28/4/37 |

Moper. TueoreTic Stasicity 1L

Unlivished busimess _QF last Zepay:

| OCue meeds 4o ¢ i~ the ’prooFs o-F
theorewn 25 ('r‘ki-ﬂﬂ—g sywme:éry) /-M E?LP
lemimo, 28 ( st ‘over imv..Plies d.«.-f.), L
fl;lﬂis versiown, the Proo-F O'F lermrrmma. 28
deperids ovr  thiu 35

. Cune had Pr*o\re.d than 24 , the version
over amodels im terams  of helirs. (see
PP 24-25) T ks assvwied stable.

‘ueoreM 35 To (& [CUE) forks over Tp(A[C
7 T <;7é3a> fork]c:ro\f:er B(B/C). )
PRQOF:
; == OCuve writes this inm terws of d'n..F
avd tries to reduce to than. 24.
. So, assuvwie (1) tp(6/aUC) dmf. over
:tp(b/C.g. Omve wondts tp(|buc) Ol,.,.,][’ over
P S s wlog. My, M, such
. v ¢ Wlog. effe we =18
that a‘?g'}ni)aga.ual annd tp(BIM,S ..
C), .
Pm 4‘5{1‘)m226 such thad fp(a.“/%) alw-{-ﬂ
eyt (BLC) .
i Ass(z‘u-) ﬁp(ﬁbh/m_,,u%) is the heir qptP(E/M)
! o . .

| Claiva@): tp(5/MUNL duf over tp(E/C).
| (Direcay -Frmrrp (1) & Gv).)

Clodvn (2): ' tp(6 /M0 &) duf.” over +p (B/,)
e (Sinmce CQm@o‘@, (tp(B/e) € 4'yf;sgtp(ra/-mz))
amd cJeP-(m?)s Cp (BIMG OM )= Cep (BIEY,
(

oY e imyz) s the heir o toleim)
o o) i eir b )
fhw.tpaq ) éjp?a&:/ﬁzul) s the Iii;ir
of Ap(x/M,). S6 tp(a/MaUE) dm{. over
g&/mz), which  dwf.  over tP(E:E/G%)b G1d.
&7 pid/eun) did over iz
Justifying o), (ii)) & (ird:
| (1) Chase” awy swodel My = &UC, and
Q over 'm.i, QG WnFot'kng exteirsion of
%ﬁp(b/'dua)'. There Ly be « hidder




cw»med:rm between b & my. So, oue canit
a.ssumae szzvﬁd me,G. Choose’ B im amn

—

r‘ea.hzlug Q- So B
re,o..h.z.os ‘tF (_E/O.U C) hﬂeg nu a bigger
amu./o:e/mﬁ arodel) B & B comjugate over
avC. So, it suffices to prove result
fot‘ ..( ?o ( (*L;;)Uh,o{dq :

iy) & (tu- se Q. compaclmMess
cu‘gumne»wé. e awn  extewrded l argoage.

hoe  couvstonts fo(‘ elevmvenmts of
i/md and a d-ar Fre.dtc.a:be. M, (whose
evw-bJaJ fM'EerPr& iow s M) T&,‘Qe
axicvns: | ot "Mz < U’HN‘C’A‘.&&- + C< M,

+ ¥¥(ReM, —+ (a. 3) (F,5 (&/c) ¢
. YeCrem S AEF CF 'Qﬂﬁq)
'\P("' w) €& éf( /mx If} -blms :.s ccms:s'l:wt
th Mﬂ'ﬁexpr'c:‘taim% M, gw'es solut:m

%o (itz) & (142) Bt my ‘Fthﬁe. svbsel
}7:;2, corw.s:si&v\ ) :'-F ocve :wﬁ&r?mﬁs M, by
i -

NOW one (s goimg ‘o re,Pcc,ir' the:

28: (T stable). let pe S..(A)
:LEMM;& S. (), ?e alrngst Power A )j[?'h g
2 dwf. over A.

DEF: Let AB, C € avubievwt M . Theun B

&- £A cu“e, I-M@Pmd' et Cwe(/c‘ A—/)A—clx:fﬁ
[ evety) b i B tp (B [CU

over tp(E/A) s ’ i

LEMMA S8IT) I{) A‘CB there is am M=2A
| Suah that M & B are l/deePefwd%t

L A.

'ﬂf)e. sawme style of arguanient
e gopk Loues < bovey of
, e w S [ coM.Sts
T U T O (¥ee M(= @(F, %, it =i
im A, and Pl ¢ /b(tp(E/AS) J:,L i
6 S LPL, =) 1'- wot

im /5('?9(13/;4’) )bm‘:. r‘e%(tsevrf:ed i erecy
(Shght 5161%[4{’, O-F hovnd (ng-e sAce

‘i
15
s‘i




O1e ‘ﬂ% ’I/VLOI/VI,Y E )5 ,)

;NOT'EL T’/\is is sywm)eb ic  because _c_>_€ the
.sywweﬁr‘y oF TQJF M/Lg
Wofz  Lemma 28" : Let A B sl be as abore, pe M)

e 8 @®). Then @ duf s
=P ?jf_% @3&5 Sy ?f; e 7

h]eem of g, ~over BUM, Is an e Lersiong
| o ?.
FrooE :
| ==J‘>> IQQUW t‘,{:m!oo OF '.P EU%
513 ?z, ovenr %‘_5 ?z% —-—F_
= 5] (<1===) DUIDFOQEL ? 9 ?—?. gfve/m as in ‘ﬁfqe
lagrarn :
BU 2
B L
1B - m. q

| Acﬁ P r-ea,/taa ?z ‘rhe/m,) ]eor wwy b
n B, tp e/mue

sywmwetry  p (o cbvf ’UL,
Also fp ( Z' M) Am o\reJ" A (b tM,(JeP@uwC&acz

so C/MuE)
b‘f};CZ'Z/’AUE) d/w,-? ” A%lw (a/Aub)

B A, i B, 50 =
f(c/B) tp('/AUB) d/w.f over A. ?

