3. The linear 3-D elasticity mathematical
model

In Chapter 2 we examined some fundamental conditions that should be sat-
isfied in the modeling of all deformable solids and structures. The study of
truss structures provided an excellent setting to explore how these conditions
can be used to formulate a mathematical model in structural mechanics, and
how to apply modern procedures to solve this mathematical model. These
solution procedures lead to the exact solution of the mathematical model
(see examples in Section 2.2 and 2.3).

In engineering analysis, more complex mathematical models need in gen-
eral to be considered and solved. Indeed, these mathematical models are so
complex that exact solutions can mostly not be obtained. The objective in this
chapter is to formulate the general mathematical model for three-dimensional
(3-D) solids, but still assuming, as for the truss structures, infinitesimally
small displacements and the linear constitutive relationship. The conditions
to be satisfied, namely equilibrium, compatibility and the stress-strain re-
lationship that we encountered in the analysis of truss structures are also
the basic conditions to be satisfied when formulating the three-dimensional
mathematical model of a solid. As for truss structures, these conditions need
be satisfied for every differential element of the mathematical model — and
now of the 3-D solid.

We shall use the discussion of the general three-dimensional mathemat-
ical model later in Chapter 4 to derive the various special models useful in
engineering analysis. The solution of these models is then presented in the
chapters thereafter.

Before embarking on the formulation of the mathematical model of 3-D
solids, we motivate its need by means of simple problems which are related
to the one-dimensional state of stress and strain of a truss bar, but which
already display some 3-D behavior.

3.1 The analysis of a steel sheet problem

In Section 2.2 we considered one-dimensional stress and strain conditions in a
truss bar. We now aim in this section to look deeper into the one-dimensional
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stress/strain conditions and to introduce in a physical manner new phenom-
ena that indeed pertain to two- and three-dimensional conditions. The more

formal physical and mathematical discussions of these phenomena are given
in the sections to follow.

3.1.1 One-dimensional conditions
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Fig. 3.1. Steel sheet subjected to self-equilibrated constant surface tractions f<.
There are no body forces

Consider the steel sheet shown in Figure 3.1. We note that the external
forces are in static equilibrium, i.e., R = 0 and Mo = 0. However, the steel
sheet is not properly supported and can undergo rigid body motions. In order
to suppress rigid body motions and not to interfere with the straining of the
material, we introduce the supports shown in Figure 3.2.
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Fig. 3.2. Properly supported steel sheet

If we now cut the sheet by a plane orthogonal to its own plane and the x
axis as shown in Figure 3.3a, and introduce the stress 7, see Figure 3.3b, we
can, by equilibrium, evaluate the stress magnitude
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r=f%

where 7 is constant along the transverse direction y and, of course, inde-
pendent of the section position given by x (to show that 7 is constant as
a function of y, we could also cut the sheet with a plane orthogonal to the
y—axis). Hence the state of stress is analogous to that in a truss bar. To find
the deformed configuration of the sheet we need to consider the relation be-
tween the stresses and strains — the constitutive equation. In Section 2.2.4
we introduced Hooke’s law for a one-dimensional state of stress and strain.
This 1-D constitutive relation is applicable for the steel sheet considering the
stress 7 and the strain of the longitudinal fibers.
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Trace of the orthogonal plane
a) b)

Fig. 3.3. a) Steel sheet cut by an orthogonal plane; b) Equilibrium of the extracted
part

An important physical phenomenon in 3-D elasticity is what is referred to
as “the Poisson effect”. This effect corresponds to a contraction of the fibers
that are orthogonal to the direction of the fibers being extended. The defor-
mation of the steel sheet considering Poisson’s effect is shown in Figure 3.4:
the relative shortenings of the fibers in the transverse directions are propor-
tional to the relative extension of the fibers in the longitudinal direction, that

is, % = % = —V%. The material property constant v is called Poisson’s
ratio.

Since in this section we want to concentrate on the longitudinal deforma-
tion of the sheet (1-D conditions), we assume, for now, that v = 0.
Considering Hooke’s law

T=Fe
where
AL
£E=—

L



86 3. The linear 3-D elasticity mathematical model

is the strain of the longitudinal fibers. Hence

AL
:Ei
T I

and, we obtain

L L
AL =7= = f5=.
5-1E
The analogy to the truss model is evident since considering the cross-sectional

area A = hb and the axial force N = 7 A, we have

L TAL L
Ab=rp=Fx ~Ngx

As a side-note, this formula is in linear analysis valid for any v.

Undeformed Deformed
/. NS
V=22 h=-Ah
D
| |n
- 4 e
L AL B

Fig. 3.4. Schematic and magnified deformation of steel sheet
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Fig. 3.5. Stretching of fiber PQ

Since the longitudinal stress is constant in the sheet the strain of any
horizontal fiber such as PQ, see Figure 3.5a, is given by
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IP'Q| - IPQll _ AL

] L (3.1)

where P’Q’ is the fiber in the deformed configuration, see Figure 3.5b, and
|IPQ]|| indicates the Euclidean norm of the vector defined by PQ, i.e., the
vector length!. Figure 3.6 illustrates that both sides of (3.1) express the fiber
extension measured with respect to its original length induced by the same
constant stress field.
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Fig. 3.6. Isolated part of the sheet corresponding to points P and Q
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Fig. 3.7. Steel sheet problem considering a field of body forces. The field fZ(x)
acts into the z direction, and fZ(z) > 0 for all =

Next, let us increase the complexity of our loading by considering also a
field of body forces acting into the x direction as shown in Figure 3.7. In this

3
! The Euclidian norm of a vector a can be evaluated by ||al| = 4/ 3 (a:)? where

i=1

a; are the components of a in an orthonormal basis (see e.g. Bathe, 1996)
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figure, the function fB(z) gives the variation of the magnitude of f¥ along
the longitudinal direction. We assume that the surface tractions at = 0 and
x = L considered together with the body forces are in equilibrium. Again,
the stress at a generic section, given by x, can be evaluated by considering a
cutting plane to obtain

L
T(x)zi / B () Ade + f5A (3.2)

where 7 () is the stress shown in Figure 3.8. We note that 7 (x) is no longer
constant with respect to = and since fZ(z) > 0 for all x, 7 () decreases with
increasing x.
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Fig. 3.8. Steel sheet with body forces cut at a generic section

In Figure 3.9 we show the deformation of two fibers: PQ, positioned at
the same place as in Figure 3.5, and of another fiber originally of the same
length as PQ, described by MN. Since the state of stress varies along the
longitudinal direction we have that

................................

Fig. 3.9. Stretching of two horizontal fibers for problem with body forces
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IP'Q — [PQ _ [M'N'|| — [MNJ|
IPQ] [IMIN]|

There are two pieces of information in the above expression. The first one
is that the fiber strains are different since the stress level is different for the
regions where the fibers are located. The second piece of information is that
since the stress level is greater in the region of the fiber PQ, the fiber strain
of PQ is greater than that of MIN. Therefore (3.1) only holds for the case
considered in Figure 3.2 because a special case is considered: a constant stress
leading to an induced constant longitudinal strain over the domain. On the
other hand, in the problem of Figure 3.7, the stress and the strain of the
fibers vary along the length of the sheet.

Now, if we consider an intermediate point on fiber PQ, say Q1, as shown
in Figure 3.10, by the above argument, we should have

IP'Qill — [PQ,] _ [P'Q| — [PQI

>
PQ,l 1PQl
fB
T 1.
B P Q Q = fsi P99
) =" !

Fig. 3.10. Stretching of fiber PQ considering an intermediate point Q:

However, we want to arrive at a local measure which corresponds to the
deformation behavior at a point and hence must be independent of the fiber
length considered. We, therefore, define the normal strain at point P in the
horizontal direction by

o Q- PQ]

R ) 0] (33)

where point Q is always taken on a horizontal line through point P. The
above quantity gives a measure of the straining of the horizontal fibers of
infinitesimal length at point P. Hence, using ||PQ|| = ds and |P'Q’|| = d¢/,
equation (3.3) can be equivalently written as

_ds' —ds

‘ ds
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Note that as we use a fiber of infinitesimal length to evaluate the normal
strain, the direction is given by the direction of the infinitesimal fiber. The
terminology “normal” in “normal strain” is due to the fact that the normal
stress, normal to a cutting plane, induces this strain?.

Considering (3.3) it is clear that the change in length of the fiber PQ
is only due to the displacements of the material particles in the sheet. We
denote the displacement of a material particle of the sheet in the z direction
by u. In Figure 3.11, we show explicitly the displacements of points P and
Q, and hence we have

I, U

%

<
'YYYYYYYYY)
YYYVYYYYYY

Fig. 3.11. Horizontal displacements of point P and Q

IPQ| =zq —zp

where zg and xzp are the x coordinate of the points Q and P respectively,
and

IPQIl +ug = up + [P'Q.

The above relation is directly given by measuring the distance between points
P and Q' in two alternative ways, see Figure 3.11. Then, we obtain
i QU= PQ[ _
im ————~=—

= lim

ug —up _ du
Q—P ||PQ|| rQ—=Tp TQ — TP dx zp ’

(3.4)

The above limit corresponds to the definition of the derivative of u(x) at xp.
Therefore, (3.4) gives the normal strain of an infinitesimal horizontal fiber
with origin at a generic point x

2 Tt is also used to distinguish the normal strain from the shear strain which is
defined for a pair of fibers, see Section 3.2.2
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du

Now we can find the displacements of the material particles in the sheet for
the problem of Figure 3.10. Indeed

which can be integrated using 7(x) in (3.2) and leads to u(z). While we
assumed tensile conditions in the above discussion, this formula is general
and also applicable in the case of compression.

3.1.2 Two Dimensional Conditions

Let us next consider the problem of Figure 3.2 with v # 0. Therefore, the
deformation of the sheet is as given in Figures 3.4 and 3.12. If we proceed as
before for the definition of a local strain measure for the fibers with origin in
P, but vertical, we would arrive at

. IPR - [PR]
R-P PR '

This strain value is negative since the vertical fibers contract (due to Pois-

PIIIQ

Fig. 3.12. Deformation of fibers PQ and RT for sheet in Figure 3.4

son’s effect). If we take an inclined direction such as that given by PT we
would again arrive at a different value for the normal strain given by

o PT = PT
kT

Therefore, the normal strain depends not only on the fiber location but also
on the fiber direction. Hence, we use the terminology “state of strain” at a
point and will characterize this state in detail in Section 3.2.

Actually, this more general strain concept is required to solve more com-
plex problems. Referring to Figure 3.2, we recall that the supports were only
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introduced for the purpose of suppressing rigid body motions. Consider the

boundary conditions given in Figure 3.13, i.e.,

u(0,y) =0, v(0,0) =0.

P 7

—_— U

Fig. 3.13. Steel sheet of Figure 3.2 with modified boundary conditions

The quantity v(0,0) indicates the displacement in the direction of y of
the particle at point (0,0). In general, the field of vertical displacements is
denoted by v(z,y). Since the deformation pattern for the problem of Figure
3.2 leads to u(0,y) = 0 the additional displacement restrictions introduced
in Figure 3.13 do not interfere with the previous deformation. Hence, the so-
lution to this problem can be determined solving for the stresses and strains
considering 1-D conditions, as before, and then if v > 0 evaluating the con-
traction of the vertical fibers due to Poisson’s effect.

Therefore, for any material (either a steel or a rubber sheet) we have the
same stresses. Of course, the strain and the displacements depend on the
material of the sheet.

The problem of Figure 3.13 represents an analogue, in the context of a
2-D problem, to the statically determinate truss structures ( actually a single
bar) in the sense that only the equilibrium condition is used to determine the
stresses/internal forces in both cases.

Let us modify the boundary conditions of the problem of Figure 3.13 as
shown in Figure 3.14a, i.e., we now have the following boundary conditions

u(0,y) =0, v(0,y) =0. (3.5)

We see that the shortening of the edge of the sheet given by = 0 is now
prevented and this is achieved by the reactions f2 and ff at the clamped
edge. We could think of solving this problem by starting from the problem of
Figure 3.13 and looking for the field of forces f?f which should be applied at
the edge given by x = 0 to obtain v(0,y) = 0. Figure 3.14b summarizes this
approach.

The state of stress and strain for the problem of Figure 3.14 is no longer
unidimensional and in addition to the longitudinal normal stresses, there are
normal stresses in the transverse direction and also shear stresses.
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Fig. 3.14. Steel sheet with restrictions to the vertical displacement at the edge
=0
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In Figure 3.15, we introduce a notation to distinguish between these
stresses, i.e., Tyz and 7y, represent the normal stresses in the directions x
and y respectively and 7, the shear stresses. We also show qualitatively
their variations.

- Tyl Ty
| L] - Trg Ty
_71?_ ______________________________ E [ R
2 > %y_a} T_fxx
— = = Ty
= - vy
Tyy
T
ki N
_ 1
—/ TT f Ty.il?
7 [

Fig. 3.15. Stresses schematically shown for internal faces defined by the cutting
planes

In Figure 3.16, we present the data of a problem as described above. In
Figures 3.17 and 3.18 we present the stress predictions for the lines shown
in Figure 3.16. The solution was obtained by the finite element method with
a mesh sufficiently refined to give a good quantitative description of the
solution. We can appreciate that at line 2, far from the edge given by = = 0,
the solution is very similar to that obtained for the problem of Figure 3.13 in
which the supports at the edge prevent only horizontal motions, whereas at
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line 1, we see that the transverse normal stresses 7,, and the shear stresses
Ty are different from zero and that the normal stresses 7., are also not
constant.

Ty
25 N/mm’

20mm

Line 1
Line 2
YYYYYVYYY)

e

2.5mm 53.5mm

Fig. 3.16. A steel sheet problem. Thickness t = 1 mm, E = 70 x 10* N/mmz, V=
0.25

Stress along line 1

30
2 O e e e e e e e e e OO
N'§20-
g <= | Ty

Distance (mm)

Fig. 3.17. Stress distributions at line 1

We note that this problem is not statically determinate, i.e., we can not
find the stress field without imposing also the constitutive equations and
compatibility conditions.

When we considered statically indeterminate truss structures, we could
find many sets of internal forces that satisfy equilibrium, but only one of these
sets led to displacements at the nodes and at the supports that were compat-
ible. The steel sheet is an example of an analogous behavior in the continuum
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Fig. 3.18. Stress distributions at line 2; the 7y, and 7, values are practically zero

case, since not all stress fields which satisfy equilibrium lead to fiber exten-
sions/contractions, more generally to strains, that correspond to displacement
fields with continuous displacements that satisfy the displacement boundary
conditions. Therefore, even to solve the very “simple” case described in Fig-
ure 3.16, we need a multi-dimensional description of the strains, stresses and
constitutive relations.

