a local middle school.

start 0 2 o6 13

first differences 2 4 7 13

second differences 2 3 6 11

third differences 1 3 5 9

fourth differences 2 2 4 8

fifth differences 0 2 4 6

sixth differences 2 2 2 6
seventh differences g 0 4 4
eighth differences 0 4 0 4
ninth differences 4 4 4

Arbitrarily long sequences are possible.
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109 Make a century

69258 5643 7524 3546
3+5 8ltag 8lthg 845y

5742 5823 7524 1578
91 + 638 91 + €17 91 + e 94 + 563

1428 1752 2148
B+55 Wt By

110 Know your cube

60° not 90°!
Complete the triangle to see that its sides will all be
diagonals of a face of the cube, so the triangle is equilateral.

111 Mixed doubles

The solution is not unique. One solution is as follows.

Comrt1l | Court2

Match 1 Aav Bb | Cev Dd
Match 2 Abv Cd | Dcv Ba
Match 3 Adv Da | Bev(Ch

Note that there are six ways of picking two men from the four
availablenamely AB,AC, AD, BC, BD, CD andsimilarly
six ways of choosing the women ab, ac, ad, be, bd, cd. The
skill now comes in meshing these together to fulfil the given
conditions. How many distinct solutions are there?

112 Siting the airport terminal

Interestingly P can be anywhere inside the triangle for
the sum of the perpendiculars will be constant.
Consider a limiting case with Pon AC. Then

PN+ PL = xcos30° + ycos30°
= (x + y)cos30°
= dcos30°

where d is the length of the side of ABC.

But this length is equal to the perpendicular distance
from B to AC, see the dotted line in figure {i).
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Now consider the general case, see {ii). Draw aline
through P parallel to AC then PN + PL = BTso PN +
PL + PM = BD, the length of an altitude of AABC.

113 Reconstructing the manor

house

18m by 8m by 4m i}
If the length, breadth and height of the room are a, b and
¢ feet respectively, then

ac =72 be =32 ab =144
: _ uebc _ TIx32 _

from which ¢ = 5 = -M4—h16
giving c =4
Then - a=%=2=18

¢ 4
and b=%_2_-g3g

'l 4

114 Who came in second?

At first it appears that there is not enough data. But there
are 40 points awarded in all, and making the reasonable
assumptions that

i) each event is allocated the same number of points
ii) adifferent positive number of points is allocated to each
of the first three positions

then the following scoring systems need to be considered

5 events scoring (4,3,1) or (5,2,1)
4 events scoring (5,3,2) or (6,3,1) or (7,2,1)

Only one of these will satisfy the remaining conditions and

leads to

javelin  event2 event3 eventd eventb
Tom 2 b 5 5 5 22
Dick 5 1 1 1 1 9
Harry 1 2 2 2 2 9

So Harry was second in all but the javelin.
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115 Chess board tours

Rook’s tours

{a)

At least 15 changes of direction are required for a re-
entrant tour, see (a), whilst the non re-entrant tour can be
achieved with 14 changes of direction as in (b).

It is impossible for a rook to make a complete tour of
the board from one corner to the opposite corner. To
move from bottom left to top right the rook will underge a
displacement of 7 squares to the right and 7 squares up.
That is a total of 14 squares. On the tour any further
moves to the right must be balanced by equivalent moves
to the left, and further moves up must be balanced by

“equivalent moves down. Thus, to reach the square in the
top corner the rook must visit an even number of squares.
But to complete the tour it must visit 63 squares, These
two requirements are contradictory so the tour is

impossible,

On which squares would it be possible for the rook 1o
complete a tour having started at the bottom left hand

corner?
Queen’s tours

{c)

(d)
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Any tour, achievable by a rook is also possible with a
queen so the interest here is with tours which introduce
diagonal moves. A very good example of a symmetric re-
entrant tour is that of the queen’s magic tour. {(c) is a re-
entrant tour with four-fold rotational symmetry.

(d) is a tour that visits several squares twice but manages
to tour the whole board with only thirteen changes of
direction.

