4 m SECAO 14.3 DERIVADAS PARCIAIS

14.3 | SOLUCOES Revisdo técnica: Ricardo Miranda Martins — IMECC — Unicamp
Lf@yn=x% = fi@xy =3 12. /' (x y,2) = \/x2 +y +z2 =
S« (B, -1 =-27 f-(xyz)= (x +y2 4z ) 2 (2z), assim
4 4
2 /(xy)=Vx+3 = 1:(0.3.4) = J0+9+16*5'
fr(uy)=5Qx+3y) 2 (3), 1B.u=xy +yz+zx = uy=y+z,u, =x+z,
PRER N R =yt
4+12 8 2.3 4 34 2.2 .4
14 u=x"y't" = uy =2xy°t",u, =3x"y°t",
. f(xy)=xe " +3y = Offoy=x(—1e?” +3, up = 4x*y* e
(0foy)(1,0) = —-14+3=2 5. F ()= x39° — 2%y +x =
4 f(x, y)=sen(y —x) = 0f/ox = —cos(y —x), Sx (6 p) =327 —dxy + 1/ (x p) = 527yt — 27
(0f/0x)(3,3) = —cos(0) = —1 16. f (x, y) = x2)? (x4 +y4) =
I fe(uy) =202 (¢ 4+ 2%) + 277 (407) = 6x°y% + 20p°
.z = m e, por simetria, £, (x, y) = 6y°x? + 2yx©.
0z _ 3P (1 4y") - (¢ +57) 2x) 17, f () =x* 422 430 = fo(ny) =40 + 207,
ox (2 +y2)° fy (o p) =22y + 4
x4 + 3x2y2 _ 2xy3
= 2 +y2)2 s 18. f(x, y)= (x2 +y2) =
2y
a_z:3y2(x2+y2)—(x3+y3)(2y) Sx(xy) = 2( x) = 2+ [ y)= ﬁ
Ay (x2 + 2y i
2.2, 4 3 9. fxy)=etgx—y) =
_ Xy Hy o fr (6 ) = e tg(x — )+ € sec? (x —y)
T T Ry e By Y
=" [tg (x —p) + sec® (x —»)],
bz = xyy— N Sy (x p)= e [sec’ (x — )] (=1) = —¢" sec’ (x —y)
\/_
0z -3/2 y 20. )= ———
= Wy (D) = W 5 fs 0= W
& @yl L Fisne DT o5 () (04 )
oy : x 2y Ax e (sTx i)
X .y oz 1 y _ s+ —s* _ 12
7.z:)—}+; = 8_x:)_/_x_2 |sz+t2|\/sz+tz (sz+t2)3/2’
3/2 st
fin=s(-3)(s*+) 7" Q)= —————~
8.z = (3 —x*+ 1)4 = (s +12)*?
oz/ox =4 (3xy> —x* + 1) (3y% —4x?), N gxy) =yiely’) =
0z/0y =4 (3xy2 —x* 4+ 1)3 (6xy) g (% )= [y sec’ (x2y3)} (2xy3) = 2xy4 sec’ (x2y3),

= 24xy (3xy? —x* 4+ 1)° & (y) = tg(x?y?) + [ysec® (x*»7)] (3x%y?)
=tg(x?y?) 4+ 3x%y’ sec® (x*)?)

9. u =xysec(xy) = 22, 2(x, y) = In (x +]ny) N

Ou/ox =y sec(xy)+ xy [sec(xp)tg (x»)] (») 1
g (% y) = M= —:
=ysec(xy)[l+xy tg (xp)] —Hny x+Iny
()= ——(+) = ——
0y o ou_la+n-x@® __ ¢ BN Ty V) T yG )
x+t Ox (x 4 1)* x40
P 23. f(x, y) =¢€” cosxseny =
u -2 X )
PR D&+ "0)= 7—(x e fx (x, y) = ye™ cosxseny+ e” (—senx)seny
=¢Y seny(y cos x — senx),
. f(xyz)=xz = [fy(xyz)=xz assim fy (x, ¥) = xe™ cosx seny -+ e¥ cosx cosy

fy(0,1,2)=0. = ¢ cosx (x seny + cosy)



24,

25.

