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● Singular Value Decomposition.

● Tensors: Contractions and Projections

● Reduced density matrix.

● Entanglement (von Neumann) entropy.

● Matrix Product States: example with N=3.

● Important example: AKLT model.

● Why MPS?
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SVD
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Consider a numerical SVD example:
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Keep fewer and fewer singular values:
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||M2 �M ||2 = 0.04 = (0.2)2
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Keep fewer and fewer singular values:
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1/2   -1/2   -1/2 
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= M3 =
Truncating SVD = 

Controlled 
approximation for M

||M3 �M ||2 = 0.13 = (0.3)2 + (0.2)2

Keep fewer and fewer singular values:
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Tensors
Graphic representation:
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Two-site operator:



Contractions and projections

Full contractions (scalars):

Projectors:
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Reduced Density Matrix

Entanglement Entropy



MPS



Key facts about matrix product states

• linear size of matrices (dimension of bond indices) known as 
the bond dimension m  (sometimes     or D) 

• for large enough m, can represent any state    (m = 2N/2) 

• entanglement of left-right cut bounded by log(m), so 
boundary law guaranteed

m

�
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Examples of Matrix Product States
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Example #1: singlet state
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<latexit sha1_base64="zyW18ynDJJ3V1Q3Y/z3h8b70ioU=">AAAC3XicdVE9b9swEKWVfqTul5OOXY gKAToZolGgHToE6NIxBeokgCkYJ/rkEKYolaRiGIzGTg2ydu1f6Nr+kv6bUoqHJHYOIPDw7r073l1WKWldkvzrRTsPHj56vPuk //TZ8xcvB3v7x7asjcCxKFVpTjOwqKTGs ZNO4WllEIpM4Um2+NTmT87RWFnqr25VYVrAXMtcCnCBmg4OeG5AeNZ4br8Z50dNQ/kCneezcqnBmHLJaTMdxMkw6YJuArYGMVn H0XSv9ysUEHWB2gkF1k5YUrnUg3FSKGz6vLZYgVjAHCcBaijQpr6bp6EHgZnRvDThaUc79qbDQ2HtqsiCsgB3Zu/mWnJbblK7/ EPqpa5qh1pcN8prRV1J2+XQmTQonFoFAM LI8FcqziAsyIUV9rnGpSiLAvTMtztqJiz1HLWtDba9/EXMuAE9DwM2t9WZgQ01V500Zhdb1F350VYDDY54RO/pBOfz+zoF4w1X uCm7e8FNcDwasmTIvryLDz+ur7tLXpM35C1h5D05JJ/JERkTQX6Q3+QP+RtNo+/RZXR1LY16a88rciuin/8BEorr2Q==</late xit><latexit sha1_base64="zyW18ynDJJ3V1Q3Y/z3h8b70ioU=">AAAC3XicdVE9b9swEKWVfqTul5OOXY gKAToZolGgHToE6NIxBeokgCkYJ/rkEKYolaRiGIzGTg2ydu1f6Nr+kv6bUoqHJHYOIPDw7r073l1WKWldkvzrRTsPHj56vPuk //TZ8xcvB3v7x7asjcCxKFVpTjOwqKTGs ZNO4WllEIpM4Um2+NTmT87RWFnqr25VYVrAXMtcCnCBmg4OeG5AeNZ4br8Z50dNQ/kCneezcqnBmHLJaTMdxMkw6YJuArYGMVn H0XSv9ysUEHWB2gkF1k5YUrnUg3FSKGz6vLZYgVjAHCcBaijQpr6bp6EHgZnRvDThaUc79qbDQ2HtqsiCsgB3Zu/mWnJbblK7/ EPqpa5qh1pcN8prRV1J2+XQmTQonFoFAM LI8FcqziAsyIUV9rnGpSiLAvTMtztqJiz1HLWtDba9/EXMuAE9DwM2t9WZgQ01V500Zhdb1F350VYDDY54RO/pBOfz+zoF4w1X uCm7e8FNcDwasmTIvryLDz+ur7tLXpM35C1h5D05JJ/JERkTQX6Q3+QP+RtNo+/RZXR1LY16a88rciuin/8BEorr2Q==</late xit><latexit sha1_base64="zyW18ynDJJ3V1Q3Y/z3h8b70ioU=">AAAC3XicdVE9b9swEKWVfqTul5OOXY gKAToZolGgHToE6NIxBeokgCkYJ/rkEKYolaRiGIzGTg2ydu1f6Nr+kv6bUoqHJHYOIPDw7r073l1WKWldkvzrRTsPHj56vPuk //TZ8xcvB3v7x7asjcCxKFVpTjOwqKTGs ZNO4WllEIpM4Um2+NTmT87RWFnqr25VYVrAXMtcCnCBmg4OeG5AeNZ4br8Z50dNQ/kCneezcqnBmHLJaTMdxMkw6YJuArYGMVn H0XSv9ysUEHWB2gkF1k5YUrnUg3FSKGz6vLZYgVjAHCcBaijQpr6bp6EHgZnRvDThaUc79qbDQ2HtqsiCsgB3Zu/mWnJbblK7/ EPqpa5qh1pcN8prRV1J2+XQmTQonFoFAM LI8FcqziAsyIUV9rnGpSiLAvTMtztqJiz1HLWtDba9/EXMuAE9DwM2t9WZgQ01V500Zhdb1F350VYDDY54RO/pBOfz+zoF4w1X uCm7e8FNcDwasmTIvryLDz+ur7tLXpM35C1h5D05JJ/JERkTQX6Q3+QP+RtNo+/RZXR1LY16a88rciuin/8BEorr2Q==</late xit><latexit sha1_base64="zyW18ynDJJ3V1Q3Y/z3h8b70ioU=">AAAC3XicdVE9b9swEKWVfqTul5OOXY gKAToZolGgHToE6NIxBeokgCkYJ/rkEKYolaRiGIzGTg2ydu1f6Nr+kv6bUoqHJHYOIPDw7r073l1WKWldkvzrRTsPHj56vPuk //TZ8xcvB3v7x7asjcCxKFVpTjOwqKTGs ZNO4WllEIpM4Um2+NTmT87RWFnqr25VYVrAXMtcCnCBmg4OeG5AeNZ4br8Z50dNQ/kCneezcqnBmHLJaTMdxMkw6YJuArYGMVn H0XSv9ysUEHWB2gkF1k5YUrnUg3FSKGz6vLZYgVjAHCcBaijQpr6bp6EHgZnRvDThaUc79qbDQ2HtqsiCsgB3Zu/mWnJbblK7/ EPqpa5qh1pcN8prRV1J2+XQmTQonFoFAM LI8FcqziAsyIUV9rnGpSiLAvTMtztqJiz1HLWtDba9/EXMuAE9DwM2t9WZgQ01V500Zhdb1F350VYDDY54RO/pBOfz+zoF4w1X uCm7e8FNcDwasmTIvryLDz+ur7tLXpM35C1h5D05JJ/JERkTQX6Q3+QP+RtNo+/RZXR1LY16a88rciuin/8BEorr2Q==</late xit>
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<latexit sha1_base64="ZGjmms3IIOF VONwBC3ygp3O0lWE=">AAACynicdVFNaxsxEJW3H0ndLyc99iK6FHoyK1NIDz0EcumhhxTqJOBdzKw8doT1sUjauEbZW39H6a39S/031W58SGJnQPB4897MaKaspHA+y/71kkePnzzd23/Wf/7i5avXg4PDM2dqy3HMjTT2ogSHUmgce+ElXlQWQZUSz8vlSZs/v0LrhNHf/brCQsFCi7ng4CM1HRzmS/Qhn5mVBmvNKqfNdJBmw6wLug3YBqRkE6fTg97vWIDXCrXnEpybsKzyRQDrBZfY9PPaYQV8CQucRKhBoStCN3xD30dmRufGxqc97djb jgDKubUqo1KBv3T3cy25Kzep/fxTEYSuao+a3zSa15J6Q9tN0JmwyL1cRwDcijgr5Zdggfu4r36uccWNUqBnod1RM2FFyFG72mLbK1ynLLegF/GDzV11aWFLnctOmrLrHeq u/GingUZHOqIPdIKrxUOdovGWK96U3b/gNjgbDVk2ZN8+psefN9fdJ2/JO/KBMHJEjskXckrGhJMf5Bf5Q/4mXxObrJNwI016G88bcieSn/8B7r7jkg==</latexit><latexit sha1_base64="ZGjmms3IIOF VONwBC3ygp3O0lWE=">AAACynicdVFNaxsxEJW3H0ndLyc99iK6FHoyK1NIDz0EcumhhxTqJOBdzKw8doT1sUjauEbZW39H6a39S/031W58SGJnQPB4897MaKaspHA+y/71kkePnzzd23/Wf/7i5avXg4PDM2dqy3HMjTT2ogSHUmgce+ElXlQWQZUSz8vlSZs/v0LrhNHf/brCQsFCi7ng4CM1HRzmS/Qhn5mVBmvNKqfNdJBmw6wLug3YBqRkE6fTg97vWIDXCrXnEpybsKzyRQDrBZfY9PPaYQV8CQucRKhBoStCN3xD30dmRufGxqc97djb jgDKubUqo1KBv3T3cy25Kzep/fxTEYSuao+a3zSa15J6Q9tN0JmwyL1cRwDcijgr5Zdggfu4r36uccWNUqBnod1RM2FFyFG72mLbK1ynLLegF/GDzV11aWFLnctOmrLrHeq u/GingUZHOqIPdIKrxUOdovGWK96U3b/gNjgbDVk2ZN8+psefN9fdJ2/JO/KBMHJEjskXckrGhJMf5Bf5Q/4mXxObrJNwI016G88bcieSn/8B7r7jkg==</latexit><latexit sha1_base64="ZGjmms3IIOF VONwBC3ygp3O0lWE=">AAACynicdVFNaxsxEJW3H0ndLyc99iK6FHoyK1NIDz0EcumhhxTqJOBdzKw8doT1sUjauEbZW39H6a39S/031W58SGJnQPB4897MaKaspHA+y/71kkePnzzd23/Wf/7i5avXg4PDM2dqy3HMjTT2ogSHUmgce+ElXlQWQZUSz8vlSZs/v0LrhNHf/brCQsFCi7ng4CM1HRzmS/Qhn5mVBmvNKqfNdJBmw6wLug3YBqRkE6fTg97vWIDXCrXnEpybsKzyRQDrBZfY9PPaYQV8CQucRKhBoStCN3xD30dmRufGxqc97djb jgDKubUqo1KBv3T3cy25Kzep/fxTEYSuao+a3zSa15J6Q9tN0JmwyL1cRwDcijgr5Zdggfu4r36uccWNUqBnod1RM2FFyFG72mLbK1ynLLegF/GDzV11aWFLnctOmrLrHeq u/GingUZHOqIPdIKrxUOdovGWK96U3b/gNjgbDVk2ZN8+psefN9fdJ2/JO/KBMHJEjskXckrGhJMf5Bf5Q/4mXxObrJNwI016G88bcieSn/8B7r7jkg==</latexit><latexit sha1_base64="ZGjmms3IIOF VONwBC3ygp3O0lWE=">AAACynicdVFNaxsxEJW3H0ndLyc99iK6FHoyK1NIDz0EcumhhxTqJOBdzKw8doT1sUjauEbZW39H6a39S/031W58SGJnQPB4897MaKaspHA+y/71kkePnzzd23/Wf/7i5avXg4PDM2dqy3HMjTT2ogSHUmgce+ElXlQWQZUSz8vlSZs/v0LrhNHf/brCQsFCi7ng4CM1HRzmS/Qhn5mVBmvNKqfNdJBmw6wLug3YBqRkE6fTg97vWIDXCrXnEpybsKzyRQDrBZfY9PPaYQV8CQucRKhBoStCN3xD30dmRufGxqc97djb jgDKubUqo1KBv3T3cy25Kzep/fxTEYSuao+a3zSa15J6Q9tN0JmwyL1cRwDcijgr5Zdggfu4r36uccWNUqBnod1RM2FFyFG72mLbK1ynLLegF/GDzV11aWFLnctOmrLrHeq u/GingUZHOqIPdIKrxUOdovGWK96U3b/gNjgbDVk2ZN8+psefN9fdJ2/JO/KBMHJEjskXckrGhJMf5Bf5Q/4mXxObrJNwI016G88bcieSn/8B7r7jkg==</latexit>

