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Back to Faraday:
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Integral form of Maxwell’s equations
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Summarizing
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Integral Equations and Conservation Laws
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space-time surface path in loop space

 Loop Space: ⌦(1) =
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F = �A+A ⇤A = 0

Introduce a flat connection A in loop space

Construct the charges using path independency!
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Generalizing Maxwell: Yang-Mills theory
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Yang-Mills equations

Invariant under a gauge group G
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eigenvalues of Q
are gauge invariant

The (text book) conserved charges

Under a gauge transformation
<latexit sha1_base64="7n88Fzz54G5viQICHuGFK7H+Mh0="></latexit>

Q !
Z

d~⌃ · g ~E g�1

if g is constant at infinity

<latexit sha1_base64="ME/CNRUTOksviBboH7l5HUJn/AQ=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4qCWRol6EohePLdgPaGLZbDft0s0m7m4KJfR3ePGgiFd/jDf/jds2B219MPB4b4aZeX7MmdK2/W2trK6tb2zmtvLbO7t7+4WDw6aKEklog0Q8km0fK8qZoA3NNKftWFIc+py2/OHd1G+NqFQsEg96HFMvxH3BAkawNpJ303dLdbfUf0zPnUm3ULTL9gxomTgZKUKGWrfw5fYikoRUaMKxUh3HjrWXYqkZ4XSSdxNFY0yGuE87hgocUuWls6Mn6NQoPRRE0pTQaKb+nkhxqNQ49E1niPVALXpT8T+vk+jg2kuZiBNNBZkvChKOdISmCaAek5RoPjYEE8nMrYgMsMREm5zyJgRn8eVl0rwoO5flSr1SrN5mceTgGE7gDBy4gircQw0aQOAJnuEV3qyR9WK9Wx/z1hUrmzmCP7A+fwBHa5El</latexit>

= g Q g�1

<latexit sha1_base64="H7HXg2Pb8FM+pDaZP5/m7ir2OO0=">AAAB/HicdVDLSgNBEJyN7/iKevQyGARPYSdIHregF48KxgSSJfROJnFwdnaZ6Q2EJf6KFw+KePVDvPk3zmoEFS1oKKq66e4KEyUt+v6bV1hYXFpeWV0rrm9sbm2XdnavbJwaLto8VrHphmCFklq0UaIS3cQIiEIlOuHNae53JsJYGetLnCYiiGCs5UhyQCcNSns6RjqGdCyo1BMwEjQOSmW/4vs+Y4zmhNVrviPNZqPKGpTllkOZzHE+KL32hzFPI6GRK7C2x/wEgwwMSq7ErNhPrUiA38BY9BzVEAkbZB/Hz+ihU4Z0FBtXGumH+n0ig8jaaRS6zgjw2v72cvEvr5fiqBFkUicpCs0/F41SRTGmeRJ0KI3gqKaOADfS3Ur5NRjg6PIquhC+PqX/k6tqhdUqxxfVcutkHscq2ScH5IgwUictckbOSZtwMiV35IE8erfevffkPX+2Frz5zB75Ae/lHQlslQw=</latexit>

not gauge invariant
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Generalizing Faraday: Non-Abelian integrals
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The generalized non-abelian Stokes Theorem
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Implies Yang-Mills eqs. in the limit � ! 0

Direct consequence of Stokes theorem and Yang-Mills eqs.

The Integral Equations for Yang-Mills
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Iso-spectral evolution: V (�t) = U(t) · V (�0) · U�1(t)

Eigenvalues of V (�t) are constant in time

Conserved Charges: Quite Elementary Mr. Holmes



Conserved charges are:

3) Independent of parameterization
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4) Gives non-trivial dynamical magnetic charges to monopoles

5) Relevant for the global aspects of Yang-Mills theory
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For ’tHooft-Polyakov monopole both sides match.

Commutator plays the role of density of magnetic charge

For Wu-Yang monopole C = 0

One needs a source of magnetic charge
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Note however that one must have (for � = 0)
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It satisfies Bianchi identity
in the sense of distribution theoryC.P. Constantinidis, LAF, G. Luchini; JPA 52, 155202 (2019)
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density of magnetic charge
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One can expand both sides of the integral equation in powers of ↵

C.P. Constantinidis, LAF, G. Luchini, [1710.03359], PRD 97 (085006) (2018)

The ’tHooft-Polyakov monopole satisfies it for any ↵
(checked up to second order)



• The conserved charges are eigenvalues of the holonomy

Q = Pe
R
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• It connects to integrable field theories

To think further...
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(it solves parameterization problem!)

• Yang-Mills is equivalent to the flatness condition on loop space L(2) (S2 ! M)
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• The hidden symmetries are the gauge transformations on loop space L(2)