.PROOF OF LEMMA <8 :

: Take T ifyw(efw/u,a(&m,é ﬁ-f M over A
Omve has thot g is alvwost. over A, by
.h,poéheszs. Toke  co awodel My 2 MOTL. Leb

.'3>Cx) = {pR,m): M E (d?cf)(w—ta} Then g'0<)

a + over eir
? For YP:a.ck ﬁfne vivelevce dassi
vsed to gnre. (F) in Fﬁ, are represented
in M m n, qm alteramative
.oleFtM iw—m al? ? oF Nﬁ fbllows that
92 = @ lyon is lne.ar- oF ?2,}‘,_ This

gives  the re.sult loy levmamna =g



@ Mere . Cousequerces of _the
Abore !

174 1) THEOoREM 36 . Supfaose. T has mo order.
| Thewv, T is ‘stoble.

OF :
T has w0 order, then, by tlhwmm,

52 erelfy heir 0‘8 oL 'Lype. s aJso o
Cohe«r‘ Supfaose. T mel stable. 7719»21

f’a* anmy 'K there is (loy ?‘:hfm fﬂ) a Yo
;m /ml= arcd G!_ m
least ' ( sz).,. heirs O\r'el“ These raws &

be colncurs/ com!’;m.oéfoémag élqe ﬁl{owmﬁ

Ie/ln/vvna.ﬂ

LEMMA 274 For MSA, anol ay
over M, p ’:{a..s S22 cohieirs

.onor-‘

Coheirs axre i the closoce (:M,

OF:%%

(6 Z.) F ec fbpoloqaca.{ considerations: (r
: O’M.e m:dets now ACB DNF(B/4)=
= { g € S (B ! d/uf ovel -
Teozem 3e: DNF (’B/A) is close_oé

PROCE :
| Cased; A is a /moc{e,/
i Thea DNF(B/A)= {¢: is the heir

| 2 is the heir
g}r ?%;/;22;1 ?BO 2 than - 3-&),0\6}(4?(33

1 Case 2 : Geweral case.

Take M. Mdef?mﬁ B e
A 'T?nem, :DNFCmUB/ m) i ctoszft b;w
case 1. /ma.g Cloy ﬁ:sﬁ‘:cbzmj im B
is a/c;seac this s DNE (B/4), by

!t’/tM/vqu_ ‘28— D
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Lemma 40: Lel pe Su(A). Thew, for
R, 7 , ﬁhere is (O(_: ®) (7) S'b f“
al B, ol b IM B (B <= M),
mE (a(_, (‘9) (b) iff p oL 1ora-
ﬁbl‘kmn.g exX &m.s:o'vp 9 w;(:h ?(x L) e

.'PE.Oor-"

(dy (P) = -1(0(*—#[0) L1

THEOREM 4L DNF(B/A)—5>S (4) s opeat.
FRooF

let (x, b) be. own opea bl
of I>NF(Br4). ‘et = ﬁD(Z/A) Let (f(

S a/mad olmoo
¥ ,42’ IWM,,Q,W% (¢ Eﬁax)forhozolcf.
~ e (X Co
faﬁ e (e, 4 P(T) ,r?/ ’&?erkm@

o
extevsion 2 to AUc qu P )c:) ?)
whore m 5. a  amoote] mo‘faJWMg
A1y - Lcé pE S(A). Theay P ha.s a

e %S{Om 11 1’:1’7&

; f”*f
vy it obwously 77V(x b) :Ff élicf’)(»j

=

a ow w;l;ln WX, b)é .»7_ {: 3 realize

7o ( TVTE ) tp (T IB) ozuf 6(;‘!“6(" A Sa
< Muzé ove( ST A

g:CE/A va) dxwf over - A . Also (.?E E«gnwehy

i this typeé S!M,c.e, ’I;J(e b) = me

En( (& arloilzm.(y
Y, Suppose bt p0aE

P-
2 r*eaJ:ac, so kB @) (@) holds' 50
XD h.a.s Cc,?)/’vm mﬁg extewusion,
te AU Z, wikh ©L ) €, let U realize
. day ?a.pt;c—u/cu- FCP(b’ ). Alse T,
anvcl D> Ichw-e HAE)  ssnas, -éype over
A S0 b’ b  ace A—aufofm,or‘}bh:c_ with
EI-—-P 2. W + (75)")) (b/AUaY
oren e T/A) = SYm
_—b (c’/ﬂr ‘) Wpo\ér‘ ﬁ /-e/f; Y? ))
a, 440«4 e exi:amam\, of  thi tyf)e
to B. So ovrec A, g% =p

'V/ (%, 5) € * D



f (6-3) Stromg  Types :

(See thwm. 23, p. LD)

ZDE.F' let E()=€[{)=n. Oue says that
T R ool h.ow'e the
Eype o e
x e—ee o earvery e&meuf

& EHplay MR S
space. Of sﬁﬂ?‘m@ %séfpes over A.

=ere: Comstrve ST, (A) as  lim livn M’/

( M*e = set of vivedevce closses  in m-—
a/wy vawb&vué M/VOOCEI"" (t is -FMM{»E’.

) mpPo.ot i the discrete ‘fo ola
fot m«/ei '—“»mM/Ez. iF £, &g ”"“' c

of Wy (ruedl ) — ela.ss of = (vued

Give profective lirvut foPol to ST?G
,tlfus is — the basic' veidhbour

| as egwm.fme classes art A-
| Ww»ble E' a motoral cou-
Blavvars STT’! (A? ———» S (A) erery

g, hi " S 2, s
g, S T ?ﬁ?&%}" o

A—+B, a M.a, vrod MAap STP (B) —»o
——» S‘Ile'FZ (A), such that STP®E) —es STP(A)

&%

S (B) —sp A)
IF A=M ST‘P(’m/)""’Ps(MB Is q,.),‘ ISOWPP (St
siice the c!q,sscs are ' fa M,
i ‘ 1%65 4/(/0% hél ﬁnﬂ/’{
f’tyP-es loy 0(&%{ g
bOucfe, P usmg ﬂ/] oome/wé?‘étm@

