


Motivation: “Elements” of a collision

field theory
approximation

model model

very inclusive
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[From Daniel de Florian @ ICTP-SAIFR]



pQCD basic
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• In order to have precise predictions working at LO 
might not be enough

[Stirling-Pascos 2011]5
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NLO QCD in         colliderse+e�
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R = �(e+e� � hadrons)/�(e+e� � µ+µ�)
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Z
d4k

k4
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1
(pq + pg)2

=
1

2pq · pg
=

1
2EqEg(1� cos �qg)

e+e� � qq̄g

 There is NO renormalization for IR divergences. They 
indicate sensitivity to long range physics.

 The IR singularities are not physical: they indicate the 
breakdown of the perturbative approach. 

 Origin of the IR singularities in 

 The phase space integration helps but doesn’t cure the IR 
divergence
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<latexit sha1_base64="dSI9HquOfFcd6bxST8878df4NHU=">AAACAXicbZBNS8MwHMZTX+d8q3oRvASH4Gm0vm3HoQgeJ7gXWEdJs3QLS9qapOIo9eLJ7+HFgyJe/RbDi9/GrJugzgcCD8/z/5Pk50WMSmVZn8bM7Nz8wmJuKb+8srq2bm5s1mUYC0xqOGShaHpIEkYDUlNUMdKMBEHcY6Th9c9GfeOGCEnD4EoNItLmqBtQn2KkdOSa244vEE5uXRueu900ceS1UIlMU9csWEUrE5w29sQUKpWPyHngw6prDp1OiGNOAoUZkrJlW5FqJ0goihlJ804sSYRwH3VJS9sAcSLbSfaDFO7ppAP9UOgTKJilPzcSxKUccE9PcqR68m83Cv/rWrHyy+2EBlGsSIDHF/kxgyqEIxywQwXBig20QVhQ/VaIe0gjURpaPoNwUiofHdpw2nxDqB8U7eOidalpnIKxcmAH7IJ9YIMSqIALUAU1gMEdeATP4MW4N56MV+NtPDpjTHa2wC8Z719zPpuD</latexit>

x1Egp
s

<latexit sha1_base64="Em8d+sjrgzKeBBbrFiYmZQv5euc=">AAACAXicbZDLSgMxGIUz9VbrbdSN4CZYBFdlpl7aZVEElxXsBTrDkEkzbWjmYpIRyzBuXPkeblwo4ta3KG58G9NpBbUeCBzO+X+SfG7EqJCG8anl5uYXFpfyy4WV1bX1DX1zqynCmGPSwCELedtFgjAakIakkpF2xAnyXUZa7uBs3LduCBc0DK7kMCK2j3oB9ShGUkWOvmN5HOHk1inDc6eXJpa45jIRaeroRaNkZIKzxpyaYq32EVkP/qju6COrG+LYJ4HEDAnRMY1I2gnikmJG0oIVCxIhPEA90lE2QD4RdpL9IIX7KulCL+TqBBJm6c+NBPlCDH1XTfpI9sXfbhz+13Vi6VXthAZRLEmAJxd5MYMyhGMcsEs5wZINlUGYU/VWiPtIIZEKWiGDcFKpHh2acNZ8Q2iWS+ZxybhUNE7BRHmwC/bAATBBBdTABaiDBsDgDjyCZ/Ci3WtP2qv2NhnNadOdbfBL2vsXdNGbhA==</latexit>

x2Egp
s

<latexit sha1_base64="Q7DWwihAGpqbODqMaOGYoPoMVKE=">AAAB7nicbVDLSgMxFM3UVx1fVZdugkVwVWZ8tRux6MZlBfuAdiiZNNOGJpmYZIRS+hFuXCjiwo1/4t6N+DemnQpqPXDhcM693HtPKBnVxvM+nczc/MLiUnbZXVldW9/IbW7VdJwoTKo4ZrFqhEgTRgWpGmoYaUhFEA8ZqYf9i7FfvyVK01hcm4EkAUddQSOKkbFSvaUpJzduO5f3Ct4EcJb4U5I/e3NP5cuHW2nn3ludGCecCIMZ0rrpe9IEQ6QMxYyM3FaiiUS4j7qkaalAnOhgODl3BPes0oFRrGwJAyfqz4kh4loPeGg7OTI9/dcbi/95zcREpWBIhUwMEThdFCUMmhiOf4cdqgg2bGAJworaWyHuIYWwsQmlIZwUS0eHPpwl3yHUDgr+ccG78vLlc5AiC3bALtgHPiiCMrgEFVAFGPTBHXgAj4507p0n5zltzTjTmW3wC87rF20ykto=</latexit>'
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NLO in DIS
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<latexit sha1_base64="+R5qUitTn6dfGf3xMrIFdGFXCxo="></latexit>

z =
x

y
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NLO in hadron colliders

25

long distance, non-perturbative

short distance, perturbative
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=
<latexit sha1_base64="+R5qUitTn6dfGf3xMrIFdGFXCxo="></latexit>

z =
x

y
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• Scales:

µR

�̂• The evaluation of     contains a UV divergence => renormalization 
=> remnant of the process is the renormalization scale

• Full calculation should not depend on     => we can estimate the 
higher order corrections by the      dependence

µR

µR

• At each order,  the subprocess cross section and the PDF’s  have a 
residual factorization scale dependence on µF

• The residual scale dependence should improve with higher order 
calculations

28



• Scales:

µR

�̂• The evaluation of     contains a UV divergence => renormalization 
=> remnant of the process is the renormalization scale

• Full calculation should not depend on     => we can estimate the 
higher order corrections by the      dependence

µR

µR

• At each order,  the subprocess cross section and the PDF’s  have a 
residual factorization scale dependence on µF

• The residual scale dependence should improve with higher order 
calculations

Why should we care about NLO?