�| " i
<latexit sha1_base64="Adnl1LxlbPW MwbYXqgpKlBUzSFM=">AAACyXicdVFNbxMxEHW2QEv4SsqRi8UKiQvRblQJDj1U4oLUS5FIWyleRbPOJLXij8X2NoTtnvo7kDjBb+Lf4N3m0DbpSJae3rznZ8/khRTOJ8m/TrTz6PGT3b2n3WfPX7x81evvnzpTWo4jbqSx5zk4lELjyAsv8bywCCqXeJYvPjf9s0u0Thj9za8KzBTMtZgJDj5Qk17/A1ugr1hZgLVmyWg96cXJIGmLboJ0DWKyrpNJv/ObTQ0vFWrPJTg3TpPCZxVYL7jEustKhwXwBcxxHKAGhS6r2rfX9F1gpnRmbDja05a9 7ahAObdSeVAq8Bfufq8ht/XGpZ99yiqhi9Kj5jdBs1JSb2gzCDoVFrmXqwCAWxHeSvkFWOA+jKvLNC65UQr0tGomVI/TrGKoXWmxyaqu4pRZ0PPwwfquOrewoWaylcbp1RZ 1e/1wq4EGRzykDyTB5fyhpGC85Qo7Te9vcBOcDgdpMki/HsRHh+vt7pE35C15T1LykRyRL+SEjAgnS/KL/CF/o+Poe/Qj+nkjjTprz2typ6Lr/zwp4uI=</latexit><latexit sha1_base64="Adnl1LxlbPW MwbYXqgpKlBUzSFM=">AAACyXicdVFNbxMxEHW2QEv4SsqRi8UKiQvRblQJDj1U4oLUS5FIWyleRbPOJLXij8X2NoTtnvo7kDjBb+Lf4N3m0DbpSJae3rznZ8/khRTOJ8m/TrTz6PGT3b2n3WfPX7x81evvnzpTWo4jbqSx5zk4lELjyAsv8bywCCqXeJYvPjf9s0u0Thj9za8KzBTMtZgJDj5Qk17/A1ugr1hZgLVmyWg96cXJIGmLboJ0DWKyrpNJv/ObTQ0vFWrPJTg3TpPCZxVYL7jEustKhwXwBcxxHKAGhS6r2rfX9F1gpnRmbDja05a9 7ahAObdSeVAq8Bfufq8ht/XGpZ99yiqhi9Kj5jdBs1JSb2gzCDoVFrmXqwCAWxHeSvkFWOA+jKvLNC65UQr0tGomVI/TrGKoXWmxyaqu4pRZ0PPwwfquOrewoWaylcbp1RZ 1e/1wq4EGRzykDyTB5fyhpGC85Qo7Te9vcBOcDgdpMki/HsRHh+vt7pE35C15T1LykRyRL+SEjAgnS/KL/CF/o+Poe/Qj+nkjjTprz2typ6Lr/zwp4uI=</latexit><latexit sha1_base64="Adnl1LxlbPW MwbYXqgpKlBUzSFM=">AAACyXicdVFNbxMxEHW2QEv4SsqRi8UKiQvRblQJDj1U4oLUS5FIWyleRbPOJLXij8X2NoTtnvo7kDjBb+Lf4N3m0DbpSJae3rznZ8/khRTOJ8m/TrTz6PGT3b2n3WfPX7x81evvnzpTWo4jbqSx5zk4lELjyAsv8bywCCqXeJYvPjf9s0u0Thj9za8KzBTMtZgJDj5Qk17/A1ugr1hZgLVmyWg96cXJIGmLboJ0DWKyrpNJv/ObTQ0vFWrPJTg3TpPCZxVYL7jEustKhwXwBcxxHKAGhS6r2rfX9F1gpnRmbDja05a9 7ahAObdSeVAq8Bfufq8ht/XGpZ99yiqhi9Kj5jdBs1JSb2gzCDoVFrmXqwCAWxHeSvkFWOA+jKvLNC65UQr0tGomVI/TrGKoXWmxyaqu4pRZ0PPwwfquOrewoWaylcbp1RZ 1e/1wq4EGRzykDyTB5fyhpGC85Qo7Te9vcBOcDgdpMki/HsRHh+vt7pE35C15T1LykRyRL+SEjAgnS/KL/CF/o+Poe/Qj+nkjjTprz2typ6Lr/zwp4uI=</latexit><latexit sha1_base64="Adnl1LxlbPW MwbYXqgpKlBUzSFM=">AAACyXicdVFNbxMxEHW2QEv4SsqRi8UKiQvRblQJDj1U4oLUS5FIWyleRbPOJLXij8X2NoTtnvo7kDjBb+Lf4N3m0DbpSJae3rznZ8/khRTOJ8m/TrTz6PGT3b2n3WfPX7x81evvnzpTWo4jbqSx5zk4lELjyAsv8bywCCqXeJYvPjf9s0u0Thj9za8KzBTMtZgJDj5Qk17/A1ugr1hZgLVmyWg96cXJIGmLboJ0DWKyrpNJv/ObTQ0vFWrPJTg3TpPCZxVYL7jEustKhwXwBcxxHKAGhS6r2rfX9F1gpnRmbDja05a9 7ahAObdSeVAq8Bfufq8ht/XGpZ99yiqhi9Kj5jdBs1JSb2gzCDoVFrmXqwCAWxHeSvkFWOA+jKvLNC65UQr0tGomVI/TrGKoXWmxyaqu4pRZ0PPwwfquOrewoWaylcbp1RZ 1e/1wq4EGRzykDyTB5fyhpGC85Qo7Te9vcBOcDgdpMki/HsRHh+vt7pE35C15T1LykRyRL+SEjAgnS/KL/CF/o+Poe/Qj+nkjjTprz2typ6Lr/zwp4uI=</latexit>

How to see this is an MPS?
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<latexit sha1_base64="VfDrH9NLCcWofF4 iD/YRj6P 8Jn8=">AAAC23icdVE9bxQxEPUtHwnHVw IljcUKie q0PiFBQREpDWWQuCTSeRXN+mYv1nntje1NdHK2ogL R0vMPaOG n8G/wbq5IcpeRLD29ec/PnilqJZ3Psn+D 5N79Bw+3 th8NHz95+uz5zu6LQ2caK3AijDL2uACHSmqceOkVH tcWoSoUH hWL/a5/dI7WSaO/+GWNeQVzLUspwEfqZCflpQURWB u4O7M+jN uW8gX6wJsarDUXnLZRlY2yvug6YCuQklU dnOwOfvG ZEU2F2gsFzk1ZVvs8gPVSKGyHvHFYg1jAHKcRaqjQ 5aH/TUvf RGZGS2Pj0Z727HVHgMq5ZVVEZQX+1N3ud eSm3rTx5 Yc8SF03HrW4CiobRb2h3WjoTFoUXi0jAGFlfCsVpx DH4+MAh1 zjhTBVBXoWugm1U5YHjto1FruscJkybkH P4wfbm+r Cwpqaq16asssN6v768UYDjY50TO9IgvP5XUnReM0V d8pub3Ad HI5HLBuxz+/SvY+r7W6TV+Q1eUsYeU/2yCdyQCZEk G/kN/lD/ iZ58jX5nvy4kiaDlecluVHJz/+/Iury</ latexit><latexit sha1_base64="VfDrH9NLCcWofF4 iD/YRj6P 8Jn8=">AAAC23icdVE9bxQxEPUtHwnHVw IljcUKie q0PiFBQREpDWWQuCTSeRXN+mYv1nntje1NdHK2ogL R0vMPaOG n8G/wbq5IcpeRLD29ec/PnilqJZ3Psn+D 5N79Bw+3 th8NHz95+uz5zu6LQ2caK3AijDL2uACHSmqceOkVH tcWoSoUH hWL/a5/dI7WSaO/+GWNeQVzLUspwEfqZCflpQURWB u4O7M+jN uW8gX6wJsarDUXnLZRlY2yvug6YCuQklU dnOwOfvG ZEU2F2gsFzk1ZVvs8gPVSKGyHvHFYg1jAHKcRaqjQ 5aH/TUvf RGZGS2Pj0Z727HVHgMq5ZVVEZQX+1N3ud eSm3rTx5 Yc8SF03HrW4CiobRb2h3WjoTFoUXi0jAGFlfCsVpx DH4+MAh1 zjhTBVBXoWugm1U5YHjto1FruscJkybkH P4wfbm+r Cwpqaq16asssN6v768UYDjY50TO9IgvP5XUnReM0V d8pub3Ad HI5HLBuxz+/SvY+r7W6TV+Q1eUsYeU/2yCdyQCZEk G/kN/lD/ iZ58jX5nvy4kiaDlecluVHJz/+/Iury</ latexit><latexit sha1_base64="VfDrH9NLCcWofF4 iD/YRj6P 8Jn8=">AAAC23icdVE9bxQxEPUtHwnHVw IljcUKie q0PiFBQREpDWWQuCTSeRXN+mYv1nntje1NdHK2ogL R0vMPaOG n8G/wbq5IcpeRLD29ec/PnilqJZ3Psn+D 5N79Bw+3 th8NHz95+uz5zu6LQ2caK3AijDL2uACHSmqceOkVH tcWoSoUH hWL/a5/dI7WSaO/+GWNeQVzLUspwEfqZCflpQURWB u4O7M+jN uW8gX6wJsarDUXnLZRlY2yvug6YCuQklU dnOwOfvG ZEU2F2gsFzk1ZVvs8gPVSKGyHvHFYg1jAHKcRaqjQ 5aH/TUvf RGZGS2Pj0Z727HVHgMq5ZVVEZQX+1N3ud eSm3rTx5 Yc8SF03HrW4CiobRb2h3WjoTFoUXi0jAGFlfCsVpx DH4+MAh1 zjhTBVBXoWugm1U5YHjto1FruscJkybkH P4wfbm+r Cwpqaq16asssN6v768UYDjY50TO9IgvP5XUnReM0V d8pub3Ad HI5HLBuxz+/SvY+r7W6TV+Q1eUsYeU/2yCdyQCZEk G/kN/lD/ iZ58jX5nvy4kiaDlecluVHJz/+/Iury</ latexit><latexit sha1_base64="VfDrH9NLCcWofF4 iD/YRj6P 8Jn8=">AAAC23icdVE9bxQxEPUtHwnHVw IljcUKie q0PiFBQREpDWWQuCTSeRXN+mYv1nntje1NdHK2ogL R0vMPaOG n8G/wbq5IcpeRLD29ec/PnilqJZ3Psn+D 5N79Bw+3 th8NHz95+uz5zu6LQ2caK3AijDL2uACHSmqceOkVH tcWoSoUH hWL/a5/dI7WSaO/+GWNeQVzLUspwEfqZCflpQURWB u4O7M+jN uW8gX6wJsarDUXnLZRlY2yvug6YCuQklU dnOwOfvG ZEU2F2gsFzk1ZVvs8gPVSKGyHvHFYg1jAHKcRaqjQ 5aH/TUvf RGZGS2Pj0Z727HVHgMq5ZVVEZQX+1N3ud eSm3rTx5 Yc8SF03HrW4CiobRb2h3WjoTFoUXi0jAGFlfCsVpx DH4+MAh1 zjhTBVBXoWugm1U5YHjto1FruscJkybkH P4wfbm+r Cwpqaq16asssN6v768UYDjY50TO9IgvP5XUnReM0V d8pub3Ad HI5HLBuxz+/SvY+r7W6TV+Q1eUsYeU/2yCdyQCZEk G/kN/lD/ iZ58jX5nvy4kiaDlecluVHJz/+/Iury</ latexit>
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| # i

