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gations of +the Howsdorff’s n,-sets(ie., dense
limear orders A withoot  endpoivte svch taat
roall ABeA, Al IBI<wy , and A<B ,then
there existe a ce A , A<e <B).

i Iu the above excbWLP[e7 N is  aan
ty N -set . Oue has thot'
. (&) amy, two Ni-sels of powel «wy are
iécwmor{)ht‘c. geveraligation of Cantor's theores
: covuta ble” cace)), “
j (b) any Y. -set has cardinal 2" (one
can ewbed R im it). |

This. corresponds to gemerel theoresd
that there 12 at  suwedt ouwe satuocoted

wmnode] oF T oF power K .

(X)) PEFINABILITY

Suppose RNt . Soy thot R is detinab

(C_IM with Mefl&t‘s; im )

there s awv £forwulo. Ty S ¥gy (e laun

L oowoloe Bl Yoy eey Vg ) amd Clermente

. Qi,--‘)ar€%> Sy that R={f‘3‘(2)f (or

3_21: gz ,a)). Say a Lincliow is

delivable (v “either sew e) if its
gr‘d,f)h IS .

ety

(- ODeFiNITION ¢ Let M be aw f—struozure,.




Pasic = constraint

_; “'.‘";’_ '2,) LEMMA « f)yPPose, o€ Au‘:(m,) Le,{: Re mé a/VLd
ef R = {0 x,): (G0, ., ) € R} I R is
| , cle:FMAAl’? e (withet P@Mzters) thew =R
PROOE ! ) ;
Triviad - m.c!ucttc?% on co*n/m/)/emty Of oéaff'fiff'bﬁ

{ol"VVlU{O. d

REMARK © The ebviovs version wn’:h parwefers a:l, .
| rec?uu‘es o(a;)= Ag T S, W S

(EIES) Pabua’s  MeTrob i Jo. show o netion s
nwot  detinable from sowe porometers,  ~
it s ﬁetces to 'comstroct  am wimnorph:m
thu%g the pramx‘bms but MOVING the
UOLIOU -

EXAMPLE . O%e, Ca/vm,ot cJeFWLe + ﬁ“o*vm . o IN.

, oy | b thi . with
wam'z;e N ebmitasie;m S O*F (N suofn ﬂflai

(i) c}"(z = (t)cr ) ool =, €fN‘

(i) HoL o (a+b) = G‘(ab—l—o* b) : e-q- switeh =
a/vud 5 X zou AX2 5X3 7 U‘t 0"0(}" foz 504:. 5“5 s
thus . - o(R+2) = o-é{) oR*) = F =9+ 6 = 012)+0‘62)

(r- 4) C%\NERSE Ti{ ﬁwﬂ?@ MeTHop @ GropAL APPROA?}
&) J_C.; i Su Qs m
i ) %E eaf de‘l{-mﬁ)e “Lot
e{—.im[o’e, One aiPs A‘T”o MmM<g 1.
eqei%es R on M . Them @ deﬂel%es

o cR . OCue aiwms to tﬁma-
o of 7L) such l%s=]=R 'ﬂms wouil

(&
: ‘Z;h IS ’VLD’/‘_ a({-— mb ="
| S B am £ rtmu a,eif il RY ’ﬂu=§«>?

e

defﬁ/ne , an.
NeE®—ry . So W d ffw.es O’% 7L~/ but
refai:m defz'm.ed by V' & iwvariamt. omder o,
.,6)%:,6 0' Cesp ects -H oéi structure . O’VL€ WOM‘{ZS
o»\r 1S N‘ES a 1 ece,ssa_(\
26/l SUFF{CJ mﬁ tioad féﬂr 1—4:59, imna bil ty
22 (1"_ 5) THEOREM Let og oé’ 2 R be as above .

