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n-1 n-1 

s,(x- x,) = L p,(x;- x,) = L (xj- X;+l)S;;?: 0, 
i=1 )=1 

sox, ~ .x ~ x1. Let m be such that x E [xm+ 1, xml· Hereafter, M is to be given its value at c = x. 
We can easily show that the following identity is valid: 

( 
1 II ) 1 II m- 1 s 

(4) f S, i~/,x, - S" ~~/J(x,) = 1~1 (M(x,- X;+d- j(x,) + j(x,+ 1 )) S~ 

s 
+(M(xm- .X)- f(x 111 ) + /(.x)) i' 

II 

Now, using (3) and (4) we get (1). 

REMARKS. (1) It is known (see for example [1] or [2]) that from the Jensen-Steffensen 
Inequality we can obtain some results from [3]-[7]. 

(2) R. P. Boas in paper [8] has proved the Jensen-Steffensen inequality using inequality (2). A 
similar proof of the Jensen inequality for convex functions is given, for example, in [9] (see also 
[8]). 
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THE NUMBER OF HOMOMORPHISMS FROM Zm INTO Zn 
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Although several abstract algebra textbooks (see, for example, [2, p. 118] and [3, p. 190]) ask 
their readers to determine the number of group homomorphisms from zm into z/1 for particular 
values of m and n, the authors are not aware of any which ask for a solution to the general 
problem nor the corresponding problem for ring homomorphisms. This is a bit surprising, since 
these problems are natural ones and their solutions require only elementary facts from group 
theory, ring theory, and number theory. In this note, we solve both of these problems. 

Consider the group-homomorphism case first. It is clear that the order of the image of a group 
homomorphism from Z, into Z, must divide both m and n and, therefore, is a divisor of 
gcd( m, n ). Also, if k is a common divisor of m and n, then Z, has a unique subgroup of order k, 
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and this subgroup has f/>(k) generators, where q, is the Euler phi function. Now, noting that in 
order to specify a group homomorphism from Zm onto a subgroup H of Z, it is necessary and 
sufficient to map the integer I to a generator of H, we see that the number of group 
homomorphisms from zm into Z, is simply Eklgcd<m. n>4>( k ). It follows from number theory [1, p. 
85] that this sum is gcd(m, n). So, we have proved the following. 

'THEOREM. The number of group homomorphisms from zm into z, is gcd( m, n ). 

Next, we consider the corresponding problem for the rings. That is, we seek a formula for the 
number of ring homomorphisms from the ring Zm into the ring Z,. First, note, as in the group 
case, that a ring homomorphism is completely determined by its action on I. Also, since I is an 
idempotent in Zm, the image of I must be an idempotent in Z,. Let n = ql 1 • • • q~' be the 
prime-power decomposition of n. Then, Z, is naturally ring-isomorphic to the direct sum 
Zqfl ED • · · ED Zq;s· Next, observe that any ring homomorphism from Zm into Z, induces a ring 
homomorphism from Zm into Zq:• fori= I, ... , s. Now, suppose a is an element of Z, and a is a 
(ring) homomorphic image of I in Zm. In the direct sum, let a correspond to (a 1, a 2 , ••• , as), 
where each a; E Zqf•· Then, each a; is an idempotent of Zqf•• and, therefore, each a; is 0 or I. This 
shows that there are at most zs ring homomorphisms from Zm into Z,. But, because a ring 
homomorphism is a group homomorphism, it must also be true that the additive order of a; 
divides m. Conversely, if (a 1, a2 , ••• , as) is any member of the direct sum, where each a;= 0 or I 
and the additive order of a; divides m, then there is a ring homomorphism from zm into 
Zqfl ED··· ED Zq;s which carries I to (a 1, a2 , ••• , as). So, the number of ring homomorphisms from 
Zm into Z, is simply the number of s-tuples which meet these two conditions. Since the (additive) 
order of 0 is I and the (additive) order of I in Zqf• is qJ•, we may take a;= 0 or I when qJ• divides 
m, and we must take a; = 0 when qJ• does not divide m. But, qJ• does not divide m if and only if q; 
does divide njgcd(m, n). Thus, letting w(a) denote the number of distinct prime divisors of the 
integer a, we have proved the following. 

'THEOREM. The number of ring homomorphisms from zm into z, is zw(n)-w(njgcd(m. n))_ 

Notice that the number of group homomorphisms from Zm into Z, is the same as the number 
of group homomorphisms from z, into zm, while the corresponding statement for rings is not 
true. 
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MISCELLANEA 

122. 

I asked him what kind of mathematics he did. He couldn't decide whether or not to tell me. He 
did mention that at Berkeley he was in a favorable position to study two of the esoteric wonders 
of our time, subjects only an adept might begin to penetrate. Pure mathematics and the state of 
California. There were no analogies from the real world that might help him explain either of 
these. 

-Don DeLillo in The Names, Alfred A 
Knopf, New York, 1982. 