<latexit sha1_base64="zyW18ynDJJ3V1Q3Y/z3 h8b70ioU=">AAAC3XicdVE9b9swEKWVfqTul5OOXYgKAToZol GgHToE6NIxBeokgCkYJ/rkEKYolaRiGIz GTg2ydu1f6Nr+kv6bUoqHJHYOIPDw7r073l1WKWldkvzrRTsP Hj56vPuk//TZ8xcvB3v7x7asjcCxKFVpTjOwqKTGsZNO4WllE IpM4Um2+NTmT87RWFnqr25VYVrAXMtcCnCBmg4OeG5AeNZ4br 8Z50dNQ/kCneezcqnBmHLJaTMdxMkw6YJuArYGMVnH0XSv9ys UEHWB2gkF1k5YUrnUg3FSKGz6vLZYgVjA HCcBaijQpr6bp6EHgZnRvDThaUc79qbDQ2HtqsiCsgB3Zu/mW nJbblK7/EPqpa5qh1pcN8prRV1J2+XQmTQonFoFAMLI8Fcqzi AsyIUV9rnGpSiLAvTMtztqJiz1HLWtDba9/EXMuAE9DwM2t9W ZgQ01V500Zhdb1F350VYDDY54RO/pBOfz+zoF4w1XuCm7e8FN cDwasmTIvryLDz+ur7tLXpM35C1h5D05J J/JERkTQX6Q3+QP+RtNo+/RZXR1LY16a88rciuin/8BEorr2Q ==</latexit><latexit sha1_base64="zyW18ynDJJ3V1Q3Y/z3 h8b70ioU=">AAAC3XicdVE9b9swEKWVfqTul5OOXYgKAToZol GgHToE6NIxBeokgCkYJ/rkEKYolaRiGIz GTg2ydu1f6Nr+kv6bUoqHJHYOIPDw7r073l1WKWldkvzrRTsP Hj56vPuk//TZ8xcvB3v7x7asjcCxKFVpTjOwqKTGsZNO4WllE IpM4Um2+NTmT87RWFnqr25VYVrAXMtcCnCBmg4OeG5AeNZ4br 8Z50dNQ/kCneezcqnBmHLJaTMdxMkw6YJuArYGMVnH0XSv9ys UEHWB2gkF1k5YUrnUg3FSKGz6vLZYgVjA HCcBaijQpr6bp6EHgZnRvDThaUc79qbDQ2HtqsiCsgB3Zu/mW nJbblK7/EPqpa5qh1pcN8prRV1J2+XQmTQonFoFAMLI8Fcqzi AsyIUV9rnGpSiLAvTMtztqJiz1HLWtDba9/EXMuAE9DwM2t9W ZgQ01V500Zhdb1F350VYDDY54RO/pBOfz+zoF4w1XuCm7e8FN cDwasmTIvryLDz+ur7tLXpM35C1h5D05J J/JERkTQX6Q3+QP+RtNo+/RZXR1LY16a88rciuin/8BEorr2Q ==</latexit><latexit sha1_base64="zyW18ynDJJ3V1Q3Y/z3 h8b70ioU=">AAAC3XicdVE9b9swEKWVfqTul5OOXYgKAToZol GgHToE6NIxBeokgCkYJ/rkEKYolaRiGIz GTg2ydu1f6Nr+kv6bUoqHJHYOIPDw7r073l1WKWldkvzrRTsP Hj56vPuk//TZ8xcvB3v7x7asjcCxKFVpTjOwqKTGsZNO4WllE IpM4Um2+NTmT87RWFnqr25VYVrAXMtcCnCBmg4OeG5AeNZ4br 8Z50dNQ/kCneezcqnBmHLJaTMdxMkw6YJuArYGMVnH0XSv9ys UEHWB2gkF1k5YUrnUg3FSKGz6vLZYgVjA HCcBaijQpr6bp6EHgZnRvDThaUc79qbDQ2HtqsiCsgB3Zu/mW nJbblK7/EPqpa5qh1pcN8prRV1J2+XQmTQonFoFAMLI8Fcqzi AsyIUV9rnGpSiLAvTMtztqJiz1HLWtDba9/EXMuAE9DwM2t9W ZgQ01V500Zhdb1F350VYDDY54RO/pBOfz+zoF4w1XuCm7e8FN cDwasmTIvryLDz+ur7tLXpM35C1h5D05J J/JERkTQX6Q3+QP+RtNo+/RZXR1LY16a88rciuin/8BEorr2Q ==</latexit><latexit sha1_base64="zyW18ynDJJ3V1Q3Y/z3 h8b70ioU=">AAAC3XicdVE9b9swEKWVfqTul5OOXYgKAToZol GgHToE6NIxBeokgCkYJ/rkEKYolaRiGIz GTg2ydu1f6Nr+kv6bUoqHJHYOIPDw7r073l1WKWldkvzrRTsP Hj56vPuk//TZ8xcvB3v7x7asjcCxKFVpTjOwqKTGsZNO4WllE IpM4Um2+NTmT87RWFnqr25VYVrAXMtcCnCBmg4OeG5AeNZ4br 8Z50dNQ/kCneezcqnBmHLJaTMdxMkw6YJuArYGMVnH0XSv9ys UEHWB2gkF1k5YUrnUg3FSKGz6vLZYgVjA HCcBaijQpr6bp6EHgZnRvDThaUc79qbDQ2HtqsiCsgB3Zu/mW nJbblK7/EPqpa5qh1pcN8prRV1J2+XQmTQonFoFAMLI8Fcqzi AsyIUV9rnGpSiLAvTMtztqJiz1HLWtDba9/EXMuAE9DwM2t9W ZgQ01V500Zhdb1F350VYDDY54RO/pBOfz+zoF4w1XuCm7e8FN cDwasmTIvryLDz+ur7tLXpM35C1h5D05J J/JERkTQX6Q3+QP+RtNo+/RZXR1LY16a88rciuin/8BEorr2Q ==</latexit>

| # i
<latexit sha1_base64="ZGjmms3IIOFVONwBC3ygp3O0lWE=">AAACynicdVFNaxsxEJW3H0ndLyc99i K6FHoyK1NIDz0EcumhhxTqJOBdzKw8doT1sUjauEbZW39H6a39S/031W58SGJnQPB4897MaKaspHA+y/71kkePnzzd23/Wf/7i 5avXg4PDM2dqy3HMjTT2ogSHUmgce+ElX lQWQZUSz8vlSZs/v0LrhNHf/brCQsFCi7ng4CM1HRzmS/Qhn5mVBmvNKqfNdJBmw6wLug3YBqRkE6fTg97vWIDXCrXnEpybsKz yRQDrBZfY9PPaYQV8CQucRKhBoStCN3xD30dmRufGxqc97djbjgDKubUqo1KBv3T3cy25Kzep/fxTEYSuao+a3zSa15J6Q9tN0 JmwyL1cRwDcijgr5Zdggfu4r36uccWNUq Bnod1RM2FFyFG72mLbK1ynLLegF/GDzV11aWFLnctOmrLrHequ/GingUZHOqIPdIKrxUOdovGWK96U3b/gNjgbDVk2ZN8+psef N9fdJ2/JO/KBMHJEjskXckrGhJMf5Bf5Q/4mXxObrJNwI016G88bcieSn/8B7r7jkg==</latexit><latexit sha1_base64="ZGjmms3IIOFVONwBC3ygp3O0lWE=">AAACynicdVFNaxsxEJW3H0ndLyc99i K6FHoyK1NIDz0EcumhhxTqJOBdzKw8doT1sUjauEbZW39H6a39S/031W58SGJnQPB4897MaKaspHA+y/71kkePnzzd23/Wf/7i 5avXg4PDM2dqy3HMjTT2ogSHUmgce+ElX lQWQZUSz8vlSZs/v0LrhNHf/brCQsFCi7ng4CM1HRzmS/Qhn5mVBmvNKqfNdJBmw6wLug3YBqRkE6fTg97vWIDXCrXnEpybsKz yRQDrBZfY9PPaYQV8CQucRKhBoStCN3xD30dmRufGxqc97djbjgDKubUqo1KBv3T3cy25Kzep/fxTEYSuao+a3zSa15J6Q9tN0 JmwyL1cRwDcijgr5Zdggfu4r36uccWNUq Bnod1RM2FFyFG72mLbK1ynLLegF/GDzV11aWFLnctOmrLrHequ/GingUZHOqIPdIKrxUOdovGWK96U3b/gNjgbDVk2ZN8+psef N9fdJ2/JO/KBMHJEjskXckrGhJMf5Bf5Q/4mXxObrJNwI016G88bcieSn/8B7r7jkg==</latexit><latexit sha1_base64="ZGjmms3IIOFVONwBC3ygp3O0lWE=">AAACynicdVFNaxsxEJW3H0ndLyc99i K6FHoyK1NIDz0EcumhhxTqJOBdzKw8doT1sUjauEbZW39H6a39S/031W58SGJnQPB4897MaKaspHA+y/71kkePnzzd23/Wf/7i 5avXg4PDM2dqy3HMjTT2ogSHUmgce+ElX lQWQZUSz8vlSZs/v0LrhNHf/brCQsFCi7ng4CM1HRzmS/Qhn5mVBmvNKqfNdJBmw6wLug3YBqRkE6fTg97vWIDXCrXnEpybsKz yRQDrBZfY9PPaYQV8CQucRKhBoStCN3xD30dmRufGxqc97djbjgDKubUqo1KBv3T3cy25Kzep/fxTEYSuao+a3zSa15J6Q9tN0 JmwyL1cRwDcijgr5Zdggfu4r36uccWNUq Bnod1RM2FFyFG72mLbK1ynLLegF/GDzV11aWFLnctOmrLrHequ/GingUZHOqIPdIKrxUOdovGWK96U3b/gNjgbDVk2ZN8+psef N9fdJ2/JO/KBMHJEjskXckrGhJMf5Bf5Q/4mXxObrJNwI016G88bcieSn/8B7r7jkg==</latexit><latexit sha1_base64="ZGjmms3IIOFVONwBC3ygp3O0lWE=">AAACynicdVFNaxsxEJW3H0ndLyc99i K6FHoyK1NIDz0EcumhhxTqJOBdzKw8doT1sUjauEbZW39H6a39S/031W58SGJnQPB4897MaKaspHA+y/71kkePnzzd23/Wf/7i 5avXg4PDM2dqy3HMjTT2ogSHUmgce+ElX lQWQZUSz8vlSZs/v0LrhNHf/brCQsFCi7ng4CM1HRzmS/Qhn5mVBmvNKqfNdJBmw6wLug3YBqRkE6fTg97vWIDXCrXnEpybsKz yRQDrBZfY9PPaYQV8CQucRKhBoStCN3xD30dmRufGxqc97djbjgDKubUqo1KBv3T3cy25Kzep/fxTEYSuao+a3zSa15J6Q9tN0 JmwyL1cRwDcijgr5Zdggfu4r36uccWNUq Bnod1RM2FFyFG72mLbK1ynLLegF/GDzV11aWFLnctOmrLrHequ/GingUZHOqIPdIKrxUOdovGWK96U3b/gNjgbDVk2ZN8+psef N9fdJ2/JO/KBMHJEjskXckrGhJMf5Bf5Q/4mXxObrJNwI016G88bcieSn/8B7r7jkg==</latexit>

�| " i
<latexit sha1_base64="Adnl1LxlbPWMwbYXqgpKlBUzSFM=">AAACyXicdVFNbxMxEHW2QEv4SsqRi8 UKiQvRblQJDj1U4oLUS5FIWyleRbPOJLXij8X2NoTtnvo7kDjBb+Lf4N3m0DbpSJae3rznZ8/khRTOJ8m/TrTz6PGT3b2n3WfP X7x81evvnzpTWo4jbqSx5zk4lELjyAsv8 bywCCqXeJYvPjf9s0u0Thj9za8KzBTMtZgJDj5Qk17/A1ugr1hZgLVmyWg96cXJIGmLboJ0DWKyrpNJv/ObTQ0vFWrPJTg3TpP CZxVYL7jEustKhwXwBcxxHKAGhS6r2rfX9F1gpnRmbDja05a97ahAObdSeVAq8Bfufq8ht/XGpZ99yiqhi9Kj5jdBs1JSb2gzC DoVFrmXqwCAWxHeSvkFWOA+jKvLNC65UQ r0tGomVI/TrGKoXWmxyaqu4pRZ0PPwwfquOrewoWaylcbp1RZ1e/1wq4EGRzykDyTB5fyhpGC85Qo7Te9vcBOcDgdpMki/HsRH h+vt7pE35C15T1LykRyRL+SEjAgnS/KL/CF/o+Poe/Qj+nkjjTprz2typ6Lr/zwp4uI=</latexit><latexit sha1_base64="Adnl1LxlbPWMwbYXqgpKlBUzSFM=">AAACyXicdVFNbxMxEHW2QEv4SsqRi8 UKiQvRblQJDj1U4oLUS5FIWyleRbPOJLXij8X2NoTtnvo7kDjBb+Lf4N3m0DbpSJae3rznZ8/khRTOJ8m/TrTz6PGT3b2n3WfP X7x81evvnzpTWo4jbqSx5zk4lELjyAsv8 bywCCqXeJYvPjf9s0u0Thj9za8KzBTMtZgJDj5Qk17/A1ugr1hZgLVmyWg96cXJIGmLboJ0DWKyrpNJv/ObTQ0vFWrPJTg3TpP CZxVYL7jEustKhwXwBcxxHKAGhS6r2rfX9F1gpnRmbDja05a97ahAObdSeVAq8Bfufq8ht/XGpZ99yiqhi9Kj5jdBs1JSb2gzC DoVFrmXqwCAWxHeSvkFWOA+jKvLNC65UQ r0tGomVI/TrGKoXWmxyaqu4pRZ0PPwwfquOrewoWaylcbp1RZ1e/1wq4EGRzykDyTB5fyhpGC85Qo7Te9vcBOcDgdpMki/HsRH h+vt7pE35C15T1LykRyRL+SEjAgnS/KL/CF/o+Poe/Qj+nkjjTprz2typ6Lr/zwp4uI=</latexit><latexit sha1_base64="Adnl1LxlbPWMwbYXqgpKlBUzSFM=">AAACyXicdVFNbxMxEHW2QEv4SsqRi8 UKiQvRblQJDj1U4oLUS5FIWyleRbPOJLXij8X2NoTtnvo7kDjBb+Lf4N3m0DbpSJae3rznZ8/khRTOJ8m/TrTz6PGT3b2n3WfP X7x81evvnzpTWo4jbqSx5zk4lELjyAsv8 bywCCqXeJYvPjf9s0u0Thj9za8KzBTMtZgJDj5Qk17/A1ugr1hZgLVmyWg96cXJIGmLboJ0DWKyrpNJv/ObTQ0vFWrPJTg3TpP CZxVYL7jEustKhwXwBcxxHKAGhS6r2rfX9F1gpnRmbDja05a97ahAObdSeVAq8Bfufq8ht/XGpZ99yiqhi9Kj5jdBs1JSb2gzC DoVFrmXqwCAWxHeSvkFWOA+jKvLNC65UQ r0tGomVI/TrGKoXWmxyaqu4pRZ0PPwwfquOrewoWaylcbp1RZ1e/1wq4EGRzykDyTB5fyhpGC85Qo7Te9vcBOcDgdpMki/HsRH h+vt7pE35C15T1LykRyRL+SEjAgnS/KL/CF/o+Poe/Qj+nkjjTprz2typ6Lr/zwp4uI=</latexit><latexit sha1_base64="Adnl1LxlbPWMwbYXqgpKlBUzSFM=">AAACyXicdVFNbxMxEHW2QEv4SsqRi8 UKiQvRblQJDj1U4oLUS5FIWyleRbPOJLXij8X2NoTtnvo7kDjBb+Lf4N3m0DbpSJae3rznZ8/khRTOJ8m/TrTz6PGT3b2n3WfP X7x81evvnzpTWo4jbqSx5zk4lELjyAsv8 bywCCqXeJYvPjf9s0u0Thj9za8KzBTMtZgJDj5Qk17/A1ugr1hZgLVmyWg96cXJIGmLboJ0DWKyrpNJv/ObTQ0vFWrPJTg3TpP CZxVYL7jEustKhwXwBcxxHKAGhS6r2rfX9F1gpnRmbDja05a97ahAObdSeVAq8Bfufq8ht/XGpZ99yiqhi9Kj5jdBs1JSb2gzC DoVFrmXqwCAWxHeSvkFWOA+jKvLNC65UQ r0tGomVI/TrGKoXWmxyaqu4pRZ0PPwwfquOrewoWaylcbp1RZ1e/1wq4EGRzykDyTB5fyhpGC85Qo7Te9vcBOcDgdpMki/HsRH h+vt7pE35C15T1LykRyRL+SEjAgnS/KL/CF/o+Poe/Qj+nkjjTprz2typ6Lr/zwp4uI=</latexit>