cse K v o{—d imobl Th
gﬁes g)(lﬁ'tss /;Lno‘<a[z‘n, gffbd O'EAUtiI(&VS




€2)
SQ(;LL th OCL -R—O-#: o

T S % &)l 4y Cl R )
;a/v‘.c:} exfwg fo - tcc; g(\;ﬂ,) - ) 4[%“3

S;EP:L Oue shows ‘H,mfc the fo“@ 15

, 60%515 ’t Th.gm)(m) + Pl ,Va\"—?ﬂ%u—,zﬁ +

Pl L (g, ‘_,_\I;) , " (Vg oy V2l ) — hasTe. e Saavie

Fou— ﬁ'tipe + all e, ,@Memm eé,) & in
4 ,

- -+

F o ok, So, thece _is single 0 suchtht
Th«{zfm)( ) + § -i' )k)a-v—rifu";ﬂ, );VZQ)}_Q@}! f%)wﬁg(qﬂiub )‘“z)“
3 WT tte X CVYICJ Y _for (\rk-u.r ,,\rz/g)vo"fté has
= T+ 5(2\4‘?‘75(?) f’%%‘—%"‘( (7))
se @AQ(x) consistemt with T . Then

N (Pfo : zmcmsrs

Sop ppose @AQC{) amd a0 (X) are consis-
tent Then , b\/ ® both ~840(7) amd =84764)
are  (mconsistewv
Tedd o 50 "@t\?\ |5_ ;v@%{é‘b@nﬁ I/vl ’U/Hs case

EGQ l5 X =X, rmcla , so

d ‘Z’, esfucjjg?'med by B s -Lp(_; defl 7Loea.} P

iC IO’VI
Oue. wmoludes +hat :][ is cowsnsfe/mﬁ' (amd
:f][. uot, ik..is de ined by xﬁax ,exactly one
oF A 9(37 or @A’.‘ 8 is comsist 5& a/md dlso exactly
one OF APa18 oo aPAb s cousistevt

Tu 7%*5\5 case. T F $+eb , amd m the

se(,ompl case., Ti——@«——p =0 mﬁmc)m:tto’n This
‘,P]’\CV'Q.S d@P _'{_

| _ﬁIEB_Z-_ Assowe s%eP_’L Take a. model m,t o)é

___the. abo el )/] i De:b
b 4.,,&,\1'& a/\rlid b- : 'E}e,rpr“e/%3 ﬂv}&i,) vg ,

L. Ome has %<£zm,i emce. )
, Ofme, wax»ﬂfg 5 M / w:,k Thfgm

A _%e.ous. orthea a__efrex\,ﬁhmg is ow/»d:ab!e oue,

ge;ts W oe Auty Mm,) , o@) = b, but. decur[y
since O@)+—=d o does 1ot Fes(bec;'é & '(and
€0, R).. This —would -F—mnsln ﬂne Pr‘oof fi:r cowita ble

m g Theprof ofolep 2. fellowe-froms HE




Gd

at tgf é) Aasu/mne, x_z Co«‘f COUM_tQJo,e m ant
e ’

Blifgeé

ructore . Th?/w ﬂnefe exists a Ca)mtable,
7?, m'<,{ 72,) SUCJf) ’[Z‘/?OL 5IUC¢. té_( 5‘tr‘uc,’tuﬁ€.,

s w- hmogmeoue

T_;OZ)(E‘@C‘%%Y“ 1’:[’16.:,{2 Pr‘oof 3&\1’62/14 ear lier —in

. ices (via itecation) to
Sahow -{:hﬂ:t/ Q, ;a%+Lfb_1_1 b% 6772, Wlﬁl/]
‘r_pegjl (A, -\ QO ype_,gl( . ,,\) then there
lex|sts 7?7.4&7?, J TL covmtol /e a/woj N s an
e/@WL&w by such that Lfypei(cg, g )=

r——T ez, (b, .
¥ This - e/éjcias to +he coma:ﬁ’{:e/mcy quesﬁou

wslder _T—l"l»é('m (M)—\* 8 (‘@l ;bm(v) MQ(Q':(; a’h-f—]) J
0 ant op- fom/fu)
| T—[/llb IS cmu_%ls e/vnl: (exac’f/y s 171