26.

27.

28.

29.

f(s,0)=+2—-3s2 =52 =
fo(s, 1) =1 (2-3s —52)"? (—6s)
_ 3
J2 =357 =527
fils )=+ (2-3s2 52" (=100
3 5t
J2—3s2 =522
z =senh /3x +4y =
o _
= = (cosh 3 7 4y) (1) Bx +4) 2 3)
_ 3cosh /3x + 4y
2 ¥ Ay
0z _
& - (cosh /3x +4) (3) Bx +4) " (@)
_ 2cosh /3x + 4y
N J3x + 4y
Umavezque z = log, y,x* =y e zInx =Iny. Entdo
a—Zlnx—l—z l = 0, entdo a—Z:— zZ___ Iny >
0x X ox xInx x (Inx)
Além disso, (Inx) oz = ! , entdo 6_2 _ .
oy y’ oy ylnx

=t (%) =

1 1 1 v?
rewn = (3) =1 (75)

v
u? +v2’°

1 u u V2
frww) = s (<) = = (T>

u
u? + v?

f (x, l) — esen(t/x) =

fr (x, 1) = ) cos (t) (fx%)
= —fCOS ( )

sen( 1/x)

¢ 1 esen(t/x)
5 (;) -

fi(x, 1) = M) cos

()

z—ln( x2 +y2) =
0z | 1/2
Fr " x2 —: [1 7 x +y?)" (Zx)}
(VAT x) [Vam 57 .

- (v + A7+77) VAR
0z 1 1 2 N 1/2
e ey 2
b x4+ x2+y2(2)(x ) e

Y
x /x2+y2+x2+y2

30.

31

32.

33.

35.

36.

37.

.f(x,y,z):x\/y_z
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z =x", logoInz =x”Inx e
la—Z:yxyfllnx +x7 (l) &
z Ox x

oz

) — ,— b1 xY
a—x:z[yx’ "Inx +x" 7' =x" " (1 +ynx),
Oz v 0 v _

92 _ (i 7y — (x* ¥
e (x )(lnx) 2 (x") (x )(1nx)x In x

=x""* (Inx)?

y
fxy) = / ¢ di. Pelo TECI,

d [ , ~
o f(t)dt = f(x)para f continua. Entdo,

o (Y p, 0 e _
6x/xe dtia)«:( Ke dt>f

v
e fy(x, y)= %/ dt=e

X

Sr(x, y)=

X !
f(xy)= / 67 dt. Se 0 ndo estiver no intervalo [y, x],
»

entdo pelo TFCI, £, (x, y) = e efy(xy)= ,i_
X Y
fxyz)= xzyz3 +xy —z =

Sy z) =202 +y.fy (x, . 2) = x°2° +x,
f-(xp2)= 3xzyz2 —1

= fo(xy2)= 2,

fr ey D) =x (3)02)77 @) = 5z epor
simetria, f- (x, y, z) = 2)3;—2'
fyz)=x7 = fi(xpz)=yx* "' Pelo

Teorema 3.4.5, f,(x, y,z) = x** In(x*) = zx”* Inx e
por simetria, f> (x, y, z) = yx”* Inx.

f(xp z)=xe’ +ye* +ze* =
fr(xyz)y=¢€ +ze*,fy (x y,z)=xe” +¢€,
f:(x yz)=ye" +e
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38.

39.

40.

41.

42.