1p
2

<latexit sha1_base64="2cmSctGtuqwaF1BxunHgW9kW6YU="></latexit><latexit sha1_base64="2cmSctGtuqwaF1BxunHgW9kW6YU="></latexit><latexit sha1_base64="2cmSctGtuqwaF1BxunHgW9kW6YU="></latexit><latexit sha1_base64="2cmSctGtuqwaF1BxunHgW9kW6YU="></latexit>

1p
2

<latexit sha1_base64="2cmSctGtuqwaF1BxunHgW9kW6YU="></latexit><latexit sha1_base64="2cmSctGtuqwaF1BxunHgW9kW6YU="></latexit><latexit sha1_base64="2cmSctGtuqwaF1BxunHgW9kW6YU="></latexit><latexit sha1_base64="2cmSctGtuqwaF1BxunHgW9kW6YU="></latexit>

0
<latexit sha1_base64="XOEGSqyePYddumSU06FX5uDHhmw="></latexit><latexit sha1_base64="XOEGSqyePYddumSU06FX5uDHhmw="></latexit><latexit sha1_base64="XOEGSqyePYddumSU06FX5uDHhmw="></latexit><latexit sha1_base64="XOEGSqyePYddumSU06FX5uDHhmw="></latexit> }

<latexit sha1_base64="JDgUtuTNO0m2Qkt/XgP6u5G+gTw="></latexit><latexit sha1_base64="JDgUtuTNO0m2Qkt/XgP6u5G+gTw="></latexit><latexit sha1_base64="JDgUtuTNO0m2Qkt/XgP6u5G+gTw="></latexit><latexit sha1_base64="JDgUtuTNO0m2Qkt/XgP6u5G+gTw="></latexit>

0
<latexit sha1_base64="XOEGSqyePYddumSU06FX5uDHhmw="></latexit><latexit sha1_base64="XOEGSqyePYddumSU06FX5uDHhmw="></latexit><latexit sha1_base64="XOEGSqyePYddumSU06FX5uDHhmw="></latexit><latexit sha1_base64="XOEGSqyePYddumSU06FX5uDHhmw="></latexit>

}
<latexit sha1_base64="JDgUtuTNO0m2Qkt/XgP6u5G+gTw="></latexit> <latexit sha1_base64="JDgUtuTNO0m2Qkt/XgP6u5G+gTw="></latexit> <latexit sha1_base64="JDgUtuTNO0m2Qkt/XgP6u5G+gTw="></latexit> <latexit sha1_base64="JDgUtuTNO0m2Qkt/XgP6u5G+gTw="></latexit>

| " i
<latexit sha1_base64="0PkLY9MjtKWPBou /wmRaAyC 0PTU=">AAACyHicdVHLahsxFJWnr9R9Oe 2yG9Gh0J UZmUK66CKQTekqhToJWIO5I187wnoMksbGTGaT7+i im/af+jf VTLxIYueC4HDuOTrSvUWppA9Z9q+XPHr8 5Omzg+f9 Fy9fvX4zOHx75m3lBI6FVdZdFOBRSYPjIIPCi9Ih6 ELhebE8a fvnK3ReWvMzbErMNSyMnEsBIVLTwYAvMdS8KsE5u+ a0mQ7SbJ h1RXcB24KUbOt0etj7zWdWVBpNEAq8n7C sDHkNLki hsOnzymMJYgkLnERoQKPP6+7pDf0YmRmdWxePCbRj bztq0N5v dBGVGsKlv99ryX29SRXmX/JamrIKaMRN0 LxSNFjaz oHOpEMR1CYCEE7Gt1JxCQ5EiNPqc4NrYbUGM6vbCT UTltccja 8ctln1Vcq4A7OIH2zuqgsHO2quOmnKrva ou+tHew0 0OtIRfSAJVouHkqLxlivulN3f4C44Gw1ZNmQ/PqfH X7fbPSDv yQfyiTByRI7JN3JKxkSQFflF/pC/yfekTNbJ5kaa9 Laed+ROJ df/AarD4qs=</latexit><latexit sha1_base64="0PkLY9MjtKWPBou /wmRaAyC 0PTU=">AAACyHicdVHLahsxFJWnr9R9Oe 2yG9Gh0J UZmUK66CKQTekqhToJWIO5I187wnoMksbGTGaT7+i im/af+jf VTLxIYueC4HDuOTrSvUWppA9Z9q+XPHr8 5Omzg+f9 Fy9fvX4zOHx75m3lBI6FVdZdFOBRSYPjIIPCi9Ih6 ELhebE8a fvnK3ReWvMzbErMNSyMnEsBIVLTwYAvMdS8KsE5u+ a0mQ7SbJ h1RXcB24KUbOt0etj7zWdWVBpNEAq8n7C sDHkNLki hsOnzymMJYgkLnERoQKPP6+7pDf0YmRmdWxePCbRj bztq0N5v dBGVGsKlv99ryX29SRXmX/JamrIKaMRN0 LxSNFjaz oHOpEMR1CYCEE7Gt1JxCQ5EiNPqc4NrYbUGM6vbCT UTltccja 8ctln1Vcq4A7OIH2zuqgsHO2quOmnKrva ou+tHew0 0OtIRfSAJVouHkqLxlivulN3f4C44Gw1ZNmQ/PqfH X7fbPSDv yQfyiTByRI7JN3JKxkSQFflF/pC/yfekTNbJ5kaa9 Laed+ROJ df/AarD4qs=</latexit><latexit sha1_base64="0PkLY9MjtKWPBou /wmRaAyC 0PTU=">AAACyHicdVHLahsxFJWnr9R9Oe 2yG9Gh0J UZmUK66CKQTekqhToJWIO5I187wnoMksbGTGaT7+i im/af+jf VTLxIYueC4HDuOTrSvUWppA9Z9q+XPHr8 5Omzg+f9 Fy9fvX4zOHx75m3lBI6FVdZdFOBRSYPjIIPCi9Ih6 ELhebE8a fvnK3ReWvMzbErMNSyMnEsBIVLTwYAvMdS8KsE5u+ a0mQ7SbJ h1RXcB24KUbOt0etj7zWdWVBpNEAq8n7C sDHkNLki hsOnzymMJYgkLnERoQKPP6+7pDf0YmRmdWxePCbRj bztq0N5v dBGVGsKlv99ryX29SRXmX/JamrIKaMRN0 LxSNFjaz oHOpEMR1CYCEE7Gt1JxCQ5EiNPqc4NrYbUGM6vbCT UTltccja 8ctln1Vcq4A7OIH2zuqgsHO2quOmnKrva ou+tHew0 0OtIRfSAJVouHkqLxlivulN3f4C44Gw1ZNmQ/PqfH X7fbPSDv yQfyiTByRI7JN3JKxkSQFflF/pC/yfekTNbJ5kaa9 Laed+ROJ df/AarD4qs=</latexit><latexit sha1_base64="0PkLY9MjtKWPBou /wmRaAyC 0PTU=">AAACyHicdVHLahsxFJWnr9R9Oe 2yG9Gh0J UZmUK66CKQTekqhToJWIO5I187wnoMksbGTGaT7+i im/af+jf VTLxIYueC4HDuOTrSvUWppA9Z9q+XPHr8 5Omzg+f9 Fy9fvX4zOHx75m3lBI6FVdZdFOBRSYPjIIPCi9Ih6 ELhebE8a fvnK3ReWvMzbErMNSyMnEsBIVLTwYAvMdS8KsE5u+ a0mQ7SbJ h1RXcB24KUbOt0etj7zWdWVBpNEAq8n7C sDHkNLki hsOnzymMJYgkLnERoQKPP6+7pDf0YmRmdWxePCbRj bztq0N5v dBGVGsKlv99ryX29SRXmX/JamrIKaMRN0 LxSNFjaz oHOpEMR1CYCEE7Gt1JxCQ5EiNPqc4NrYbUGM6vbCT UTltccja 8ctln1Vcq4A7OIH2zuqgsHO2quOmnKrva ou+tHew0 0OtIRfSAJVouHkqLxlivulN3f4C44Gw1ZNmQ/PqfH X7fbPSDv yQfyiTByRI7JN3JKxkSQFflF/pC/yfekTNbJ5kaa9 Laed+ROJ df/AarD4qs=</latexit>

| # i
<latexit sha1_base64="ZGjmms3IIOFVONw BC3ygp3O 0lWE=">AAACynicdVFNaxsxEJW3H0ndLy c99iK6FH oyK1NIDz0EcumhhxTqJOBdzKw8doT1sUjauEbZW39 H6a39S/0 31W58SGJnQPB4897MaKaspHA+y/71kkeP nzzd23/W f/7i5avXg4PDM2dqy3HMjTT2ogSHUmgce+ElXlQWQ ZUSz8vlS Zs/v0LrhNHf/brCQsFCi7ng4CM1HRzmS/Qhn5mVBm vNKqfNdJ Bmw6wLug3YBqRkE6fTg97vWIDXCrXnEpy bsKzyRQD rBZfY9PPaYQV8CQucRKhBoStCN3xD30dmRufGxqc9 7djbjgDK ubUqo1KBv3T3cy25Kzep/fxTEYSuao+a3 zSa15J6Q 9tN0JmwyL1cRwDcijgr5Zdggfu4r36uccWNUqBnod 1RM2FFyF G72mLbK1ynLLegF/GDzV11aWFLnctOmrL rHequ/Gi ngUZHOqIPdIKrxUOdovGWK96U3b/gNjgbDVk2ZN8+ psefN9fd J2/JO/KBMHJEjskXckrGhJMf5Bf5Q/4mXxObrJNwI 016G88bc ieSn/8B7r7jkg==</latexit><latexit sha1_base64="ZGjmms3IIOFVONw BC3ygp3O 0lWE=">AAACynicdVFNaxsxEJW3H0ndLy c99iK6FH oyK1NIDz0EcumhhxTqJOBdzKw8doT1sUjauEbZW39 H6a39S/0 31W58SGJnQPB4897MaKaspHA+y/71kkeP nzzd23/W f/7i5avXg4PDM2dqy3HMjTT2ogSHUmgce+ElXlQWQ ZUSz8vlS Zs/v0LrhNHf/brCQsFCi7ng4CM1HRzmS/Qhn5mVBm vNKqfNdJ Bmw6wLug3YBqRkE6fTg97vWIDXCrXnEpy bsKzyRQD rBZfY9PPaYQV8CQucRKhBoStCN3xD30dmRufGxqc9 7djbjgDK ubUqo1KBv3T3cy25Kzep/fxTEYSuao+a3 zSa15J6Q 9tN0JmwyL1cRwDcijgr5Zdggfu4r36uccWNUqBnod 1RM2FFyF G72mLbK1ynLLegF/GDzV11aWFLnctOmrL rHequ/Gi ngUZHOqIPdIKrxUOdovGWK96U3b/gNjgbDVk2ZN8+ psefN9fd J2/JO/KBMHJEjskXckrGhJMf5Bf5Q/4mXxObrJNwI 016G88bc ieSn/8B7r7jkg==</latexit><latexit sha1_base64="ZGjmms3IIOFVONw BC3ygp3O 0lWE=">AAACynicdVFNaxsxEJW3H0ndLy c99iK6FH oyK1NIDz0EcumhhxTqJOBdzKw8doT1sUjauEbZW39 H6a39S/0 31W58SGJnQPB4897MaKaspHA+y/71kkeP nzzd23/W f/7i5avXg4PDM2dqy3HMjTT2ogSHUmgce+ElXlQWQ ZUSz8vlS Zs/v0LrhNHf/brCQsFCi7ng4CM1HRzmS/Qhn5mVBm vNKqfNdJ Bmw6wLug3YBqRkE6fTg97vWIDXCrXnEpy bsKzyRQD rBZfY9PPaYQV8CQucRKhBoStCN3xD30dmRufGxqc9 7djbjgDK ubUqo1KBv3T3cy25Kzep/fxTEYSuao+a3 zSa15J6Q 9tN0JmwyL1cRwDcijgr5Zdggfu4r36uccWNUqBnod 1RM2FFyF G72mLbK1ynLLegF/GDzV11aWFLnctOmrL rHequ/Gi ngUZHOqIPdIKrxUOdovGWK96U3b/gNjgbDVk2ZN8+ psefN9fd J2/JO/KBMHJEjskXckrGhJMf5Bf5Q/4mXxObrJNwI 016G88bc ieSn/8B7r7jkg==</latexit><latexit sha1_base64="ZGjmms3IIOFVONw BC3ygp3O 0lWE=">AAACynicdVFNaxsxEJW3H0ndLy c99iK6FH oyK1NIDz0EcumhhxTqJOBdzKw8doT1sUjauEbZW39 H6a39S/0 31W58SGJnQPB4897MaKaspHA+y/71kkeP nzzd23/W f/7i5avXg4PDM2dqy3HMjTT2ogSHUmgce+ElXlQWQ ZUSz8vlS Zs/v0LrhNHf/brCQsFCi7ng4CM1HRzmS/Qhn5mVBm vNKqfNdJ Bmw6wLug3YBqRkE6fTg97vWIDXCrXnEpy bsKzyRQD rBZfY9PPaYQV8CQucRKhBoStCN3xD30dmRufGxqc9 7djbjgDK ubUqo1KBv3T3cy25Kzep/fxTEYSuao+a3 zSa15J6Q 9tN0JmwyL1cRwDcijgr5Zdggfu4r36uccWNUqBnod 1RM2FFyF G72mLbK1ynLLegF/GDzV11aWFLnctOmrL rHequ/Gi ngUZHOqIPdIKrxUOdovGWK96U3b/gNjgbDVk2ZN8+ psefN9fd J2/JO/KBMHJEjskXckrGhJMf5Bf5Q/4mXxObrJNwI 016G88bc ieSn/8B7r7jkg==</latexit>

