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Magnetic forces: the virtual work formalism

* Establishing a magnetic field requires energy and this is a direct consequence
of Faraday’s induction law .

Cdr

* If a power supply of voltage V is connected to a circuit, then the current in the
circuit can be expressed as V 4+ ¢ = R/ , where € accounts for the presence of
an induced EMF

€ =

* The work done by the power supply to displace an amount of charge dqg = Idt is
Vdg = VIdt = RI*dt — eldt = RI°dt + 1d®

 While the RI*dt term represents the irreversible conversion of electrical energy

into heat, the Id® term represents the work done by the power supply against
the induced EMF. Therefore, the amount of work done ON the system to modify
its magnetic field is
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Magnetic forces: the virtual work formalism

* From classical electrodynamics, we know that the magnetic energy stored in a
linear system is given by

1 N
U=521j¢j
j=1

* Suppose that one allows part of the system to move under the action of a
magnetic force, but at constant currents. Then, the work done BY the force is

dW =F - dr

* Under this circumstance, the work done BY the system has two contributions

dW = dW

ext

—dU

- Here, dU is the variation of the magnetic energy of the system and dW,_, is
the work done BY the power supplies to keep the currents constant

* If the geometry of the system is modified, but the currents remain the same,

dWext
2

1 N
dU = — 3 1d®; =
j=1
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Magnetic forces: the virtual work formalism

» Since dW, , = 2dU, one also has that dW = dU. Therefore, since the work done BY

de magnetic force is dW =F - dr = dU one has that

dU =F - dr — F=VU (Note that there is NO minus sign)

* If the system is forced to rotate around some axis, them we also have that
dU =t -do — T = VU (Note that there is NO minus sign)
 The magnetic energy of a conductor with current I and self-inductance L is
L5
U=—LI
2
while the magnetic energy of, for example, a pair of conductors is
1
U= > (L7 + LoI3 £2M,111) (Here, M,, is the mutual inductance)

* Therefore, the force and torque that cause the magnetic energy of the system
to decrease (keeping the current constant) are

oU oU
F —_— —_—

Oxi 6(91
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Magnetic forces: the hoop force

° The self-inductance of a circular (DC) current loop with R > a is

SR 7
a 4 V4

2
- Therefore, the magnetic force F;acting  Fg 1 \a Fp
on the system due to a change on the —) (Xb’

variable x; is given by R

o (1. .\ [I*dL
F,= LP* ) = ——
ox; \ 2 2 ox;

- Supposing that the diameter of the wire (2a) does not change, the only
force acting on a circular current loop is

This is the so-called hoop force

- This force points radially outwards and if fends to increase the loop radius
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Magnetic forces: the virtual work formalism

* The force between two coaxial circular current loops Qh
- Supposing that the diameter of the wires and the radii } Qh f

of the current loops (a; and a,) do notf change, the only I L
force acting on the circular current loops is due to a ' T

change in their separation distance (s): Fi3

F :li(L12+L12+2M LL) =+ LI M
s 7 Js 1*1 272 — 127172 — 1172 s

* The torque between two inclined circular current loops I \
- Supposing that the diameter of the wires and the radii as
Qh /\T

of the current loops (a; and a,) do not change, the only ¥
torque acting on the circular current loops is due to a a, 5
L

change in their orientation angle (¢):

op

1 o0 5 5
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Exercise

* The mutual inductance between two coaxial circular current loops of radius r,
and r, , and separation distance d, is given by

My = po/7i | = - k) KGO — 2 ER? th K=
12 = oy [\ 0T ( )_;( ) wit C(r 1)+ d2

where K(k?) and E(k?) are the complete elliptic integrals of first and second
kind, respectively:

n/2
K(k?) = J 4
o \/1—k%sin2¢

Expanding these expressions up to 2nd order in k% (d > r; and d > r,) yields

2.2 2.2
rer I 75 rir

/2
E(k?) = J 1 — k%sin’ ¢ dop
-y

2d3 d? 8 d*

Calculate the force between two coaxial circular current loops up to 2nd order
and show that the force is atiractive for currents running in the same direction
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Toroidal field coils

