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INVARIANT MEASURES FOR CHERRY FLOWS

RADU SAGHIN AND EDSON VARGAS

Abstract. We investigate the invariant probability measures for Cherry flows,
i.e. flows on the two-torus which have a saddle, a source, and no other fixed
points, closed orbits or homoclinic orbits. In the case when the saddle is dis-
sipative or conservative we show that the only invariant probability measures
are the Dirac measures at the two fixed points, and the Dirac measure at the
saddle is the physical measure. In the other case we prove that there exists
also an invariant probability measure supported on the quasi-minimal set, we
discuss some situations when this other invariant measure is the physical mea-
sure, and conjecture that this is always the case. The main techniques used are
the study of the integrability of the return time with respect to the invariant
measure of the return map to a closed transversal to the flow, and the study
of the close returns near the saddle.

1. Introduction and results

An important part in understanding a dynamical system consists in understand-
ing its invariant measures and their properties. A special role is played by the
physical measures, because they describe the statistical properties of a large set of
trajectories. A general dynamical systems may have infinitely many complicated
invariant measures in a robust way (if it has a horseshoe for example); a system
may also have infinitely many or no physical measures, however it is conjectured
that generically there are finitely many physical measures and that they behave
’nice’ (the Palis conjecture, see [5] for example).

For homeomorphisms in dimension one the situation is less complicated. The
homeomorphisms of the circle and the interval have the invariant measures sup-
ported on periodic orbits or a minimal set, while the physical measures are sup-
ported on periodic attractors, or on the minimal set, or they don’t exist. For
homeomorphisms on surfaces and non-invertible maps in dimension one the situa-
tion may be already much more complicated (there may be horseshoes, the physical
measure may be supported even at a repeller). The flows on surfaces are situated
somewhere in between these two situations. If there are no fixed points then the
dynamics can be reduced to a homeomorphism of the circle. If there are attracting
fixed points or periodic orbits, then one has physical measures supported on them.
If there are fixed points and non-trivial recurrence then interesting new situations
can appear, and we studied some of them in [6] - stopping a transitive flow at a
point, and performing a Hamiltonian saddle-node bifurcation. The aim of this pa-
per is to study another type of flows on surfaces with singularities and non-trivial
recurrence, namely the Cherry flows. One motivation for the investigation of these
specific situations is to understand the ergodic properties of flows on surfaces in
general. Every flow on a surface can be broken up into some simpler pieces, some
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2 RADU SAGHIN AND EDSON VARGAS

possibly corresponding to generalized Cherry flows (more saddles, sources or sinks),
or corresponding to suspensions over generalized interval exchange maps, with in-
different fixed points or saddles (of course there may also be wondering regions or
invariant annuli, but these are easy to understand).

We remind that if φ is a continuous flow on a compact manifold M , then a
Borel measure ν on M is called an invariant measure if ν(A) = ν(φt(A)) for every
measurable setA and every t ∈ R. The basin of attraction of an invariant probability
measure ν is the set of points x ∈ M such that for every continuous function
f :M → R we have

lim
t→∞

∫ t

0

f(φs(x))ds =
1

t

∫

M

fdν.

An invariant probability measure is called a physical measure if its basin of attrac-
tion has positive Lebesgue measure.

Throughout the paper we will consider φ to be a C∞ (less regularity is sufficient
in many cases) Cherry flow on the two-torus T2 with a saddle a and a source b (in
some papers b is considered to be a sink, but this would automatically correspond
to the unique physical measure, which is not interesting for us). This means that
the flow has no other fixed points, and has no closed or homoclinic orbits; it has
a wondering domain and a quasi-minimal set (an invariant closed set such that
the only invariant closed nontrivial subset is a fixed point). We assume that the
eigenvalues of φ at a are λs < 1 < λu. We also consider S1 to be a smooth
circle transversal to the Cherry flow φ, with the first return map g. The map g
is a monotone circle map (with one discontinuity), and thus it has a well defined
rotation number. In the case when the hyperbolic fixed point is dissipative or
conservative (the divergence of the vector field at the saddle is non-positive), we
obtain that the physical measure is supported at the saddle.

Theorem 1.1. (Non-positive divergence at the saddle) Under the above assump-
tions, if λsλu ≤ 1 (the dissipative and conservative cases), then δa and δb are the
only ergodic invariant probability measures for φ. Consequently the physical mea-
sure for φ is δa, with the basin of attraction equal to T2 \ {b}.

If the saddle has positive divergence, then there exists another probability in-
variant measure supported on the quasi-minimal set.

Theorem 1.2. (Positive divergence at the saddle) Under the above assumptions, if
λsλu > 1, then there exist exactly three ergodic invariant probability measures for φ:
δa, δb, and a third invariant probability measure ν supported on the quasi-minimal
set.