9@4 oVt 13, SYM1II1

Ob’lﬂc)ug Whot  about 4he 73’;((6{:9/\/». Z
Sﬁ{‘oﬂ/ua g pe5 ? ('ﬂmS (s 4@01’_ trf\qa,”y

v At ’(l,eEOC by the cﬁommuti
d __The pmbt?em recl s)‘{:oe{; 7y .
OWI a, GOW,PCLC £S5 EéFE 4;
{o Mﬂ ass ma:s{:e/yal, with P (S

co'msm_fe%/uﬁ with . a' . 1(-7 C“)<15€/\/L.5{0M P
over B. (et (%, y, ) de{—tme &= .
5004/&540(8(‘ (g (F as in levagnae  FO.
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\

| - — - e e b e o~ e

|

Su, e irst. . B=m . Su pose b is i B,
a/vﬂzosihjie s wno m.fe F;xéwnsiom of
PRy to. B with ‘R is in the Eclass

b . Theww. ME ﬁ(@ﬁif’)(%aé More
mny) 1Z: - 7)) =15 (d )H/af imes
ghe clalss of 2 im M st. P “has' mo
fza]f extewmsiovt withh X=£2 asocl (E).

i with _7“5'66‘1‘?(4)),73 the
vnderlyi type . Ove has to. get,
n%r a ass B of an A-definable
E € Fg""(/D} B  cousistent with a
8 exteision, ? over B, 2 consistevt
with €. SUPFose s defl%ed, by @(i"ﬁ’a.)j
o in A Get oL@ (5,2) os before. For auny

g, Fo@(z,a) iff there is a s
exﬁo/ms':fm, p> p to B AUz, soch 12;?&;
Pr,c,a) €. 2 M24A  realizi

P o M.F exi;mm’_n cf? P to M su?hgﬁh];i
P, 2, a) e p'; cousider p’= -’3‘ Pavz . This s
W-ﬁ@i@'«m@, so MEQ)s,a). 1 So, new
consi A—e DB —M | ]Z:r some moclel M
ool A it M st CP(E,%/“&) 1S 00'11,55666’/%1{,
with p. [ Closs Q'F ade e eloss G corsisterd
with P-J So p has « Mf exteasion, to
M immclvolinng  @(x,m, &) .0

THEOREM 4L : 5‘1’:.!"0’111,8 iype.s oue sjccxf.,[omrj.
PROOF : QJJ?-'L
? STP(A) «—— STP(B) «— STP(m) ™%

p S(A) w—— S(B) +t— SM) g,

Suppose 9, & g, ace distivict non-forki

. bock to oistinct v, &v over M.
?Bu‘ﬁ ﬁ:'r‘ mooéels m ST, (’MB-—-—O Sm) is a.
howvieovaorphisin ,  sivce the mnasves for
the e@guimf,e/m,ce closses are awaulable.
Constrve 7,5 as types. These are distinct

7 -

Kelotion Than e thiw, 3, p<d), +he

’Mf qxﬁe/m,siows i P By the Fivite Eg}uim
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mabmmfmw . tiese howe MAece SSBWL (y
O(J.Sé ovesr U
boli " howe ?‘@.s y% bypes. t]

LEMMA 45 SUPPOE:G CCD a/vuoéd (5» 'ﬂ/

_d/VL? over T_hm ﬁPCTS/ L&) dwf.
over QU&. ‘. |

PROOE:

:By s:{MM/ueb‘H) -EP(:D/CUan)

TOU"@F N (Eeazﬁ %y%/vs/ueéea Q‘PPLQ'O(' ‘ED

GU’O«..I&SO (by Sgﬂﬂmm,@ﬁry) ‘Z(:Eg/b\)cx)

over Gl B dal -
LéMMA 44’ 50\/\/148 i’lyf»oélnesc:s 7746/1/1 ’éé /—D)

M over 5 ovnol fp(&/

| PROCF =

Oue has .tPCDLBUQ.UD L ovec C.
fP(ID/C’,Ua,> & ‘tp(a :D)

o(/wf ovesr C. Snmﬁriy (ﬁor

FrHEOREM 45! The éo iow—ng) e e@wmle/mt

(i) stp(a/C) = =to(b
(;L Fofswwe m= E, -tp(a/?ﬂ) ‘f:p(b/%)

PROCE ;. =

('z')—-—i’.(t'z'),: Choose M2C st tpa-~b/m)
dind over C. So ipl&im) & tplb/m) dal
over C. These give mf. extersious of
stp(E/C), so  give the sovwae %e (by &hwz‘fz
(GiY=(a) s (i1 gives  stp(al

od  these restrict to stp(alc> ctPCE/C> Ij
(6-6)Product of types (T _stoble):

\

BEF: Lol pe S.00), g€ S0 (D). Fick =

cealiz o> be the heir of g over

muz %de' 5 e@ban Let
T:tp(ﬁ."'b /m) ¢ 5ﬂ+ﬁ:ﬁn$ = ?

lLamma 4 77/1e. cieﬁtwéfo% of fé} dces not

o  choice
Fﬁoor—‘
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Exercize. (Use o(.e%ma/énl:{;y) =

%Em:‘&—w P*- bp(a b)‘ @Qf%(‘&@&&aﬁlwzs

PRODE: e
Cear by d@%m{am of tm,dep@vwéemﬂé

: (5 ee P a..g) l

&'\\ s v @ G@{“{:CL(/VL SENLSE C‘O’m/kut-

odive, let o € Sy (d, .., nem) s
Ky nme Xy g onm Yn L SHER RS A s 'ﬂne/m.. -

oV 5444—4/14, -

LeMMA 48 P ‘?" (? p)o-

PRoOF:

_ Whot abedt conbivuity of 2" 2 _
It s ot jaa . j%ﬁmous,
Ex: m=au=L1 : the iwwerse tw».o-,ciev QF

‘-*_ =i
the /vvbo(_ deteraminecl 105/ A S +he
d/m@o%«al {(p,q) P q,} whu)» is C/Loseoé
bu£ o opet. | ;
Exerc Oéecxoée whaot LLQ,PPWS ,.
?JX@OL @% i eL} e Pr——b- P -,_gf ,Qovuéiw.aus?

{é F) Muf{:wlfaﬁy ; m types ;.