28



 NLO correction can be large, e.g.  30-100%

 NLO reduces the sensitivity to unphysical scales

 More accurate predictions have impact in searches/measurements
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 NLO correction can be large, e.g.  30-100%

 NLO reduces the sensitivity to unphysical scales
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[Reina]
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 NLO correction can be large, e.g.  30-100%
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 More accurate predictions have impact in searches/measurements
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 NLO correction can be large, e.g.  30-100%

 NLO reduces the sensitivity to unphysical scales

 More accurate predictions have impact in searches/measurements

[Anastasiou, Melnikov, Petriello-04]

factor of 2!
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Using LO there might be fake excesses[Zanderighi]
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In brief,



• “state of the art”
• automatic NLO
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• “state of the art”
• automatic NLO
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Parton shower we should describe the whole event!

field theory
approximation

model model

very inclusive

35



• Parton shower is an approximation for multi-particle states.

q ! qg (g ! gg · · · )• Matrix elements for                                   due to soft and 
collinear divergences can be approximated

1
(pq + pg)2

' 1
2EgEq(1� cos ✓)

• We write the approximation:

• The parton shower evolution is a Markov process based on this 
approximation. 

• General purpose MC (eg PYTHIA) use this approximation to 
simulate higher order processes.

36
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Parton branching

•  Two types of branching

spacelike                                timelike

<latexit sha1_base64="Jn/4XB+AJ3Nf9fqCXSn1trcCPaY=">AAACB3icbZDLSgMxGIUz9VbrbdSlIKFF6ELKTL200ApFNy4r2Au0dcikaRuamQlJRiilOzc+g2/gxoUibl26dSf6MKbTCt4OBD7O+X+SHJczKpVlvRmxmdm5+YX4YmJpeWV1zVzfqMogFJhUcMACUXeRJIz6pKKoYqTOBUGey0jN7Z+M89olEZIG/rkacNLyUNenHYqR0pZjbnPHvcjCZmG3WYDcwZqLRQ1IwxFUjpmyMlYk+BfsKaRKyfTHe+7lpuyYr812gEOP+AozJGXDtrhqDZFQFDMySjRDSTjCfdQlDY0+8ohsDaN/jOCOdtqwEwh9fAUj9/vGEHlSDjxXT3pI9eTvbGz+lzVC1cm3htTnoSI+nlzUCRlUARyXAttUEKzYQAPCguq3QtxDAmGlq0tEJRzm8vt7NvwLXyVUsxn7IGOd6TaOwURxsAWSIA1skAMlcArKoAIwuAK34B48GNfGnfFoPE1GY8Z0ZxP8kPH8CZoRmo0=</latexit>

p2b , p2c << p2a = t

<latexit sha1_base64="1r14NEN1Ym+mDdPD3itK4/IU3l4=">AAACBXicbZBLSwMxFIUz9VXra1Rwo4tgEQShzPhqN0KpG5ct2Ae0pWTStA3NPEjuCKV048a/4qYLRdy68Re4c+NvMZ1pQa0HAh/n3EuS4wSCK7CsTyOxsLi0vJJcTa2tb2xumds7FeWHkrIy9YUvaw5RTHCPlYGDYLVAMuI6glWd/vUkr94xqbjv3cIgYE2XdD3e4ZSAtlrmQQN6DAi+wjG0HHwyQ9oy01bGioTnwZ5COr9X+uLjwnuxZX402j4NXeYBFUSpum0F0BwSCZwKNko1QsUCQvuky+oaPeIy1RxGvxjhI+20cceX+niAI/fnxpC4Sg1cR0+6BHrqbzYx/8vqIXRyzSH3ghCYR+OLOqHA4ONJJbjNJaMgBhoIlVy/FdMekYSCLi4VlXCZzZ2f2XgeZiVUTjP2RcYq6TYKKFYS7aNDdIxslEV5dIOKqIwoukeP6Ak9Gw/G2HgxXuPRhDHd2UW/ZLx9A+Fkm3k=</latexit>

✓ = ✓b + ✓c

<latexit sha1_base64="HbWdPMfrGA68VMetGASj9akj04E="></latexit>

Eb = zEa , Ec = (1� z)Ea

•  For a timelike branching

•  Kinematics (for small angles)
<latexit sha1_base64="4QSWczyY+RECpwL0dQwHA3ngieQ="></latexit>

t = 2EbEc(1� cos ✓) ' z(1� z)E2
a✓

2

<latexit sha1_base64="QNBn6NBrNUy5bK6+fR9T35fr1jY="></latexit>

✓ =
1

Ea

s
t

z(1� z)

pT conservation
<latexit sha1_base64="NLKtsAKxLlHtJRAVCRVpGfnoMcY=">AAACBHicbZDLSgMxGIUz9Vbrreqym9AiVMQy463dCEU3LivYC3RKyaRpG5q5kPwjtEMXbnwC38GNC0Xc+hDu+jamN1DrgcDHOf9PkuMEgiswzZERW1peWV2Lryc2Nre2d5K7exXlh5KyMvWFL2sOUUxwj5WBg2C1QDLiOoJVnd71OK/eM6m4791BP2ANl3Q83uaUgLaaydQA29BlQJoOvsRZ63hwODdoM5kxc+ZEeBGsGWSKafvoaVTsl5rJL7vl09BlHlBBlKpbZgCNiEjgVLBhwg4VCwjtkQ6ra/SIy1QjmnxiiA+008JtX+rjAZ64Pzci4irVdx096RLoqr/Z2Pwvq4fQLjQi7gUhMI9OL2qHAoOPx43gFpeMguhrIFRy/VZMu0QSCrq3xKSEi3zh7NTCizAvoXKSs85z5q1u4wpNFUcplEZZZKE8KqIbVEJlRNEDekav6M14NF6Md+NjOhozZjv76JeMz29rU5nj</latexit>