Under some extra conditions we can show that this other measure is in fact the
physical measure of the flow.

Theorem 1.3. (Restricted positive divergence at the saddle, bounded type case)
Under the above assumptions, λ2sλu > 1, and the rotation number of g is of bounded
type, then the invariant probability measure ν supported on the quasi-minimal set is
the physical measure of φ, with the basin of attraction having full Lebesgue measure.

We recently became aware that this result is also contained in an unpublished
preprint by Ali Tahzibi. We need the condition that λ2sλu > 1 and the fact that
the rotation number is of bounded type in order to use some distortion estimates
for circle maps with flat intervals from [1]. However we have examples of Cherry
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flows with the physical measure supported on the quasi-minimal set in the general
case of positive divergence at the saddle.

Theorem 1.4. (An example with positive divergence at the saddle) If λsλu > 1,
there exists a C∞ Cherry flow φ, with λs and λu the eigenvalues of the saddle
point a, such that the invariant measure ν supported on the quasi-minimal set is
the physical measure of φ, with the basin of attraction having full Lebesgue measure.

In this last case, the rotation number of the return map to the transversal can be
made Liouvillean (it may actually always be Liouvillean in this specific construc-
tion). These two results suggest the following conjecture.

Conjecture 1. Under the above conditions, if λsλu > 1, then the invariant prob-
ability measure supported on the quasi-minimal set is the physical measure of φ.

In Section 2 we treat the case of non-positive divergence at the saddle, in Section
3 we prove Theorem 1.2 and Theorem 1.3, and in the last section we present the
example from Theorem 1.4, and ask some further questions.

2. The case of non-positive divergence at the saddle

We start with some general remarks. The first return map g of the Cherry flow φ
to the transversal S1 is C∞ everywhere except at a point which belongs to the stable
manifold of a, which we assume to be 0 (we identify S1 with [−1/2, 1/2]|−1/2∼1/2),
and at this point it has a discontinuity, with the one-sided limits being c and d.
We also consider ψ to be the flow obtained by reversing the direction of φ, and f
the first return map associated to ψ and S1. We make the convention that f has
a flat interval, U = [c, d], containing the points from S1 which don’t return under
ψ, and the image of this interval is 0. Thus f is a continuous and monotone map
of the circle, which is C∞ everywhere except at c and d. If the eigenvalues of a for
φ are λs < 1 < λu then we can assume that after a change of coordinates we have
f(x) = −(c−x)r on an interval [c−ǫ, c] and f(x) = (x−d)r on an interval [d, d+ǫ],
where r = − logλu/ logλs. We remark that the condition λsλu ≤ 1 is equivalent
to the condition r ≤ 1. Let τ be the first return time for φ to S1, which will have a
logarithmic singularity at 0, meaning that τ(x) is of order − log |x| on an interval
[ǫ, ǫ]. Here we say that u(x) is of order v(x) on some set if there exists a constant
C > 0 such that 1/C ≤ u(x)/v(x) ≤ C for every x in that given set. We assume
that f has irrational rotation number ρ, and it follows that f is semi-conjugated
with the rigid rotation of the circle Rρ by a continuous map h, and it has a unique
invariant probability measure µ supported on the unique minimal set (this is also
an invariant measure for g), given by µ = h∗(Leb). This measure lifts to a finite
invariant measure ν for φ (or ψ) on T2, not supported at the singularities, if and only
if
∫

S1
τdµ <∞ (see [6]). Thus the finite invariant measures for φ or ψ are the Dirac

measures at a and b, δa and δb, and possibly ν, an invariant measure supported on
the quasi-minimal set, depending whether the integral

∫

S1
τdµ is convergent or not.

Let xi = f i(0) and yi = Ri
ρ(0). Let yqn be the closest returns of 0 under Rρ.

This means that qn = qn−2 + anqn−1, where an are the terms from the continued
fraction expansion for ρ. If we iterate the interval [0, yqn ] under Rρ, the first qn+1−1
iterates are disjoint and cover more that a half of the circle. This implies that
µ([0, xqn ]) = Leb([0, yqn ]) is of the order of 1

qn+1
. In order to find if the integral

∫

S1
τdµ converges, we need to estimate also the size of xqn .
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In order to prove Theorem 1.1 we use the following result from [3]. We remind
that f is a monotone self map of the circle with a flat interval [c, d], C∞ and strictly
monotone outside this interval, and of the form f(x) = −(c− x)r on [c− ǫ, c] and
f(x) = (x− d)r on [d, d+ ǫ].

Theorem 2.1. Under the above assumptions on f , if r ≤ 1, then there exists
N, k ∈ N, α > 1 such that if x ∈ S1 \ ∪k

i=0f
−iU then DfN (x) > α.