; be cver A; e wwadtiplicit

o F, Zi@ o b iﬁfx#ofw%aig
OF/p ‘o A—vB as B vogies.

| O%e calectote  anidt (pD i A

-.LSI? A ~TE——3p SA) . (cestrickion)i . |

."IHEOREM 49 : ph,aa {fwt.ﬁe fvm.(.bpeooéy . I'F-F
} E-L(p) i o Cliscrete. (e:?,wvalf’/wﬂy)

_121%{ e,  Since. ’T‘-L(P) e commpcp@é) 2

@@E i)
| 5UFPC«'6€ - (p) is mﬁmée, (Choose  distimel
I—‘ (<w) in nﬁ, el ose vealizations &;
gm,d Mm=2A , ﬂ“am the &;7%s. S
(c Im) ore m? exteirsions oF P Vi< w.
<p(c; /7%) ace - distinck, just becouse
sﬁP(C M) are & M s & iooled. So
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il (p) =N,

C’Cf’l/l/ma(, uppose mu[ﬁ( 2N =
et e, L
Rm E_YUPJ\?:S :WL %j @%m 29,

P@), the B, c:vre olistinct . [

Exerc.: amwlb(p) = couol (T (P))

 Retorm to (6.2) (See pp 3‘{—35) Besé
‘way to procee:o(,
LEMMA 50: For awy pe S(A), the sFa.ce "C(p)

= STP(A)) is howva@ewveoos (ie., the
aufowvor*pbusm groop tra/o/Lsn‘:nre)

,PE.OOE 3
Let % e ). Let gi=stp(%; /A)
/4)

5@ (xi = (x,/A) So X :s/’rc:omu
’bP R :%Pa, btager fwiooéel qung

60 c:r induwces o & Avt (1T '(P)), wqélq

THEOREM 54 (of’ covnteble fl/l/iui'(:( ) IS
%ft%t'ée e/t@ ML (ﬁ K. P

; T~ (P> s a {Derﬁeaé space ( sirrce

115 f/La.s oo liarnit Pof*w;ﬁ & s homoa@vvfous).

S0 ecard( ni(p) > M. Thew loock ™~ back,

ot P*POO?Q OF ‘U’M/VL 9.

77460\/'3&%_‘5_& IF e is ws{:a/bfe,, thew 'muéﬁp)
is imite,

‘PROCF

l

. 2“57 /é.,oﬁ igebicy over A, weHa M é)
i L =

2 " ;e/ Al=c geé Swmg&fjb (Z]

i ho coll 4thotl wmo )
s 24, 6@ 0 - /g 6?5 coumtadole. P(! 63

U '(p) . o covmtodte A-P/m. &
S n 2 - ot

(6+8) Supecstalbitiby (L covmtolate):
DE’F T is sv tou is  N-stable
v %—W T




Lemma 53: (See Pley, 5:4) Let PE-S, (M), M| < A
aé(q;)g(beow(*r) Thew 3 M>M,I0=
il distivict  extewmsions Qz (1<A)

ngfl L (g;i)=
reoed, #)=

Exercise . [

THeoreM. 55: I8 On(T) has am t ‘
Ew'c/lm]eﬁhm dm, IMm=A, IS, (m)> 2%
A cwbtém]

PROCF :
See Fl cz_\Y yiti26.5 o
(This will give . men A-stabiliby, if X))

LEMMA SE - f)uppc:zse. = &)Per:f;éoulofe Thew O (T)
has Mo increasing w-chain .

’ Use }\>4.2,° A >, (ke s'irvﬁufo» card.

LEMM/A 57: I-F OnulT) has me imcrecsing w-

there is™ a
Fvnd:e. it ’%MEB t A,

IF’VDOé fora,éé ﬁm/mée A)Pﬁlﬂs

'P

40
fweprese/vu‘;eo@ )
50 one. o mmw w - chaan
i Ou (T):
b A ghg
{-’orbuwa reveclet . L]
THeoREM 58 T all g,
there s a, Fmaée A, st d/vgyr P
PROOE
(=) done. . |
(<t==) suppose ml=A> oZN m A
f-vvw Z Co%sc Fkuée As.
f:TPk (Ao) carol. € 6‘% .Dwﬁmc)é Mon-

ée/vwwm 1 over Ao
e o WO“Q&% of
STR, Lo)e So . ove has I1Sm) €A.25°=




TheoreM B9 : (Shelok — -E:‘ECLML\[JJ qfuémm)
Let T- be stable . Eithesr SUPeF—

, 3{:&,10«‘?9, or .- ary ASN T
_stalale Al AL

0 T stable bot wot sﬂafo(?s.
%&% 5\{; fﬁosea,wcs MET, MI=A . Sirice
afe . & I'LO.S .
< AM %Wg@s @ E\msﬁabe v@f:\y
SO pOSE T %o{, S0 6(‘5

PROOF

which ke over am 1 lo.s t
Seo et a_)/ér ‘/m O)fjn(‘&/vw SU:\{; .
thrn(55) Ee/{: m, (M= 15 M)z X&),
se e y \y .

THECREM £0: T is w_séa,éaee il :
) T is bopem&vbfe
Gt S, (T is oou/w'ﬁa/be? VL ; &

(iis) for ol p, okl () i fimibe .

PROCE ° ,
(=) (i) s trivial ; (iii) dove : & ()
execctse (in fack, w-stalble = A-stabl

A
T EB 120 be o countable pmodd
T . One will <sheow thot Sn(M) is
table, all

let p e éf@?l) Wosa A
0(%'2 over PA . By va;ée M’“"&"ch“é?
Pl d&éef’vvwvueb up to Igwuée%
e P : S (A) s counitable :
fis coww,ﬁa/bée Es SwlA). is. countalble.
Heavrce C/M) counta ble, []

m@gey_é_i_; Let T be stalle . T is w-stable

(21) all couritatle MET, and  all
PQS%(?LZ)éWf s defe over sowe




(bj [Za&l; ter WE\\I than €0) . p
i Go. op fo a
; staktiorior

St Phyis y+—S0
W cver A,
| :D(<i=) (ii) - c,éeau@ vplies stabidity —
vse -9 St
N lel M _be o countebbe maoéefof
T Gfis@m last m%wlsdg)]«-w
over A %%ng P{MMQC Dl is

séaz?fum/c,w:y. Se -P.geéer P, & so

259K7 _
—~ (6-9) exampLes ;
() - wwioolinles, for o foed ring,
E(Ei) Q/VW a.é)e,&am UpS
j-/ O(g W fOf* ea—Cfé\. }T\te_—zz LLO/!?";';L]E _f-
e ——
b@&a/\/\» NeZwil & , 2 At eor
ol avt @-Wm (’Eecaféj
5 2t _Mﬁﬁe Coast f@c\w e vector
E)QSU& +o be Cf{)oéed ﬁc’r‘ a. 720(86(,

wynpéexfe S equil
Lo :Boofea/m cz,o’t/ffgwbaﬁm! ofu-f'v‘e
Prwmémfe Fm*méas .
L Rsibive privaibive Q@E): Ay (AArz,y-):@,
A (CL i e . tbrsais . with ccb 3
R De,gr/m,es av.  adolitire O

