Chapter 9 )
Control Systems with State Feedback

In Chap. 3. the description of processes in state-space was investigated. In many
cases, this is the kind of description that is primarily available, and not the transfer
function of the controlled system. This is the explanation, in part, for why there is a
control design methodology directly based on the state-space description. For
illustrative purposes, let us consider the state-space representation of an (LT])
process to be controlled,

dx
i —Ax.b
g~ r T Ax b 9.1)

y=c'x

which corresponds to (3.10) for the case of d = 0. This, as was mentioned earlier,
does not impair generality, because it is a very rare case when the model contains
proportional channel directly affecting the output. The block scheme of (9.1) is
shown in Fig. 9.1.

Here u and y are the input and output signals of the process, respectively, and
x is the state vector. According to the equivalent transfer function (3.17) we get

. B(S) . B(S) . bls”_l + .- —f—bn,ls—f—bn
Cdet(sT —A)  A(s) s"tastl 4 Fa,sta,
(9.2)

P(s)=c"(sI—A)"'b

Figure 9.2 shows the so-called classical closed control system directly fitting the
state-equation description, where r denotes the reference signal. In the closed-loop,
the state vector is fed back with the linear proportional vector k' according to the
expression below

u=hkr—k'x (9.3)
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Fig. 9.2 Linear controller with state feedback

Based on Fig. 9.2, the state-equation of the complete closed system can be easily
written as

dx
— — (A — KT kb

dr (T Jx-+kibr (9.4)
y=cx

i.e. with the state feedback the dynamics represented by the original system matrix
is modified by the dyadic product bk" to (A — ka).
The transfer function of the closed control loop is

cT(sI —A) bk,

—E: T(o — ™ lp, _

Try(s)—R(S) ¢'(sI —A+bk") bk L KTl _A) ' 03
B ke o kBGs) '
C1+k (ST —A)'b Ps) = A(s) + k"W (s5)b

which comes from the comparison of the equations valid for the LAPLACE transforms
X(s) = (s —A)~"'bU(s) [see (3.12)], U(s) = kR(s) —k"X(s) [see (9.3)] and
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Y(s) = c"X(s) [see (9.1)] using the matrix inversion lemma (for details, see A.9.1
in Appendix A.5). Note that the state feedback leaves the zeros of the process

untouched and only the poles of the closed-loop system can be designed by k.
The so-called calibration factor &, is introduced in order to make the gain of T}y

equal to unity (Try(O) = 1). The open-loop is obviously not of integrator type, it
cannot provide zero error and unit static transfer gain. It can be assured only if the
condition

. —1 K'AT'p—1
CocTA—bk") s TAT'D

(9.6)

is fulfilled [see A.9.2 in Appendix A.5.]. The special control loop shown above is
called state-feedback.

9.1 Pole Placement by State Feedback

The most natural design method for state feedback is the so-called pole placement.
In this case the feedback vector k' has to be chosen to make the characteristic
equation of the closed-loop equal to the prescribed (or design) polynomial R(s),
i.e.,

R(s) =s"+ns""+ - +ras+r =[] (s —s) = det(s] — A+ k")
i=1
= A(s) +k"¥(s)b (9.7)

A solution always exists if the process is controllable. (It is reasonable if the
order of R is equal to that of .4.) In the exceptional case when the transfer function
of the controlled system is known, then the canonical state-equations can be written
directly. Based on the controllable canonical form (3.47) the system matrices are

—dai —ap —anp—1 ay
1 0 0 0
A= O 1 0 0 | = byl d
: : . : : ;o Ce [blabZa 5 ]a an (98)
0 0 0 1 0
b. =[1,0,...0]"

Considering the special forms of A, and b, it can be seen that according to the
design equation
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[—a; —ay —a,—1 —a 1
1 0 0 0 0
A.—bkl=1| 0 1 0 0 | — [O]&T
| O 0 0 1 0 0
[—7r1 —In . =Tyl —Iy
1 0 0 0
=1 0 1 0 0 (9.9)
| O 0 0 1 0
the choice
kT:kCT:[rl—al,rz—az,...,rn—an] (9.10)

ensures the satisfaction of the characteristic equation (9.7), i.e., the prescribed poles.
The choice of the calibration factor can be determined by simple calculations

an+(rn_an) n
k=—+—-—-——/-=— 9.11

Based on Egs. (9.4) and (9.6) it can be seen that in the case of state feedback
pole placement, the transfer function turns out to be

o <420

(9.12)

as was shown at (9.5).