z✓b = (1� z)✓c



38

•  Matrix element for g > g g
<latexit sha1_base64="CaOg3x69fjLJDre5v0yng3jP1lg=">AAAB83icbZDLSsNAFIYnXmu9VV2IuBksgquQtLWJu6IblxXsBZpQJtNJO3RyYWYilJDXcONCEbe+i7jTjVsfw0mroMUfBn7+cw7nzOfFjAppGG/awuLS8spqYa24vrG5tV3a2W2LKOGYtHDEIt71kCCMhqQlqWSkG3OCAo+Rjje+yOudG8IFjcJrOYmJG6BhSH2KkVSR4/gc4dTMUpnBfqls6Gd2vVKrQ0M3DMusmLmpWLVqDZoqyVVu2B8v+++fB81+6dUZRDgJSCgxQ0L0TCOWboq4pJiRrOgkgsQIj9GQ9JQNUUCEm05vzuCxSgbQj7h6oYTT9PdEigIhJoGnOgMkR2K+lof/1XqJ9G03pWGcSBLi2SI/YVBGMAcAB5QTLNlEGYQ5VbdCPEIKg1SYilMIdcuuVfO/z5sfCO2Kbp7qxpWicQ5mKoBDcAROgAks0ACXoAlaAIMY3IJ78KAl2p32qD3NWhe075k98Efa8xf/AZZO</latexit>

1

t<latexit sha1_base64="pgIfTWPGkPHzwibcV90ht6mxRCA="></latexit>

Mn+1 ' Mn
g2s
t
Vggg =) |Mn+1|2 ' 4g2s

t
CAF (z; ✏a, ✏b, ✏c) |Mn|2

•  Non-vanishing contributions 

•  Average + sum of polarizations

b soft

c soft
<latexit sha1_base64="UqHbrDCJ5Ol7dgX6CQnCqUwFTIU="></latexit>

ChF i = CA


1� z

z
+

z

1� z
+ z(1� z)

�
⌘ P̂gg(z)

<latexit sha1_base64="0qbKOohBVGw1PYgIBMRHEdC7Y38=">AAAB7nicbVBNS0JBFJ1nX2ZfVtCmzZAErWRGS5+LwHTTUiE/QEXmjaMOzvtgZl4gD39EmxZFtG3Tv+gXtGvTb2meFpR04MLhnHu59x4nEFxphD6sxMrq2vpGcjO1tb2zu5feP2gqP5SUNagvfNl2iGKCe6yhuRasHUhGXEewljOpxn7rlknFfe9GTwPWc8nI40NOiTZSq9q/gpcw309nUBYhhDGGMcHFAjKkVLJz2IY4tgwy5aP6J3+tvNX66ffuwKehyzxNBVGqg1GgexGRmlPBZqluqFhA6ISMWMdQj7hM9aL5uTN4apQBHPrSlKfhXP09ERFXqanrmE6X6LFa9mLxP68T6qHdi7gXhJp5dLFoGAqofRj/DgdcMqrF1BBCJTe3QjomklBtEkrNQygU7fN8HMIy+QmhmcviiyyqmzQqYIEkOAYn4AxgUARlcA1qoAEomIA78AAercC6t56s50VrwvqeOQR/YL18AcdBkn4=</latexit>

CA = 3
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•  Matrix element for 
<latexit sha1_base64="tRa+568i05oSTNo64x8WdqFTwek="></latexit>

g ! qq̄

<latexit sha1_base64="rCNTStp8C6/J3Vle1erSQ5x3xqg=">AAAB8HicbVDLSgMxFM3UV62vqktFgkVwVZKqfeyKbly2YB/SDiWTpm1o5tEkI5ShS7/AjQtF3PoF/Q53foM/YaZV0OKBC4dz7uXee5xAcKUR+rASS8srq2vJ9dTG5tb2Tnp3r678UFJWo77wZdMhignusZrmWrBmIBlxHcEazvAq9ht3TCruezd6HDDbJX2P9zgl2ki3I9jWPhzBfiedQVmEEMYYxgQX8siQUqmYw0WIY8sgUz6cVj/vj6aVTvq93fVp6DJPU0GUamEUaDsiUnMq2CTVDhULCB2SPmsZ6hGXKTuaHTyBJ0bpwp4vTXkaztTfExFxlRq7jul0iR6oRS8W//Naoe4V7Yh7QaiZR+eLeqGA5sn4e9jlklEtxoYQKrm5FdIBkYRqk1FqFkK+UDw/i0NYJD8h1HNZfJFFVZPGJZgjCQ7AMTgFGBRAGVyDCqgBClzwAJ7AsyWtR+vFep23JqzvmX3wB9bbFysCk/E=</latexit>

q ! qg

<latexit sha1_base64="1im00qEYtBlBBmJVxbQ09kghaAs="></latexit>

TR =
1

2

<latexit sha1_base64="GqvQwm+KKchNcpc8v+Fa8X/keAk="></latexit>

CF =
4

3

<latexit sha1_base64="CqQmtr6elzuCH1V4QTXXdlx+if8="></latexit>

ChF i = TR

⇥
z2(1� z)2

⇤
⌘ P̂qg(z) with

•  Matrix element for 
<latexit sha1_base64="riwG04fNMIINJZaRVVYtzjB9reg="></latexit>