O)é: SPeCLfZLC ée(‘/vsn 8§,r\z 1-5“ S;Yi -

écappasé () 5 Gaa laﬁy_.rpe oue
P This puts

;Ac-?.m P(ﬁi &) tn P put

e gp st ks edle Cog g

ek Up- [ 2 aLe N : v

couol.( %ro ) de _sobgroups.

1W1n.a,£ LPLz v?(fwwjﬁ
«£S m a .. cectoun N A-

,d; !:Lo‘r Fuedi @, Hus grr‘/ves -

! Assc A H—cwe Y
|Possobo&zf¢as G‘:ewfs < A1 pesscbelities {brP
| _




; (—Z,) = {—Jneoqz u; valeice
= Us£ céass%

botly ¢ X rRe lxt,a,s &E
T%MA ie fe,éApc;g) es@?{e
rép&}, as U n i
r ’7} 2&&&2‘5 74%‘ v A
(-L) ZéA ¥, (2) z & A bt =Eo« f—o'r"
sove o<€»4 (> ZéﬁA & *-7on<. 1401"
)Vlif Ou—: (& SO euéh@(‘

2y,
/\;poée _9’ ?wéifﬁ)) m@w
E (5 ) T = ‘ Qan eg’zuw- relotcion
r-r ML/Z«/VW&/% o L))S M}
<wf fg:m = e%‘ g Z}f/e"“ﬁpk
the

5

B h
?(*»@sz‘i;n "M n

st. —mzE4dn & tan sy b‘%é’lz (Z;

-@%%eeodeoéé

;C (l) ()oeoé by e@ivwe/wés

So ?, (s W Herice WL&CP)-L

tec}qu)ﬁm’ i% lics G“a

céassas@.oh&u °&’Mﬂ¢5

Ie_“I:{: Lﬁ ’Vbot/: O S

Taékc;&ba, M T . (Ptcé_ W
‘ Eo céasb = — == UL
W& Gpes e e S8, ok

<tree ) (Note : Il pe S(g),  buk
)2\ WJW— 7J’( s S%L%f\:
el MeT, (M2 N




bovncd, s, (). M occuypce:
efm l ass ELs lwn} but. et %efe&

elerment of  fou ME,.
(—«Z S ) To ivm..@/w{z =
w W:opo(gmpxcbea as o eéenzmﬁwé
i TT WEM ) '296 COTY !Z-SPO VL{)C "&Ll,e. 5@6
£ of itjpes pover M <t eacit Df- the
S g Q?') V- ds. . the

&, — class ,ﬁ(%) (Cann Sy ﬁh,(b by usSL
eée/mmvﬁs i, € #(%) ove deesit %

JI:LWV‘% w&éker *%1, e M
‘W Nuinnloer r)F - wor

Toass QE.. ‘I?Pe Pcu) oieﬂer/wwned bj

(L) all  v=an § /Vw,ém}
(12) class of (O fwwoL f:.q,L’VM (ze W‘bbwét
elerrenits oﬁ m cccopy  saame E clasc

- U’)_L/_VL @) thame [ mif Posscbo&tzes S
% .E,) % i:-e pagbld ins 1 b‘,&ffj

‘T’ obfe .0 %
&
ﬁiﬁi@:‘ WW’% P
.’ F=QL <& 1t Sovne aé%4
Th&n 0(/!47& ovec {Cc,}

MCASE:Z_ s c\,¢m P all ach.
oven .
St ol (—r>/<—s\<\

(4@)Hm g A1 s O
(nswst  thait ea.céL =

N
vl zzfe
oy, iy o Wm

- W™, ‘ — L)@Fore i {

o S ——
(&) (Mor ) l/JOY‘k. with iGFOfc ;c:a.J
space . X7 (2 Iscr‘eﬁe( %g
. o €'-\2‘0 A L5 O
f('mi ...ﬁf[/z:jj)n_f{ 'Th:s{):s a, me
eﬁe. meér:zol:/e i [ 8%@0(
-Eo it closed CZ,“” a 'UfleerY




e/

Lamguc vnary T, ieco. [\/O(:tm.ﬁlon

la aon Elon A (v=) dentilies with
-F(n) f’r certain Té’ez“’ ool ~FEW)
f(n =0 7—7’)6 ﬁype. X will corres-
(<y=1 B 76Dy

|

:F(zno(. Q oé,her*w::se reange so that
5, (Tz) =X.

| ;Cixeci X ive
| TJ:LLLQ.L_&_L@%::& (av)(/\‘* 'szog_pgﬂ" @am)
V'mecu where. ’—P”._'P i £y = L 5a IV B,

)O One A cach’ L
omoC! e xiorh f’or ¢ ]C’m:e-F)

x:omcs Qpegggai_ﬁ__ for ever)-z clopen

el f: fn)=..= (n\ o, (ml)-----

L5 \X ha.ve axzom -——;( x)(/\ﬁg(x ‘“'_P(")B
| For every clopen (as abows which
has nonemp y intersection with X, have
axiom 33&)(/\6?9 ) A N =T, (x)) each 1-

i CLAIMS: () Tr ls lete & has QE.

