
Difração, Interferência e Computador Óptico

1 Introdução

Em meados do século XVII foi publicado um trabalho, de autoria de Francesco Grimaldi

descrevendo o fenômeno que o autor chamou de “Diffractio”. Esse fenômeno era a propagação

não retiĺınea da luz, que é percebido a olho nu sob determinadas circunstâncias.

Na verdade, esse efeito é uma caracteŕıstica de todos os fenômenos ondulatórios,

sejam eles sonoros, eletromagnéticos ou ondas de matéria e ele ocorre toda vez que uma

porção de uma frente de onda é obstrúıda de alguma maneira. O que acontece é que ao

encontrar o obstáculo (seja ele transparente ou opaco), os vários segmentos da frente de

onda vão sofrer alterações de amplitude ou fase tais que, ao se propagarem para além do

obstáculo, vão interferir ocasionando uma distribuição particular de energia que é conhecida

como espectro de difração ou figura de difração.

Esse comportamento, apesar de ocorrer sempre, pode não ser notado. O domı́nio

da Óptica Geométrica ou os fenômenos ópticos que podem ser explicados por essa teoria são

aqueles que ocorrem em condições tais que os efeitos da difração são despreźıveis.

O tratamento completo da difração deve ser realizado através da teoria da eletro-

dinâmica quântica, entretanto, para as experiências que estamos propondo, a teoria eletro-

magnética clássica, que possibilita um tratamento extremamente mais simples, é mais que

suficiente.

2 O Prinćıpio de Huygens-Fresnel

Uma primeira tentativa de explicar o fenômeno da difração seria considerar o prinćıpio de

Huygens. Esse prinćıpio diz que cada ponto de uma frente de onda pode ser considerado

como uma fonte secundária de ondas esféricas. Portanto, o progresso no espaço dessa frente

de onda, ou de qualquer parte dela, poderia ser determinado. Em qualquer instante a forma

da frente de onda seria o envelope das ondas esféricas secundárias. (Para uma discussão

mais detalhada veja o caṕıtulo 4, seção 4.4.2 do livro Optics de E. Hecht [1]).

Esse prinćıpio independe do comprimento de onda e prevê o mesmo comportamento

para ondas de diferentes comprimentos de onda ao encontrarem o mesmo obstáculo. Essa

técnica, entretanto, ignora a maior parte da onda secundária, tratando somente da parte das

ondas que se somam para formar o envelope. O resultado disso é que o prinćıpio de Huygens,

sozinho, não consegue explicar vários detalhes do processo de difração. Por exemplo, ondas

sonoras de comprimento de onda da ordem de 70 cm, sofrem difração, isto é, se curvam

em torno de obstáculos grandes como árvores ou postes, enquanto que ondas de luz viśıvel,
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de comprimento de onda muito menor (∼ 600 × 10−7 cm) não sofrem difração nos mesmos

obstáculos, projetando deles sombras que podem ser previstas pela teoria que leva em conta

a propagação retiĺınea da luz.

Essa dificuldade foi resolvida por Fresnel, adicionando a esse prinćıpio, o conceito de

interferência. Foi elaborado um novo prinćıpio que é conhecido como Prinćıpio de Huygens-

Fresnel que diz que qualquer ponto de uma frente de onda que não seja obstrúıdo, em

qualquer instante se comporta como uma fonte de ondas esféricas secundárias, com a mesma

frequência da onda primária. A amplitude do campo óptico em qualquer ponto após a

passagem pelo obstáculo, é a superposição das amplitudes das ondas esféricas secundárias,

levando em conta suas fases relativas.

Classicamente, a razão pela qual a luz atinge regiões para além do obstáculo, regiões

que não seriam atingidas caso a luz se propagasse em linha reta, é que o grande número de

ondas secundárias esféricas “emitidas pela abertura” no anteparo, interferem. Interferir quer

dizer se combinar, levando em conta as diferenças de fase. Essa interferência ocorre em cada

ponto da região além do obstáculo, de maneira que, às vezes, as ondas se somam, às vezes, se

cancelam, dependendo do comprimento do caminho óptico de cada uma. É bom ter sempre

em mente que quando se fala em caminho óptico está-se falando de fase, e diferença de

caminho óptico significa diferença de fase.

Vamos estudar o que ocorre com o exemplo da figura 1, que é a foto de um tanque

com água, em que são formadas ondas planas. Essas ondas encontram um obstáculo, paralelo

às frentes de onda, que possui uma abertura. Nessas figuras, o comprimento de onda varia

e a dimensão da abertura no obstáculo permanece constante. Na figura 1(a) o comprimento

de onda é pequeno em relação à largura da abertura. Na figura 1(b) ele é da ordem da

dimensão da abertura, enquanto que na figura 1(c) o comprimento de onda é maior que a

dimensão da abertura.

Aplicando o prinćıpio de Huygens-Fresnel a esse exemplo, a figura 2 é um esquema do

que está ocorrendo no exemplo da figura 1 e ajuda a compreender o que estará acontecendo

em um ponto P , qualquer, situado além do obstáculo.

Se cada ponto da frente de onda plana que chega à abertura funciona como uma

fonte secundária coerente, a diferença máxima de caminho óptico entre elas, ∆max, seria o

módulo de (AP − BP ), que corresponde às fontes secundárias mais afastadas, situadas nos

extremos da abertura. Mas essa diferença máxima de caminho óptico seria menor ou igual

à dimensão da abertura, AB (que seria o caso em que o ponto P estaria sobre a abertura):

AP −BP = ∆max ≤ AB (1)

Portanto, se o comprimento de onda incidente é maior que AB, esse comprimento

de onda será maior que ∆max, que é a diferença de caminho óptico entre os raios que saem

dos extremos da fenda. Considerando que as ondas, na abertura, estivessem inicialmente em

2



 10.1 Preliminary Considerations 459

whole thing at this point is rather hypothetical. Gustav Kirchhoff 
developed a more rigorous theory based directly on the solution 
of the differential wave equation. Kirchhoff, though a contempo-
rary of Maxwell, did his work before Hertz’s demonstration (and 
the resulting popularization) of the propagation of electromag-
netic waves in 1887. Accordingly, Kirchhoff employed the older 
elastic-solid theory of light. His refined analysis lent credence to 
the assumptions of Fresnel and led to an even more precise for-
mulation of Huygens’s Principle as an exact consequence of the 
wave equation. Even so, the Kirchhoff theory is itself an approx-
imation that is valid for sufficiently small wavelengths—that is, 
when the diffracting apertures have dimensions that are large in 
comparison to l. The difficulty arises from the fact that what’s 
required is the solution of a partial differential equation that 
meets the boundary conditions imposed by the obstruction. This 
kind of rigorous solution is obtainable only in a few special cases. 
Kirchhoff’s theory works fairly well, even though it deals only 
with scalar waves and is insensitive to the fact that light is a 
transverse vector field.*

It should be stressed that the problem of determining an ex-
act solution for a particular diffracting configuration is among 
the most troublesome to be dealt with in Optics. The first such 
solution, utilizing the electromagnetic theory of light, was pub-
lished by Arnold Johannes Wilhelm Sommerfeld (1868–1951) 
in 1896. Although the problem was physically somewhat unre-
alistic, in that it involved an infinitely thin yet opaque, perfectly 
conducting plane screen, the result was nonetheless extremely 
valuable, providing a good deal of insight into the fundamental 
processes involved.

Rigorous solutions of this sort do not exist even today for 
many of the configurations of practical interest. We will there-
fore, out of necessity, rely on the approximate treatments of 
Huygens–Fresnel and Kirchhoff. In recent times, microwave 
techniques have been employed to conveniently study features 
of the diffraction field that might otherwise be almost impossible 
to examine optically. The Kirchhoff theory has held up remark-
ably well under this kind of scrutiny.* In many cases, the simpler 
Huygens–Fresnel treatment will prove adequate to our needs.

10.1.1 Opaque Obstructions

Diffraction may be envisioned as arising from the interaction of 
electromagnetic waves with some sort of physical obstruction. 
We would therefore do well to reexamine briefly the processes 

amplitude. A photon counter at P0 will see lots of light. Off the 
forward direction (where the OPL is not stationary), the phasors 
each have relatively large phase-angle differences for every path 
and all are of the same sign. Placed tip-to-tail they spiral around, 
adding up to little or nothing. A detector at P1 will record few 
counts, and one at P2 fewer still.

If the aperture is now made much smaller, the number of 
counts at P1 and P2 increases, even as the number at P0 drops 
off. With a narrow hole, all the paths to either P1 or P2 are much 
closer together and have nearly the same OPL. The phase-angle 
differences are therefore much smaller, the phasor spirals no 
longer close on themselves, and the resultant probability ampli-
tudes, though small, are appreciable everywhere.

Qualitatively, both QED and the classical Huygens–Fresnel 
Principle lead to much the same general conclusion: light dif-
fracts and interference is at the heart of the process.

The Huygens–Fresnel Principle has some shortcomings 
(which we will examine later), in addition to the fact that the 

Diffraction through an aperture with varying l as seen in a ripple tank. 
Notice how the waves to the right of the screen spread increasingly into the 
shadow region as the wavelength becomes larger. (PSSC Physics, D. C. Heath, 

Boston, 1960. Cengage Learning, D. C. Heath, Boston, 1960.)

(a)

(b)

(c)

*A vectorial formulation of the scalar Kirchhoff theory is discussed in J. D. Jackson, 
Classical Electrodynamics, p. 283. Also see Sommerfeld, Optics, p. 325. You 
might as well take a look at B. B. Baker and E. T. Copson, The Mathematical 
Theory of Huygens’s Principle, as a general reference to diffraction. None of these 
texts is easy reading.

*C. L. Andrews, Am. J. Phys. 19, 250 (1951); S. Silver, J. Opt. Soc. Am. 52, 131 
(1962).
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Figura 1. Difração de ondas na água através de uma abertura para três diferentes comprimentos

de onda. Extráıda de [1].
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of the wavefront is supposed to be the envelope of the secondary 
wavelets (Fig. 4.32). The technique, however, ignores most of 
each secondary wavelet, retaining only that portion common to 
the envelope. As a result of this inadequacy, Huygens’s Principle 
by itself is unable to account for the details of the diffraction 
process. That this is indeed the case is borne out by everyday 
experience. Sound waves (e.g., n = 500 Hz, l ≈ 68 cm) easily 
“bend” around large objects like telephone poles and trees, yet 
these objects cast fairly distinct shadows when illuminated by 
light. Huygens’s Principle is independent of any wavelength con-
siderations, and would predict the same wavefront configura-
tions in both situations.

The difficulty was resolved by Fresnel with his addition 
of the concept of interference. The corresponding Huygens–
Fresnel Principle states that every unobstructed point of a 
wavefront, at a given instant, serves as a source of spherical 
secondary wavelets (with the same frequency as that of the 
primary wave). The amplitude of the optical field at any point 
beyond is the superposition of all these wavelets (considering 
their amplitudes and relative phases). 

Applying these ideas on the very simplest qualitative level, 
refer to the accompanying ripple tank photographs and the  
illustration in Fig. 10.1. If each unobstructed point on the in-
coming plane wave acts as a coherent secondary source, the 
maximum optical path length difference among them will be 
Λmax = 0AP - BP 0 , corresponding to a source point at each 
edge of the aperture. But Λmax is less than or equal to AB, the 
latter being the case when P is on the screen. When l 7 AB, as 
in Fig. 10.1b, it follows that l 7 Λmax, and since the waves 
were initially in-phase, they all interfere constructively (to vary-
ing degrees) wherever P happens to be (see ripple tank photo c). 
Thus, if the wavelength is large compared to the aperture, the 
waves will spread out at large angles into the region beyond 
the obstruction. And the smaller the aperture gets, the more 
nearly circular the diffracted waves become (recall the discus-
sion of this point from a Fourier perspective, p. 412).

The antithetic situation occurs when l 6 AB (as in ripple 
tank photo a). The area where l 7 Λmax is limited to a small 
region extending out directly in front of the aperture, and it is only 
there that all the wavelets will interfere constructively. Beyond 
this zone some of the wavelets can interfere destructively, and the 
“shadow” begins. Keep in mind that the idealized geometric shadow 
corresponds to l S 0.

Classically, the reason light goes where it does beyond the 
screen is that the multitude of wavelets emitted from the aper-
ture “interfere”; that is, they combine (as phasors) at every point 
in the region, some places enhancing, some canceling, depend-
ing on the OPL.

Quantum mechanically (Section 4.11.1), the reason light 
goes where it does beyond the screen is that the multitude of 
probability amplitudes for photons from the aperture “interfere.” 
That is, they combine (as phasors) at every point in the region, 
some places enhancing, some canceling, depending on the OPL. 
When the hole is several wavelengths wide (as in ripple tank 

photo a), the many paths to any point-P correspond to a broad 
range of phasor phases. Consider all the paths to a point in the 
forward direction such as P0. The straight-line route from S to P0 
corresponds to a minimum in OPL. Any other paths through the 
aperture to P0 are somewhat longer (depending on the size of the 
hole) and have phasors (all of which we will take to be the same 
size) that are grouped around that stationary OPL value, much 
as those in Fig. 4.80. They have small mutual phase-angle dif-
ferences (half + , half - ) and so added tip-to-tail they turn one 
way, then the other, to produce a substantial resultant probability 

Figure 10.1  Diffraction at a small aperture. (a) Huygens’s wavelets.  
(b) The classical wave picture. (c) The view via QED and probability  
amplitudes.
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Figura 2. Esquema da difração através de uma abertura em um obstáculo opaco. Extráıda da

figura 10.1 de [1].

fase, para além do anteparo elas vão todas interferir construtivamente (em diferentes graus,

mas praticamente só interferem construtivamente porque a diferença de caminho óptico (ou

diferença de fase) vai ser sempre bem menor que um comprimento de onda), qualquer que

seja o ponto P . É o que se vê na figura 1(c).

Então, se o comprimento de onda é grande comparado à abertura da fenda, as ondas

vão se espalhar em ângulos grandes na região além (ou atrás) do obstáculo. De fato quanto

menor a abertura, mais esféricas são as ondas difratadas e maior será a região iluminada do
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anteparo.

A situação oposta ocorre quando o comprimento de onda é menor que a abertura

no anteparo como visto na figura 1(a). A área correspondente aos pontos do anteparo

para os quais o comprimento de onda é maior que a diferença de caminho óptico entre os

raios provenientes das extremidades da abertura, é restrita à região praticamente em frente

a abertura (onde (AP − BP ) é pequeno). Nessa região, as ondas esféricas secundárias

provenientes da abertura interferem construtivamente com intensidade alta. Fora dessa

região começa a interferência destrutiva ou “sombra”.

Na verdade, pode haver outras regiões, em ângulos maiores, onde vai ocorrer in-

terferência construtiva, mas a intensidade terá cáıdo tanto que essas regiões são pratica-

mente inobserváveis. A sombra geométrica descrita classicamente corresponderia ao limite

de λ→ 0.

Dependendo da relação entre o comprimento de onda incidente e a dimensão da

abertura, será posśıvel observar regiões de interferência construtiva e de interferência des-

trutiva para além do anteparo. Ou seja, nessa situação é posśıvel observar um padrão de

máximos e mı́nimos que é conhecido como figura de difração.