}
<latexit sha1_base64="JDgUtuTNO0m2Qkt/XgP6u5G+gTw="></latexit> <latexit sha1_base64="JDgUtuTNO0m2Qkt/XgP6u5G+gTw="></latexit> <latexit sha1_base64="JDgUtuTNO0m2Qkt/XgP6u5G+gTw="></latexit> <latexit sha1_base64="JDgUtuTNO0m2Qkt/XgP6u5G+gTw="></latexit>

| " i
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Example #2: AKLT wavefunction

The AKLT wavefunction is the exact ground state of the 
following S=1 Hamiltonian

H =
X

j

Sj · Sj+1 +
1

3

X

j

(Sj · Sj+1)
2
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In the same phase as S=1 Heisenberg model, plus 'small' 
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Can construct AKLT wavefunction as follows

Start with 2N spin 1/2's in singlet pairs

=
1p
2
| " i| # i � 1p

2
| # i| " i
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Can construct AKLT wavefunction as follows

Act on pairs of S=1/2's with projection operator P

= P̂ = |+ih "" |+ |0i h "# |+ h #" |p
2

+ |�ih ## |
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Can construct AKLT wavefunction as follows

Act on pairs of S=1/2's with projection operator P

= P̂ = |+ih "" |+ |0i h "# |+ h #" |p
2

+ |�ih ## |
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Can construct AKLT wavefunction as follows

After projection, blue ovals are S=1 spins



Can construct AKLT wavefunction as follows

After projection, blue ovals are S=1 spins

Can predict interesting properties: 

• doubly degenerate entanglement spectrum 

• emergent S=1/2 edge spins



Tensor approach to AKLT

=
1p
2
| " i| # i � 1p

2
| # i| " i
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1p
2
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2
| # i| " i

<latexit sha1_base64="dU qQLD1d3cv2sS7g3CcwDxW6AKM=">AAADJnicdVFNbxMxEPVuC5TwlcKRi8UKiQvROkKCC1IlLj0WibSV4lU063hTK157a3s bRe7+F478Gk4gxI3fwQnvJkhtko5k6fnNezP2TF5JYV2a/o7ivf179x8cPOw9evzk6bP+4fNTq2vD+Ihpqc15DpZLofjICSf5eWU4lLnkZ/n8U5s/u+LGCq2+uGXFsxJmShSCgQvUpK8+Yl oYYJ40ntpL4/ywaTCdc+dpXYExekFxs7pP9UL9Z/DbHb5t2WahST9JB2kXeBuQNUjQOk4mh9HXUJDVJVeOSbB2TNLKZR6ME 0zypkdryytgc5jxcYAKSm4z3w2mwa8DM8WFNuEohzv2psNDae2yzIOyBHdhN3MtuSs3rl3xIfNCVbXjiq0aFbXETuN2yngqDGdOLgMAZkR4K2YXEOblwi56VPEF02UJaurbCTVjknnKla0N b3v564RQA2oWPtjcVucGttRUdtKEXO9Qd+WHOw04OJIhvqMTXM3u6hSMN1xhp2Rzg9vgdDgg6YB8fpccHa+3e4BeolfoDSL oPTpCx+gEjRBDP9DfaC/aj7/F3+Of8a+VNI7WnhfoVsR//gEZAAlW</latexit><latexit sha1_base64="dU qQLD1d3cv2sS7g3CcwDxW6AKM=">AAADJnicdVFNbxMxEPVuC5TwlcKRi8UKiQvROkKCC1IlLj0WibSV4lU063hTK157a3s bRe7+F478Gk4gxI3fwQnvJkhtko5k6fnNezP2TF5JYV2a/o7ivf179x8cPOw9evzk6bP+4fNTq2vD+Ihpqc15DpZLofjICSf5eWU4lLnkZ/n8U5s/u+LGCq2+uGXFsxJmShSCgQvUpK8+Yl oYYJ40ntpL4/ywaTCdc+dpXYExekFxs7pP9UL9Z/DbHb5t2WahST9JB2kXeBuQNUjQOk4mh9HXUJDVJVeOSbB2TNLKZR6ME 0zypkdryytgc5jxcYAKSm4z3w2mwa8DM8WFNuEohzv2psNDae2yzIOyBHdhN3MtuSs3rl3xIfNCVbXjiq0aFbXETuN2yngqDGdOLgMAZkR4K2YXEOblwi56VPEF02UJaurbCTVjknnKla0N b3v564RQA2oWPtjcVucGttRUdtKEXO9Qd+WHOw04OJIhvqMTXM3u6hSMN1xhp2Rzg9vgdDgg6YB8fpccHa+3e4BeolfoDSL oPTpCx+gEjRBDP9DfaC/aj7/F3+Of8a+VNI7WnhfoVsR//gEZAAlW</latexit><latexit sha1_base64="dU qQLD1d3cv2sS7g3CcwDxW6AKM=">AAADJnicdVFNbxMxEPVuC5TwlcKRi8UKiQvROkKCC1IlLj0WibSV4lU063hTK157a3s bRe7+F478Gk4gxI3fwQnvJkhtko5k6fnNezP2TF5JYV2a/o7ivf179x8cPOw9evzk6bP+4fNTq2vD+Ihpqc15DpZLofjICSf5eWU4lLnkZ/n8U5s/u+LGCq2+uGXFsxJmShSCgQvUpK8+Yl oYYJ40ntpL4/ywaTCdc+dpXYExekFxs7pP9UL9Z/DbHb5t2WahST9JB2kXeBuQNUjQOk4mh9HXUJDVJVeOSbB2TNLKZR6ME 0zypkdryytgc5jxcYAKSm4z3w2mwa8DM8WFNuEohzv2psNDae2yzIOyBHdhN3MtuSs3rl3xIfNCVbXjiq0aFbXETuN2yngqDGdOLgMAZkR4K2YXEOblwi56VPEF02UJaurbCTVjknnKla0N b3v564RQA2oWPtjcVucGttRUdtKEXO9Qd+WHOw04OJIhvqMTXM3u6hSMN1xhp2Rzg9vgdDgg6YB8fpccHa+3e4BeolfoDSL oPTpCx+gEjRBDP9DfaC/aj7/F3+Of8a+VNI7WnhfoVsR//gEZAAlW</latexit><latexit sha1_base64="dU qQLD1d3cv2sS7g3CcwDxW6AKM=">AAADJnicdVFNbxMxEPVuC5TwlcKRi8UKiQvROkKCC1IlLj0WibSV4lU063hTK157a3s bRe7+F478Gk4gxI3fwQnvJkhtko5k6fnNezP2TF5JYV2a/o7ivf179x8cPOw9evzk6bP+4fNTq2vD+Ihpqc15DpZLofjICSf5eWU4lLnkZ/n8U5s/u+LGCq2+uGXFsxJmShSCgQvUpK8+Yl oYYJ40ntpL4/ywaTCdc+dpXYExekFxs7pP9UL9Z/DbHb5t2WahST9JB2kXeBuQNUjQOk4mh9HXUJDVJVeOSbB2TNLKZR6ME 0zypkdryytgc5jxcYAKSm4z3w2mwa8DM8WFNuEohzv2psNDae2yzIOyBHdhN3MtuSs3rl3xIfNCVbXjiq0aFbXETuN2yngqDGdOLgMAZkR4K2YXEOblwi56VPEF02UJaurbCTVjknnKla0N b3v564RQA2oWPtjcVucGttRUdtKEXO9Qd+WHOw04OJIhvqMTXM3u6hSMN1xhp2Rzg9vgdDgg6YB8fpccHa+3e4BeolfoDSL oPTpCx+gEjRBDP9DfaC/aj7/F3+Of8a+VNI7WnhfoVsR//gEZAAlW</latexit>

"
<latexit sha1_base64="gwFJEj2KWJp/ROb9/RPytGcrl2k="></latexit><latexit sha1_base64="gwFJEj2KWJp/ROb9/RPytGcrl2k="></latexit><latexit sha1_base64="gwFJEj2KWJp/ROb9/RPytGcrl2k="></latexit><latexit sha1_base64="gwFJEj2KWJp/ROb9/RPytGcrl2k="></latexit>

#
<latexit sha1_base64="HdNklFvZgeqpPsbwl7JSYRJDusc="></latexit><latexit sha1_base64="HdNklFvZgeqpPsbwl7JSYRJDusc="></latexit><latexit sha1_base64="HdNklFvZgeqpPsbwl7JSYRJDusc="></latexit><latexit sha1_base64="HdNklFvZgeqpPsbwl7JSYRJDusc="></latexit>

=
1p
2

<latexit sha1_base64="QCCgnEjcPo0GzgZixBBm9hjxXE0="></latexit><latexit sha1_base64="QCCgnEjcPo0GzgZixBBm9hjxXE0="></latexit><latexit sha1_base64="QCCgnEjcPo0GzgZixBBm9hjxXE0="></latexit><latexit sha1_base64="QCCgnEjcPo0GzgZixBBm9hjxXE0="></latexit>

"<latexit sha1_base64="gwFJEj2KWJp/ROb9/RPytGcrl2k="></latexit><latexit sha1_base64="gwFJEj2KWJp/ROb9/RPytGcrl2k="></latexit><latexit sha1_base64="gwFJEj2KWJp/ROb9/RPytGcrl2k="></latexit><latexit sha1_base64="gwFJEj2KWJp/ROb9/RPytGcrl2k="></latexit> #<latexit sha1_base64="HdNklFvZgeqpPsbwl7JSYRJDusc="></latexit><latexit sha1_base64="HdNklFvZgeqpPsbwl7JSYRJDusc="></latexit><latexit sha1_base64="HdNklFvZgeqpPsbwl7JSYRJDusc="></latexit><latexit sha1_base64="HdNklFvZgeqpPsbwl7JSYRJDusc="></latexit>

= � 1p
2

<latexit sha1_base64="Iszku0igy8ni7wGf+iSCsJAcCCA="></latexit><latexit sha1_base64="Iszku0igy8ni7wGf+iSCsJAcCCA="></latexit><latexit sha1_base64="Iszku0igy8ni7wGf+iSCsJAcCCA="></latexit><latexit sha1_base64="Iszku0igy8ni7wGf+iSCsJAcCCA="></latexit>



Tensor approach to AKLT

=
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2
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2
| # i| " i