Proof of Theorem 1.1. The idea of the proof is that the dynamical intervals formed
by the closest returns of 0 to itself are uniformly expanded for a long time, and
thus very small comparing the their size with respect to the invariant measure,
which is given by the Lebesgue size of the corresponding dynamical intervals for
the rigid rotation, and this fact makes the integral of the logarithm with respect to
the invariant measure divergent.

We know that the conclusion of the Theorem 2.1 holds. The first qn+1−1 iterates
of [0, xqn ] are disjoint from 0, so f qn+1−1 is differentiable on [0, xqn ], and by the
Mean Value Theorem there exists z ∈ [0, xqn ] such that

|f qn+1−1([0, xqn ])| = |f qn+1−1(xqn)− f qn+1−1(0)| = |xqn |Df
qn+1−1(z).

Here we denote by |I| the size of the interval I. Let qn+1−1 = NA+B for A,B ≥ 0
and k < B < k +N (we assume that n is large enough). Then

Df qn+1−1(z) = DfNA(z)Df(fNA(z))Df(fNA+1(z)) . . . Df(f qn+1−2(z)).

Because r ≤ 1, there exists β > 0 such that Df(x) ≥ β for x ∈ S1 \ U . Because
the first qn+1 − 1 iterates of [0, xqn ] are disjoint from U , and the first qn+1 − k − 1
iterates of [0, xqn ] are disjoint from ∪k

i=0f
−iU , Applying Theorem 2.1 we obtain

that
Df qn+1−1(z) ≥ αAβB ≥ Cα

qn+1

N

for some constant C depending only on α, β, k,N . Consequently

1 ≥ |f qn+1−1([0, xqn ])| = |xqn |Df
qn+1−1(z) ≥ Cα

qn+1

N |xqn |,

or |xqn | ≤
1
Cα

− qn+1

N . Then
∫

[0,xqn ]

τdµ ≥ C′
∫

[0,xqn ]

− log |x|dµ ≥ −C′µ([0, xqn ]) log |xqn | ≥ C” logα,

where C′, C” are constants independent of n, so
∫

[0,xqn ] τdµ does not converge to

zero as n tends to infinity (or xqn tends to zero), or the integral
∫

S1
τdµ is divergent.

This implies that the only ergodic invariant probability measures for φ and ψ are
the Dirac measure at a and b, and because b is a repeller we obtain that the physical
measure for φ is δa, with the basin of attraction T2 \ {b}. �

3. The non-dissipative case

We start with the proof of Theorem 1.2. This proof was communicated to us by
Jiagang Yang.

Proof of Theorem 1.2. We will show that if there is an open set U such that the
flow φ has positive divergence on U , then there can be no physical measure for φ
supported inside U . As a consequence δa cannot be the physical measure for φ
(there is positive divergence in a neighborhood), so the third invariant probability
measure supported on the quasi-minimal set must exist.



INVARIANT MEASURES FOR CHERRY FLOWS 5

Assume that there exists a physical measure α in U . If x ∈ B(α) is in the basin
of α we get limt→∞ Jacxφt(x) = ∞ (there is a lower bound for the divergence,
and the orbit of x spends most of the time in U). For any C > 0 let B(C, t) =
{x ∈ B(α) : Jacxφs(x) > C, ∀s ≥ t}. Then Leb(φt(B(C, t))) > CLeb(B(C, t)) or
Leb(B(C, t)) < 1/C. But B(C, t) is increasing with respect to t and covers B(α),
so Leb(B(α)) ≤ 1/C, and this is for every C > 0, which is a contradiction because
α is a physical measure. �

In order to prove Theorem 1.3, we use the following results from [1]. We remind
that f is a monotone self-map of the circle with a flat interval [c, d], C∞ and strictly
monotone outside this interval, and of the form f(x) = −(c− x)r on [c− ǫ, c] and
f(x) = (x− d)r on [d, d+ ǫ].

Theorem 3.1. Under the above conditions for f , if r > 2 and the rotation number
ρ of f is of bounded type, then

lim inf
n→∞

|xqn |

|xqn−2
|
> 0.

Theorem 3.2. Under the above conditions for f , if r ≥ 1, then the wondering set
of φ (which is the basin of attraction of b under ψ, without b of course) has full
Lebesgue measure on T2.

Proof of Theorem 1.3. The condition λ2sλu > 1 is equivalent to r > 2, so we are in

the hypothesis of Theorem 3.1, and we can assume that
|xqn |

|xqn−2
| > α2 for n ≥ n0 > 0

and some constant α ∈ (0, 1). From this it is easy to prove by induction that
|xqn | ≥ Cαn for some C > 0. We know from Theorem 1.2 that the flow φ has an
ergodic invariant probability measure ν, corresponding to the invariant measure µ
for f , supported on the quasi-minimal set. It remains to show that ν is indeed the
physical measure for φ, and its basin of attraction has full Lebesgue measure.

