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Integral form of Maxwell’s equations
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Summarizing
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Integral Equations and Conservation Laws
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space-time surface path in loop space

 Loop Space: ⌦(1) =
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F = �A+A ⇤A = 0

Introduce a flat connection A in loop space

Construct the charges using path independency!
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Generalizing Maxwell: Yang-Mills theory
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Yang-Mills equations

Invariant under a gauge group G
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eigenvalues of Q
are gauge invariant

The (text book) conserved charges

Under a gauge transformation
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not gauge invariant
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Generalizing Faraday: Non-Abelian integrals
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The generalized non-abelian Stokes Theorem



P2e
ie

R
⌅� d⇧d⌅[�FW

µ�+⇥ eFW
µ� ] dx

µ

d⇥
dx�

d⇤ = P3e
R
� d⇤d⇧V JV �1

J ⇤
Z 2⌅

0
d⌅

⇢
ie⇥ eJW

µ⇤⇥
dxµ

d⌅

dx⇤

d⇧

dx⇥

d⇤
+ e2

Z ⌃

0
d⌅0

⇥
h ⇣

(�� 1)FW
�⇧ + ⇥ eFW

�⇧

⌘
(⌅0) ,

⇣
�FW

µ⇤ + ⇥ eFW
µ⇤

⌘
(⌅)

i

⇥ d x�

d⌅0
d xµ

d⌅

✓
d x⇧ (⌅0)

d ⇧

d x⇤ (⌅)

d ⇤
� d x⇧ (⌅0)

d ⇤

d x⇤ (⌅)

d ⇧

◆�

Bµ� ! �Fµ� + ⇥ eFµ� Dµ eFµ� = 0DµFµ� = J�

Jµ =
1

3!
�µ⇥⇤� eJ⇥⇤�

Implies Yang-Mills eqs. in the limit � ! 0

Direct consequence of Stokes theorem and Yang-Mills eqs.

The Integral Equations for Yang-Mills
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Iso-spectral evolution: V (�t) = U(t) · V (�0) · U�1(t)

Eigenvalues of V (�t) are constant in time

Conserved Charges: Quite Elementary Mr. Holmes



Conserved charges are:

3) Independent of parameterization
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is path independent

Conserved charges are eigenvalues of the operator
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2) Independent of reference point
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4) Gives non-trivial dynamical magnetic charges to monopoles

5) Relevant for the global aspects of Yang-Mills theory
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Charge operator:
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Integral Bianchi identity implies: Q(�=1)
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For ’tHooft-Polyakov monopole both sides match.

Commutator plays the role of density of magnetic charge

For Wu-Yang monopole C = 0

One needs a source of magnetic charge
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Note however that one must have (for � = 0)
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It satisfies Bianchi identity
in the sense of distribution theoryC.P. Constantinidis, LAF, G. Luchini; JPA 52, 155202 (2019)

<latexit sha1_base64="T4z/7aRplsbE1SShfSHTiEY4dR0=">AAACA3icdVDLSgMxFM3UV62vqjvdBIvgqsyMQ1t3RTcuK9gHtKVk0jttaCYzJBmhlIIbf8WNC0Xc+hPu/BszfYCKHggczrn3hnP8mDOlbfvTyqysrq1vZDdzW9s7u3v5/YOGihJJoU4jHsmWTxRwJqCumebQiiWQ0OfQ9EdXqd+8A6lYJG71OIZuSAaCBYwSbaRe/qgPQjE9xlGAUws0o5gOiRxAL1+wixeVkuuVsF207bLjOilxy965hx2jpCigBWq9/EenH9EkBKEpJ0q1HTvW3QmR5iaHaa6TKIgJHZEBtA0VJATVncwyTPGpUfo4iKR5QuOZ+n1jQkKlxqFvJkOih+q3l4p/ee1EB5XuhIk40SDo/KMg4VhHOC0E95kEqvnYEEIlW+YnVJvacqaEZVL8P2m4RadU9G7cQvVyUUcWHaMTdIYcVEZVdI1qqI4oukeP6Bm9WA/Wk/Vqvc1HM9Zi5xD9gPX+BShcl98=</latexit>

density of magnetic charge
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One can expand both sides of the integral equation in powers of ↵

C.P. Constantinidis, LAF, G. Luchini, [1710.03359], PRD 97 (085006) (2018)

The ’tHooft-Polyakov monopole satisfies it for any ↵
(checked up to second order)



• The conserved charges are eigenvalues of the holonomy

Q = Pe
R
space A

• It connects to integrable field theories

To think further...
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(it solves parameterization problem!)

• Yang-Mills is equivalent to the flatness condition on loop space L(2) (S2 ! M)
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• The hidden symmetries are the gauge transformations on loop space L(2)