Example 9.1 Consider an unstable process with transfer function

-8 1 -8 -8

Pls) = (s+2)(s —4) - (1+0.55)(1 — 0.255) 2258 Als)

where A(s) = (s +2)(s — 4) = s> — 25 — 8 = 5° + a;5 +a,. To stabilize the pro-
cess we should mirror the right half-plane unstable pole pS = 4 into the left plane,
i.e. p5 = —41is to be obtained. This can be arranged by the choice of the polynomial
R(s) = (s+2)(s+4) =s*+6s+8=s>+rs+r. So the necessary stabilizing
feedback vector is

K'=[r—a n-al=[6-(-2) 8—(-8]=[8 16]

|
The most frequent case of state feedback is when rather than the transfer
function, the state-space form of the control system is given. In relation with
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Eq. (3.67) it has already been discussed that all controllable systems can be
described in controllable canonical form using the transformation matrix

T. =M; (MC)_l. This linear transformation also refers to the feedback vector

k' =k.T.=kIMM_'

kKT =bTM_'R(A) = [0,0,..., 1]M.'"R(A) 513)

The design relating to the controllable canonical form (9.10), together with the
linear transformation relationship corresponding to the first row of the
non-controllable form (9.13) is called Bass-Gura algorithm. The algorithm in the
second row of (9.13) is called AckerMANN method after its developer (see the
details in the A.9.3 of Appendix A.5).

In the Bass-Gura algorithm, the inverse of the controllability matrix M. has to
be determined by the general system matrices A and b, on the one hand, and the
controllability matrix M of the controllable canonical form [see (3.61)], on the
other. Since this latter term depends only on the coefficients @; in the denominator
of the process transfer function, then the denominator has to be calculated:
A(s) = det(sI — A). Since [0,0,...,1]M_" is the last row of the inverse of the
controllability matrix, and besides this R(A) has to be also calculated, in the
AckerMANN method it is not necessary to calculate A(s).

It can be easily seen that state feedback formally corresponds to a serial com-
pensation R, = A(s)/R(s) (Fig. 9.3a). The real operation and effect of state
feedback can be easily understood by the equivalent block schemes using the
transfer functions shown in Fig. 9.3. The “controller” R¢(s) of the closed-loop is in
the feedback line (Fig. 9.3b). The transfer function of the closed-loop (9.12) is

o) =R B TR Rl A RO
(9.14)
where
or ST S
and the calibration factor is
_ K'A7'b —1  1+K(0)P(0) ' 9.16)

A 'y P(0)

Based on the block schemes of Fig. 9.3 it can be stated that the state-feedback
also stabilizes the unstable terms, since due to the effect of the polynomial
K(s) = R(s) — A(s), there is a pole allocation for any process, so by choosing a
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Fig. 9.3 Equivalent schemes (a)
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stable R(s), the stabilization is achieved. The feedback polynomial C(s) corre-
sponds formally to k". The fact that the numerator B(s) of the process is present in
the denominator of K (s) requires special consideration. It is used to be said in these
cases that the controller can be applied only to minimum-phase (inverse stable)
processes, where the roots of 5(s) are stable. As a consequence of the special
character of the state feedback, however, here B(s) is not replaced by its model

B(s), but the method itself realizes the exact 1/5(s).

Further methods have been developed for the calculation of the pole placement
state feedback vector k'. From among these, the so-called MayNE-MURDOCH
method is briefly shown here, on the basis of which useful statements can be made.
In the Bass-Gura and AcCkerRMANN methods the controllable canonical form has a
special role. A similarly important canonical form is the diagonal form. Let the
diagonal form A4 = diag[4,, ..., 4,] be built with the eigenvalues /;, i.e. the roots
of A(s), and let the roots of the design polynomial R(s) be the prescribed values of
{Wy,---, 1, }. Assuming that the eigenvalues are single, the MAYNE-MURDOCH
method gives the following closed form expression for the product k%p¢

171
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e, (h —
kSt = nFI( ) i=1,...n (9.17)
szl(ki_kj)
I #]

from which k¢ can be easily determined. Here the coefficient 59 is an element of the

parameter vector b® = [b(li, ey bﬂT: Bis-- - Bn]T of the diagonal form [see also
(3.38)]. The most interesting consequence of (9.17) is that it clearly shows that the
absolute value of the feedback gain k¢ required by the pole placement increases
directly proportionally to the “moving” distance between the poles of the open- and
closed-loop.