ChF i = CF
1 + z2

1� z
⌘ P̂gq(z) with

• Phase space:

we showed that
<latexit sha1_base64="qjJ5qE5Tj6ytaAtG4I25jnsiZa8="></latexit>

d�n+1 = d�n ⌦ dM2 ⌦ d�2

here
<latexit sha1_base64="6Vup4w8RM12NcFKjOUoeKF4f9G0=">AAAB8XicbVDLSsNAFJ3UV42vqks3g0VwVZL6aDfFohs3QgX7wDaWyWTSDp1MwsxEKKF/4caFIrr0Q9y7Ef/GaVpBrQcuHM65l3vvcSNGpbKsTyMzN7+wuJRdNldW19Y3cptbDRnGApM6DlkoWi6ShFFO6ooqRlqRIChwGWm6g7Ox37wlQtKQX6lhRJwA9Tj1KUZKS9fexU0RVqCnYDeXtwpWCjhL7CnJn7yZlejlw6x1c+8dL8RxQLjCDEnZtq1IOQkSimJGRmYnliRCeIB6pK0pRwGRTpJePIJ7WvGgHwpdXMFU/TmRoEDKYeDqzgCpvvzrjcX/vHas/LKTUB7FinA8WeTHDKoQjt+HHhUEKzbUBGFB9a0Q95FAWOmQzDSE41L58MCGs+Q7hEaxYB8VrEsrXz0FE2TBDtgF+8AGJVAF56AG6gADDu7AA3g0pHFvPBnPk9aMMZ3ZBr9gvH4BKqiTKQ==</latexit>

dM2 = dt
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Now
<latexit sha1_base64="u6y77RY5gOea1LkxtuSIxO0pkNo="></latexit>

d�2 =

Z
d3pb
2Eb

�((pa � pb)
2) =

Z
d3pb
2Eb

�(t� 2pa · pb)

=
E2

bdEb d' d cos ✓b
2Eb

�(t� 2EaEb(1 cos ✓b))

=
1

2

1

2EaEb
EbdEb d' =

1

4

dEb

Ea
d'

=
1

4
dzd'

Finally
<latexit sha1_base64="NW2CxDzcAdGQna/5T9brKw37ZjY="></latexit>

d�n+1 = d�n ⌦ dt⌦ 1

4
dzd'
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•  Cross section
<latexit sha1_base64="YRA9QpWh4Ft1iLiGqf+S420erIs="></latexit>

d�n+1 =
1

Fn+1
|Mn+1|2d�n+1

<latexit sha1_base64="WF7XQ1egNlDZnmaqErKGjxwy6NY=">AAACEXicbZBNSwJBHMZn7c3sbatjl0EJDEF2tdJLIAXR0SA1cE1mx1EHZ2eXmdlAlv0KXeqjdOlQRNdu3fw2jS+BZQ8MPDzP/8/M/NyAUaksa2QklpZXVteS66mNza3tHXN3ry79UGBSwz7zxa2LJGGUk5qiipHbQBDkuYw03MHFuG/cEyGpz2/UMCAtD/U47VKMlI7aZjaKHIwYvIzbEc/ZcQzPYLbgBPTorgjnqrhtZqy8NRFcNPbMZCppJ/c0qgyrbfPL6fg49AhXmCEpm7YVqFaEhKKYkTjlhJIECA9QjzS15cgjshVNfhTDQ510YNcX+nAFJ+n8RoQ8KYeeqyc9pPrybzcO/+uaoeqWWxHlQagIx9OLuiGDyodjPLBDBcGKDbVBWFD9Voj7SCCsNMTUBMJpqXxctOGi+YFQL+Ttk7x1rWmcg6mS4ACkQRbYoAQq4ApUQQ1g8ACewSt4Mx6NF+Pd+JiOJozZzj74JePzGzSvnzY=</latexit>

Fn+1 = (2⇡)3Fnputting all together and remembering that
<latexit sha1_base64="u9ZsicjQrh0lm71Nz7km7LJLj/8="></latexit>

d�n+1 = d�n
dt

t

g2s
(2⇡)3

dz d'

= d�n
dt

t
dz

↵s

2⇡
P̂ba(z)

•  For spacelike branchings the expression for t changes
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Evolution equations

•  Let’s consider a space like evolution (e.g. DIS)

<latexit sha1_base64="uvzSmFQrOaKlq+cuE7DGS8GdIng=">AAAB73icbVBNS0JBFJ3Xp9mX1bLNkAQGITNm+txJbVoq5AfoS+aN83Rw3kcz8yIR/0SbFkW07e+06980Tw1KOnDhcM693HuPGwmuNEJf1srq2vrGZmorvb2zu7efOThsqjCWlDVoKELZdoliggesobkWrB1JRnxXsJY7uk781gOTiofBrR5HzPHJIOAep0Qbqe3lHs/rd4WzXiaL8gghjDFMCC6XkCGVil3ANsSJZZAFC9R6mc9uP6SxzwJNBVGqg1GknQmRmlPBpulurFhE6IgMWMfQgPhMOZPZvVN4apQ+9EJpKtBwpv6emBBfqbHvmk6f6KFa9hLxP68Ta892JjyIYs0COl/kxQLqECbPwz6XjGoxNoRQyc2tkA6JJFSbiNKzEEplu3iRhLBMfkJoFvL4Mo/qxWz1ahFHChyDE5ADGJRBFdyAGmgACgR4Ai/g1bq3nq03633eumItZo7AH1gf3xEDj5Q=</latexit>

f(x,Q2)