Because of Theorem 3.2, it is enough to check that the points from the wondering
set of φ are in the basin of attraction of ν, or just the points from the interval [c, d],
because every point from the wondering set passes through this interval. Fix some
z ∈ [c, d] and let zn = gn−1(z) and tn = τ(zn). For any t > 0 there exists N ∈ N

such that t = t1 + t2 + · · · + tN + t̃ where 0 < t̃ ≤ tN+1. There exists n ∈ N such
that qn ≤ N < qn+1.

Let mt me the probability measure corresponding to the piece of trajectory
of length t of φ starting at z. The possible limits of mt must be of the form
rδa + (1 − r)µ, for some r ∈ [0, 1], because the only ergodic invariant probability
measures are δa, δb and µ, and the forward trajectory of z is bounded away from b
because b is a repeller. We will show that r must be zero.

Because τ is uniformly bounded from bellow, we get that t ≥ CN . We will fix
0 < n0 < n and estimate the time tAn0

spent by the trajectory φs(z), 0 ≤ s ≤ t

inside the neighborhood of a given by An0
= {φs(w) : w ∈ [xqn0

, xqn0+1
], 0 ≤ s ≤

τ(w)}. If, by choosing a convenient n0, this time spent inside An0
can be made

arbitrarily small with respect to t, for any t large enough, then we get that r must
be arbitrarily small and we are done.

We first remark that h(zn) = y−n, where h is the semi-conjugacy between f and
the rigid rotation Rρ. Then zql ∈ [xql−1

, xql+1
] and xql ∈ [zql−1

, zql+1
], for any l ∈ N.

Also from now on we will use the same notation C for different constants which are
independent of t (or N or n) and n0.
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The number of points zi, 1 ≤ i ≤ N inside [xql , xql+2
] is equal to the number

of points y−i, 1 ≤ i ≤ N inside [yql , yql+2
]. Because the rotation number ρ of f

is of bounded type, the points y−i, 1 ≤ i ≤ N divide the circle into N intervals
which are of comparable size, bounded from bellow by 1/CN and from above by
C/N , for some constant C independent of N (depends on ρ). This implies that the
number of points y−i, 1 ≤ i ≤ N which are inside [yql , yql+2

] is less than or equal
to CN |yql |. As we remarked before |yql | is of order 1/ql+1, so the number of points
zi, 1 ≤ i ≤ N which are inside [xql , xql+2

] is smaller than or equal to CN/ql+1.
Then the time tBl

spent by the trajectory φs(z), 0 ≤ s ≤ t inside Bl = {φs(w) :
w ∈ [xgl , xql+2

], 0 ≤ s ≤ τ(w)} is bounded from above by −CN log |xql+2
|/ql+1. We

remind that |xql | ≥ Cαl, and one can also show by induction that ql ≥ βl/C for

β = 1+
√
5

2 , so we get tBl
≤ CN l

βl . Then

tAn0

t
=

1

t

n−1
∑

l=n0

tBl
≤
CN

t

n−1
∑

l=n0

l

βl
≤ C

n−1
∑

l=n0

l

βl
.

But
∑∞

l=1
l
βl is convergent, so by taking n0 large enough we can make tAn0

/t as

small as we want for any n arbitrarily large, so r = 0. �

4. A non-dissipative example

In this section we will construct the example from Theorem 1.4. The flow we need
will be a limit of flows on the torus with a source and a saddle and a parabolic orbit
of (quickly) increasing period. The sequence of flows is constructed by induction.
The idea of the construction is to make the parabolic periodic orbit of the following
flow spend most of the time very close to the parabolic periodic orbit of the previous
flow, and using this fact to make sure that the forward orbit of the points from [c, d]
spend most of the time away from the saddle a; this would show that there must be
an invariant probability measure supported on the quasi-minimal set, and because
of Theorem 3.2, this measure must be the physical one.

There exist a C∞ (even analytic) flow φ1 on the two-torus which has a saddle
a and a source b, a transversal S1, the return map to the transversal g1 with a
discontinuity at 0, its inverse f1 with a flat interval [c, d], and g1 has exactly one
parabolic non-degenerate fixed point p1, no other fixed points, and 0 /∈ [c, d]. The
sequence of flows we will construct will be small perturbations of φ1, with the
perturbation supported near the orbit of p1, so that a, b, c, d, 0 remain unchanged
(we prefer to leave them unchanged in order to simplify notations, and this is why
we work with C∞ flows).