Motivated by the above discussion, we can now outline the contents of the
remaining sections of this chapter. In Section 3.2 we present the study of the
deformations considering first the motion of a three-dimensional body with
no restriction on the magnitude of the displacements. Then, we examine the
simplifications which are obtained when infinitesimally small displacements
are assumed. In Section 3.3 we study the stresses, also in the context of a
3-D body, starting from the concepts already introduced in Chapter 2. In
Section 3.4 the relations between the strains and stresses are discussed for a
linear isotropic elastic behavior, i.e., the constitutive equations are presented
under such conditions. In Section 3.5 the complete formulation of the 3-D
linear elasticity problem is presented. Finally, in Section 3.6 the 3-D elasticity
solution of the torsion of a prismatic bar is discussed.

3.2 Deformations

In Section 3.1 we showed by means of a very simple example — the analysis
of the steel sheet — that the strain of an infinitesimal fiber having origin at a
point depends not only on the position of the point but also on the direction
of the fiber.
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In the analysis of the steel sheet, we also exemplified that the stress in a
given direction induces a fiber strain in this direction and in the perpendicular
directions as well. Actually, besides these fiber strains, the change in angle
between fibers is also related to the stresses and, hence, should be included
in the characterization of the complete state of strain at a point.

In order to establish a precise terminology for strains, we call a normal
strain the strain of a fiber as introduced in Section 3.1 and a shear strain
the change of angle between pairs of orthogonal fibers. The shear strain is
sometimes referred to as angular distortion.

In this section we assume that the displacements of all material particles
are given (from the undeformed to the deformed configuration of a solid) and
calculate the normal and shear strains. Of course, the actual displacements
can only be calculated once the complete mathematical model has been es-
tablished.

3.2.1 Displacement field

Considering the motion of a deformable body, we described in Figure 2.1
generic configurations of the body, where °V stood for the initial configu-
ration and *V for a generic configuration at time . Since we are concerned
with statics and, primarily, with linear theories, we can focus on only two
configurations: the one prior to the application of external actions — the un-
deformed configuration — and the one after the introduction of the external
actions — the deformed configuration. In order to simplify the notation, we
redraw in Figure 3.19 the description presented in Figure 2.1. We choose to
label the undeformed configuration as V' and the deformed configuration as
Vy. We also use x1, £z and x3 as coordinate axes.

In Figure 3.19, P is a material particle® of the solid in the undeformed
configuration and P, represents this particle in the deformed configuration.
The position of P is characterized by the vector?

3 We refer sometimes to a material particle as a point

4 A Euclidean vector v can be defined as the oriented straight line segment that
connects two points of the Euclidean three-dimensional space. Hence, the defi-
nition of a vector is independent of the choice of a coordinate system. However,
to perform calculations with vectors we need to represent them in a coordinate
system. For example, v =vie;+wv2es+vses where v; are the components of the
vector v in the coordinate system (O, e1, ez, e3). When ( e1, eq, e3) is an or-
thonormal basis the component v; is obtained by the scalar product v; = v - e;.

U1
Sometimes we represent the vector v by v = v, | . Actually, we are defining

U3
the vector by a column matrix which collects the components of v in the coordi-
nate system (O, e, e2, e3). Of course, in the coordinate system (OQ’, e}, e5, €5)
the components v} are different from v; and, hence, another column matrix would
correspond to the same vector v. Notwithstanding, we adopt this convention to
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Fig. 3.19. Deformed and undeformed configurations in a stationary Cartesian
coordinate system

3
X = I1€1 + x2€eo + x3€3 = E x;€;
i=1

where the e; are the base vectors of the coordinate system. The position of
P, is given by

3
y = Z Yi€i.
i=1

The displacement vector of the material particle is
u=y—x.

The deformation of a solid can be fully described by defining the function
which gives for every material particle in the undeformed configuration its
position in the deformed configuration

y =y(x)
which in components can be written as

keep the notation as simple and as operational as possible with the implicit un-
derstanding that the coordinate system used is implied by the context. Note that
the calculations are performed with matrix operations. For example, the scalar
product (or dot product) between two vectors v and w is obtained by v'w (see
Bathe, 1996)
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y1 = y1(x1,w2,x3)

Ya = y2(m1,x2,333)

Y3 Ys (I1,I2,9€3)~

The displacement field can be also written as

Uy = U (551,302,303)
uy = ug(1,72,73)
uz = us (.’[71,3?2,373).

In order to allow the reader to become familiar with this notation, let us
describe some very simple rigid plane motions in the example below.

Example 3.1

Consider a generic prismatic solid with transverse section parallel to the
coordinate plane zizs as shown in Figure 3.20a. Characterize the displace-
ment field for:

(i) a rigid body translation in the direction of z; of intensity A
11) a rigid body rotation of intensity ¢ with respect to the xz axis
ii) a rigid body rotation of intensity ¢ with h i

1
'T3 0 Il

a) b)
Fig. 3.20. a) Transverse section of a prismatic solid and a generic point P; b)
Motion of a generic point in the section for an angle of rotation .
Solution

i suffices to recognize that for every point of the solid denoting a materia
i) It suffices t ize that f int of th lid denoti terial
particle
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Ul (551,962»963) = A
ug (x1,22,23) = 0
us (xl,Ig,Ig) = 0.

(ii) In Figure 3.20b, P stands for a generic point denoting a material particle
of coordinates z; and zo in the section of the solid and P, represents
its position in the deformed configuration, after the rigid body rotation.
Note that point P moves on a circle of radius r = ||OP||. Therefore the
displacements are given by

—uy =rcosf —rcos(0+ ), ug =7rsin (6 + ) —rsinfd

which leads to
up = —rcosf+rcosfhcosy —rsinfsing (3.6)
uy = rsinfcosy+ rsingcosf — rsinf. (3.7)

Considering that
x1 =7rcosb, o =7sinf (3.8)
equations (3.6) and (3.7) can be re-written as
uy (@1, Z2,23) = x1C0S@ — Tasinp —xy (3.9)
uz (1, T2,23) = T18in@+ 2089 — g (3.10)

and, of course,

us (1’1, xz,.’bg) = 0

3.2.2 Normal and shear strains

As discussed in Section 3.1, the normal strain depends both on the fiber
location and its direction. In order to obtain a local measure at a point
(independent of the fiber length), a limit process was pursued which means,
in essence, to consider a fiber of infinitesimal length. This approach will be
used to study deformations in 3-D and from now on, unless stated otherwise,
a fiber is assumed to be of infinitesimal length.

Let us consider a deformation as described in Figure 3.19 and consider a
fiber with origin at P given by the vector dx, as shown in Figure 3.21.

Due to the deformation, the fiber dx becomes dy in the deformed con-
figuration, V,,, and we can write

dy =dx+u(x+dx) —u(x) (3.11)
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Fig. 3.21. Fibers in deformed and undeformed configurations

or in components
dy; = dx; + u; (x1 + day, 29 + dwo, w3 + das) — u; (v1, 72, T3)

for : = 1, 2 and 3. Recall from multivariable calculus that

d d —duzs.
6331 x1+8.’172 x2+8.’L‘3 3

(3.12)

w; (1 + dxy, 29 + dro, x5 + drs)—u; (v1,22,23) =

Substituting (3.12) into (3.11) gives

Ou; Ou; Ou;
dy; = dr; + —d —d —d
4 Vit 3x1 1 * (91'2 2 + 8903 3

and the range of indexes, such as i, is implicitly understood to vary from 1
to 3. We can write the above expression in matrix form

Ouy  Ouy  Oug
0.’1:1 6582 8%3
= Ouy  OQuz  Ouy

dyz dey |+ | 52 52 a2 dxo (3.13)

8301 612 813 dx?’

dyl d.fCl dxl

dys dxs

or
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duy Quy. Quy
dyl 1 + 8.%1 Bmz 8$3 dl‘]
= OQug Qug OQuy
Oug Qug Qug
dy?’ 61‘1 6302 1 + 6583 dm?’

Let us define the displacement gradient

Ouq duy Ouy
B:vl 812 8w3

— | Oua OQuz Ouz
Vu 2 g g (3.15)

Ouz  Oug  Oug
811 81?2 3273

and the deformation gradient®

Quy Quy Quy
1 + oz Oxo Ox3
— a’ll,g auz (911.2 —
X PR P I+Vu. (3.16)
Ous dug Ous
oxq Oxo 1 + Ox3

Here, the identity matrix is denoted by I. Equation (3.13) can be re-written
as

dy = dx 4+ Vudx

and (3.14) as

dy =(I+ Vu)dx = X dx. (3.17)

5 Both the displacement gradient and the deformation gradient are linear transfor-
mations which relate vectors to vectors (see equation (3.17)). For instance, let S
be a linear transformation. The linearity means that S (ap+3q) = aSp+8Sq for
any real numbers «, # and any vectors p, q. Considering a coordinate system (O,
ei, €, €3), w=Sv==_§ (Zle vie;) = Z?:l v;Se;. Now let SeZ':Z?:l Sjie;

w1 S11 Si2 Siz U1
then w = | wy = So1 Sos  Sas Vg = Sv. In this book we call
w3 S31 Ss2 Ss3 U3

tensor a linear transformation which relates vectors to vectors (although a ten-
sor is a more general concept). Note that a tensor can be represented in a basis
by a 3 x 3 matrix. Of course, as for vectors, when we change basis the matrix
components which represent the tensor will generally change. Nevertheless, we
choose to represent a tensor by a 3 x 3 matrix and the basis is implied by the
context (see Bathe, 1996 and Chapelle and Bathe, 2010a).

We also note that in many instances we will use matrices in their ordinary
sense, that is, not as representing either a vector or a tensor. We mention that
no special notation is used to distinguish between matrices when used in these
distinct situations
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Relation (3.17) is a very important result because it gives the change
in any fiber due to the deformation. That is, the deformation gradient X
relates a fiber dx in the undeformed configuration to the same fiber dy in
the deformed configuration. Of course, X and Vu depend on the position (but
not the direction) of the fiber in the undeformed configuration. However, if
we choose a point, any fiber deformation at this point is obtained by the same
X (or Vu).

The relation (3.17) can now be used to calculate both the normal and
shear strains.

z,

Fig. 3.22. Infinitesimal fibers in undeformed and deformed configurations

Let us first derive the expression that gives the normal strain of any fiber.
Let m be the unit vector in the direction of dx as shown in Figure 3.22 and
ds and ds, be the lengths of the fibers dx and dy, which are given by

2

ds dx|| = ((dx1)2 + (dzo)? + (dx3)2)

(3.18)

(NI

dsy

layll = ((dy)* + (dye)® + (dys)*)
The normal strain® of the fiber dx is given by

- _dsy—dsiﬁi
£ ds ds

It is usual to define the stretch of a fiber by

6 For other strain measures, useful in nonlinear formulations, see e.g. Bathe, 1996
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dsy
A=

i.e., the ratio between the deformed and undeformed lengths. Hence,
Ep = A—1.

From equation (3.18)

ds, = |dy] = y/dy” dy=V/dx"XTXdx.
which leads to

_dsy, 1= VdxTXTXdx 1

g =— —

ds a VdxTdx

and since dx =ds m we obtain

dsvVmTXTXm
= = 2

dsvmTm

or equivalently
ge=vVmTXTXm — 1 (3.19)

since m is a unit vector.

The above expression gives the normal strain of a fiber, in the direction
m, i.e., £ (m). There is no restriction on the magnitude of the displacements
involved in the deformation. However, when the displacements are assumed
to be infinitesimally small, we can introduce simplifications (this is the case
in linear elasticity).

Using equation (3.16) we can write

X'X = (I+Vu)' (I+Vu) (3.20)
= I+ Vu+ vVu? + vulvu

Note that the components of Vu? Vu involve sums of terms of the form

g;‘; gTui (refer to relation (3.15)). When the displacements are considered
infinitesimally small, the terms g:; are also considered infinitesimally small
and therefore we can neglect gg; g%i_ with respect to g;fk Hence we can
neglect Vu® Vu with respect to Vu and use

X'X =1+ Vu+ Vu’. (3.21)

and can define the infinitesimal strain tensor E by

E = % (Vu+vu’). (3.22)



104 3. The linear 3-D elasticity mathematical model

The components of E are

[ duq 1 (ouy | dus 1 (0w 4 dug) ]
oxq 2 (89:2 + 69:1) 2 (amg + 8m1>
— 1 ouy Ous Ous 1 Ous Oug
E 2 (ng + 8x1> Oz 2 (Bxg + 8902) : (323)
1 (0uy | Oug 1 (Quy | Ouy OQug
L 2 8903 8$1 2 6123 61172 8$3 .

The strain tensor E is symmetric, E = ET, whereas X is in general not
symmetric. Hence assuming infinitesimally small displacements we have

XTX = 14+2E (3.24)

and equation (3.19) can be re-written as
g =/mTI+2E)m — 1 = (1 + 2m”Em)? — 1. (3.25)

Using (3.23) we can verify that

3 3

m’Em = Z Z %mimj. (3.26)
j

i=1j=1

Of course, m”Em is a real number. We next recall the useful mathematical
identity

(1+6)° =1+ 8§ + (higher-order terms in §) (3.27)

for § and s real numbers and & small. Substituting 6 = 2m”Em and s =
we can write

1
2

1 1
(1+2m"Em)* = 1+ 2m” Em+ (higher-order terms in m”Em) . (3.28)

If we neglect higher-order terms in g;‘?, we arrive at
T 1/2 T
(14+2m"Em) " =1+ m’"Em (3.29)

which is exact for infinitesimally small displacements. Introducing (3.29) into
(3.25), we finally obtain for infinitesimally small displacements

g¢(m) = m”Em. (3.30)

Therefore in analyses assuming infinitesimally small displacements, the nor-
mal strain g, of any fiber with origin at point P and direction m can be
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Fig. 3.23. Shear strain + for fibers da and db

determined by the strain tensor E at this point, and is given by equation
(3.30).

As we mentioned earlier, the change in angle between fibers due to the
deformation needs also to be evaluated.

Hence, let us consider two orthogonal fibers da and db in the undeformed
configuration whose directions are given by the unit vectors a and b as indi-
cated in Figure 3.23.