9.2 Observer Based State Feedback

The method of state-feedback shown in the previous section requires the direct
measurement of the state vector of the state-equation describing the process. Only
very rarely can this be fulfilled: generally only in the case of low order dynamics
(e.g., in mechanical systems measuring the values of the distance, velocity and
acceleration). Thus the usefulness of the method depends on the possible mea-
surement or estimation of the state vector. To determine the state vector the
so-called observer principle has been developed. This method requires the
knowledge of the system matrices A, b and ¢*, by means of which an exact model
of the process is realized and using the same excitation that is applied for the
original process, this model (observer) provides estimated values X and y of the
variables x and y. The state-feedback is realized by using x. The principle is shown
in Fig. 9.4.

More strictly the estimated values A,I; and ¢T in the observer should have been
used instead of A, b and ¢T. The speciality of the observer, however, is that it
applies not only a parallel model, but it calculates an error € =y — y from the
deviation of the original and estimated output values of the process, and has a
feedback via a proportional feedback vector [ to the input of the integrator of the
observer. This feedback is in operation until the error exists, i.e., until the output of
the process and the observer become equal. This operation can tolerate a rather
large error in the knowledge of the system matrices.

It can be seen in the figure that now the state-feedback is

u=hkr—k'x (9.18)
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Fig. 9.4 Observer based state-feedback

thus simply x is used instead of x. Through a long and very complex deduction,
whose details will not be discussed here, we get the overall closed-loop transfer
function in the form

B k.P(s) _ kB(s)
14K (I—A)'p R(s)’

Tey (s) (9.19)

which, perhaps surprisingly, is exactly equal to (9.12), i.e., to the case of
state-feedback without an observer. (A detailed proof can be seen in A.9.5 of
Appendix A.5.) This means that the tracking property of the closed-loop does not
depend on the choice of the vector I. (The theoretical explanation for this phe-
nomenon is that the observer is the non-controllable part of the whole closed-loop.)
The feedback “controller” introduced in Fig. 9.3 can also be determined now as

KT(sT —A+bk") 1
1

Re =K (sT —A+bk" +1") "1 = -
14+cT(sI —A+bk") 1

(9.20)

which has a more complex form than in (9.15).
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To investigate the operation of the observer, let us define a new state vector error
as

X=x-—X (9.21)
which can also be written as

dx

= (A—1Ic")x (9.22)
which is very similar to (9.4) without excitation. For the design of observers, a
method very similar to what was used in the case of the state-feedback, is applied,
where by the choice of I our goal is to ensure the dynamics of (9.21) by the second
characteristic polynomial

det(sl —A+Ic") = F(s) =" +Ais" '+ - +fi1s+, (9.23)

A solution always exists if the process is observable. (It is reasonable to assume
that the order of F is equal to that of .A.) It is an exceptional case when the transfer
function of the process to be controlled is known, by means of which the canonical
state-equations can be directly written. Based on the observable canonical form of
(3.53), the system matrices are

—a; 1 0 ... 0
—a 0 1 ... 0

A, = ; Cor o s P =11,0,...,0]; by =[bi,ba,....b,]"
—a,.1 0 O 1
| —a, 0 0 ]

(9.24)

Considering the special form of A, and ¢! it can be easily seen, that according to
the design equation

—a 1 0 ... O
—a, 0 1 ... 0
A, — el = : oot =1[1,0,...,0] =
—a,_;1 0 O 1
| —a, 0 0 0 |
[ - 1 0 . 0]
- 0 1 ... 0
— : R (9.25)
—fu-1 0 0 1
L _fn 0 0 0_
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the choice

I=I,=[fi —ai.fo—as....fa—an]" (9.26)

ensures the satisfaction of the characteristic equation of (9.23), i.e. the prescribed
poles.

The general case now is that the state-space form of the process to be controlled
is given instead of its transfer function. Referring to Eq. (3.79), it has been dis-
cussed that all observable systems can be written in observable canonical form by

. . . -1 C e .
using the transformation matrix 7, = (Mg) M. This similarity transformation
has an effect also on the feedback vector

1= (T,) "1, = M;'M°L, (9.27)

To calculate (9.27) the inverse of the observability matrix M, is required using
the system matrices A and ¢". Similarly the observability matrix M? of the ob-
servable canonical form has to be formed [see (3.73)]. Since this latter one depends
only on the coefficients a; in the denominator of the transfer function of the process,
so the denominator has to be calculated: A(s) = det(sI — A). This method of cal-
culating the observer vector is called the AcKERMANN method, after its developer.

