Transformada Z

TRANSFORMADA Z INVERSA



Formas de se obter a transformada Z inversa

1.Aplicacao direta da equacao

x[n] = L § X(Z)Zn_le

21



Formas de se obter a transformada Z inversa

1.Aplicacao direta da equacao

2.Método de inspecao
3.Expansao de uma série de poténcia em z ou z'!
4.Método das fracoes parciais

Mais simples que integral!ll!



Meétodo de inspecao

TABLE3.1  SOME COMMON z-TRANSFORM PAIRS

Sequence Transform ROC
1. é[n] 1 All z
1
2. l‘[ﬂl i-—_z‘—' |.'.| >1
1
3 -u[-n - l] l—_F Izl <1
4. §[n—m] | e All z except 0 (if m > 0)
1 or oo (if m < 0)
5. a"uln) -IT:_I- 12l > lal
1
6. -l‘ld-ll - |] l—:t-_—' 2] < |a|
-1
= az
7. na"u[n) e |21 > |al
-1
—ne"ul-n - — L
8. —na"u[-n - 1) TEYTR): 12l < |al
1 — [coswg)z™!
9. [cos won)u[n) T Resaule-13 7 Iz >1
) [sin wq)z~*
10. [sin won)u(n] T Bowaelc T + 23 Izl > 1
1 - [rcoswg)z~!
11. [r" cos won)u(n) T T HEX:
. [r sin wo)z™!
12. (" sin wonjuln) 1= cnmle T+ i 12l >r
a". 0sn<N-1, 1-az¥
13. {0. otherwh m 1z21>0

TABLE3.2 SOME z-TRANSFORM PROPERTIES
Section
Reference Sequence Transform ROC
x[n) X(2) R
xi[n] Xi(2) Ry,
x2[n] Xa(2) Ry
34.1 axy[n) + bxz|n) aX (z) +bX2(2) Contains Ry, N Ry,
342 x[n = no) " X(2) R, except for the possible
addition or deletion of
the origin or oo
343 z§x[n) X(z/20) 1zol Rx
344 nx[n) —:dﬁm R, except for the possible
: addition or deletion of
the origin or oo
345 x*[n] X*(z%) Ry«
Re|x[n]} %[X(z) + X*(z%)] Contains R,
Jmlx|n]} 2lj|X(z) - X*(z*)] Contains R,
346 x*[-n) X*(1/z%) 1/Rx
347 xi[n] = x2[n) X1(2)X2(2) Contains Ry, N Ry,
348 Initial-value theorem:

x[n] =0, n<0

lim X(z) = x[0]
e )




14.Calcular a transformada inversa de

z! 1
Xlz)= , —
(Z) . - |z |> 5




Exemplo 14
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15.Seja X(z) a transformada inversa de:

-1 _Z—1 _lZ—l
X(z)=z"01=2"0=22"

Obtenha x[n].



Gumpld 15 mwmmmm'

X(x)= 3 (U=3=") [ 44 -
G N Y S—
-a, — -1 Y _ =Ry o3
M=l ){ ,"‘53}_3 '.;,f}_ Y
_ -1 3 --b+ -3
=555
SO hogs |

e CT) = £In-1) -3 £Cn-g) +4 gn-3)
K ) R

Exemplo 15



Expansao em Série de Poténcias

-1 -M
b,+bz +---+b,z
N

X(z)—

— — .
l+az +---+ayz

X(z) = i A,z7"

n=-—oo

4

x[n]=4,,—0<n<o

Se ROC for do tipo |z|>a, entao
expressamos X(z) como uma
série de poténcias em z!. Se a
regiao de convergéncia for do
tipo |z|<a, entdo expressamos
X(z) como uma série de
poténcias em z.