In general, these fibers are no longer orthogonal in the deformed configu-
ration. Let 6 be the angle between the fibers in the deformed configuration.
We define the shear strain (angular distortion) for this pair of fibers by the
angle v = 7 — . Hence, the shear strain measures the deviation from the or-
thogonality and +y is positive when the angle between fibers, originally equal
to m/2 has decreased. To obtain 7, using the definition of the scalar product,
we write

X da-Xdb=|Xda| ||Xdb| cos
and using that da = daa and db = dbb, we obtain

Xa-Xb =||Xa]|| || Xb]| cos 6.
Then also

Xa-Xb=a X"Xb, |Xa|=Va’X7Xa, |Xb| =vb?X7Xb
leading to

al’ XTXb
vaT XTXavbT XTXb

siny = (3.31)



106 3. The linear 3-D elasticity mathematical model

where we used cos 6 = sin~y. From (3.19)
1+e(a) =Val XTXa, 1+ (b) = Vbl XTXb

where ¢y (a) and £/ (b) are the normal strains of the fibers in the directions
of a and b. Therefore (3.31) can be written as

aT’ XTXb

(1+e¢(a))(1+ee (b)) (3.32)

siny =

Both expressions (3.31) and (3.32) give the shear strain without any ap-
proximation no matter how large the displacements might be. However, con-
sidering infinitesimally small displacements and using (3.24), the numerator
of expression (3.31) can be written as

b’ (I+2E)a = 2b"Ea + bTa = 2b" Ea

since a and b are orthogonal to each other. Using (3.26) and (3.30) we can

see that e, will always be given by a sum of terms of the type g;‘?. Hence,

T,
we can neglect £, with respect to 1 in the denominator of (3.32). Also, using
siny = « since we are considering infinitesimally small displacements, we

obtain

v= 2bTEa. (3.33)

Hence, in summary, the infinitesimal strain tensor E gives, through the
very simple expressions (3.30) and (3.33), the normal and shear strains. Writ-
ing

Eun Eip Eis
E=| Ey FEy Fo
E31 Ezp Es3

the normal strain of a fiber in the direction of e; is given by
g = elTEel
or

Eun Eip FEis 1
Er = |: 1 0 0 ] E21 E22 E23 0
E31 Ezpy Ess 0

which leads to
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Table 3.1. Normal and shear strains for finite and infinitesimally small displace-

ments

Finite displacements

Infinitesimally small

displacements

Normal strain of
fiber with

direction m

ce=vmTXTXm —1

ge = mTEm

Shear strain
of a pair of
orthogonal
fibers with
direction

aand b

a’ X" xXb

SINY = (32, @) (Tt ee (B)

v= 2bTEa

ee(e1) = En

i.e., F11 gives the normal strain of a fiber in the direction of e;. Analogously,

¢ (e2) = Eag,

The shear strain of two fibers whose directions are e; and ey is given by

v = 2elEe,

which leads to

v (e1, e2) = 2E

e¢(e3) = Ess.

Eiw Eip Egs

2[1 0 0] Ez1 Ey FEos

Es31 Es Esz

and allows for the physical interpretation of the component E1s (see Exam-
ple 3.2). We note that 7y (ej, ea) = 2E12 = 2FE5; = v(eq, 1) due to the
symmetry of E. Analogously

v(e1, €3) = 2E13 = 2E31 =y (e3, e1),7 (€2, e3) = 2E93 = 2E30 = v (e3, €2) .

In Table 3.1 we summarize the equations that give the normal and shear
strains considering finite and infinitesimally small displacements. Note that
the term “finite” (as opposed to “infinitesimal”) is used to characterize dis-
placements of arbitrary magnitude (which of course includes the infinitesi-
mally small displacement case). The terminology “large displacements” and
“small displacements” is also used to describe these conditions.
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There is one important point to recognize. While we have six strain com-
ponents in E, see (3.23), these are clearly not linearly independent since
they are all calculated from the three independent displacement fields u, v
and w. However, as long as the strain components are calculated from the
(continuous) displacements as discussed above, the strains will be compati-
ble. Throughout the presentations in this book we shall assume continuous
displacements for all problems considered, and hence strain compatibility re-
duces to calculating the strain components appropriately from the applicable
strain-displacement relationships.

Example 3.2

Consider a block which has a generic section parallel to the xyx5 plane as
shown in Figure 3.24a. The deformed configuration to be studied is defined
by

y1 = w1 +tanfBxs
Y2 = T2
Yys = T3

with 3 large as shown in Figure 3.24b.

a tan B
a
A
e, €
€
z,& - — ?
4—»‘ !
a
a) b)

Fig. 3.24. Section of block and deformation

(i) Calculate the displacement field and the normal strains of the fibers with
directions e, es, m; = ¥2e; + e, and my= —L2e; + Ley.
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(ii) Calculate the shear strains of the pairs of fibers with directions ey, e3
and mi, ms.

(ili) Repeat items (i) and (i) assuming that § is small. Obtain the results
first directly using small displacement theory, and then show that these
same results are also obtained from (i) and (ii).

Solution
(i) The displacement field is given by
U; = Yi — T4

which leads to

uy = Y1 — 1 =tanBxs
uz = Yya2—22=0
uz = yz—x3=0.

Considering large displacements, we need to evaluate the deformation
gradient

1 tanf O
X=10 1 0
0 0 1

where we note that throughout the block the elements in X are constant
(independent of x1, z2, x3). Then

1 tan 3 0
X'X = | tanB 1+ (tanB)® 0
0 0 1

Now using the left column in Table 3.1

er(er) = /elXTXe; —1=0 (3.34)
ci(es) = 1/elXTXey —1=1/1+ (tanB)*> —1 (3.35)

2
gr(my) = /mfXTXm; —1= \/1 + tan 5 + @ -1 (3.36)

Ganp)’ 4 (337)

Il
T
3
.
S
o
g
|
|

62(1112)
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We can interpret these results with the aid of Figure 3.25, where we can see
that the fibers in the directions given by AB and AC extended, whereas the
fibers along the diagonal DB shortened. Of course, the fibers parallel to AD
did not change their lengths.

A=A D=D z,

Fig. 3.25. Deformed and undeformed configurations with diagonals represented

(ii) The shear strains can be evaluated using again Table 3.1

el XTXe, tan 3

(e e) = e o) (1 + ee(en) Vit (anp? e
leading to v = 3, and
. mTXTXmg
Sy (s me) = ) (0t eo(m)
- (tan §)° (3.39)

2\/1 + tan g + Con)’ \/1 — tan § 4 (ond)

(ili) When the displacements are infinitesimally small, we can evaluate the
normal and shear strains using the infinitesimal strain tensor whose com-
ponents are given by

1 8ul au]'
Ei=5 (axj * ax) '
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Then,

Ouq Ous Ous
En=2"_0  Bpy=22_p By =2%_g
"= o 2=5" 5= g0,

and since for infinitesimally small displacements tan 8 =

1/0 0
B, — E212<W+U2):ﬁ

8.132 8.131 2
B 1 Oupr  Ous B
Ey = E31_2<(9x3+8xl)0
_ - 1 8u2 8’LL3 o
Ey = E32_2<8363+6562)0
leading to
0 B/2 0
E=1{|p5/2 0 0
0 0 0

and, hence, we obtain
er(e1) = B =0, ¢ (e2) = Eap =0, v (e1, e2) =2E15 = 3.

The normal strains of the fibers in the directions of m; and ms can be
evaluated by

ge(m)) = miEm,
0 B2 0| 2
B
= [ ¢ £ o]lsr o of|$]|=5
0 0 0 0
_ T
ge(mz) = m;Emy
0 pB/2 0 —v2
_ vl o_ B
= | -2 2 o] g2 0 o0 2o =7
0 0 0 0

The shear strain of the fibers with directions m;, ms is given by
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vy(mp,my) = 2m1TEm2
0 B/2 0 2
= 2|2 2 0|82 0 0 vz =0
0 0 0 0

In order to show that we obtain the above results from the values calculated
in (i) and (ii), we need to consider § infinitesimally small in the expressions
(3.35) to (3.39). Using the mathematical identity (3.27) we obtain

1
eo(ex) =1+ 3 (tan 8)° + (higher order terms in (tan6)2> -1

leading to

ee(ez) = 0. (3.40)
Similarly

2 2
ge(my) = 1—&—% (tanﬁ + (tar;ﬁ) )—i—(higher order terms in (tanﬁ + (tar;ﬁ) ))—1
leading to
1

go(my) = 3 tan (. (3.41)

Analogously, we obtain
1
go(my) = ~5 tan [. (3.42)

Note that to obtain these relations we neglected the terms (tan 5)2 and
of higher—order. And now using that for infinitesimally small displacements
tan 8 = 0 gives

ee(e2) =0, ep(mp)= g and ey (mg) = -3

Introducing the same approximations for (3.38) and (3.39), we directly obtain
V(e1, e2) =

and
v (my, my) = 0.

Referring to Figure 3.25, we note that fibers that are parallel to the diago-
nals AC' and DB, hence orthogonal in the undeformed configuration, remain
orthogonal for infinitesimally small displacements.

O
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3.2.3 Finite and infinitesimal rigid deformations

The kinematic description presented so far is of course very general and
therefore includes a rigid body motion/deformation of a solid.

We start by studying a rigid body rotation which is always referred to an
axis — the axis of rotation which is shown in Figure 3.26a. The rotation can

Y

X \Ae

a) e, b

Fig. 3.26. Kinematic description of a rigid rotation

be kinematically characterized by describing the motion of a generic point P
of the solid as shown in Figure 3.26b. We see that point P moves on the plane
which is orthogonal to the axis of rotation and passes through P, and on the
circle centered on the axis of rotation. The angle 6 defines the magnitude of
the rotation. Hence, a rotation is fully characterized by the vector 6 = fe,
where e is a unit vector in the direction of the axis of rotation.

Let us choose a reference system such that es = e as shown in Figure
3.26b. Referring to Example 3.1, the deformation corresponding to the rota-
tion described above is given by

Y1 cosf) —sinf 0 T
y2 | = | sinf cosf 0 T2 (3.43)
Ys 0 0 1 T3

y =Qx (3.44)

where Q is an orthogonal tensor. Orthogonal tensors are defined by either
one of the following equivalent statements:
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|Qw| = |lw| for every vector w (3.45)

QQ" = Q'Q=1 = Q'=q" (3.46)
From (3.46), we can write det(QQ”) = detQdetQ” = (detQ)? = 1. Hence
detQ = +1.

It can be shown that every orthogonal tensor with positive determinant
(detQ = 1) describes a rotation through equation (3.44). The example below
is an illustration.

Example 3.3

Consider a tensor Q given in the basis (e, ez, e3) by

445v3 5 28 5 _ 3
9 18 18 9 9 9
Q=| L _2v8 4,5/ _1_ V3
18 9 9 18 9 9
_l_v8 5 _ V3 1,48
9 9 9 9 9 9

Verify that Q is an orthogonal tensor. Then, obtain the axis and the magni-
tude of the rotation given by Q.

Solution

It suffices to verify that Q7 Q = I to conclude that Q is an orthogonal tensor.
Let e be a unit vector in the direction of the axis of rotation defined by
Q. Then

Qe =e.

We can determine e solving

(Q-Ie=0 (3.47)
to obtain
2
3
e= %
1
3

Let us define a unit vector g which is orthogonal to the axis of rotation using

. e X ey B
&7 e x e

5 © o

< ‘



3.2 Deformations 115

Note that
15 2V5
—vio 4 20
f=Qg= ~5
N
5 Tt

gives a unit vector which is rotated with respect to g by the angle of rotation
6. Then

V3
g =gl £l cost = -

and since
1
fle ==
(g xf)e=3
we have
m
0=—.
6
O
Now let us show that the deformation given by
y(x) = yo + Q(x — xo) (3.48)

is rigid for any given vectors yg and xg, and any orthogonal tensor Q. As
detailed later (see Figure 3.27), yo gives the translation part of the rigid
deformation while Q(x — x¢) gives the rotation part and xg is a point on the
axis of rotation.

The fundamental property of a rigid deformation is that the distance
between any two points of the solid does not change with the deformation.
Let us verify that this property holds for any deformation defined by (3.48).
Let x; and x2 be the position vectors of two arbitrarily selected points of the
solid. Then, their positions in the deformed configuration are given by

yi = Yo+ Q(x1 —xo) (3.49)

y2 = Yo+ Q(x2 —xo). (3.50)
Subtracting (3.49) from (3.50), we obtain

Y2 —y1=Qx —Qx; = Q(x2 —x1). (3.51)

Taking norms in both sides of (3.51) and using (3.45), we can write

ly2 = y1ll = 1Q (x2 = x1)|| = [Ix2 — x|
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which shows that the distance between any two points of the solid is main-
tained and, indeed, (3.48) defines a rigid deformation or a finite rigid defor-
mation since the magnitude of the rotation may be arbitrarily large.

Of course, we can select x; and x5 close enough such that dx = x5 — x3
defines a fiber. Then, (3.51) leads to

dy = Qdx

showing that the deformation gradient of a rigid deformation given by (3.48)
is Q, that is,

X=Q (3.52)
and due to (3.16)
Vu=Q-L (3.53)

Note that X and Vu as given in equations (3.52) and (3.53) are the same for
every point of the solid.
Since

[dyll = [Qdx]| = [|dx]| (3.54)

the normal strain in any direction is zero. Also, there is no shear strain
between any pair of orthogonal fibers. Indeed, using (3.32)

a’Q”TQb

_aT —0. -
Ate@) 0teamy 2P0 (3.55)

siny =

The results given by (3.54) and (3.55) actually confirm our expectation re-
garding strains for a rigid deformation.

Defining ug = yg — xg, we obtain the displacement field for a rigid defor-
mation

u=yx) —-x=uy+Q(x—x%0) —(x—%0) =up+(Q—1I)(x—xp) (3.56)
and using (3.53), we obtain
u=up + Vu(x — xp). (3.57)

We emphasize that Vu in (3.57) is the displacement gradient for the finite
rigid deformation given by (3.53).

In order to motivate the definition of an infinitesimal rigid deformation
we consider the following derivations.

