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Macroscopic features of plasmas: quasi-neutrality

* Plasmas have a natural tendency of remaining electrically neutral

2 Zin;=n, (Charge neutrality condition)
J
 If there exists any charge imbalance within a small spherical region in a plasma:
- An electric field is established
- Electrons are accelerated in the direction of the positive charges
- In a short time interval, quasi-neutrality is restored

Net electric charge due to charge imbalance: Q = 5ﬂa3(ni —n,)e

1 O e(ni—ne)a2

Electric potential at the surface of the spherical region: ¢ = Ay a = 3¢
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Macroscopic features of plasmas: quasi-neutrality

* For a plasma with nip = neo = 1x1020 m-3 and a charge imbalance
on/nyy = (n; — ny)/ny = 1 % within a spherical region of 1 mm of radius:

3 3 dren;, on; 10
Q = - d (ni _ ne)e = —7nda (nio + 5”1‘ — neo)e — a’=6.7x10 C
3 3 n;o
1 e(n.—n ] e(n. —n
b = 0 _ e e)a2=6.OkV E = g _ e)a=6.0MV/m
drey a 3¢y drey a? 3¢

IF|=|ecE|=16%x10"""x6.0x10°%~9.6x 107> N (Force doesn’t seem so strong)

_|Fl _|eE| 1.6x107"x6.0x 10°

~ 1 x 10" m/s?
m, m, 9.11 x 1031

|a

(Acceleration is hugelll)
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Macroscopic features of plasmas: Debye shielding

 Charge imbalance occurs naturally in plasmas only in a small region whose
typical size is of the order of the so-called Debye length (see Bittencourt ch.

11, section 2)
/eokBT
npe

 The Debye length is the typical distance at which the particle electric
potencial energy balances its thermal energy

- The electric potential energy tend to restore quasi-neutrality
- The thermal energy of the parficles tend to break quasi-neutrality
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Macroscopic features of plasmas: Debye shielding

o Let's isolate one single charge from a (nevutral) plasma and see how this
charge interacts with all the other particles

* From Poisson’s equation:

Z;en(r)—en,r)
V2¢=—£=—[ ]_%
€0 €0 €0

o(r)

* From Boltzmann’s equation (see Bittencourt ch. 7, section 5)
U(r)

q; P(r) _
— Il eXp —
keTp |7 kg 1;

* Suppose that n,(r - o) =n(r - o) =n,

en i Z.e ]
V2 + 2 Z.exp| —— ? — exp e = — ﬁ5(1‘)
€0 kpT; kgT, €0
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Macroscopic features of plasmas: Debye shielding

* Let's suppose that the perturbing elecirostatic potential due to the test charge
is weak so that the elecirostatic potential energy of the particles is much

smaller than their mean thermal energy, i.e. g;p(r) < kpT;:

. Qj¢ 0 Qj¢
xp| — ~ 1 —
"\ &t kT,

eokpT, T
* Therefore, V2¢ — i = — ﬁ5(1’), with A, = el or Ap = 7433 o
/112) €0 nOez N
I, T
(2T, + 1))
Ny in m-3

 Debye length for some particular cases
- Tokamaks (ng=1x 10" m™3; T,=T,=1x10°K): Ap=5X10"m
- Solar corona (ny=1x 102 m™3; T,=T, =1x10° K): 1, = 0.05 m
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Macroscopic features of plasmas: Debye shielding

* |In spherical coordinates, one has that

l i [ﬂﬁ] _ i — ﬁg(r)

r2dr| dr B €

g, f(r)

471'60 r

* Let's try to solve this equation with the ansatz ¢(r) = ¢.(r) f(r) =
where f(r - 0) =1 and ¢(r —» o) = 0.

d2
* Forr # 0, one has that: 47 = LA — f(r) =Aexp <L> + Bexp <_L>
dr> A4 A Ap

* The condition ¢(r — c0) = 0 implies that A = 0, while the condition f(r —» 0) = 1
implies that B = 1. Therefore,

r 1 g r
0= 0o () = g tew ()
D 0 D
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Macroscopic features of plasmas: Debye shielding

* Near the test particle ( r < 4, ), the electric potential created by the test
charge is given by the Coulomb potential

* Far from the test particle ( r > 1, ), the electric potential is significantly smaller
that the Coulomb potential of the test charge

 The number of particles that
interact collectively with the test
charge is about the number of
charges within the Debye sphere
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Macroscopic features of plasmas: Debye shielding

o Close to the test charge, the assumption qjqb(r) < kBY} is unlikely to be fulfilled

* Taking g, = e, let’s calculate the parameter

ep e’ exp(—r/ip)
kBT B 47T€0kBT r

If one sets r = n; I3 (average distance between charged particles) one has that

e - e? exp(—nyPlAp)
kBT r=ng 13 - 4ﬂ€0kBT I/lo_1/3
1
* Defining the so-called Plasma Parameter g =
I’loﬂg
ep _ g exp(-g?)
kBT r=ng/3 dr

Therefore, a necessary condition for Debye shielding to occuris g < 1
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Exercises

* (1) What is the total charge of the plasma? Is the plasma globally neutral?