There is an interesting similarity in the design methods of the dynamics of the
observer and the state-feedback, often called duality, i.e., they correspond to each

other under the conditions: A < AT, b «— T, k — 1", M; — (Mg)T
Based on the equations of the error (9.21) and the process (9.1), the joint
equations of the state-feedback and the observer are

d H A —bk"  bKkT H [krb]
I 5 — 5 _.I_ r
dr | x 0 A—Ic"|[x 0 (9.28)

e=y—y=c'x

Since the system matrix of the right hand side is block diagonal, the charac-
teristic equation of the closed-loop is

det(sI — A +bk")det(sI — A +Ic") = R(s)F(s) (9.29)

Thus the polynomial is the product of two terms: the first term relates to the
state-feedback, the other one to the observer. It is important to note, that F(s), in
spite of (9.29), does not appear in the transfer function 7;y(s) of the closed-loop of
(9.5). This interesting fact can be explained by the re-definition of the whole system
given in the block diagram of Fig. 9.4, applying appropriate transfer functions.

Equation (9.29) of the observer based state-feedback, according to which the
state-feedback and the characteristic equation of the observer are independent, is
called the separation principle.
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9.3 Observer Based State Feedback Using Equivalent
Transfer Functions

The block scheme containing transfer functions has already been applied in the
Fig. 9.3. A further generalized form of the approach used there can also be applied,
which is shown in Fig. 9.5.

It follows from Fig. 9.5 that the resulting equivalent serial compensator is now
again

e L1 A Al
UL+ RP O1HKP A(s)+K(s)  R(s)

(9.30)

It must be stated that Ry is a fictitious term: it is used only for demonstrating the
final signal formation, i.e., k,R,P ensures the same T,y as (9.14). If the pole can-
cellation represented by Ry is intended to be performed by a serial compensator,
then it cannot be applied to unstable processes, since the unstable zeros and poles
cannot be eliminated by cancellation. The signal x (which is not the same as x)
introduced in Fig. 9.4 represents that finally both the state-feedback and the ob-
server are SISO subsystems which can be performed by transfer functions, i.e., it is
always possible to find equivalent representations for the input and output.
Applying this approach and based on Fig. 9.4, the block scheme using transfer
functions can be drawn as shown in Fig. 9.6.

After a long transformation procedure and block manipulations the block scheme
of Fig. 9.6 can be traced back to the very simple, unit feedback closed-loop shown

Fig. 9.5 The further (a)
equivalent schemes of the —~ y
state feedback with transfer LN k * u P(s) ———>
functions r W/ ( )
X
P(s)
Ry
Ky
(b)
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Fig. 9.6 State-feedback and " y
observer using transfer I ok ) P(s
functions / ( )
+
+ X 7~
P(s) ()

r kr1+PKl + PK\ K, u P(s)
PK K, 1+P(Kk+K,)

Fig. 9.7 The reduced block scheme of the state-feedback and observer

in Fig. 9.7. Here the relationship (9.15) defining Ky is also used, and K; is intro-
duced in a similar way

Ki(s) ’;Eg L Ki(s) 28 , (9.31)
where the design polynomial equations
K(s) =R(s) —A(s) and L(s) = F(s) — Als) (9.32)

result from the conditions of the two kinds of pole placements.
It is easily seen that the resulting transfer function of the inner closed-loop

P2K(K, PKy  PK, K £ Kc

— = = —— 9.33
1+P(Kk+Kl)+P2KkKl 1+PKx14+PK, A+KA+L RF ( )
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Fig. 9.8 Equivalent observer block schemes of the inner system

has a special form, but its denominator completely corresponds to the characteristic
equation (9.29), i.e., represents two serially connected independent closed-loops
(see Fig. 9.8). This fact is called the separation principle of the state-feedback and
the observer. To ensure stability, both loops must be stable. This can be arranged by
proper pole placement design.

At the same time, the transfer function of the whole system is

(5  L+PKc PK  PK; k.P k5 kB kB(s)
wlS) = Ky et et et = s
Y PKKy 1+PK 1+PK. 14+PK 14585 A+K  R(s)

(9.34)

B
A

which is completely the same as (9.19). As expected, the poles of the observer do
not appear in T;y. The inner character of the whole system can be better seen from
the final block scheme shown in Fig. 9.9 for the tracking properties.