Using (3.20) and (3.52), we obtain

XTX =QT'Q=I1=1+Vu+Vul +vu’vu
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hence,

Vu+ Vu?

|

and the infinitesimal strain tensor for the rigid deformation is given by (see
(3.22))

1 1
E=_(Vu+ vul) = —§VuTVu (3.58)

which is not exactly zero. This fact motivates the definition of an infinitesimal
rigid deformation as the deformation which gives E = 0.
Consider

u(x) =ug + W(x —xo) (3.59)

where W is a skew tensor, that is, a tensor for which W7 = —W. Then the
displacement gradient for the u(x) defined in (3.59) is

Vu=W
and
B = (VutVo') = 2 (W+ W) =0 (3.60)

Equation (3.60) shows that every displacement field defined by (3.59) with
W skew leads to E = 0, i.e., defines an infinitesimal rigid deformation.

Since for every skew tensor W there is a unique vector w, called the axial
vector, such that

Wa =w x a for every vector a

and vice-versa (see Crandall, Dahl and Lardner, 1978), we can re-write (3.59)
as

u(x) =up+w X (x — xp). (3.61)

Now, let us interpret the finite and infinitesimal rigid deformations. In Figure
3.27a, we detail the displacement of a generic point for a finite rigid deforma-
tion. The unit vector e gives the direction of the axis of rotation associated
with the orthogonal tensor Q and xq is a point on the axis of rotation. Ac-
cording to equation (3.56) there are two contributions for the displacement.
The first, Q(x — xg) — (x — Xg), is due to the rotation and the second, uy,
is due to the translation. In Figure 3.27b, we consider the displacement of
a generic point x for an infinitesimal rigid deformation. The vector w is the
axial vector associated with W and according to (3.61) the term w X (x —xq)
gives the contribution of the rotation and ug of the translation.
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Fig. 3.27. Displacement of a point for finite and infinitesimal rigid deformations

Comparing both rigid deformations, we note that the difference lies on
how the rotation is described. While for the finite rotation the point displaces
along the circumference centered on the axis of rotation, for the infinitesi-
mal rotation the point displaces over the straight line which makes a right
angle with the radius of this circumference, that is, over the tangent to this
circumference. We recall that this distinction in describing the rotation was
also addressed in Section 2.2.5 for the rotation of a truss bar.

Example 3.4

Consider the rigid body rotation described in Example 3.1 (ii). Let the
angle of rotation be infinitesimally small, that is, dy instead of ¢. Calculate
the displacement field associated with this infinitesimal rigid deformation.
Then, verify that E = 0.

Solution

In Figure 3.28a we repeat Figure 3.20b which describes the finite rotation
of a generic point of the solid and in Figure 3.28b we show the analogous
situation for an infinitesimal rotation. Since the rotation is infinitesimal, we
should take the displacements over the tangent to the circumference which
has center in O and radius r = ||OP||. Therefore

—uy = dprsinf
us = dprcost.

Using (3.8) , we obtain
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T2 B Tk B -u,
Uy U
d(P .
¢
. P
) 0
r T
o) T, 0 T,
a) b)

Fig. 3.28. Motion of a generic point in the section. a) Finite rotation ¢; b) In-
finitesimal rotation dyp

uy = —dy xo
ug = dpx

Finally

uy (21, 22,23) = —dp x2
ug (r1,22,23) = do x,

us (l‘l, 33‘2,.133) = 0.

Using the displacement field above and (3.23) we obtain E = 0.

3.2.4 Technical or engineering notation for the strains

In the engineering literature it is very common to use what is called technical
or engineering notation in which the coordinate axes are denoted by =z, vy,
and z, i.e., x = x1, y = 2 and z = x3 and the displacements by u, v, and w,
e, u=1up, v=1u and w = us.

In this notation the components of the strain tensor are given and denoted
by
_ Ou
~ Ox

ov
Eyy = Ey = aiy

Exx = &z
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. o ow
zZz - z az

1 [ 0u n ov

€y = Eyz == |+ =—

Y Yt 2 \0y Oz

. 1 /0v L ow

z = Exw=2%\| 57 -

v Yo 2\0z 0y

. 1 [/ ow 4 ou

Ezx = zz — 5\ 5 a5 |-
2\ 0z 0z

These relations are called strain-displacement relations. We can also write
the shear strain for the pairs of fibers parallel to the coordinate axes by

Yoy = 2€y, Vyz = 26y, Yoz = 2€,4. (3.62)

Note that these shear strains are twice the corresponding tensorial compo-
nents and we call Vzy, Yy2, V2o the engineering shear strains and ey, €y, €20
the tensorial shear strains.

3.2.5 Deformation in the vicinity of a point

In order to obtain more insight into the deformation, let us examine the
deformation in a small region around a point — its vicinity. Consider a defor-
mation with infinitesimally small displacements and w = 0, u = u(z,y) and
v = v(z,y). Under such conditions the deformation observed in any plane
parallel to the plane zy is identical, and the displacement gradient and strain
tensor are given by

w E ou 1 (0u v
27 %Z 0 Ers 3 (87; + %> 0
— v v — 1 (90u v v
Vu=1 5 & 0 E= §<8y+aaj) 3y 0
0 0 O 0 0 0
Assume that at point P in Figure 3.29 u =0, v =0, ‘9—“ =0 and gf =0,

i.e., the normal strains in the directions of x and y are Zero In Figure 3 30a,
we show the deformed and undeformed configurations for the selected part.
We note that the geometrical interpretation of the engineering shear strain

Yoy = gz + 8” is evident. Now, in Figure 3.30b we show a special case in
which g; = — 2% Then, of course, %y = 0 and we have a rigid body rotation
of the part of 1nten51ty a= g—; = —3%. We note that despite the fact we have

a rlgld rotation, the components of the displacement gradient are not zero
since a “ 20 and 8” 2 #0.
C0n51der1ng the deformation of Figure 3.30a, we can also write
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x
z

Fig. 3.29. Schematic representation of a generic square part defining the region of
interest

Fig. 3.30. a) Deformation of the selected part; b) Geometrical interpretation of
an infinitesimal rigid rotation

ou 1 (0u Ov 1 /0u Ov
535 w) a5 %) 559

(Y () 60
or 2 \dy Ox 2\0y Oz

The left hand sides of equations (3.63) and (3.64) give components of
the displacement gradient and the right hand sides represent one half of the
engineering shear strain plus a term which can be interpreted as a rigid body
rotation. The geometrical interpretation of equations (3.63) and (3.64) is
given in Figure 3.317.

Although in the above discussion some assumptions were made to simplify
the visualization of the deformation, the interpretation given is quite general.
Let us define

7 In Section 3.4 we will relate Yoy by a material constant to a shear stress. Note
that the rotation in (3.63) and (3.64) does not cause a stress
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1({0du OJv
5(87;*%)

Fig. 3.31. Geometrical interpretation of the decomposition of the displacement
gradient. The inherent rotation does not cause a stress (see Section 3.4)

W = Vu-E
1
W = —(Vu-vu’
L (Vu— v
or
o] v o o
0 F(5-%) 13-
_ ou ov v ow
W = —%<@—%) 0 %(& By
ou ow v ow
-3 (55— %2) ﬁ(&‘a@) 0
Of course,
Vu=E+W. (3.65)

We can also write
u(x +dx) — u(x) = Vudx = (E + W) dx. (3.66)

Since W is skew, Wdx represents the displacement due to an infinitesimal
rigid rotation (refer to equation (3.59)). Therefore, (3.66) allows the inter-
pretation that, locally, the increment in displacements has a contribution of
a rigid rotation plus that of the straining of the material fibers.
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Equation (3.65) is referred to as the additive decomposition of the dis-
placement gradient Vu into its symmetric part — the infinitesimal strain
tensor — and into its skew part W — the infinitesimal rotation tensor.

Example 3.5
Consider the cylinder shown in Figure 3.32. Suppose that the transverse

sections rotate without deformation in the plane yz around the cylinder’s

axis by an angle (x) with the constant rate of rotation % = «. Calculate,

assuming infinitesimal displacement conditions:

(i) The displacement field.
(ii) The strain tensor within the cylinder.

rotation

Fig. 3.32. Cylinder under study
Solution
(i) We obtain by integration
O(z) =azx+C.
Since the rotation at x = 0 is prevented
f(0)=0 = C=0
and therefore the rotation of a generic section is given by
0(x) = ax.
Since the section rotations are infinitesimal, we can use directly the results

derived in Example 3.4. Therefore, considering x1 = y, x3 = 2z, T3 = x, wWe
obtain
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u = 0
v = —0z=—axz
w = fOy=axy.
(ii) The strain components are
ou v ow
Tz 7:()’ :7207 zz — 4 —
c Oz “uy Oy c 0z
(o ey 1
W 2\oy  ox) 2
e = Lfow owy 1
o 92\ 9z  ax ) 2 Y
1 /0v Ow 1
Therefore
1 1
0 —5az  Fay
E=| —laz 0 0
sQy 0 0

and the engineering shear strains are

Yy = —QZ
Yoz = QY
Yy = 0.

In Figure 3.33 a geometrical interpretation of v, is given. Referring to Figure
3.33 we can calculate ., for a point of coordinates xz, y = R, z = 0 as the
ratio

_dIR

rz — T 7 R
K dx @

which is in accordance with the derived expression.

3.3 Stresses

In Section 2.1.3 we introduced the concept of stress, see Figure 2.3. In this
figure, a field of forces per unit area — the field of stresses — is acting on the
internal surface of the part A*V.
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Fig. 3.33. Deformation of the cylinder

In Section 2.1.4 we arrived at the conditions for a solid, subjected to
external forces, to be in static equilibrium. These conditions are given by
‘R = 0 and ‘Mo = 0 where ‘R is the resultant of all externally applied
forces and Mg is the moment of these forces about the system origin®. We
also pointed out that the static equilibrium condition should hold for any
part A*V extracted from the body when, of course, we consider the stresses
and the external actions on AV,

Fig. 3.34. Solid in equilibrium

8 Actually the moment has to be zero about any point since 'R = 0 as discussed
in Chapter 2
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The objective of this section is to examine in detail the concept of stress
at a point, the stress field and the relations which link the stress field to the
external field of forces acting on the solid.

We start in the next section by introducing in a classical manner the
concept of stress.

3.3.1 Classical concept of stress

Let Vy in Figure 3.19 represent the deformed configuration of a solid which
is in static equilibrium subjected to the field of body forces fZ and surface
tractions £5. We suppose that f° is defined over the entire external surface
of the solid, therefore it includes possible reactions associated with motion
restraints. Since we consider only this deformed configuration in the following
discussion, we use simply V' to denote V,, and this situation is summarized in
Figure 3.34. Let P be a point in the interior of the solid and let 7 be a plane
that passes through P and which sections the solid into two parts, AV, and
AVyr. These two parts are shown separately in Figure 3.35.

actions of part AV},

onto AIG through the
plane &

actions of part AV;
onto Al through the
plane

AV,

Fig. 3.35. Two parts of solid V sectioned by plane 7 (part rotated merely for
better visualization)

The fields of internal forces that act on AV; and AVj on that plane are
also shown. We note that the force actions of part AV;; onto part AV} are
such that AV} considered alone is in static equilibrium, and similarly for part
AVyr.

Let AS be a surface region around P as shown in Figure 3.36 and let
AF be the resultant of the internal forces acting on AS by the action of part
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AVrr onto AV;. We can define

_4F
- AS

which is an average force per unit of surface area. This vector quantity t,, is
called the average stress at P considering the plane 7w and the area AS.

tm

Fig. 3.36. Forces transmitted through AS

Since we want to obtain a local measure of the force transmitted per unit
of area, we define the stress t at P on the plane 7 as

F
t ASD0AS T asSe™

Since the plane 7 is well defined by its normal unit vector n we have
t=t(P,n). (3.67)

Here n is taken to point outward from the face of the solid on which the
stress is acting. Hence, the stress at the same point P and considering the
same plane m but representing the action of part AV; onto AV is given by

t=t(P,—n).

It is usual to decompose the stress into two vector components: t,, normal
to the plane, i.e., in the direction n, and t; tangential to the plane, i.e.,
normal to n, see Figure 3.37. Therefore

t = t,+t,
t, = (t-n)n=t,n, to=t—t,.

Then t,, is called the normal stress and t, the shear stress. This decomposition
is not merely formal, since the physical effects associated with the action of
these components are very different. Indeed, the normal stress when ¢,, > 0
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Fig. 3.37. Decomposition of the stress

(tensile stress) induces extension of the fiber along the normal direction, and
when ¢, < 0 (compressive stress) induces shortening of the same fiber. Also,
as detailed later, the shear stress induces shear strain.

In the discussion above, we have considered the plane 7 as a generic plane
to pass through P. Therefore for each plane defined by a generic normal n
there is a different value of t representing the action of part AV;; on AV; (of
course, as n changes AV; and AVyy also change). This fact was acknowledged
in equation (3.67) as we explicitly indicated the dependency on the plane
through the normal n. As there are infinitely many planes that pass through
P (each time characterized by the corresponding n), it is usual to refer to a
“state of stress” at a point.

3.3.2 Characterization of the state of stress at a point

Our next objective is to better characterize the state of stress at a point.

First consequence of equilibrium

Let us first establish a relation between the stresses t (P, n) and t (P, —n),
i.e., they are defined for the same point and for the same plane but act on
different parts of the sectioned solid, see Figure 3.34. Consider as a part AV
of the solid of Figure 3.34, the parallelepiped shown in Figure 3.38. It has two
faces parallel to the plane m which also sections the parallelepiped into two
equal halves. This parallelepiped is also shown in Figure 3.39. Its thickness
is (6)?, ¢ > 2, with § infinitesimally small.

Equilibrium requires

t <P7n) 5+t (P, —n) 524t (P,ny) st ¢ (P,—ny) satlp
t (P, ny) 09+ 4+t (P, —ny) 69 + £8 (P) 6772 =0

Since § is infinitesimal, the stress is constant over each face and therefore
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Fig. 3.38. Selection of a parallelepiped part around P

intersection of plane 7
with the parallelepiped

o

Fig. 3.39. Definition of the parallelepiped part, £ is the body force per unit of
volume

can be evaluated at P. Neglecting terms of higher-order in §, we obtain
t(P,n)=—-t(P,—n). (3.68)

Of course, taking the height to be 7 and the base to be § was an appro-
priate choice and certainly allowed since every part of the solid should be in
equilibrium.

The relation (3.68) simply states that the stress acting on a plane but
on the two different parts of the sectioned solid is of same magnitude and
direction but of opposite orientation.
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€

Fig. 3.40. Decomposition of the stress on the plane with unit normal e2

Stress components

Consider the situation in Figure 3.40 where we isolated a parallelepiped
with infinitesimally small sides from the solid to examine the stress acting on
a plane with normal e5. Let To2 be the component of t (e3) in the direction of
e, and 775 and T35 be the components in the directions e; and es respectively,
i.e.,

3
t (e2) = Tizer + Tozes + Toes = Y Tioe;. (3.69)
i=1

where T =t (e2) - €;.

