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PGF5112 - Plasma Physics |

* Single particle orbits: the motion of charged particles in electromagnetic fields

- Non-uniform and time-dependent electric and magnetic fields

* Particle orbits in a tokamak
- Physical description of a fokamak
- Trapped and passing particles
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PGF5112 - Plasma Physics |

* Single particle orbits: the motion of charged particles in electromagnetic fields

- Non-uniform and time-dependent electric and magnetic fields
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The trajectories of charged particles in non-uniform and time-dependent
electric and magnetic fields

* To study the trajectory of charged particles in non-uniform and time-dependent

electric and magnetic fields, let’'s expand the fields around a position R, which is
the guiding center position of the particle

+ 0?

B(r,))=BR,)+ [(r-=R)- V| B(r,?) e

+% (= R) - V|”B(r, 1)

r=R

+ 0°

r=R

Er,n =ER,0)+ |[(r —R)- V| E(r,?) ‘ e +% (= R) - V] E(r, 1)

A

- p s the cyclotron/Larmor radius
- ris the instantaneous parficle position
- Ris the guiding center position

r(t) = R(?) +p(1)
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The trajectories of charged particles in non-uniform and time-dependent
electric and magnetic fields

* To study the trajectory of charged particles in non-uniform and time-dependent

electric and magnetic fields, let’'s expand the fields around a position R, which is
the guiding center position of the particle

+ 0?

B(r,))=BR,)+ [(r-=R)- V| B(r,?) L

+% (= R) - V|”B(r, 1)

r=R

+ 0°

r=R

Er,n =ER,0)+ |[(r —R)- V| E(r,?) +% (= R) - V] E(r, 1)

r=R

* Using the definition of the instantaneous particle position: r() = R(7) + ¢p(¥)

- Here, € is a parameter infroduced to explicit the order of the expansion

- Therefore, the fields become (in a simplified notation)

2
€
B(r,)) =By +e(p- V)By+ 7(,o . V)’B,

2
€
Er,/)=Ey+e(p- V)E,+ 7(,o - V)°E,

- Note that E, = E(R, 7) and B, = B(R, 1) still depend on time
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Intermezzo matematico: the method of averaging

* Consider the equation of motion

dz (2. 1.7
— =1(z,1,7
dt
t
_ Here, fis a periodic funcftion of its last argument, with period 2z, and t = —

€

- The small parameter € characterizes the separation between the short
osclillation period and the fimescale for the slow secular evolution of z(¢, 7)

* The idea of the method of averaging is to treat 1 and 7 as independent variables,

and to look for solutions of the form z(z, 7) that are periodic in 7. Thus, we replace
the equation of motion above by the modified equation of motion below
oz 1 o0z

+ =1f(z,t,7
ot € 0t ( )
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Intermezzo matematico: the method of averaging

 Let’s denote the r-average of z(z, 7) by Z(?), and seek a change of variables of
the form

Z(t,7) = L(t) + e{(Z, 1, 7)

- Here, ¢ is a periodic function of 7 with vanishing mean and Z(¥) is a function
free of oscillations

1 1
<§(Z9t97)>:_+§(Zat97)d1-:0 — <()>:_$()d7::0
21 27
* Inserting the expression for z(z, 7) into the motion equation (up to 2nd order) yields

0 1 o e’ 2
- (Z + €¢) + —— (Z+€¢) =£(Z,1,7) + & - V)EZ,1,7) + 7(5- V)H(Z,1t,7)

- Since €(Z,t,7) depends on fime explicitly, but also through Z = Z(¢), then
0 dZ. 0o
—_ _|_ .

ot dt 071
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dZ
— +€
dt

o€ e’ 5
¢+ - =f(Z,t,7)+ e - VI(Z,t,7)+ 7(@‘ V)1(Z,t, 1)




Intermezzo matematico: the method of averaging

* The evolution of Z(¢) is determined by substituting the expansions below into the
previous equation of motion:

E=E(Z,t,7) + e&y(Z,1,7) + €*E(Z,1,7) + . ..