* The toroidal field coils produce the plasma confining magnetic field, which is
the quantity the has the strongest impact on the fusion power to be produced

- The fusion power in a tokamak is Py, o< By V
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The toroidal field coils of ITER

* The list of applicable superlatives about the ITER toroidal field coils is long

- The toroidal field coils are the largest and most powerful superconducting
magnets ever designed, with a stored magnetic energy of 41 GJ

- Together, they weigh in af over 6,000 tonnes

- They required the production of 500 tonnes of Nb3Sn superconducting
strand (100,000 km) required for the toroidal field superconducting cables
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Toroidal field ripple due to the discrete number of coils

* Due to the discrete number of toroidal field coils, the magnetic field close to
the coils is not purely toroidal. This fluctuation is called ripple

- Toroidal field ripple increases plasma losses and, therefore, decreases
confinement and plasma performance

* Magnetic field lines at the equatorial plane (Z = 0) view from the top
- Field line trajectories can be found by integrating the field line equations

Bxdl=0
dR  Rd¢ dZ Rd¢
By B, B, B,

majoror minor or
symmetry axis toroidal axis
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Toroidal field ripple due to the discrete number of coils

* Due to the discrete number of toroidal field coils, the magnetic field close to
the coils is not purely toroidal. This fluctuation is called ripple

- Toroidal field ripple increases plasma losses and, therefore, decreases
confinement and plasma performance

* Magnetic field lines at the equatorial plane (Z = 0) view from the top
- Field line trajectories can be found by integrating the field line equations

0
@
major =

 The magnetic field ripple can be characterized
be the parameter

Hmax o Hmin b - B,

€ = __ “max min
H, by,
Wh ere minor axis
H. = Hmax + Hmin B. = Bmax T Bmin
o 2 0 2
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Toroidal field coil forces: the centering force

* The inductance of a evenly wound toroidal sheet magnet of circular radius a is

L = uyN? (RO - \/Rg - a2>

- When the toroidal magnet is made of single coils, this expression must be
corrected. However, this effect can be neglected when N > 10

— ¢ —

toroidal !
axis

I major or symmetry axis

* The force on a toroidal field coils can be calculated as
( \

I’ 0 NI? R -
Fp _ uoN? [ R, — \/Rg _ 2 _Ho 0 _1| Centering
per coil 2N OR, 2 \/ R2_ 72 Force
O — d
\
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Toroidal field coil forces: the centering force

* In tokamaks, there is a centering force acting on each toroidal field coils

- Depending on the shape of the TF coills, regions with large mechanical
sfress can arise

Z

1114

|
!
|
!
!
!
!
!
!
!
|
|
!
:
!
|
i

* |Is there a shape that makes the TF coils to have a constant stress?
- YES, that is why TF coils in large tokamaks have a D-shape
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Toroidal field coil forces: the D-shape

* To find the TF coil shape that leads to constant stress, let's consider a coil with
cross section area A and thickness (in the toroidal direction) d

i
il
!
Z]Ji\
I +
i
!
|
0\|\
i D
|
- P
! \2
! r
'Zﬂ\
Py

—— . o —— ——
————— A ———————— — -

N
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Toroidal field coil forces: the D-shape

* To find the TF coil shape that leads to constant stress, let's consider a coil with
cross section area A and thickness (in the toroidal direction) d

 One can show that, in equilibrium, the vertical component of the total
tangential siress along the coil, actingon Fand T, Zf

SZ — AO_@O Sin 0(0 — AG@ SiIl a

must balance the vertical component of the
normal pressure load p,

S0 50 R
F, = J p(s)dds =d [ p,cos(a)ds =d J D, (R)dR
S S R

- The last integral, with dR = ds cos(a), is independent  a, Q«P
of the integration path, i.e. the coil shape

- Here, sis a coordinate along the coil

- If one imposes that R, be the radial positfion of the maximum heigh of the
coil, i.e. the position where dZ/dR = tan ay = 0, then §; = — Adysina
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Toroidal field coil forces: the D-shape

* Taking the normal pressure as being caused by the toroidal field
R, BiR,
R 2uR

the vertical component of the normal load is

p=p; (Results from the J X B force in a foroidal current sheet)