Pode-se concluir que, do ponto de vista qualitativo, o prinćıpio de Huygens-Fresnel

leva à conclusão de que a luz (ou outra onda qualquer) sofre difração e isso ocorre devido à

interferência. Analisando o fenômeno qualitativamente, do ponto de vista da eletrodinâmica

quântica chega-se à mesma conclusão. Do ponto de vista quantitativo, o tratamento da

difração baseado nesse prinćıpio apresenta alguns dificuldades. Depois de Huygens, Kirchhoff

refinou a análise do fenômeno e levou à formulação do prinćıpio de Huygens-Fresnel como

uma consequência direta da equação de onda.

A teoria de Kirchhoff, entretanto, também é uma aproximação. Foi somente em

1896 que A. J. W. Sommerfeld chegou à primeira solução exata para uma configuração

difratora particular (e simples) utilizando a teoria eletromagnética da luz. Soluções exatas

desse tipo não existem, ainda hoje, para muitas configurações de interesse prático. Portanto,

no presente estudo vamos nos ater a soluções obtidas com os tratamentos mais simples, mas

aproximados, desenvolvidos por Huygens-Fresnel e Kirchhoff. Essas soluções provaram ser

adequadas para os casos que nos propomos a estudar.

3 Difração de Fresnel e Difração de Fraunhofer

Vamos supor que temos uma tela opaca que indicaremos por Σ que contenha uma única e

pequena abertura e que essa tela seja iluminada por ondas planas de luz.

Como já mencionado, pode ocorrer o fenômeno de difração. Se isso ocorre pode-se

pensar que a difração é uma consequência da interação das ondas eletromagnéticas com o
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material da tela. Então, seria interessante examinar (muito rapidamente) o que de fato está

ocorrendo dentro do material dessa tela quando atingido por radiação eletromagnética.

Considerando a tela Σ em uma escala submicroscópica, podemos imaginar que a

nuvem eletrônica de cada átomo é colocada para vibrar pelo campo elétrico da radiação

incidente. O modelo clássico que descreve os elétrons como osciladores vibrando e reemitindo

com a mesma frequência da fonte, funciona muito bem para a descrição desse fenômeno,

portanto, não é necessário nos preocuparmos aqui com a descrição quântica da difração.

A amplitude e a fase de um desses osciladores dentro da tela vão ser definidas pelo

campo elétrico local que o envolve, que por sua vez, é a superposição do campo eletro-

magnético incidente e dos campos de todos os outros elétrons que estão oscilando.

Se a tela é opaca e não contém aberturas, observa-se que quando for iluminada de um

lado, não haverá campo óptico do outro lado. Do ponto de vista clássico, pode-se compreen-

der esse efeito considerando que os elétrons perto da superf́ıcie iluminada vão ser colocados

para oscilar pela radiação incidente. Portanto, eles vão emitir energia eletromagnética que

poderá ser refletida para trás, ou absorvida pelo material, ou ambos. Se o material é opaco,

os campos da onda incidente e o da onda emitida pelos elétrons-osciladores vão se superpor

de tal maneira que se cancelam completamente na região não iluminada do anteparo. Em

geral, a onda incidente se propaga para além dos elétrons-osciladores da superf́ıcie do an-

teparo, excitando mais elétrons que vão irradiar e essa radiação emitida tende a cancelar a

onda incidente. Assim, à medida que ela penetra no material, a onda incidente vai ficando

cada vez mais fraca até sumir completamente, se o material do anteparo for suficientemente

espesso. A espessura é importante porque mesmo materiais opacos, como metais em geral,

ficam semitransparentes quando usinados sob forma de folhas muito finas.

Agora vamos ver o que acontece quando fazemos uma abertura pequena no centro da

tela, ou seja, retiramos um pequeno disco dessa tela. Os elétrons-osciladores que estavam na

parte que foi removida não vão mais afetar os demais elétrons, entretanto, por simplicidade,

vamos assumir que a interação mútua entre os elétrons-osciladores é despreźıvel. Isso quer

dizer que os elétrons que continuam na tela não vão ser afetados pela remoção dos elétrons

pertencentes ao disco retirado.

O campo eletromagnético na região não iluminada, ou além da tela, vai ser o campo

que existia áı antes da retirada do disco (ou seja, nulo) menos a contribuição dessa parte reti-

rada. Exceto pelo sinal, é como se a fonte e a tela não existissem e o campo eletromagnético

fosse aquele emitido pelos elétrons-osciladores pertencentes ao disco retirado. Que é justa-

mente a essência do que diz o prinćıpio de Huygens-Fresnel.

Se quisermos ser mais realistas, no mı́nimo, devemos esperar que essa aproximação,

que considera despreźıvel a interação entre os elétrons-osciladores, não pode valer em qual-

quer situação. O bom senso diz que deve haver uma interação de curto alcance, já que

o campo produzido por esses osciladores decai com a distância. Nesse caso os elétrons na
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vizinhança da abertura vão ser afetados quando uma parte da tela, ou disco, é retirada.

Para aberturas grandes o número de elétrons-osciladores do disco retirado é muito

maior que o número de elétrons-osciladores ao longo da borda da abertura. Nesses casos, se

o ponto de observação está a uma distância grande do anteparo, se comparada às dimensões

da abertura, a aproximação que despreza a interação entre os elétrons-osciladores entre si,

funciona bem na descrição do fenômeno da difração.

Em outras palavras, nesse caso o prinćıpio de Huygens-Fresnel funciona bem. Isso

pode ser observado na figura 3 a seguir. Essa figura mostra duas fotos de ondas na água, na

foto da esquerda as ondas sofrem difração após passarem por uma abertura em um anteparo e

na foto da direita as ondas são criadas por fontes pontuais, igualmente espaçadas, distribúıdas

ao longo de um intervalo da mesma dimensão da abertura da outra foto. Nota-se que as ondas

são praticamente idênticas a distâncias grandes (comparadas às dimensões da abertura), mas

para regiões próximas da abertura, ou das fontes, as ondas são sensivelmente diferentes.
460 Chapter 10 Diffraction

the oscillator fields drop off with distance. In this physically 
more realistic view, the electrons within the vicinity of the aper-
ture’s edge are affected when the disk is removed. For larger 
apertures, the number of oscillators in the disk is much greater 
than the number along the edge. In such cases, if the point  
of observation is far away and in the forward direction, the 
Huygens–Fresnel Principle should, and does, work well. For 
very small apertures, or at points of observation in the vicinity 
of the aperture, edge effects become important, and we can an-
ticipate difficulties. Indeed, at a point within the aperture itself, 
the electron-oscillators on the edge are of the greatest significance 
because of their proximity. Yet these electrons were certainly not 
unaffected by the removal of the adjacent oscillators of the disk. 
In that case the deviation from the Huygens–Fresnel Principle 
should be appreciable.

10.1.2 Fraunhofer and Fresnel Diffraction

Imagine that we have an opaque screen, g , (like the one in 
Fig. 10.1) containing a single small aperture, which is being  
illuminated by plane waves from a very distant point source,  
S. The plane of observation s is a screen parallel with, and very 
close to, g . Under these conditions an image of the aperture is 
projected onto the screen, which is clearly recognizable despite 
some slight fringing around its periphery (Fig. 10.2). If the plane 
of observation is moved farther away from g , the image of the 
aperture, though still easily recognizable, becomes increasingly 
more structured as the fringes become more prominent. This 
phenomenon is known as Fresnel or near-field diffraction. If 
the plane of observation is moved out still farther, a continuous 
change in the fringes results. At a very great distance from g  
the projected pattern will have spread out considerably, bearing 
little or no resemblance to the actual aperture. Thereafter mov-
ing s essentially changes only the size of the pattern and not its 
shape. This is Fraunhofer or far-field diffraction. If at that 
point we could sufficiently reduce the wavelength of the incom-
ing radiation, the pattern would revert to the Fresnel case. If l 

involved; what actually takes place within the material of the 
opaque object?

One possible description is that a screen may be considered 
to be a continuum; that is, its microscopic structure may be ne-
glected. For a nonabsorbing metal sheet (no joule heating, there-
fore infinite conductivity) we can write Maxwell’s Equations for 
the metal and for the surrounding medium, and then match the 
two at the boundaries. Precise solutions can be obtained for very 
simple configurations. The reflected and diffracted waves then 
result from the current distribution within the sheet.

Examining the screen on a submicroscopic scale, imagine 
the electron cloud of each atom set into vibration by the electric 
field of the incident radiation. The classical model, which 
speaks of electron-oscillators vibrating and reemitting at the 
source frequency, serves quite well so that we need not be con-
cerned with the quantum-mechanical description. The ampli-
tude and phase of a particular oscillator within the screen are 
determined by the local electric field surrounding it. This in 
turn is a superposition of the incident field and the fields of all 
the other vibrating electrons. A large opaque screen with no 
apertures, be it made of black paper or aluminum foil, has one 
obvious effect: there is no optical field in the region beyond it. 
Electrons near the illuminated surface are driven into oscilla-
tion by the impinging light. They emit radiant energy, which is 
ultimately “reflected” backward, absorbed by the material, or 
both. In any case, the incident wave and the electron-oscillator 
fields superimpose in such a way as to yield zero light at any 
point beyond the screen. This might seem a remarkably special 
balance, but it actually is not. If the incident wave were not 
canceled completely, it would propagate deeper into the mate-
rial of the screen, exciting more electrons to radiate. This in turn 
would further weaken the wave until it ultimately vanished (if 
the screen were thick enough). Even an ordinarily opaque mate-
rial such as silver, in the form of a sufficiently thin sheet, is 
partially transparent (recall the half-silvered mirror).

Now, remove a small disk-shaped segment from the center 
of the screen, so that light streams through the aperture. The 
oscillators that uniformly cover the disk are removed along with 
it, so the remaining electrons within the screen are no longer 
affected by them. As a first and certainly approximate approach, 
assume that the mutual interaction of the oscillators is essen-
tially negligible; that is, the electrons in the screen are com-
pletely unaffected by the removal of the electrons in the disk. 
The field in the region beyond the aperture will then be that 
which existed before the removal of the disk, namely zero, mi-
nus the contribution from the disk alone. Except for the sign, it 
is as if the source and screen had been taken away, leaving only 
the oscillators on the disk, rather than vice versa. In other words, 
the diffraction field can be pictured as arising exclusively from 
a set of fictitious noninteracting oscillators distributed uniformly 
over the region of the aperture. This of course, is the essence of 
the Huygens–Fresnel Principle.

We can expect, however, that instead of no interaction at all 
between electron-oscillators, there is a short-range effect, since 

Ripple-tank photos. In one case, the waves are simply diffracted by a slit; in 
the other, a series of equally spaced point sources span the aperture and 
generate a similar pattern. (PSSC Physics, D. C. Heath, Boston, 1960. Cengage Learning)
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Figura 3. Fotos de ondas na água. À esquerda as ondas são difratadas e à direita são geradas

por fontes pontuais. Extráıda de [1].

A conclusão é que para o caso de aberturas muito pequenas se comparadas ao

comprimento de onda ou para pontos de observação próximos à abertura, os efeitos de

borda se tornam importantes e o prinćıpio de Huygens-Fresnel não consegue mais explicar

o fenômeno.

Resumindo tudo que foi dito, se temos uma tela opaca com uma abertura pequena e

a iluminamos com uma frente de ondas planas provenientes de uma fonte distante, o que vai

ser observado depende da distância que o plano de observação vai estar da tela que contém

a abertura.

Se esse plano ou anteparo está muito próximo e paralelo à tela Σ, a imagem da

abertura é projetada nesse anteparo e a forma da abertura será claramente reconhećıvel

(poderá haver algum pequeno efeito de franja luminosa nas bordas da imagem). Se o plano

de observação é movido para uma distância um pouco maior da abertura, a imagem projetada

da abertura ainda será reconhećıvel, mas terá estruturas bem viśıveis, à medida que as franjas

de difração ficam mais proeminentes. Esse fenômeno é conhecido como difração de Fresnel
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ou difração de campo próximo. Se o plano de observação é afastado ainda mais da abertura,

nota-se uma mudança cont́ınua na imagem da abertura nele projetada, como se pode ver na

figura 4 a seguir.
 10.1 Preliminary Considerations 461

their relative strengths. When S is nearby, compared with the 
size of the aperture, a spherical wavefront will illuminate the 
hole. The distances from S to each point on the aperture will be 
different, and the strength of the incident electric field (which 
drops off inversely with distance) will vary from point to point 
over the diffracting screen. That would not be the case for 
incoming homogeneous plane waves. Much the same thing is 
true for the diffracted waves going from the aperture to P. Even 
if they are all emitted with the same amplitude, if P is nearby, 
the waves converging on it are spherical and vary in amplitude, 
because of the different distances from various parts of the 
aperture to P. Ideally, for P at infinity (whatever that means) 
the waves arriving there will be planar, and we need not worry 
about differences in field strength. That too contributes to the 
simplicity of the limiting Fraunhofer case.

As a practical rule-of-thumb, Fraunhofer diffraction will  
occur at an aperture (or obstacle) of greatest width b when

R 7 b2>l
where R is the smaller of the two distances from S to g  and g  to P (Problem 10.1). Of course, when R = ∞  the finite 
size of the aperture is of little concern. Moreover, an increase 
in l clearly shifts the phenomenon toward the Fraunhofer 
extreme.

were decreased even more, so that it approached zero, the fringes 
would disappear, and the image would take on the limiting shape 
of the aperture, as predicted by Geometrical Optics. Returning to 
the original setup, if the point source was now moved toward g , 
spherical waves would impinge on the aperture, and a Fresnel 
pattern would exist, even on a distant plane of observation.

Consider a point source S and a point of observation P, where 
both are very far from g  and no lenses are present (Problem 
10.1). As long as both the incoming and outgoing waves ap-
proach being planar (differing therefrom by a small fraction 
of a wavelength) over the extent of the diffracting apertures (or  
obstacles), Fraunhofer diffraction obtains. Another way to  
appreciate this is to realize that the phase of each contribution at 
P, due to differences in the path traversed, is crucial to the deter-
mination of the resultant field. Moreover, if the wavefronts im-
pinging on, and emerging from, the aperture are planar, then 
these path differences will be describable by a linear function of 
the two aperture variables. This linearity in the aperture vari-
ables is the definitive mathematical criterion of Fraunhofer 
diffraction. On the other hand, when S or P or both are too near g  for the curvature of the incoming and outgoing wavefronts to 
be negligible, Fresnel diffraction prevails.

Each point on the aperture is to be visualized as a source of 
Huygens wavelets, and we should be a little concerned about 

Figure 10.2  (a) A succession of diffraction patterns at increasing distance form a single slit; Fresnel 
at the  bottom (nearby), going toward Fraunhofer at the top (faraway). The gray band corresponds to 
the width of the slit. (Based on Fundamentals of Waves and Oscillations by K. U. Ingard, Cambridge University Press, 1988,  

page 323.) (b) The far-field kicks in at a distance of very roughly R, where R 7 b2>l.

(a) (b)

b
R u
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Figura 4. Sucessão de figuras de difração observadas a distâncias decrescentes da fenda. A

figura do topo é uma figura de difração de Fraunhofer e a da base é uma figura de

difração de Fresnel da mesma fenda. Extráıda da figura 10.2 de [1].

Finalmente, a uma distância muito grande, do plano de observação em relação à tela

que contém a abertura, praticamente não haverá mais semelhança entre a imagem observada

nesse plano e a forma da abertura, porque as franjas que começaram a aparecer antes vão

se espalhar. A partir dáı, se o anteparo de observação for afastado ainda mais, só muda a

largura desse padrão de franjas luminosas. Esse é caso da difração de Fraunhofer ou difração

de campo distante.