•  Pictorial representation
<latexit sha1_base64="tgNGjomy4Asg8bQuaVRbVkPiNDI=">AAACznichVJdb9MwFHXC1whfHTzyYlExpdIoyRhsL0gTvCDxUiS6Taq7yHWc1ZrzsfhmamM5vPL7eOMH8D9w01QChuBKto7OudfXPtezQgoFQfDdcW/cvHX7ztZd7979Bw8f9bYfH6u8Khkfs1zm5emMKi5FxscgQPLTouQ0nUl+Mrt4v9JPrnipRJ59hmXBpyk9z0QiGAVLRb0fJOYSKE4iLTLjL3ZhgHfeYpKUlOlOA6PB4I aIDKLFWYjjxRkpSpHyJvE3cBfDoOmqqCzmNFJG75FCmIbMKeiR8Wub0B7oL/ALXONN6aCJa48Qb6fd/tE7sL3XYlwbXZv/97P3e1nbJ0W9fjAM2sDXQdiBPupiFPW+kThnVcozYJIqNQmDAqaaliCY5MYjleIFZRf0nE8szGjK1VS34zD4uWVinOSlXRnglv21QtNUqWU6s5kphbn6U1uRf9MmFSSHUzunogKesXWjpJIYcryaLY5FyRnIpQWUlcLeFbM5tR6B/QFea8Kbg8P9VyG+DjYmHO8Nw9fD4NN+/+hdZ8cWeoqeIR+F6AAdoQ9ohMaIOR+dS6d2tDtyr1zjflmnuk5X8wT9Fu7Xn2Gh4UE=</latexit>

�fin(x, t) =
�t

t

Z 1

x
dx0 f(x0, t)

↵s

2⇡
P̂ (z) �(x� zx0) dz

=
�t

t

Z 1

0

dz

z

↵s

2⇡
P̂ (z) f(x/z, t)
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Evolution equations

•  Let’s consider a space like evolution (e.g. DIS)

<latexit sha1_base64="uvzSmFQrOaKlq+cuE7DGS8GdIng=">AAAB73icbVBNS0JBFJ3Xp9mX1bLNkAQGITNm+txJbVoq5AfoS+aN83Rw3kcz8yIR/0SbFkW07e+06980Tw1KOnDhcM693HuPGwmuNEJf1srq2vrGZmorvb2zu7efOThsqjCWlDVoKELZdoliggesobkWrB1JRnxXsJY7uk781gOTiofBrR5HzPHJIOAep0Qbqe3lHs/rd4WzXiaL8gghjDFMCC6XkCGVil3ANsSJZZAFC9R6mc9uP6SxzwJNBVGqg1GknQmRmlPBpulurFhE6IgMWMfQgPhMOZPZvVN4apQ+9EJpKtBwpv6emBBfqbHvmk6f6KFa9hLxP68Ta892JjyIYs0COl/kxQLqECbPwz6XjGoxNoRQyc2tkA6JJFSbiNKzEEplu3iRhLBMfkJoFvL4Mo/qxWz1ahFHChyDE5ADGJRBFdyAGmgACgR4Ai/g1bq3nq03633eumItZo7AH1gf3xEDj5Q=</latexit>

f(x,Q2)

•  Pictorial representation
<latexit sha1_base64="01prGJ9pjzF6vjWViBmR/k0bjWk="></latexit>

�fout(x, t) =
�t

t
f(x, t)

Z x

0
dx0 ↵s

2⇡
P̂ (z) �(x0 � zx) dz

=
�t

t
f(x, t)

Z 1

0
dz

↵s

2⇡
P̂ (z)
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Evolution equations

•  Let’s consider a space like evolution (e.g. DIS)

<latexit sha1_base64="uvzSmFQrOaKlq+cuE7DGS8GdIng=">AAAB73icbVBNS0JBFJ3Xp9mX1bLNkAQGITNm+txJbVoq5AfoS+aN83Rw3kcz8yIR/0SbFkW07e+06980Tw1KOnDhcM693HuPGwmuNEJf1srq2vrGZmorvb2zu7efOThsqjCWlDVoKELZdoliggesobkWrB1JRnxXsJY7uk781gOTiofBrR5HzPHJIOAep0Qbqe3lHs/rd4WzXiaL8gghjDFMCC6XkCGVil3ANsSJZZAFC9R6mc9uP6SxzwJNBVGqg1GknQmRmlPBpulurFhE6IgMWMfQgPhMOZPZvVN4apQ+9EJpKtBwpv6emBBfqbHvmk6f6KFa9hLxP68Ta892JjyIYs0COl/kxQLqECbPwz6XjGoxNoRQyc2tkA6JJFSbiNKzEEplu3iRhLBMfkJoFvL4Mo/qxWz1ahFHChyDE5ADGJRBFdyAGmgACgR4Ai/g1bq3nq03633eumItZo7AH1gf3xEDj5Q=</latexit>

f(x,Q2)

•  Pictorial representation

<latexit sha1_base64="xjwcDwGc1YYKgnr9TLXYTcZQpa0="></latexit>

�fout(x, t) =
�t

t
f(x, t)