<latexit sha1_base64="dU qQLD1d3cv2sS7g3CcwDxW6AKM=">AAADJnicdVFNbxMxEPVuC5TwlcKRi8UKiQvROkKCC1IlLj0WibSV4lU063hTK157a3s bRe7+F478Gk4gxI3fwQnvJkhtko5k6fnNezP2TF5JYV2a/o7ivf179x8cPOw9evzk6bP+4fNTq2vD+Ihpqc15DpZLofjICSf5eWU4lLnkZ/n8U5s/u+LGCq2+uGXFsxJmShSCgQvUpK8+Yl oYYJ40ntpL4/ywaTCdc+dpXYExekFxs7pP9UL9Z/DbHb5t2WahST9JB2kXeBuQNUjQOk4mh9HXUJDVJVeOSbB2TNLKZR6ME 0zypkdryytgc5jxcYAKSm4z3w2mwa8DM8WFNuEohzv2psNDae2yzIOyBHdhN3MtuSs3rl3xIfNCVbXjiq0aFbXETuN2yngqDGdOLgMAZkR4K2YXEOblwi56VPEF02UJaurbCTVjknnKla0N b3v564RQA2oWPtjcVucGttRUdtKEXO9Qd+WHOw04OJIhvqMTXM3u6hSMN1xhp2Rzg9vgdDgg6YB8fpccHa+3e4BeolfoDSL oPTpCx+gEjRBDP9DfaC/aj7/F3+Of8a+VNI7WnhfoVsR//gEZAAlW</latexit><latexit sha1_base64="dU qQLD1d3cv2sS7g3CcwDxW6AKM=">AAADJnicdVFNbxMxEPVuC5TwlcKRi8UKiQvROkKCC1IlLj0WibSV4lU063hTK157a3s bRe7+F478Gk4gxI3fwQnvJkhtko5k6fnNezP2TF5JYV2a/o7ivf179x8cPOw9evzk6bP+4fNTq2vD+Ihpqc15DpZLofjICSf5eWU4lLnkZ/n8U5s/u+LGCq2+uGXFsxJmShSCgQvUpK8+Yl oYYJ40ntpL4/ywaTCdc+dpXYExekFxs7pP9UL9Z/DbHb5t2WahST9JB2kXeBuQNUjQOk4mh9HXUJDVJVeOSbB2TNLKZR6ME 0zypkdryytgc5jxcYAKSm4z3w2mwa8DM8WFNuEohzv2psNDae2yzIOyBHdhN3MtuSs3rl3xIfNCVbXjiq0aFbXETuN2yngqDGdOLgMAZkR4K2YXEOblwi56VPEF02UJaurbCTVjknnKla0N b3v564RQA2oWPtjcVucGttRUdtKEXO9Qd+WHOw04OJIhvqMTXM3u6hSMN1xhp2Rzg9vgdDgg6YB8fpccHa+3e4BeolfoDSL oPTpCx+gEjRBDP9DfaC/aj7/F3+Of8a+VNI7WnhfoVsR//gEZAAlW</latexit><latexit sha1_base64="dU qQLD1d3cv2sS7g3CcwDxW6AKM=">AAADJnicdVFNbxMxEPVuC5TwlcKRi8UKiQvROkKCC1IlLj0WibSV4lU063hTK157a3s bRe7+F478Gk4gxI3fwQnvJkhtko5k6fnNezP2TF5JYV2a/o7ivf179x8cPOw9evzk6bP+4fNTq2vD+Ihpqc15DpZLofjICSf5eWU4lLnkZ/n8U5s/u+LGCq2+uGXFsxJmShSCgQvUpK8+Yl oYYJ40ntpL4/ywaTCdc+dpXYExekFxs7pP9UL9Z/DbHb5t2WahST9JB2kXeBuQNUjQOk4mh9HXUJDVJVeOSbB2TNLKZR6ME 0zypkdryytgc5jxcYAKSm4z3w2mwa8DM8WFNuEohzv2psNDae2yzIOyBHdhN3MtuSs3rl3xIfNCVbXjiq0aFbXETuN2yngqDGdOLgMAZkR4K2YXEOblwi56VPEF02UJaurbCTVjknnKla0N b3v564RQA2oWPtjcVucGttRUdtKEXO9Qd+WHOw04OJIhvqMTXM3u6hSMN1xhp2Rzg9vgdDgg6YB8fpccHa+3e4BeolfoDSL oPTpCx+gEjRBDP9DfaC/aj7/F3+Of8a+VNI7WnhfoVsR//gEZAAlW</latexit><latexit sha1_base64="dU qQLD1d3cv2sS7g3CcwDxW6AKM=">AAADJnicdVFNbxMxEPVuC5TwlcKRi8UKiQvROkKCC1IlLj0WibSV4lU063hTK157a3s bRe7+F478Gk4gxI3fwQnvJkhtko5k6fnNezP2TF5JYV2a/o7ivf179x8cPOw9evzk6bP+4fNTq2vD+Ihpqc15DpZLofjICSf5eWU4lLnkZ/n8U5s/u+LGCq2+uGXFsxJmShSCgQvUpK8+Yl oYYJ40ntpL4/ywaTCdc+dpXYExekFxs7pP9UL9Z/DbHb5t2WahST9JB2kXeBuQNUjQOk4mh9HXUJDVJVeOSbB2TNLKZR6ME 0zypkdryytgc5jxcYAKSm4z3w2mwa8DM8WFNuEohzv2psNDae2yzIOyBHdhN3MtuSs3rl3xIfNCVbXjiq0aFbXETuN2yngqDGdOLgMAZkR4K2YXEOblwi56VPEF02UJaurbCTVjknnKla0N b3v564RQA2oWPtjcVucGttRUdtKEXO9Qd+WHOw04OJIhvqMTXM3u6hSMN1xhp2Rzg9vgdDgg6YB8fpccHa+3e4BeolfoDSL oPTpCx+gEjRBDP9DfaC/aj7/F3+Of8a+VNI7WnhfoVsR//gEZAAlW</latexit>

= |+ih "" |+ |0i h "# |+ h #" |p
2

+ |�ih ## |
<latexit sha1_base64="nc/RJJHVAr22cnh9Hc3QqfXeN6U="></latexit><latexit sha1_base64="nc/RJJHVAr22cnh9Hc3QqfXeN6U="></latexit><latexit sha1_base64="nc/RJJHVAr22cnh9Hc3QqfXeN6U="></latexit><latexit sha1_base64="nc/RJJHVAr22cnh9Hc3QqfXeN6U="></latexit>



Tensor approach to AKLT
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<latexit sha1_base64="dU qQLD1d3cv2sS7g3CcwDxW6AKM=">AAADJnicdVFNbxMxEPVuC5TwlcKRi8UKiQvROkKCC1IlLj0WibSV4lU063hTK157a3s bRe7+F478Gk4gxI3fwQnvJkhtko5k6fnNezP2TF5JYV2a/o7ivf179x8cPOw9evzk6bP+4fNTq2vD+Ihpqc15DpZLofjICSf5eWU4lLnkZ/n8U5s/u+LGCq2+uGXFsxJmShSCgQvUpK8+Yl oYYJ40ntpL4/ywaTCdc+dpXYExekFxs7pP9UL9Z/DbHb5t2WahST9JB2kXeBuQNUjQOk4mh9HXUJDVJVeOSbB2TNLKZR6ME 0zypkdryytgc5jxcYAKSm4z3w2mwa8DM8WFNuEohzv2psNDae2yzIOyBHdhN3MtuSs3rl3xIfNCVbXjiq0aFbXETuN2yngqDGdOLgMAZkR4K2YXEOblwi56VPEF02UJaurbCTVjknnKla0N b3v564RQA2oWPtjcVucGttRUdtKEXO9Qd+WHOw04OJIhvqMTXM3u6hSMN1xhp2Rzg9vgdDgg6YB8fpccHa+3e4BeolfoDSL oPTpCx+gEjRBDP9DfaC/aj7/F3+Of8a+VNI7WnhfoVsR//gEZAAlW</latexit><latexit sha1_base64="dU qQLD1d3cv2sS7g3CcwDxW6AKM=">AAADJnicdVFNbxMxEPVuC5TwlcKRi8UKiQvROkKCC1IlLj0WibSV4lU063hTK157a3s bRe7+F478Gk4gxI3fwQnvJkhtko5k6fnNezP2TF5JYV2a/o7ivf179x8cPOw9evzk6bP+4fNTq2vD+Ihpqc15DpZLofjICSf5eWU4lLnkZ/n8U5s/u+LGCq2+uGXFsxJmShSCgQvUpK8+Yl oYYJ40ntpL4/ywaTCdc+dpXYExekFxs7pP9UL9Z/DbHb5t2WahST9JB2kXeBuQNUjQOk4mh9HXUJDVJVeOSbB2TNLKZR6ME 0zypkdryytgc5jxcYAKSm4z3w2mwa8DM8WFNuEohzv2psNDae2yzIOyBHdhN3MtuSs3rl3xIfNCVbXjiq0aFbXETuN2yngqDGdOLgMAZkR4K2YXEOblwi56VPEF02UJaurbCTVjknnKla0N b3v564RQA2oWPtjcVucGttRUdtKEXO9Qd+WHOw04OJIhvqMTXM3u6hSMN1xhp2Rzg9vgdDgg6YB8fpccHa+3e4BeolfoDSL oPTpCx+gEjRBDP9DfaC/aj7/F3+Of8a+VNI7WnhfoVsR//gEZAAlW</latexit><latexit sha1_base64="dU qQLD1d3cv2sS7g3CcwDxW6AKM=">AAADJnicdVFNbxMxEPVuC5TwlcKRi8UKiQvROkKCC1IlLj0WibSV4lU063hTK157a3s bRe7+F478Gk4gxI3fwQnvJkhtko5k6fnNezP2TF5JYV2a/o7ivf179x8cPOw9evzk6bP+4fNTq2vD+Ihpqc15DpZLofjICSf5eWU4lLnkZ/n8U5s/u+LGCq2+uGXFsxJmShSCgQvUpK8+Yl oYYJ40ntpL4/ywaTCdc+dpXYExekFxs7pP9UL9Z/DbHb5t2WahST9JB2kXeBuQNUjQOk4mh9HXUJDVJVeOSbB2TNLKZR6ME 0zypkdryytgc5jxcYAKSm4z3w2mwa8DM8WFNuEohzv2psNDae2yzIOyBHdhN3MtuSs3rl3xIfNCVbXjiq0aFbXETuN2yngqDGdOLgMAZkR4K2YXEOblwi56VPEF02UJaurbCTVjknnKla0N b3v564RQA2oWPtjcVucGttRUdtKEXO9Qd+WHOw04OJIhvqMTXM3u6hSMN1xhp2Rzg9vgdDgg6YB8fpccHa+3e4BeolfoDSL oPTpCx+gEjRBDP9DfaC/aj7/F3+Of8a+VNI7WnhfoVsR//gEZAAlW</latexit><latexit sha1_base64="dU qQLD1d3cv2sS7g3CcwDxW6AKM=">AAADJnicdVFNbxMxEPVuC5TwlcKRi8UKiQvROkKCC1IlLj0WibSV4lU063hTK157a3s bRe7+F478Gk4gxI3fwQnvJkhtko5k6fnNezP2TF5JYV2a/o7ivf179x8cPOw9evzk6bP+4fNTq2vD+Ihpqc15DpZLofjICSf5eWU4lLnkZ/n8U5s/u+LGCq2+uGXFsxJmShSCgQvUpK8+Yl oYYJ40ntpL4/ywaTCdc+dpXYExekFxs7pP9UL9Z/DbHb5t2WahST9JB2kXeBuQNUjQOk4mh9HXUJDVJVeOSbB2TNLKZR6ME 0zypkdryytgc5jxcYAKSm4z3w2mwa8DM8WFNuEohzv2psNDae2yzIOyBHdhN3MtuSs3rl3xIfNCVbXjiq0aFbXETuN2yngqDGdOLgMAZkR4K2YXEOblwi56VPEF02UJaurbCTVjknnKla0N b3v564RQA2oWPtjcVucGttRUdtKEXO9Qd+WHOw04OJIhvqMTXM3u6hSMN1xhp2Rzg9vgdDgg6YB8fpccHa+3e4BeolfoDSL oPTpCx+gEjRBDP9DfaC/aj7/F3+Of8a+VNI7WnhfoVsR//gEZAAlW</latexit>

= |+ih "" |+ |0i h "# |+ h #" |p
2

+ |�ih ## |
<latexit sha1_base64="nc/RJJHVAr22cnh9Hc3QqfXeN6U="></latexit><latexit sha1_base64="nc/RJJHVAr22cnh9Hc3QqfXeN6U="></latexit><latexit sha1_base64="nc/RJJHVAr22cnh9Hc3QqfXeN6U="></latexit><latexit sha1_base64="nc/RJJHVAr22cnh9Hc3QqfXeN6U="></latexit>

+
<latexit sha1_base64="j5GEWwUmuy+lvVKdEX6Z3upKG8U="></latexit><latexit sha1_base64="j5GEWwUmuy+lvVKdEX6Z3upKG8U="></latexit><latexit sha1_base64="j5GEWwUmuy+lvVKdEX6Z3upKG8U="></latexit><latexit sha1_base64="j5GEWwUmuy+lvVKdEX6Z3upKG8U="></latexit>

"
<latexit sha1_base64="gwFJEj2KWJp/ROb9/RPytGcrl2k="></latexit><latexit sha1_base64="gwFJEj2KWJp/ROb9/RPytGcrl2k="></latexit><latexit sha1_base64="gwFJEj2KWJp/ROb9/RPytGcrl2k="></latexit><latexit sha1_base64="gwFJEj2KWJp/ROb9/RPytGcrl2k="></latexit>

"
<latexit sha1_base64="gwFJEj2KWJp/ROb9/RPytGcrl2k="></latexit><latexit sha1_base64="gwFJEj2KWJp/ROb9/RPytGcrl2k="></latexit><latexit sha1_base64="gwFJEj2KWJp/ROb9/RPytGcrl2k="></latexit><latexit sha1_base64="gwFJEj2KWJp/ROb9/RPytGcrl2k="></latexit>

= 1
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Contract pairs of tensors:
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Nice form of AKLT matrix product state with 
periodic boundary conditions

Can actually show the following:

| AKLTi = Tr [Ms1Ms2Ms3 · · ·MsN ] |s1s2s3 . . . sN i
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Key facts about matrix product states

• linear size of matrices (dimension of bond indices) known as 
the bond dimension m  (sometimes     or D) 

• for large enough m, can represent any state    (m = 2N/2) 

• entanglement of left-right cut bounded by log(m), so 
boundary law guaranteed

m

�
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Many-Body Entanglement

What is the maximum amount of entanglement?