Bishop's tours

From a black corner square a bishop can only move in one {e)
direction so such a square cannot come in the middle of a
bishop’s tour. It follows that the black corners would then
have to be the starting point and end point for any tour
which visited all the black squares.
Let such a tour start at the square marked 1 in (e), then
as soon as the bishop has moved into square 2 only one of

the squares 3 and 4 can be visited. Suppose the bishop
moves to square 3, then a little thought shows that square
4 should only be reached as a last move, because there
would be only one way of approaching it, that is via square
5. But we have already argued that the end point is at the
far corner. Thus a complete tour is not possible.

{g}

The best that can be achieved by a bishop’s tour when
squares cannot be revisited is 29 biack squares. No matter
what you do there will always be at least three black
squares which are unattainable. One solution is shown in
(f). The most efficient way of visiting all the black squares
is shown in (g).
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116 Amaze your friends

a + a* = 728461 + 271538 = 999999
¢ + ¢* = 854750 + 145249 = 999999
i.e. a* and ¢* are the 9's complements of a and ¢

Now 999999 = 1000000-1

So total=a+ b+ a* +¢ + c*
={a+a*)+(c+c*)+b
= 2000000-2 + b

It follows that the sum of the 5 numbers is obtained by
starting with the number b, taking away 2 from its units digit
and sticking a 2 at the front.

117 Court card capers
One solution is

Ah Kc Qd Js
Qs Jd Ac Kh
Ic Qh Ks Ad
Kd As Jh Qc

which satisfies all the requirements.

This puzzle is of very long standing for it has existed in a
published form from early in the eighteenth century. Euler,
the celebrated mathematician, proposed a similar puzzle
concerning 36 army officers, six from each of six
regiments. But this was later shown to be insoluble.
However, should you wish to try another problem of this
type which has a solution consider the following.

In a saloon car race there were five teams A, B, C, D and
E each with five cars labelled 1, 2, 3, 4 and 5. The starting
grid had five rows and the cars were five abreast ina 5 x
5 array. To make the start as fair to each team as possible
it was arranged that in any row, or column, or diagonal of
the starting grid there would be only one car from each
team, and only one car with each number. Find a suitable
starting position for the cars.

115



118 Crossing the desert

By making supply dumps at suitable intervals it is possible
for the students to safely travel 416 Zmiles into the desert.

Base 1st 2nd 3rd
camp dump dump dump

50 miles 66Z miles 100 miles 200 miles

The first supply dump is made at 50 miles from base camp
by making 4 cutward journeys and 3 return journeys which
enables 1250 miles worth of provisions to be established
there. This allows ‘1200 miles’ for further progress into the
desert plus ‘50 miles’ for the final return to base. The second
dump is then made 662 miles from the first dump by making 3
outward jouneys and 2 return journeys which enables 866%
miles worth of provisions to be established. This allows for
‘800 miles’ further progress plus 662 to return to the first
dump. The third dump is then made at 100 miles from the
second dump by making 2 outward journeys and 1 return
journey which enables 500 miles worth of provisions to be
established there. This aliows a further out and back journey
of 200 miles and leaves 100 miles worth for the homeward
journey to the second dump.

The distance into the desert is then

50 + 665 + 100 + 200 = 4163
but more interestingly it can be expressed as
200(z+++ 5+ 1)

which gives more insight into the problem.
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119

There are 50 possible squares to be found. How many did

Don’t be square

you miss!

O

O

O

O

16 squares

0w

squares

4 squares

O

1 square

2 squares

O

O

O

It is possible to put fifteen counters on the board so thatno

8 squares

9 squares

four lie at the vertices of a square. One solution is shown
here, but it is not unique.
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120 Can you help the motorway B ¢
designer?

Interestingly the shortest route is as shown, where the
motorway has two 3-way junctions, and the roads all meet
at 120°. Simple trigonometry shows that the length of this
motorway would be 54.6 miles. This solution can be strikingly
shown using a soap film stretched between four pins at the
vertices of a square between two perspex plates. The
solutions of other similar shortest route problems can be
demonstrated in this way and often have very surprising
solutions. An analysis of these problems, often called Steiner
problems after the German
mathematician who drew attention to
them, is to be found in the book
What is Mathematics?

by Courant and Robbins.