Nesta experiência vamos considerar somente o caso da difração de Fraunhofer. Por-

tanto, temos que satisfazer as duas condições acima, ou seja, tanto a fonte quanto o plano de

observação devem estar muito distantes da fenda. Ou, colocando de outra maneira, tanto a

onda que chega quanto a que deixa a abertura na tela, têm que ser planas. Essas condições

garantem a linearidade da relação entre as dimensões da abertura, o comprimento de onda

e a distância do plano de observação à fenda, que é o critério matemático da difração de

Fraunhofer. Há uma discussão mais completa sobre esse assunto no caṕıtulo 10, seção 10.1.2

do livro Optics de E. Hecht [1].
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4 Difração de Fraunhofer

Para entender como se processa a difração de Fraunhofer por uma fenda longa e de largura

infinitesimal, substitúımos a fenda por uma linha de osciladores coerentes, pontuais, um ao

lado do outro. Essa é uma boa aproximação se a onda que chegou a essa fenda era plana. A

figura 5 a seguir mostra uma linha desses emissores pontuais.

464 Chapter 10 Diffraction

Examine Fig. 10.5, which depicts an idealized line source of 
electron-oscillators (e.g., the secondary sources of the Huygens–
Fresnel Principle for a long slit whose width is much less than l, 
illuminated by plane waves). Each point emits a spherical wave-
let, which we write as

E = ae0

r
b sin (vt - kr)

explicitly indicating the inverse r-dependence of the amplitude. 
The quantity e0 is said to be the source strength. The present 
situation is distinct from that of Fig. 10.4, since now the sources 
are very weak; their number, N, is tremendously large; and the 
separation between them is vanishingly small. A minute but fi-
nite segment of the array ∆yi will contain ∆yi(N>D) sources, 
where D is the entire length of the array. Imagine that the array 
is divided up into M such segments (i.e., i goes from 1 to M). 
The contribution to the electric-field intensity at P from the ith 
segment is accordingly

Ei = ae0

ri
b sin (vt - kri) aN∆yi

D
b

provided that ∆yi is so small that the oscillators within it have a 
negligible relative phase difference (ri = constant), and their 
fields simply add constructively. We can cause the array to be-
come a continuous (coherent) line source by letting N approach 
infinity. This description, besides being fairly realistic on a 
macroscopic scale, also allows the use of the calculus for more 
complicated geometries. Certainly as N approaches infinity, the 
source strengths of the individual oscillators must diminish to 
nearly zero, if the total output is to be finite. We can therefore 
define a constant eL as the source strength per unit length of 
the array, that is,

 eL K
1
D

 lim
N S ∞

(e0N ) (10.8)

idealized line source of electron-oscillators separated by atom-
ic distances, we could expect only that one principal maximum 
in the light field.

An antenna array like the one in the above photo can trans-
mit radiation in the narrow beam or lobe corresponding to a 
principal maximum. (Parabolic dishes reflect in the forward di-
rection, and the radiation pattern is no longer symmetrical 
around the common axis.) Suppose that we have a system in 
which we can introduce an intrinsic phase shift of P between 
adjacent oscillators. In that case

d = kd sin u + P

The various principal maxima will occur at new angles

d sin um = ml - P>k

Concentrating on the central maximum m = 0, we can vary its 
orientation u0 at will by merely adjusting the value of P.

The Principle of Reversibility, which states that without 
absorption, wave motion is reversible, leads to the same field 
pattern for an antenna used as either a transmitter or a receiver. 
The array, functioning as a radio telescope, can therefore  
be “pointed” by combining the output from the individual  
antennas with an appropriate phase shift, P, introduced be-
tween each of them. For a given e the output of the system 
corresponds to the signal impinging on the array from a spe-
cific direction in space (see the discussion of phased array 
radar, p. 106).

The telescope in the above photograph shows the first mul-
tiple radio interferometer, designed by W. N. Christiansen and 
built in Australia in 1951. It consisted of 32 parabolic antennas, 
each 2 m in diameter, designed to function in-phase at the wave-
length of the 21-cm hydrogen emission line. The antennas are 
arranged along an east–west base line with 7 m separating each 
one. This particular array utilized the Earth’s rotation as the 
scanning mechanism.*

*See E. Brookner, “Phased-array radars,” Sci. Am. (Feb. 1985), p. 94.

An early interferometric 
radio telescope at the 
University of Sydney, 
Australia (N = 32, l = 21
cm, d = 7 m, 2 m diameter, 
700 ft. east–west base line). 
(W.N. Christiansen)

x

P
R

∆yi

D�2

–D
�2

z

y

u

ri

Figure 10.5  A coherent line source.
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Figura 5. Linha de fontes pontuais coerentes que simula uma fenda longa de largura infinitesi-

mal. Extráıda da figura 10.5 de [1].

Para poder fazer o tratamento de Fraunhofer, o plano ou anteparo de observação

deve estar a uma distância muito grande da fenda, em relação ao comprimento dessa linha

de fontes pontuais (R� D). Quando isso ocorre, pode-se deduzir uma equação que descreve

a irradiância dessa linha ideal de emissores. A irradiância (I) de uma fonte de ondas eletro-

magnéticas é definida como sendo a energia média emitida por unidade de área, por unidade

de tempo (no caso da linha, por unidade de comprimento, já que a largura é infinitesimal).

Isso é a média, no tempo, da magnitude do vetor de Poynting e é proporcional ao quadrado

da amplitude do campo elétrico emitido. No caso da linha de fontes pontuais da figura 5, a

irradiância é:

I(θ) = I(0)

(
sen β

β

)2

β =
πD

λ
sen θ

(2)

onde θ é o ângulo medido a partir do plano x-z, I(0) é a irradiância para θ = 0, que
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corresponde ao máximo principal, λ é o comprimento de onda emitido e D é o comprimento

da linha de emissores. Essa equação é válida para qualquer plano que contenha o eixo y

(planos paralelos ao plano y-z) e sua dedução é feita passo a passo no caṕıtulo 10, seção 10.2

do livro Optics de E. Hecht [1].

Vamos examinar a variável β na equação (2):

β =
πD

λ
sen θ

Se o comprimento da linha de fontes for muito maior que o comprimento de onda da radiação

emitida, D � λ, β se torna muito grande e, portanto, I(θ) fica muito pequeno. Em outras

palavras, I(θ) cai muito rapidamente quando θ se desvia de zero (lembrando que para β = 0

a função [sen β/β] = 1). A fase das ondas emitidas pela linha de fontes é equivalente à

de uma fonte pontual localizada no centro da linha de emissores (isso pode ser observado

na demonstração mencionada acima). Então, podemos considerar que a linha de fontes

pontuais é equivalente a uma única fonte pontual, localizada no centro dessa linha e emitindo

predominantemente ao longo do eixo x (θ = 0). Ou seja, a emissão se assemelha a uma onda

circular no plano x-z.

Podemos agora considerar o caso da difração de Fraunhofer para uma fenda retan-

gular de comprimento D e largura d.

Quando não é posśıvel afastar a fonte e o anteparo de observação suficientemente

da fenda, as condições de Fraunhofer podem ser satisfeitas com o aux́ılio de duas lentes

convergentes, que simulam essas condições de fonte e plano de observação muito distantes

da fenda. A figura 6 abaixo mostra a formação da figura de difração nesse caso.
466 chapter 10 Diffraction

It also follows from Eq. (10.19) that when

b cos b - sin b = 0

  tan b = b (10.21)

The solutions to this transcendental equation can be deter-
mined graphically, as shown in Fig. 10.8. The points of inter-
section of the curves ƒ1(b) = tan b with the straight line 
ƒ2(b) = b are common to both and so satisfy Eq. (10.21). Only 
one such extremum exists between adjacent minima [Eq. (10.20)], 
so that I(u) must have subsidiary maxima at these values of 
b (viz, ±1.430 3p, ±2.459 0p, ±3.470 7p, . . .).

There is an essentially nonmathematical way to appreciate 
what’s happening here with the aid of Fig. 10.9, which depicts 
a long narrow slit in profile (aligned perpendicular to the page). 
We envision every point across the aperture emitting Huygens’s 
wavelets. That corresponds to a flood of electromagnetic waves, 
all of the same amplitude, phase, and wavelength, since we as-
sume that the slit is illuminated perpendicularly by homogeneous 
monochromatic EM plane waves. The net wave propagating in 
the forward direction is represented by a ray bundle in Fig. 
10.9a, and it constitutes the undiffracted beam. When dealing 
with Fraunhofer diffraction for some sort of aperture illumi-
nated like this, there will always be just such a central beam. If 
the viewing screen is very far away, or equivalently, if there is a 
large positive lens near the aperture (like that in Fig. 10.7e), a 
bright region will always appear at the center of the screen 
where all the wavelets arrive in-phase and constructively inter-
fere, since they all travel equal optical path lengths (OPLs).

xz-plane. This is certainly reasonable, since the slit is long and 
the merging wavefronts are practically unobstructed in the slit 
direction. There will thus be very little diffraction parallel to the 
edges of the slit. The problem has been reduced to that of find-
ing the field in the xz-plane due to an infinite number of point 
sources extending across the width of the slit along the z-axis. 
We then need only evaluate the integral of the contribution dE 
from each element dz in the Fraunhofer approximation. But 
once again, this is equivalent to a coherent line source, so that 
the complete solution for the slit is, as we have seen,

 I(u) = I(0) asin b

b
b

2

 [10.17]

provided that

  b = (kb>2) sin u (10.18)

and u is measured from the xy-plane (see Problem 10.2). Note 
that here the line source is short, D = b, b is not large, and al-
though the irradiance falls off rapidly, higher-order subsidiary 
maxima will be observable. The extrema of I(u) occur at values 
of b that cause dI>db to be zero, that is,

 
dI
db

= I(0) 
2 sin b(b cos b - sin b)

b3 = 0 (10.19)

The irradiance has minima, equal to zero, when sin b = 0, 
whereupon

 b = ±p, ±2p, ±3p, . . . (10.20)

(a)

S

L1

L2

Figure 10.6  (a) Single-slit Fraunhofer diffrac-
tion. (b) Diffraction pattern of a single vertical 
slit under point-source illumination. (E.H.)(b) 
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Figura 6. Difração de Fraunhofer para uma fenda retangular e foto da figura produzida por

essa fenda. Extráıda da figura 10.6 de [1].

A primeira lente torna planas as ondas esféricas provenientes da fonte próxima e, a

segunda, traz a figura de difração de Fraunhofer, que se formaria longe da fenda, para uma

posição mais próxima.
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O procedimento usual para encontrar o padrão de intensidades da figura de difração

desse tipo de abertura é dividir a fenda em uma série de tiras longas (de comprimento D e

largura dz) paralelas ao eixo y, como mostrado na figura 7.
 10.2 Fraunhofer Diffraction 467

one coming from just below the top, and so on; all across the 
aperture such wavelet pairs will cancel, yielding a minimum on 
the viewing screen at angle u1. In other words, the resultant 
electric-field amplitude at angle u1 will be zero on the viewing 
screen. And since the irradiance goes as the electric-field ampli-
tude squared, at the angle u1 above and below the axis, there 
will be no light, and we say that the irradiance of the central 
maximum has dropped to zero at those first minima.

As u increases further, there will again be a net electric-field 
amplitude, albeit small, and the irradiance will rise once more 
to form a secondary, or subsidiary maximum. We’ll see how that 
happens presently when we study the corresponding phasors.  

With light emerging from the slit in all directions, let’s ex-
amine the particular beam depicted in Fig. 10.9b. There is now 
a difference in OPL to the viewing screen for EM wavelets 
emitted across the aperture, and that difference depends on the 
angle of the beam, u, measured from the central axis. For the 
particular beam in Fig. 10.9b traveling at u1, the variation in 
path length between wavelets from the top and bottom of the slit 
was arranged to be equal to l. Since b is the slit width, that 
path-length difference is expressible as b sin u1 = l. Wavelets 
from the middle of the slit will arrive at the viewing screen lag-
ging wavelets from the top by 1

2l, and so cancel each other.
Similarly, a wavelet emitted from just below the center will cancel 

Figure 10.7  (a) Point-P on s is essentially infinitely far from g . (b) Huygens wavelets emitted 
across the aperture. (c) The equivalent representation in terms of rays. Each point emits rays in all 
directions. The parallel rays in various directions are seen. (d) These ray bundles correspond to plane 
waves, which can be thought of as the three-dimensional Fourier components. (e) A single slit illumi-
nated by monochromatic plane waves showing the resulting irradiance distribution.
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Figura 7. (a) A fenda retangular é simulada por uma série de linhas emissoras de comprimento

D e largura dz; (b) Ondas emitidas pelas fontes pontuais de Huygens que preenchem a

fenda; (c) A representação equivalente em termos de raios; (d) Os raios correspondem

a ondas planas; (e) A fenda iluminada por luz monocromática e a figura de difração

de Fraunhofer. Extráıda da figura 10.7 de [1].

Ao representarmos uma fenda de largura finita por uma série de fendas de largura

infinitesimal, podemos substituir cada uma delas por uma linha de fontes pontuais, que por

sua vez são equivalentes a emissores pontuais localizados em seu centro, ou ao longo da

largura da fenda, sobre o eixo z.

Como vimos, cada um desses emissores vai irradiar uma onda esférica, no plano

x-z, centrada em y = 0. Desta maneira o problema fica reduzido a encontrar o campo

resultante emitido no plano x-z, devido a uma linha de fontes pontuais que se estende ao

longo da largura (e não do comprimento) da fenda. Isso é fácil de resolver, é só integrar a

contribuição ao campo, dE, (já obtida para uma linha de fontes pontuais, equação (2)) de

cada linha de fontes pontuais de largura dz, e obtemos:

I(θ) = I(0)

(
sen β

β

)2

(3)

que tem a mesma forma da equação (2) porque a simetria é a mesma, só que β é dado por:

β =
kd

2
sen θ

k =
2π

λ

(4)
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onde k é o número de onda e d é a largura da fenda.

Neste caso, ao contrário do que foi analisado antes (linha longa de fontes pontuais,

D � λ), o comprimento da linha de fontes pontuais é pequeno, portanto, β não vai ser

grande, e, embora a intensidade caia rapidamente, máximos secundários de interferência

serão observáveis.

Falta obter as posições dos máximos e mı́nimos de difração para essa fenda. Para

obter os mı́nimos derivamos a equação (3) em relação a β e igualamos a zero. É fácil verificar

que os mı́nimos ocorrem para sen β = 0, que corresponde a:

β = ±π,±2π,±3π, . . . =
πd

λ
sen θ (5)

ou a intensidade I(θ) se anula quando:

dsen θ = mλ com m = ±1,±2,±3, . . . (6)

A figura 8 mostra as intensidades relativas dos máximos para a difração de Frau-

nhofer de uma fenda retangular simples.472 Chapter 10 Diffraction

The light wave that propagates beyond the aperture screen is 
fairly complicated, having different amplitudes in different di-
rections (i.e., along different values of u) throughout the space. 
Using the setup of Fig. 10.3 with a lens L2 of focal length ƒ, we 
plot the resulting normalized amplitude of the electric field, and 
the normalized irradiance, in Fig. 10.14. Recall that a negative 
value of the electric-field amplitude indicates that at that loca-
tion it’s 180°out-of-phase with the field of the central maximum. 