é’ﬁ’fze ea.r/:et“ PFOO)E ) _D

Now O‘Vle, s goi to - cousider, Beth’s
%heor*em , which m%e/ci% rmplicit

€XPIC_It dclﬁlmblh i

@E?)DEFINITIj LE‘E S be a set &, - sen es
L2, o lomguage. obtaiv 5 Fﬂm% )
| by . addimg o 5(44g[6 -0y ﬁe,laicwu
| 5)1’W| be| R™, Extewd 4o a set [ P
| i Ly Write I as T’(E‘) (Exorple: =
E s the -Hneor Of the. -Field_ﬂ? K a ﬁy»mloo{
; ~ order, axios abou )
? wsider tlne, \_{o”owt'mg situation :

= + ['(R) + V= (R <R, &) ;
where R, ia a mew m—cu‘\/ rea,t|o44 S\('mlao’
(it eoys: for ol rnodels oF , there ,is at
wiost  one m?':erpre'tabo% ‘R W"ew&
[R) true). Theu ome says thot )
e zw._p)rcd:\; e;ﬁtMes the correspo%d
celetiom. .

exampie s On any  maodel qﬁ Th(R), there
[ is o'tq/Y ove order (‘eePe.ct:Mﬁ a/w.d

| Tu this case, order ie' de
| x>y ¢ Tz (2#0 A X—y= Z%

| S

g i ———

le \via

—~—~
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R ’a eff'vzed by & in' all mocfals OfP(E)

@

= (- ) THeoREM (Beth ) : Tn the alove erbjojtno%,

i R rs exphutf\/ deﬁ:mble te/ there is
-Fbrvmu/a, P (x) sveh that

j T"(R) - (RS BER)] .

]

|

PROOFE : \

Fix a covsitable wodel N, of [(R).

5 ,fP c;/se Rb(re T%S miber (26 O/L:L.?/) B

MO mable em r-s e
exists 77&‘{12 amd e AL (7%) eh oot
RO = R . Nete ot nEMNR) A NETRY), so,
Cowimd(c’tfo%

So R /s de]ff’ned im M by @(K),scuy

Simce 7)2 was amn arb;fr‘ar coontabl

el

E]

CE[-Q)THEOREM (OF JB{Mt Ccywsls't%c.y ,O-F Qobm/csou Lét
ok, pnslsicdoa NLs,

ij).d '7"3 be a etguaﬂjsﬁheor Le—l;

| T omd T3 be resp eci:lvre.

| eXt&/Ldt- " (CUns\sb&nty ’TVH?/M TuT_g
s cousisteut .

P ROOCF ;
| Oue beains. with (coovitable) miodels M .HlL
and MaykETs, amd wents to Fim

M~ ‘<,{z mz,w éﬁfi m’:‘:w >' m?: “

Thie allows one ‘to %f‘\c,l’! mz,w to a
miodel OF LUTy . Oue Vg to "ll,ef‘Pr‘e’t L N\L,
eymdools by toking ite i PPQ—?l;air in Ma
amd t(\QM‘é-Fe{‘l’Vla to Mg using. Q" .

One 'has™ to evsure  +het ¢ - and mJa,w 5
(Lt;o;%e 5£Wc‘tures are co- I/wo%zog emneous  aind reclize

i e o Bliowisng- ginor
f-)«ca:bom of femm;, (]Zl”—é) m;g begann

mﬁfn £, -stricture M awd 30& M <e, L, with

/n, af L~ mogweous Now oue vire "

a.dd:tzm thot = L (‘eo.hz,es sowme preseribed
coomtable set  of £-types (over .{Aﬁ(m)}
Reouired m,odrflaca,{(owt; et ‘Ly es_be pp,
PSS convenjence ;, ASSLUE Hnese ou‘e
1~ ‘tF Go to  Lp(MN), and  alse_ c¢; to reahz,e,
P CO’Ms:czler‘ T"Ia{z(m (m) + P:.LC'-)) a”f_? Tt is o
simple  exercise to  show  that this is comsistert.
Let” M be a amodel of it, M<g M ,and all




t];a )5772" cealized . Now app[y lemama. (@)
; 'J'"o %‘M{éh the Prcmf ’ cousider the ﬁollowhﬁ;

m. m,
AV A g
whwgsm B =vet = ——-l> 7)?,31_ (fu howog. a/vtd Fea.‘lzz»,e/s
e A0 A N all types realized
Mol e oa by ")
(II‘WN’-') /g\.ap,?_ /\ig
m'z,w : m?:,u)