RO

* To find the curve Z = Z(R) that gives
constant 6,(R, Z), let's impose that, in
equilibrium, one has F, + S, = 0, and that
Aoy = Aoy = S is constant, therefore,

P1R1d 1 Ro
n —
SO R

sIng =

?Ur% IEUSP G.P. Canal, 19 April 2023

Instituto de Fisica da USP



Toroidal field coil forces: the D-shape

e Using that dZ/dR = tan a and also the trigonometric identity

, +tan a ZA

sSiIna = [ ___ : __

V1 +tan2a i ot

one can show that ] .

dz B +In(R,/R) . So

AR Jie = n2Ry/R) pikid T

l !

dz dz | :

« The condition — - — = oo determines | E

dR ID t

R—)Rl R—>R2 0 .

Rl RO

In*(Ry/R,) = In*(Ry/R,) = In*(R,/R,)

Ry R,
R, R,

R In(R./R’
R/ K dR’

* Finally, the shape of the shell (or TF coil) is Z(R) = % J
R, or R, \/ k2 — In2(Ry/R")
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Toroidal field coil forces: out-of-plane forces

* Toroidal field coils are also under the action of forces perpendicular to the
plane of the coil

* These out-of-plane forces are due to the interaction between the poloidal
magnetic field from the plasma current and the toroidal field coil current

- The specific details of the forces depends on the plasma scenario

 Imbalance between these toroidal forces can g
cause a toroidal force (F), which leads to a
vertical torque (M)

- This imbalance can also cause a torque in the
radial direction (Mg) ~.

i
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The centiral solenoid

* The central solenoid is responsible for plasma breakdown and for driving the
plasma current

SRIFUSP

ITER central solenoid

4
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The centiral solenoid

* The central solenoid is responsible for plasma breakdown and for driving the
plasma current

ITER central solenoid

A module of the ITER CS being
manufactured at General Atomics, USA
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The central solenoid is responsible for driving the plasma current

 The plasma current depends on the OH coil current ramp rate

4
 From Faraday’s induction law {R, 9,7} |
d .

Magnetic Field N R

#Edl:——[BndS Lines
1 dt ) A
27 d 2 Current Out A

A A A A e[
L E,R)e, - €,Rdp = — = {BzeZ - €7dS '“.:_"":f
connnnass )
‘.““. .. l!v
d IMONI <1 i
2ﬂRE¢(R) = — J dS Toroidal< «--:::.1"':’ -
dt L electric field T,:::""“i'is
A di
27TRE¢(R) —V=— Current In D | e —
L dt
HoNA  dI
V=R lasmalplasma — Iplasma - = Rplasma L dt
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The need for stray field compensation coils

 The magnetic field lines leaving the ends of the CS tend to pass through the
plasma region, causing the induced electric field to decrease

1 ,

- These (stay) fields are compensated
by some additional OH coils, called 08 |
compensation coils, which guide the
field lines to close outside the plasma

oo

0.6 |

04 [

XIOH7

0.2 | i}ls (upper)

ol OH1

Z (m)

ils (lower) -

0.2 |

Xone

04 |

3553,
N 24 0%
-0.6 | OH2 Gid -
N 1/
0
- - 4 -
0.8 o
hd
: W,
_1 l | 1 1 l
0 0.2 0.4 0.6 0.8 1 1.2 1.4
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The central solenoid and the flux swing

* An important quantity related to the design of a central solenoid in pulsed

tokamaks is the amount of magnetic flux (the flux swing) it can produce
At

d®
- -  dd = - Vloopdt — AD=-— J Vloop(t)dt or A® = -V, At
0

* The coupling between the central solenoid and the plasma can be modeled, in
a very simplified way, by the eleciric circuit below

- Here, M > 0 means that the 1, and the I, flow in the same toroidal direction
Loy Lp
I W— N
+ M

Voru = Rorlon + Lon ” ” T]OH M TIP

T O R -

O=R,l,+L,——+M
PETP dt

_Vloop ROH RP

 What is the power supply voltage temporal evolution needed to sustain a
certain pre-programmed plasma current time trace?

loop —

dl,,;,  dI,

+
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The central solenoid and the flux swing

* Let’'s suppose we want the plasma current to change as indicated below
A

] Current flat top
P ...................