Q= J,D 1% (Total charge)

* (2) If T,> T, which particle species determines the Debye length? Why?
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Screening of the Coulomb potential

* Total cross section (considering o(y, €)d2 = b db de independent of ¢)
b, (2 b,
0, = [a(;(, €)dQ = J J bdbde = 27:[ bdb = rn(bZ — b>. )
bmin 0 bmin

» Deflections with 0 < b < b, which yield scattering angles z/2 < y < = are
usually called large-angle deflections or close encounfers

¢COULOMB
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Screening of the Coulomb potential

* Total cross section (considering o(y, €)d2 = b db de independent of ¢)
b

b, 2z .
6, = [a(;(, €)dQ = J J bdbde = 27z[ bdb = rn(bZ — b>. )
bmin 0
» Deflections with 0 < b < b, which yield scattering angles z/2 < y < = are
usually called large-angle deflections or close encounters

b min

 Deflections with 5, < b < 1, which yield scattering angles y < z/2, are usually
called small-angle deflections "

Gt,small = (/1% o b(% ) ~ ][/112) (/ID > b 0) B

¢COULOMB

 Small-angle deflections are much more frequent _
than large-angle deflections
Gt,small _ /112) 1 /1% i -~

=2 _1~L>»1
bg bg

Gt,large
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Momentum transfer cross section due to the Coulomb potential

* Momentum transfer cross section (see Bittencourt ch. 20, section 8)

c,, = [(1 — cos y)o(y, €)d<2

For the special case of an isotropic interaction potential

c,, = Zﬂj (1 —cosy)o(y)sin ydy
0

« Using the result, o(x) = b3/(1 — cos y)* one has that

5 1
6, = 4rb; In

Sin()(min/z)
- A
* Using that sin(y,/2) = (1 + b;/by) > one obtains 6,, = 47bIn A , where A = b_D
0
i : 12regkpT , 12z
* ltis interesting to note that the parameter A = s—Ap = 12zn0Ap = —— = 9N
€
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Macroscopic features of plasmas: plasma oscillations

* The Debye shielding is a dynamic effect

* When charge imbalance is created in the plasma, e.g. by thermal fluctuations

A strong electric field arises

Electrons accelerate towards positive charges

Most of the electrons have small-angle deflections
Electrons oscillate around the test particle

ELECTRON ELECTRON
noe DEFICIENCY ! " SURPLUS
. — —_— y y ‘
From Gauss law: E, = ( )x &>y .. //—:‘;»V
€0 MY  NeuTRAL A
V- 4 REGION '
From the motion equation of an electron: |
—_—>
" E
d*x ek, ) nge’ e
—_— = — = — W, X w,, = —
dr? m, pe pe €giM,
X

Electron plasma frequency (wpe)
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Macroscopic features of plasmas: plasma oscillations

* The average time an electron takes to complete an oscillation depends on its
average thermal speed v, , = \/kz T,/m,

* Note that there is a relation between o, 4,, and v, ,

eokpT, egm, kgT, vth,e
2) 9) — - vth,e — /1Dea)pe
npe npe G)pe

e Eleciron plasma frequency

nge*

a)pe ]
Wy, = j;?e = > = 90\/7’1_0 (no in m-3)

€,

* Electron plasma frequency for some particular cases
- Tokamaks (ny = 1x10*" m™): f, =90 GHz

- Solar corona (ny = 1x10"* m™): f,=9 MHz
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Macroscopic features of plasmas: plasma oscillations

* The collision between electrons and nevutral gas particles might prevent electron
plasma oscillations to be established thus preventing the Debye shielding

- Typical time between collision between electrons and neutral gas
1 1

T =— =

en
Ven Ny, Oep vth,e

kp,T
- Taking o,, X ﬂag (with a, being the Bohr radius - Hydrogen) and vy, , = L

e

1 x 10"
T, N
n\/T

- Tokamaks (n; = 1 X 10 m™3; T=1x10°K): 7, =2.4x10%s

e

- Solar corona (n; = 1 X 102 m™; T=1x10°K): 7, =2x10% s

(given n;, n, can be calculated from the Saha equation)

- For the cases above, the criterion 7, > 27/w,, is well satisfied
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Macroscopic features of plasmas: the plasma definition criteria

* The main difference between ionized gases and plasmas is the presence of
collective effects, which are present if