Transformada Z Inversa

Expansao em Série de Poténcias
X(z) = 2 A,z7™ » x[n] =A4,,—-0<n< oo

* Ferramentas de séries complexas
e Série de Laurent



Expansao em Série de Poténcias

_by+bz +e by 27" x[0]= ibo

l+az" ++ayz™" a,

X(z)

A1 = — (b, - a,1{0])

a

X[2] = (b, — a,x{0]— a{1])



16. Seja X(z) com ROC |z|>1/2 a TZ de x[n]. Obtenha x[n]
usando decomposicao em séries de poténcia.

1

|
1—221 A{0]= b,

a,

X(Z):

A1) = (b~ a{0)

0

2] = (b, - 0] - aal1)

0

_by+bz '+ bz
1+a12_1 +'°°+CZNZ_N x[n]zi(b —iakx[n—k]j

X(z)




x{0]=—L,

Qa,

A{11= - (b~ {0)

2] = (b, - a;3[0]- a1

0

x[n]= i (bn — i a,x[n— k])

a,




Expansao em Fragoes Parciais

e Aplica-se a sinais|unilaterais e |bilaterais|roc anel

ROC .
Complemento disco ® Lateral Direita
ou
ROC Disco ® Lateral Esquerda
zeros
M
. T1¢ey)
— -0 k=1
X(z)= p(s) ~ A, A 1,

N
0 H(l (s—a1)(s—a2)..(s—an) P
polos




Expansao em Fragoes Parciais

/- Ordem numerador

%{ ’ Se M<N e polos tiverem todos ordem 1
l—c,z ) g
k
x(z)= by k4 . .
- N Ak Ak
%o d Z_l) - Z Z
k=1
b Ctes que dependem
Ordem denominador das amostras de x[n]
'p(S) — Al Ag
(s—a1)(s—az)..(s—a,) s—a1 s—as

Polo de ordem 1 = raiz com multiplicidade 1




Expansao em Fragoes Parciais

/- Ordem numerador

M
b H(l N ckZ_1 )
x(E)-2 2
%o — dkz_l)
o=l Se M>N
Ordem der|10minador ‘
M~-N N N Ak L ‘Mr—jN ., N AkZ
X(z)— FZ:(;BFZ —|—;1_de1 = ,,%5 .z + ;Z—dk
v

Somatadrio finito > convertido
diretamente em uma seq



Expansao em Fragoes Parciais

Como obter os coeficientes A, ?



Fragbes Parciais — Método de Heavside

) — x*+3x —4 RGx) = 4 B ¢
(x)_(x+3)(x+2)(x—z) * S (x+3) (x+2) (x—2)
D e x?+3x —4 . x*43x—4 (=3)’43(-3)-4 4
A=l G4 HRED = lim (x +3) G DGIDa-2 MG -2 (3+2(3-2) 5
_ e x%+3x —4 o xP43x—4 (-2%+3(-2)-4 3
5= Jm(x+ DR = lim (x +2) G133 Dx-2) G =2  (=21D(=2=2)_ 10
_ 5 e x?+3x—4 . x*43x—-4 (2)*+3(2)-4 3
C= G- DRE) =l - D e e T e CANG TS C @i e D 2

4 3 3
R(x) =—

5x13)  10(x+2)  2(x=2)




Expansao em Fragoes Parciais

Como obter os coeficientes A, ?

(1- de_l) x X(Z) = i A Avaliar em z=d,

k=1 l—de_l

0 | N Al
A, =tim,_, | (1—d,z"
k 2->d, ( ke )gl—dlz_l

Sempre que z=d, os termos do somatorio se anulam

A, =(1-d,z"H)X(2)

Z:dk



Transformada Z Inversa

* Expansao em Fracoes Parciais

M-N N
X(z)= Z B o[n—r]+ Z A duln] - Se x[n] CAUSAL
r=0 k=1

M-N N
X(z)= Z B o[n—r]- Z A d u[-n—1] » Se x[n] NAO CAUSAL
r=0 k=1

Como obter os coeficientes A, ?