Current
ramp-up

Current
ramp-down

Atflazt

- The current ramp-up should not be too fast: triggering of resistive instabillities
- The current ramp-up should not be too slow: consumption of the flux swing

* The current ramp-up phase
- Integrating the second circuit equation:

!

1

2L Al
AIOH,up _—— LPAIP + —

Rp(t)(t)dt'| ~

lo

- First term: corresponds fo the work needed to change the plasma current
- Second term: resistive flux swing consumption (assumed fo be about LpAlp)
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The central solenoid and the flux swing

* Let’'s suppose we want the plasma current to change as indicated below
A

Current flat top

4

Current
ramp-up

Al‘flazt

Current
ramp-down

* The current flat-top phase

- From the loop voltage (with Ip constant and, therefore, Vi, constant):

dl Vinn Al
Vloop ——M OH loop=*flat

> Al = —
dt OH, flat M

> A(I)flat - MAIOH,flCll - = ‘/IOOPAZ}CZCU

- From the last expression, flux swing is sometimes also expressed in volt-seconds
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The central solenoid and the flux swing

* Let’'s suppose we want the plasma current to change as indicated below
A

] Current flat top
P -------------------
Current : Current

ramp-up : ramp-down

Atflazt E

e >
: >

lo A L L

 The current ramp-down phase
- Again, from integrating the second circuit equation:

1 JNA

AIOH,a’own - = M LPAIP + LO M

!

Rp(Ip(t)dt' | ~

— A(I)down =M AIOH,a,’own - = LPAIP

- First term: corresponds fo the work needed to change the plasma current

- The second term is now much smaller compared to the ramp-up phase as the
plasma is now hot and, consequently, its resistance is very low
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The central solenoid and the flux swing

* Time traces of the OH current and the plasma current

A
J Current flat top
Pl-mmmmmmmmmmmemey ,
Current /' . Current
ramp-up/ : ramp-down
E Al‘flazt .
t >
: : . >
A :
otmax N E :
AIOH,up i i
Iy f AIOH flat IAIOH up
..................... \ A :
IOH,mm t2 t3

- The OH coil must be magnetized before the discharge
- The OH current reverses direction to reduce its peak value
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The central solenoid and the flux swing

e Example: TCABR
- Let'sfake Ry=0.6m, a=0.18m, M =50uH, I, = 150kA, Voo, = 1.5V, Atyy,, =15

8R,\ 7
Lp=puyRy|In{— ) ——| =12uH
a 4
2LpAlL
18.6
VloopAl}”lat
AIOH,flat - - Y} = —30kA 114k ’
~15.0
LpAlp
Aloy down = = +3.6kA ~18.6
Aloy u, + Aoy 14
Iottmas = Topmin = —22 . Ol _ 18.6 kA AD e = AD, + AD;, =186 Vs
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The forces acting on a solenoid

* The forces action on a solenoid can also be found using the previous method
- The self-inductfance of a solenoid of inner

. . -=,Fb F, Fp e
radius a, outer radius b, length h and N turns i i: }
is given by NI 1m
N S—.—— _’L_//
= I L S e e e et R
1 = -3
where the correction factor K; = K;(h/2a) Is / Z O \

due to its finite length (boundary effect)

» Let's define a parameter x = h/2a and
calculate

dK, dK, dx h dK,

da  dx da 242 dx
- Note that, for x > 1 we have

dK K
L L
dx X
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The forces acting on a solenoid

* The hoop force acting on a solenoid is calculated as

oL I* 0 ( uyN*na*
F a = — KL
2 0Oa 2 da h

e poN*nl* (KL 1 dKL>
a 2 A 7.