7 = Zyt) + €Z((t) + €“Zy(D) + . ..

dZ 5
— =Fy(Z,1) + eF{(Z,1) + € Fr(Z,1) + ...
- The solution is then obtained by solving the motion equation order by order
0
* To lowest order, we obtain F¥y(Z, 1) + ? =1(Z,t,7)
T

- Taking the rT-average of this equation yields
FyZ,t) = {(Z,1,7)) = (£)(Z,1)

- Integrating the oscillating component of the lowest order equation yields

T

(2, 1,7) = J (§(Z, 1,7) — (£)(Z, )] dr’

0
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Intermezzo matematico: the method of averaging

9, 9,
* To first order, we obtain F, + % + (Fy - V)G + % = (G- VI(Z,1,7)
T

- Taking the T-average of this equation yields
Fi(Z,1) = ([8y(Z,1,7) - VIE(Z,1,7)) = (G - V)I)NZ,1)

- Integrating the oscillating component of the first order equation yields

T

0by(Z.,1,7")
Cl(Za ta T) — [ [(CO ) V)f(Z, t, T,) — <(C0 . V)f>(Z, t) — Y — (FO . V)Co(Z, t, T,) dT,
X . aé‘l agl | 2
- To second order, we obtain F, + — + (Fy - V)& + — = & - VI + 5((:0 - V)

- Taking the T-average of this equation yield

1
FyZ, 1) = (& - VIDZ. ) + (G- V) E)(Z, 1)

* The evolution of Z(¢) up to second order only is, therefore, given by

dZ 1
—==Fy+ F + Fy = (DZ 1)+ (G VL0 + (& VIDZ 0+ (& VA)Z, 1)

- Note that, at the end, the parameter € was set to unity
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Guiding center motion

* To use the method of averaging, the equations of motion are written in the form
of first-order differential equations

dr

— =YV

dt

N _ (E+vXB)
m— = \

dt 1

* Let's denote the y-average of r(z, y) by R(¥) and the y-average of v(z,y) by U(z),
and seek a change of variables of the form

rit,y) = R(#) +ep(R, U, 1,7)
v(t,y) = U@ +uR, U, 1,7)

- Here, (p(R,U,t,y)) =0and (u(R,U,t,7)) =0

- Note that p < R while u can be of the same order or even larger than U

ggg IFUSP G.P. Canal, 12 April 2023



Guiding center motion

- Since we know that u, = pQ_, and we have made p — ¢p, then Q. — ¢7'Q_ and,
consequently, B — ¢~ 'B. In addition, since we also know that the magnitude of
the ExB drift is w, , = E/B, we must also have E — ¢ 'E

 Therefore, the modified equations of motion become ( (E,B,Q,) — e (E, B, Q)):
or dy or
—+——=V
ot dt oy

ov dy ov q
—+——=—(E+VvXB)
ot dt dy me

* In addition, here we consider the motion of a charged particle in the limit in
which the EM fields experienced by the particle do not vary much in a
gyroperiod, so that

| Q. |
27

< <

(p-VE| < |E 1 ‘OE
|E| | ot 27

Q| 1 ‘aB
IB| | o

(p-V)B| < |B
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Guiding center motion

* The evolution of R(7) and U(¢) are determined by substituting the expansions
below into the modified equation of motion, and solve order by order:

PR, U,1,y) =poR,U,1,7) +ep(R, U, 1, 7) + ezpz(R, U,y +...
R(?) = Ry(®) + eR{(H) + R,(1) + . ..
uR,U,5,7) =uyR,U,1,7) + euy(R, U, 1,7) + e“u,(R, U, 1,7) + . ..
U®) = Uy + €U (0) + €2Uy(0) + . ..

* The dynamical equation for the gyrophase (y) is likewise expanded

dy 1 ,
E — z [a)O(R, U, +eo(R, U1+ e“o,(R,U, 1) + .. ]

- Here, again, Q. — ¢ 1Q

Cc
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Guiding center motion

d dR
 Since the equation 71. = v is linear, it follows that — = U todllordersing, i.e.:
t t
dR, dR, dR,
— =1 — =U — = U
dt dt dt

* The modified momentum equation, up to 2nd order, becomes

0 dy 0 1 2
—Utw)+——(U+u) =— [FR.U.L.) + eF R U..) + F,R.U.1.7)]

oy em

- Note that u(R, U, ¢, y) depends on 1 explicitly, but also through R(¢) and U(¥)