BN ™Map g’ ) — 2% g:ven b
'P(v-)t-—pﬁ, where (n) ‘ :T(’ R e € Pp,

:F(n =0 il SR) P,ois @ home_omorphrsm

Tt & obviovs, b irst (S.Peq ic) axoms,
UA@{; range &L r‘oo)'é ﬁhoaf, Pa(ée:-x s

i compo.cén argumem{;.
! Now, {’or S (A): g;éS(A) is gol Profwz
"cTi{‘ﬁ by 5F>eci€yn8 the 'troe ucd (es x=a,
cA. (In ali this one F;eo., fenown o€
é" ” OHFM'O SQ,)

o

for monadic Pred.’
etc, owe Jusﬁ S, xS, (ess

has 15 (A)] < IS Cgb)? M This gives
suPePsﬁa,b.f;£7
Non- Porkm let pesi(/-\).
Cased: xﬁ,\ ¢ p, some ach. Then P

dnf over over  {aj. |
Case 2: x¢a €p, Yach. Then p an

overr .

Mu’t:pltci/;les ’Yn(]p)-r-_(_ a=¥

Des rEe ths, Ufie_ tlaeor‘)« s not all-
7 Cei= staJole, ES IX’>.N},, smce then
1S/ (@) 1>Nr) So, ]0 l [N i
ers

esu not W~ e . (-—‘P lX &
Y Cantor - Pendixon
Exercise : X countabfe -=;>T w-stable .




(There is an exact connection between
Cantor - Bendixon - rank OF X and Mor“ley
ranla ) _

%@Wd Fields: pesw
is deter as' either ; ) x is ﬁr‘cmsc

over A jor(ii) x is algebpaic oyer A wd;lﬂ
/ 8 /

miniavad po!ynowu (pve(‘ fre’d 88

bY A) ot e@re& N, Do T e w-stable.

welplict

I 5 (l. P toansc over A Oo pois tronse.

over A (- a!a closure 070 A> io._any N6 2A).

Le{: PJ P—l be nen- forking  extensions of F
( is o f):ef ) One has that

Pz(KS—_:p X s tr‘cuwsc over 4. let x; be

(*ec:\_(:eo:&on _in. NG P Then Xg ~p X -

& have the sawe stron tﬂpe

\fer‘ A( e PR, & so (P) =4,
(Il) tS al over ) wmrmaJ E
2ree . 60 P(acsubx i Sep o.rqbl

over A. Then { ex&ens.ons

to a model are cc»n ({u%cd:e cver A, &
so WCP) =N, g t

i Exercise - ijco[a,{,e W(P> n msepam,a[e

icco.se

. Exe () Connect stability-theoreti
mde endenieé Z) al ebﬁm&smdei,pie?nolencj T
- (zz) Connecﬁ sta:éfonowrﬁy with albsclote
lrreduqfathby N > :

Ly @Seporo.@v Closed FEields ( rxed
char. P>O) (K s eepa(*a,bfy c,Toeech? {%’
'K has - no bfe a,/ extensions

Let IC be s;eP. i oF chogp P
Leé. K= {x? ,xé-K,f, this s a. ?@fe/o/
|5 Ecdov_invariont of £ : (i)n, fdjfm(,K-
i:P e DGR (zz)co aw. .

Foct: K =L :FF K & L hove the same
Er‘é‘,ov’ InveLr, (JF ﬂ/}e\/ e ACF invariant s O._)
Fact: The ﬂ/ieor‘y of sep. closecl
Fte/o{s oF cfncw P lnas E in tervus o—F

‘~+) 3 ./ 3, tfqe, Ped(C’QteS :Dn()(
&Yl?}g ore {mecw alependen c:ve
KT ( 8d r*e erence alo to Ergov mmmants

1'668 C-Wobd , os.L.. (19795.
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Fact : (z‘) Ecch sep- closed AFielcf has

stable theories; (i1)+£he  non- a,lg. closed
ohes do n have suvperstable £h

Stability table for fields:

w- stable I "only" supef J only stabld
stable o
Finite -Fiefds No {:heory yoad 5ePo.,m,b\Y
(b o ooy, | Cherin-shebh Snsiah, 1
U- ' chin= ) (Sh (97
f??_{)ac‘ﬁ\’r% erhin | ela ,%

&) Chain Conditions . for
Stable Gr‘ou]p'ss'

[Q_E_E: NG is (x-)stable if Th(e) is G-)

stalble .

i
]

LEMMA 62 SUPPose G is an g)-—sfa,lo{e a
Then +4here is ne ianniﬁe descendi
chain c{ de]@fna)ofe subgroups 07@ %
G*' wmeans a. svbgrovp H<@ ”

H=14 g=<( j ¥l H EOG) ) "7
: - IS {j ‘@%Lrwﬁg} % g@g]} e n——

F.

P

B

any ke

bl il by

o ovenr

it

s
are

Soppose ‘Q”O«'& hL2H2H 2. is a

descendingd n o]g definc blé  suvbgroy

Hfdefinecl by . BEach H; is

Fréofvw'%fmf{;efy wcny ze[ewe,nﬁs
! wi

constants these el e,menié

still w-stable . ’ wfog-, the H;'s

deﬁined, TQPo’Wl &

Picture. ! 0

3" O\\\\-*\ '
- HL\ variovs Cosf{:i of Hi in Hy
Hy (cosets) (splits here as well )

0N 40\ )



I

; - Choose a bina.r‘y' tree:
Z : Ho

A
i
|

H ancther- coset (of H)
JOUP. ST X A .
f‘f 2 Cos_?!; Co'se,ﬁ co;.:seﬁ COF "\[{)

. v -

|
I
This ives 2% k-types oven any

%coum'to.lole set A which intersects I
Q-Hne cosets  in this tree. Hence G s
Enoﬁ w-stable, contradiction - ]
]LEMMA 63 Suppose G IS suPer‘s-EoJale.'nf)en

there s no descending <chain i deFfm
able #; < G* with [ z‘-'Hi+,t]2

PROOF
Use [dwenheim- Skolean 1o get o
weodel OF power A, with each L%;‘:Hz'ﬂ]:?\.

same cu*gumenﬁ as a.boye, geé A
ik—ﬁy‘pes/ conéra.dic(:c'ng svperstability , for
svitable M. (1

lhonisciagaen:o Lok G= 2%. G i stable. Write
a,d&iéively\ Rt _H=G, Hi=<G, .., Ho=0eD! G
Aeéc, So' (Hy:H =R, ., [Hy: Hpe J= (ne1) ete.

