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The circle map dynamics in air bubble formation
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Abstract

We studied the air bubbles formation in a submerged nozzle in a water/glycerol solution inside a cylindrical tube, submitted
to a sound wave perturbation, whose amplitude is a parameter of control. It was experimentally observed quasiperiodicity,
transition from quasiperiodicity to chaos, routes to chaos via period doubling cascade according to the values ofΩ = fs/fb,
wherefs is the sound wave frequency andfb is the bubbling rate. Our data can be explained by a two-dimensional circle
map dynamics. We simulated some bifurcation diagrams as well as some reconstructed attractors with amazing results. 2001
Elsevier Science B.V. All rights reserved.
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1. Introduction

We studied the air bubble formation dynamics, in a
submerged nozzle in a water/glycerol solution inside a
cylindrical tube (see Ref. [1] for details), submitted to
a sound wave tuned in the air column above the fluid.
A small part of the sound wave refracts to the fluid
and interacts with the air blowing in the nozzle and
changes the bubble formation dynamics. We already
have reported [1,2] some dynamical effects of a sound
wave in a bubble formation dynamics, such as a
flip bifurcation and synchronization, and Hénon-like
dynamics. Other features of the bubble oscillator can
be found in Refs. [3–7].

In the present Letter we are reporting experimental
observations of quasiperiodicity, transition from qua-
siperiodicity to chaos, period doubling cascade and
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chaotic behavior, taking the sound wave amplitude as a
control parameter. We are showing that air bubble for-
mation in a high viscous liquid follows a circle map
dynamics.

The circle map has been used to study two coupled
oscillators and to model human heartbeats [8], human
hand movements [9], thermoacoustic turbulence [10],
and the dynamics of a particle in a rotating liquid [11].
By following the air bubbles displacement through the
fluid it should be noticed that when a bubble crosses
an observation point above the needle, an amount of
fluid is displaced and after the bubble passage through
the fluid configuration is restored. So, a bubble train
crossing the observation point displaces the fluid
with the bubbling frequencyfb, therefore the fluid
movement is an oscillatory system and the sound wave
tuned to the air column above the liquid represents
the other one, whose amplitude(A) corresponds to
the coupling strength. In such a way, we related the
dynamics of the air bubble formation in a high viscous
liquid can follow a circle map dynamics.
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2. The two-dimensional circle map

The two-dimensional circle map is given by [12]

xn+1 = xn + Ω − K

2π
sin(2πxn) + byn (mod 1),

(1)yn+1 = byn − K

2π
sin(2πxn),

where Ω is the frequency ratio of the uncoupled
oscillators,b is an adjustable parameter corresponding
to a dumping constant related to contraction of the
phase space, andK is the coupling strength which was
used as a control parameter. Theyn vs. K diagram
bifurcations as well as the first return mapsyn+1 vs.
yn were used to simulate our experimental data.

3. Experimental apparatus

The air bubble formation experimental apparatus is
shown in Fig. 1. The bubbles are generated by inject-
ing air under constant flow rate conditions through a
metallic nozzle submerged in a viscous fluid column,
and the air flux can be set up by the opening of a
needle valve. The dimensions of the cylindrical tube
are 53 mm in diameter and 70 cm in height, and the

Fig. 1. Diagram of the experimental apparatus.

nozzle inner diameter is 0.72 mm. The fluid viscos-
ity can be changed by varying the glycerol concen-
tration η ((1 − η) water+ η glycerol). We changed
the bubble formation dynamics applying a sound wave
with a loudspeaker placed at the top of the tube. The
sound wave was tuned to the fundamental frequency
(fs = 150 Hz) of the air column above the fluid, and
the wave amplitudeA was driven by a function gener-
ator. All the measurements were done at room temper-
ature withη = 0.8.

The detection system is the same as the one in the
dripping faucet experiment [13,14]. A horizontal He–
Ne laser beam, focused on a photodiode, is placed a
little above the nozzle. The delay times between suc-
cessive bubbles were measured with a time circuitry
inserted in a PC slot, with a time resolution equals to
1 µs. The input signals are voltage pulses induced in
a resistor by the scattering of a laser beam focused on
a photodiode in series with the resistor. The width of
pulse is the time intervaltn (n is the bubble number),
and the time delay between two pulses is the crossing
time (dtn) of a bubble through the laser beam, so that
the total time interval isTn = tn + dtn. The bubbling
rate is calculated asf = 1/〈T 〉, where〈T 〉 is the mean
time between successive bubbles.