0 dR 0 dU o0
— 4 . -+ .
ot dt OJR dt oU

F,(R,U,z¢, F/(R, U,z €
= 0( 7/) + 1( }/) + _FZ(Ra Ua L, 7/)
m

* Therefore

dU
— +
dt

dy ou
u+—y—=

eEm m
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Guiding center motion

 Substitution of the expansions into the modified equation of motion yields

dUy, dU; ,dU, ouy, (dR 0 dU 0
dt OR dt oU

dt dt dt ot

ou, dR 0 dU o S0y dR 0

te— 4 ¢ : U;+e€ : Ui+ e —+¢€ Uy+
ot dt JoR dt oU

du o 1 ou ou ou
+e? . u2+—(a)o+€a)1+€2w2) —0+€—1+€ —2
dt JU € oy

= L (Ey+ Uyx By + uy x By)+
em

+-L (B, + Uy x By + Uy x B, + 1y, X By + g x By )+
m

+—q(E2+U2XBo+“2XBo+U1XB1+“1XB1+U0XB2+“0XB2)
m
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Guiding center motion: 0th order terms - or O(e ) in¢

* To lowest order (O(¢~!)), the momentum equation is

M _ 9 E, +U.xB B N ) . -1 (g B
Wy = (0+ o X By + 1y X 0) W +uy X Q. = (0+U0>< 0)
dy m oy m

- Here, one has defined Q (R, ) = — gBy/m

» Taking the y-average of this equation yields:
auo q
<a)oa—> £ (U)X Q= (Bg+UpxBy) =  Eg+UyxBy=0
Y m

- The most general solution to this Ot order equationis U, = UO,”f) + wWg,p Where
Is the so-called ExB drift:
E, X B,

Bg

WExB =

~ Here, b = B(/B, is a unit vector pointing along B,

- Note that the equation Eq+ Uy X By = 0 is safisfied only if Eg; = €| Ey| | i.e. the
parallel component of the Ot order electric field must be included in E;
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Guiding center motion: 0th order terms - or O(e ) in¢

* Using the equation for the gyrophase, the momentum equation can be written as

Jdu
a)Oa_yO_l_uOXQCO:%(EO—l_UOXBO) =O

ou Q
_0 R uO X c0
dy o
* Integration of the equation above, with Q_, = — gB,/m, yields

. A QCO A QCO
Uy =1Up,; [—€;sm ?}/ + €, COS ~ Y
0 0

- Here, €; and &, are unit vectors such that e; X €, = b
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Guiding center motion: 0th order terms - or O(e ) in¢

* Periodicity constraint requires that o, = Q_((R,7) = — gBy(R, 1)/m
- Therefore, the gyration velocity becomes

Uy = U, [—él sin y 4 €, cos y] with 7 =7y + Qo

or dy or

» Keeping only 0th order terms in the velocity equation - + = v, and using
5 [ 0y
that dR,/dt = U, , yields
0
£2cOﬂ = Uy
oy

* Integration of this equation yields 2y = 9 [é1 COSy + €,sin }’] with py = uy 1/

- Sometimes, it is convenient to write

Po = Uy X b/Q
or
iy = L2 X Py
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Guiding center motion: 0th order terms - or O(e ) in¢

» Therefore, the solution at 0th order - or O(¢~!) in € - is given by

Uy = U [—él siny + €, cos y] with ¥ =79+ ot uy = Q. X py
Py = Po [&1COs 7 + &, siny| with  po = Up 1 /829 po =y X b/Q
A . Ey X B,
Up = Uy b + Wgyp with  Wgxp = 72
0

4
R, =R,(t=0)+ J U,(t) dt’
0
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Guiding center motion: 1th order terms - or O(e") in ¢

* To 1st order ( O(e") ), the modified momentum equation is

dU, oOu, dRy 0 dU, 0 ou, ou,
+ + . uO + . u0 + QCO_ + 0)1_ —
dt ot dt oR, dy

:q<E1+U1XBO+U0XB1+UIXB0+UOXB1)/m

* Taking the y-average of this equation yields

T - — <<E1> + Ul XB() + UO X <B1> + <uO X B1>)
l m
- Let's calculate the y-average of each term separately (Note that
((po) - VIE;, =0,
; e. is no st
<E1> = <E1’” -+ (po . V)E()) = <E1,“> + (<p0> . V)EO — El’”b l.e. there is no

order correction
associated with E)

(By) = ((po- VI)By) = ((py) - V)By =0

(uy X By) = <u0 X [(po - V)B0]> = <<Qc0 Xpo) X [(po . V)B0]>
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Guiding center motion: 1th order terms - or O(e") in ¢

* Substitution into the y-averaged 1th order momentum equation yields

dUy d

~ q
. (UO,IIb+WEXB> = {El,n + Uy X By + <(Qc0 X py) X [(Po'V)BoD}

- The last tferm on the RHS can be written as

(@) % (00 ) Ba] = { 2 [(00- V) Be] 0= {0+ (0 ¥)Bo] b 22

* Exercise: using the Einstein notation, show that
{Qco ' [(Po ' V) Bo] }ﬂo = £2 [(ﬂoﬂo) ' VBO]
{Po ' [(Po ‘ V) Bo] } Q= [(Po/)o) : VBO] Q.