- (1) The plasma dimensions be much larger than the Debye length

L> Ay
- (2) The # of electrons within a Debye sphere be much larger than unity
4 3
Np = —rApng > 1 g =—7= <1 (Plasma Parameter)
3 n0/1D

- (3) The average time between collision of electrons and neutral parficles be
much larger than the time for one electron plasma oscillation to take place

1 27
Tpp > Ty = — = —
Joe  @pe

* Note that the first criterion already implies macroscopic charge neutrality

- Sometimes, charge neuftrality is considered a 4th criterion, even though it is
2. Zm=n,
J
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Macroscopic features of plasmas: the plasma definition criteria

* Conditions for collective plasma behavior are satisfied within the green region
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Degree of ionization of a gas or a plasma

* From statistical mechanics, one can determine the degree of ionization of a
gas (or plasma) in thermal equilibrium at some temperature T

* A considerable degree of ionization can be achieved even when the average
thermal energy of the particles is far below the ionization potential

* From statistical mechanics, one has that

a ga (Ua o Ub)
= SXp | —
Ny 8b kT

n

- Here, g,and g, are the stafistical weights (degeneracy factor) associated
fo the energies U, and U,

gor% IEUSP G.P. Canal, 30 March 2021

Instituto de Fisica da USP



Degree of ionization of a gas or a plasma

* For the particular case of a system having only 2 energy levels, the fraction of
particles that are in the higher energy state (U ) is

1 Element U(eV)

n, n, n, Helium (He) 24.59

a = = —+1 Argon (A) 15.76
n,+ n, n, \ n, Nitrogen (N) 14.53

Oxygen (O) 13.62

. . Hydrogen (H) 13.60
e Which can be written as Mercury (Hg) 10.44
Iron (Fe) 7.87

_ Sodium (Na) 5.14

— <ga/gb ) CXP ( U/kBT) Potassium (K) 4.34
(ga/gb) exp (_ U/kBT) +1 Cesium (Cs) 3.89

* For the ionization problem, state a is taken as that of the eleciron-ion pair, state b
is taken as the nevtral atom, and U = U, — U, is the ionization energy

- The temperature for which a = 0.5 is equal to

U
kgln (g./gp)

(ga/gb) EXp <_U/kBT1/2) =1 - T)=
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Degree of ionization of a gas or a plasma

* The range in which a changes from nearly zero to nearly one is defined as
da 1 a 4
dT |, — AT et

* Therefore,

4T 4U
AT = 1/2 _

kgIn (ga/gb) [kB In (ga/gb)r 0.5

e Since g, > g, the curve usually looks
like a step function near 7,

|
|
|
|
|
|
\
T

Y

0

1/2

* From quantum mechanics, one can estimate (h is Planck’s constant)
g, 1 <27tmekBT> | 732

= = — =2.405x%x 10*! —
Sp ﬂl‘?;’l n; h2 n; n;

(4., is the electron thermal de Broglie wavelength)
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The Saha equation

* From quantum mechanics, one can estimate (T in Kelvin and ni in m-3)

2am T\ 1 737
&=( ”h;B > — =2.405 x 10?! —
Eb

n; n;

* Using this results, one can write
- This equation is known as the Saha equation

n; B . T3/2 ( [ ) N
" 2.405 x 10 " exp T 5 [ /‘
8t
e Since 1 eV =11,600 K, the Saha equation can §
be written as (T in eV and ni in m-3) - 05 F |
E 16 19 22 25 = log (ny)
n. T3/2 U 5 5
— =3.00x 10" —exp <——>
n, n; T . ; , 2’ .

TEMPERATURE (eV)
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Degree of ionization for some particular cases

e Air at room temperature
n =3x10% m™3 T =300 K U = 14.5 eV (Nitrogen)

n:
— =2x10"""? « 1
nl’l

 Tokamak
n=n,=n=1x10" m™> T=1x10°K U = 13.6 ¢V (Hydrogen)

n;
L =24x10P>1

1y,

* Plasma torch

n,=3x10% m™ (1 Atm) T=1x10*K U= 13.6 ¢V (Hydrogen)

n;
L =3x10%« 1
nl’l
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Degree of ionization for some particular cases

 Solar corona

n=1x10"2m™3 T=1x10°K U = 13.6 ¢V (Hydrogen)

n:
— =24x%x10"%>1 (Excellent Plasma!!l!!
nl’l

e Sun’s core
n=n,=n=1x10* m™> T=16x10"K U= 13.6 ¢V (Hydrogen)

i ~-15 (Surprisingly, the sun’s core is not fully ionized, but

M nuclear fusion reactions can occur)

Note that, from our previous definitions, the gas does not need to be almost
fully ionized to be considered a plasma, as far as collective effects are present
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