We changed the bubbling behavior by applying a
sound wave with a loudspeaker placed at the top of the
tube. The sound wave was tuned to the fundamental
frequency (fs = 150 Hz) of the air column above the
fluid, and the wave amplitudeA was used as control
parameter and it is driven by a function generator. All
the measurements were done at room temperature.

4. Results and discussion

To obtain an experimental bifurcation diagram,
firstly, with no sound wave, we chose a periodic bub-
bling with fb = 1/T0. After then, we turned on the
function generator and the sound wave amplitudeA

was increased continuously.
In Fig. 2(a) it is shown an experimental bifurca-

tion diagramTn vs. A for a bubbling rate offb =
39.37 bubbles/s, and Ω = fs/fb = 3.81, and in
Fig. 2(b) a circle map bifurcation diagramyn vs. K

calculated with same value ofΩ andb = 0.1 [2,15].
There are some similarities between both diagrams.
For K = 0 andA = 0, from the respective period one
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Fig. 2. (a) Experimental bifurcation diagram,Tn vs.A, with the sound wave amplitude as control parameter.Ω = fs/fb = fsT0 = 3.81, withT0
obtained withA = 0. (b) Bifurcation diagramyn vs.K , with the same value ofΩ andb = 0.1. In both cases we can observe the quasiperiodic
region (triangle shaped band) and a period doubling cascade. The fixed points (y∗ > 0 andT ∗ > T0) are tangent to the upper boundary of the
end of the quasiperiodic region. The experimental fixed point isT ∗ = 26.7± 0.1 ms.

Fig. 3. The same of Fig. 2, withΩ = 4.15. It should be noted the change of the relative position of the fixed points (y∗ < 0 andT ∗ < T0) when
compared with the respective positions shown in Fig. 2. The dashed lines corresponds to unstable fixed points. The experimental fixed point is
T ∗ = 26.7± 0.1 ms.

behavior,y = 0 andT = T0, as we increase the con-
trol parameter a quasiperiodic region takes place, fol-
lowed by a chaotic region (K ∼ 1), and after that the
fixed points (y∗ and T ∗, respectively) suddenly be-
come stable atK∗ ≈ 1.07 andA∗ ≈ 2.7, respectively.
It should be noted that these fixed points are tangent to
the upper boundary at the end of the triangle shaped
band (y∗ > 0 andT ∗ > T0) and they continue sta-
ble until K∗ ≈ 2.44 andA∗ ≈ 4.7, when the routes
to chaos via period doubling start. Consequently, the
results are suggesting that the bubble formation can be
explained by the circle map dynamics, where the cou-

pling strength is the sound wave amplitude and the fre-
quency ratio of the two uncoupled oscillators is given
by the ratio of the sound wave frequency and the bub-
bling rate,Ω = fs/fb.

To supplement this assumption we looked for more
detailed similarities. The fixed point in the circle
map is given byy∗ = Integer(Ω + 0.5) − Ω . If we
choose aΩ value such as Integer(Ω + 0.5) < Ω

the fixed point is negative, and it is located at the
lower boundary of the quasiperiodic band, as for the
case of Ω = 4.15 and y∗ = −0.15, as shown in
Fig. 3(b). Therefore, we set up the bubbling rate to
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Fig. 4. The same of Fig. 2, withΩ = 4.0. Now there is no quasiperiodic region andy∗ = 0 andT ∗ = T0 are stable fixed points. The experimental
fixed point isT ∗ = 26.66± 0.07 ms.

36.14 bubbles/s to get the same value ofΩ = 4.15,
and the experimental bifurcation diagram is shown in
Fig. 3(a). Again, the same similarities described above
are obtained. The fixed pointy∗ (T ∗) becomes stable
at K∗ ≈ 0.85 (A∗ ≈ 1.8) and the period doubling
cascade starts atK∗ ≈ 2.36 (A∗ ≈ 4.5). As we
can see the experimental fixed point(T ∗ < T0) is
also tangent to the lower boundary of the triangle
shaped quasiperiodic region. A similar behavior for a
lesser viscous fluid (η = 2/3) can be followed in the
sequence of attractors shown in Fig. 6 of Ref. [1].

Setting up the bubbling rate tofb = 37.50 bub-
bles/s, soΩ = 4.0, there is no quasiperiodic region
in both bifurcation diagrams as shown in Fig. 4. The
fixed pointy∗ = 0 (T ∗ = T0) is stable untilK∗ ≈ 2.2
(A∗ ≈ 3.7), and the system evolves directly to the
period doubling cascade.