PS (v i
{Popo) = X (I - bb)
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Guiding center motion: 1th order terms - or O(e") in ¢

* Using the results from the previous exercise, we have

P}

<(Qco><p0)><[(pO-V)B0]>=Qco T(I—BIA))'VBO _ %(1—1313):%0 Q.
2
mu
<<Qc0 X py) X [(Po’V)BOD =~ 2q;: VB, == _§VBO

- Here, L'is the identity tensor, and we used that1: VB, =V - B, =0, that
bb - VB, = bb : VB, and that u = mug’l/2BO iIs the magnitude of the magnetic
moment associated to the gyromotion

* Therefore, the y-averaged 1th order momentum equation becomes

d ~
mE <UO,”b + WEXB) = qu,” + qu X BO — //tVBO
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Guiding center motion: 1th order terms - or O(e") in ¢

* Let's now separate the momentum equation in its parallel and perpendicular

components
- Parallel component
dl . db ~ dwg
m —+mU,b-— +mb - B _¢E - uV,B
dt O gy ar T H R
db db . ob

dt ot

The quantity & = (b - V)b is termed the curvature
vector and it points fowards the center of the
circle that most closely approximates the
magnetic field line at a particular point
. dh
. Exercise: show that b - 7‘; =0

db 3
— = —+ Uy V)b =—+ (Wgys - V)b + Uy &

* Therefore, the parallel momentum equation becomes

dU()” A dWE
'+ mb - B JE. . —uV.B
7 i gy, — H V)P0

m
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Guiding center motion: 1th order terms - or O(e") in ¢

* The parallel and perpendicular components of the momentum equation are
- Parallel component

dUy, . dwg
m —=qgE, y—uV, By—mb - xB
o 2R T VP dr
- Perpendicular component
_ m dU ]
’ gB; dt  gBj

 Comments

- The O™ order parallel drift (U, ) is determined at 1th order

- The 1™ order correction to the parallel drift (U, ) is underdetermined at this
order, which implies that U, | = e*|U;| and, at this order, we have U; = U |
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Guiding center motion: 1th order terms - or O(e") in ¢

* Making use of the y-averaged 1t order ( O(e") ) momentum equation allow us to
write the oscillating component of the first order modified momentum equation

Q ——uy XBy=—U, X -VI)B)| —— —w,— - Uy —
c0 o1 Be =" o [(Po ) 0] Y 1 o 0 IR,

e This equation must be integrated in order to find u; = u;(R, U, ¢, y) . During this
integration, the first order correction to the Larmor frequency ( @, ) is also found

or dyod
* Then, keeping only 1th order terms in the velocity equation Sl + A v, and

ot dt oy
using that dR,/dt = U, , yields
opy dapy %

QL =u—— — @
can 1 ot la}/

* This equation must then be integrated for p, = p;(R, U, ¢, y) to be found.
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Guiding center motion: 1th order terms - or O(e") in ¢

* In the absence of an E-field, and for a static B-field, the parallel drift velocity
reduces fo

dUo’” ° ° . .
— = — uV,B, Charged Particle Trajectories in

Magnetic Field

m

- Particles tend to move away from regions
with stronger B-field
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Guiding center motion: 1th order terms - or O(e") in ¢

* In the absence of an E-field, and for a static B,-field, the parallel drift velocity

reduces to . .
Mirror Machines

dUO ” AZIMUTHAL CURRENT
m — = — ,MV B ' ~"0C

- Partficles tend to move away from regions m ;

with stronger By-field

.——r—\lr/—o
- First magnetic confinement devices used W

this effect to trap particles in localized = AR ] ST
regions of space (magnefic bottles) 5 | | :
L : | |
T 5 | MAGNETIC MIRRORS\.l

|
I
|
|

Z

=
i T p—
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Guiding center motion: 1th order terms - or O(e") in ¢

