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* Single particle orbits: the motion of charged particles in electromagnetic fields
- Introduction
- Uniform and static electric field
- Uniform and sfatic magnetfic field
- Uniform and static electric and magnetic fields
- Non-uniform and static magnetic field (physical insight)
- Non-uniform and stafic electric field (physical insight)
- Non-uniform and time-dependent electric and magnetic fields (next lecture)
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* Single particle orbits: the motion of charged particles in electromagnetic fields
- Infroduction
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The single particle orbit theory

 Knowing the trajectory of charged particles in special field configurations is
important as it provides a good physical insight info some dynamic processes

 Here, we are interested in the motion of charged particles in the presence of
electric (E) and magnetic (B) fields, which are known as functions of r and ¢

- Therefore, the fields are not affected by the charged particles

* The relativistic equation of motion for a charged particle under the action of the
Lorentz force due to E and B fields is
dp

—=F=q(E+vXB
7 q( )

- Here, p = ymv is the relativistic particle momentum, with ¥ = -
Vi
g and m are the particle charge and rest mass, respectively

c =2.99 x 10° m/s is the speed of light in vacuum
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The classical/non-relativistic single particle orbit theory

* In many situations of practical interest, the term v2/¢? <« 1

- Therefore,y =% 1 and m can be considered constant (independent of v)

e Relativistic effects are important only for highly energetic particles

- A1 MeV protonhasv =1.4x 10" m/s,i.e. v?/c? = 0.002 < 1
- Radiative effects, which are relativistic effects, will also be neglected here

* In such a situations, the motion equation reduces to the non-relativistic equation

N _ (E+vXB)
m— = \
a1

* If the velocity obtained from this equation does not satisfy the condition v?/¢? <« 1,
then the relativistic equation of motion must be used instead
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The classical/non-relativistic single particle orbit theory

* Let’s consider the particle kinetic energy

1 5 1 dW d (1 dv
W=—myvs =—mv-v — = mv-v])=m—-v
2 2 dt dr \2 dt

* Using the motion equation, this equation becomes

adw dv

?=mz°V=q(E+VXB)-V=q(E°V)+W=q(E°V)

* From the equation above, one concludes that
- Any change in the particle kinetic energy is done by electric fields

- Magnetic fields do no work on charged particles, i.e. the parficle kinetic
energy Is conserved when there is only a magnetic field
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* Single particle orbits: the motion of charged particles in electromagnetic fields

- Uniform and static electric field
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Single particle orbits: trajectories of charged particles in a static and
uniform electric field

* Charged particles in externally applied electromagnetic fields are subject to the
Lorentz force
dv g
E = Z (Eext TV X Bext)
* For the case in which B_,, = 0 and E_ , = E, is uniform and static, one has
dv ¢

- 1F
dt m 0

* The solution of this equation is obtained by direct integration

4 d t v(?) 4
o dt o M Yo m 0 m

(Uniforme Rectilinear Motion)

Zdr t !
[ —dtz[ vodr+iEOJ ¢ dt R P(f) = 1y + Vot + ——E, 12
d m 0 2m
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* Single particle orbits: the motion of charged particles in electromagnetic fields

- Uniform and static magnetic field
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Single particle orbits: trajectories of charged particles in a static and
uniform magnetic field

* For the case in which E_,, = 0 and B, = B is uniform and static, one has

dv ¢
— =—V X BO
dt m

- Decompose vV in its parallel and perpendicular (o B)) components: v=v,+ v,

dvy dv, g
+ = Zv, xB, (The term v, x By = 0 because v || B)
dt dt m

i B
it A

\ N\
\,
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Single particle orbits: trajectories of charged particles in a static and
uniform magnetic field

* For the case in which E_,, = 0 and B, = B is uniform and static, one has
dv ¢

_:_VXBO
dt m

- Decompose vV in its parallel and perpendicular (o B)) components: v=v,+ v,

dvy dv, ¢
+ =—v, XB, (The term v X By = 0 because v || By)
dt dt m
- In the parallel direction: uniforme rectilinear motion
av,
_— O —_ V” — VO
dt

- In the perpendicular direction: cyclotron motion

dVJ_ q
=—v, XB
da  m !
. q : . dv,
- If one defines Q. = — —B, , the mofion equation becomes: — = Q. XV,
m t
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The cyclotron frequency (or the gyrofrequency)

e The quantity Q. = — iB0 is called the cyclotron frequency or gyrofrequency
m
B
A A & EY Py A +
| Qe |
dv, @ | 1
7 — Qc XV, T PERE T Sy
Cp | =
(Equaftion of Motion) | i R
| v (=) |
€
q>0 q<0