We can divide the system evolution in two regions:
an initial region, related to the quasiperiodic behavior
(K � 1), and the period doubling route to chaos region
(K 
 1).

For the first region, we have sketched a few Arnold
tongues shown as shaded areas in Fig. 5 obtained with
the unidimensional circle map(b = 0) [17] as an ap-
proximation to the less dissipative circle map with
b = 0.1. For a fixed value ofΩ (mod 1) �= 0 the sys-
tem evolves in a quasiperiodic region, represented by
the vertical dotted arrows, until they find the fixed
point given byy∗ ≈ K∗/2π(1 − b), represented by
the closed circles. Therefore, the shaped triangular re-

Fig. 5. Some Arnold tongues. The numbers at the top correspond
to the data shown in the respective figure. The overlapping of the
tongues forK > 1 are not drawn.

gions, shown in Figs. 2 and 3, correspond to a dy-
namics related to a torusT 2 evolution. In Fig. 2 we
haveK∗ ≈ 1.07, for K > 1 the Arnold tongues over-
lap [16], and chaotic bands appear. Therefore, it is ob-
served a torus break up by a transition from quasiperi-
odicity to chaos. Since forK < 1 there are no tongues
overlapping, so there is no torus break up forK∗ ≈
0.85, as it is shown in Fig. 3. ForΩ (mod 1) = 0, as
in the case ofΩ = 4.0 shown in Fig. 4, the fixed point
does not depend onK, as shown by the vertical arrow
atΩ (mod 1) = 0.
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Fig. 6. Left column: some experimental attractors; right column: respective simulation with the circle map. The saddle points are given by the
crossing of the lines and the attractors. In all casesT ∗ = 26.7 ms.

To reinforce that the air bubbles formation dy-
namics is well described by the dissipative two-
dimensional circle map, we reconstructed some attrac-
tors forK 
 1 using first return mapsTn+1 vs.Tn. The
open vertical arrows in Figs. 2(a), 3(a) and 4(a) indi-
cate approximately the value of the experimental con-
trol parameter for the reconstructions shown in Fig. 6,

at left column we have the experimental mapsTn+1
vs. Tn. Each experimental attractor is well simulated
by the circle mapyn+1vs. yn with the sameΩ value,
as it is shown in the right column of Fig. 4.

By rotating 180 degrees the attractor shown in
Fig. 6(a) we have obtained a very similar profile of
the attractor shown in Fig. 6(c). Due to the symmetry
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Fig. 7. (a) Experimental attractor obtained at 8 bubbles/s. (b) The
simulation with the circle map.

axis atΩ = 0.5 of the Arnold tongues diagram (see
Fig. 5), and as 0.15∼ 1−0.81, both attractors present
similar stretching and folding characteristics [2]. The
attractor shown in Fig. 6(b) is symmetrically divided
by the diagonal line due to the cyclical properties of
the Arnold tongues given byΩ (mod 1).

In each attractor we can find the fixed point by
the crossing of the diagonal line with the attractor. In
this way we foundT ∗ = 26.7 ms for the three cases,
that is the same value obtained with the bifurcation
diagrams shown in Figs. 2(a), 3(a) and 4(a). For these
high values ofK the fixed points are unstable orbits
corresponding to saddle points [1,2], with unstable
manifolds tangent to the attractor.

Even more complex experimental attractor can be
well simulated, as the one obtained at higher sound

wave amplitude, as shown in Fig. 7(a). In this case we
set up the bubbling rate to 8 bubbles/s, soΩ = 18.75,
and the corresponding simulation with the circle map
with Ω = 18.85 andb = 0.1 is shown in Fig. 7(b).

5. Conclusion

In conclusion, forη > 3/5, the two coupled oscilla-
tors given by the fluid movement and the sound wave
have presented features such as quasiperiodicity, tran-
sition from quasiperiodic to chaotic behavior, period
doubling cascade, and chaos by varying the amplitude
of a sound wave that can be interpreted with the cir-
cle map dynamics. In addition, for low coupling we
analyzed the data by using Arnold tongues diagram,
for three values of the frequencies ratioΩ = fs/fb,

wherefs is the sound frequency. For high coupling the
profiles of the experimental first return maps also re-
inforced our assumption that the air bubble formation
follows a dissipative circle map dynamics.
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