Earlier we studied Young’s Experiment and used an initial 
small hole (Fig. 9.10) or slit (Fig. 9.11) to restrict the light that 
would then arrive at the aperture screen. What we were doing 
was arranging to illuminate the two apertures (two pinholes or 
two slits) in the second screen within the central maximum of 
the diffraction pattern of the initial hole. Thus if the first opaque 

TAblE 10.1  Single-Slit Fraunhofer Diffraction

 b ± Normalized Normalized Maximum 
       Amplitude Irradiance or Minimum

 0 1 1 Max.

 p 0 0 Min.

1.430 3p -0.217 0.047 Max.

 2p 0 0 Min.

2.459 0p 0.128 0.016 Max.

 3p 0 0 Min.

3.470 7p -0.091 0.008 Max.

 4p 0 0 Min.
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Figure 10.13 The Fraunhofer diffraction pattern of a single slit. (a) This is 
the irradiance distribution. (b) Normalized irradiance for different slit 
widths: b = l, 2l, 4l, and 10l.
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Figura 8. Intensidades relativas dos máximos para difração de Fraunhofer. Extráıda da figura

10.13 de [1].

Uma outra maneira de entender mais facilmente o que está se passando, quando

esse fenômeno ocorre, é observar a figura 9 a seguir. Temos uma fenda simples, de largura

d, em uma tela opaca e ondas planas que chegam e saem dela, representadas por feixes de

raios paralelos.

Como já foi discutido, podemos imaginar que cada ponto da fenda está emitindo em

todas as direções no plano x-z. A luz que continua a se propagar para frente, em direção

ao anteparo de observação, ilustrada na figura 9(a), representa o feixe não difratado, em

que todos os raios chegam em fase no anteparo. Essa região do anteparo estará iluminada e

aparecerá como uma mancha clara. A figura 9(b) mostra um conjunto espećıfico de raios que
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Figure 10.9  The diffraction of light in various 
directions. Here the aperture is a single slit, as 
in Fig. 10.7. Zeros of irradiance occur when 
b sin um = ml, as in parts (b) and (c). The 
inserts depict the development of Huygens’s 
wavelets. In all cases the incident light is in the 
form of plane waves.

circle and the end with a white arrowhead. The length of the 
arc is fixed equal to the length of the string of phasors in 
Fig. 10.10b, namely, E0(0).

For each and every value of u there will be a specific con-
figuration of the vibration curve. As u increases, the OPL differ-
ence between wavelets from the aperture’s edges increases, the 
relative phase angle between individual phasors increases, and 
the vibration curve spirals around, getting tighter (the radius of 
the circular arc decreases) at each location that is farther from 
the central axis. That means the maximum possible resultant am-
plitude gets smaller as P moves away from the central axis. For 
values of b between those of point-2 and point-3 in Fig. 10.10a 
the semicircular arc of the vibration curve of Fig. 10.10d now 

bends upward a bit more, closing somewhat as the radius de-
creases, because the arc length remains constant. This is shown 
in Fig. 10.10e. The radii drawn to the first tail and the last tip 
now subtend an angle greater than 180°. The resultant is still left-
to-right and positive, but it has decreased in magnitude. 

At point-3 in Fig. 10.10a, d1 = 2b = 2p, or one wavelength, 
and we have the situation depicted in Fig. 10.9b where the 
wavelets cancel one another. The arc composed of infinitesimal 
phasors (Fig. 10.10e) rises and curls over on the left and right as 
the radius shrinks until the curve closes at the top (imagine the 
tiny reference phasor still in place at the bottom) and the resul-
tant goes to zero; the amplitude of the electric field is zero at 
point-3. The center of the arc of the vibration curve is now the 
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Figura 9. Difração da luz em fenda simples, em várias direções. Extráıda da figura 10.9 de [1].

saem da fenda formando um ângulo θ1 com o eixo x. A diferença de caminho máxima entre

esses raios (que é a diferença de caminho entre os raios que partem dos extremos da fenda)

será dsen θ1. Vamos fazer com que essa diferença de caminho seja igual a um comprimento

de onda λ:

dsenθ1 = λ ou sen θ1 = ±λ
d

(7)

Então, a diferença de caminho óptico (diferença de fase) entre o raio que sai do

ponto central da fenda e o raio que saiu o topo da fenda será λ/2, ou seja, eles estarão

λ/2 fora de fase, portanto se cancelam exatamente. Analogamente, um raio que sai do

ponto imediatamente abaixo do topo da fenda vai ser cancelado pelo raio que saiu do ponto

imediatamente abaixo do ponto central da fenda. E assim sucessivamente, para os pares de

raios que saem dos pontos sucessivamente abaixo dos acima mencionados. E, pela mesma

razão, a soma desses raios vai ter intensidade zero gerando um mı́nimo de difração.

À medida que o ângulo θ aumenta, uma fração pequena dos raios que saem da fenda

vai de novo interferir construtivamente e vamos observar um segundo máximo bem menos

intenso que o máximo principal.

Se o ângulo θ continuar aumentando, ele vai chegar a um valor tal que dsen θ2 = 2λ.
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Nesse caso, vamos imaginar a fenda dividida em quatro partes, e, exatamente com foi descrito

acima, vai acontecer que o raio proveniente do topo da fenda vai ser cancelado pelo raio do

topo da segunda parte, porque eles estarão exatamente λ/2 fora de fase. Pela mesma razão,

o raio do topo da terceira parte da fenda vai ser cancelado pelo raio do topo da quarta parte

e assim sucessivamente, para os pares de raios da primeira e da segunda e os da terceira e da

quarta parte respectivamente. Em outras palavras, pares de raios provenientes dos mesmos

pontos de segmentos adjacentes da fenda estarão λ/2 fora de fase e se cancelarão produzindo

um novo mı́nimo.

Generalizando, mı́nimos de difração vão aparecer quando:

dsen θ = mλ com m = ±1,±2,±3, . . .

que é a equação (6).

5 Difração em fenda dupla

Vamos supor que temos duas fendas retangulares, longas de largura b e separação centro a

centro igual a a, como se pode observar na figura 10.
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stant relative phase difference between the secondary sources. 
At normal incidence, the wavelets are all emitted in-phase. The 
interference fringe at a particular point of observation is deter-
mined by the differences in the optical path lengths traversed 
by the overlapping wavelets from the two slits. As we will see, 
the flux-density distribution (Fig. 10.18) is the result of a rap-
idly varying double-slit interference system modulated by a 
single-slit diffraction pattern. 

To obtain an expression for the optical disturbance at a point 
on s, we need only slightly reformulate the single-slit analysis. 
Each of the two apertures is divided into differential strips (dz 
by /), which in turn behave like an infinite number of point 
sources aligned along the z-axis. The total contribution to the 
electric field, in the Fraunhofer approximation [Eq. (10.12)], is 
then

 E = C3b>2

-b>2
 F(z) dz + C3a + b>2

a - b>2
 F(z) dz (10.22)

where F(z) = sin [vt - k(R - z sin u)]. The constant-amplitude 
factor C is the secondary source strength per unit length along 
the z-axis (assumed to be independent of z over each aperture) 
divided by R, which is measured from the origin to P and is 
taken as constant. We will be concerned only with relative flux 
densities on s, so that the actual value of C is of little interest to 
us now. Integration of Eq. (10.22) yields

E = bC a sin b

b
b [sin(vt - kR) +  sin (vt - kR + 2a)] (10.23)

pattern. Suppose now that we have two long slits of width b 
and center-to-center separation a (Fig. 10.17). Each aperture, 
by itself, would generate the same single-slit diffraction pattern 
on the viewing screen s. At any point on s, the contributions 
from the two slits overlap, and even though each must be es-
sentially equal in amplitude, they may well differ significantly 
in-phase. Since the same primary wave excites the secondary 
sources at each slit, the resulting wavelets will be coherent, and 
interference must occur. If the primary plane wave is incident 
on g  at some angle ui (see Problem 10.2), there will be a con-

Figure 10.17  (a) Double-slit geometry. Point-P on s is essentially infinitely far away.  
(b) A double-slit pattern (a = 3b). A detailed view of a missing order.
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Figure 10.16  The double-slit setup.
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Figura 10. Difração em fenda dupla: geometria da fenda (a), e padrão de difração observado

para a = 3b. Extráıda da figura 10.17 de [1].

Cada uma das duas fendas se estivesse sozinha, geraria a mesma figura de difração

de Fraunhofer, em um anteparo longe da fenda. Com as duas fendas, lado a lado, em

qualquer ponto do anteparo as duas figuras de difração devem se superpor. Embora elas

sejam essencialmente iguais em amplitude, podem ter diferenças de fase apreciáveis.

Como é a mesma onda plana incidente que dá origem às fontes de ondas secundárias

em cada fenda, as ondas secundárias serão coerentes e deve ocorrer interferência entre elas.

Se a incidência da onda plana, na tela opaca Σ que contém as fendas é normal à tela, as

ondas secundárias emitidas pelas fendas estarão em fase. A franja de interferência em um

ponto qualquer do anteparo de observação vai depender da diferença de caminho óptico entre

as ondas secundárias provenientes de cada fenda.

O fato é que o resultado final para a distribuição de densidade de fluxo do campo

elétrico I (irradiância), neste caso, vai ser uma função que varia rapidamente devido à
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interferência modulada pelo padrão de difração de fenda simples. A dedução dessa função é

feita no caṕıtulo 10, seção 10.2.2 do livro Optics de E. Hecht [1]. A função obtida é:

I(θ) = 4I0

(
sen β

β

)2

cos2 α (8)

sendo que I0 é a contribuição de cada fenda na direção θ = 0, e:

β =
kb

2
sen θ

α =
ka

2
sen θ

(9)

onde k = 2π/λ é o número de onda.

Na direção θ = 0 (isto é, quando β = α = 0), como I0 é a contribuição de cada

fenda, I(0) = 4I0 é a irradiância total e o fator 4 vem do fato de que a amplitude do campo

elétrico é duas vezes o que seria caso uma das fendas estivesse coberta.

A figura 11 a seguir é uma foto da figura de difração para uma fenda simples (parte

superior) e para duas fendas idênticas (parte inferior).
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which when squared and averaged over a relatively long inter-
val in time is the irradiance

 I(u) = 4I0 a sin2 b

b2 b cos2 a (10.24)

In the u = 0 direction (i.e., when b = a = 0), I0 is the flux-
density contribution from either slit, and I(0) = 4I0 is the total 
flux density. The factor of 4 comes from the fact that the ampli-
tude of the electric field is twice what it would be at that point 
with one slit covered.

If in Eq. (10.24) b becomes vanishingly small (kb 6 6  1), 
then (sin b)>b ≈ 1, and the equation reduces to the flux-
density expression for a pair of long line sources, that is, Young’s 
Experiment, Eq. (9.17). If, on the other hand, a = 0, the two 
slits coalesce into one, a = 0, and Eq. (10.24) becomes I(0) =  
4I0(sin2 b)>b2. This is the equivalent of Eq. (10.17) for single-
slit diffraction with the source strength doubled. We might 
then envision the total expression as being generated by a 
cos2 a interference term modulated by a (sin2 b)>b2 diffrac-
tion term. 

If the slits are finite in width but very narrow, the diffraction 
pattern from either slit will be uniform over a broad central  
region, and bands resembling the idealized Young’s fringes will 
appear within that region. At angular positions (u-values) where

b = ±p, ±2p, ±3p, . . .

diffraction effects are such that no light reaches s, and clearly 
none is available for interference. At points on s where

a = ±p>2, ±3p>2, ±5p>2, . . .

the various contributions to the electric field will be completely 
out-of-phase and will cancel, regardless of the actual amount of 
light made available from the diffraction process.

When we studied Young’s Experiment for two idealized narrow 
slits, the phase-angle difference was d = ka sin u and a = d>2. We 
saw then (Fig. 9.14c) that whenever d equaled an odd whole-
number multiple of p the wavelets from the two slits were to-
tally out-of-phase and canceled on the viewing screen. In other 
words, the two associated phasors were then antiparallel (i.e., 
oppositely directed), yielding a zero resultant electric-field am-
plitude and a zero irradiance. 

The irradiance distribution for a double-slit Fraunhofer pat-
tern is illustrated in Figs. 10.17b and 10.19. Notice that it is a 
combination of Figs. 9.12 and 10.6. The curve in Fig. 10.7 is for 
the particular case in which a = 3b (i.e., a = 3b). You can get a 
rough idea of what the pattern will look like, since if a = mb, 
where m is any number, there will be 2m bright fringes (counting 
“fractional fringes” as well)* within the central diffraction peak 
(Problem 10.14). An interference maximum and a diffraction 
minimum (zero) may correspond to the same u-value. In that 

with a K (ka>2) sin u and, as before, b K (ka>2) sin u. This is 
just the sum of the two fields at P, one from each slit, as given 
by Eq. (10.15). The distance from the first slit to P is R, giving 
a phase contribution of -kR. The distance from the second slit 
to P is (R - a sin u) or (R - 2a>k), yielding a phase term equal 
to (-kR + 2a), as in the second sine function. The quantity 2b
is the phase difference (kΛ) between two nearly parallel rays, 
arriving at a point-P on s, from the edges of one of the slits. The 
quantity 2a is the phase difference between two waves arriving 
at P, one having originated at any point in the first slit, the other 
coming from the corresponding point in the second slit. Simpli-
fying Eq. (10.23) a bit further, it becomes

E = 2bC asin b

b
b cos a sin (vt - kR + a)

Figure 10.18  Single- and double-slit Fraunhofer patterns. (a) Photographs 
taken with monochromatic light. (M. Cagnet, M. Francon, and J.C.  Thrierr: Atlas optiss-

cher Erscheinungen, Berlin-Heidelberg-New York. Springer-Verlag, New York.) (b) When the slit 
spacing equals b, the two slits coalesce into one (of width 2b) and the sin-
gle-slit pattern appears—that’s the first curve closest to you. The farthest 
curve corresponds to the two slits separated by a = 10b. Notice that the 
two-slit patterns all have their first diffraction minimum at a distance  
from the central maximum of Z0. Note how the curves gradually match  
Fig. 10.17b as the slit width b gets smaller in comparison to the separation a. 
(Reproduced with permission from “Graphical representations of Fraunhofer interference and diffrac-

tion,” Am. J. Phys 62, 6 (1994). A. B. Bartlett, University of Colorado, and B. Mechtly, Northeast 

Missouri State University. Copyright 1994, American Association of Physics Teachers.)
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*Notice that m need not be an integer. Moreover, if m is an integer, there will be 
“half-fringes,” as shown in Fig. 10.17c.
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Figura 11. Fotos de figuras de difração de Fraunhofer para fenda única (superior) e fenda dupla

(inferior). Extráıda da figura 10.18 de [1].

A função I(θ) será zero para valores de θ onde:

β = ±π,±2π,±3π, . . . = mπ com m = ±1,±2,±3, . . . (10)

quando os efeitos da difração são tais que as contribuições das ondas secundárias provenientes

de cada fenda se cancelam. Por outro lado, I(θ) também se anula para pontos do anteparo

que correspondem a:

α = ±π
2
,±3π

2
,±5π

2
, . . . =

(
n+

1

2

)
π com n = 0,±1,±2,±3, . . . (11)

caso em que as contribuições ao campo elétrico de cada uma das fendas estarão completa-

mente fora de fase e somam zero.
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Combinando as equações (10) e (11) com a equação (9), vamos obter as relações

entre as posições dos mı́nimos ou máximos de difração e de interferência e as dimensões das

fendas. Para os mı́nimos de difração se obtém, como anteriormente:

b sen θ = mλ m = ±1,±2,±3, . . . (12)

lembrando que b é a largura da fenda. E para os mı́nimos de interferência:

a sen θ =

(
n+

1

2

)
λ n = 0,±1,±2,±3, . . . (13)

ou, para os máximos de interferência:

a sen θ = nλ n = 0,±1,±2,±3, . . . (14)

onde a é a distância entre as fendas. Então, da medida da separação entre os mı́nimos da

figura de difração pode-se calcular a largura da fenda. E da separação entre os máximos

(ou mı́nimos) do padrão de interferência pode-se calcular a separação entre elas. Para os

dois casos, é necessário que se conheça a distância entre as fendas e o anteparo e que as

condições para a ocorrência da difração de Fraunhofer estejam satisfeitas. Para um estudo

mais detalhado do fenômeno de interferência consultar o caṕıtulo 9 do livro Optics de E.