Z 1

0
dz

↵s

2⇡
P̂ (z)

<latexit sha1_base64="zsbQGIAfu4nXCDNGa7XtQtCDjW0="></latexit>

�fin(x, t) =
�t

t

Z 1

0

dz

z

↵s

2⇡
P̂ (z) f(x/z, t)



45

So

with
<latexit sha1_base64="Eu4oWXwl2R0qr453fd/SCiSEG6w=">AAAB/HicbVDLSsNAFJ3UV62vaJduhhahUiiJr3YjFN24jGBboQlhMp22QycPZiZCDPUr3LtxoYhbP8Rd/8ZpWkGtBy6ce8693MvxIkaFNIyJlltaXlldy68XNja3tnf03b22CGOOSQuHLOS3HhKE0YC0JJWM3EacIN9jpOONLqd+545wQcPgRiYRcXw0CGifYiSV5OpFq3J/CM+hPUQytcaqcauuXjZqRga4SMw5KTdLdvVx0kwsV/+0eyGOfRJIzJAQXdOIpJMiLilmZFywY0EihEdoQLqKBsgnwkmz58fwQCk92A+5qkDCTP25kSJfiMT31KSP5FD89abif143lv2Gk9IgiiUJ8OxQP2ZQhnCaBOxRTrBkiSIIc6p+hXiIOMJS5VXIQjirN06OTbhIvkNoH9XM05pxrdK4ADPkwT4ogQowQR00wRWwQAtgkIAn8AJetQftWXvT3mejOW2+UwS/oH18AYDrlpo=</latexit>

P (z) = P̂ (z)+

•  Sudakov factor
<latexit sha1_base64="ZmkQVL44TTyUILAiUBD97eUmJgU="></latexit>

�(t) ⌘ exp


�
Z t

t0

dt0

t0

Z
dz

↵s

2⇡
P̂ (z)

�

<latexit sha1_base64="nnS57yMgy36l2KkwjHJF+OgmqnM="></latexit>

t
@

@t
f(x, t) =

Z 1

0

dz

z

↵s

2⇡
P (z) f

⇣x
z
, t
⌘

<latexit sha1_base64="smcWPuGoBFJ+zwcPoUC1FTdAE2M="></latexit>

t
@

@t
f(x, t) =

Z 1

0

dz

z

↵s

2⇡
P̂ (z) f

⇣x
z
, t
⌘
+

f(x, t)

�(t)
t
@

@t
�(t)

<latexit sha1_base64="7lPGxDgSG9fTO9S+m5SsK16sbwQ="></latexit>

�f(x, t) = �fin � �fout =
�t

t

Z 1

0
dz

↵s

2⇡
P̂ (z)


1

z
f
⇣x
z
, t
⌘
� f(x, t)

�
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•  Sudakov factor
<latexit sha1_base64="ZmkQVL44TTyUILAiUBD97eUmJgU="></latexit>

�(t) ⌘ exp


�
Z t

t0

dt0

t0

Z
dz

↵s

2⇡
P̂ (z)

�

<latexit sha1_base64="smcWPuGoBFJ+zwcPoUC1FTdAE2M="></latexit>

t
@

@t
f(x, t) =

Z 1

0

dz

z

↵s

2⇡
P̂ (z) f

⇣x
z
, t
⌘
+

f(x, t)

�(t)
t
@

@t
�(t)

<latexit sha1_base64="Siji5cz1Zh4mH+xSbOKX3CKf9EI="></latexit>

=) t
@

@t

✓
f(x, t)

�(t)

◆
=

1

�(t)

Z 1

0

dz

z

↵s

2⇡
P̂ (z) f

⇣x
z
, t
⌘

<latexit sha1_base64="NMb48K+bg+a9WA5K8kkgwSiqPH4="></latexit>

=) f(x, t) = �(t) f(x, t0) +

Z
dt0

t0
�(t)

�(t0)

Z
dz

z

↵s

2⇡
P̂ (z) f

⇣x
z
, t0

⌘

<latexit sha1_base64="mUbF6MnsMIOxyn9RDiQn/LW+IaM=">AAAB+3icbZBLSwMxFIUz9VXrq9alm2ARWpSS+GrdFXXhUsE+oC0lk2baYOZBckcspf/CtRsXirj1j7jz35hpFbR4IHA4515y+dxISQOEfDqpufmFxaX0cmZldW19I7uZq5sw1lzUeKhC3XSZEUoGogYSlGhGWjDfVaLh3p4nfeNOaCPD4AaGkej4rB9IT3IGNupmc+0LoYAVoIi9wv0+dEmxm82TEiGEUooTQ8snxJrT08oBrWCaVFb56k577+GzOrzqZj/avZDHvgiAK2ZMi5IIOiOmQXIlxpl2bETE+C3ri5a1AfOF6Ywmt4/xrk162Au1fQHgSfp7Y8R8Y4a+ayd9BgMz2yXhf10rBq/SGckgikEEfPqRFysMIU5A4J7UgoMaWsO4lvZWzAdMMw4WV2YC4aRcOTpMIMyaHwj1gxI9LpFrS+MMTZVG22gHFRBFZVRFl+gK1RBH9+gRPaMXZ+w8Oa/O23Q05XzvbKE/ct6/AEBiloE=</latexit>