We start with some notations. Given a flow φ, a map f and a set A, we denote
by

tA(φ, x, t) =

∫ t

0

χA(φs(x))ds = Leb({s ∈ [0, t] : φs(x) ∈ A}),

nA(f, x, n) = |{i ∈ N : 0 ≤ i ≤ n, f i(x) ∈ A}|,

i.e. the time spent inside A by the trajectory of φ (or f) starting at x and of length
t (or n); here χA is the indicator function of the set A, and |A| is the cardinality of
A. We fix a sequence {cn}n≥1 in (0, 1) such that

∏∞
n=1 cn > 0.

Assume that we have constructed the C∞ flows φk, 1 ≤ k ≤ n on the torus T2,
with the following properties:
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(1) If Xk is the vector field corresponding to φk, then ‖Xk −Xk−1‖Ck < 2−k

(this guarantees the C∞ convergence of Xk to a C∞ vector field X);
(2) φk has a saddle a, a source b, S1 is transverse to the flow, with the return

map gk which has a discontinuity at 0, with the inverse fk which has a flat
interval [c, d]; the return time to S

1 is τk;
(3) φk also has a non-degenerate parabolic orbit, of period τk0 ; let pk be the

point of the parabolic orbit in S1 which is closest to 0; pk is a non-degenerate
parabolic periodic point for gk of period bk = bk−1ak−1, where ak−1 can be
chosen arbitrarily large; there are no other periodic orbits or homoclinic or
heteroclinic connections for φ, (so 0 does not belong to the forward orbit
of [c, d] under gk);

(4) Time estimates: For every 1 ≤ i < n there exist open neighborhoods Bi of
pi such that dist(0, Ai) > 0 where

Ai = {φi(x) : x ∈ Bi, 0 ≤ t ≤ τi(x) + τi(gi(x)) + · · ·+ τi(g
bi−1
i (x))}

(the image of Bi under the flow φi until it returns to S
1 for bi times; it is a

neighborhood of the parabolic orbit of φi); there exist 0 < t1 < t2 < · · · <
tn−1 such that for any z ∈ [c, d], for every 1 ≤ i < k < n, and for every
t ≥ ti, we have

tAi
(φk, z, t) > cici+1 . . . ck−1t,

tAi
(φk, pk, τ

k
0 ) > cici+1 . . . ck−1τ

k
0 ;

furthermore tk depends only on φ1, φ2, . . . , φk−1.

Now we will explain how to construct φn+1, pn+1, bn+1, Bn and tn, such that the
properties enumerated above hold also for φn+1.

First consider a C∞ one-parameter family of flows which unfold generically the
parabolic orbit of φn: φ

s
n, −ǫ < s < ǫ, φ0n = φn, and for s > 0, gn,s (the return map

of φsn to S1) has no periodic orbit of period bn. This family can be constructed by
small rotations of the vector field inside a small disk intersecting the parabolic orbit,
thus away from a, b, c, d, 0. We can assume also that gn,s and g

bn
n,s are monotone with

respect to s, so the rotation number of gbnn,s is monotone and continuous as a function
of s. Because the parabolic orbit disappears, the rotation number is non-constant,
so there are parameters for which the rotation number of gbnn,s is equal to 1/an or
−1/an for every integer an large enough (we will assume that it is 1/an, for −1/an
the proof is similar). In fact the set of parameters for which the rotation number of
gbnn,s is an is an interval, and by taking s to be an endpoint of this interval we know

that the periodic orbits of gbnn,s of period an must be parabolic or indifferent. Here
we use the positive divergence at the saddle condition, in the case of non-positive
divergence we may also have homoclinic connections (0 = gbn−1

n,s (c) for example);
however in the positive divergence case the homoclinic connections are repelling
and thus the rotation number would be locally constant, so they cannot correspond
to the endpoints of intervals. A further arbitrarily small perturbation ensures that
there is only one parabolic orbit for gbnn,s which is non-degenerate (rotate the vector
field up outside of a fixed parabolic orbit for φsn, inside a neighborhood of the
parabolic orbit of φ1 for example).

Thus for every an large enough we have a new flow φan
which verifies the con-

ditions (1)-(3). Furthermore the larger an is, the closer φan
is to φn, and the

parabolic orbit of φan
spends more and more time inside any given neighborhood
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of the parabolic orbit of φn. Let pan be the point of the parabolic orbit of φan

which is on S1 and closest to 0, bnan the period of pan under gan
(the return map

to S1), and the return time is τan
.

