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5.1 | Introdução
(P�FDSt��ORV�DQ�HULRUHV��IRL��L�R�T�H�R�SULPHLUR�SDVVR�SDUD�D�DQiOLVH��H��P�VLV�HPD��H�FRQ�UROH�

p�D�RE�HQomR��H��P�PR�HOR�PD�HPi�LFR��R�VLV�HPD��8PD�YH]�RE�L�R�HVVH�PR�HOR��p�SRVVtYHO�
DQDOLVDU�R��HVHPSHQ�R��R�VLV�HPD�D�SDU�LU��RV�YiULRV�Pp�R�RV��LVSRQtYHLV�

1D�SUi�LFD��R�VLQDO��H�HQ�UD�D��H��P�VLV�HPD��H�FRQ�UROH�QmR�p�FRQ�HFL�R�SUHYLDPHQ�H��HOH�
p��H�FDUi�HU�DOHD�yULR�H�VH�V�YDORUHV�LQV�DQ�kQHRV�QmR�SR�HP�VHU�H[SUHVVRV��H�PDQHLUD�DQDOt�LFD��
6RPHQ�H�HP�DO��QV�FDVRV�HVSHFLDLV�R�VLQDO��H�HQ�UD�D�p�FRQ�HFL�R�DQ�HFLSD�DPHQ�H�H�SR�H�VHU�
H[SUHVVR��H�PDQHLUD�DQDOt�LFD�R��SRU�PHLR��H�F�UYDV��FRPR�QR�FDVR��R�FRQ�UROH�D��RPi�LFR��DV�
PiT�LQDV�IHUUDPHQ�DV�

1D�DQiOLVH�H�QR�SURMH�R��H�VLV�HPDV��H�FRQ�UROH���HYHPRV��HU��PD�EDVH��H�FRPSDUDomR��R�
�HVHPSHQ�R��H�YiULRV�VLV�HPDV��H�FRQ�UROH��(VVD�EDVH�SR�H�VHU�HV�DEHOHFL�D��H�DO�DQ�R�VH�VLQDLV�
�H�HQ�UD�D��H��HV�H�HVSHFtILFRV�H��HP�VH��L�D��FRPSDUDQ�R�VH�DV�UHVSRV�DV��RV�YiULRV�VLV�HPDV�
FRP�HVVHV�VLQDLV�

0�L�RV��RV�FUL�pULRV��H�SURMH�R��rP�FRPR�EDVH�DV�UHVSRV�DV�D�HVVHV�VLQDLV�R��D�UHVSRV�D��RV�
VLV�HPDV�jV�P��DQoDV��DV�FRQ�Lo�HV�LQLFLDLV��VHP�T�DOT�HU�VLQDO��H��HV�H���2��VR��H�VLQDLV��H�
�HV�H�SR�H�VHU�M�V�LILFD�R�HP�YLU���H��D�FRUUHODomR�H[LV�HQ�H�HQ�UH�DV�FDUDF�HUtV�LFDV��DV�UHVSRV�DV�
�H��P�VLV�HPD�D��P�VLQDO��H�HQ�UD�D��tSLFR��H��HV�H�H�D�FDSDFL�D�H��H�R�VLV�HPD�UHVSRQ�HU�DRV�
VLQDLV��H�HQ�UD�D�UHDLV�

Sinais típicos de testes.�2V�VLQDLV��H�HQ�UD�D��H��HV�H��HUDOPHQ�H���LOL]D�RV�VmR�DV�I�Qo�HV�
�H�UD���UDPSD��SDUiEROD��H�DFHOHUDomR��LPS�OVR��VHQRL�DLV�H�U�t�R�EUDQFR��1HV�H�FDSt��OR���VD�
PRV�VLQDLV��H��HV�H�FRPR��H�UD���UDPSD��SDUiEROD��H�DFHOHUDomR�H�LPS�OVR���RP�HVVHV�VLQDLV��H�
�HV�H���DQ�R�D�DQiOLVH�H[SHULPHQ�DO�FRPR�D�DQiOLVH�PD�HPi�LFD��RV�VLV�HPDV��H�FRQ�UROH�SR�HP�
VHU�RE�L�DV�IDFLOPHQ�H���PD�YH]�T�H�HVVHV�VLQDLV�VmR�I�Qo�HV��H��HPSR�P�L�R�VLPSOHV�

3R�H�VH��H�HUPLQDU�T�DLV��HVVHV�VLQDLV��tSLFRV��H�HQ�UD�D��HYHP�VHU���LOL]D�RV�QD�DQiOLVH�
�DV�FDUDF�HUtV�LFDV��R�VLV�HPD��SHOR�FRPSRU�DPHQ�R��D�HQ�UD�D�D�T�H�R�VLV�HPD�VHUi�V�EPH�L�R��
FRP�PDLRU�IUHT�rQFLD��VRE�FRQ�Lo�HV�QRUPDLV��H�RSHUDomR��6H�DV�HQ�UD�DV��H��P�VLV�HPD��H�
FRQ�UROH�VmR�I�Qo�HV��H��HPSR�T�H�YDULDP��UD��DOPHQ�H��HQ�mR�D�UDPSD�HP�I�QomR��R��HPSR�
SR�H�VHU��P�ERP�VLQDO��H��HV�H��'D�PHVPD�PDQHLUD��VH��P�VLV�HPD�HV�LYHU�V�MHL�R�D�YDULDo�HV�
EU�VFDV��H�HQ�UD�D��D�I�QomR��H�UD��SR�HUi�VHU��P�ERP�VLQDO��H��HV�H��'D�PHVPD�IRUPD��VH�R�
VLV�HPD�HV�LYHU�V�MHL�R�D�HQ�UD�DV��H�LPSDF�R���PD�I�QomR�LPS�OVR�SR�HUi�VHU�D�PHO�RU�RSomR��
8PD�YH]�SURMH�D�R�R�VLV�HPD��H�FRQ�UROH�FRP�EDVH�QRV�VLQDLV��H��HV�H��R��HVHPSHQ�R��R�VLV�



�HPD�HP�UHVSRV�D�D�HQ�UD�DV�UHDLV��HUDOPHQ�H�p�VD�LVID�yULR��2��VR��HVVHV�VLQDLV�SRVVLELOL�D�D�
FRPSDUDomR��R��HVHPSHQ�R��H�YiULRV�VLV�HPDV�HP�UHODomR�j�PHVPD�EDVH�

Resposta transitória e resposta estacionária.���UHVSRV�D��HPSRUDO��H��P�VLV�HPD��H�FRQ�UROH�
FRQVLV�H�HP���DV�SDU�HV��D�UHVSRV�D��UDQVL�yULD�H�D�UHVSRV�D�HV�DFLRQiULD��3RU�UHVSRV�D��UDQVL�yULD��
HQ�HQ�H�VH�DT�HOD�T�H�YDL��R�HV�D�R�LQLFLDO�DR�HV�D�R�ILQDO��3RU�UHVSRV�D�HV�DFLRQiULD��HQ�HQ�HPRV�
R�FRPSRU�DPHQ�R��R�VLQDO��H�VDt�D��R�VLV�HPD�QD�PH�L�D�HP�T�H����HQ�H�DR�LQILQL�R���VVLP��D�
UHVSRV�D�������R�VLV�HPD�SR�H�VHU�HVFUL�D�FRPR�

����� ���U�������VV���

RQ�H�R�SULPHLUR��HUPR��R�OD�R��LUHL�R��D�HT�DomR�p�D�UHVSRV�D��UDQVL�yULD�H�R�VH��Q�R�p�D�UHVSRV�D�
HV�DFLRQiULD�

Estabilidade absoluta, estabilidade relativa e erro estacionário.�1R�SURMH�R��H��P�
VLV�HPD��H�FRQ�UROH���HYH�VHU�SRVVtYHO�SUHYHU�VH��FRPSRU�DPHQ�R��LQkPLFR�D�SDU�LU��R�FRQ�H�
FLPHQ�R��H�VH�V�FRPSRQHQ�HV����FDUDF�HUtV�LFD�PDLV�LPSRU�DQ�H��R�FRPSRU�DPHQ�R��LQkPLFR�
�R�VLV�HPD��H�FRQ�UROH�p�D�HV�DELOL�D�H�DEVRO��D��LV�R�p��VH�R�VLV�HPD�p�HV�iYHO�R��LQV�iYHO��8P�
VLV�HPD��H�FRQ�UROH�HV�i�HP�HT�LOtEULR�VH��QD�D�VrQFLD��H�T�DOT�HU��LV��UELR�R��VLQDO��H�HQ�UD�D��
D�VDt�D�SHUPDQHFH�QR�PHVPR�HV�D�R��8P�VLV�HPD��H�FRQ�UROH�OLQHDU�H�LQYDULDQ�H�QR��HPSR�p�
HV�iYHO�VH�D�VDt�D�VHPSUH�UH�RUQD�DR�HV�D�R��H�HT�LOtEULR�T�DQ�R�R�VLV�HPD�p�V�EPH�L�R�D��PD�
FRQ�LomR�LQLFLDO��8P�VLV�HPD��H�FRQ�UROH�OLQHDU�H�LQYDULDQ�H�QR��HPSR�p�FUL�LFDPHQ�H�HV�iYHO�VH�
DV�RVFLODo�HV��R�VLQDO��H�VDt�D�VH�UHSH�LUHP��H�PDQHLUD�FRQ�tQ�D��e�LQV�iYHO�VH�D�VDt�D��LYHU�LU�
VHP�OLPL�HV�D�SDU�LU��R�HV�D�R��H�HT�LOtEULR�T�DQ�R�R�VLV�HPD�IRU�V�MHL�R�D��PD�FRQ�LomR�LQLFLDO��
1RV�FDVRV�UHDLV��R�VLQDO��H�VDt�D��H��P�VLV�HPD�ItVLFR�SR�H�D�PHQ�DU�D�p�FHU�R�YDORU��PDV�SR�H�
VHU�OLPL�D�R�SRU�ILQV��H�F�UVR�PHFkQLFRV��R��R�VLV�HPD�SR�H�VH�URPSHU�R��VH��RUQDU�QmR�OLQHDU��
DSyV�R�VLQDO��H�VDt�D��O�UDSDVVDU�FHU�D�DPSOL���H�H���HVVH�PR�R��DV�HT�Do�HV��LIHUHQFLDLV��R�
PR�HOR�QmR��HUmR�PDLV�YDOL�D�H�

2��URV�FRPSRU�DPHQ�RV�LPSRU�DQ�HV��R�VLV�HPD��DOpP��D�HV�DELOL�D�H�DEVRO��D���FRP�RV�T�DLV�
VH��HYH��HU��PD�FRQVL�HUDomR�HVSHFLDO��VmR�D�HV�DELOL�D�H�UHOD�LYD�H�R�HUUR�HV�DFLRQiULR���RPR��P�
VLV�HPD�ItVLFR��H�FRQ�UROH�FRQ�pP�HQHU�LD�DUPD]HQD�D��D�VDt�D��R�VLV�HPD��T�DQ�R�HV�H�p�V�EPH�
�L�R�D��P�VLQDO��H�HQ�UD�D��QmR�SR�H�VH��LU�D�HQ�UD�D�LPH�LD�DPHQ�H��PDV�DSUHVHQ�D��PD�UHVSRV�D�
�UDQVL�yULD�DQ�HV�T�H��P�UH�LPH�SHUPDQHQ�H�VHMD�RE�L�R����UHVSRV�D��UDQVL�yULD��H��P�VLV�HPD�
�H�FRQ�UROH�SUi�LFR�IUHT�HQ�HPHQ�H�DSUHVHQ�D�RVFLODo�HV�DPRU�HFL�DV�DQ�HV��H�D�LQ�LU�R�HV�D�R�
SHUPDQHQ�H��6H�R�VLQDO��H�VDt�D��H��P�VLV�HPD�HP�UH�LPH�SHUPDQHQ�H�QmR�FRLQFL�LU�H[D�DPHQ�H�
FRP�D�HQ�UD�D���L]�VH�T�H�R�VLV�HPD�DSUHVHQ�D��P�HUUR�HV�DFLRQiULR��(VVH�HUUR�p�LQ�LFD�LYR��D�
SUHFLVmR��R�VLV�HPD��1D�DQiOLVH��H��P�VLV�HPD��H�FRQ�UROH���HYH�VH�H[DPLQDU�R�FRPSRU�DPHQ�R�
�D�UHVSRV�D��UDQVL�yULD�H��R�HV�D�R�HV�DFLRQiULR�

Visão geral do capítulo.�(V�H�FDSt��OR��UD�D��DV�UHVSRV�DV��R�VLV�HPD�DRV�VLQDLV�DSHULy�LFRV�
�FRPR��H�UD���UDPSD��DFHOHUDomR�H�LPS�OVR��HP�I�QomR��R��HPSR���(LV�R�UHV�PR��R�FDSt��OR��D�
6HomR�����DSUHVHQ�D�D�PD�pULD�LQ�UR���yULD��R�FDSt��OR����6HomR������UD�D��D�UHVSRV�D��RV�VLV�HPDV��H�
SULPHLUD�RU�HP�D�HQ�UD�DV�DSHULy�LFDV����6HomR�����DSUHVHQ�D�D�UHVSRV�D��UDQVL�yULD��H�VLV�HPDV�
�H�VH��Q�D�RU�HP��6mR�HV���D�DV�DQiOLVHV��H�DO�D�DV��DV�UHVSRV�DV��RV�VLV�HPDV��H�VH��Q�D�
RU�HP�D�H[FL�Do�HV�HP��H�UD���UDPSD�H�LPS�OVR����6HomR������LVF��H�D�DQiOLVH��D�UHVSRV�D��UDQ�
VL�yULD��H�VLV�HPDV��H�RU�HP�V�SHULRU����6HomR�����DSUHVHQ�D��PD�LQ�UR��omR�j�DERU�D�HP��R�
0�7/�%�QD�VRO�omR��H�SUREOHPDV��H�UHVSRV�D��UDQVL�yULD����6HomR�����IRUQHFH��P�H[HPSOR��H�
�P�SUREOHPD��H�UHVSRV�D��UDQVL�yULD�UHVROYL�R�FRP�R�0�7/�%����6HomR�����DSUHVHQ�D�R�FUL�pULR�
�H�HV�DELOL�D�H��H�5R�������6HomR������LVF��H�RV�HIHL�RV��DV�Do�HV��H�FRQ�UROH�LQ�H�UDO�H��HULYD�
�LYD�QR��HVHPSHQ�R��RV�VLV�HPDV��3RU�ILP��D�6HomR������UD�D��H�HUURV�HV�DFLRQiULRV�H�VLV�HPDV��H�
FRQ�UROH�FRP�UHDOLPHQ�DomR��QL�iULD�

146 Engenharia de controle moderno



5.2 | Sistemas de primeira ordem
�RQVL�HUH�R�VLV�HPD��H�SULPHLUD�RU�HP�PRV�UD�R�QD�)L��UD�����D���)LVLFDPHQ�H��HVVH�VLV�HPD�

SR�H�UHSUHVHQ�DU��P�FLUF�L�R�5����P�VLV�HPD��pUPLFR�R��DO�R�VHPHO�DQ�H����)L��UD�����E���UD]�
�P��LD�UDPD��H�EORFRV�VLPSOLILFD�R����UHODomR�HQ�UD�D�VDt�D�p��D�D�SRU�

�
R s
C s

Ts �
�=
+^

^
h
h � �����

��VH��LU��DQDOLVDUHPRV�DV�UHVSRV�DV��R�VLV�HPD�D�HQ�UD�DV�FRPR�DV�I�Qo�HV��H�UD���QL�iULR��UDPSD�
�QL�iULD�H�LPS�OVR��QL�iULR���V�FRQ�Lo�HV�LQLFLDLV�VmR�FRQVL�HUD�DV�Q�ODV�

1R�H�T�H��R�RV�RV�VLV�HPDV�T�H��rP�D�PHVPD�I�QomR��H��UDQVIHUrQFLD�DSUHVHQ�DUmR�D�PHVPD�
VDt�D�HP�UHVSRV�D�DR�PHVPR�LPS�OVR��3DUD��H�HUPLQD�R�VLV�HPD�ItVLFR��SR�H�VHU��D�D��PD�LQ�HU�
SUH�DomR�ItVLFD�j�UHVSRV�D�PD�HPi�LFD�

Resposta ao degrau unitário do sistema de primeira ordem.��RPR�D��UDQVIRUPD�D��H�
/DSODFH��D�I�QomR��H�UD���QL�iULR�p������V�EV�L��LQ�R�5���� �����QD�(T�DomR������RE�HPRV�

C s Ts s s�
� �=
+

^ h

([SDQ�LQ�R������HP�IUDo�HV�SDUFLDLV���HPRV�

� /C s s Ts
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s s T
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1
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^
h

h � �����

�RQVL�HUDQ�R�D��UDQVIRUPD�D�LQYHUVD��H�/DSODFH��D�(T�DomR������RE�HPRV�

� ����� �����H���7�� SDUD�t�≥��� �����

��(T�DomR�����HV�DEHOHFH�T�H��LQLFLDOPHQ�H��D�UHVSRV�D������p�]HUR�H��QR�ILP���RUQD�VH��QL�iULD��8PD�
FDUDF�HUtV�LFD�LPSRU�DQ�H��H��PD�F�UYD��H�UHVSRV�D�H[SRQHQFLDO������p�T�H�HP��� �7�R�YDORU��H������p�
������R��D�UHVSRV�D������DOFDQoR���������H�V�D�YDULDomR��R�DO��,VVR�SR�H�VHU�IDFLOPHQ�H�FRPSURYD�R�
V�EV�L��LQ�R�VH��� �7�HP�������2��VHMD�

��7�� ���±�H±��� ������

1R�H�T�H��T�DQ�R�PHQRU�D�FRQV�DQ�H��H��HPSR�7��PDLV�UDSL�DPHQ�H�R�VLV�HPD�UHVSRQ�H��2��UD�
FDUDF�HUtV�LFD�LPSRU�DQ�H��D�F�UYD�H[SRQHQFLDO��H�UHVSRV�D�p�T�H�D�LQFOLQDomR��D�OLQ�D��DQ�HQ�H�
HP��� ���p���7���PD�YH]�T�H

� dt
dc

T e T
1 1/

t

t T

t0 0
= =

=

-

=
� �����

��VDt�D�DOFDQoDULD�R�YDORU�ILQDO�HP��� �7�VH�IRVVH�PDQ�L�D�D�YHORFL�D�H�LQLFLDO��H�UHVSRV�D����SDU�LU�
�D�(T�DomR������YHPRV�T�H�D�LQFOLQDomR��D�F�UYD��H�UHVSRV�D�������HFUHVFH�PRQR�RQLFDPHQ�H��H�
��7�HP��� ���D�]HUR�HP���=�∞.