 Obtenha x[n] por meio de fracdes parciais para X(z) abaixo

1

X(z)= 1 T T lz>1
(1-z" )(1—22_ )(1—32_ )
M<N e polos todos com ordem 1
M il A A z
ﬁ(l—ckzl) X(Z): - —1 :Z .
b kzll—de k=lz_dk
X(e)= 2 O
a 1
T10-d.2) 4=,




Savmple 13 Dlinha, 2Cn) paras o
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* Resolva o exemplo 17 modificando a ROC para






residuez — Funcgao utilizada para determinar fragoes parciais

Syntax
[F,p,k] = residuez(b,a)
[b,a] = residuez(r,p,k)

Description

residuez converts a discrete time system, expressed as the ratio of two polynomials, to partial fraction expansion, or residue, form. It also converts the partial fraction expansion back to the original
polyncmial coefiicients.

Note: MNumerically, the partial fraction expansion of a ratio of polynomials is an ill-posed problem. If the denominator polynomial is near a polynomial with muliiple roots, then small changes in the data,
including roundoff errors, can cause arbitrarily large changes in the resulting poles and residues. You should use state-space (or pole-zero representations instead.

[r,p,k] = residuez(b,a) finds the residues, pcles, and direct terms of a partial fraction expansion of the ratio of two polynomials, b(z) and a(z). Vectors b and a specify the coefficients of the
polynomials of the discrete-time system b{z)/a(z) in descending powers of z.

=y — A ke 0 —_1_'_...-;- =
Biz) = bD i bl_ i bl' : bm_

e Tl —1
Alz) —aD t al_

=2 —n
+a.7 “+etadz
£ n

If there are no multiple roots and a = n-1,

Be) ) g T (1Y 4k e k(o 1) )

1—pil |:_1 l-pin 2

A=)




residuez - Fungao utilizada para determinar
fracoes parciais

bo+ bz t+ -+ byz ™™ B(2) 2 2 _
= = X(2) = C.z7k
X(2) ag+az7l+--+ayz¥ A(2) - 1—prz~1 Tt k2

X(z) = z 0+z~1 X(z) = e " 1/2
~ 3z2- 4z+1 —4z7 14272 1-z70 1 4

7 3

X 22



residuez - Fungao utilizada para determinar fragdes parciais

Se M>N Se M<N

M—N¢ N
bo+ bzt +-+byz™ B(z R
_ Do 1_1 M_N (2) X(Z)_Z k_1+ZCkZ_k X(z) = 1_k_1+
ag+az7t + -+ ayz A(z) - 1—prz = — PrZ
Ry
M-N N
Syntax Z ~ Z (Ax)
X(z) = AR =
[r,p,k] = residuez(b,a) ( ) _0 k—11 1.y-1
[b,a] = residuez(r,p,k) L k - Pk



EXEMPLO - residuez

1) Escrever em potencias

7 X772 crescentes de z'! -
X(z) = X(z) = —2~
3z2 — 4z + 1xz? (2) 3—4z" 14772
>> format rat 2) b=[0,1]
>> b=[0,1] a:[3)_411]
b=
0 1 R
:>: a=[3,-4,1] . . ) N\ )
_ _ Rk ‘ —k i /2 0 /2
3 4 1 X(z) = o Crz X(z) = =5
>> [R =residuez(b,a) 1 —prz — 1= 1-— 1Z_l
1/2
>_=-;L£2_< Observacgio p
P 1 Conhecida a regido de convergéncia
__1/3 é possivel utilizar essa funcao para o

C =[] calculo da transformada inversa.



EXEMPLO - residuez

Obtenha os polos e zeros da seguinte transformada.
Utilize o MATLAB.