For x ∈ S
1 let τkn (x) =

∑k−1
i=0 τn(g

i
n(x)) (τn is the return time to S

1 for φn; τ
k
n is

the time needed for φn to return to S1 k times). We know that τn0 = τbnn (pn), so
from (4) we have

tAi
(φn, pn, τ

bn
n (pn)) > cici+1 . . . cn−1τ

bn
n (pn).

By continuity, there exists a neighborhood Bn of pn in S1 such that

tAi
(φn, x, τ

bn
n (x)) > cici+1 . . . cn−1τ

bn
n (x), ∀1 ≤ i < n, ∀x ∈ Bn.

Define as before

An = {φn(x) : x ∈ Bn, 0 ≤ t ≤ τbnn (x)}.

We will need to analyze where the forward orbit of [c, d] spends most of its time.
The following Lemma is the main tool we use, it says that the forward orbits of
[c, d] and pan are bounded away from 0 independent from an, and it uses again the
divergence condition on the saddle.

Lemma 4.1. There exists A, δ > 0 such that for every an > A, for every z ∈
[c, d] ∪ {pan}, and for every k > 0, we have |gkan

(z)| > δ.

We postpone the proof of Lemma 4.1 for later. As a corollary of this, we get
that there exists Tn > 0 such that for every an > A, for every z ∈ [c, d] ∪ {pan},
and for every k > 0, we have τan

(gkan
(z)) < Tn. Let also T0 be a lower bound for

the return time for all an large enough.
Let B′

n ⊂ Bn be a neighborhood of pn such that for every an > A (eventually

make A larger), we have Cn = ∪bn−1
i=0 gin(B

′
n) ⊂ ∪bn−1

i=0 gian
(Bn). The set of points

{gkbnan
(pan) : 0 ≤ k ≤ an − 1} divides the circle S1 into an disjoint intervals,

which are permuted by gbnan
. Because gbnan

is close to gbnn , and pn is the unique fixed

parabolic orbit for gbnn , for all an large enough there are only finitely many intervals
from the above mentioned family, which are not inside any given neighborhood of
the parabolic orbit of gn. Let dn be the number of intervals from the above partition
which are not inside Cn, which is independent of an. This implies that for every
an > A (again eventually after making A larger), we have

nS1\Cn
(gan

, pan , bnan) ≤ dnbn,

nS1\Cn
(gan

, x,N) ≤ kdnbn, ∀x ∈ S
1, ∀(k − 1)anbn < N ≤ kanbn.

The last inequality implies that

nS1\Cn
(gan

, x,N) ≤
dn
an
N + dnbn, ∀x ∈ S

1, ∀N ∈ N.

We fix tn large enough (its size depends on bn, dn, cn, Tn and T0 and will be
specified later). Let an > A be large enough (again it will be specified later, and
depends on tn) such that φn+1 = φan

is close enough to φn in order to satisfy the
following conditions:

(a) tAi
(φn+1, z, t) > cici+1 . . . cn−1t, ∀z ∈ [c, d], ∀1 ≤ i < n, ∀t ∈ [ti, tn],

(b) tAi
(φn+1, x, τ

bn
n+1(x)) > cici+1 . . . cn−1τ

bn
n+1(x), ∀x ∈ Bn, ∀1 ≤ i < n.
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Here τn+1 is the return map of φn+1 to S1, and we also use the expected notations
gn+1 = gan

, pn+1 = pan , bn+1 = bnan. For any x ∈ S1 and N ∈ N, denote by

B(x,N) = {i ∈ N : 0 ≤ i ≤ N − bn, g
i
n+1(x) ∈ B′

n}

and

D(x,N) = {i ∈ N : 0 ≤ i ≤ N−bn, g
i
n+1(x) /∈ Cn}∪{N−bn+1, N−bn+2, . . . , N}.

We remark that

|D(x,N)| ≤ nS1\Cn
(gn+1, x,N) + bn ≤

dn
an
N + dnbn + bn.

In order to finish the construction by induction we have to show the time esti-
mates (4) from φn+1, An and tn.

tAn
(φn+1, pn+1, τ

n+1
0 ) ≥

∑

y∈B(pn+1,bn+1)

tAn
(φn+1, y, τ

bn
n+1(y)))

=
∑

y∈B(pn+1,bn+1)

τbnn+1(y) ≥ τn+1
0 −

∑

y∈D(pn+1,bn+1)

τn+1(y)

> τn+1
0 − Tn|D(pn+1, bn+1)|

> τn+1
0

(

1−
dnTn
anT0

)

− bnTn(1 + dn).

Here we used the bound from above on |D(x,N)| and the fact that bn+1T0 ≤ τn+1
0 .