SvN = �
2N/2X

n=1

pn ln(pn) = �2N/2 1

2N/2
ln(2�N/2)
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<latexit sha1_base64="TMK+Qpg6vDGTmGcDDYjoVaX58VI="></latexit><latexit sha1_base64="TMK+Qpg6vDGTmGcDDYjoVaX58VI="></latexit><latexit sha1_base64="TMK+Qpg6vDGTmGcDDYjoVaX58VI="></latexit><latexit sha1_base64="TMK+Qpg6vDGTmGcDDYjoVaX58VI="></latexit>

⇠ N
<latexit sha1_base64="p/x5OU0d4CBYgs3z8HR/heUQUNE="></latexit><latexit sha1_base64="p/x5OU0d4CBYgs3z8HR/heUQUNE="></latexit><latexit sha1_base64="p/x5OU0d4CBYgs3z8HR/heUQUNE="></latexit><latexit sha1_base64="p/x5OU0d4CBYgs3z8HR/heUQUNE="></latexit>

maximum entropy if all eigenvalues same, pn ⌘ 2�N/2
<latexit sha1_base64="HwNTH0YwNBEzP6rLUoG6sWdCaF4="></latexit><latexit sha1_base64="HwNTH0YwNBEzP6rLUoG6sWdCaF4="></latexit><latexit sha1_base64="HwNTH0YwNBEzP6rLUoG6sWdCaF4="></latexit><latexit sha1_base64="HwNTH0YwNBEzP6rLUoG6sWdCaF4="></latexit>

          eigenvalues, trace has to be 12N/2
<latexit sha1_base64="jlBbTWCDvhXKwnVJHxf3huwmCTA="></latexit><latexit sha1_base64="jlBbTWCDvhXKwnVJHxf3huwmCTA="></latexit><latexit sha1_base64="jlBbTWCDvhXKwnVJHxf3huwmCTA="></latexit><latexit sha1_base64="jlBbTWCDvhXKwnVJHxf3huwmCTA="></latexit>

        is a                         matrix ⇢A
<latexit sha1_base64="ij9+W2Z0HrFDU1iwaxf5805rY3o="></latexit><latexit sha1_base64="ij9+W2Z0HrFDU1iwaxf5805rY3o="></latexit><latexit sha1_base64="ij9+W2Z0HrFDU1iwaxf5805rY3o="></latexit><latexit sha1_base64="ij9+W2Z0HrFDU1iwaxf5805rY3o="></latexit> 2N/2 ⇥ 2N/2

<latexit sha1_base64="6y4EyujOfHN5voAY5y6hWFNwClQ="></latexit><latexit sha1_base64="6y4EyujOfHN5voAY5y6hWFNwClQ="></latexit><latexit sha1_base64="6y4EyujOfHN5voAY5y6hWFNwClQ="></latexit><latexit sha1_base64="6y4EyujOfHN5voAY5y6hWFNwClQ="></latexit>

"volume law"

© Edwin Miles Stoudenmire, Flatiron Institute, 2018



Many-Body Entanglement

Fact: randomly chosen wavefunctions have 
maximum entropy with probability 1.0

Hilbert space:

S ~ N

S not max 
entangled 

max entangled
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Many-Body Entanglement

Which wavefunctions live in the special region 
that is not maximally entangled?

Hilbert space:

S ~ N

S not max 
entangled 

max entangled

© Edwin Miles Stoudenmire, Flatiron Institute, 2018



Consider ground states of 1D Hamiltonians

H =
X

j

Sj · Sj+1

<latexit sha1_base64="NjBPYfNVgDhO4mTAJ8Yxhir2l2E="></latexit><latexit sha1_base64="NjBPYfNVgDhO4mTAJ8Yxhir2l2E="></latexit><latexit sha1_base64="NjBPYfNVgDhO4mTAJ8Yxhir2l2E="></latexit><latexit sha1_base64="NjBPYfNVgDhO4mTAJ8Yxhir2l2E="></latexit>

Heisenberg spin chain:

H = �t
X

j,�

(c†j,�cj+1,� + c†j+1,�cj,�) +
X

j

Unj"nj#
<latexit sha1_base64="uOQCJkN/lgWzze12gwAlfyC1VUM="></latexit><latexit sha1_base64="uOQCJkN/lgWzze12gwAlfyC1VUM="></latexit><latexit sha1_base64="uOQCJkN/lgWzze12gwAlfyC1VUM="></latexit><latexit sha1_base64="uOQCJkN/lgWzze12gwAlfyC1VUM="></latexit>

Hubbard chain:

© Edwin Miles Stoudenmire, Flatiron Institute, 2018

1D "electronic structure" Hamiltonian:

H =

Z

x

 †(x)
h
� 1

2
@2
x

+ v(x)
i
 (x) +

Z

x,x

0
u(x� x0)n(x)n(x0)

<latexit sha1_base64="Sd9smWzcc3G3XGWbgGZp2e4KG/o=">AAADLnicdVHRbtMwFHXCgNEN1sEjLx4RaquxKomQ4AVpYi97HNK6TYqzyHHczKrjRLZTUmX5Fz6Br0FCAvHKZ+BkRdrW7kq2ju4551773rjgTGnX/WnZjzYeP3m6+ay3tf38xU5/9+WZyktJ6ITkPJcXMVaUM0EnmmlOLwpJcRZzeh7Pjlr+fE6lYrk41YuChhlOBZsygrVJRf35MfwEIWJCR3XVQFQodokSnKZUDquRYT6zND hAU4lJ7TW130qw1AzzSz+q4D6cG1krCjtv69n/X+5dNWjQHtqD5bA6qAYjKFraXINR1HfcsdsFXAXeEjhgGSfRrvUNJTkpMyo04VipwHMLHdbtWwinTQ+VihaYzHBKAwMFzqgK625ADXxrMgmc5tIcoWGXve2ocabUIouNMsP6St3n2uQ6Lij19GNYM1GUmgpy02hacqhz2E4bJkxSovnCAEwkM2+F5AqbYWqzkx4S9CvJswyLpEYzqpvAC2tEhSolbXvV146HJBap+WBzVx1LvKJGvJM63vUadVfeX2uAxuH48IFOeJ4+1MkYb7nMTr37G1wFZ/7Yc8fel/fO4dFyu5vgNXgDhsADH8AhOAYnYAII+GXZ1pa1bX+3f9i/7T83Uttael6BO2H//QekaQNM</latexit><latexit sha1_base64="Sd9smWzcc3G3XGWbgGZp2e4KG/o=">AAADLnicdVHRbtMwFHXCgNEN1sEjLx4RaquxKomQ4AVpYi97HNK6TYqzyHHczKrjRLZTUmX5Fz6Br0FCAvHKZ+BkRdrW7kq2ju4551773rjgTGnX/WnZjzYeP3m6+ay3tf38xU5/9+WZyktJ6ITkPJcXMVaUM0EnmmlOLwpJcRZzeh7Pjlr+fE6lYrk41YuChhlOBZsygrVJRf35MfwEIWJCR3XVQFQodokSnKZUDquRYT6zND hAU4lJ7TW130qw1AzzSz+q4D6cG1krCjtv69n/X+5dNWjQHtqD5bA6qAYjKFraXINR1HfcsdsFXAXeEjhgGSfRrvUNJTkpMyo04VipwHMLHdbtWwinTQ+VihaYzHBKAwMFzqgK625ADXxrMgmc5tIcoWGXve2ocabUIouNMsP6St3n2uQ6Lij19GNYM1GUmgpy02hacqhz2E4bJkxSovnCAEwkM2+F5AqbYWqzkx4S9CvJswyLpEYzqpvAC2tEhSolbXvV146HJBap+WBzVx1LvKJGvJM63vUadVfeX2uAxuH48IFOeJ4+1MkYb7nMTr37G1wFZ/7Yc8fel/fO4dFyu5vgNXgDhsADH8AhOAYnYAII+GXZ1pa1bX+3f9i/7T83Uttael6BO2H//QekaQNM</latexit><latexit sha1_base64="Sd9smWzcc3G3XGWbgGZp2e4KG/o=">AAADLnicdVHRbtMwFHXCgNEN1sEjLx4RaquxKomQ4AVpYi97HNK6TYqzyHHczKrjRLZTUmX5Fz6Br0FCAvHKZ+BkRdrW7kq2ju4551773rjgTGnX/WnZjzYeP3m6+ay3tf38xU5/9+WZyktJ6ITkPJcXMVaUM0EnmmlOLwpJcRZzeh7Pjlr+fE6lYrk41YuChhlOBZsygrVJRf35MfwEIWJCR3XVQFQodokSnKZUDquRYT6zND hAU4lJ7TW130qw1AzzSz+q4D6cG1krCjtv69n/X+5dNWjQHtqD5bA6qAYjKFraXINR1HfcsdsFXAXeEjhgGSfRrvUNJTkpMyo04VipwHMLHdbtWwinTQ+VihaYzHBKAwMFzqgK625ADXxrMgmc5tIcoWGXve2ocabUIouNMsP6St3n2uQ6Lij19GNYM1GUmgpy02hacqhz2E4bJkxSovnCAEwkM2+F5AqbYWqzkx4S9CvJswyLpEYzqpvAC2tEhSolbXvV146HJBap+WBzVx1LvKJGvJM63vUadVfeX2uAxuH48IFOeJ4+1MkYb7nMTr37G1wFZ/7Yc8fel/fO4dFyu5vgNXgDhsADH8AhOAYnYAII+GXZ1pa1bX+3f9i/7T83Uttael6BO2H//QekaQNM</latexit><latexit sha1_base64="Sd9smWzcc3G3XGWbgGZp2e4KG/o=">AAADLnicdVHRbtMwFHXCgNEN1sEjLx4RaquxKomQ4AVpYi97HNK6TYqzyHHczKrjRLZTUmX5Fz6Br0FCAvHKZ+BkRdrW7kq2ju4551773rjgTGnX/WnZjzYeP3m6+ay3tf38xU5/9+WZyktJ6ITkPJcXMVaUM0EnmmlOLwpJcRZzeh7Pjlr+fE6lYrk41YuChhlOBZsygrVJRf35MfwEIWJCR3XVQFQodokSnKZUDquRYT6zND hAU4lJ7TW130qw1AzzSz+q4D6cG1krCjtv69n/X+5dNWjQHtqD5bA6qAYjKFraXINR1HfcsdsFXAXeEjhgGSfRrvUNJTkpMyo04VipwHMLHdbtWwinTQ+VihaYzHBKAwMFzqgK625ADXxrMgmc5tIcoWGXve2ocabUIouNMsP6St3n2uQ6Lij19GNYM1GUmgpy02hacqhz2E4bJkxSovnCAEwkM2+F5AqbYWqzkx4S9CvJswyLpEYzqpvAC2tEhSolbXvV146HJBap+WBzVx1LvKJGvJM63vUadVfeX2uAxuH48IFOeJ4+1MkYb7nMTr37G1wFZ/7Yc8fel/fO4dFyu5vgNXgDhsADH8AhOAYnYAII+GXZ1pa1bX+3f9i/7T83Uttael6BO2H//QekaQNM</latexit>



By ground state we mean

H| ni = En| ni
<latexit sha1_base64="UyZMISiekCQoM0vTaCWfLpLMKZA="></latexit><latexit sha1_base64="UyZMISiekCQoM0vTaCWfLpLMKZA="></latexit><latexit sha1_base64="UyZMISiekCQoM0vTaCWfLpLMKZA="></latexit><latexit sha1_base64="UyZMISiekCQoM0vTaCWfLpLMKZA="></latexit>

E0  E1  E2  . . .
<latexit sha1_base64="vui2xzECvGOTOuT9i7LlFXh58Ng="></latexit><latexit sha1_base64="vui2xzECvGOTOuT9i7LlFXh58Ng="></latexit><latexit sha1_base64="vui2xzECvGOTOuT9i7LlFXh58Ng="></latexit><latexit sha1_base64="vui2xzECvGOTOuT9i7LlFXh58Ng="></latexit>

Then the ground state is | 0i
<latexit sha1_base64="WJg6FqZA7BPytmxXgt7hD1KBaIY="></latexit><latexit sha1_base64="WJg6FqZA7BPytmxXgt7hD1KBaIY="></latexit><latexit sha1_base64="WJg6FqZA7BPytmxXgt7hD1KBaIY="></latexit><latexit sha1_base64="WJg6FqZA7BPytmxXgt7hD1KBaIY="></latexit>