In Figure 3.41 we still represent the same part but now we indicate ex-
plicitly the stresses and their components, defined as above, also for planes
whose normals are e; and e3. We can write

3
t(ej) = > Tier (3.70)

The stress acting at the same point as t (ez), but considering a plane defined
by —es, is also represented in Figure 3.41. This stress represents the action
of part (I) onto part (IT) whereas t (ey) represents the action of part (II)
onto part (I) (note that part (II) was displaced vertically only to permit
visualization). Using (3.68) and (3.69) we have that

t(—es) = —t(es) = —Tize; — Thoey — Thoes

and the orientation indicated in Figure 3.41 are those corresponding to pos-
itive values of T;5. Here T;; represents the normal stress to the plane given
by e; and -e; and a positive value indicates tension, T;;, ¢ # j, represents
a shear stress component in the direction of e; for the plane defined by the
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(I1)

Fig. 3.41. Stress components in planes parallel to coordinate planes

normal e; and a positive value indicates that the orientation is the same as
e;. However, when the plane is defined by —e;, then 7T}; with a positive value
indicates that the orientation is opposite to that given by e;.

[0 e
€

Fig. 3.42. Tetrahedral part to be isolated from the solid

Second consequence of equilibrium

We are now ready to demonstrate an important result which helps to
further characterize the state of stress at a point. Consider a solid in static



132 3. The linear 3-D elasticity mathematical model

equilibrium and a part of the solid, the tetrahedron, shown in Figure 3.42.
The tetrahedron has one vertex denoted by P, and as shown three edges are
parallel to the coordinate axes. The edges are assumed to be of infinitesimal
length. We can isolate the tetrahedron from the solid, and the action of the
rest of the solid onto the tetrahedron is represented by the stresses acting on
its faces.

1

Fig. 3.43. Stress on tetrahedral faces, n is the unit outward normal vector on the
face S

Therefore, in Figure 3.43, we are representing by t (—e;) the stress on
the face with exterior normal —e; and area S; (i = 1,2, 3). The stress acting
on the inclined face, which has normal n and area S, is given by t (n). The
stresses are taken to be constant over each face since the edges are of in-
finitesimal lengths and are given by t (n) and t (—e;) i = 1,2, 3 (representing
t (P,n), t (P, —e;) respectively). Similarly, we do not include the spatial vari-
ation of the stress from P to the inclined face at the distance h from P since
this variation is given by an infinitesimal of higher order and its contribution
would drop out in the derivation not affecting the final result.

Some geometric properties of the tetrahedron are shown in Figure 3.44.
Note that n; = n-e; = ||n|| ||e;|| cos a; = cos a;, where o is the angle between
n and e;; cos ay, cosas and cos ag are usually called the direction cosines of
n. Therefore the volume of the tetrahedron can be evaluated either taking S
as the base and h as the height or .S; as the base and ni as the height leading
to

1 1, (h
V=o_S8h=2S8(— 3.71
=55 (5) 67

n;
from which

Si = ’I’LlS (372)



3.3 Stresses 133

e

1 4

Fig. 3.44. Geometric properties of the tetrahedron of volume V'

The tetrahedron must be in equilibrium and, therefore, the resultant of
all forces acting on the tetrahedron should be zero, i.e.,

R=t (1’1) S 4+t (—61) Sl +t (762) SQ +t (763) S3 + fBV =0 (373)

where 7 is the externally applied body force for points inside the tetrahedron
which can also be taken as constant, since the edges are of infinitesimal
lengths. Dividing (3.73) by S and using (3.71) and (3.72) gives

1
t(n)+t(—e)ns +t(—ez)ns +t(—e3)ns+ ngh =0. (3.74)

Since h is also infinitesimal (the edges are infinitesimal) we can neglect the
term 3P h with respect to the others terms in (3.74). Using (3.68) we obtain

t(l’l) = t(el)nl —|—t(82) N9 +t(93) ns. (375)

The fundamental result is that the stress on the inclined face, defined by the
normal n, can be obtained from the stresses on the three planes parallel to
the coordinate planes.

Substituting (3.70) into (3.75) results into

3 3 3
t(n) = (Z Tilez) ny+ (Z Ti2ei> ng + (Z Tigei> ns. (3.76)

Since t (n) = Z§:1 t;e;, we obtain
t1 = Ting +Tieng + Tigng

12 To1n1 + Toang + Tozns

i3 Ts1m1 + Taang + T33ns
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or in matrix form

ty Ty T2 Tis ny
to | = | To1 Too To3 ng
i3 T31 T3z T33 n3

This relation defines implicitly the Cauchy stress tensor T given by

T T2 Tis
T=| Ty Ty T
T31 T332 133

(3.77)

We note that the Cauchy stress components listed in T correspond to the
base vectors e, e; and e3. Equation (3.77) shows that for any point in the
solid we can use T to calculate the stresses acting on any plane through the

point, that is we have

t(n) = Tn.

Third consequence of equilibrium

(3.78)

For the tetrahedron to be in equilibrium it is also necessary to have that
the moment of the forces acting on it about any point is equal to zero.

Fig. 3.45. Geometric property that holds for the centers of gravity of tetrahedron

faces
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We note that since the stresses can be taken as constant over each face of
the tetrahedron, the resultant of the stresses on each face should be applied
to the center of gravity of the face. Let G; be the center of gravity of the face
S; and G the center of gravity of the inclined face. It is a geometric property
that straight lines parallel to the coordinate axes through the points G; meet
at the center of gravity of the inclined face, as shown in Figure 3.45.

Fig. 3.46. Quantities used for moment balance

Referring to Figure 3.46 and imposing moment equilibrium we obtain

d d
ZMEl — 0= Ty 2 — Ty 22
3 3
therefore
T dyidys '\ dys _ Ty dyrdys \ dys
2 3 2 3

which leads to
T3 = T3o.

Note that the moment produced by the body forces was not considered since
it corresponds to an infinitesimal quantity of higher—order.
Also

d d
ZME2 =0= —T31S1% +T13S3%



136 3. The linear 3-D elasticity mathematical model

T, <dy2dy3> dyr _ Ty (dyldyg) dys

2 3 2 3

leading to

T3, = T3
and

d d
Z Mg, =0= T2151£ — T1252£
3 3
dyadys \ dy1 dy1dys '\ dyo
ra (V5) = a (V52)

resulting into
Toy = Tho.

Hence, based on the moment equilibrium condition we showed that the
Cauchy stress tensor T is symmetric.

Fig. 3.47. Generic parallelepiped isolated from the solid

3.3.3 Differential equilibrium equations

So far we did not consider any spatial variations in the stresses — which
however, of course, exist in almost all analyses. As we mentioned, if the
spatial variation of the stresses were included in all above derivations, they
would result into higher—order infinitesimal contributions and the final results
would be the same as those given. However, we now want to study how every
differential element of sides dy;, dys, dys (see Figure 3.47) is in equilibrium
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when body forces are present and then need to include the spatial variation
of the stresses.

Let us isolate the parallelepiped in Figure 3.47 as a free body and consider
the stresses on its faces and the body forces in its volume. We show the
stresses in three separate figures, 3.48, 3.49 and 3.50 merely to facilitate the
visualization; each figure shows the stresses on opposing parallel faces.

Imposing equilibrium in the e; direction

oT;
— T1dyadys + Thidy2dys + Wllldyldyzdys

oT;
— Tiady1dys + Th2dy1dys + Wjdgﬁdyldy?» (3.79)

oT;
— Tysdyrdys + Tysdydys + W133dysdylclw

+ fPdyidyadys = 0

Tll + %dy M \
ayl : T21+—3Tﬂ dy1
Yy

Fig. 3.48. Components of stress in planes dy; apart

Since the edges are infinitesimal we may assume the stresses to be constant
on each face and the body force f? = fBe; + fPes+ fPes to be constant in-
side the parallelepiped. If spatial variations for these quantities were included,
they would result in infinitesimal contributions of higher-order and not affect
the final equations®. Simplifying (3.79) and dividing it by the parallelepiped’s
volume dy; dy>dys we obtain

9 The general approach here, and in Section 3.3.2, is to include only those varia-

tions that lead to infinitesimal quantities of low-order and need to be included
to extract the final result
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Ez + a&dyQ

T12 ayQ
| J1,
: Ty 4222 dy
/( H 2
— ——___rl _L ay2

dys Tﬂ\/ﬂ ///" ------------
dip

dy,
T, + g& dy,

|

Y,

Fig. 3.49. Components of stress in planes dy. apart

Tz 4 8T55 dy3
A
o 1%+§@d%
Tis 4 213 dy, : Ys
Ys
Ty
dy, T /—\/l

dy,
_ v ad
dy,

Fig. 3.50. Components of stress in planes dys apart
0T oT: aT:
u 9 Ohis ff —0 (3.80)

oy Y2 Y3
Analogously, imposing equilibrium in the directions e; and es gives

0Ty + 0T 8T23

o 0ya 5 Y3
=2y

o 0y ys3

+fy =0 (3.81)

+f2=0. (3.82)
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The equations (3.80) to (3.82) are referred to as the differential equilibrium
equations, and these need to be satisfied throughout the body.

3.3.4 Principal stresses

Since the stress t at a point depends on the plane it is acting given by the
unit normal vector n, see Figure 3.43 and equation (3.78), natural questions
are:

e On which plane do we have the maximum and minimum normal stresses?
What values do the maximum and minimum normal stresses have?

On which plane do we have the maximum and minimum shear stresses?
What values do the maximum and minimum shear stresses have?

Are there planes on which the shear stress is zero, and if yes, on which
planes?

Mathematically, since the stress vector is given by equation (3.78), this
last question is answered by solving for t,, and n, the equation!®

Tn =t,n. (3.83)

Namely, only when this equation holds, are the shear stresses zero. Equation
(3.83) can be re-written as

(T—t,I)n =0 (3.84)
or as
Tii— A T2 T3 ny 0
Ty Toe— A  Tu ne | =10 |- (3.85)
T31 T32 T33 — )\ ns 0

In equation (3.85) we have replaced ¢, by A.

A trivial solution of (3.85) is my = ny = ng = 0, but since n should be a
unit vector, i.e., ||n|| = 1, the trivial solution is of no value. The non-trivial
solutions of (3.85) are obtained by enforcing that the coefficient matrix be
singular, that is, we enforce

T —A T1o T3
det T21 T22 — )\ T23 =0 (386)
T3 T30 T35 — A

which leads to an equation for A

!0 The relation (3.83) is an eigenvalue problem (see e.g. Bathe, 1996)
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N LN+ LA-13=0 (3.87)
where
Ii = Ty +Te+T53
T Tho Toy Tos T Tis
L = + +
To1 Tho T30 T33 131 T33
Ty T2 Tis
I = To1 Thy a3
T31 T3 133

The scalar quantities I;, I3 and I3 are called the stress invariants since they
are independent of the reference system used.

The roots of equation (3.87) are the eigenvalues and are denoted as \;,
i = 1,2 and 3. For each \; we can find an eigenvector n; by solving!! (3.85)
with A = )\;. It can be proven that, since T is symmetric, the solutions of
(3.87) are always real values and three situations can arise (see Bathe, 1996):

(i) The three values of A which satisfy (3.87) are distinct, i.e., A\; # Ay # A3.
Then the vectors ny, ne and ngz are automatically orthogonal. In fact,
considering n; and ny, for example, we have

T1’11 = Al n;
Tn2 = )\2112

and pre multiplying by nl and n?', respectively, we obtain

nlTn, = M\nln; (3.88)

n’Tn, = XnTn,. (3.89)
Since T is symmetric, we have

n’Tny= nl Tn, (3.90)
and obtain

(M — A2) 1’1{1’12:0. (3.91)

Since A1 # Ag, n{ng = 0 and hence n; and ny are orthogonal vectors.
(ii) Assume A; = Ay, A3 # A1. Then there is a unique ng corresponding to Az.

Also, it can be proven that any unit vector in a plane orthogonal to nj is

a vector that satisfies (3.85) for A = A; = A3. Hence we can choose two

such vectors, orthogonal to each other, and assign them to correspond to
A1 and As.

' Tn this solution we enforce ||n;|| to be equal to 1
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(iii) Assume A\; = A2 = A3. In this case any unit vector n satisfies (3.85) for
A = A1 = Ay = A3 and we can choose three orthogonal vectors and assign
them to correspond to A1, Ay and As.

From these properties, it is easy to see that we can always find three
orthogonal unit vectors, ni, ny and nz which satisfy (3.85) and which are
associated with the solutions of (3.87), i.e., A1, A2 and A3. We order Ay, Ay
and A3 according to their algebraic values

AL > Ao > As.

If instead of using the orthonormal unit vectors e;, we now use the or-
thonormal vectors n; to define our reference system'2, then the stress tensor
in such a system reads

A0 0
T=|0 X 0 |- (3.92)
0 0 X3

Of course, the stress tensor given in (3.92), tells that there are no shear
stresses on the planes with normals n;, ny and ns.

Let us now address the question of determining the maximum and mini-
mum values of the normal stresses. Recall that the normal stress acting on a
plane with normal n is given by

tp=n-t=n-Tn=n"Tn. (3.93)

To find the maximum and minimum values of ¢,, that can be reached by
varying n, it is effective to evaluate t, as a function of the normal n using
the reference system defined by ni, ny and ns, i.e.,

)\1 0 0 ny
tn(n): IITTn =| ny N2 N3 ] 0 AQ 0 no

0 0 X3 ns
Hence
tn=A1 (n1) + Az (n2)” + As (n3)? (3.94)
Since n is a unit vector

(n1)? + (n2) + (n3)” = 1

2 Orthogonal vectors n; and n; are also orthonormal if n} n; = &;; (J;;, the Kro-
necker delta, =1 for ¢ = j and = 0 for ¢ # j)
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and substituting in (3.94)

(n1)? =1— (n2)? — (n3)”

gives

th=X1 (1 — (n2)? - (n3)2) + X2 (n2)” + Az (n3)°
or

tn=A1 + (A2 — A1) (n2)> + (As — A1) (n3)?. (3.95)
Since A1 > Ay > A3 we can conclude that

th <\

and hence the maximum value of ¢,, that can be reached by varying the plane
at the point (varying n) is A; and, of course, is reached for the plane with
normal n;. Analogously, substituting (ns)> = 1 — (n1)” — (ng)” into (3.94)
leads to

th=Xs + (A1 — A3) (n1)? + (A1 — A2) (n2)?
which implies that
tn Z >\3

and hence Asz is the minimum value'® of t,, and, of course, is reached for the
plane with normal ng.