* In the absence of an E-field, and for a static B-field, the parallel drift velocity
reduces fo

dt 0

m

- Particles tend to move away from regions
with stronger B-field

- First magnetic confinement devices used
this effect to frap particles in localized
regions of space (magnetic bottles)

e Exercise: show that particles can scape from
the magnetic bottle through the "throats" of
the bottle if the pitch angle aall

B 1/27]
| 0 R | VJ_
ay < Sin Z =8 | —
Vv
m
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Guiding center motion: 1th order terms - or O(e") in ¢

 There exists drifts perpendicular to the B-field due to inertial force and due to
magnetic field gradient

+ VB,
qBj dt  qBj

UI’J_=B0X

* The perpendicular drift due to magnetic field gradient

H
WVB — _B0 X VBO
qB;

* Exercise: Given the magnetic field of a
vertical infinite wire with constant current (I), wyg

1
By = ﬂLéa

calculate Wyg for an electron and a proton .
and the associated electric current density
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Guiding center motion: 1th order terms - or O(e") in ¢

* The perpendicular drift due to inertial force

U, , =—B, X —med(Uﬁ)+me
MgB " dar B Y T ar M T gB YT

- The drift due to magnetic field curvature

B mUO,” B df)
curv — qu 0 AE )
Using the relation ab — b + (W - Vb + Uy, R this drift becomes
dt ot ¥ ’

W

A

o

, db .
WClll‘V — > BO X — + (WEXB . V)b + U(),”K
qBg

ot
In the absence of Ey-field, and for static By-field, the curvature driftf reduces to
i g, x (B, VB
—_— X .
4B: 0 X [(By - V)By|

* Exercise: calculate w_,., . and the associated current density, for the B,-field
configuration of the previous exercise

Wcurv -
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Exercises: Earth’s ring current

 Exercise: show that in the absence of E-field, and for static B,-field, the curvature
and the gradient drifts can be combined as (what assumption must be made?)

* Exercise: suppose that the magnetic field of the Earth can be approximated by
the field of a magnetic dipole with B, = 3.12x 10™ T

R 3
B,,=—2BO< £ > cos 0
Rp+h

R 3
Rp+h

Ry = 6370 km (Earth’s Radius)

Describe the trajectory of charged particles at i = 300 km, as shown in the figure
above, and calculate the associated electron and ion current densities. Suppose
that n(h = 300 km) = 1 x 10° m™> and p, (h = 300 km) = 2.67 x 107! kg/m™> (Oxigen)
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Guiding center motion: 1th order terms - or O(e") in ¢

* The perpendicular drift due to inertial force

U, =g xP0_ Mg D byt B, x DVEx
g dr gB Y T ar T T g ar
- The polarization drift
dw
- iB v, ExB

pol — qu 0 dt

For a static By-field, the polarization driftf reduces to

W =
pol gB; dt

?Ur% IFUSP G.P. Canal, 12 April 2023

Instituto de Fisica da USP



The polarization current density

* Since the polarization drift is charge-dependent, a time-dependent electric field
(perpendicular to B,) will produce a net polarization current in a neutral plasma,
so that the plasma medium behaves like a dielectric

Electric Field (E)

CapacitorPlate GGG  Capacitor Plate
@&
ok e 2
EP TS

s+ EF

Dielectric Materia\

Free Charge

- The polarization current density is given by

()

1 1 1 dEy, p, dEg,
J = — -'W s — —— n-. ’ — m ,
P 5V]Zq] i = 5y | 27 B 4 B i

Bound Charge

- A stafic Ey-field does not produce a polarization field since the ions and
elecfrons will move around fo preserve quasi-neuftrality
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The plasma dielectric constant

* To calculate the plasma dielectric constant, let’s insert the polarization current in
the Ampere-Maxwell equation

- Since E, = E\(r,, 1), the partial time derivatives become tofal time derivatives
oE Pm OEo 1 ) O Pm | 4Eo L dEy)
VxB= Jpt+e— | = — +e— | = upen | 1+ — + € -
M(’(P Oat) 'MO<B§ ot O ot Hoto eoB? ) dr O at
* Therefore, the plasma perpendicular dielectric current is

dEO Pm
VxB = Hof— = where ¢, =¢ and e =¢| 1+

2

* The resulting charge density that accumulates due to the polarization drift must
satisfy the charge continvity equation

0 0 _ dE P
ﬁ+V-JP=O — ﬁ-I—V'(p 0’l>=0 — pP:__V'EO,J_

ot ot B; dt
 Writing the total charge density as p, ., = p + pp Yields

V‘EO,||+V'E0,J_= P — meV.EO,J_ — V. |:€0E0,||+€O<1+ pm2>E0’_L:| =p — VE():
€0 €oBy B
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Plasma as an electric and magnetic medium

