Equacoes de Maxwell
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Abelian Stokes Theorem
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Back to Faraday:

I nte gr al E qu at i OI1S p _ | chhael Faraday

1791-1867

o, F"" = 73" OpFpy + O Fpp + Oulyp = 5puv

0, F" =0 0pFuy + 0y Fpy + 0, F,, =

In Stokes theorem, take B, = a F},, + 5 ﬁuv to get
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Integral form of Maxwell’s equations
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S = closed spatial surface
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S with a time
Componeit‘/

Oxk 9xY - -
— P(side) = F dodr = — | d2° ¢ E - dl
(side) /side Yoo Or o ./ : 7{

9zt B}
o(disc) = | Fuo" " dodr=—c | B-d¥
isc 380- T disc
d

Then

CID(S):O:—(;/ E-di+c/
top disc botton disc

In the limit dz" — 0

%/g.diz_ﬁ.df L vxE=_9

wefl
Q.
M
|
—
Q.
E~gCD
\S\
eyl
Q.
=




Analogously
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Summarizing

Maxwell’s egs. are equivalent to
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Maxwell’s egs. are recovered in the limit where S is infinitesimal



Integral Equations and Conservation Laws

For a 3-volume €2 without border (92 = 0)
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Using Loop Spaces
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space-time surface > path in loop space

Loop Space: Q) = 1f: S* — M | north pole — o b

Introduce a flat connection A in loop space
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Construct the charges using path independency!



(Generalized Loop Spaces
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Faraday’s Path Independency
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Generalizing Maxwell: Yang-Mills theory
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The (text book) conserved charges
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Generalizing Faraday: Non-Abelian integrals

dV
VT(A B, 7)=0
dT
27 dx? dx”
_ 1
T(B,A,T)_/O do W~ B,,, W e

It is a surface ordered integral

W dxM dxV

V(X) = Vg Pyelsdod W= By WG 4%

Vary 2.

2T 2T
45N 5VV_1E/ dT/ doV (1) {
0 0

dxt dx¥
do dT

> dx” dx*
_/O d()'/ [Bl-@p (0',) — Z@Fmp (0-/) 9 B,ul/ (O-)] do./ dO'

X (da:‘; 5_0/) oz’ (o) — ox” (o) dx;;(r)) :> V(1)

W' [DyB,, + DB, + D,Bx,] W S




The generalized non-abelian Stokes Theorem
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The Integral Equations for Yang-Mills
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Direct consequence of Stokes theorem and Yang-Mills egs.
Implies Yang-Mills eqgs. in the limit 2 — 0



Conserved Charges: Quite Elementary Mr. Holmes
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Iso-spectral evolution: V(Q) =U(t)-V(Qo) - U (t)

Eigenvalues of V (£);) are constant in time



Conserved charges are eigenvalues of the operator
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4) Gives non-trivial dynamical magnetic charges to monopoles

5) Relevant for the global aspects of Yang-Mills theory



Wu-Yang and 't Hooft-Polyakov monopoles

At spatial infinity they are the same:
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Note however that one must have (for 5 = 0)
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One can expand both sides of the integral equation in powers of «
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To think further...

e Yang-Mills is equivalent to the flatness condition on loop space £?) (S? — M)
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e The hidden symmetries are the gauge transtformations on loop space £(2)
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e The conserved charges are eigenvalues of the holonomy
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e It connects to integrable field theories