Since A1 and A3 are the maximum and minimum stress values that can
be reached, we call A1, A2 and A3 principal values and denote these principal
stresses as 71, 7o and 73 respectively, and the associated normals nj, ns, ng
the principal stress directions.

Example 3.6

Consider the cylinder as shown in Figure 3.32. The solid cylinder is sub-
jected to self-equilibrating torsional moments M, at the end sections, i.e.,
M; = M,e, at x = L and M; = —M,e, at © = 0. The stresses at a generic
cross-section are given in Figure 3.51 (see Section 3.6). Therefore, at a generic
cross-section there is only a shear stress distribution and the maximum value
T is related to the twisting moment by 7 = %R where I; = ”71%4. Let us
consider the point P with coordinates y = R, z = 0, 0 < z < L. Evaluate
the principal stresses and the principal stress directions.

3 The expression t,(n)=n"Tn is actually a Rayleigh quotient, and we have in
general for the Rayleigh quotient p (v) = v7 Av, with v7'v =1 and A a symmet-
ric matrix of order n, that A\, < p(v) < A1, where A, and \; are the smallest
and largest eigenvalues of A, see Bathe, 1996 for a proof
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Fig. 3.51. Shear stress for a cross-section of a cylinder in torsion

Solution
The stress tensor at point P is given by

0 0 7
T=]0 0 0
7 0 0

and the principal stresses can be obtained solving

- 0 T
det(T—AI) = det 0 =X 0 =0
T 0 =X
which leads to
AN =7%) =0
The roots of this equation are A\; = 7, Ay = 0 and A3 = —7. Hence, the
principal stresses are
T=7,T2=0,1T3=—T.

To obtain the principal stress directions, we need to solve
(T-7I)n, =0 with  |ng|| =1

for i = 1 to 3. For the first principal stress, 71 = 7 we have

0 -7 0 ng | =10 (3.96)
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or

—TN1 +Tn3:0
—T’I’LQZO

™y —T1ng =0

Of course, the first and third equations in the above system are the same.
Considering the first and the second equations, we obtain

niy =ngs, ng =0
and imposing that
n34ni+ni=1 (3.97)

we obtain

>

Choosing ny = g we have

VZooB
N = g€t e

Note that if we had used n; = fg, then we would have simply obtained

—n; as the solution. Considering 7 we have

0 0 7 n1 0
0 0 0 ng | =0
T 0 0 ns 0
or
™™g =0
0=0
™1 =0

which yields
ny = 0, ns = 0
and equation (3.97) gives

Ng = +1.
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Therefore we can select
n; = €y.

Finally, for 73 we have

T 0 7 ni 0
0 7 0 ng | =10
T 0 7 ns 0

or

™1 +7n3 =0

T’I’L2:0

™1 +71ng =0
which gives

ny = —ng, no =0
and substituting in (3.97)
V2

=t

Selecting ny = —g yields ns = ‘/75 and we have in summary the following

orthonormal vectors defining the principal directions, i.e.,

VB VR

o= ety
ng = €y

ny = V2o V2
5 g Gt 5@

These can be used as new base vectors of a new reference coordinate system,
and in this system,

7 0 O
T=[0 0 0
0 0 —71

Of course, since 71 and 73 are the maximum and minimum normal stresses,
we have
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max(t,) = T

min(t,) = -7

Mohr’s circles

In order to obtain further insight into the state of stress at a point, we
study below the stresses for planes which contain one of the principal direc-
tions. For example, let us consider a generic plane 7w which contains ng. This
situation is summarized in Figure 3.52.

Fig. 3.52. Definition of a generic plane 7 which contains ns; the angle « is varying;
the stress state in the plane 7 is analyzed

Since n; and ny are orthogonal to ns, they lie in a plane orthogonal to
7w which we call ¢. Let a be the angle between 7 and n; measured in the
clockwise sense from nj, see Figure 3.52. The stress vector acting on 7 can
be decomposed in the normal and tangential directions, i.e.,

t=t,+t; =t ,n+1tss

where n is the normal to 7 and we let s be a unit vector in the direction of
ts. The sense of s is chosen such that when t, is positive it tends to rotate
the prism of triangular base shown in Figure 3.52 in the clockwise direction.
The unit vectors n and s and hence t lie in plane ¢ and the stress on the
plane 7 is
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7 0 0 —sina —71 sin «
t=Tn=| 0 0 —cosa | = | —Tecosa
0 0 m3 0 0

where we used the reference system defined by n;, ns and ng. Here « is an
angle that we consider to vary. We can evaluate t,, using

. 0 0 —sina
tn:nTTn: —sina —cosa 0} 0 » O — cos «
0 0 73 0

which leads to

t, =71 sin a + To cos® a

and using the identities sin? o + cos? @ = 1 and cos? o = W, we obtain
1 1
ty = 3 (11 4+ 72) — 3 (11 — T2) cos 2. (3.98)
We can also evaluate ¢,
7 0 0 —sin«
ts==s"Tn=| —cosa sina 0} 0 =» 0 —cosa
0 0 73 0
which yields
. 1 .
ts = (11 — T2) cosasina = B (11 — 72) sin 2a. (3.99)

Equations (3.98) and (3.99) allow a graphical representation of the pair (¢,
ts) as shown in Figure 3.53.

This representation is referred to as Mohr’s Circle and represents the
variation of stress in a plane orthogonal to a principal stress direction (this
principal stress might be zero, as in a plane stress analysis, see Section 4.1.2).

If we consider the variation of the stress in planes that contain the prin-
cipal directions n; and ns, we obtain the additional results summarized in
Figure 3.54. It is possible to show that the pairs (¢, ts) for planes which do
not contain any of the principal directions are in the dashed region of Figure
3.54. This result permits to determine the maximum absolute value of the
shear stress, i.e.,

(11 —13)
R

o = mae (1) =

Smax
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n

Tl +T2
B 2

<€ >

Fig. 3.53. Mohr’s circle graphical representation for pairs (¢, ts)

ts stress for planes which contain n,

stress for planes
which contain n,

stress for planes
which contain n,

Fig. 3.54. Mohr’s Circles for planes which contain one of the principal stress
directions. Dashed region represents allowed pairs (tn, ts)

3.3.5 Principal strains

The results derived in the study of the stress at a point can directly be used
to also study the strains at a point and evaluate the principal strain values.

As we mentioned, an eigenvalue problem was considered, see (3.83) with
T a symmetric tensor. The infinitesimal strain tensor E is also symmetric and

hence we can consider the problem of finding the eigenvalues and eigenvectors
of

Ex =)x.
The eigenvalues are represented by

€1 > €2 > €3
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and are called the principal strains. The eigenvectors which can be denoted
also by hy, hy and hj define the principal strain directions. In the reference
system defined by the principal strain directions, E is given by

€1 0 0
E= 0 E9 0
0 0 3

We note that the off-diagonal terms are zero hence there are no shear
strains between fibers aligned with the principal strain directions. We also
recall that the strain of a fiber whose direction is defined by the unit vector
m is given by

£(m) = m" Em.

Therefore, referring to (3.93) we can conclude that €; is the maximum normal
strain and e3 is the minimum normal strain and these occur for fibers in the
directions of h; and hjs respectively.

3.3.6 Infinitesimally small displacements

The discussion presented so far in Section 3.3 is valid for arbitrarily large
displacements. In fact, the concept of stress was introduced for a generic
deformed configuration of the solid. However, as discussed in Section 2.1.5,
when we consider infinitesimally small displacements, the principles of linear
and angular momenta are written for the undeformed configuration. Then,
the conditions of equilibrium apply for the undeformed configuration, that
is, as if the solid had not displaced.

Hence, when we consider infinitesimally small displacements all the dis-
cussion presented in Section 3.3 is valid considering the undeformed configu-
ration. In particular, the differential equilibrium equations now read

BTU 8T12 8T13 B
6251 + 31‘2 + 6x3 +f1 =0

oT: oT: oT:
21 Ofos | Ol |

8.231 61‘2 8I3 f2 0
oT: oT: oT:
31 + 32 + 33 + ng = 0.

(9.1'1 8.%‘2 8373

The formulation of the mathematical model for three-dimensional solids is
greatly simplified for infinitesimally small displacement conditions. One of
the reasons is that equilibrium is enforced in the undeformed configuration
which is known.
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3.3.7 Technical or engineering notation for the stresses

In the technical or engineering notation, which is commonly used in the
engineering literature, the coordinate axes are denoted by x, y and z, i.e.,
xr =x1, Yy = x2 and z = x3 and the stress components are represented by
Tras Tyy> Tazs Toy = Tyws Toz = Toz a0d Ty, = 7oy

3.4 Constitutive equations

In this section, we introduce the characterization of the material of de-
formable solids. Recall that, both, the study of the deformations in Section
3.2 and the study of the stresses in Section 3.3 were carried out without
having specified a material behavior for the solid. But in the analysis of the
truss structures (see Section 2.2.4) and the analysis of the steel sheet (Section
3.1) we used the fact, justified by experimental observations, that the stresses
induce strains.

For the one-dimensional stress conditions in the bars, the truss structures
could be completely analyzed using Hooke’s law relating the one-dimensional
normal stress to the one-dimensional normal strain.

For the analysis of the steel sheet, we introduced the Poisson’s ratio effect
and the problem could be solved only for very simple conditions. Actually,
the observed interaction between the strains and the stresses prompted to
undertake a 3-D study of the deformations and stresses.

When we consider a three-dimensional solid undergoing arbitrarily large
displacements, the constitutive equation is defined as the relation that gives
the Cauchy stress at a point in a given configuration as a function of the
complete history of deformation, that is, from the initial configuration of
the solid up to the current configuration (see Bathe, 1996 and Kojic and
Bathe, 2005). Such a general constitutive equation can be used to describe
not only usual structural engineering materials but also very unusual ones.

The concept explored for the 1-D problem, that for an elastic material
the normal stress depends only on the current state of deformation given
by the current normal strain, can be generalized to define a constitutive
relation for elastic materials in 3-D conditions. Considering three-dimensional
solids undergoing arbitrarily large displacements, we can define a constitutive
relation for elastic behavior by

T = F(X) for every point of the solid

that is, the Cauchy stress at a point in the current configuration depends on
the deformation gradient X at that point through a function F.

However, our present objective is to introduce the elastic behavior con-
sidering infinitesimally small displacements. This is achieved by relating, for
a generic point in the solid, the state of stress in the undeformed configura-
tion to the state of strain for infinitesimally small displacement conditions.
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Our discussion is restricted to linear elastic materials, i.e., to those materials
for which the deformation is immediate (with loading) and reversible, and
moreover the relation between the stresses and strains is linear. We also as-
sume that the material is isotropic, i.e., it behaves in the same manner in all
directions, and homogenous, i.e., its behavior does not change from point to
point. Under these conditions the relation between the stresses and strains
can be represented by the generalized Hooke’s law which we detail below.

3.4.1 Hooke’s law for three-dimensional isotropic material
conditions

Consider a parallelepiped of differential volume dxidzadrs subjected to a
uniform one-dimensional state of stress as shown in Figure 3.55a. Since this
is a one-dimensional state of normal stress we can use Hooke’s law

128

E:E

where F is the Young modulus. In the two directions orthogonal to the di-

A
by = f ’ fn
\ ///i;:,/;//
7 A A /AR e
Vo478 ;7//‘;
/i/’ "/’/ 'R
s 23
tn — f :El n
a) b)

Fig. 3.55. a) Surface forces inducing an uniform state of stress; b) Placement of
the parallelepiped with respect to the coordinate axes

rection of the applied stress a contraction takes place due to Poisson’s effect
given by —I/%, where v is the Poisson ratio. If we place the parallelepiped
with respect to the coordinate axes shown in Figure 3.55b the Cauchy stress
tensor would be
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tn, 0 0
T=|0 0 0
0 0 O
i.e.,
Ty =ty

and the infinitesimal strain tensor would be given by

tn
= 0 0
E=|0 —v& 0
tn
0 0 _Vf
or
tn, T
E = — = —
11 E E
and
tn T,
E22 = E33 = —Z/E = —l/% = —VEn.

If we consider analogous situations for the directions es; and es, and use
superposition, we can write

T11 14
—-uz T 1

Eq T & (T + T53) (3.100)
T: v

By =2 — = (Ti + Tsa) (3.101)
T33 v

FEay = — — — (T} T 102

33 5 E(11+ 22) (3.102)

where Ty, and T33 are normal stresses for the planes with normals e; and
es, respectively. We note that an isotropic behavior was implicitly assumed
since the same behavior was assumed for the three directions (expressed by F
and v). For material with non-isotropic behavior, the Young’s modulus and
Poisson’s ratios depend on the material direction considered, see Crandall,
Dahl and Lardner, 1978 and Jones, 1975. We will focus in this book on
isotropic material behaviors.

Now let us suppose that shearing tractions shown in Figure 3.56a are
applied to the surface of the parallelepiped. The stress tensor is given by
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T3 T3
14
Y
: W Z
A Z
I t ) 4
b, | 45— L : 7=
AT i T f
'd | I 1 1
7 ,,'-----4-- — B s o e
—r ) T i e ' o T
A 2 [N I 2
- /:/'/' : i
Ty Ty
a) b)

Fig. 3.56. a) Uniform shearing state of stress; b) Deformation associated with
uniform shearing state of stress

It is an experimentally supported observation that the deformation in-
duced by this state of stress is that given in Figure 3.56b'%, i.e., a shear
strain is induced and the strain tensor is given by

0 2 0
E=|12 0 0
0 0 0

as detailed in Example 3.2.
The relation between the shear stress and the shear strain is

== 3.103
1= (3.103)
where G is a material constant called the shear modulus. Relation (3.103)
expressed in components reads

T,
2E, = g (3.104)

and considering analogous uniform shearing stress states corresponding to
T13 and ng, we have
Ty

2FE)3 = — 1
13 IE (3.105)

14 Of course, an infinitesimal rigid rotation could be added to the deformation which
would not affect the resulting E (see Section 3.2.5)
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Collecting equations (3.100) to (3.102) and (3.104) to (3.106), we have
the (so-called) Generalized Hooke’s law which relates the stress components
to the strain components

Ey = % - % (T2 + T33)
Eypn = % - % (Th1 + T33)
E33 = % - % (Th1 + T3o)
Ep = 12%2 or iz = %
Ey3 = % or 713 = %
Eo3 = % or o3 = %

When the solid is subjected to changes in its temperature field, thermal
strains are induced. Let ayj, be the thermal expansion coefficient and

AO(x) = 0 — 0;

be the field of temperature changes, where 0; and 0 are the initial and final
temperature fields respectively. The induced thermal strain field is given by

OéthA9 0 0
E" = 0 amdd 0
0 0 OéthAe

Then, the Generalized Hooke’s law reads

En = % - % (Ta2 + T33) + cn AO
Eyp = % - % (Th1 + T33) + an AD
Es3 = % - % (Th1 + Ta2) + cn AD
B, = % or yig = %
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Eia — Tis or _ D
13 2G =G
Tys Tos

E = —_— = —_—
23 2 BTG

Of course, the strains above are the total strains, that is, the strains due to
the stress field — the mechanical strains — plus those due to the temperature
changes — the thermal strains.