�(t)f(x, t0) paths that did not branch in
<latexit sha1_base64="0PRtOVUFXrcycgXQKHkQ2c6oiO4=">AAAB8HicbVDLSkMxEM2tr1pfVcGNm6AIrkpStY9dqRuXLdiHtKXkpmkbmvsgmSuU0q9w40IRt4J/4Re4c+O3mNsqaPHAwOGcGWbmuKGSBgj5cBJLyyura8n11Mbm1vZOenevboJIc1HjgQp002VGKOmLGkhQohlqwTxXiYY7uoz9xq3QRgb+NYxD0fHYwJd9yRlY6Qa6BLchwNBNH5MMIYRSimNC8zliSbFYyNICprFlcVw6qH7K1/JbpZt+b/cCHnnCB66YMS1KQuhMmAbJlZim2pERIeMjNhAtS33mCdOZzA6e4hOr9HA/0LZ8wDP198SEecaMPdd2egyGZtGLxf+8VgT9Qmci/TAC4fP5on6kcPyi/R73pBYc1NgSxrW0t2I+ZJpxsBmlZiHk8oXzsziERfITQj2boRcZUrVplNEcSXSIjtApoiiPSugKVVANceShO/SAHh3t3DtPzvO8NeF8z+yjP3BevgAxtJP1</latexit>

t0 ! t

probability of not branching!
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•  Generalization
<latexit sha1_base64="kmP8DsDshx0Fy8gJcCQZh5U+M2Y="></latexit>

�i(t) = exp

2

4�
X

j

Z t

t0

dt0

t0

Z
dz

↵s

2⇡
P̂ij(t)

3

5

t
@

@t

✓
fi
�i

◆
=

1

�i

X

j

Z
dz

z

↵s

2⇡
P̂ij fj

⇣x
z
, t
⌘

•  Comments
1. there are infrared divergences
2. we need a regularization prescription
3. ad hoc cut off to define resolvable emissions
4. virtual corrections cure the problem

<latexit sha1_base64="O65cHLdeH9B0oHEiOTu3x8kmsV4=">AAACBnicbZDLSgMxGIUz9VbrbdSlCMEiuLHMeGuXRTcuK9gLdGrJZNI2NJMZkoxQh8GFG1/FTReKuvUZ3Pk2ptMW1Hog8HHO/5PkuCGjUlnWl5GZm19YXMou51ZW19Y3zM2tmgwigUkVBywQDRdJwignVUUVI41QEOS7jNTd/sUor98SIWnAr9UgJC0fdTntUIyUttrmrkO5ajsklJQF/Ca2D6ecQO+ubeatgpUKzoI9gXy5nNy7b8Ok0jY/HS/AkU+4wgxJ2bStULViJBTFjCQ5J5IkRLiPuqSpkSOfyFacfiOB+9rxYCcQ+nAFU/fnRox8KQe+qyd9pHrybzYy/8uakeqUWjHlYaQIx+OLOhGDKoCjTqBHBcGKDTQgLKh+K8Q9JBBWurlcWsJZsXRybMNZmJZQOyrYpwXrSrdxDsbKgh2wBw6ADYqgDC5BBVQBBg/gCTyDF+PRGBqvxvt4NGNMdrbBLxkf38hEnUQ=</latexit>Z 1�✏

✏
dz
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•  Monte Carlo
•  Goal: given (x1,t1) generate (x2,t2)
•  To obtain t2 solve

<latexit sha1_base64="o4siJiTzUrVqdrGIkqRQjZju9bs="></latexit>

�(t2)

�(t1)
= r 2 [0, 1]

•  To obtain z=x2/x1 solve
<latexit sha1_base64="Kk93UlYhRJOyZ/BHOzWlbU/8F2Y=">AAACk3icfVHLbtQwFHXCqx1eKagrNldUSEWCaTLQh1QhRoUFG6RBYtpK4zRyPE5j1XEs22lnGmX4HxYs+RB2/A2eTCugRVzL0tE59x5b56ZKcGPD8Kfn37h56/adpeXO3Xv3HzwMVh7tm7LSlA1pKUp9mBLDBJdsaLkV7FBpRopUsIP05N1cPzhl2vBSfrZTxeKCHEuecUqso5LgK+bSJpgpw0Upj+pJ0tuYJFED4/MZzjShNS ZC5SQxTd3Dijezwfr5c3gD+ggrzQsGsysO0ctLPDeB/7kA4N325Gk5qeGM2xyaBfXb39nDKHwRxUmwFnbDtuA6iC7AWr/ffEm/f2sGSfADj0taFUxaKogxoyhUNq6JtpwK1nRwZZgi9IQcs5GDkhTMxHWbaQPPHDOGrNTuSgst++dETQpjpkXqOgtic3NVm5P/0kaVzXbimktVWSbp4qGsEmBLmC8IxlwzasXUAUI1d38FmhOXoXVr7LQhbG3vvH4VwXVwGcJ+rxttdsNPLo09tKgl9AQ9ResoQtuojz6gARoi6gXelvfW6/ur/q6/579ftPrexcxj9Ff5H38BznTMgw==</latexit>Z x2/x1