 Let’s estimate the magnitude of the electric permittivity and magnetic
permeability of a hydrogen fusion plasma with parameters:

- Plasma density: 1 x 1020 m-3

- Plasma temperature: 1 x 108 K (W, = 1/2mvi = kgT/2 = 7 x 1016 J)

- Magnetfic field: 1T

- Physical constants: mi=1.67x10-27 kg, €, = 8.85x10-"2 F/m and pg =47 x107 H/m

* Plasma perpendicular electric permittivity

1.67 X 107" x 1 x 10 A A
€ leg=1+ =1+189X%x10"=~ 1.89x 10" > 1
8.85 x 10-12x 12

* Plasma magnetic permeability: let's combine B = y, (H + M) with M = — nW B/B>

nW nW
B=uH with u =M0/<1 + M032 l) . Therefore, uluy = 1/<1 + ﬂOBZ l)

47 x 107" x 1 x 107 x 7 x 1071 .
uiig=1/( 1+ 1 =1/(1+88x102) ~ 1
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Conservation of the magnetic flux (Bittencourt’s, Ch. 4, sec. 4.1)

 Exercise: suppose there exists a time-dependent magnetic field B, = Bo(t)RdB
_ Use Faraday’s law to show that, in cylindrical coordinates, E, = — % X —2
- Calculate the corresponding ExB drift

- The force acting on a charge due fo the electric field is gE, and, therefore,
the increase in the fransverse kinetic energy over one cyclotfron period is

L -
o Emvl =qgQE,-dr

From this result, show that the magnetic flux through a Larmor orbit ®,, = Byzr?
is conserved:

6®,, =& (Byrr?) =0

and, as a consequence, the particle magnetic moment is also conserved
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Plasma heating through magnetic pumping

 Exercise: using the E, and B,-fields from previous exercise for a group of particles

- Suppose that, at t = 1, the average kinetic energy of each particle is

1 1 1
Ly = 5’”("@ + Em(vf) = EkBTH + kT,

and that T\(%y) = T, (%)) = T, In addition, suppose that, from t = f, up to
t = t,, the Byfield varies adiabatically: B, = B, [1 + (r—10)/(t; — to)] k, however,
there is not enough fime for the temperatures to equilibrate. What are the
values of T\(t)) and T, (#))?
- Fromt =t up to t = t,, the magnetic field is kept constant until
1) =T,(t,) =T, Whatis the value of T,¢
- Fromt = t, up to t = 3, the By-field is brought, again adiabatically, to its
initial value: By = B, [2 —(1=—1)/ (15— tz)] k. However, there is not enough time
for the temperatures to equilibrate. What are the values of T\(t;) and T ,(#;)?
- fromt =ty up fo t = 1;, the By-field is kept constant until T”(tf) = Tl(tf) = 1.
What is the final temperature of the plasmaze

Answer: T, = 10 T/9 (for one single loop of By-field sweep)
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Guiding center motion: 2th order terms - or O(e') in¢

* To 2nd order (O(e')), the momentum equation is

dU; ouy ou, ou, ou, ou, ou,
—+—+U; —+ Uy —+Qy— +0,— + 0,— =
dt ot OR; oR, dy dy dy
=i <E2+U2XB0+HZXBO+U1XB1+U1XB1+U0XB2+HOXB2)
m

 Taking the y-average of this equation yields

dU
Ttl:i(<E2>+U2><B0+U1><B1+<u1><B1>+U0X<Bz>+<uo><Bz>)
m

- Let’'s calculate each y-average term separately

1 1

(E,;) = ((p1) - VIEy + E((ﬂo . V)2E0> = E((ﬂo ' V)2E0>
1 1

(B2) = ((p1) - V)By + ={(po - V)"By) = —((py - V)By)

(uy XBy) = <“1 X [(l)o V) B0]> (g X By) = %<uo><

1
(p1-V)By+ E(Po - V)230] >
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Guiding center motion: 2th order terms - or O(e') in¢

* Assuming an homogeneous and stationary B-field and a stationary E-field yields

du,

g |1 ,
= — | — -V)E, +U, XB
I mL((Po ) 0) 2 0

* The solution of this equation is

U — ps [ VPE, \ Egx B,
274\ E B2
0 0

- Which additional assumptions had to be made heree
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Summary of particle drifts