43.
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u=xy’z In(x +2y +3z) =

1
Uy :y223 ln(x + 2y + 32) = xy223 (m)

2.3 X
= 1 2 3 _
yz {n(x+y+z)+x+2y+32},

1
u, = 2xy23 In (X +2y + 3Z)+xy223 <m> (2)

=223 |1 A3z — 2
e {H(XJF Y Z)+x+2y+3z}’
e, por simetria,

. =3x222 |1 Y+ 3 —— |
" vz [n(x+y+ Z)+x+2y+3z

- o
u=x" = u =yx’ T

1

)z _ z _
u, =x’ Inx -zy*~ ' =x y" " zInx,

u: =x’ Inx(p* Iny)=x""y" Inxlny

f(x,y,z, l):u = fx (x,y,Z, [):L’
z —1 Z — ¢
1
fy@yz)=-—
foyz)=x—-y(-D)(Ez—-0"7*= yfxz,e
(z—-0
Sy =@ -»(DE-n ()=
(z—1)

fayzt)=x’21t" = fo(xyzt)=y21,

fHyzt= 2xyz3t4,fZ (x, yzt)= 3xy2zzt4,e
fi(x, p,zt)=4xy 27383,

Xy +yz =xz = i(x +z)=i(xz) =
Yy Tyz = o Ty ox

Oz

& ( fx)ﬁ—z—zf logo
ax y 6)6'_ y’ g

0z
Yy+ys—=z+x
ox

0z z—y 0 0
x yox ay YT () &
0z 0z 0z
x+tz+y—=x— & (¥ —x)7—=—(x+2z),logo
oy oy Oy
oz _x+z
oy x-—y

xyz =cos(x +y+z) =
i(x ) = i[cos(x+ +z)] &
ox T ax yrE
0 0
vz +xy—Z:[—sen(x+y+z)] 1+ = )
0x 0x

o
[+ sen(r +y +2)] 5= = — bz + sen(x +y +2)],

entio, oz _ oyt sen(x +y +z)’
ox xy +sen(x +y +z)

0 0 - . .
— (xyz) = — (cos (x +y + z)), e entdo, por simetria,
oy oy

0z _ xz +sen(x +y+z)
oy xy +sen(x +y+z)

44

45.

46.

47.

48.

¥4y -zt =2x(y+z2) &

O (2, 2 _ay_ O
a(x +y —z)fax 2x(+2)] <

Oz oz
2x 7225 —2(y+z)+2xa—x &

oz 0z X —y—z
2(x +Z)§:2(x—y—z),logo g:#

0 0
5():2 +y? =z = @[ZX(V+Z)] <

oz oz
2y —2z— =2 1+ —
y Z@y x(+5y) =
0z _y—x

0
2(x +z)§:2(yfx),logo B = 7z

xyzz3 +x3y22 =x+y+z =

0 0
s (2’ +x°y%z) = a(x +y+z) &

z 62 62
2.3 2 20 2.2 3.2

+ =141
yz —i—S’xyza + 3x7y°z Xy oy 1080
(3xy 222 pxdy? — 1) —22 =1-y%z2* = 3x%’ze

Oz 1 —y2z3 —3x%y%:z

ox  3xp2zZ+ x3p2 — 1

%(xy223+x3y2z) :%(x +y+z) &
2xyz® + 3xy2226_z + 2x3yz +x3y26_z =1+ 6_27 logo
oy 0y oy

oz

(Bxy?z> +x7y* — 1) T = 1 —2xyz® —2x%yz e
Y

0z 1—2xyz® —2x3yz
Oy Bxp2zZ4x3y2 —1°

z = f (ax + by). Seja u = ax + by.

.~ Ou ou
Entao, ™ =ae 2 = b. Logo,

0z _ df ou _ df Y
axiduaxiad(ax+by)7af (ax +by) e

0z df

> = b—d(ax ) = bf' (ax + by).

fan=xy+x{y = fi=2x+ .

2 x 3 1
. Ent =2 W
3 5 Hao‘fxx yhf"y X+ 2\/;’

1 X
S :2x+ﬁ e [y :_W'
f(x,y)=sen(x +y)+cos(x —y) =
fx =cos(x +y) —sen(x —y),

fy =cos(x +y)+ sen(x —y). Entdo,

fxe = —sen(x +y) —cos(x —y),
fo = —sen( +) + cos(x — ),
fww = —sen(x +y)+cos(x —y)e
fiy =—sen(x +y) —cos(x —y).