This simple structure is not valid for the disturbance rejection capabilities of the
closed-loop. This can be simply seen if the sensitivity function of the closed-loop is
constructed,

1 1+P(K+K
d _ P HK) (L BV ZE) (035
N P*K(K; 1+ P(Kx + K;) + P?KiK; R F
1+ P(Ki+ K))

which shows that both R and F appear in the transfer function of the disturbance
rejection according to (9.29). Equation (9.35) has a special form, since formally it is
the product of the output noise rejection transfer functions of two serially connected
closed-loops, while it is known, that the tracking properties are indeed the result of
a product of the transfer functions, but this phenomenon is not valid for the

k;
r Kk + Kk u P (S)

Fig. 9.9 The reduced block scheme of the state-feedback and the observer for the tracking
properties
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sensitivity functions. Note that the resulting noise rejection properties are not
independent of the tracking ones, therefore the joint application of the
state-feedback and the observer is not appropriate to realize an actual TDOF control
loop.

9.4 Two-Step Design Methods Using State Feedback

It has been already seen in the discussion of the state-feedback based control that
the most advantageous features of that method are:

— the applicability of the method does not depend on whether the process is stable
or not

— the tracking property does not depend on the applied observer, thus it can be
directly designed

— the method is not very sensitive to the exact knowledge of the parameter
matrices of the state-equation.

(This last feature is usually demonstrated by experimental and simulation
examples, but it can be proved that the error, using an observer, can be reduced by
the [1+ K;(s)P(s)] part of the original one, compared to the modeling error
obtained by the simple parallel model of the state-equation of the process, thus
being like that which would be obtained via a closed-loop 1/[1 + K;(s)P(s)]. So it
can be reduced by the feedback K;(s) of the observer in a specific frequency region.
If the model of the process is applied, which is quite conventional practice, then
both loops of the Fig. 9.8 must be robust stable.)

The unfavorable (unwanted) features are:

— the state feedback is basically a zero-type control, therefore the remaining error
can be eliminated by the calibration factor, which, in the case of using a process
model, never provides a precise result

— the state feedback can not change the zeros of the process

— the disturbance rejection property can not be designed directly.

Mostly because of these latter features, usually further steps are applied to the
state-feedback based control systems. The necessity of the calibration factor can be
eliminated in the simplest way by using a cascade integrating controller, as shown
in Fig. 9.10.

Instead of (9.4), the joint state-equation of the closed-loop can be written as

=[-8 TRl Bl [

= (A* — bk} )x* (1) +v*r(1)
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dx

—=i=Ax+b
g,@i,j SN A TG WA I i) A
y:ch

Fig. 9.10 Joint state-feedback and integrating controller

by introducing the new state variable §(¢), which is the integral of the error e(r) =
r(t) — y(t) in the outer loop. In this extended state-equation, the notation

e[ 3] o) o8] e

and the new extended feedback equation

t

i) = ~[8 &][50)] = Hx0 =k [etma—itxn 039

0

are employed. Equation (9.38) clearly shows the integrating effect. The term k' x(z),
however, can be considered as a generalization of the differentiating effect.

Thus the closed control loop including an integrator can be formulated by a
state-equation of order greater by one, where besides the coefficient k', now k. has
to be also determined. To design the extended system, the characteristic polynomial
R*(s) of order (n+ 1) has to be required, and then the design Eq. (9.10) of the
AckerMANN method can be directly applied here too. If the process is not presented
in the transfer function form, then first the general state-equation has to be trans-
formed into the controllable canonical form, as was already shown in (9.13).

Note that the extended task can not be solved sequentially, i.e., in such a way
that first the k' relating to R(s) is determined, then k, based on R*(s) =

R(s)(s — s, 1) is calculated. The task must be solved in one step for k! by R*(s).

An integrating effect can also be included by the design of the state-feedback for
a modified process P*(s) = P(s)/s instead of the transfer function P(s). Note that
the two state feedback vectors, obtained for the previous case and for this approach,
are not equal!

Obviously beside the I-controller, other—higher order—controllers can be also
applied, but the pole placement is not always automatically given by the
AckeErMANN method, and can result in complicated systems of non-linear equations.
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In the case of observer based state-feedback, at the feedback of the observer
error, not only zero-type, but one-type or higher-type controllers can also be applied
by the methods shown above.