* The Oth order drift
- Uy, b: Parallel drift

UO — U(),”b + WEXB

* The 1t order drift
- wyg: magnetic field gradient drift

- W..... magnetic field curvature drift

curv:

- Wyt POlarization drift
Ul = Wys + Weury + Wpol

* The 2th order drift
- Wy Second order E-drift

U, = Wyzg
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Exercises

* The cyclotron resonance: Show that when a circularly polarized electric field
rotates in the counterclockwise direction, looking along B, a positive particle is
able to absorb energy from the electric field, so that its speed increases

continuously in time (see Bittencourt’s Ch. 4, Sec. 3.4). What about a negative
particle?

* Solve exercises 4.4, 4.6, 4.7 and 4.11 from Biltencourt’s Ch. 4
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PGF5112 - Plasma Physics |

* Particle orbits in a tokamak
— Physical description of a tokamak
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Description of the magnetic fields in a fokamak

 Tokamaks machines are symmetric with respect to the vertical axis in the center
of the machine (axisymmetric)

* The word tokamak is a Russian acronym (toroidalnaja kamera s magnitnymi
katushkami) that can be translated as foroidal chamber with magnetic coils

\Y‘ﬂ . rf"./ r\
\\ ' N
ho A & | '

- The toroidal field (TF) coils S \J //

Vacuum
Vessel

* The main components of a tokamak are

- The vacuum vessel (VV)

+ The pressure must be optimized to
facilitate the plasma breakdown

+ These coils are responsible for confining
the particles

Toroidal
+ The toroidal field intensity decreases with the major radius coordinate Field Coil
B. — RyBry
b=
R
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Description of the magnetic fields in a fokamak

 Tokamaks machines are symmetric with respect to the vertical axis in the center
of the machine (axisymmetric)

* The word tokamak is a Russian acronym (toroidalnaja kamera s magnitnymi
katushkami) that can be translated as foroidal chamber with magnetic coils

Central
Solenoide

* The main components of a tokamak are
- The central solenoide (CS)

+ The CS is responsible for driving the plasma
current by induction (transformer action)

- The poloidal field (PF) coils

+ These coils are needed to shape the plasma
boundary and to conftrol the plasma position

Poloidal
Field Coil
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Description of the magnetic fields in a fokamak

* The total magnetic field in a fokamak is helicoidal

* Important parameters that can be used to characterize a tokamak is
- Maqjor radius: R, \7
- (Horizontal) Minor radius: a

- The aspect ratio: A = Ry/a

Toroidal . Poloidal
i Electric Current . .
Magnetic Coil Central Solenoide Magnetic Coil

C L

r = a (Plasma Boundary)

Vacuum Poloidal and Totoidal Total

Chamber Magnetic Fields Magnetic Field
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Description of the magnetic fields in a fokamak

* The total magnetic field in a fokamak is helicoidal

* Important parameters that can be used to characterize a tokamak is
- Major radius: R,
- (Horizontal) Minor radius: a
- The aspect ratio: A = Ry/a

(a) Tokamak of conventional aspect ratio (A= 3) (b) Tokamak of low aspect ratio (A<2)
Toroidal Poloidal Central Solenoide Poloidal
roi . . :
i Electric Current . . Electric Current oloida
Magnetic Coil Central Solenoide Magnetic Coil Magnetic Coil

Toroidal

Vacuum
Chamber
" . ' Plasma
Vacuum Poloidal arld TOtOIdal Total Toroidal Magnetic Field
Chamber Magnetic Fields Magnetic Field Poloidal Magnetic Field

" Total Magnetic Field Current
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Particle drifts in a tokamak

* Let’s calculate the trajectory of charged particles in a tokamak using
U = UO,HIA) + Wixg + Wy + Weyury + Wpot + Wy

m , 1
- Note that to use the egquation above we must impose that Vx B = 0 and also
to neglect the induced (toroidal) electric field

* The magnetic field in a tokamak can be written as the sum of the poloidal and
toroidal fields

R,B
B=Bp+B;=B,+ ¢

o

- In tokamaks, Bp < By. Therefore, taking VX B =V XBp+ VX By & VX By =01s
somewhat justified. In addition, we will assume that the field gradient is
dominated by the toroidal field:
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Particle drifts in a tokamak