Hecht [1].

6 Difração em uma abertura quadrada

De maneira intuitiva podemos esperar que uma fenda quadrada seja equivalente a duas

fendas simples cruzadas, e, portanto apresente mais ou menos o mesmo padrão de difração de

Fraunhofer que cada fenda, só que, então, esses padrões apareceriam cruzados. Na verdade,

o padrão de difração de Fraunhofer de uma abertura quadrada é próximo disso.

A dedução completa do padrão de intensidades para essa abertura é apresentada no

caṕıtulo 10, seção 10.2.4 do livro Optics de E. Hecht [1].

Na figura 12 vemos o padrão de difração de Fraunhofer. É posśıvel notar, prin-

cipalmente na figura 12(b) que a analogia com um sistema de duas fendas simples não é

perfeito porque aparecem outros máximos, entre os braços da “cruz” que era esperada. Es-

ses máximos são muito menos intensos que os da “cruz” e dif́ıceis de serem percebidos sem

equipamento adequado.

Embora não seja posśıvel, por falta de tempo, deduzir a expressão da irradiância

para fendas quadradas, é interessante verificar como essa função se comporta. Nas figuras

13(a) e (b) a seguir, vemos a distribuição de irradiância para a fenda quadrada. A figura

13(c) é a distribuição da amplitude de campo elétrico para a mesma fenda. Notar o rápido

decréscimo de intensidade dos máximos secundários em relação ao principal.
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486 Chapter 10 Diffraction

the familiar shape of Fig. 10.13. When b′ and a′ are nonzero 
integer multiples of p or, equivalently, when Y and Z are  
nonzero integer multiples of lR>b and lR>a, respectively, 
I(Y, Z) = 0, and we have a rectangular grid of nodal lines,  
as indicated in Fig. 10.31. Notice that the pattern in the Y-,  
Z-directions varies inversely with the y-, z-aperture dimensions. 
A horizontal, rectangular opening will produce a pattern with  

where A is the area of the aperture. Since I = 8(Re E ˜)29T,

 I(Y, Z) = I(0) asin a′
a′

b
2

asin b′
b′

b
2

 (10.43)

where I(0) is the irradiance at P0; that is, at Y = 0, Z = 0. At 
values of Y and Z such that a′ = 0 or b′ = 0, I(Y, Z) assumes 
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Figure 10.30  A rectangular aperture.

(a) Fraunhofer pattern of a square  
aperture. (b) The same pattern further 
exposed to bring out more of the faint 
terms. (E.H.)

(a) (b)
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Figura 12. Figura de difração de Fraunhofer para uma fenda quadrada. A figura (b) só difere

da (a) pelo maior tempo de exposição da fotografia. Extráıda de [1].
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a vertical rectangle at its center and vice versa (Figs. 10.32  
and 10.33).

Along the b′-axis, a′ = 0 and the subsidiary maxima are 
located approximately halfway between zeros, that is, at  
b′m = ±3p>2, ±5p>2, ±7p>2, . . . . At each subsidiary maxi-
mum  sin b′m = 1, and, of course, along the b′-axis, since a′ = 0, 

(sin a′)>a′ = 1, so that the relative irradiances are approximat-
ed simply by

 
I

I(0)
=

1

b′2
m

 (10.44)

Similarly, along the a′-axis

 
I

I(0)
=

I

a′2
m

 (10.45)

The flux-density ratio* drops off rather rapidly from 1 to approxi-
mately 1

22 to 1
62 to 1

122, and so on. Even so, the off-axis secondary 

Figure 10.31  (a) The irradiance distribution for a square aperture. (b) The irradiance 
produced by Fraunhofer diffraction at a square aperture. (c) The electric-field distribution 
produced by Fraunhofer diffraction via a square aperture. (R.G. Wilson, Illinois Wesleyan University)
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Figure 10.32  The Fraunhofer diffraction pattern of a vertical rectangular 
hole; b 7 a. The aperture is taller than it is wide. (M. Cagnet, M. Francon, and  

J.C. Thrierr: Atlas optisscher Erscheinungen, Berlin-Heidelberg-New York. Springer-Verlag, New York.)

*These particular photographs were taken during an undergraduate laboratory 
session. A 1.5-mW He–Ne laser was used as a plane-wave source. The apparatus 
was set up in a long darkened room, and the pattern was cast directly on  
4 × 5 Polaroid (ASA 3000) film. The film was located about 30 feet from a small 
aperture, so that no focusing lens was needed. The shutter, placed directly in 
front of the laser, was a student-contrived cardboard guillotine arrangement, and 
therefore no exposure times are available. Any camera shutter (a single-lens reflex 
with the lens removed and the back open) will serve, but the cardboard one was 
more fun.
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Figura 13. Distribuição de irradiância produzida pela difração de Fraunhofer em uma fenda

quadrada (a) e (b). A figura (c) é a distribuição de campo elétrico para a mesma

fenda. Extráıda da figura 10.31 de [1].

7 Difração em um orif́ıcio circular

A difração de Fraunhofer em aberturas circulares é extremamente importante para o estudo

de instrumentação óptica.

Vamos imaginar que temos uma abertura circular em uma tela opaca Σ, sobre a

qual incidem ondas planas. Colocando um anteparo a uma distância suficientemente grande

da tela, vamos observar o padrão de difração de Fraunhofer para essa abertura.

Com o aux́ılio de uma lente convergente colocada convenientemente entre a fenda

e o anteparo, poderemos trazer a figura de difração para uma posição mais próxima da

fenda, sem alterá-la. Se essa lente é colocada dentro da abertura circular e a preenche

completamente, a forma do padrão de difração, observada no anteparo, não sofre alteração.

O que acontece é que a onda plana que chega à tela Σ sofre um corte, de maneira que só um
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segmento circular dela se propaga até a lente, para formar uma imagem no plano focal.

Esse é exatamente o processo que ocorre no olho, em um telescópio, microscópio,

na lente de uma câmera, etc. A imagem de uma fonte pontual formada por uma lente

convergente, totalmente livre de aberrações, nunca é um ponto, ela é o máximo principal

correspondente a algum tipo de difração.

Qualquer que seja a lente, ou qualquer que seja o instrumento óptico, ele nunca

coleta toda a frente de onda que incide sobre ele, mas apenas uma fração dela, e, por isso,

jamais forma uma imagem perfeita.

Não vamos deduzir aqui as expressões das intensidades para uma abertura circular,

nem para as posições dos máximos. Isso é feito no caṕıtulo 10, seção 10.2.5 do livro Optics

de E. Hecht [1], mas vamos colocar as figuras que as representam.

Os máximos, neste caso, são chamados de discos de Airy, porque foi Sir George

Biddell Airy quem primeiro derivou a fórmula que descreve a distribuição de intensidade

para a abertura circular.

Na figura 14 podemos ver uma foto de uma figura de difração de Fraunhofer para

uma abertura circular.

 10.2 Fraunhofer Diffraction 491

Airy rings using (a) a 0.5-mm hole diameter and (b) a 1.0-mm hole diameter. 
(E.H.)

(a)

(b)

*See Born and Wolf, Principles of Optics, p. 398, or the very fine elementary text 
by Towne, Wave Phenomena, p. 464.

tABLE 10.2  Bessel Functions*

 x J1(x)* x J1(x) x J1(x)

 0.0 0.000 0 3.0 0.339 1 6.0 20.276 7

 0.1 0.049 9 3.1 0.300 9 6.1 20.255 9

 0.2 0.099 5 3.2 0.261 3 6.2 20.232 9

 0.3 0.148 3 3.3 0.220 7 6.3 20.208 1

 0.4 0.196 0 3.4 0.179 2 6.4 20.181 6

 0.5 0.242 3 3.5 0.137 4 6.5 20.153 8

 0.6 0.286 7 3.6 0.095 5 6.6 20.125 0

 0.7 0.329 0 3.7 0.053 8 6.7 20.095 3

 0.8 0.368 8 3.8 0.012 8 6.8 20.065 2

 0.9 0.405 9 3.9 20.027 2 6.9 20.034 9

 1.0 0.440 1 4.0 20.066 0 7.0 20.004 7

 1.1 0.470 9 4.1 20.103 3 7.1 0.025 2

 1.2 0.498 3 4.2 20.138 6 7.2 0.054 3

 1.3 0.522 0 4.3 20.171 9 7.3 0.082 6

 1.4 0.541 9 4.4 20.202 8 7.4 0.109 6

 1.5 0.557 9 4.5 20.231 1 7.5 0.135 2

 1.6 0.569 9 4.6 20.256 6 7.6 0.159 2

 1.7 0.577 8 4.7 20.279 1 7.7 0.181 3

 1.8 0.581 5 4.8 20.298 5 7.8 0.201 4

 1.9 0.581 2 4.9 20.314 7 7.9 0.219 2

 2.0 0.576 7 5.0 20.327 6 8.0 0.234 6

 2.1 0.568 3 5.1 20.337 1 8.1 0.247 6

 2.2 0.556 0 5.2 20.343 2 8.2 0.258 0

 2.3 0.539 9 5.3 20.346 0 8.3 0.265 7

 2.4 0.520 2 5.4 20.345 3 8.4 0.270 8

 2.5 0.497 1 5.5 20.341 4 8.5 0.273 1

 2.6 0.470 8 5.6 20.334 3 8.6 0.272 8

 2.7 0.441 6 5.7 20.324 1 8.7 0.269 7

 2.8 0.409 7 5.8 20.311 0 8.8 0.264 1

 2.9 0.375 4 5.9 20.295 1 8.9 0.255 9

*J1(x) = 0 for x = 0, 3.832, 7.016, 10.173, 13.324, . . .
Adapted from E. Kreyszig, Advanced Engineering Mathematics, reprinted by  
permission of John Wiley & Sons, Inc. 

Figure 10.37  Fraunhofer diffraction from a circular aperture; the Airy 
pattern.

indeed, and the circular aperture begins to resemble a point 
source of spherical waves.

The higher-order zeros occur at values of kaq>R equal to 
7.02, 10.17, and so forth. The secondary maxima are located 
where u satisfies the condition

d
du

 cJ1(u)
u d = 0

which is equivalent to J2(u) = 0. From math tables, then, these 
secondary peaks occur when kaq>R equals 5.14, 8.42, 11.6, and 
so on, whereupon I>I(0) drops from 1 to 0.017 5, 0.004 2, and 
0.001 6, respectively (Problem 10.36).

Circular apertures are preferable to rectangular ones, as far 
as lens shapes go, since the circle’s irradiance curve is broader 
around the central peak and drops off more rapidly thereafter. 
Exactly what fraction of the total light energy incident on s is 
confined to within the various maxima is a question of interest, 
but one somewhat too involved to solve here.* On integrating 
the irradiance over a particular region of the pattern, one finds 
that 84% of the light arrives within the Airy disk and 91% with-
in the bounds of the second dark ring.

M10_HECH6933_05_GE_C10.indd   491 09/09/16   1:17 PM

Figura 14. Discos de Airy para uma fenda circular de 1 mm de diâmetro. Extráıda de [1].

A figura 15 mostra o esquema de uma fenda circular e a figura de difração corres-

pondente.

Os ângulos θ correspondentes aos mı́nimos de difração podem ser escritos em termos

do diâmetro da abertura:
sen θ
λ
a

= 1.22, 2.23, 3.24, . . . (15)

onde a é o diâmetro da abertura. A distribuição de intensidades correspondente é mostrada

na figura 16.
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 10.2 Fraunhofer Diffraction 489

When m = 1, this clearly leads to

 3u

0
u′J0(u′) du′ = uJ1(u) (10.50)

with u′ just serving as a dummy variable. If we now return to 
the integral in Eq. (10.49) and change the variable such that  
w = krq>R, then dr = (R>kq) dw and

3r = a

r = 0
J0(krq>R)r dr = (R>kq)2 3w = kaq∙R

w = 0
J0(w)w dw

Making use of Eq. (10.50), we get

 E  ˜(t) =
eAei(vt - kR)

R
 2pa2(R>kaq) J1(kaq>R) (10.51)

exception of these, it is perhaps the most often encountered. 
The quantity

 J0(u) =
1

2p
 32p

0
 eiu cos v dv (10.47)

is known as the Bessel function (of the first kind) of order zero. 
More generally,

 Jm(u) =
i-m

2p
 32p

0
 ei(mv + u cos v) dv (10.48)

represents the Bessel function of order m. Numerical values of 
J0(u) and J1(u) are tabulated for a large range of u in most math-
ematical handbooks. Just like sine and cosine, the Bessel func-
tions have series expansions and are certainly no more esoteric 
than these familiar childhood acquaintances. As seen in Fig. 10.35, 
J0(u) and J1(u) are slowly decreasing oscillatory functions that 
do nothing particularly dramatic.

Equation (10.46) can be rewritten as

 E  ˜ =
eAei(vt - kR)

R
 2p 3a

0
 J0(krq>R)r dr (10.49)

Another general property of Bessel functions, referred to as a 
recurrence relation, is

d
du

 [umJm(u)] = umJm - 1(u)

Σ

s

x

f

r

Φ

u
0

P0

P
q

R
Y

Z

a

y

z

Figure 10.34  Circular aperture geometry.
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Figure 10.35  Bessel functions.
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Figura 15. Difração em um orif́ıcio circular. Extráıda da figura 10.34 de [1].

Figura 16. Distribuição de intensidades para a difração em fenda circular. (a) e (c) mostram a

irradiância e (b) o campo elétrico. Extráıda da figura 10.36 de [1].

8 Difração por obstáculo - Complementaridade

Já foi mencionado no item que tratou da difração de Fresnel e difração de Fraunhofer que o

prinćıpio de Huygens-Fresnel trata o fenômeno da difração por uma abertura, substituindo a

abertura por um conjunto de emissores pontuais exatamente igual à abertura. Diz-se, então,

que a abertura e o conjunto de emissores, idêntico a ela, são complementares.

Duas superf́ıcies difratoras são complementares quando as regiões transparentes em

uma são exatamente correspondentes às regiões opacas na outra. Quando duas superf́ıcies

complementares são superpostas o resultado é uma tela opaca.

Sejam E1 e E2 as amplitudes de campo elétrico que chegam a um anteparo distante

quando uma onda plana incide em cada uma das superf́ıcies separadamente. Então, E1 é a

amplitude de campo elétrico que chega a um determinado ponto P do anteparo quando a

primeira superf́ıcie é exposta à onda incidente e E2 é o mesmo, quando a segunda superf́ıcie,

complementar da primeira, é exposta.
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Se as duas superf́ıcies estão presentes simultaneamente:

E1 + E2 = 0 (16)

ou seja:

E1 = −E2 (17)

Isso quer dizer que as intensidades, ou irradiâncias, da luz difratada por obstáculos

(telas) complementares são iguais. Esse é o chamado Prinćıpio de Babinet. Assim, o espectro

de difração de um orif́ıcio circular e o espectro de difração de um disco de mesma dimensão

são iguais. Esse prinćıpio vale também, por exemplo, para uma fenda simples e um obstáculo

do tipo um fio, cujo diâmetro é igual à largura da fenda.