X 2 dx
- For solenoids with x > 1
N uoN*raK, I?
a h
* Similarly, the axial (compressional) force acting on a solenoid is calculated as

PoL 1?3 ( ,uONzﬂazK> uoN*wal? <KL aKL>
_ _ ’ _

F, = _ _
"o oh 2 oh h 41

- For solenoids with x > 1, and defining the density of turns as n = N/ h:

X ox

B pon*ma*I’K;
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Poloidal field coils

* Poloidal field coils (PF) are responsible for shaping the plasma boundary and
also for controlling the plasma position

1 - T T T T T
(o] ~
4
4
08 | ry _
.
’ ™
X
06 | Nom o83 -
9009
pAAAAS
04 | -
[XIOH7
- i 0.2 i}ls (upper) n
ié- E 0 OH1 -goils .
= I ;
i s ] -0.2 | Is (lower) -
' Xone6
04 | ~
5553
o0
06 | Monz ]%/ i
4
*
. 0.8 | : .
TCABR PF coills g i
A | I ! ! !
0 0.2 0.4 0.6 0.8 1 1.2 1.4
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Poloidal field coils

* Poloidal field coils (PF) are responsible for shaping the plasma boundary and
also for controlling the plasma position

TCABR PF coils ITER PF coils
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The tire tube force

* The tire tube force is the result of a constant pressure acting on regions with
diference areas

- In a tire tube, as well as in fokamak plasmas, the fire tube force points radially
outward and fends to increase the system minor (a) and major (Ro) radlii

Fo=F F,

outer imner — pouter

S

outer — Pinner

S

inner

47 Tokamak Plasma
FR =P (Souter _ Sinner) > 0

Magnefic surfaces are also
isobaric surfaces

Tire tube
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The hoop force

 The hoop force is the EM equivalent of the tire tube force

- This force tends to decrease the magnetic energy of the system by
increasing the major radius of the plasma
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The 1/R force

* A radial force exists due to the interaction between a poloidal current and the
toroidal field B, = RyB,/R

 Depending on the conditions, the plasma can be diamagnetic or
paramagnetic

- The radial force points outward if the plasma is diamagnetic
- The radial force points inward if the plasma is paramagnetic

4/
FR X (JH B(,b)inner _ (JQ ng)outer

B¢ decreases with R

Jyis largerin the inner parte
due fo the smaller area

Fg o By — B,(7)

Diamagnetic Plasma

?Ur% IEUSP G.P. Canal, 19 April 2023

Instituto de Fisica da USP



The radial force balance

* In a configuration maintained by external coil currents, a vertical magnetic
field in needed to balance the kinetic and EM forces in the radial direction,

- The Lorentz force (LHS) must balance the hoop force (RHS 1sf ferm), the fire
tube force (RHS 2nd term) and the 1/R force (RHS 3rd ferm)

I o 5 (¢ B,
Fp=——" (Le + Ll-) + 47 p(r) +— By — By(r) rdr
2 OR
0 0 Ho
7 Perfectly conducting wall Z
4 4 Vertical field coill
Outward
toroidal
R -
Vertical field
—Plasma Finite conductivity
>>PD
Wall
Z
' Expanded flux Compressed flux - R
reduced B increased B
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The radial force balance

* Exercicio: mostre que

o 12T SR £ —3
Fp= 02” with F=ln< °)+ﬁp+ :

a\/ K 2
- Sendo - |
£ =—0 =—2J B,,dv  (Normalized plasma internal inductance)
HoRo  Holy Jy
2 2 :
B = HolP) _ _ZHo J pdv  (Normalized plasma pressure)
: Bgol BSOIVP v,

- How large is I and how strong is the force for a TCABR plasma with
I, =150kA, Ry=0.62m, a =0.16m, k=12, f,=06and ¢;=0.7¢

Resposta: I' = 2.8 and Fp = 40kN
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The poloidal field coils are used to conirol the plasma position

* There is no natural force acting on the plasma in the vertical direction
- A horizontal field is applied only to correct the plasma posifion

* To balance the naturally occurring radial forces in the plasma, a vertical field
must be applied by the PF coils

Vertical position control Radial position control
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The vertical and radial force balance equations

e Using Newton’s law accounting for the Lorentz force and the radially outward

force yields
mpd;zp _ JJ xBdV + ”OfréR
- Writing J = 1,6(R = R ))5(Z — Z,)&;, and B = By + By = By, + B &g + BJX &, + B &,
leads to
m, dj;p =2xaR,[,B'€g — 2R, 1, B €z + ﬂofr €r

 Radial force balance leads to:

d’R po 12 uol T
m L 27sz Ip B§Xt + 0P I' — In the equilibrium : Bg’“ __ 0
471'Rp

P dr?