✏
dz

↵s

2⇡
P (z) = r0

Z 1�✏

✏
dz

↵s

2⇡
P (z) with r0 2 [0, 1]

space like evolution

•  Stop the process if 
<latexit sha1_base64="lEdzKlDM+gCrqZq2QnRMQ88r9/0=">AAAB8HicbVDLSgMxFM3UV62vqktFgkVwVWbqo11J0Y3LFuxD2rFk0kwbmmSGJCOUoUu/wI0LRdz6Bf0Od36DP2E6reDrwIXDOfdy7z1eyKjStv1upebmFxaX0suZldW19Y3s5lZdBZHEpIYDFsimhxRhVJCappqRZigJ4h4jDW9wMfEbt0QqGogrPQyJy1FPUJ9ipI10rTsFeAarN4VONmfn7QTwL3FmJFfeHVc/7vbGlU72rd0NcMSJ0JghpVqOHWo3RlJTzMgo044UCREeoB5pGSoQJ8qNk4NH8MAoXegH0pTQMFG/T8SIKzXknunkSPfVb28i/ue1Iu2X3JiKMNJE4OkiP2JQB3DyPexSSbBmQ0MQltTcCnEfSYS1ySiThHBaLB0fOfAv+QqhXsg7J3m7atI4B1OkwQ7YB4fAAUVQBpegAmoAAw7uwSN4sqT1YD1bL9PWlDWb2QY/YL1+AhRYkzc=</latexit>

t2 > Q2

• For time like evolution switch t2 with t1 and stop at t0



PYTHIA PS

ALPGEN
ME

tt̄ + jet

   of additional jet

[Asai, Sasaki, Tanaka]

pT

deficit of hard jets

• PS is not accurate to describe extra hard jets, by construction!
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Z + N jets

pt third jet (GeV)

PS does not emit
  hard jets
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[Mangano]important for SUSY searches
52



IV. Jets

53



Three jet event:

• why not 4?
• Which particles 
belong to a jet?
• how to get

pparton ' pjet ?

54



[Lian-Tao Wang]

Not an easy task:
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Criteria for a good jet recipe: [Snowmass]

1. Simple to implement in an experimental analysis

2. Simple to implement in a theoretical calculation

3. Defined at any order of perturbation theory

4. Yields finite cross sections at any order of PT

5. Yields a cross section rather insensitive to hadronization

56



controls the number of jets
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A few jet algorithms

• Three popular jet algorithms are kT, anti-kT, and Cambridge/Aachen
• The distance and rule to join objets is 

dij = min[p2↵
Ti ,p

2↵
Ti ]

✓
�Rij

R

◆2

and diB = p2↵
Ti

with �Rij =
q

�⌘2
ij + �'2

ij

repeatedly combine objets until     is the smaller distance.
Then call it a jet, remove from the list and start again   

diB

•The choices are: kT (         );  anti-kT (          ); 
C/A (        )

↵ = 1 ↵ = �1
↵ = 0
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• Example with C/A algorithm [borrow from G. Salam]
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• Example with C/A algorithm [borrow from G. Salam]
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• The different algorithms lead to distinct 
jets shapes when they overlap 

kT (1) starts around softer objects

C/A (0) cares only about distances

anti-kt (-1)  clusters around hard objects

dij = min[p2↵
Ti ,p

2↵
Ti ]

✓
�Rij

R

◆2

and diB = p2↵
Ti
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Jet production

• The basic expression for 2 to 2 processes is

xT =
2pTp

s
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Tevatron results

the inclusive jet cross section does agree with NLO QCD
over 8 orders of magnitude!
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•Let’s look the results without the dirt trick of log plots
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•Let’s look the results without the dirt trick of log plots
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• The agreement is also nice for the dijet invariant mass, eg, at CDF
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Jets at the LHC

the inclusive jet cross section is nicely described by NLO QCD

69



a more serious comparison 

70



again we can study dijet invariant masses

71



in good agreement 
with QCD72



Highly boosted objects: fat jets
• At the LHC  W’s, Z’s, H’s, and tops can be very energetic such that 

their decay products are collinated, merging the final state jets!

slow moving => well separated final state jets

highly energetic state produce a single fat jet with substructure
73



Highly boosted objects: fat jets
• At the LHC  W’s, Z’s, H’s, and tops can be very energetic such that 

their decay products are collinated, merging the final state jets!

slow moving => well separated final state jets

highly energetic state produce a single fat jet with substructure

 can
 we tell th

e difference between these jets a
nd the 

ordinary
 ones fr

om  quark
s an

d glu
ons?
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 Why should we care?
top pair production at the LHC

�Rjj � Rmin

• requiring separated jets suppress the signal at high invariant masses 

[Baur, Orr 0707.2066]

�Rjj =
�

�⇥2
jj + ��2

jj
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 Basic idea

signal background (QCD)

P (z) � 1 P (z) ⇥ 1 + z2

1� z

daughters have similar momenta QCD prefers softer radiation

• first proposed by Seymour (1993) for W’s

 idea: reverse the jet algorithm analyzing the daughters
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H is hard to see.

Unboosted analysis
 Example: VH at the LHC [Butterworth et al arXiv 0802.2470]
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 Search for boosted Higgs: 
for jet j with size R 

• Undo the clustering and label             with  

• j is a heavy particle if there is a mass drop such that

• if there is no mass drop rename          and redo the analysis

j1 , j2 mj1 > mj2

mj1 < µ mj

y � min(ptj1 , pt,j2)
max(ptj1 , pt,j2)

> ycut

ycut = 0.15 and µ = 0.67For instance

[mass drop]

[symmetric splitting]

Boosted analysis
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(d)

R = 1.2 and pj
T > 200 GeV

ZH WH

WH Combined
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First answer



General form of the IR divergences 

�qqg =
2↵s

3⇡
�qq

Z
d cos ✓qg

dEg

Eg

4
(1� cos ✓qg)(1 + cos ✓qg)

 The integral diverges for 

Eg � 0

�gq � 0

�gq̄ � 0

(soft gluon limit )

(colinear limit)
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II.  Connecting theory and experiment