(May be degenerate, meaning                                    )|E1 � E0| ⇠ e�aN
<latexit sha1_base64="wwY7SaMSX1w5hZyygZoWF+WI/Dw="></latexit><latexit sha1_base64="wwY7SaMSX1w5hZyygZoWF+WI/Dw="></latexit><latexit sha1_base64="wwY7SaMSX1w5hZyygZoWF+WI/Dw="></latexit><latexit sha1_base64="wwY7SaMSX1w5hZyygZoWF+WI/Dw="></latexit>
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Special cases of ground states

Case #1: Heisenberg ferromagnet

H = �
X

j

Sj · Sj+1

<latexit sha1_base64="S/04AbfZwwkK963nmRfrb4iTmJM="></latexit><latexit sha1_base64="S/04AbfZwwkK963nmRfrb4iTmJM="></latexit><latexit sha1_base64="S/04AbfZwwkK963nmRfrb4iTmJM="></latexit><latexit sha1_base64="S/04AbfZwwkK963nmRfrb4iTmJM="></latexit>

| 0i = | " " " " " " i = | " i| " i| " i| " i| " i| " i
<latexit sha1_base64="/PGskU7I0fmN/d3XbsrYFbBoXJY="></latexit><latexit sha1_base64="/PGskU7I0fmN/d3XbsrYFbBoXJY="></latexit><latexit sha1_base64="/PGskU7I0fmN/d3XbsrYFbBoXJY="></latexit><latexit sha1_base64="/PGskU7I0fmN/d3XbsrYFbBoXJY="></latexit>
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Special cases of ground states

Case #1: Heisenberg ferromagnet

H = �
X

j

Sj · Sj+1

<latexit sha1_base64="S/04AbfZwwkK963nmRfrb4iTmJM="></latexit><latexit sha1_base64="S/04AbfZwwkK963nmRfrb4iTmJM="></latexit><latexit sha1_base64="S/04AbfZwwkK963nmRfrb4iTmJM="></latexit><latexit sha1_base64="S/04AbfZwwkK963nmRfrb4iTmJM="></latexit>

zero entanglement

| 0i = | " " " " " " i = | " i| " i| " i| " i| " i| " i
<latexit sha1_base64="/PGskU7I0fmN/d3XbsrYFbBoXJY="></latexit><latexit sha1_base64="/PGskU7I0fmN/d3XbsrYFbBoXJY="></latexit><latexit sha1_base64="/PGskU7I0fmN/d3XbsrYFbBoXJY="></latexit><latexit sha1_base64="/PGskU7I0fmN/d3XbsrYFbBoXJY="></latexit>
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How typical are these cases?

As system size N increases, is following possible?

| 0i =
<latexit sha1_base64="VTi4Ecg95x5Ntz55UcIcCj2tRZo="></latexit><latexit sha1_base64="VTi4Ecg95x5Ntz55UcIcCj2tRZo="></latexit><latexit sha1_base64="VTi4Ecg95x5Ntz55UcIcCj2tRZo="></latexit><latexit sha1_base64="VTi4Ecg95x5Ntz55UcIcCj2tRZo="></latexit>

S = ln(2)
<latexit sha1_base64="lT5/uCwT9FispdJBarjUIQQIT/s="></latexit><latexit sha1_base64="lT5/uCwT9FispdJBarjUIQQIT/s="></latexit><latexit sha1_base64="lT5/uCwT9FispdJBarjUIQQIT/s="></latexit><latexit sha1_base64="lT5/uCwT9FispdJBarjUIQQIT/s="></latexit>
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How typical are these cases?

As system size N increases, is following possible?

| 0i =
<latexit sha1_base64="VTi4Ecg95x5Ntz55UcIcCj2tRZo="></latexit><latexit sha1_base64="VTi4Ecg95x5Ntz55UcIcCj2tRZo="></latexit><latexit sha1_base64="VTi4Ecg95x5Ntz55UcIcCj2tRZo="></latexit><latexit sha1_base64="VTi4Ecg95x5Ntz55UcIcCj2tRZo="></latexit>

S = 2 ln(2)
<latexit sha1_base64="0sr7NHUMcwAH/34h7xOfmZyFiVM="></latexit><latexit sha1_base64="0sr7NHUMcwAH/34h7xOfmZyFiVM="></latexit><latexit sha1_base64="0sr7NHUMcwAH/34h7xOfmZyFiVM="></latexit><latexit sha1_base64="0sr7NHUMcwAH/34h7xOfmZyFiVM="></latexit>
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How typical are these cases?

As system size N increases, is following possible?

| 0i =
<latexit sha1_base64="VTi4Ecg95x5Ntz55UcIcCj2tRZo="></latexit><latexit sha1_base64="VTi4Ecg95x5Ntz55UcIcCj2tRZo="></latexit><latexit sha1_base64="VTi4Ecg95x5Ntz55UcIcCj2tRZo="></latexit><latexit sha1_base64="VTi4Ecg95x5Ntz55UcIcCj2tRZo="></latexit>

S = 3 ln(2)
<latexit sha1_base64="IwDzzpLRuIigksw2Y2rj4lXZ4A0="></latexit><latexit sha1_base64="IwDzzpLRuIigksw2Y2rj4lXZ4A0="></latexit><latexit sha1_base64="IwDzzpLRuIigksw2Y2rj4lXZ4A0="></latexit><latexit sha1_base64="IwDzzpLRuIigksw2Y2rj4lXZ4A0="></latexit>
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How typical are these cases?

As system size N increases, is following possible?

| 0i =
<latexit sha1_base64="VTi4Ecg95x5Ntz55UcIcCj2tRZo="></latexit><latexit sha1_base64="VTi4Ecg95x5Ntz55UcIcCj2tRZo="></latexit><latexit sha1_base64="VTi4Ecg95x5Ntz55UcIcCj2tRZo="></latexit><latexit sha1_base64="VTi4Ecg95x5Ntz55UcIcCj2tRZo="></latexit>

S = 4 ln(2)
<latexit sha1_base64="0/TbsF1jm9I7/iPP4rdMs4NuBRE="></latexit><latexit sha1_base64="0/TbsF1jm9I7/iPP4rdMs4NuBRE="></latexit><latexit sha1_base64="0/TbsF1jm9I7/iPP4rdMs4NuBRE="></latexit><latexit sha1_base64="0/TbsF1jm9I7/iPP4rdMs4NuBRE="></latexit>

Would give a "volume law" of entanglement: S ⇠ N
<latexit sha1_base64="cORsBFdxxI35R1IofuJgm74KJhc="></latexit><latexit sha1_base64="cORsBFdxxI35R1IofuJgm74KJhc="></latexit><latexit sha1_base64="cORsBFdxxI35R1IofuJgm74KJhc="></latexit><latexit sha1_base64="cORsBFdxxI35R1IofuJgm74KJhc="></latexit>

But Hamiltonian would be non-local: 

H = S1 · S8 + S2 · S7 + S3 · S6 + . . .
<latexit sha1_base64="U+amq2fTncLBQNqZVSY5l+lW+6I="></latexit><latexit sha1_base64="U+amq2fTncLBQNqZVSY5l+lW+6I="></latexit><latexit sha1_base64="U+amq2fTncLBQNqZVSY5l+lW+6I="></latexit><latexit sha1_base64="U+amq2fTncLBQNqZVSY5l+lW+6I="></latexit>
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What is the case for local Hamiltonians?

Around 2000-2005 many researchers observed for 1D systems, 
that                                       for the ground stateSvN ⇠ const. ⇠ N0

<latexit sha1_base64="ijBC28Oj3QmvMKyMB6bhdN+/730="></latexit><latexit sha1_base64="ijBC28Oj3QmvMKyMB6bhdN+/730="></latexit><latexit sha1_base64="ijBC28Oj3QmvMKyMB6bhdN+/730="></latexit><latexit sha1_base64="ijBC28Oj3QmvMKyMB6bhdN+/730="></latexit>

But logarithmic violations also observed (Vidal, 2003)
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What is the case for local Hamiltonians?

Around 2000-2005 many researchers observed for 1D systems, 
that                                       for the ground stateSvN ⇠ const. ⇠ N0

<latexit sha1_base64="ijBC28Oj3QmvMKyMB6bhdN+/730="></latexit><latexit sha1_base64="ijBC28Oj3QmvMKyMB6bhdN+/730="></latexit><latexit sha1_base64="ijBC28Oj3QmvMKyMB6bhdN+/730="></latexit><latexit sha1_base64="ijBC28Oj3QmvMKyMB6bhdN+/730="></latexit>

But logarithmic violations also observed (Vidal, 2003)

Then in 2007, M. Hastings proved:

For 1D, local Hamiltonians with a gap between 
ground and excited states, the entanglement 
entropy of a bipartition is independent of system 
size as N ! 1

<latexit sha1_base64="eSbXUb9O5FgQiVBdKBvfTOu/wSY="></latexit><latexit sha1_base64="eSbXUb9O5FgQiVBdKBvfTOu/wSY="></latexit><latexit sha1_base64="eSbXUb9O5FgQiVBdKBvfTOu/wSY="></latexit><latexit sha1_base64="eSbXUb9O5FgQiVBdKBvfTOu/wSY="></latexit>

this is the "area law" or "boundary law"
Hastings, J. Stat. Mech. P08024 (2007)
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Intuition of boundary law

A<latexit sha1_base64="CygMrX0J6xGMOg4TdxeHakoMSm8="></latexit><latexit sha1_base64="CygMrX0J6xGMOg4TdxeHakoMSm8="></latexit><latexit sha1_base64="CygMrX0J6xGMOg4TdxeHakoMSm8="></latexit><latexit sha1_base64="CygMrX0J6xGMOg4TdxeHakoMSm8="></latexit>

All entanglement between A and B due to entangled spins 
near their boundary

B
<latexit sha1_base64="As0mqgHDmLFbfkgNnjE6hwXZSmo="></latexit><latexit sha1_base64="As0mqgHDmLFbfkgNnjE6hwXZSmo="></latexit><latexit sha1_base64="As0mqgHDmLFbfkgNnjE6hwXZSmo="></latexit><latexit sha1_base64="As0mqgHDmLFbfkgNnjE6hwXZSmo="></latexit>
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Intuition of boundary law

A<latexit sha1_base64="CygMrX0J6xGMOg4TdxeHakoMSm8="></latexit><latexit sha1_base64="CygMrX0J6xGMOg4TdxeHakoMSm8="></latexit><latexit sha1_base64="CygMrX0J6xGMOg4TdxeHakoMSm8="></latexit><latexit sha1_base64="CygMrX0J6xGMOg4TdxeHakoMSm8="></latexit>

All entanglement between A and B due to entangled spins 
near their boundary

B
<latexit sha1_base64="As0mqgHDmLFbfkgNnjE6hwXZSmo="></latexit><latexit sha1_base64="As0mqgHDmLFbfkgNnjE6hwXZSmo="></latexit><latexit sha1_base64="As0mqgHDmLFbfkgNnjE6hwXZSmo="></latexit><latexit sha1_base64="As0mqgHDmLFbfkgNnjE6hwXZSmo="></latexit>

Local H and gap required implies a correlation length

⇠
<latexit sha1_base64="Z/REixvXsTOoJH28MrriHVe56u0="></latexit><latexit sha1_base64="Z/REixvXsTOoJH28MrriHVe56u0="></latexit><latexit sha1_base64="Z/REixvXsTOoJH28MrriHVe56u0="></latexit><latexit sha1_base64="Z/REixvXsTOoJH28MrriHVe56u0="></latexit>

⇠
<latexit sha1_base64="Z/REixvXsTOoJH28MrriHVe56u0="></latexit><latexit sha1_base64="Z/REixvXsTOoJH28MrriHVe56u0="></latexit><latexit sha1_base64="Z/REixvXsTOoJH28MrriHVe56u0="></latexit><latexit sha1_base64="Z/REixvXsTOoJH28MrriHVe56u0="></latexit>
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Takeaway 

• MPS guaranteed to obey boundary law, as do all 1D ground 
states (of gapped, local Hamiltonians) 

• MPS can capture certain interesting states exactly 

• maybe they are a useful class of wavefunction to optimize!



● Matrix Product Operators.

● DMRG in the MPS language.

● Can it be extended to 2D? 

“2D-DMRG” (cylinders)

PEPS, MERA,... 

Future seminar/lecture (?)
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What is the scaling of the computational cost ?

h | i =
<latexit sha1_base64="zdz+bLvevmhCy69UXgVnwCq94fs="></latexit><latexit sha1_base64="zdz+bLvevmhCy69UXgVnwCq94fs="></latexit><latexit sha1_base64="zdz+bLvevmhCy69UXgVnwCq94fs="></latexit><latexit sha1_base64="zdz+bLvevmhCy69UXgVnwCq94fs="></latexit>

Consider norm calculation, MPS bond dimension m,  
site dimension d

m
d

So overall scaling of norm calculation is 

m3 d



Rule of thumb: most every operation needed to manipulate 
MPS can be made to scale as

m

m3

mmm

Intuition: MPS involves multiplying mxm matrices

Scaling of mxm matrix multiplication is m3
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