- For a TCABR plasma with I, = 150kA, T'= 2.8 and R, = 0.62m, B* = 68 mT

- A vertical field proportional to the plasma current is needed to balance
the forces in the radial direction
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The vertical and radial force balance equations

e Using Newton’s law accounting for the Lorentz force and the radially outward
force yields

d’R po I?’T
p 0°p~ A
m = |JXxXBdV+ €
Pdp J > R
- Writing J=1,6(R—R)3(Z—Z)¢, and B =B, + B, =B, + B ég + B &, + B¢,
leads fo
d’R o 12T
P Xt A Xt A 0°p A
m, o =ZanIpBgteR—2ﬂRplpB§teZ+ > €r

 Vertical force balance leads to:

2
a7,
P dr?

=—27R,I,By" — In the equilibrium : Bg* =0

- The radial field at the plasma position must be null for the plasma to be in
equilibrium)
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Poloidal field coils generate poloidal flux

* The poloidal flux is defined as
Z A

w(R,Z) = J B.dS,
S ¢

—_

R
w(R,Z) = 24 BAR',Z)R dR’
0

- Here, S is the surface area defined by a disk, centered on the Z-axis,
passing through a poinf with coordinates (R,Z), and dS, is an element of
surface whose normal points in the Z-direction
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Magnetic field from the poloidal flux

R
* From the definition of the poloidal flux w(R,Z) = ZnJ B,(R',Z)R'dR’
0 R 5B 0

Y 27RB, W _ ﬂj QR’dR’

OR 07 0o 0Z
* Using that
1 o 1 0B, 0B,
V:B=——®RBp)+——+——=
R OR R 0d¢ 0/
combined with axisymmetry, one have that
B, 1 (RB,)
0Z  ROR °
and thus

Ous X oB, K1 0
— =27 —2R'dR' =-2n (R'Bg) R"dR’ = — 27RBj

0/ 0o 02 o R'OR’
 Therefore, the magnetic field can be calculated from the poloidal flux (R, Z)
1 oy 1 oy
R— — B, =
2R 07 27R OR
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Magnetic field from mutual inductances

* From the definition of mutual inductance

Z
w(Ry, Z) = M(Ry, Z, Ry, Z)) I, A
Yo = My I < >(R1’Zl)
* We have already saw that the mutual B

VA
inductance between two coaxial < @_}
circular current filament loops is Br

o | [ 2 o 200

Therefore, the magnetic field at (R,, Z,), created by the current [, is

Brlko, 2)) = =527 Bk 2) = 5 oR
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Voltage induced by a change in poloidal flux

* Taking the time derivative of y(7; R, Z) through a fixed disk yields

 From Faraday’s induction law, and axisymmeiry,

oy(t;R,Z)
ot B

‘/loop(t; Ra Z)
2R

= aEE ~dl == 27REy(t; R,Z) = — Vioo, (R, Z) — E, (R Z) =

Therefore, a change in the current /, induces a voltage at (R,, Z,)

y4
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Measuring magnetic fields and poloidal fluxes

 Local measurements of the magnetic field at (R,, Z,) can be made by

integrating the signal of magnetic probes (of area A, and N turns)
V = dJBdS = ANdB _1 t Ndt'
= N 2=~ AN B(;R,,Z,) = — NA, L V,(t)dt

(If A, Is small enough, B is constant)

» Measurements of the poloidal flux function at (R, Z;) can be made by
integrating the signal from flux loops

‘/fl = — — Flux loop Vessel Plasma  Flux loop

5

Magnetic probes
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PGF5112 - Plasma Physics |

 Tokamak engineering

- The vertical plasma instability and the RZIP model
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Elongated plasmas are naturally unstable in the vertical direction

* A robust control system is needed to control elongated plasma due to the
upper and lower competing forces

Elongation:

Zl’Il

R

ax Zmin

— R

max min

Vertical stability
index:

ext
I Z 0By \ /
By oz \/ A\
R,.Z,
k<1l,n>0 k=1,n=0 k>1,n<0
(Stable) (Metastable) (Unstable)