The untouched zeros of the process can be modified by a serial compensator

N(s)

KS(S) = GS(S) B, (s)

(9.39)

too, where the numerator of the process B(s) = B (s)B_(s) is assumed according
to the method applied in the Chap. 7. Here 5 is stable, B_, however, contains the
unstable zeros. For realizability, N'(s)/B . (s) must be proper, thus only as many
zeros can be placed in the transfer function of the closed-loop as many stable zeros
are in the process. Finally the resulting transfer function has the form

Toy(s) = ’%krcs(s)zs (s) (9.40)

where the effect of the invariant B_(s) can be optimally attenuated by the filter
G,(s). In many cases, however, the simple, but not optimal, choice Gs(s) = 1 is
used.

An acceptable design of the disturbance rejection feature can be reached by the
application of the YouLa-parameterized controller in the outer cascade loop. It can
be done because by the state-feedback any process, even an unstable one, can be
stabilized. The qualitative control of the unstable processes has two steps in general.
In the first step the process is stabilized by the controller, then the required qual-
itative goals can be reached by a second outer control loop or even in TDOF
structures.

The state-feedback based stabilizing controller can only be applied to processes
without dead-time. If the process has considerable time-delay, then one possibility
is to approach the dead-time by rational fractions [see Sect. 2.5]. The other solution
is to use computer based sampled data control [see Chap. 15].

9.5 The LQ Controller

The method shown in the previous sections of this chapter could perform arbitrary
(stabilizing) pole placement by the so-called state feedback from the state vector of
the process. By this state feedback technique further optimization tasks can also be
solved. The goal of this task is to optimally control the LTI process (9.1) by the
minimization of a complex optimality criterion



9.5 The LQ Controller 341

I =

NI =

/ [xT () Wix (1) + W (1)] dt. (9.41)
0

Here Wy is a real symmetrical positive semi-definite matrix weighting the state
vector, and W, is a positive constant weighting the excitation. The solution mini-
mizing the criterion is a state-feedback

u(r) = —ki ox(1) (9.42)

[see (9.3)], where the feedback vector kEQ has the form
K =L pTp (9.43)
=y bP .

Here the symmetrical positive semi-definite matrix P comes from the solution of
the algebraic RiccaTi matrix equation

1
PA+A'P - WPbbTP = -W,. (9.44)

u

Since this Riccati equation is non-linear in P, it has no explicit algebraic
solution. The CAD systems frequently used in the control technique, however,
generally provide several numerical algorithms for the solution of this equation.
This controller is called Linear Quadratic (LQ) controller. This stands for: linear
regulator—quadratic criterion.

The state-equation of the LQ controller based closed-loop is

% — (A bk v A =4 bk, (9.45)
The details of the LQ based method are given in A.9.6 of Appendix A.5. (The
above controller is very simple, but its derivation is quite time consuming.)
If the transfer function of the process is known, then the controllable canonical
form can be easily given. For special A. and b, Eq. (9.10) gives the classical state
feedback design algorithm. In the LQ method the feedback vector kEQ is obtained

from the design (from the solution of the Riccati equation). So turning back the
derivation of (9.10) the characteristic polynomial R(s) of the resulting closed-loop
system can be given by its coefficients as
1,12, ) = kg + [ar,az, . an] (9.46)
It is also possible to employ an observer for constructing the state vector in LQ
control.
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In engineering practice it is simpler to solve the stabilizing task by pole allo-
cation state-feedback, since there the prescribed poles are directly known. It is
evident, however, that in this case the quality of the transient processes are less
known. The LQ controller, beside the stabilization, also makes it possible to design
even the quality of the transient processes, but it needs long term practice to
determine the proper weighting matrix W, and weighting factor W,, usually
through a trial-and-error method.

A simpler version of the LQ controller is when, instead of the states, only the
square of the output is weighted, similarly to the input, i.e., instead of (9.41) the
criterion

1= % / [Wyy () + Wt (2)] dt (9.47)
0

is used. This task (in the case of d = 0), after some identical manipulations, can be
traced back to the original LQ controller

Wyy2 =yWyy = xTchch =x! (chcT)x = xT(WyccT)x (9.48)
by a special choice of the weighting matrix like

Wy = Wyee'. (9.49)

Observe that the state-feedback kEQ leaves the process zeros untouched.