49.

50.

51,

52.

z = (x2 +y2)3/2 =
=24y =3x (2 +%) e
=3y (xz +y2)]/24 Entdo,
zo =3 (7400 3 (F+7) 7 (B) @)
3Py 43 3 (a7 +yY)

N

- 3x
o =3 () (2 +) Py —=2—p
Zxy x(z)(x y) (y) \/m or
3xy 3(x2+2y2)

simetria zy = ———=¢ z);, = —F——==".

/52 + 32 X2 42

z =cos’ (5x +2y) =
zy =[2cos(5x + 2y)][—sen(5x + 2p)] (5)
= —10cos(5x + 2y)sen(S5x + 2y) e
zy = [2cos (5x + 2p)] [—sen 5x + 2y)] (2)
= —4cos (5x + 2y)sen(5x + 2y)
Entao
Zo = (10) (5)sen (5x + 2y) + (—10) (5)cos® (5x + 2y)
=50 [sen’ (5x + 2y) — cos” (5x + 2y)],
zy = (10) 2)ser® (5x + 2y) + (—10) (2)cos® (5x + 2y)
=20 [sen” (5x + 2y) — cos” (5x + 2)],
Zye = — (=4) (5)sen (5x +2y) + (—4) (5)cos® (5x + 2y)
=20 [sen” (5x + 2y) — cos” (5x + 2)],
z, = —(—4) 2)senr® (5x + 2p) + (—4) 2)cos® (5x + 2)
= 8 [sen’ (5x + 2y) — cos’ (5x + 2y)]

z:tsen’lx/; =
_ 1 1y ,.—-1/2 _ !
Zx—tm(z)x Nk

z, =sen” '\/x. Entio
2\-3/2 1@x —1)
2 = 31 (77) (0 ) TR =20 =

1

2/x —x2’

Zxt =

Znx = ; (%xfl/z) = %aeztt =0.
1 — (ﬁ)z 2Jx —x
z=x"" = z, =(In)x™97" Inz = (In7)(Inx), logo

z; = (xlnr) (%) Inx :xlntln_x' Entdo
Zoe = (Ino)[(Ine) — 1]xM0~2
Inzy =1In(ln¢)+ [(In?) — 1]Inx, logo

Zy =2y |— | =)+ -Inx
Int \ ¢ t

o1 1+ (00 (Inx)
tint
1+ In¢l
= xtno-1 12 Il

=(n#)x

53.

54.

55.

56.

57.

58.

59.
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Além disso,
, _(n HxMO~ T Inx + (1x)x™’
x ;

7x(1n,)71 1 +lnt1nx e

N ¢

0 In In ¢ In —

Zn = [6_1 (X t):| (T) +x™! [—(lnx)t 2]

gy (00 1

t2

u=x’y" =32 + 2 = u, =5x"y" — 6wy’ + 4x,
Uy = 20x%y® — 18xp2 e Uy, = 4x3y3 —9x2y?,

4.3 2
Uy =20x"y”> —18xy~. Logo, uy = uyx.
u =sen’x cosy = u, = 2SENX COSX COSY,

Uy = —2sen x cosx seny € uy = — senzx seny,

Uy, = —2senxcosxseny.Logo, uy =ty

u=sen ' (xp?) =

1 (yz):yz\/l_xz 4>
V1= G2

=2 (1= 2272 7 (< 3) (1= x2p%) 7 (axy?)

Uy =

2y (1 =x%y*) + 2%y’ 2y
= 2 av3/2 = s 432 ©
(I —x2y%) (I —x2y%)
2xy
uy = Qw) = ——2—,
1= ()’ VI
—12
. 2y\/m— 2xy (;—) (1 —x2y4) (—2xy4)
" 1 —x2y*
B 2y _ 2x2y5 + 2x2y5 B zy

(1 —x2p)*?
Logo, u,y = uyx.