-2
Z xz 1) Escrever em potencias 0+z~1

372 — 4z 4+ Ixz? crescentes de z* X(Z) r 3—4z— 14,2

X(z) =

>> format rat
>> b=[0,1] 2) b=[0,1]
b= a:[3r_411]
0 1
>> a=[3,-4,1] R
a =

3 -4 1 N
1

>>_[R,p,C]=reS|duez(b,a) X(Z) o k . > CkZ_k »X(Z) — 2_1 + 2
R= Zl—pkzl /a8 1- 1_1 -1
k=1 k 3 VA

1/2 =0
-1/2

1 Observagao p
___1/3 ) Conhecida a regidao de convergéncia

é possivel utilizar essa funcao para o

calculo da transformada inversa.




EXEMPLO - residuez

E possivel fazer o inverso também, ou seja descobrir
qgue polinbmios geraram as fracoes parciais

>>R=[1/2 -1/2]; p=[1 1/3]; C=[]; _ o4z
>> [b,a]=residuez(R,p,C) » X(2) 3—4z-147-2

3

0 1/3 1
X —
() 3z2 —4z+1

1 -4/3 1/3



EXEMPLO - residuez

142z 14772

CalculeaTZinversade X(z)=—

Workspace

Name Value

Elj a [1,-1.5000,0.5000]
Lrb [1.21]

sule 2

Hp [10.5000]

HHR 8;-9]

X(z) =2+

1
1——z~14+>272
2 2

& New to MATLAB? See resources for Getting Started.

>>
>>
>>
>>
>>

clear
format rat P =
b=[1 2 1];

a=[1 -3/2 1/2];
[R,p,Cl=residuez(b,a)

Sx>>

Lateral direita

= 26[n] + 8u[n] — 9(

2

1 n
) uln]




Pt Eng
Ex 3.10 pag 73-74 Ex 3.9 pag 115-116

Oppenheim - Schafer

Example 3.9 Inverse by Partial Fractions

To illustrate the case in which the partial fraction expansion has the form of Eq. (3.43),

consider a sequence x[n] with z-transform e

14277 +272 1+

-3z +§z2  (1-fV)(-2) caials 250

X(2) =

i z-plane

Figure 3.13  Pole-zero plot for the 2-transform in Example 3.9.

The pole-zero plot for X(z) is shown in Figure 3.13. From the region of convergence
and property 5, Section 3.2, it is clear that x[n] is a right-sided sequence. Since M =
N = 2 and the poles arc all first order, X(z) can be represented as

Ay A

X(2)= B°+_l—§z-' T

The constant By can be found by long division:
2
jrt -3t 41 [TaaeT 4
-3 +2
5271 -1

dluc vo.

The z-Transform  Chap. 3

Since the remainder after one step of long division is of degree | in the variable z~',
it is not necessary to continue to divide. Thus, X'(z) can be expressed as

-1 457"
()

Now the coefficients A, and A; can be found by applying Eq. (3.41) to Eq. (3.46) or,
equivalently, Eq. (3.47). Using Eq. (3.47), we obtain

) ()]

X(2)=2+ (3.47)

=12
-145z7" s
A = 24— | (1 = 2~ =8
’ [( i) ’]...
Therefore,
9 8
X(Z)_Z-W*-l_*!'—'- (3.48)
From Table 3.1, we see that since the ROCis |2] > 1,
2 <25 28[n).
1 2z 1"
_ ufn].
l__ iz-| a7 (2) ' ]
1 z
m — u[n].
Thus, from the linearity of the z-transform,
x{n) = 28[n] - 9 ()" uln] + 8uln].
&/ LULO FCaAldull. 1TUUUD UD UIICILUD 1TOCI vauud.
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Considere a seguinte transformada Z \/ ?g\ //
7
; \ s
X@) = 1— (.

RX:|Z| =>1

a) Calcule a transformada Z inversa por meio de fragdes
parcias
b) Calcule a transformada Z inversa por meio de expansao em
série de potencias
c) Calcule a transformada Z inversa utilizando o MATLAB
OBSERVACAQO: Salve o item ¢ em um script