{

REI : 2 s superstable . Use known QE.
| Ne b Th(z), IMel=X>2%. S,0M0): px) s
determined by all- eghs kx=a e, keZ;
ancd x=b mod(Z)/ be 776) e Z. (F#‘esburger
elimination ). Essené,ra.!ly all you sy S
X=0L or x &M & X=r0y *moc‘(j), g'e N,
& b r<i (2% possibilities). S 1S, (M6) <
N C P

Qgg Verses ,Qf _f_h_e a,bove ﬁmodules
(oer countable R') See Garavaglia , (778
&1@: M Frest - Model Theory of odules (1959
' took at SUPePséabfffr’:y . let T be
=3 wmp/e:ée, theory 7c3£ -fl/modu/es, =
Cc:’un{:olale;, SUP)DOSE not super*sta.é/e-
Then (by &), pp.38-4) there is an n

st. sowme Op(T hos an increo_smg

chain- 2, & /5, F --- ((3,4': ci(}:‘{‘)/ pover ?72.})
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Lin mm;fwww

|
l
'Look_ at * Sowe i
(51 is not /-ir*eﬁrfesen in /bo /ﬁ') s
o Beoolean combination po.sré«ve.
Pmmbve_ f/a.e art e such flee (X ,7)
assigh £ q mse_t‘. (defined. ¥
-U’)e_ roup P, H}. Some hamo(
waFvu;b ; lies fhwé Sowef coset y btlloe
e Fin e rou {f: (£ S s aweula €
I‘l::l Me, , not % P f o se that
IS net in om;r Ccee(; c—F gu ent o‘la
M, wod {T . QO(?:‘ SHF. {he index, in any
fmodel o?P (€ 5)} is indinite.  Now
corsider L IQD to gt e, with [H,  H,T
n@mée ey gives :

LEMMA €4 : ( me is an. ?Q~ /m.pdu/e,) Th 77‘6) is
super‘sﬁa,b/e, ff ne meodel Thine
5, an m;zmrﬁe desaendrﬂ chc:om o
neble 5ub8r‘ou;>5 p of u’)?g: mEe,
incex  on its 'Pr\ecvfece.ssor‘ ]

Altecnative pr ( <= lemwia 6‘{)

let :P < }(DAOOF gye evei;vﬂ Posn‘:tve
f‘mméz ve (P(a? &) there corresponcls .
g g(k‘ S) .« (Excep%, Yf’or* trivial case)

(R ai) in f{x ,8) is minimal
r the mfinn‘;e mdex ord cbove .

No{;e, that 'L’:her‘e. Qe & M Foss;bf’t{;les
~ (5? a). For every ’;V(x n P/

[(P( & (X, ) AVERDE)] < ou o. W, one would

howe. (®/3) f{i“ &) O;(\,q/(x ; D“)] >cw, contradic

[
|

e o) "there . are
©onN m:{:e/y /qu’) seﬁs o 6,0/\ Z/’ in
ﬁ[ix,é‘:) Ttve,r\ez@or\e e c})ozces
Pr‘esentajééves on WIR,§ P Any
choice = O{-) r*epresenéa&ve etermw nes
a,[l '(/z{x (b Qo/dn’;!wﬁ7 S #
oe;s;bi/zéres = 7:> = # }Doseazb:hbes

Fo F = |A|. -{’5 Hence | suvpec-
f‘ét,bl ; -#;l) on! consider %0563
with méel\/ wmany cose,ﬁs of {04

=z )d

. ercice: Frove the an og,ous resole
for w%tEEE & the usval DCC on definoble




subar‘oups
Ly =5 Ways to %eﬁ new s@b/e struetures

%vw “ol:

(_L) Interpreﬂattons let T be comple.{e
aéﬁfoeory 5 MET. Take - de,emabfe equ' reln .
E_on M and form the set oF eg}uw clasces
’TT(:/E Ore can intecpret this. One wi \/aJSO
howa VAUriovs da{mab!e relns. & fns for which

is o conseguence . This  gives | >retations
.ﬂ’ie5€ on M/E. (Eg, de.F e. . noramal subamu

METATHEOREM : I~F you m-ée.rPr‘e.{: scwe T inside M6
in the abeve siyle, & Th(M) & K-stoble,
then =o s —7’)(73)/ (See discussion on G,
Ahlbrondt & M. Zreg[e(‘ An. Fure & Appl. (egic
(156 7))

(2) Finite ng_r‘g_c_té T, = e, L - structon
% X %) 5 an K structore im obwous v«fa.)( o
If Th(e;) are k-stable, so s
dh(% x%&)

_ (Ecusnl deduce - Lrovn work. Felfecman-
\/cwg va "Fu\rio‘ Moth. « IET*S‘? OF Ffe‘”
W’ M = 5 P 1=5" Thire) is k-
stoble  since Me_is fzfm{;e byt 77/)(72) is not s{:alple,
j)eﬁme order . view  incl Niot: oF can{-,mJa aers
!em(am%s € 'g?) vt . Fe?érmaﬂ O«ua

Q,P)D es

 CLASSIEICATION OF  (W-STABLE  ABELAN. GROUPS.

| (1) Suppese G is an w-stable obelian -
By »ec. en dﬁﬁmabﬂe s:ulaaroups Q ?-26 2 &(5
e 200l G2 becores ° station

s tru any. eleaventosy Len
’@I L;: #OP Ioe\/ the lygulogr‘ouP c;:g( dt?’tzrio e

elements . of G. ’-Fbt azp@B (n, f
e

ﬁ n, nlB= So 6‘7

G = D@B ‘D dmstble,/ B of boundeci
exponent .

&) AL - cost ofz gomg to ele/mentaw'
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{
|
i
!

extension, D= @ (copies of ® @(@Pfes

- aD. " rooks £, a,ﬂ , aﬁ‘aﬁhtﬁrmld
P%“’Zed““g e By e Proter B
) = is
the direct sc)/z/ﬁc noﬁ Frmte gmgf;‘) inite
[CYC[‘C gps o B=@y, (copies of finike " Cyclic
). Y T show B s w-stable, Slfww
@/wv.‘: 9 s w-stoble . So, one has:

THecreM: (A.J. Macintyre sf\oLMafh (72(): Q. is w-
_’%b(le @nﬁyﬁ/:g@ﬁ ;Dnﬁdmgb’e' , omdl

B oF bouvndedl QXPC)Y?