9 Aplicação prática do fenômeno da difração para o

processamento de imagem

A informação óptica ou imagem está espalhada em uma região do espaço em um instante de

tempo fixo. Pode ser uma imagem projetada em um anteparo, uma tela de TV, uma figura.

Em qualquer caso, a imagem pode ser descrita por uma distribuição bidimensional de fluxo

luminoso. Esse fluxo pode presumivelmente ser descrito por uma função I(y, z), que atribui

um valor de irradiância I para cada ponto do espaço onde se distribui a imagem.

Ficará mais fácil de se entender com o aux́ılio da figura 17(a). Há um valor para I

em cada ponto dessa figura.

Para simplificar, vamos imaginar que passamos pela figura 17(a), ao longo da reta

z = 0, um sensor que dá o valor da irradiância I(y, 0), em cada ponto dessa linha. Em se-

guida, fazemos um gráfico dos valores da irradiância como função da distância e vamos obter

a figura 17(b). Essa função I(y, 0) pode ser representada através de funções harmônicas,

usando a técnica de análise de Fourier (a técnica de análise de Fourier pode ser estudada

com mais detalhe no caṕıtulo 7, seção 7.3 do livro Optics de E. Hecht [1]).

A função encontrada, figura 17(b), como se pode ver, é bastante complicada e se-

riam necessários muitos termos para representá-la adequadamente por meio de uma série

de Fourier. Entretanto, se a função I(y, 0) é conhecida sempre se pode aplicar a técnica de

Fourier.

O processo fica mais fácil de se compreender se a forma funcional da irradiância for

mais simples. Por exemplo, se passarmos o mesmo sensor na linha z = a, fazendo o mesmo

procedimento já descrito, obtemos o gráfico que se vê na figura 17(c).

Esse gráfico é uma série de pulsos retangulares igualmente espaçados. Essa função,

como já foi visto em uma experiência anterior, pode ser descrita por uma série de funções

harmônicas que são as suas componentes de Fourier. As principais delas estão desenhadas
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638 Chapter 13 Modern Optics: Lasers and Other Topics

alteration in voltage that might appear across a pair of termi-
nals at some fixed location in space. By comparison, in Op-
tics we are most often concerned with information spread 
across a region of space at a fixed location in time. For ex-
ample, we can think of the scene depicted in Fig. 13.29a as a 
two-dimensional flux-density distribution. It might be an il-
luminated transparency, a television picture, or an image 

scattered beam gains a photon hns and is subsequently ampli-
fied. The remaining energy (hni - hns = hnba) is transmitted to 
the sample. The chain reaction in which a large portion of the 
incident beam is converted into stimulated Raman light can 
occur only above a certain high-threshold flux density of the 
exciting laserbeam.

Stimulated Raman Scattering provides a whole new range of 
high flux-density coherent sources extending from the infrared 
to the ultraviolet. It should be mentioned that in principle each 
spontaneous scattering mechanism (e.g., Rayleigh and Brillouin 
Scattering) has its stimulated counterpart.*

13.2  Imagery—The Spatial Distribution 
of Optical Information

The manipulation of all sorts of data via optical techniques has 
already become a technological fait accompli. The literature 
since the 1960s reflects, in a diversity of areas, this far-reaching 
interest in the methodology of optical data processing. Practical 
applications have been made in the fields of television and pho-
tographic image enhancement, radar and sonar signal process-
ing (phased and synthetic array antenna analysis), as well as in 
pattern recognition (e.g., aerial photointerpretation and finger-
print studies), to list only a very few.

Our concern here is to develop the nomenclature and some 
of the ideas necessary for an appreciation of this contemporary 
thrust in Optics.

13.2.1 Spatial Frequencies

In electrical processes one is most frequently concerned 
with signal variations in time, that is, the moment-by-moment 

Figure 13.28  Energy-level diagram of Stimulated Raman Scattering.
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*For further reading on these subjects you might try the review-tutorial paper  
by Nicolaas Bloembergen, “The Stimulated Raman Effect,” Am. J. Phys. 35, 989 
(1967). It contains a fairly good bibliography as well as a historical appendix. 
Many of the papers in Lasers and Light also deal with this material and are highly 
recommended reading. Figure 13.29  A two-dimensional irradiance distribution.
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Figura 17. (a) Distribuição de irradiância bidimensional. (b) e (c) Distribuições de irradiância

para z = 0 e z = a, respectivamente. E (d) representa as componentes de Fourier

da figura (c). Extráıda da figura 13.29 de [1].

na figura 17(d). Se os pulsos retangulares da figura 17(c) estão separados, centro a centro,

por intervalos de, digamos, 1 cm, o chamado peŕıodo espacial é igual a 1 cm e seu inverso é

a frequência espacial que é igual a 1 ciclo por cent́ımetro.

Esse exemplo pode ser generalizado e o resultado é que podemos transformar a

informação associada a cada uma das linhas de qualquer imagem, em uma série de funções

senoidais com amplitudes e frequências espaciais adequadas.

Para o caso da figura 17(a), cuja irradiância é uma função de y e z, vamos ter que

pensar em termos de transformadas de Fourier bidimensionais (para estudar esse caso com

mais detalhe, veja o caṕıtulo 7, seção 7.4.4 e caṕıtulo 11, seção 11.2.2 do livro Optics de E.

Hecht [1]).

Embora não seja óbvio, pode ser demonstrado que a figura de difração de Fraunhofer

de uma abertura é idêntica à transformada de Fourier da função que descreve essa abertura.

Mas a função que descreve a abertura é proporcional à distribuição da amplitude do campo

elétrico por unidade de área sobre a área da abertura (isso pode ser visto no caṕıtulo 10,
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seção 10.2.4 do livro Optics de E. Hecht [1]).

Em outras palavras, se a distribuição da amplitude do campo elétrico na abertura

é dada por uma função A(y, z), a sua transformada de Fourier bidimensional vai aparecer

como a distribuição da amplitude de campo elétrico E(y, z), em um anteparo muito distante

da abertura. Podemos usar uma lente convergente para trazer essa imagem do anteparo,

para uma distância mais conveniente, como podemos ver na figura 18 a seguir.

Figura 18. Figura de difração produzida por um conjunto de fendas retangulares. Extráıda da

figura 13.31 de [1].

Nessa figura, o plano que contém a abertura é chamado de plano objeto Σo. A lente

recebe o nome de lente de transformada, Lt, e podemos imaginar esse aparato como sendo

um computador óptico capaz de gerar transformadas de Fourier instantâneas de objetos

colocados no plano objeto Σo. A figura de difração de Fraunhofer será formada no plano

focal dessa lente, que recebe o nome de plano de transformada Σt.

Na figura 18 a abertura é uma grade. Supondo que ela seja iluminada por luz quase

monocromática, coerente, em ondas planas (que é o caso da luz laser), cuja amplitude pode

ser considerada constante em cada frente de onda. A função que descreve a abertura será

uma função periódica do tipo degrau, como se vê na figura 19.

Isso quer dizer que se nos movermos de ponto para ponto no plano objeto Σo (sobre

a abertura) a amplitude do campo elétrico será ou zero ou uma constante. Se o espaçamento

das barras que compõem a grade é a, esse será o peŕıodo espacial da função degrau e seu

inverso é a frequência espacial fundamental da grade.

A mancha central da figura de difração corresponde à frequência espacial zero. Os

pontos brilhantes na figura de difração, ou da transformada de Fourier, são associados às

frequências espaciais (m/a). Lembrar que m é a ordem dos mı́nimos de difração, m =

±1,±2,±3, . . . (a posição dos mı́nimos é dada pela equação (6)).

Passando para duas dimensões, se tivermos uma grade quadriculada, vamos obter a

figura de difração mostrada na figura 20 a seguir.

Era de se esperar a periodicidade dos pontos tanto na vertical quanto na horizontal,
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640 Chapter 13 Modern Optics: Lasers and Other Topics

also repetitive, for example, along diagonals. A more involved 
object, such as a transparency of the surface of the Moon, 
would generate an extremely complex diffraction pattern.  
Because of the simple periodic nature of the grating, we could 
think of its Fourier-series components, but now we will cer-
tainly have to think in terms of Fourier transforms. In any case, 
each spot of light in the diffraction pattern denotes the pres-
ence of a specific spatial frequency, which is proportional to its 

Figure 13.31  Diffraction pattern of a grating. (E.H.)

(a)

(b)

Plane
waves

Transform
lens

Image
plane or
transform
plane

m = 3

y

a

z

x m = 2

m = 1

m = 0

m = 0

1

−1

−2

2

m = −1

m = −2

m = −3

Grating

f
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Figura 19. A onda quadrada que representa a grade e sua transformada de Fourier. Extráıda

da figura 13.32 de [1].
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Figura 20. Figura de difração ou transformada de Fourier de uma grade quadriculada. Extráıda

de [1].

mas aparece também um padrão repetitivo nas diagonais. Quer dizer, há um aumento

significativo na complexidade da figura de difração, embora, devido à periodicidade, ainda

possamos pensar em componentes de séries de Fourier para reproduzi-la. Caso tenhamos

algo realmente mais complicado e não periódico como uma fotografia, por exemplo, o padrão

de difração será de tal complexidade que teremos que pensar em termos das transformadas

de Fourier e não mais em termos de séries de componentes.

Qualquer que seja o caso, entretanto, sabemos que cada ponto (ou pequena mancha)

na figura de difração traduz a presença de uma particular frequência espacial, que é propor-

cional à sua distância do eixo óptico (que passa pelo ponto central do máximo principal).

Quanto maior a distância do eixo óptico, tanto maior é a frequência espacial.
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Se fosse posśıvel medir o campo elétrico em cada ponto no plano da transformada

(plano onde aparece a figura de difração) teŕıamos de fato a transformada de Fourier da

função que descreve a abertura. Mas o que medimos é a distribuição de densidade de fluxo

de campo elétrico em cada ponto, ou irradiância, que é igual à média no tempo do quadrado

do campo elétrico ou ao quadrado da amplitude da contribuição de uma particular frequência

espacial naquele ponto.

A figura 21 a seguir é um esquema da formação da imagem proposto na figura 18.

Ondas planas (obtidas com o aux́ılio da lente colimadora Lc), chegam ao plano objeto (que

no caso é uma grade), são difratadas e podem se resolvidas em um novo conjunto de ondas

planas, cada uma correspondendo a uma ordem, m = ±1,±2,±3, . . ., ou frequência espacial,

e cada uma viajando em uma direção espećıfica. A lente de transformada, Lt, forma a figura

de difração de Fraunhofer no plano de transformada, Σt, que é também o plano que contém

o foco imagem dessa lente.

 13.2 Imagery—The Spatial Distribution of Optical Information 641

We can envision the points-S0, -S1, -S2, and so forth in the 
transform plane of Fig. 13.33a as if they were point emitters of 
Huygens wavelets, and the resulting diffraction pattern on g t is 
then the grating’s image. In other words, the image arises from 
a double diffraction process. Alternatively, we can imagine that 
the incoming wave is diffracted by the object, and the resulting 
diffracted wave is then diffracted once again by the objective 
lens. If that lens were not there, a diffraction pattern of the ob-
ject would appear on g i in place of the image.

distance from the optical axis (zero-frequency location). Fre-
quency components of positive and negative sign appear dia-
metrically opposite each other about the central axis. If we 
could measure the electric field at each point in the transform 
plane, we would indeed observe the transform of the aperture 
function, but this is not practicable. Instead, what will be de-
tected is the flux-density distribution, where at each point the 
irradiance is proportional to the time average of the electric 
field squared or equivalently to the square of the amplitude of 
the particular spatial frequency contribution at that point.

13.2.2 abbe’s Theory of Image Formation

Consider the system depicted in Fig. 13.33a, which is just an 
elaborated version of Fig. 13.33b. Plane monochromatic wave-
fronts emanating from the collimating lens (Lc) are diffracted 
by a grating. The result is a distorted wavefront, which we re-
solve into a new set of plane waves, each corresponding to a 
given order m = 0, ±1, ±2, . . . or spatial frequency and each 
traveling in a specific direction (Fig. 13.33b). The objective lens 
(Lt) serves as a transform lens, forming the Fraunhofer diffrac-
tion pattern of the grating on the transform plane g t (which is 
also the back focal plane of Lt). The waves, of course, propa-
gate beyond g t and arrive at the image plane g i. There they 
overlap and interfere to form an inverted image of the grating. 
Accordingly, points-G1 and -G2 are imaged at P1 and P2, respec-
tively. The objective lens forms two distinct patterns of interest. 
One is the Fourier transform on the focal plane conjugate to the 
plane of the source, and the other is the image of the object, 
formed on the plane conjugate to the object plane. Figure 13.34 
shows the same setup for a long, narrow, horizontal slit coherently 
illuminated.

Figure 13.33  Image formation.
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Figura 21. Formação da imagem. Extráıda da figura 13.33 de [1].

As ondas, ao se propagarem para além do plano de transformada, Σt, formam a

imagem invertida da grade no plano imagem, Σi. Na figura está desenhado o esquema

de formação de imagem dos pontos objeto G1 e G2, cuja imagem é formada em P1 e P2,

respectivamente. A lente objetiva forma, portanto, dois padrões de interesse. Um deles é a

transformada de Fourier no seu plano focal, que é o plano conjugado do plano onde se situa

a fonte, e o outro é a imagem da grade ou objeto, formada no plano conjugado ao plano que

contém a grade.

Na figura 22 vemos o caso da formação da figura de difração e da imagem para o

caso de uma fenda simples, com o aparato experimental que foi discutido.

Podemos considerar os pontos S0, S1, S2, . . . na figura 21 como se fossem fontes

pontuais de ondas esféricas secundárias, que vão produzir um padrão ou figura de difração

no plano imagem, Σi. Mas em Σi temos a imagem da grade. Portanto, de acordo com esse

racioćınio, a imagem do objeto, que no caso é a grade, resulta de um processo de dupla
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We can envision the points-S0, -S1, -S2, and so forth in the 
transform plane of Fig. 13.33a as if they were point emitters of 
Huygens wavelets, and the resulting diffraction pattern on g t is 
then the grating’s image. In other words, the image arises from 
a double diffraction process. Alternatively, we can imagine that 
the incoming wave is diffracted by the object, and the resulting 
diffracted wave is then diffracted once again by the objective 
lens. If that lens were not there, a diffraction pattern of the ob-
ject would appear on g i in place of the image.

distance from the optical axis (zero-frequency location). Fre-
quency components of positive and negative sign appear dia-
metrically opposite each other about the central axis. If we 
could measure the electric field at each point in the transform 
plane, we would indeed observe the transform of the aperture 
function, but this is not practicable. Instead, what will be de-
tected is the flux-density distribution, where at each point the 
irradiance is proportional to the time average of the electric 
field squared or equivalently to the square of the amplitude of 
the particular spatial frequency contribution at that point.