3.4.2 Relation between G and E, v

The following analysis shows that there is a relation between the shear mod-
ulus G, Young’s modulus F and Poisson’s ratio v.

A"
Ty
A . s i
L-—* E,/ <—tn C A
_ A5° _
2 T, Tq D /‘ Ty
a) b)

Fig. 3.57. a) Uniform state of stress in a cube; b) Section of the cube by a cutting
plane parallel to z122. The square ABC'D represents the trace of the parallelepiped
on the cutting plane

Consider the uniform state of stress in the cube shown in Figure 3.57a.
The stress tensor is given by

t, 0 O
0O 0 O

Let us select a parallelepiped in the interior of the cube of Figure 3.57a as
shown in Figure 3.57b.
The stress acting on the face defined by AB can be evaluated by
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th 0 0| %L ¥z
t=Tn=| 0 —t, 0 2| =t | %2
0 0 0 0 0

V2
2
nTTn —| V2 2 0 :| tn _V2 =0
2 2 2
0
and its direction is given by the unit vector s, s7 = [ % —72 0| Itis
therefore a shear stress given by
ts =tss
with t5 = t,,.
A" : A
Ty
By
)
C, Ay
45 -
tz z3< D, Z
a) b)

Fig. 3.58. a) Stress acting on the parallelepiped faces; b) Induced deformation

Analogous derivations for the other three faces of the parallelepiped lead
to the situation shown in Figure 3.58a. If we choose a new set of axes to
represent the stress tensor denoted by ), x4 and x4 with base vector (ef,
e, e}) (see Figure 3.58a), we have
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and by the generalized Hooke’s law, we obtain

0 2= 0
E. = Qté 0 0
0 0 O

The notation T, E.: is being used in the above expressions to emphasize
that we are referring the stresses/strains to the reference system defined by
e/, that is, (e}, e}, €5).

The strain tensor for the reference system (e1, ez, e3) denoted by e can
also be evaluated by Hooke’s law. From (3.107)

o T11 o tn v . tn (1—|—l/)
Ey = T v (Toy 4 T33) = T B (—tn) = I
T t v t, (14+v
Eqyp = %*V(T11+T33):—£**tn:—%
E3z = f—V(Tu-i-Tzz)—— (th —tn) =0
Eis = Ei3=FEx3=0
leading to
tn (140
in(ldv) 0 0
Ee — 0 _tn(1E+”) 0 . (3108)
0 0 0

We note that the normal strain of a fiber in the direction of e; is &; (e1) =

tnlty) (refer to (3.108)). This strain can also be calculated by using the

E
strain tensor E... The unit vector e; can be written as %2e} + %ieg and
therefore the strain in this direction can also be evaluated by

V3
V2, V2 ;
aCgeige) = [f f 0B | 2
0

0 g5 0| %

AEE NIRRT

0 0 O 0
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Equating the values, we obtain

ts  ta

since ts = t,,, we arrive at

E
G= 50 (3.109)

Hence, of the three elastic constants F, v and G only two are independent.

In Figure 3.58b we show schematically the deformed configuration of the
section. The fiber considered above is given by DB in the undeformed con-
figuration and D, B, in the deformed configuration. We note that the only
way this fiber displays the same deformation when interpreted as being in
the cube subjected to normal stresses and in the parallelepiped subjected to
pure shear is when relation (3.109) holds.

3.4.3 Generalized Hooke’s law for an isotropic material in matrix
notation

We may define column matrices to collect the independent components of
the stress and strain tensors denoting them by 7 and e respectively

T _
T = Ti1 T22 733 Ti2 Ti3 723

T _

e = { €11 €22 €33 712 V13 723 }

where Tij = Tij, Eii — E” for Z,j = 1,2,3 and Y12 = 2E12, Y13 = 2E13,
Y23 = 2E53. Considering the above definitions the generalized Hooke’s law
reads

e=Dr7 (3.110)
where
1 —v —v 0 0 0
-v 1 —v 0 0 0
1 v —v 1 0 0 0
D=— (3.111)
El o0 0 0 21+v) 0 0
0 0 0 0 2(1+v) 0
0 0 0 0 0 2(1+v)

We also have



3.5 Formulation of the linear elasticity problem 159

r=D"le=Ce (3.112)
where
L5 5 0 00
£ 1 &0 0 0
c__BOU-w | &% 1 0 0 0
1 1-2 —2y
(T+v)A=22) 1 0 0 0 2 0 0
0 0 0 0 a2 O
00 0 0 0 5y |
(3.113)

We note that the Hooke’s law written in the form of (3.112) leads directly
to the expected result that an infinitesimally small rigid motion produces no
stresses, since this motion results in zero strains.

We can also conclude either from (3.110) or (3.112) that for an isotropic
elastic material the principal directions of the stress and strain tensors co-
incide, since zero shear stresses lead to zero shear strains and vice-versa

and, hence, the principal stresses and strains are also related by (3.110) and
(3.112).

3.5 Formulation of the linear elasticity problem

In Chapter 2 we examined, in the context of truss structures, the Three
Fundamental Conditions to be satisfied in the formulation of a structural
mechanics problem:

e Equilibrium.
o Compatibility.
e Constitutive equations.

In Section 3.1, by means of a simple problem — the analysis of the steel
sheet — we motivated the need for expressing these conditions for a three-
dimensional deformable body.

Compatibility was addressed in Section 3.2 in which the deformations
of a 3-D body were studied, strain measures were defined and the relations
between the strains and displacements were derived.

In Section 3.3, the state of stress at a point was characterized by means
of the Cauchy stress tensor and the equations of differential equilibrium were
established.
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In Section 3.4, the relations between the strains and stresses were detailed
for an elastic, isotropic and homogeneous material. Now we are ready to
formulate the elasticity problem.

Consider a deformable solid subjected to the action of a field of body
forces f2 defined for every point x within the solid. On part of its surface,
Su, prescribed displacements G are imposed and on the complementary part
of the surface, Sy, with unit normal n, prescribed surface tractions S are
imposed'®. We note that S, U Sy = S which represents the surface of the
body and S, NSy = 0. This situation is schematically represented in Figure
3.59 where the undeformed configuration V is shown. The linear elasticity
problem can be posed as follows.

Su

Fig. 3.59. Schematic representation of actions and boundary conditions for linear
elasticity problem

Formulation of the 3-D elasticity problem

Find the displacement field u(x), the stress field 7(x) and the strain field
€(x) such that for every point x within V'

3
3 ZT” rff=0 =123 (3.114)
j=1

15 There are situations for which at a point on the surface the displacements are
restricted in some directions and the surface tractions are prescribed in the re-
maining directions. Then S, and Sy should be defined for each component of
surface displacement and surface traction (see Section 2.1.1)
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ii = 5 7 =12, A1
€ij 2(8xj+8xi> i,J 3 (3.115)
7= Ce (3.116)

with the boundary conditions for points x on Sf
3
Zﬂ'jna‘ =17, 1=1,2,3, (3.117)
j=1

where the n; are the components of n, and for the points x on S,
u=1 (3.118)

or

The equations (3.114) to (3.118) are field equations in the volume V
and on the surfaces Sy and S, as applicable. The Equilibrium Condition
corresponds to satisfying the differential equilibrium in (3.114) and (3.117);
the Compatibility Condition corresponds to finding continuous displacements
u(x) that satisfy (3.118) and from which the strains are calculated as given
in (3.115); and the Constitutive Condition is given in (3.116). Therefore all
the requirements for the solution of the 3-D problem are contained in the
above equations and the formulation is complete.

Note that when the solid is also subjected to known temperature changes,
we should use in the above formulation the generalized Hooke’s law which
includes the thermal strains as given in Section 3.4.1.

The search for analytical solutions of the above problem when special-
ized to specific geometries, loading and boundary conditions has challenged
mathematicians and engineers alike for a number of centuries. A great deal of
solutions have been derived — albeit frequently based on simplifying assump-
tions — and they are available in the literature. These solutions represent
a very important resource for understanding the behavior of elastic solids
subjected to external actions.

In the past, prior to the availability of computer resources and numerical
methods for the solution of (3.114) to (3.118), these analytical solutions to
special problems, derived and idealized from the full 3-D problem, were the
only solutions available for analysis. While, at present, full 3-D problems with
arbitrary boundary conditions can be solved using the finite element method,
the solution of the full 3-D problem is in many cases not an effective way to
perform engineering analysis.



162 3. The linear 3-D elasticity mathematical model

The 3-D elasticity model is of great importance, since it is our highest or-
der hierarchical model assuming linear elastic behavior. Therefore, it provides
a conceptual reference model from which other specific and frequently more
effective models can be derived. The solutions of these models can then be
compared with the solution of the full 3-D model giving good insight into the
modeling of physical problems — all within the objective of using hierarchical
mathematical modeling in engineering analysis.

Before we close this chapter, we present two illustrative cases of analytical
solutions of the 3-D elasticity model which are important for structural anal-
ysis: the pure bending of a prismatic bar of rectangular cross-section (given
in Example 3.7) and the uniform torsion of a prismatic bar (given in Section
3.6).

Example 3.7
Consider the undeformed configuration of a solid as shown in Figure 3.60.

“ez' €, h
/. - c
_________________________ cco——
e I
b
L

Fig. 3.60. Definition of the solid under study

Let the displacement field be given by

= M (3.119)
u = ol .
M
Sl 3.120
v v TY? ( )
M 2 2
w = gpr (2% +v (2% —y7)]. (3.121)
where M is a positive constant, ¥ and v are Young’s modulus and Poisson’s
ratio of the material and I is the moment of inertia about the y axis, I = blhj

(see Section 4.2.2).

(i) Find the stress field associated with the given displacement field.
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(ii) Identify the problem for which the given displacement field represents
the exact solution of the 3-D elasticity model.

Solution

(i) The strains are given as

_ Ou_ M
fre T 9y T T EIC
oM
Eyy = 8y7VEIZ
_ Ow_ M
2 T 9, TVEIR
— 1 @_’_@ —0
Tty T oy  ox)
(o w1
Frz = 2\0z oz )
i, w1
vz T 9\ 5. oy )

2

Mo M
o \"E1Y " VEIY) T

(—Mx+ Maz) -

The stresses can be obtained using the generalized Hooke’s law (see equa-

tion (3.112))
. E(l1-v)

(1+v)(1-2v)
Noting that for our problem

Eyy = Ezz = —Végy
we obtain
Toz = Begy = -7
We also have
E(1-v)
Tyy
(1+v)(1l-2v
E(1-v)
Tzz =
1+v)(1-2v

and considering (3.122) we obtain

Tyy = Tzz = 0.

1%
= €$$+1_V(Eyy+5zz) .

(3.122)

= T [ayy + % (wa + Ezz):l

) [6zz + 1_% (€za + 6yy)}

Of course, since Yoy = Va2 = Yy- = 0, we have

Toy = Toz = Tyz = 0.
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This completes part (i) of the problem.

(ii) To identify the 3-D problem actually solved, we need to determine which
fields of body forces and surface tractions are in equilibrium with this
stress field. Considering the differential equilibrium equations and intro-
ducing this stress field, we have

OTpz | OTyy  OTys B B

= 0 = =0
oz * oy + 0z + e fa
0Ty 0 0Ty
Ty Tw T B = 0 = fB=0

ox Jy 0z

OTpz  OTy, 0T, B B
+ + +fF = 0= =0
ox dy 0z E E
Therefore, there should be no body forces. Since the only nonzero stress
component is 7., the surface tractions should be zero on all four lateral

surfaces. Further, for the surface defined by x = L

Tn=f° = r,e,=f = fsz—gzem

and for z =0

Tn="f°" = -7,e,=f° = %= gzew.

If we reduce the surface tractions at the section given by x = L to its
center of gravity we obtain for the force resultant

R:/deA:/—%zewdAzo
A a 1

and for the moment resultant with respect to the center of the section,
represented by C

Mc = / (ye, + ze.) x £ dA
A
M M M
— / (Iyzez — Iz2ey> dA = —7 Z2dA ey =-M ey.
A A

Hence the applied surface tractions at x = L correspond to a bending
moment, see Figure 3.61. Analogously, for the end section defined by
z = 0 we obtain R = 0 and Me, leading to a self-equilibrated force
system.

Note also that the displacement field given in (3.119) — (3.121) satisfies
u=0forr=0,andu=v=w=0forz=y=2=0.
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at x=y=2=0

Fig. 3.61. Problem summary. Body forces are zero

We can conclude that the displacements given in (3.119) to (3.121), the
derived strains and stresses correspond to the exact solution of the cantilever
beam subjected to a pure bending moment at the tip, as summarized in
Figure 3.61, as long as the bending moment at x = L is introduced by the
surface traction field f¥ = —%zex and the displacement restrictions at the
“built-in section” x = 0 are as shown in Figure 3.61.

In Figure 3.62, we show the deformed and undeformed configuration of the
solid. We see that a line parallel to the y axis in the undeformed configuration
is deformed into an arc, whose curvature is opposite to the curvature of the
deformed axis. This transverse curvature is known as anticlastic curvature
and it is due to the Poisson effect.