For every 1 ≤ i ≤ n− 1 we have, using the condition (b),

tAi
(φn+1, pn+1, τ

n+1
0 ) ≥

∑

y∈B(pn+1,bn+1)

tAi
(φn+1, y, τ

bn
n+1(y)))

> cici+1 . . . cn−1

∑

y∈B(pn+1,bn+1)

τbnn+1(y)

≥ cici+1 . . . cn−1(τ
n+1
0 −

∑

y∈D(pn+1,bn+1)

τn+1(y))

≥ cici+1 . . . cn−1(τ
n+1
0 − Tn|D(pn+1, bn+1)|)

> cici+1 . . . cn−1

[

τn+1
0

(

1−
dnTn
anT0

)

− bnTn(1 + dn)

]

.

So in order to get the time estimate required in (4) for the orbit of pn+1 and
1 ≤ i ≤ n we need

cnτ
n+1
0 < τn+1

0

(

1−
dnTn
anT0

)

− bnTn(1 + dn),

which is definitely true if an is large enough (this would also imply that τn+1
0 ≥

anbnT0 is large).
In order to get the required time estimates for the orbit of [c, d], we first remark

that the condition (a) gives the inequalities for 1 ≤ i < n and ti ≤ t ≤ tn, so it
remains to show the inequalities for t > tn. For every 1 ≤ i < n, z ∈ [c, d] and



10 RADU SAGHIN AND EDSON VARGAS

t > 0, τNn+1(z) ≤ t < τN+1
n+1 (z), applying again condition (b) we obtain

tAi
(φn+1, z, t) ≥

∑

y∈B(z,N)

tAi
(φn+1, y, τ

bn
n+1(y)))

> cici+1 . . . cn−1

∑

y∈B(z,N)

τbnn+1(y)

≥ cici+1 . . . cn−1(t−
∑

y∈D(z,N)

τn+1(y))

≥ cici+1 . . . cn−1(t− Tn|D(z,N)|)

> cici+1 . . . cn−1

[

t

(

1−
dnTn
anT0

)

− bnTn(1 + dn)

]

.

We used again the bound on |D(z,N)| from above and the fact that N ≤ t/T0. In
a similar way we get

tAn
(φn+1, pn+1, t) > t

(

1−
dnTn
anT0

)

− bnTn(1 + dn).

So in order to get the time estimate required in (4) for the orbit of z ∈ [c, d] we
need

cnt < t

(

1−
dnTn
anT0

)

− bnTn(1 + dn), ∀t > tn.

To finish the proof of the time estimates and thus the induction, we do the following:
first fix A0 = 2dnTn

anT0(1−cn)
, so if an > A0 then 1 − cn − dnTn

anT0
> 1−cn

2 ; then let

tn = 2bnTn(1+dn)
1−cn

, so if an > A0 and t > tn then cnt < t
(

1− dnTn

anT0

)

− bnTn(1+ dn);

then choose an > A, an > A0 such that τn+1
0 ≥ anbnT0 > tn and the conditions (a)

and (b) are satisfied, and we are done.
We have constructed the sequence φn, and let φ0 be the limit, which is C∞

because of condition (1). By making an grow fast enough we can make sure that the
rotation number of g0, the return map of φ0 to S

1, is irrational, or even Liouville,
so φ0 is indeed a Cherry flow. Given any ǫ > 0, there exists n0 > 0 such that
∏∞

n=n0
cn > 1 − ǫ. Let 3δ = dist(a,An0

) > 0 (a is the saddle). Given any t >

tn0
and any z ∈ (c, d), there exists nz > n0 > 0 such that for any s ∈ [0, t],

dist(φ0,t(x), φnz ,t(x)) < δ. Then

tB(a,2δ)(φ0, z, t) < t− cn0
cn0+1 . . . cnz

t < ǫt,

so for any probability measure α which is a limit of probability measures mt(φ0, z)
(corresponding to orbits of φ0 starting at z and of length t), we have α(B(a, δ)) < ǫ,
(B(a, δ) is the ball centered at a and of radius δ). In a similar way to the proof of
Theorem 1.3, this shows that the probability invariant measure ν supported on the
quasi-minimal set is the physical measure for φ0.

To complete the construction, we now give the proof of Lemma 4.1.

Proof of Lemma 4.1. It is enough to prove that |pan | > δ, |ganbn−1
an

(c)| > δ, and

|ganbn−1
an

(d)| > δ for some δ > 0, because these are the points from the forward
trajectories of pan and [c, d] closest to 0 (remember that the orbit of pan is the
unique parabolic orbit of gan

, so the forward orbit of [c, d] will converge to it). We
will need the following Lemma.
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Lemma 4.2. Let F : [a1, a2] → R, p ∈ [a1, a2], such that F (p) = p, F ′ > 0
on [a1, a2] \ {p}, and F ′′ 6= 0 on [a1, a2] (p is a non-degenerate parabolic fixed
point). Then there exists K > 0 such that for any f which is increasing, C2 close
enough to F (f ′′ 6= 0), f(x) 6= x ∀x ∈ [a1, a2], and for any x ∈ [a1, F

2(a1)], if
we denote by n(x, f) the number of iterates of x under f which stay inside [a1, a2]
(fn(x,f)−1(x) ≤ a2 < fn(x,f)(x)), then we have 1/K ≤ (fn(x,f))′(x) ≤ K.