* Modeling of the entire machine, including all the inductive coupling is
required to control the plasma
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The vertical plasma position stability

* The vertical force balance is

dZZp ext
m, 5 =—-2 Jer Ip By (Rp, Zp, L,.I,)

- Let’s now separate the contributions to the radial field from the active coils
and from the vacuum vessel currents

ext a v a 1 aMpV
BR'(Ry Z L 1) = B + By = By = -———1,

- Let’s now allow the plasma to move vertically an to induce currents in the
vacuum vessel. Assuming that all other parameters stay constant, one can
perturb the equation of motion around an equilibrium defined by

R, =R, I, =1, Zp(t) = Zy + 0Z(1)
=1, I'=1T L@ =0+ 61,0
- This leads fo
y 0By oM, )
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The vertical plasma position stability

* Since the coils that produce the poloidal field are ouiside the plasma,

Uxpioo . OBk _oBf  nBj  tololo
0Z  OR Ry  4nR}

* Therefore, one can write

TN EN g [, oM
57 +n—L""sz = 0 PVsy
2mpR0 mp 0/
2
. Holpyol o o 1. oM
» Defining w? =—>— allows us to write 57 + nw?z = = —L*51,
2mpRO mp 0/

- Fora TCABR plasma with I,y = 150kA, I’y = 2.8, Ry =0.62m, a = 0.16 m,

m,=m;n,V,, n,=5x10"m=>, m;=1.67x 10>’ kg and V, = 27> a* Ry = 0.3 m’,

one has that w, = 1.5 x 10°s7!

* If no currents are allowed to flow in the vessel (61, = 0), one has (forn = — 1),
57 +nwZ=0 — I =Ze " - t=1 1/(0)1 —n) ~ + 0.6 s

( This mode is to fast for a plasma control system alone to stabilize)
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The vertical plasma position stability

 Let's now include the effect of the vacuum vessel induced current

0=R,, L, +M, L +M_/ +M_I +M,L+M_I

VV vV VV 'V vp'p va“a
» Using the chain rule for M, and M

. OM,, . oM,
0=R,, I, +M,I, + TodZ +— 2107

\ A2/ \ A/
oz 7

this equation can be written as

av’

* One can now consider just the first current eigenmode of the vessel, Jl, = v, 4/,

. anp . ana .
0= (ve—lRer) ol, + (ve—lMVVVe) ol, +| v,~1 ~ 1,00Z + | v~ ~ L,0Z

* Therefore, the set of equations that determines the vertical plasma stability is

[, oM oM oM
5 2oy 100 Wpe R =v-IR, .V P _y-1— P
— [ e =V
o/ + nwy Y4 m, =7 o ¢ e vv'e 37 e 7
. R oM, 1 oM, 1 .
S, +—=6I, = — i N U P L,=v, M., Mea _ ! Mya
L, o7 L, oZ L, 07 ¢ oz
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The vertical plasma position stability

* In the Laplace domain, with Z, = 0, these equations become

. LoyoM,, . oM, I
(s2+ nw?) 67 = 225 st e o oo | Z 0 Malw| oo
m, 0Z L) ¢ oz L, 0Z L,
2
. . 2R oM,, oM, I . ..
* Defining n, = — Py—220 )  the equations above combine into
I"tOFOLe OZ GZ IpO
Re(s)/ w
R, R, 1 g .
§3 + fsz ~+ a)lz(n + nC)S + fa)lzn =0 ol @, =100 kHz |
e e . n=—1
 The solutions of this equation can be O'j befRe=>ms
. 0.4 |

plotted as a function of n + n, 0l
- Forn. < —n, the fastest unstable 0

eigenmode is of order w,. No hope 0.2l

for stabilization 0.4}
- Forn, > —n, the vessel is able to e

generate a current to counteract the i

instability. It can be stabilized by PF coils L 0.5 0 0.5 1
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The vertical plasma position stability

* A simple approximation can be used to estimate the fastest growing
eigenmode for n. > — n. Let’'s suppose that v, > R,/L,. With this assumption, the

SR

equation becomes

wi(n+n)s + fea)lzn =0
e

- The solutionis Real(s) =y = —

e For[,/R,=5msandn=—1

200

- For n. =2, the fastest eigenmode grows with

y =200 s~}

by a plasma control system)

IFUSP

Instituto de Fisica da USP

nRkR

e

L, (n + nc)

( This mode can be easily stabilized

Re(s)( x 10°s™)
. = .