S |

Fig. 3.62. Deformations for selected planes. a) Plane given by x = 0; b) Plane
given by y = 0. The magnitude of the displacements is chosen for visualization
purposes; the shown displacements are much larger than those for which the linear
model would be adequate
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3.6 Torsion of a prismatic bar

We present below the exact solution of a 3-D elasticity problem — the Saint
Venant torsion solution for a prismatic bar — which is of considerable prac-
tical importance. It is also a classical example of the so-called semi-inverse
method for deriving solutions. In this method, some assumptions on the func-
tional form of the displacements are made, either motivated by experimental
observations or by intuition. These displacement assumptions are the starting
point towards obtaining a solution.

Fig. 3.63. Generic prismatic bar which will be subjected to torsion. Solid section
with no holes

Consider a prismatic bar with a generic cross-section as shown in Figure
3.63. Suppose that the bar is subjected to self-equilibrated torsional moments
at the end sections, i.e., M; = M,e, at x = L and —M; at x = 0. It is an
experimental observation that for a bar subjected to such loading the cross-
sections rotate as rigid bodies in their own plane (see Example 3.5 for the
in-plane displacements). However, these sections do not remain plane, they
display some warping. Motivated by these observations, we will seek a solution
of the 3-D elasticity mathematical model of this problem using the following
displacement assumptions

u = 0'Y(y,2) (3.123)
v = —0'zz (3.124)
w = Ouzy (3.125)

where 0’ is the rate of rotation of the cross-sections with respect to the x
axis which is assumed to be constant. Hence, denoting by 6(x) the angle of
rotation of a generic section, we have
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0 = = constant.
x

Referring to Example 3.5, v and w as given by equations (3.124) and (3.125)
are the displacements associated with the section rotations given by 0(x) =
0'x. Note that we are implicitly assuming that there is no section rotation
at £ = 0. The functional form of u reflects the warping of the section. In
fact, ¥(y, z) gives the spatial variation of the out of section displacements
and is called the warping function. Its precise form should be determined
based on additional conditions as will be seen shortly. We also note that the
intensity of warping is assumed to be proportional to the rate of rotation of
the sections, 6.

Starting from the displacement assumptions given in equations (3.123) to
(3.125), we derive the associated strain field

e = @:0 € :@: € :6—w=0
o Ox T oy G )
Yoz = §:+?:=9’?f+9’y=9’<?f+y>
Vyz = %4—%:—0%—&—9’@":0.

The stresses can be obtained using the generalized Hooke’s law. Since we are
considering a homogenous and isotropic material we have

_ E(1l-v) LY ey +2 )_
e T Ogp)(1—2v) |0 T 1oy T
E(1l-v) v |
TS Ty T T G )|
E(1l-v) v |
TS Trwoow [Ty e e
which lead to
since €5 = €yy = €., = 0. For the shear stresses we have
0
Toy = Gay =GO <a§j’ - z) (3.127)
0

Gry. = 0. (3.129)

Tyz
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Consider now the equilibrium conditions. Assuming that we have no body
forces, the differential equilibrium relations read

OTpx n OTay n 0Tz

= .].
ox oy 0z 0 (3.130)
OTwy  OTyy | OTy-
131
e + By + 52 0 (3.131)
Oz Oz | Oz _ (3.132)

Ox dy 0z

Referring to the stresses given in equations (3.126) to (3.129), we verify that
the equilibrium conditions (3.131) and (3.132) are identically satisfied and
equation (3.130) leads to

Py 0%
B I S 3.133
oy? = 022 ( )
which is the condition on the warping function that guarantees equilibrium.

Next, we consider the boundary conditions. Since the lateral surfaces are
free from any surface tractions, we should have

A

Fig. 3.64. Generic cross section

0 Taoy Tz 0 0
Tn=|rn, 0 0 ng | =10
Trz 0 0 n, 0

or

ToyMy + Tozny = 0. (3.134)
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Let s be the arc length coordinate along the section boundary as shown
in Figure 3.64. Of course, for a given cross-section, the section boundary is
characterized by y = y(s) and z = z(s). Defining « as the angle that the
surface outward’s unit normal makes with the z axis, we can write

ny =sina, n, = cosa
dscosa =dy, dssina = —dz
and introducing these relations into equation (3.134)

dy dz
rz 5. — Taxy 5 — U. Nl
Taz g = Toy 0 (3.135)

This equation can be written in terms of the warping function

Go (&p+y>c@_G9,<&p_Z> = _

0z ds oy ds
which finally leads to
o dy oY dz
(az + y) o <6y z) —=0. (3.136)

This condition is to be satisfied for every point on the section boundary.

The field equation (3.133) subjected to the boundary condition (3.136)
should determine the warping function ¥(y, z). We note that the boundary
condition (3.136) depends only on the geometry of the cross-section. There-
fore, given a cross-section, the warping function can be determined and de-
pends only on the shape of the cross-section.

Although the warping function can be determined as described above,
Prandtl (see Timoshenko and Goodier, 1970) has introduced a stress func-
tion ¢(y, z) to propose an alternative, somewhat simpler, formulation of the
torsion problem. In order to introduce the stress function, let us consider the
equilibrium equation (3.130) and re-write it as

OTay OTws
_ _Ome 3.137
oy 0z ( )
Therefore, we can define a function ¢(y, z) such that
0¢ J¢
& = Txy and aiy = —Txz (3138)
and (3.137) is automatically satisfied.
Using (3.127) and (3.128) we also have
9¢ o
- = GO | = — 1
5, G < By z) (3.139)
9¢ (O
— = =GO (= . 3.140
o (5 +v) (3.140
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To eliminate ¢ and obtain the governing differential equation in terms of ¢
we take derivatives of equations (3.139) and (3.140) with respect to z and y
respectively, and then add to obtain

g?jg + % = —2G0'. (3.141)
Expressing the boundary condition (3.135) in terms of ¢, we obtain

9pdy  09dz _

dyds 0z ds
which leads to

d
d—f =0 = ¢ = constant over the boundary.

Since the stresses are obtained from ¢ by taking derivatives we can choose
¢ = 0 on the boundary of the cross-section. (3.142)

Let us summarize what we have obtained so far.
The formulation based on the warping function can be written as:
Find 9 (y, z) defined on the cross-section domain such that

2 2
6w+8w70

gz T oz = for every point in the cross-section domain

(g—f + y) % — (% — z) % =0 for every point on the cross-section boundary.
Having determined ¢ (y, z), the displacements can be obtained from equations
(3.123) — (3.125) and the stresses from (3.126) — (3.129) . We note that 8’ is
still to be found as will be discussed shortly. The formulation based on the
stress function can be summarized as:

Find ¢(y, z) defined on the cross-section domain such that

Po L 0 _ oGy f int in th tion domai
8y2 922 or every pOln mn € Cross-section domain

¢=0 for every point on the cross-section boundary.

Having determined ¢(y, z), we can obtain ¥ (y, z) by integration of equations
(3.139)—(3.140) and hence the remaining quantities can be found as described
above. The same observation regarding 6’ applies.

To complete the formulation of the torsion problem and to obtain 6’
we consider the tractions on the boundary surfaces at * = L and x = 0.
Specifically

£ =Te, at x = L

or
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fs 0 Tuy Tus 1 0
S =T 0 0 0| =1 7oy
rs Twx 0 0 0 Tus

where 7, and 7., are given by equation (3.127) and (3.128) or alternatively
by (3.138) . These stress components are shown in Figure 3.65.

AY

Area A

%

Fig. 3.65. Stress components at section z = L

Let us evaluate the stress resultants at the end section x = L. The normal
force N and the bending moments M, = Mye, and M, = M_e, are trivially
found to be zero since

N:/deAZO, My:/7'9[;:,0sz207 MZ:/—TmydAZO
A A A

when we take into account that 7,, = 0. The shear forces V, = Ve, and
V., =V,e, are given by

Vy:/TxydA, VZ:/deA
A A

which can be shown to be zero by expressing 7., and 7, in terms of ¢ (see
equation (3.138)) and performing the above integrations.

Therefore, we can conclude that the stresses at the end section z = L are
mechanically equivalent to a torsional moment M, only, since the resultants
N=M,=M, =V, =V, =0 and we have

M, = / (Twzy - szz) dA (3.143)
A

= /TwzydAf/TryZdA.
A A
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Performing the integrations it can be shown that
M, = 2/ opdA (3.144)
A

which relates the stress function to the torsional moment applied. We can also
relate the torsional moment to the warping function. Starting from (3.143)
and introducing (3.127) and (3.128), we obtain

o[ ) (5

0 0
— GH’/A [(afy - (,;ypz) + (y* + 22)} dA.

Recalling that the warping function ¢ depends only on the geometry of the
cross-section, we can define the torsional moment of inertia of the cross-
section

M,

_ oy N 2, 2
It_/A K@zy ayz) + (y° +2%)| dA. (3.145)
and hence
My _
oL 0 (3.146)

establishing the link between the torsional moment and #’. Analogous deriva-
tions hold for the end section given by x = 0.

The formulation of the torsion problem is now complete and its solutions
is an exact solution to the 3-D elasticity mathematical model as long as
M, is applied by means of the surface tractions f° = Te, at + = L and
9 =T (—e,) at z = 0.

As an example, we present below the solution of the torsion problem for
an elliptical cross-section.

Example 3.8

Consider a bar with the elliptical cross-section in Figure 3.66. The bar is
subjected to self-equilibrated torsional moments M; = M;e, at * = L and
—M,; at = = 0. Solve for the stress and displacement fields.

Solution

We consider the solution in terms of the stress function ¢. Since the
boundary equation is

+5-1=0

¥ 22
a? = b2

we can investigate solutions of the form
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s,
-

Fig. 3.66. Definitions for elliptic cross section

2 2
p=C ( + b—Q - 1) (3.147)

where C is a real constant. Of course, (3.147) satisfies the condition ¢ = 0 at
the boundary and substituting (3.147) in (3.141) yields

2 2C

which leads to
_ a’b>GY’
a?+ b2
Therefore
a2h? g2 22
= — GO |L+5 -1
¢ a? + b2 <a2 + b2 >
and the stresses
2a2 202
¢ GOz, Ty = —% = GO'y.

[ Py Oy  a? + b2

Using relations (3.139) and (3.140) we obtain

o\ 2 oy N\ 2
<8y z) = arp” <az+y> L (3.148)

which lead to 9 (y, z) by integration. In fact, integrating (3.148) with respect
to y and z respectively leads to

2&2 2
¢=Z/Z—myz+f(z)7 ¢=—Z/Z+myz+f(y)-

Hence
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b% — a?

v=arett TR

where K is a real constant. Assuming that uw = 0 for y = z = 0 yields

b2 — a2

V(y,2) = myz-

Having the warping function ¢(y, z), we can obtain I; from (3.145) which
gives

ma’h?
i=—"7
a?+b
and we can relate M; to 0’, i.e.,

0,7 Mt 7Mta2+b2

=GL" 0 (3.149)

Alternatively we could have used

M = 2/ odA
A
leading also to the result given in (3.149). The displacements are
Mt b2 — CLQ
wo= ) =Ty
0/ Mt a2 —+ b2
= bOrz=—-——"FF—"— a2
v G ma3h?
w = Ozy= %CLQ +b2x
B V=G ras Y

and the stresses can be written in terms of M; by

2Mta2 o 2Mtb2
B TR R

Toy =

The stress variation along the selected lines is schematically represented
in Figure 3.67a and the out-of-plane displacements u(y,z) — the warping
displacements — are shown in Figure 3.67b. We note that the above solution
includes the classical torsion solution of a prismatic bar of circular cross-
section when a = b = r, r being the radius of the circular cross-section.
In this case, there is no warping of the cross-section and since the solution
derived above is an exact solution of the 3-D elasticity problem, the classical
solution of a circular prismatic bar is also exact.

O
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A

—
N

a) b)

Fig. 3.67. a) Some shear stresses for the solution of a prismatic bar of elliptic cross
section; b) Lines connecting points of equal values of warping displacements. The
solid lines represent positive displacements and the dashed lines represent negative
displacements

The membrane analogy

A valuable physical interpretation of the solution reached in (3.141) is ob-
tained by the Prandtl membrane analogy. Namely, a membrane prestressed
with uniform tension 7" and subjected to transverse pressure p undergoes the
transverse displacement u(y, z) calculated from (see e.g. Bathe, 1996)

0%u 62u_ P

Tt 5 == 3.150
a2 o2 T T (8.150)
with © = 0 on the boundary. Hence from (3.141), we obtain
2GO'T
¢ = cu(y, z) with ¢ = ¢ . (3.151)
p

Therefore, the transverse displacement of the membrane is proportional to ¢
with ¢ the constant of proportionality.

There are two properties linked to the fact that the shear stresses are
obtained as derivatives of ¢ which are of interest. In Figure 3.68a, we show
a generic cross-section and a curve for which ¢ is constant. It can be shown
(Timoshenko and Goodier, 1970) that

ts = tss

that is, t, is always tangent to the curve of constant ¢ since s is the tangent
unit vector to this curve, and that

d¢

ty = —
8 dn

(3.152)
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that is, the derivative of ¢ with respect to the normal direction to the curve
of constant ¢ gives the magnitude of the shear stress t;. In Figure 3.68b a
typical distribution is shown. Due to the membrane analogy, a curve which
gives equal values of ¢ corresponds to a level curve of the deformed membrane
and hence we can qualitatively anticipate the shear stress distributions.

AY curve of y
constant ¢

a) b)

Fig. 3.68. a) A generic curve of constant ¢; b) A typical shear stress distribution
for the points on a curve of constant ¢

We demonstrate these observations in the following example.

Example 3.9

Derive the shear stress distribution and the torsional moment of inertia for
the torsion problem for a thin rectangular cross-section as shown in Figure
3.69a.

Solution

In Figure 3.69b, the deformation of the associated membrane is shown. We
can see that, except in the small end regions, the membrane displacements
are such that

3]
2o
Ay
Therefore, equation (3.150) simplifies to
0%u D
022 T
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Y deformed
membrane

)
<~ \
level curves

a) b)

Fig. 3.69. a) Thin rectangular cross section; b) Associated deformed membrane

which upon integration leads to

_ P o 2
U78T(t 42).

Using relation (3.151), we have

_an

°=7

(t2 - 422) .
The shear stresses can be evaluated from (3.138) which leads to

9 _ _ %

— L = _2@G¥-.
By GO’z

0,

Tez = —

T T g,

Note the shear stresses are tangent to the level curves of the membrane as
shown in Figure 3.69b. The torsional moment of inertia can be calculated
using (3.144) and (3.146)

bt3
It = ?

Of course, the derived quantities are approximate since we assumed that

g—“ = 0 also in the end regions.
y

O
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