* lis direction is chosen as the diamagnetic direction

- Q. i1s opposite to B, for a positive charge (g > 0), which moves such that the
magnetic field created by it is opposite to By,

- Q. pointfs in the direction of B, for a negative charge (g < 0), which also
moves such that the magnetic field created by it is opposite to B,

- Note that , always points in the direction of the parficle angular momentum
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The Larmor radius (or the gyroradius)

* Since Q. is constant and, from kinetic energy conservation, |v, | is also constant,
the equation of motion implies that
- The particle acceleration is constant in magnitude

- The particle acceleration is perpendicular fo both v, and B,

* The equation of motion can be integrated directly

dv dr B
J-:QCXVJ_:QCX ¢ — VJ_ZQCXI’C A A & T
dt dt (Circular Motion) | i
(+) }
- Here, r_is the particle vector position measured with SR TR
respect to a point (G in the figure) in the plane < G '°>
perpendicular to By and that contains the particle i B
- Since |v, | is constant, |r.| is also constant 2z
q>0

* The vectorr, is called the Larmor radius or gyroradius
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The cyclotron frequency and Larmor radius for some particular cases

. my : kgT
* Larmor radius: r.=v,/Q . = B One can estimate vy k = v, =4/ —
4150 m

* Cyclotron frequency: Q.= |q|By/m
- Electron cyclotron: fie = Q./27 =28.0xB, (GHz)
- lon cyclotron: fi=Q,/12r=152%xB, (MHz)

* Cyclotron frequency and Larmor radius in plasmas
- Tokamaks (m;, = 1.67 x 107%" kg; By=15T; T=1x 10° K

f.. =42 GHz, f, =22.8 MHz, r,, = 0.15 mm and r,; = 6.3 mm
- Solar corona (m; = 1.67 x 107" kg; B,=0.1 T, T=1x10° K)
foe = 2.8 GHz, f,;, = 1.5 MHz, r,, = 0.22 mm and r,, = 9.5 mm

* When r, < L (plasma size), the electrons/ions are said to be magnetized

e’ rci
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Single particle orbits: trajectories of charged particles in a static and
uniform magnetic field

* The trajectory of the particle is given by the superposition of a uniform motion
along B, and a cyclofron motion perpendicular to B,

A 4 s B
- The particle trajectory describes a helix T
XD
N—
* The angle between B, and the direction of the particle (/‘“ > "
motion is called the pitch angle
D
a = sin~! (V— = tan~! L (
v ) \%'(\.__D
\'}
_ Here,v = \/VI% + vf Is the total speed of the particle N q>0

- Wheny,=0andv, #0, a =z/2 (Circular/Cyclofron Mofion)

- Whenvy, #0andv, =0, a =0 (Uniform Rectilinear Mofion along the field line)
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The particle orbit theory is well suited to study the trajectory of charged
particles entering Earth’s atmosphere

 Charged particles arriving to Earth’s atmosphere are deflected towards the
poles by the terrestrial magnetic field

- The collision of these charged particles with the air molecules in the
atmosphere gives rise to the so-called auroras

Charged Particle Trajectories in
Magnetic Field
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Magnetic moment associated with the cyclotron motion

 The magnetic moment due to a circulating current | is normal to the area A

Im|=7A
- The current due to cyclotron motion is

= dal _ 1918 (/\ ﬁ\
B Tc 27 I B
- The area of the current loop s \ jﬂp\ / ;

_ 2
A = nr;

* Therefore, the magnetic moment becomes

L
2 L W,

By B

Q 1
m) =100 L0 2
27 2

* In vector form, the magnetic moment associated with the cyclotron motion is
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Magnetization current associated with the cyclotron motion

- The magnetization M due to the cyclotron motion of several various particles is

1 & N W
M=—Ym=—2=m - M=-_"1g,
V& N B?
* From classical electrodynamics, the magnetization current is J,; = V x M. Writing
the total current density as J, .., = J + Jyp. Where J is the current due to free

charges, the Ampere-Maxwell equation becomes

oK oK
VXB = p, J+JM+€OE = Mo J+VXM+€OE

B 7) oK
Ho !