121 Look before you leap!

[tis easy to get caught by these and similar questions if you

haven’t met them before.

1 They both weigh 50 kilograms

2 A hole contains no earth.

3 The ship rises with the tide so the mayoress was faced
with 12 rungs to climb.

4 80 p not £1.60

5 One rabbit, the dead one.

122 What’s wrong?

This ‘proof’ that 2 = 1 can fool many people. The flaw
lies in division by (x — y) which is zero disguised. This
and many other algebraic fallacies are discussed by
Northrop in the chapter aptly called “Thou shalt not
divide by zero’ of his book Riddles in Mathematics.
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123 Calendar capers
When the total was 57 the datesare

%zw 19-7=12 19+7=26
If the centre number in a column of five dates is D) thenthe
five dates are

D-14, D-7, D, D+7, D+14

so their totalis 5D. Itis thus an easy matter to divide agiven
total by 5 and add and subtract 7s. When the total is 85 then D
= 17 so the total corresponds to the last column on the page
of the calendar.

If a column started with 6 then the fifth number would be
6+74+7+7+7 = 34, but no month has 34 days.

If the first number in a column of four dates is Fthenthe
dates are

F, F+7, F+14, F+21
so their total is
T=4F+42.

Thus to find the dates from the total first subtract 42 and then
divide by 4 to find F, before repeatedly adding on 7 to give
the other numbers.

To—-42p>—+4|>F

Other interesting patterns occur when looking at sets of
numbers placed symmetrically about a centre number such
as a cross or H formation.

c—7 c-8 Cc-6
c-1 € c+1 c-1 c c+1
C+7 c+6 c+8

Their respective totals are 5C and 7C which makes it very
easy to work out C given the total and then to deduce the
other numbers.
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124 Optimising

[f ‘positive numbers’ are interpreted as whole numbers then
the best solution is given by

17=3+3+3+3+3+2

where the product is 3°X2 = 486
But the question should not limit you to whole numbers,
and the best solution is given by

D71
6 6 6 6 6 6
when the product is (1)’ = 517

See what happens when other numbers are used as a starting
point.

17

126 Integers only

The first triangle is right-angled and the others can be found
by first making a collection of right-angled triangles with
integer sides and fitting them together where their sides
match.

Note, any triangle with sides of length

m’—n?, 2mn and m>+n®

where m and n are integers such that m > n will be right-
angled.
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127 Box designing

Cut the cross along the lines indicated in bold. Then fold A
onto B along the line shown dotted. A and B stuck together
form the central partition of the box and allow two lids to
be hinged at this point. Cut the net out and fold it up to
convince yourself that it works.

The trick in designing a net for this box is to solve the
problem of the two lids being hinged at the same point; once
this has been done finding a net is not difficult, but most
solutions will not be as satisfying as the one given.

128 A multitude of magic squares

There are 57 distinct solutions not counting reflections and
rotations. To find them all a systematic search is required.
Consider, for example, the possible solutions with 5 in the
centre and hence a magic sum of 15.

8 12 8
12| 6 8|5 5
12
8 12
5 5 8|65
12 8 12

There are 6 different solutions of this kind which can easily
be found by filling in the remaining cells using the fact that
the row, column and diagonal totals must all be 15. Putting
8§ or 12 in the centre leads to 12 more similar solutions.
Itis interesting to note that no solution is possible with 5,
8 and 12 in a straight line through the centre, for
5+ 8 + 12 = 25 which is not 3 times 5, 8 or 12. Three
solutions are possible however with 5, 8 and 12 along the
first row and 8% (= 25 = 3) in the centre.

5 8112 121 51 8 8 (12| 56
53|81 (13| |ap|si[rey] st fss|13
afezng| [e3fnz|a] [n3faz]|ss

cut

LID

LID

«— cut
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A summary of the solutions is given in the following table
which shows the possible magic totals and the number of
solutions with each total.

Magic 3 9 13L 15 190 21 2L 24 245 25
total 2 2 2

Number 1 1 6 6 1 1 6 | 3
of solutions

Magic 5L 27 272 30 3L 34 36 0L 45

total 2 4 2 :

Number 3 1 6 1 1 6 1 3

of solutions
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