RANKﬁ (FOR . srABu.—:)

r
!
t

| The Lascor U-rank:

DEE s (Uny a rank on . S,(A), ASNCET) One
a_cgtuaﬂy de#mes (b) Pecursu?% on x&E
, eCnl) the ' nction GF U (F> zx, andl
then defines O p)= = to' be Upp) 2
| om?(,) QQ’;Z )Un @)?ac—ri Clavses:
i t /7]

(zzg i cf (s i;‘wm‘: Un(F)>a< <H>V <o U (P)apj
| (43) Un( )>K+_f_ i p has « For m%
1 ex‘bensmn Q w U,l(?,)}ac

LEMMA 65: Suppose. peg U(q) <co. Then Up)=
LPQOO = U (_?) 1]EFPP; .F ?Wei‘ P

| (?) ? ) .:5u ose. chrk’s over p. Let
- ;

"ﬂoe/n , 1, by definiti n,
0(9( aon O >>7u(£'& el 4
GY) One’ . proves ion on o«
]éj F )z« & 9 dnf over p, then

U >
f (? _ﬂ/lfs 18 e.v(denf ]QOF X=O, or K= Wvué
{ SUFPO% that Ulp) 2 &= ﬂ?“'

= ks >
rg Pi h 4 "l:oPi cofg’zzrucﬁ oc\fr ]go kiﬂ% Cﬁs:cﬁ
,l,



OF 2, w:ﬂﬂ U>ﬁ;
Caim: cg on Py Fd st.od realizes

q & ‘CP(SC/B 5 < non gorhn% extension off
P <uB
PL .f;ki" E
dnl |
P ;j—' -
Assome this. So, by o(/Buc)>
F)FD. Alec (E{/BUC :sca, klng ther:s:m
'Ther‘e Y= ﬂ;—«-i

one. prov -f:,he c;lc;».wm Choose/ any

C m TP;_ as abcv'e, ancl cI realiai %
(e POCI{:I')ESS f:cmg Wb
te C O\fe(‘ A vic, C i+ @6“ =t . (Z:(d‘ /CPII =

o (Clet or _ever (X, ¢ Ye
w;fﬁe %c* cBp For)) P SRy 2:'% _7_)3’
(1) C’ - AU
éo _{g:z)c; ize “non ﬁor‘ ing  extension oF &
Reco
@) tp (d (B A-
) ep One. )hasw ):\,p%r) where :
'(@QD(B/AU&:) oln? over A .
Ancdl (=), where :
@ tp@/A0CU L) dnf- over Aud.
So, by )& &)
(S)Q(B/AUC’UaL) dn‘z over A .

(é)«ep(c uoc/B} oh# over A. -

y lervivao. 4>
)

(d&/BLC) over AUC .
Finad clama: AVC'= C) since ASC,
and Cla, C (o ASC")  so 4p(C'[AVL)
conmtouns eaf_?UQJH; stiteaments for A<’
X eo  this trmis—ﬁe(‘s e?ualn’:y statements
aivmg Accer. [

The ﬁz&daiion canlk. :
Recall - ' one showeo(, that T

15  superstolde 3 no increasing  w-chains
in. OpLT), #F O,, (’r) with reverse ocdec is
w-el(—- ﬁ:wn
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{PROOE -

+

[THEOREM €7 (T stable ) T is SL>Pers£®bfe :}@
PROCE -

I

] l’dp&& ‘Qon n
QEE(V,{;,OJ&U on ren On (T)

clause: Vo)== oc-t—J- <r=t> g h
S My (B2 Y2 .. (Foc °¢n (& X7 o i’Wu . q?g
USUOJ ) (Ncr(:e . &' s below & in re\re(se

order mentionesl albeove))
emmh & U (p) =V (@) . (T stoble)

Eosy exercse - I]

Levnwvao. 66 +tronslode  this to condlition
thot  Op(T) s we”-sﬁo ndedls.lj I_

. Connect Lascar ronk. oper-
DCC i, e s onclex™
m%mbefor‘mdex inclusion . vegre: -

THEDREM 68 Suppose. T is riedl
e averaiable Ry

SUp Then table.
(Lachlon’, e- (722).

PROOE *

let MET, Mo covntable. PeS(?rb)-
TE c(qf over ie for Sbgifne ffmﬁei
E'(A) s 101 - r:@r
Stpy (A) ,.JQ lﬁmz e.l77 ’mu/(;%ﬁ M)is A/ mnée.
So, #ijpes #(#maée svb&eﬁs

OPEcﬂI;I/) T’EOBL;-—:M - Cax)di:ne[ u&eqﬁin {:1;1:7
i = &8 -
yd :&ijo(e i Nc:w(% = ?Jrans. om@)egm

@ InpiscernipLes & Invepeubdence:

Becall: Ordler indiscernibles (existence
oF these are not tieod up ‘o m‘/y)
Let MNorT, XENG ancl < on' X. (X <) s a
et qﬂ order  indiscernibles On ’Dé »ﬁ@
all %, <o Xq ) Yo <---<Ya %om N amal.

| . " o




all cp, me & QO(x)d—»qO(?)

- s%d_?, y 3 |
@aggdl i & QF - )ynasare

cfzs{;m then Mo ik= CP(?)‘H’@SO

IR (Ehrenfeccht Masbowskf) T has
an nﬁ?m{;e wwodel 2 (X,<) s erdered
se%é IAMNCET =t (X <) 15 order me;scernible
in oS

Note One. o£ vsoal £ vre
mdfscermbl eq, t X\>u L 72« g%bﬁ orcplemo(

LemmA 63 T stable _i ey mlinite order
ndiscernible set gﬁ ﬂe'érzp gﬁ 'S pure
indiscernible .

PROOE :

Go  via ordér Pr*ope/r-&y
One  connects  (in stable T) mdepen—
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