- N S e R E

(.W—-{O)THEOREM (_CLCL_L_Q> Let 2 £, and ag be —
as (’Vz d=9) . SUP ose thoat o and o* afe
cespe Y oé Lz seritences,
éuppo.se. > is a coumsisternt set

z” evtevices . évppose. kg —wo; -

s "ﬂam there exists o fﬁ:rm a{_,_ such

that = Fo,—=o; vad Zo =8 o, .

pore: The omly reasom this fs wot  immediate
ﬁseqome of-. (YI-9) that = s

QS&U/VM&CJ C.O/I/I/LP [ eie »

o ,J’PROOF

vppose. Z s cowrp/eﬁe, Crte =
| . (I-9). Since = —oy—»0z
Z O}_) afrf is  imcouwsistevt . So eiﬂné‘i")
(L) is. imcovsictet ) or (i) =y 10, s
f%cms:s%e/w
In (D) 2:}—'-10; toke o; to be ,,\,(
covtrad tc‘f; [N péi (63 C3x)(><:/:x)) 'h
S koo —+0, , s06 Z oo, and ajso
= F o — o 5
Ll iy edake  a)l a \roJicJHcY
(e,g \fx(x—)d)
CAse. 2.8 G@nemJ case .. One r‘e(,'uces
ﬁo faise 1al by A maxt/ma{:‘ty arﬁvm@/z/ﬂf
<8 Cue. . begims with = + op—0;
lassuwmes . o /Vréerpo at,
1 ot . f:o a cousisteut SU1S]
or s Ui—-;8§ for im £y ystill with - a0
mterpo an




@@

PFO.SQ_, ovne has  imterpolodt o ]cor‘ ?
= 04} interpolont g rfor ZU{E}. Sa,
%ZU{gl-—O'—PD{,o(-—-P-O' 5
] zw—,g}r—cr-_p@,/s——?cr . ut

LUt o X = = o (S—M) omd
o Z038) b LB = ZF—Q‘Z-—P(‘TS“*"@ -
Z!——c:r———pb"/ where. ¥ is Csﬁ-ac)a("?g—p—ﬁ) Tt
s easy to see that =+ ¥V—+=o ,cmf:tr‘a-
diction .

| lete o b
R P PO e NP i Pk

.7 : ,Wit)/l()ut (uter O}OL/YL’LL/
R e _ _ J

(IIC) ULTRAPRODUCTS

| Limited goal: to give o .'mew'  proot
ok the com,pal‘c.‘b%e,ss ﬁhe_oreym which s were
"/Lpleiﬁ,..i% the -FO“OW( .56/14,56.

L Given. = such that™each its ]cx/mﬁe
,sgubseé_% has O ,4%.0361 \De(eo’/; r tp wfc
=2, & a. amodel| M Co*m,a V

o /M/LO% ﬁ O]L Z oy 1’:%:6
OF ’U/Ie m’%)sz
wt of o

dose M will be  am Jftroprodoc
where.  the czH:ra.Pr‘oduct lives' om the

']E{-%i‘f:e, svbsets oF = L.

@IE-L)BQS!C, Mt& ou fo ﬁ% ?@Hﬁg{: __D 044
| index set I ction
; T sl thal) ) x,\zeb—:» X(W eb ;
L. @) XeD A XeY =+ YeD. i

nore: i pe D, thew D=@X).