13.2.2 abbe’s Theory of Image Formation

Consider the system depicted in Fig. 13.33a, which is just an 
elaborated version of Fig. 13.33b. Plane monochromatic wave-
fronts emanating from the collimating lens (Lc) are diffracted 
by a grating. The result is a distorted wavefront, which we re-
solve into a new set of plane waves, each corresponding to a 
given order m = 0, ±1, ±2, . . . or spatial frequency and each 
traveling in a specific direction (Fig. 13.33b). The objective lens 
(Lt) serves as a transform lens, forming the Fraunhofer diffrac-
tion pattern of the grating on the transform plane g t (which is 
also the back focal plane of Lt). The waves, of course, propa-
gate beyond g t and arrive at the image plane g i. There they 
overlap and interfere to form an inverted image of the grating. 
Accordingly, points-G1 and -G2 are imaged at P1 and P2, respec-
tively. The objective lens forms two distinct patterns of interest. 
One is the Fourier transform on the focal plane conjugate to the 
plane of the source, and the other is the image of the object, 
formed on the plane conjugate to the object plane. Figure 13.34 
shows the same setup for a long, narrow, horizontal slit coherently 
illuminated.
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Figura 22. Imagem de uma fenda simples. Extráıda da figura 13.34 de [1].

difração. Ou, alternativamente, podemos também considerar que a onda plana incidente é

difratada pelo objeto (grade, no caso), e, que essa onda difratada resultante, por sua vez,

vai ser novamente difratada pela lente objetiva (ou lente de transformada). Qualquer que

seja a colocação, a imagem do objeto (ou grade) resulta de uma dupla difração.

Se a lente objetiva não fosse utilizada, a figura de difração se formaria no plano

imagem da figura 21, Σi, em lugar da imagem. Esse tipo de racioćınio foi proposto pela

primeira vez em 1873 por E. Abbe e é conhecida como a Teoria de Abbe de Formação de

Imagem. Pelo que foi discutido chegamos à conclusão, mesmo antes de fazer os cálculos

teóricos, que a imagem formada no plano imagem da figura 21 é o padrão de difração de

Fraunhofer, da figura de difração de Fraunhofer do objeto, no caso, da grade.

10 Filtragem Óptica Espacial

Suponha que o aparato experimental da figura 21 seja montado usando um laser como fonte

de ondas planas. Se os pontos S0, S1, S2, . . . correspondem à figura de difração de Fraunhofer,

esse padrão estaria se formando a uma distância muito grande da grade, porque essa é uma

das condições para a difração de Fraunhofer. A utilização da lente Lt foi originalmente para

trazer essa figura de difração da grade (ou objeto), do infinito.

Por sua vez, como a imagem é a figura de difração de Fraunhofer da figura de difração

de Fraunhofer do objeto, ela vai se formar a uma distância muito grande da primeira figura

de difração. Vamos, então, introduzir uma lente Li, para trazer “do infinito” essa segunda

figura de difração que é a imagem do objeto. O que vai ocorrer introduzindo essa segunda
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lente no aparato experimental descrito na figura 21, pode ser visto na figura 23 a seguir.

642 Chapter 13 Modern Optics: Lasers and Other Topics

might be mentioned as well that there is a basic nonlinearity 
associated with optical imaging systems operating at high spa-
tial frequencies.†

13.2.3 Spatial Filtering

Suppose we actually set up the system shown in Fig. 13.33a, us-
ing a laser as a plane-wave source. If the points-S0, -S1, -S2, and 
so on are to be the sources of a Fraunhofer pattern, the image 
screen must presumably be located at x = ∞  (although 30 or 40 
ft will often do). At the risk of being repetitious, recall that the 
reason for using Lt originally was to bring the diffraction pattern 
of the object in from infinity. We now introduce an imaging lens 
Li (Figs. 13.35 and 13.36) in order to bring in from infinity the 
diffraction pattern of the set of source points-S0, -S1, -S2, . . . , 
thereby relocating g i at a convenient distance. The transform 
lens causes the light from the object to converge in the form of 
a diffraction pattern on the plane g t; that is, it produces on g t 
a two-dimensional Fourier transform of the object. To wit, the 
spatial frequency spectrum of the object is spread across the 
transform plane. Thereafter, Li (the “inverse” transform lens) 
projects the diffraction pattern of the light distributed over g t 
onto the image plane. In other words, it diffracts the diffracted 
beam, which effectively means that it generates an (inverted) 
inverse transform. Thus essentially an inverse transform of the 
data on g t appears as the final image. 

Quite frequently, in practice Lt and Li are identical (ƒt = ƒi) 
well-corrected multi-element lenses (for quality work these 
might have resolutions of about 150 line pairs>mm—one line 
pair being a period in Fig. 13.30b). For less demanding applica-
tions, two projector objectives of large aperture (about 100 mm) 
having convenient focal lengths of roughly 30 or 40 cm serve 
quite nicely. One of these lenses is then merely turned around so 
that both their back focal planes coincide with g t. Incidentally, 
the input or object plane need not be located a focal length away 
from Lt; the transform still appears on g t. Moving g0 affects 
only the phase of the amplitude distribution, and that is gener-
ally of little interest. The device shown in Figs. 13.35 and 13.36 

These ideas were first propounded by Professor Ernst Abbe 
(1840–1905) in 1873.* His interest at the time concerned the 
theory of microscopy, whose relationship to the above discus-
sion is clear if we consider Lt as a microscope objective. More-
over, if the grating is replaced by a piece of some thin translu-
cent material (i.e., the specimen being examined), which is 
illuminated by light from a small source and condenser, the 
system certainly resembles a microscope.

Carl Zeiss (1816–1888), who in the mid-1800s was running 
a small microscope factory in Jena, realized the shortcomings 
of the trial-and-error development techniques of that era. In 
1866 he enlisted the services of Ernst Abbe, then lecturer at the 
University of Jena, to establish a more scientific approach to 
microscope design. Abbe soon found by experimentation that a 
larger aperture resulted in higher resolution, even though the 
apparent cone of incident light filled only a small portion of the 
objective. Somehow the surrounding “dark space” contributed 
to the image. Consequently, he took the approach that the then 
well-known diffraction process that occurs at the edge of a lens 
(leading to the Airy pattern for a point source) was not operative 
in the same sense as it was for an incoherently illuminated tele-
scope objective. Specimens, whose size was of the order of l, 
were apparently scattering light into the “dark space” of the mi-
croscope objective. Observe that if, as in Fig. 13.33b, the aper-
ture of the objective is not large enough to collect all of the 
diffracted light, the image does not correspond exactly to that 
object. Rather, it relates to a fictitious object whose complete 
diffraction pattern matches the one collected by Lt. We know 
from the previous section that these lost portions of the outer 
region of the Fraunhofer pattern are associated with the higher 
spatial frequencies. And, as we shall see presently, their remov-
al will result in a loss in image sharpness and resolution.

Practically speaking, unless the grating considered earlier 
has an infinite width, it cannot be strictly periodic. This means 
that it has a continuous Fourier spectrum dominated by the usu-
al discrete Fourier-series terms, the other being much smaller in 
amplitude. Complicated, irregular objects clearly display the 
continuous nature of their Fourier transforms. In any event, it 
should be emphasized that unless the objective lens has an infi-
nite aperture, it functions as a low-pass filter rejecting spatial 
frequencies above a given value and passing all those below 
(the former being those that extend beyond the physical bound-
ary of the lens). Consequently, all practical lens systems will be 
limited in their ability to reproduce the high spatial frequency 
content of an actual object under coherent illumination.† It 

†Refer to H. Volkmann, “Ernst Abbe and his work,” Appl. Opt. 5, 1720 (1966), for 
a more detailed account of Abbe’s many accomplishments in Optics.

†R. J. Becherer and G. B. Parrent, Jr., “Nonlinearity in optical imaging systems,”  
J. Opt. Soc. Am. 57, 1479 (1967).

*An alternative and yet ultimately equivalent approach was put forth in 1896 by 
Lord Rayleigh. He envisaged each point on the object as a coherent source whose 
emitted wave was diffracted by the lens into an Airy pattern. Each of these in turn 
was centered on the ideal image point (on g i) of the corresponding point source. 
Thus g i was covered with a distribution of somewhat overlapping and interfering 
Airy patterns.

Figure 13.35  Object, transform, and image planes.

Lt Li ΣiΣtΣo
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Figura 23. Plano objeto Σo, plano de transformada Σt e plano imagem Σi quando se introduz

uma segunda lente Li. Extráıda da figura 13.35 de [1].

Resumindo, a lente de transformada ou lente objetiva Lt faz com que a luz que vem

do objeto venha a convergir em uma figura de difração no plano de transformada Σt; ou seja

produz em Σt a transformada de Fourier bidimensional do objeto, que é o mesmo que dizer

que essa lente faz com que o espectro de frequências espaciais que compõem a imagem do

objeto apareça no plano de transformada (que é o plano do foco imagem da lente Lt). A

segunda lente Li, que pode ser chamada de lente de transformada inversa, projeta a figura

de difração da figura formada em Σt no plano imagem Σi. Em outras palavras, a lente

Li difrata o feixe difratado o que efetivamente significa gerar uma transformada de Fourier

inversa. Então, a imagem é uma transformada de Fourier inversa da figura que aparece no

plano de transformada, Σt.

Para construir o aparato descrito na figura 23, por uma questão de conveniência,

as lentes Lt e Li são em geral lentes compostas, com o foco imagem da primeira igual ao

foco objeto da segunda e de abertura adequada (vai depender do objeto). Em geral, para

aplicações não muito sofisticadas, essas lentes são lentes convergentes de aproximadamente

10 cm de diâmetro e de 30 a 40 cm de distância focal. O plano objeto Σo não necessari-

amente precisa ficar no foco imagem da primeira lente, porque a transformada de Fourier

vai continuar a aparecer no plano de transformada Σt. Mover Σo vai afetar somente a fase

da distribuição de amplitude de campo elétrico e não é de interesse nesse caso. A figura 24

mostra, com mais detalhes, o aparato da figura 23.

Esse dispositivo recebe o nome de computador óptico coerente porque ele proporci-

ona uma aplicação muito importante que é o tratamento de imagem. Ele permite a inserção

de obstruções, máscaras ou filtros, no plano da transformada Σt, o que permite o bloqueio

de certas frequências espaciais, impedindo que cheguem ao plano imagem. Esse processo de

alterar o espectro de frequências espaciais da imagem recebe o nome de filtragem espacial.

A esta altura do estudo desenvolvido sobre a difração de Fraunhofer, podemos anteci-

par a estrutura aproximada da transformada de Fourier, ou figura de difração de Fraunhofer,

de vários objetos. Todas essas transformadas estão sempre centradas em torno do eixo óptico

(frequência espacial igual a zero) do sistema.

25



Figura 24. Computador óptico, mostrando a transformada de Fourrier da letra “E”. As imagens

de (a) a (g) mostram a figura de difração da letra “E” com clareza de detalhe

crescente em razão do aumento do tempo de exposição das fotos. Extráıda da figura

13.36 de [1].

Sabemos, também, que elementos-objeto com dimensões pequenas, difratam em

ângulos maiores. E que a transformada de porções verticais (horizontais) de um objeto é

uma única sucessão de manchas horizontais (verticais) no plano da transformada, e, ainda,

que a transformada de discos e anéis terão simetria circular. Igualmente, a transformada de

aberturas eĺıpticas horizontais são bandas eĺıpticas, concêntricas orientadas verticalmente.

Do estudo da transformada de Fourier em uma onda quadrada, sabemos que as

frequências espaciais altas são as que contribuem para a formação das arestas bem definidas

entre as regiões claras e escuras de uma figura.

No caso da figura 24 as porções verticais da letra “E” geram o espectro de frequências

espaciais disposto horizontalmente, no plano Σt. Notar que todas as fontes que são linhas

paralelas verticais, nesse objeto, correspondem a uma única sucessão horizontal, linear de

pequenas manchas no plano de transformada. O mesmo acontece em relação às porções

horizontais.

O primeiro trabalho publicado sobre o assunto de filtragem óptica espacial foi por

A. B. Porter em 1906. A figura 25(a) mostra uma grade que contém part́ıculas de poeira.

Colocando essa grade como objeto no plano Σo da figura 24, vamos obter a figura 25(b)

no plano da transformada Σt. E agora começa a parte interessante: a transformada das

part́ıculas de poeira está localizada como uma nuvem irregular em torno do ponto central
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da figura, enquanto que a transformada da grade aparece como um conjunto de pontos

simetricamente dispostos (guarda a simetria da grade) em torno do ponto central. Então,

se colocarmos uma máscara opaca no plano da transformada Σt, que tenha furinhos que

coincidam exatamente com os pontos de máximo correspondentes à figura de difração da

grade, vamos obter no plano imagem Σi a imagem da grade sem poeira, que é a figura 25(c).
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large frequency range. There will also be a comparatively 
low-frequency, concentric ring–like structure. The trans-
forms of disks and rings and the like will obviously be circu-
larly symmetrical. Similarly, a horizontal elliptical aperture 
will generate vertically oriented concentric elliptical bands. 
Most often, far-field patterns possess a center of symmetry 
(see Problems 10.25 and 11.37).

We are now in a better position to appreciate the process of 
spatial filtering and to that end will consider an experiment sim-
ilar to one published in 1906 by A. B. Porter. Figure 13.37a 
shows a fine wire mesh whose periodic pattern is disrupted by a 
few particles of dust. With the mesh at g0, Fig. 13.37b shows 
the transform as it would appear on g t. Now the fun starts—
since the transform information relating to the dust is located in 
an irregular cloud-like distribution about the center point, we can 
easily eliminate it by inserting an opaque mask at g t. If the 
mask has holes at each of the principal maxima, thus passing on 
only those frequencies, the image appears dustless (Fig. 13.38a). 
At the other extreme, if we just pass the cloud-like pattern near 
center, very little of the periodic structure appears, leaving an 
image consisting of essentially just the dust particles (Fig. 
13.38b). Passing only the zero-order central spot generates a 
uniformly illuminated (DC) field, just as if the mesh were no 
longer in position. Observe that as more and more of the higher 
frequencies are eliminated, the detail of the image deteriorates 
markedly [(d ), (e), and ( ƒ ) in Fig. 13.38]. This can be under-
stood quite simply by remembering how a function, with what 
we might call “sharp edges,” was synthesized out of harmonic 
components. The square wave of Fig. 7.34 serves to illustrate the 
point. It is evident that the addition of higher harmonics serves 
predominantly to square up the corners and flatten out the peaks 
and troughs of the profile. In this way, the high spatial frequen-
cies contribute to the sharp edge detail between light and dark 
regions of the image. The removal of the high-frequency terms 
causes a rounding out of the step function and a consequent loss 
of resolution in the two-dimensional case.

is referred to as a coherent optical computer. It allows us to in-
sert obstructions (i.e., masks or filters) into the transform plane 
and in so doing partially or completely block out certain spatial 
frequencies, stopping them from reaching the image plane. This 
process of altering the frequency spectrum of the image is known 
as spatial filtering (see Section 7.4.4). 