G.P. Canal, 19 April 2023

30
|
.I .
20+ | Simple
., Approximation
10
D B
-10
=20 n=—1 .
L,/R,=5ms
_30 1 1 1 1 1 1
0.2 015 -0.1 0.05 0 0.05 0.1 0.15
n+n
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Modeling coils with multiple windings

* Let's model a magnetic coils with N, windings as

NW NW
w(Ry. Z,) = Y MRy, Zy; R, Z) I, =1, Y M(Ry, 2y R, Z) = MR, Z,) 1,
i=1 i=1

* Filaments connected in series can be treated as a single coil

£ A’

M)

EEEE
EEEE
EEEE
EREAR
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The coupling of coils with multiple windings

* The circuit equation for coil a (with current /, and N,,, windings) with mutual
coupling with coil b (with N, ;)

. & ( dl, dI > - dl, dIb
. e Par ) T T gy dt

with

abh = Z » and M, is the mutual inductance between coil b and the ith

filament of colil a, which is located at (R;, Z,). Therefore, M, = Z ZM
i=1 j=I
Nwa

- L, = Z L.and L; is the self-inductance of the ith filament of coil a

i=1
Nwa

- R, = Z R; and R; is the resistance of the ith filament of coil a
i=1
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The coupling of coils with multiple windings

* The circuit equations of a set of magnetic coils can be combined as

N N.—1
< dl, dl, c dly dl,
V=ZRI+L—+M-—l V=Z:RI+L "+ M, —
1 ~ 141 ldt 1i df N, & N.IN. N. At N.i 1

or in matrix form as
V,=R,L, +M,I,

whereV, =V, V, V;... Vyl'andL =[l, L, L... Iy]"

(L, My, ... My) (R, 0 ... 0

M21 L2 o o o M2N _ O R2 o o o O

M,, = : : . . c Ko = g
\MNcl MNC2 o LNC ) \ O O tee RNC}

- Here, the subindex a stands for active coils with actively controlled voltage V,
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Modeling the vacuum vessel

* The vacuum vessel is usually a complex 3D structure due to access ports, etc.
- To simplify the model, the vacuum vessel is assumed to be axisymmetric
- The vacuum vessel walls are discretized info foroidal filaments

* Since the vacuum vessel filaments are short-circuited the total voltage around
the torus must be zero. Therefore, the circuit equation can also be modeled as

0=R]I, + Mwiv + Mvaia TCABR Vacuum Vessel

- HGI’G, IV — [IV1 12 13 . o e IVNV]T

1% 1%

- R. e RYN, contains the resistances of each filament
\"%

- M,, € R"N contains the self-inductance of each filament
and the mutual inductances between filaments :

- M,, € R"e contains the mutual inductances between
filaments and between filaments and active coils
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Combined model for vessel + active coils

* The circvuit equation for the active coils is now also modified to include the
voltage induced by changing vessel currents

V,=RJI, +M,_I +M,I,

aa—a

« Combining these two sets of equations (active coils and vacuum vessel) yields

()=o) ()= (% w ) ()

or more compactly, just as

V = RI + M1
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Modeling the plasma as made by several filaments

 To model the plasma, let’s discretize the plasma current density into several
current filaments

- As we have done for the vacuum vessel, the total voltage around the torus
must be zero (note that the loop voltage is driven by L)

dIP .

 Combining this equation with the other two sets of equations yields a more
complete model

Va Maa Mav Map !a Ra O O Ia
0 — Mva My IVlvp !v + 0 Ry 0 Iy
0 Moa Moy L, A 0 0 R, A

and, again, this system of equations can be written in a more compact form
V = RI + MI

* When the linearized momentum equations (radial and vertical components) of
the plasma are inserted into these matrices, this model is called the RZIP model

- The RZIP model is widely used for funing plasma control systems
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