(1 —x2p)*?

Es :2xy3z4,uxy :6xyzz4,

ue =8xy°z%; uy, =3x%y*z*

u=x2p3z4
2 4

s Uyx :6xy z,

uy: = 12x%p%2%; u, = 4x%y*2%  u. = 8xy 23,

Uz = 12x%y*z3. Entdo Uy = Upx , Uz = Uzy, ©

Uy: = Uzy.

fy)=x*'—2% = fo=2’ -8,
fxx :2}}3 _24x2y,fxxx = —48xy

fan=e" = fo=ye" fu =y,
Sy = 4y° e’ +2x° = 2y3exy2 (2 + xyz)
f(xyz)= x5+ x4y423 +y22 =
fr =5x 4 4x3y423,fxy =16x3y%z3% ¢
S = 48x3y3 22
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60. f(x, y,z)=¢e" = f, =xze",

ye = xe™ 4+ xz (xy) e”* =xe® (1 4 yxz),e
fyzy =X (XZ) P (1 +xyz) + xe¥? (.XZ)

=x%z2 2+ xyz) e

6l. z =xseny = a—z—sen 0’ =cosy,e
T g ox s oy ox Y,
—632 = —sen
ayrox -

62.

z =lInsen (x —y) =

e ;cos(xf ) = cotg (x —y)
Ox  sen(x —y) y) = colg ),
0%z )
a7 — cossec (x —y)e
83z
——— = —2cossec (x —y)[—cossec (x —y)cotg (x —y)(—1)]
Oy Ox?

= —2cossec? (x — y)cotg (x — )

63. u =In (x+2y2 +3z3) =

o4.

Ou 1 2 922
B2 x = 0p2 + 373 (9Z ) = 92 L 2.3
0z x4+ 2%+ 323 x + 2p% + 323
azu 2 2 3\ —2
Lo 23 T
e

(x 4+ 2p2 +323)%’
o *u . 72yz?

Ox 0y 0z (x + 2y +3z3)°°

ow

, €, pela Regra
Oy

ow
Sej = .Entio — =1 =
eaw =x +y naoax

da Cadeia,
df ow dg ow
t 7f(w)+xdw Ox ydw Ox

=f W +x" (w)+yg’ (w),

df ow dlf’ (w)] ow d[g’ (w)] ow
e = e O e T T ax
=2 (w)+x" (W) + yg" (w),
(S
df ow  d[f'(w)]ow d[g' (w)] ow
=y T aw gy TEMTIT T gy

=/ )+ (W) + g (w)+ yg" (w)
Analogamente, u, = xf ' (w)+ g(w)+ yg' (w)e
uy =xf " (w)+ 2g" (w) + yg” (w). Logo,
Uee — 2Uyy + Uy
=2f"(w)+ xf " (w) + yg" (w)
=2 (w) = 2xf " (w) — 2¢" (w) — 2vg" ()
+xf " (w)+ 2g" (w) + yg" (w)

05. f (x1,..., x,) = (x} 4 x2)"72
i:(lfz)zx-(x2+...+x2)—n/21<i<n N
Ox; 2 Pt n 1S
s n 2 2\ "2
Mzz(lfi)()‘l*"'ﬂn)

- (2n) (1 - %) (x7) (T + - .+x3’)—(2+ 2
1 <i < n. Portanto,
o? 52
T

8x% Ox2
Sle-m@htrxd)
i=1

—n@—n) (x2) (3 +

- /
I 2}

=n@2 —n) (x%—l—"'—f—x%)*"/z
—1’1(2—}1) (X%-l-—i—x%) (x%_‘_..‘+x5)7(2+n)/2

—n@-n) (4 4x2) "
—n@2—n) (X%Jr"'erﬁ)*"/z

=0