From our earlier discussion of Fraunhofer diffraction we 
know that a long narrow slit at g0, regardless of its orientation 
and location, generates a transform at g t consisting of a series 
of dashes of light lying along a straight line perpendicular to the 
slit (see Fig. 10.6) and passing through the origin. Consequent-
ly, if the straight-line object is described by y = mz + b, the 
diffraction pattern lies along the line Y = -Z>m or equivalently, 
from Eqs. (11.64) and (11.65), kY = -kZ>m. With this and the 
Airy pattern in mind, we should be able to anticipate some of 
the gross structure of the transforms of various objects. Be 
aware as well that these transforms are centered about the zero-
frequency optical axis of the system. For example, a transparent 
plus sign whose horizontal line is thicker than its vertical one 
has a two-dimensional transform again shaped more or less like 
a plus sign. The thick horizontal line generates a series of short 
vertical dashes, while the thin vertical element produces a line 
of long horizontal dashes. Remember that object elements with 
small dimensions diffract through relatively large angles. Along 
with Abbe, one could think of this entire subject in these terms 
rather than using the concepts of spatial frequency filtering and 
transforms, which represent the more modern influence of 
communication theory.

The vertical portions of the symbol E in Fig. 13.36 gener-
ate the broad frequency spectrum appearing as the horizontal 
pattern. Note that all parallel line sources on a given object 
correspond to a single linear array on the transform plane. 
This, in turn, passes through the origin on g t (the intercept 
is zero), just as in the case of the grating. A transparent fig-
ure 5 will generate a pattern consisting of both a horizontal 
and vertical distribution of spots extending over a relatively 

(a) (b)

Figure 13.37  A fine, slightly dusty mesh and its transform. (D. Dutton, M.P. Givens, and  

R.E. Hopkins, Spectra-Physics Laser Technical Bulletin Number 3.)

M13_HECH6933_05_GE_C13.indd   644 26/08/16   5:20 PM

 13.2 Imagery—The Spatial Distribution of Optical Information 645

white will become grayish, as is shown in the photo on  
p. 646.

Let’s now examine some of the possible applications of this 
technique. Figure 13.39a shows a composite photograph of the 
Moon consisting of film strips pieced together to form a single 
mosaic. The video data were telemetered to Earth by Lunar 
Orbiter 1. Clearly, the grating-like regular discontinuities be-
tween adjacent strips in the object photograph generate the 
broad-bandwidth, vertical-frequency distribution evident in 
Fig. 13.39c. When these frequency components are blocked, 
the enhanced image shows no sign of having been a mosaic. In 

What would happen if we took out the Dc component 
(Fig. 13.38c) by passing everything but the central spot? A 
point on the original image that appears black in the photo 
denotes a near-zero irradiance and perforce a near-zero field 
amplitude. Presumably, all of the various optical field com-
ponents completely cancel each other at that point—ergo, no 
light. Yet with the removal of the Dc term, the point in ques-
tion must certainly then have a nonzero field amplitude. 
When squared (I ∝ E2

0>2) this will generate a nonzero irra-
diance. It follows that regions that were originally black in 
the photo will now appear whitish, while regions that were 

(a) (b)

(c) (d)

(e) (f )

Figure 13.38  Images resulting when various portions of the diffraction pattern of Fig. 13.37b are obscured by 
the accompanying masks or spatial filters. (D. Dutton, M.P. Givens, and R.E. Hopkins, Spectra-Physics Laser Technical Bulletin Number 3.)
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Figura 25. (a) Objeto colocado no plano objeto do computador óptico da figura 24. (b) Trans-

formada desse objeto. (c) Imagem do objeto colocando o filtro mostrado ao lado

dessa imagem, no plano da transformada Σt. Extráıda das figuras 13.37 e 13.38 de

[1].

A seguir temos uma série de imagens (no plano Σi), figura 26, da mesma grade com

poeira da figura 25, mas variando o tipo de máscara, ou filtro, que é colocado no plano da

transformada Σt.
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Figura 26. Imagens resultantes da colocação de máscaras diferentes no plano da transformada

Σt. As máscaras colocadas estão nas figuras da direita e as imagens correspondentes

à esquerda. Extráıda da figuras 13.38 de [1].

27



É interessante notar nas figuras 26(c), (d) e (e) que à medida que um maior número

das frequências mais altas é eliminado, os detalhes da imagem são também perdidos, como era

esperado. Quer dizer, a remoção das frequências espaciais altas causa um arredondamento

da função degrau e uma consequente perda de definição da imagem.

Isso às vezes é desejável e melhora até a qualidade da imagem, como podemos ver

na foto da figura 27 a seguir.648 Chapter 13 Modern Optics: Lasers and Other Topics

diverging from the object, these higher-order spa-
tial frequency terms (see Section 13.2.2) are caused 
to converge on the image plane. The direct and dif-
fracted waves recombine out-of-phase by p>2, 
again forming the phase-modulated wave. Since 
the amplitude of the reconstructed wave EPM( r$, t) 
is everywhere the same on g i, even though the 
phase varies from point to point, the flux density is 
uniform, and no image is perceptible. Likewise, 
the zeroth-order spectrum of a phase grating will 
be p>2 out-of-phase with the higher-order spectra.

If we could somehow shift the relative phase be-
tween the diffracted and direct beams by an addi-
tional p>2 prior to their recombination, they would 
still be coherent and could then interfere either con-
structively or destructively (Fig. 13.44). In either 

case, the reconstructed wavefront over the region of 
the image would then be amplitude modulated—the 
image would be visible.

We can see this in a very simple analytical way 
where

 Ei (x, t) 0 x =  0 = E0 sin vt 

is the incoming monochromatic lightwave at go without the 
specimen in place. The particle will induce a position-dependent 
phase variation f( y, z) such that the wave just leaving it is

 EPM( r$, t) 0 x =  0 = E0 sin [vt + f( y, z)] (13.20)

This is a constant-amplitude wave, which is essentially the 
same on the conjugate image plane. That is, there are some 
losses, but if the lens is large and aberration-free and we neglect 
the orientation and size of the image, Eq. (13.20) will suffice to 
represent the PM wave on either go or g i. Reformulating that 
disturbance as

EPM(y, z, t) = E0 sin vt cos f + E0 cos vt sin f

and limiting ourselves to very small values of f, we obtain

EPM(y, z, t) = E0 sin vt + E0f(y, z) cos vt

The first term is independent of the object, while the second 
term obviously isn’t. Thus, as above, if we change their relative 
phase by p>2, that is, either change the cosine to sine or vice 
versa, we get

 EAM(y, z, t) = E0[1 + f(y, z)] sin vt (13.21)

which is an amplitude-modulated wave. Observe that f(y, z) 
can be expressed in terms of a Fourier expansion, thereby in-
troducing the spatial frequencies associated with the object. 
Incidentally, this discussion is precisely analogous to the one 
proposed in 1936 by E. H. Armstrong for converting AM ra-
dio waves to FM [f(t) could be thought of as a frequency 
modulation wherein the zeroth-order term is the carrier]. An 
electrical bandpass filter was used to separate the carrier from 

such objects are invisible. This is the problem that led biologists 
to develop techniques for staining transparent microscope speci-
mens and in so doing to convert phase objects into amplitude 
objects. But this approach is unsatisfactory in many respects, for 
example, when the stain kills the specimen whose life processes 
are under study, as is all too often the case.

Recall that diffraction occurs when a portion of the surface 
of constant phase is obstructed in some way, that is, when a re-
gion of the wavefront is altered (either in amplitude or phase, 

i.e., shape). Suppose then 
that a plane wave passes 
through a transparent parti-
cle, which retards the phase 
of a region of the front. The 
emerging wave is no longer 
perfectly planar but contains 
a small indentation corre-
sponding to the area retard-
ed by the specimen; the 
wave is phase modulated.

Taking a rather simplistic view of things, we can imagine 
the phase-modulated wave EPM( r$, t) (Fig. 13.42) to consist of 
the original incident plane wave Ei (x, t) plus a localized distur-
bance Ed ( r$, t). (The symbol r$ means that EPM and Ed depend 
on x, y, and z; i.e., they vary over the yz-plane, whereas Ei is 
uniform and does not.) Indeed, if the phase retardation is very 
small, the localized disturbance is a wave of very small ampli-
tude, E0d, lagging by just about l0>4, as in Fig. 13.43. There 
the difference between EPM( r$, t) and Ei (x, t) is shown to be 
Ed ( r$, t). The disturbance Ei (x, t) is called the direct or zeroth-
order wave, while Ed ( r$, t) is the diffracted wave. The former 
produces a uniformly illuminated field at g i, which is unaf-
fected by the object, while the latter carries all of the informa-
tion about the optical structure of the particle. After broadly 

Figure 13.41  A self-portrait of K. E. Bethke consisting of only black and white 
regions as in a halftone. When the high frequencies are filtered out, shades of gray 
appear and the sharp boundaries vanish. (R.A. Phillips, Am. J. Phys. 37, 536 [1969].)

Frits Zernike (1888–1966) won the 
Nobel Prize for Physics in 1953. (E.H.)
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Figura 27. Foto de K. E. Bethe. Quando as frequências espaciais altas são retiradas da figura da

esquerda, que contém apenas regiões ou brancas ou pretas, tons de cinza aparecem,

facilitando a vizualização. Extráıda da figuras 13.41 de [1].

Vamos ver o que acontece se colocamos uma máscara que deixa passar tudo menos

a mancha central (o máximo de ordem zero). O que se observa está na figura 28. Pontos da

imagem original que aparecem negros na foto, (irradiância próxima de zero), aparecem assim

porque as várias componentes de campo elétrico que contribuem nesse ponto se cancelam, ou

quase. Entretanto, o máximo principal, na figura de difração, correspondente à frequência

espacial zero, pode ser considerado como se fosse um termo dc positivo. Isso vem do fato

da função que representa a distribuição de campo elétrico no plano do objeto, ser positiva

em qualquer ponto. Então se removermos esse termo dc, a soma das contribuições que era

próxima de zero em um determinado ponto, vai deixar de ser. Por isso regiões que eram

originalmente negras na foto da grade, aparecem quase brancas e o que era branco na foto,

vai aparecer em tons de cinza.

Esse tipo de procedimento é utilizado para melhorar a qualidade da imagem em um

grande número de aplicações. É claro que o desenvolvimento nesse campo tem sido muito

rápido e atualmente as funções que manipulam a irradiância proveniente do objeto em estudo

são realizadas por dispositivos óptico-eletrônicos, que permitem a obtenção, em tempo real

e de maneira cont́ınua, de dados ou imagens de alta qualidade.

A seguir duas fotos, de interesse cient́ıfico, submetidas a esse tipo de processamento

de imagem.

28
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yields an image in shades of gray (Fig. 13.41) showing none 
of the discontinuous nature of the original. One could con-
struct a precise filter to obstruct only the square mesh frequen-
cies by actually using a negative transparency of the transform 
of the basic checkerboard array. Alternatively, it usually suf-
fices to use a low-pass circular aperture filter, and in so doing 
inadvertently discard some of the high-frequency detail of the 
original scene, at least as long as the mesh frequency is com-
paratively high. 

The same procedure can be used to remove the graininess of 
highly enlarged photographs, which is of value, for example, in 
aerial photo reconnaissance. In contrast, we could sharpen up 
the details in a slightly blurred photograph by emphasizing its 
high-frequency components. This could be done with a filter 
that preferentially absorbed the low-frequency portion of the 
spectrum. A great deal of effort, beginning in the 1950s, has 
gone into the study of photographic image enhancement, and 
the ensuing successes have been notable indeed. Prominent 
among these contributors was A. Maréchal of the Institut 
d’Optique, Université de Paris, who combined absorbing and 
phase-shifting filters to reconstitute the detail in badly blurred 
photographs. These filters are transparent coatings deposited on 
optical flats so as to retard the phase of various portions of the 
spectrum (Section 13.2.4).

As this work in optical data processing continues into the 
coming decades, we will surely see the replacement of the pho-
tographic stages, in increasingly many applications, by real-
time electro-optical devices (e.g., arrays of ultrasonic light 
modulators forming a multichannel input are already in use).† 

The coherent optical computer will reach a certain maturity, be-
coming an even more powerful tool when the input, filtering, 
and output functions are performed electro-optically. A contin-
uous stream of real-time data could flow into and out of such a 
device.

13.2.4 Phase Contrast

It was mentioned briefly in the last section that the reconstruct-
ed image could be altered by introducing a phase-shifting filter. 
Probably the best-known example of this technique dates back 
to 1934 and the work of the Dutch physicist Frits Zernike, who 
invented the method of phase contrast and applied it in the 
phase-contrast microscope.

An object can be “seen” because it stands out from its  
surroundings—it has a color, tone, or lack of color, which pro-
vides contrast with the background. This kind of structure is 

very much the same way, one can suppress extraneous data in 
bubble chamber photographs of subatomic particle tracks.* 
These photographs are made difficult to analyze because of 
the presence of the unscattered beam tracks (Fig. 13.40), 
which, since they are all parallel, are easily removed by spatial 
filtering.

Consider the familiar half-tone or facsimile process by which 
a printer can create the illusion of various tones of gray while 
using only black ink and white paper (take a close look at a 
newspaper photograph). If a transparency of such a facsimile is 
inserted at g0 in Fig. 13.35, its frequency spectrum will appear 
on g t. Once again the relatively high-frequency components 
arising from the half-tone mesh can easily be eliminated. This 

Part (b) is a filtered version of (a) where the zeroth order was removed.  
(D. Dutton, M.P. Givens, and R.E. Hopkins, Spectra-Physics Laser Technical Bulletin Number 3.)

(a)

(b)

*D. G. Falconer, “Optical processing of bubble chamber photographs,” Appl. Opt. 
5, 1365 (1966), includes some additional uses for the coherent optical computer.

†We have only touched on the subject of optical data processing; a more extensive 
discussion of these matters is given, for example, by Goodman in Introduction to 
Fourier Optics, Chapter 7. That text also includes a good reference list for further 
reading in the journal literature. Also see P. F. Mueller, “Linear multiple image  
storage,” Appl. Opt. 8, 267 (1969). Here, as in much of modern Optics, the  
frontiers are fast moving, and obsolescence is a hard rider.
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Figura 28. Figura (b) é a versão filtrada da figura (a), o filtro utilizado removeu a frequência

de ordem zero. Extráıda de [1].
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(a) (b)

(c) (d)

Figure 13.39  Spatial filtering. (a) A Lunar Orbiter composite photo of the Moon.  
(b) Filtered version of the photo sans horizontal lines. (c) A typical unfiltered transform 
(power spectrum) of a moonscape. (d) Diffraction pattern with the vertical dot pattern 
filtered out. (D. A. Ansley, W. A. Blikken, The Conductron Corporation, and NASA.)

(a)

(b)

Figure 13.40  Unfiltered and filtered bubble 
chamber tracks.

known as an amplitude object, because it is observable by dint of 
variations that it causes in the amplitude of the lightwave. The 
wave that is either reflected or transmitted by such an object  
becomes amplitude modulated in the process. In contradistinction, 
it is often desirable to “see” phase objects, that is, ones that are 

transparent, thereby providing practically no contrast with their 
environs and altering only the phase of the detected wave. The 
optical thickness of such objects generally varies from point to 
point as either the refractive index or the actual thickness, or both, 
vary. Obviously, since the eye cannot detect phase variations, 
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Figura 29. (a) Foto não filtrada de traçados de part́ıculas em uma câmara de bolhas; (b) Mesma

foto filtrada. Extráıda da figura 13.40 de [1].
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Figura 30. A foto (a) é uma foto não filtrada da superf́ıcie lunar. Abaixo dela está sua trans-

formada de Fourier (c). Ao lado (d) está a transformada com o filtro aplicado. E

acima (b) é a foto da superf́ıcie lunar “limpa” dos riscos horizontais. Extráıda da

figura 13.39 de [1].

11 Referências

[1] Optics - Eugene Hecht 5th Edition - Global Edition, Pearson Educational Edition (2017).

30