Proof. This fact would probably follow from parabolic renormalization results; how-
ever there is a simple proof which we will present here.

We assume that F ′′, f ′′ > 0, the other case is similar. Then every iterate of f is
also increasing and convex. There exists z ∈ [x, f(x)] such that

(fn(x,f)−1)′(z) =
fn(x,f)(x)− fn(x,f)−1(x)

f(x)− x
.

Then

(fn(x,f))′(x) = f ′(x)(fn(x,f)−1)′(f(x)) ≥ f ′(x)(fn(x,f)−1)′(z)

≥ f ′(x)
fn(x,f)(x)− fn(x,f)−1(x)

f(x)− x

≥
1

2
inf

y∈[a1,F 2(a1)]
F ′(y)

infy∈[F−2(a2),a2](y − F−1(y))

supy∈[a1,F 2(a1)](F (y)− y)
≥

1

K
.

Here we used the fact that f is C1 close enough to F , and the intervals where
we took the supremum and infimum are bounded away from p, where potential
problems would arise. The other inequality is proved similarly. �

Choose a small interval U around pn, such that (gbnn )′′ 6= 0 in ∪bn−1
i=0 gin(U) (re-

member that pn is a non-degenerate parabolic point). We can assume that also

(gbnan
)′′ 6= 0 in ∪bn−1

i=0 gin(U), because it is arbitrarily close to gbnn . As we remarked

before, only a finite number of iterates of pan under gan
are outside ∪bn−1

i=0 gin(U),
and this number is independent of an. Applying Lemma 4.2 and the fact that the
derivative of gan

is uniformly bounded from below independently of an, we get that
(gb

an−1
an

)′(gan
(pan)) > C for some constant C independent of an for all an large

enough. But because pan is a parabolic orbit, we get that

g′an
(pan) =

(gb
an

an
)′(pan)

(gb
an−1

an )′(gan
(pan))

≤
1

C

for any an large enough. But near 0 the derivative of gan
tends uniformly to infinity

(g′an
(t) = 1

r |t|
1− 1

r ), so we get that |pan | ≥ δ0 for some δ0 > 0 independent of an.

Remember the partition of S1 made by the points {gkbnan
(pan) : 0 ≤ k ≤ an− 1};

assume that 0 ∈ (pan , glbnan
(pan)) = (pan , qan). Let G : [gan

(pan), gan
(qan)] →

[pan , qan ], G = gb
an−1

an
. Again we know that from the iterates gibnan

([pan , qan ]),

0 ≤ i ≤ an−1, only finitely many (independent of an) are outside ∪
bn−1
i=0 ginU , while

the other are bounded away from 0 by δ0 again independently of an, and using
Lemma 4.2 we can conclude that G is bi-Lipschitz with some Lipschitz constant L
which is independent of an.

We have to prove that G(c) and G(d) are bounded away from 0 independently
from an. We will show that if one of them is too close to zero, then the positive
divergence condition at the saddle and the Lipschitz bounds for G would force the
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existence of another periodic orbit for gan
, which would be a contradiction. Let

δ > 0 such that 2δ < 1
Lδ

1
r . Assume that 0 < G(c) < δ, the case 0 > G(d) > −δ is

similar. Then gan
(−δ, 0) = (c − δ

1
r , c), and gb

an

an
((−δ, o)) = (G(c − δ

1
r ), G(c)). But

G(c)−G(c− δ
1
r ) ≥ 1

Lδ
1
r , and because G(c) < δ we get G(c− δ

1
r ) < δ− 1

Lδ
1
r < −δ.

But this shows that [−δ, 0] ⊂ gb
an

an
((−δ, 0)), and this is a contradiction because it

would imply the existence of another periodic point for gan
. �

An interesting question is how the (physical) invariant measures depend on the
flow, by considering families of flows on the torus with a saddle and a source. Clearly
one could not expect continuity at flows corresponding to rational rotation numbers,
because we may have an attracting and a repelling periodic orbit annihilating each
other. But are the Cherry flows points of continuity?

There is some work on generalized Cherry flows, i.e. flows with several saddles
and sinks or sources, possibly on higher genus surfaces, see for example [2], [4]. It
is possible that some of the results in this paper can be extended in some of these
more general settings.
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