* A simple linear relation between B and H exists when M is proportionalto B or H

- E.g. M =y, _H, where y,, is the magnetic susceptibility of the medium

* In a plasma, however, M « 1/B (non-linear). Therefore, it is NOT convenient to
treat plasmas as magnetic media
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* Single particle orbits: the motion of charged particles in electromagnetic fields

- Uniform and static electric and magnetic fields
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Single particle orbits: trajectories of charged particles in uniform and
static eleciric and magnetic fields

* For the case in which E_,, = E, and B,,, = B, are uniform and static, one has
dv

mzzq(E0+VXB0)

 Decompose v and E in their parallel and perpendicular (o B;) components

dvy — dv,
t dt ’ ’
- Parallel direction
B L v =ve £ LBt o ) = 4 Vet 4+ —LE, | 2
7 1ol o T o) | o) T Yout Ty
- Perpendicular direction
dv,
m7 — q<E0’J_+VJ_XB0>
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Single particle orbits: trajectories of charged particles in uniform and
static eleciric and magnetic fields

* To solve the perpendicular equation, let’'s change referencial: v (1) = v.(7) + Vg.p

dv,
dt

m =Q(E0,J_+VCXB0+VEXBXBO)

* Choose the constant velocity v,z as

(E, x B)xB

EO, 1 X B,
Bs

VExB —

* The equation of motion becomes

dv. ¢
=—v.XB
dt m ¢ 0

- The solution of this equation is the cyclotron motion

V(1) = Q. Xr.(7)
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Single particle orbits: trajectories of charged particles in uniform and
static eleciric and magnetic fields

* Therefore, the solution of this problem is

q E0,||

m

V(1) = Q. X1 (1) + Vgyp + Vo + t

» The constant velocity vg,. g = Ej | X B,/B; is termed the ExB drift velocity

- Note that vg,g Is iIndependent of the particle mass and charge

- Since E,; X By = 0, one can also write vg,p = Eq X By/Bj

ION

& m

:10) > ExB

@ QI

ELECTRON
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Drift due to an external force

 For the case in which, in addition to the EM fields, there is a force F acting on the
particle, the equation of motion becomes

dv

* The effect of the force is, in a formal sense, analogous to the effect of E,

FxB,
VF —
qBj§

* In the case of a uniform gravitational field (I = mg), the drift velocity is
~ mgXxB,
- q B

VF

* Associated to the gravitational drift, there is an electric current density

( )
J 1 Z | Z gXBO gXBO
= —_— .V: — — n- =
; 5quf~' 5V\j f} B "B

- This current contributes to the so-called equatorial electrojet
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Exercise

* What happens with the ExB drift velocity when the magnetic field tends to zero
while the electric field remains finite? What is the validity of the ExB drift
expression?
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* Single particle orbits: the motion of charged particles in electromagnetic fields

- Non-uniform and static magnetic field (physical insight)
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Drift due to magnetic field gradient (physical insight)

* One can expect that if the magnetic field varies over the Larmor radius, a drift
velocity might arise
I ve

B ouT oOF PAGE

Larmor radius
WlVJ_

o
° 1qlBy

Magnetic force due to VB,

* The magnetic drift associated to the gradient of the magnetic field (VB,) is

(F),xBy  |m| VB;xB
gB} q B;
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Drift due to magnetic field curvature (physical insight)

* One can also expect that if the magnetic field direction varies over the Larmor
radius, a drift velocity might arise

z 4
Magnetic force due fo the B,-curvature
I?’ZVﬁ .
(F)y = ——ny 9>0  FIELD LINE
R AVc
S 0 >y
* Magnetic drift due to the B,-curvature \ 8
ny
(F)L X By mvj iy X By
VvV = = —
curyv qu Rq B(%

X \ AL Fe

q<0
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Drift due to magnetic field curvature (physical insight)

* One can also expect that if the magnetic field direction varies over the Larmor
radius, a drift velocity might arise B

0

A A A
By+ dB, B,

Magnetic force due fo the B,-curvature

MVﬁ .

(F)L = — Tnl

* Magnetic drift due to the B,-curvature

2 A N B
qu Rq Bg By
|dBy| = |By|ldp dBy=de
mvi (B, - V)B, X B .
Veurv = — ” ( . ;40 0 ﬁl dBO
q I ———.
0 R ds
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* Single particle orbits: the motion of charged particles in electromagnetic fields

- Non-uniform and stafic electric field (physical insight)
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Drift due to electric field non-uniformities (physical insight)

* One can also expect that if the electric field varies
over the Larmor radius, a drift velocity might arise

ION

* At first order, in which the electric field varies linearly, t
a charged particle executing a cyclotron motion o
B

pass by a region with stronger E-field and pass by a
region with weaker E-field

- On average, the first order correction cancels out ELS:%ON

- Therefore, Ey-field non-uniformifies are important
only as 2nd order corrections

gor% IEUSP G.P. Canal, 30 March 2023

Instituto de Fisica da USP



References

* The single particle orbit theory
- Bittencourt: Ch. 2 and 3

?Ur% IEUSP G.P. Canal, 30 March 2023

Instituto de Fisica da USP