EXAMPLE : ptck 'EDG.I °f6t D={X: ‘t,€X} this s
coJf A primgi &l ([ter .

ult afilter o Lozl &)no
]C{[ e/r‘ . This s :mle/va’: 1. ¥X< )f

T\X eb D+
Esse/wttft\l\ mon-constructible element : f

e — il



I is imite '(:(qer‘e 5 O W-PN’VLCJPGJ
vl tree l\ e

Extemnsion rimeiple ri F s o
et bsets Z%f i h the L.0.
(6 wfec,)]&m&eiusecigw pr‘op ;“_ (- e_) fo, )P<el?

h X -2 X be"
exf?;wded to M u Paf ﬁeﬁ

o |G-2)peeiNTION: et M (L€I> be o ily

Z-stcuctuces : 73 iltelr ou I
sider Trm(,d eﬁ ]er—pumt VT S0e Mt

Frovu D owve nNes a/l/L eut e/mce

relation '-D TT M 7134

<J-=;> i( ,' .{[{ ﬂ(()} = O*ne, CO“E, 4-(, /D M
TN /= ) ceduced  produc

i I{i D is O/n ultrafilter th.f, is Ca,llecJ

; an uftf‘o_p(\cduc

" writes C‘F]D (ec SIMLP‘\/ E-Fj)
-]Co wmle/mce_, class
Md@l‘“’yl%ﬂ set OF mm /> s {CFJ .Fé"(TWQ}

G- 2 prosmq of—stfuc@re, cu TLMi/D
>(1,) inferpretotion of a T sywbol
71@:& ¥; be the mﬁe,rpeta o DF Cp (m
and f‘e’rrmb) Pi)= ¥¢s i w*éerpr‘ei c
:‘H’mb/p by
| (i) (et Fbe am M—ary fonction
. z maboo| ;e CE T ) LEn ] ‘e T /D 5 ove has
! give —a semse to F(L{T,-- ,C_f,.,_‘]) ag. [f£.];
Powftwrse PC-&((), Z.F,,,[L)) (S de imed  in WLLJ
de{me 4)8 ]E(L) = F'(Jg (c)/ .LE,.,(L)) a/de

'U/J&I/I P(/b F(CFJ; Céml ) 4__—_—.&:@‘_5 ow
’les e well -d

i

: a3 ((LLL)dlet loe a/mCTBM%)zr\fh qzlataom
1;1\! o e (me RICE T, vl o 7

{(- : mt - Q(ﬁ{(t) £ -FM gﬁ 5 CKC‘E.C 61/105 'H:!F"f is
well- de]cmed)

£L-structures |, aund D anm
ultn /ter* om L. Let @(v; ) be amy
cmole ) annd let [ﬁ E\CM] e TTM; /

|
|
;éﬂ,qmgom (,Qs, [958) Lok Mi (eef) be o
|
B




| __Th TMip E &L 1) g kg | [
{ie?/mmi = 5(/18(1);---)%{;&)) § e <FD ) ]E‘F

coroLLary: If T is o semfwce,TT"mi,/D)——-i
iff—{c M =gieD.

(iNOTE: Cune does 440{: prove 'Hm's c:l;’r‘ec:tly . Cue
i must ge 'Hm‘ouglfl the f)orzwlufa \re.t\sio%.)

B/ /56

LP)?; OCOF of (W-4) : .
| By imduction om the wwwpfexfiy o{ ¢ .
| Cue denctes TT WL /D b\/ .
i ©P s atomic : two cases:
ny &g, %) is R Vn) ,wnere R is an #n-ary
~ relation ~ symbol . Trve by definition.
(1:2) 2(F) is T(F)=WT) , where @F ond K are terws.
This is _dome by imdoction owu the c,omPlexi'}:y 0{1
terms . The basic cases agoim ore true on
de.%’-w'f (o7 | _

(2)¢ s built  from @, avd &, by A (or )
One ha.sﬂ WLFQ(CFJ,.--,LFMD == ME @1([1’:‘) ozl (o(‘}
ME T, CHI) <> (by hypsthesis) {LM 3, (D) €D and
(o) M EE (GW}ED age (m "v' case ,vse that Dis
oltrafiltec) {i: Mk &(F1)] €D on |

(2)@ . is built —Ffowz , by 1%, . One has:
M E B () e e =8, (1) ox Wz;«é@ag)ﬁ—v (o
hypothesis”, and D ie oftrafilter) 1k & (J)] €O
a= LM =B, (JO) e D & {1t M= 8BE)} D -