°Ina {R, ¢,7Z} coordinate system, we have that

RyBr RyB7y ..
VB, =V = — e
RyB, RyB BTO
VB, XB, = — e X | Bp + e, | = (Be+B cos@e)
m U2+12 <Bé+B co@é)
W = — ———— —U S
CG qB%OR O * 5701 T70€7Z PO ¢
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Particle drifts in a tokamak

* In a tfokamak, charged particles drift in two directions (charge/mass dependent)
- In the vertical direction: constant drift
- In the toroidal direction: the magnitude depends on the poloidal angle

m

1
Wee = ——— | U, + —u? (B e, +B cos@é)
CG qB%0R< 0 "5 0,¢> 707 PO b

‘ Ton Electrons drift in the

trajectory opposite direction
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PGF5112 - Plasma Physics |

* Particle orbits in a tokamak

- Trapped and passing particles
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Trapped and passing particles

* In addition to the drift calculated in the previous topic, the particles also have a
parallel velocity along the field lines

* Since the field lines in a tokamak is helicoidal, the particles would access the
high toroidal field side (HFS) region and the low toroidal field side (LFS) region

- Depending on their ratio u, , /U . parficles could be reflected, in a similar
way as in mirror machines, and be trapped in the LFS region

* The total kinetic energy of a particle is conserved and is given by
1 2 1 2 1 2
K= EmUO,|| + Emuo’l = EmUo,|| + uB(r, 0)

- Where u is the particle magnetic moment (first adiabafic invariant) and

R,B B 0
B~ B, = 01— 0 :zBT()(l—RLcosé’):BTO [1—€+2€sin2<5>]

R 1+ r/Rycos @
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Trapped and passing particles

* Therefore, the energy equation of a particle in a tokamak field becomes

1 0 4 Flux surface
2o 2 (7 |
> mUy, + pABsin <2> K—uB,_;. T
orbit
- Where R
By \ . 55
Bmin — B(ra 9) |min — 1 i ~ BT()(1 — 6) BmaX EBmin_ R0+I’
. _ By
Bmax - B(ra 0) |max - 1 . ~ lgTO(1 + 6)
AB — Bmax - BIIllIl ~ 2 GBTO
R
U r
* Exercise: show that particles are trapped in the LFS region if > 1 — <e= ,
otherwise, they are passing particles U+ ug 1 Ry
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Trapped and passing particles

* Therefore, the energy equation of a particle in a tokamak field becomes

port, crie ofanhy

| . ., (0
EmUo,|| + uAB sin 5= K—uB,_;.

- Where
B_. =B(r0)]| . = o, B;o(1 —¢)
e T+ € _'
B, Pc:r* apr.:_s_mmm[_a; .
Bmax :B(r’e)lmax = 1 — zBTO(l +€) |
AB=B_,,—B,,~ 2€e¢Bp For small values of 0, sin® (0/2) ~ 6°/4
U0,|| =0 — ecrit — Sin_l [\/Bmin/Bmax]
. . . . U&” r
* Exercise: show that particles are trapped in the LFS region if < €= ,
. . . U2 + l/t2 R
otherwise, they are passing particles 0,]] 0,1 0
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Trapped and passing particles

* Therefore, the energy equation of a particle in a tokamak field becomes

1 0 “
Eng’” + uAB ssin? <5> =K—uB,_;, Weakly trapped
Moderately trapped
- Where
BTO Deeply
B.in=B(r,0)| . = ~ Bro(1 — ¢€) trapped
l+¢ -
B U
Bmax :B(r’e)lmax = 1 — zBTO(l +€)
AB — Bmax - BIIllIl ~ 2 GBTO
U r
* Exercise: show that particles are trapped in the LFS region if > 1 — <e= ,
otherwise, they are passing particles U+ ug 1 Ry
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Trapped and passing particles

* Therefore, the energy equation of a particle in a tokamak field becomes

lmUZ + uAB sin? (g) =K —uB_. : Flux surface
2 Ol 2 o - > ( initially
- Where R Starting
_ _ 210 position
Bmin _— B(?‘, 8) |m1n _— 1 + c ~Y BTO(l - 6) R
Bmax = B(?‘, 9) |max = BTO ~ BTO(I T 6)
I — < 0 initially
AB=B_..—B . ~2¢B
A e 10 Banana orbits give rise to the so-called
bootstrap current
. . . .. Ug I r
* Exercise: show that particles are trapped in the LFS region if > ’ —<e= ,
otherwise, they are passing particles U+ 4oL Ry
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