(4 @ r.S = EVM%?(V’; \J:,..'.f) F¥ 0"[6 I/'IOLSS_
M B(EI) wp Tfuey st M T (G2, b yd) o (by induction
= st. SUMEFXHEOD, fu(D)]FED '@ S
£ {iel: Mk ERNHIE€<D® . Jo sece last
eﬁiuim&nce, icst _su ose @. Choose ‘P"‘H-.t to waor k .
Thear  {i: Mi B YD, fap (O S{i Nl BTO))} - Siuce
the Flr‘s't set is im D, he secomd set s i D.
Now {:ﬁopqse @ . Let  -X= {L:m;l‘-’i*\i'wﬂf(ﬂf),f%ﬂ)}é
D s e,??l-’vae, ~(assvine AC.) ]CMH’I_D WM~ te
mfis%y : g(f) '10 Le X, M = WY(gL), (amﬁ)) )
() if g X, fne(De M arbitiary .

[Thonfony—dnhos 0 work [




5uC,[/'l that every «Fi’b’tfﬁe sobset GF s

has o amocdel M. et I be +he set

QF ol -Fffmi'ﬁe. =ub=ets DF S . Cue shows -
ot  thece exists aw  oltraliltec D

on I such Haot TTIML /D = . It a;FFic.es

Lo  show thot i N s o ](la‘-wite, = bsel
of =, thewn TTMiAp E 4 - By 4os, this

leumovts 1o showm/xﬁ {C: me Fifebf So

oye has to ﬁe,t ecch suvch (ome ]ﬂoi‘ each

35 inte D . -

By "extemsion Pr‘i%cip]e‘ (IIU:“J—> it
50#[@@5 1o show (as ¢ as exis ce
OF soeh oo D is  covic h/med) that the

Aas AP

fwgﬁose_. moI‘f: . Thew the
intersecti -~ of the sets cor‘r“esf)m/zd (1g
to‘.ji)"‘)ﬂ"a 150..7 ts e/amp‘ty n Le£ L =
-—:;{LU--—}JJM "r{/lexw m;#ii,-_.)gﬂ y
contradiction - a

NoTe : E\rery{him (S cb?hcfwtra.ied
u the "&xtewnsiom Pm%ciple,“,

—

([T-6) The diagomal wap. Assome  all
| Mi= M. Write M/p Jor TTM, /D (this
s called om ultre power mN .
There is a matuial map m L Mp
(Mk?[%]{lég/heff L(i)= '{er all ieI.
| A 5. £a the diagowual Gl

| fr‘ofr/m M. to M) A is_ cl eqri\/ e

%M’?}\'HEOREM‘- A s e,|e4/me/mta,(‘y.

Soppese  MID E Blabm)s-y A (M)

- Thewn , by tos y quel  MET c:\(wdu),...,/&(m)(i))):

R PP L THTN TS
1 O G L 4 At ) ‘j-e,
L Bl : Lk
) | Il
e Whel;m is A ):]4,0-1: %vz?to? (i.e.) whew
is D igger £ ¢ |
Does aghe,re eo)l(/fb;‘ﬂ; C{)J o [f}FA(W),
for\ amy m € M 4
The omswer  to this Cersf;]o-'m 18

—— N - e



mot i'7f M s Fm:fe (amd thos Im%} |,
simee ‘there ie'a sewvtevce IXIMg  the
cordimal 0{ 7)’1,) , or f'f D s P\\WLQJPCJ
E)(ERC Let M aund I be cowzr(:a,ble, D be
Q. MOon- Pﬁmupa,l ultra-F:Ft@r on L The/y. A
s mot (Wloa M=T . Let ]Um
=X ’%xé'ﬂ?.——,fov

be the cd%‘[: JLy AP — Jr(x
army we M ]Q(LB A (1) = le {m} ¢D 1

Since D 15 memcf{ga

NoTe = Tan +this case , WF/D  has cacdinall ty

| 2% amd s 8, - scturat ]Co{ is  Ccoumloble .

(m: Q)THEOREM (Keisler - Shelah): Th(?M —Twm
there exist I and D such that

- e 7

.

EXE%W ’nlg?l’féun tff ‘qure exus‘t m>m

\ (s Y
i "u} WE ‘H t"ﬁ
‘, l L