��F�UYD�H[SRQHQFLDO��H�UHVSRV�D�������D�D�SHOD�(T�DomR�����p�PRV�UD�D�QD�)L��UD������(P��PD�
FRQV�DQ�H��H��HPSR��D�F�UYD��D�UHVSRV�D�H[SRQHQFLDO�YDL��H����D��������R�YDORU�ILQDO��(P���DV�
FRQV�DQ�HV��H��HPSR��D�UHVSRV�D�D�LQ�H��������D�UHVSRV�D�ILQDO��3DUD��� ��7���7�H��7��D�UHVSRV�D�
DOFDQoD������������H��������UHVSHF�LYDPHQ�H���D�UHVSRV�D�ILQDO���VVLP��SDUD���≥�47��D�UHVSRV�D�VH�
PDQ�pP�D�����R�YDORU�ILQDO���RPR�VH�Yr�QD�(T�DomR������R�HV�D�R�SHUPDQHQ�H�p�DOFDQoD�R�PD�H�
PD�LFDPHQ�H�DSHQDV��HSRLV��H��P��HPSR�LQILQL�R��1D�SUi�LFD��HQ�UH�DQ�R��p�UD]RiYHO�T�H�R��HPSR�

FIGURA 5.1
R(s) E(s) C(s) R(s) C(s)

(a) (b)

1
Ts

1
Ts + 1+

–

(a) Diagrama 
de blocos de 
um sistema de 
primeira ordem; 
(b) diagrama 
de blocos 
simplificado.
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HV�LPD�R��H�UHVSRV�D�VHMD�R�LQ�HUYDOR��H��HPSR�QHFHVViULR�SDUD�D�F�UYD�DOFDQoDU�H�SHUPDQHFHU�D�
����D�OLQ�D��R�YDORU�ILQDO��R��T�D�UR�FRQV�DQ�HV��H��HPSR�

Resposta à rampa unitária de sistemas de primeira ordem.��RPR�D��UDQVIRUPD�D��H�
/DSODFH��D�UDPSD��QL�iULD�p�������RE�HPRV�D�VDt�D��R�VLV�HPD��D�)L��UD�����D��FRPR�

C s Ts s�
� �

2=
+

^ h

([SDQ�LQ�R������HP�IUDo�HV�SDUFLDLV���HPRV�

� C s
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2
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+

^ h � �����

�RQVL�HUDQ�R�D��UDQVIRUPD�D�LQYHUVD��H�/DSODFH��D�(T�DomR������RE�HPRV�

� ����� �����7���7H���7�� SDUD�t�≥��� �����

(Q�mR��R�VLQDO��H�HUUR�H����p�

H���� ������±�����

 �7���±�H±��7�

�RQIRUPH����HQ�H�DR�LQILQL�R��H���7�VH�DSUR[LPD��H�]HUR�H��DVVLP��R�VLQDO��H�HUUR�H����VH�DSUR[LPD�
�H�7�R�

H(∞)�=�7

��)L��UD�����PRV�UD�D�UDPSD��QL�iULD��H�HQ�UD�D�H�D�UHVSRV�D��R�VLV�HPD��2�HUUR��R�VLV�HPD�SDUD�
VH��LU�D�UDPSD��QL�iULD�FRPR�VLQDO��H�HQ�UD�D�p�L��DO�D�7�SDUD���V�ILFLHQ�HPHQ�H��UDQ�H��4�DQ�R�
PHQRU�D�FRQV�DQ�H��H��HPSR�7��PHQRU�R�HUUR�HV�DFLRQiULR�DR�VH��LU�D�HQ�UD�D�HP�UDPSD�

Resposta ao impulso unitário de sistemas de primeira ordem.�3DUD�R�LPS�OVR��QL�iULR��H�
HQ�UD�D��5���� ���H�D�UHVSRV�D��R�VLV�HPD��D�)L��UD�����D��SR�H�VHU�RE�L�D�FRPR�

� C s Ts �
�=
+

^ h � �����

���UDQVIRUPD�D�LQYHUVD��H�/DSODFH��D�(T�DomR�����UHV�O�D�HP�

� , 0c t T e t1 para/t T �= -^ h � �����

��F�UYD��H�UHVSRV�D��D�D�SHOD�(T�DomR�����p�PRV�UD�D�QD�)L��UD�����

Uma propriedade importante de sistemas lineares invariantes no tempo.�1D�DQiOLVH�
DQ�HULRU��PRV�UR��VH�T�H��SDUD�D�HQ�UD�D�HP�UDPSD��QL�iULD��D�VDt�D������p�

� ����� �����7���7H���7�� SDUD�t�≥��� �9HMD�D�(T�DomR�����

FIGURA 5.2
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3DUD�D�HQ�UD�D�HP��H�UD���QL�iULR��T�H�p�D��HULYD�D��D�HQ�UD�D�HP�UDPSD��QL�iULD��D�VDt�D������p�

� ����� �����H���7�� SDUD�t�≥��� �9HMD�D�(T�DomR�����
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Definição das especificações da resposta transitória.��RP�IUHT�rQFLD��DV�FDUDF�HUtV�LFDV�
�H��HVHPSHQ�R��H��P�VLV�HPD��H�FRQ�UROH�VmR�HVSHFLILFD�DV�HP��HUPRV��H�UHVSRV�D��UDQVL�yULD�
D��PD�HQ�UD�D�HP��H�UD���QL�iULR��Mi�T�H�VH��UD�D��H�HQ�UD�D�V�ILFLHQ�HPHQ�H�EU�VFD�H��HUD�D�
FRP�IDFLOL�D�H���4�DQ�R�D�UHVSRV�D�D��PD�HQ�UD�D�HP��H�UD��p�FRQ�HFL�D��p�SRVVtYHO�FDOF�ODU�
PD�HPD�LFDPHQ�H�D�UHVSRV�D�D�T�DOT�HU��LSR��H�VLQDO��H�HQ�UD�D��

��UHVSRV�D��UDQVL�yULD��H��P�VLV�HPD�D��PD�HQ�UD�D�HP��H�UD���QL�iULR��HSHQ�H��DV�FRQ�Lo�HV�
LQLFLDLV��3RU�FRQYHQLrQFLD��QD�FRPSDUDomR�HQ�UH�DV�UHVSRV�DV��UDQVL�yULDV��H�YiULRV�VLV�HPDV��p��PD�
SUi�LFD�FRP�P���LOL]DU��PD�FRQ�LomR�LQLFLDO�SD�UmR�T�H�p�D��R�VLV�HPD�LQLFLDOPHQ�H�HP�UHSR�VR��
FRP�R�YDORU��D�YDULiYHO��H�VDt�D�H��R�DV�DV�V�DV��HULYD�DV�HP�I�QomR��R��HPSR�L��DLV�D�]HUR��
�VVLP��DV�FDUDF�HUtV�LFDV��H�UHVSRV�D��RV�YiULRV�VLV�HPDV�SR�HUmR�VHU�IDFLOPHQ�H�FRPSDUD�DV�

1D�SUi�LFD��DQ�HV��H�D�LQ�LU�R�UH�LPH�SHUPDQHQ�H��D�UHVSRV�D��UDQVL�yULD��H��P�VLV�HPD��H�
FRQ�UROH�DSUHVHQ�D��IUHT�HQ�HPHQ�H��RVFLODo�HV�DPRU�HFL�DV��1D�HVSHFLILFDomR��DV�FDUDF�HUtV�LFDV�
�DV�UHVSRV�DV��UDQVL�yULDV��H��P�VLV�HPD��H�FRQ�UROH�D��PD�HQ�UD�D�HP��H�UD���QL�iULR��p�FRP�P�
HVSHFLILFDU�R�VH��LQ�H�

1. 7HPSR��H�D�UDVR���G
2. 7HPSR��H�V�EL�D����
3. 7HPSR��H�SLFR���S
4. 0i[LPR�VREUHVVLQDO��R��DSHQDV�VREUHVVLQDO����S

5. 7HPSR��H�DFRPR�DomR����
(VVDV�HVSHFLILFDo�HV�VmR��HILQL�DV�D�VH��LU�H�VmR�PRV�UD�DV��UDILFDPHQ�H�QD�)L��UD�����

1. 7HPSR��H�D�UDVR���G���UD�D�VH��R��HPSR�UHT�HUL�R�SDUD�T�H�D�UHVSRV�D�DOFDQFH�PH�D�H��H�
VH��YDORU�ILQDO�SHOD�SULPHLUD�YH]�

2. 7HPSR��H�V�EL�D������p�R��HPSR�UHT�HUL�R�SDUD�T�H�D�UHVSRV�D�SDVVH��H����D������R���H�
���D������R���H����D�������R�YDORU�ILQDO��3DUD�VLV�HPDV��H�VH��Q�D�RU�HP�V�EDPRU�
�HFL�RV��R��HPSR��H�V�EL�D��H����D������p�R�QRUPDOPHQ�H���LOL]D�R��3DUD�RV�VLV�HPDV�
V�SHUDPRU�HFL�RV��R��HPSR��H�V�EL�D��H�����D�����p�R�PDLV�FRP�PHQ�H���LOL]D�R�

3. 7HPSR��H�SLFR���S��p�R��HPSR�SDUD�T�H�D�UHVSRV�D�D�LQMD�R�SULPHLUR�SLFR��H�VREUHVVLQDO�
4. 0i[LPR�VREUHVVLQDO��HP�SRUFHQ�D�HP����S��p�R�YDORU�Pi[LPR��H�SLFR��D�F�UYD��H�UHVSRV�D��

PH�L�R�D�SDU�LU��D��QL�D�H��6H�R�YDORU�ILQDO��D�UHVSRV�D�HP�UH�LPH�SHUPDQHQ�H��LIHULU�
�D��QL�D�H��HQ�mR�p�FRP�P���LOL]DU�SRUFHQ�D�HP�Pi[LPD��H�VREUHVVLQDO���HILQL�D�SRU�

3RUFHQ�D�HP�Pi[LPD��H�VREUHVVLQDO� � 100%c
c t cp
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 2�YDORU�Pi[LPR��HP�SRUFHQ�D�HP���R�VREUHVVLQDO�LQ�LFD��LUH�DPHQ�H�D�HV�DELOL�D�H�UHOD�LYD�
�R�VLV�HPD�

5. 7HPSR��H�DFRPR�DomR�� ����p�R��HPSR�QHFHVViULR�SDUD�T�H�D�F�UYD��H�UHVSRV�D�DOFDQFH�
YDORUHV�HP��PD�IDL[D���HUDOPHQ�H��H����R������HP��RUQR��R�YDORU�ILQDO��Dt�SHUPDQH�
FHQ�R�LQ�HILQL�DPHQ�H��2��HPSR��H�DFRPR�DomR�HV�i�UHODFLRQD�R�j�PDLRU�FRQV�DQ�H��H�
�HPSR��R�VLV�HPD��H�FRQ�UROH��3R�H�VH��H�HUPLQDU�T�DO�SRUFHQ�D�HP��HYH�VHU���LOL]D�D�
QR�FUL�pULR��H�HUUR�D�SDU�LU��RV�REMH�LYRV��R�SURMH�R��R�VLV�HPD�HP�T�HV�mR�

�V�HVSHFLILFDo�HV�QR��RPtQLR��H��HPSR��D�DV�DQ�HULRUPHQ�H�VmR�P�L�R�LPSRU�DQ�HV��SRUT�H�D�
PDLRULD��RV�VLV�HPDV��H�FRQ�UROH�p�VLV�HPD�QR��RPtQLR��H��HPSR��LV�R�p���HYHP�IRUQHFHU�UHVSRV�DV�
�HPSRUDLV�DFHL�iYHLV���,VVR�T�HU��L]HU�T�H�R�VLV�HPD��H�FRQ�UROH��HYH�VHU�PR�LILFD�R�D�p�T�H�D�
UHVSRV�D��UDQVL�yULD�VHMD�VD�LVID�yULD��

2EVHUYH�T�H�QHP��R�DV�HVVDV�HVSHFLILFDo�HV�VH�DSOLFDP�QHFHVVDULDPHQ�H�D��R�RV�RV�FDVRV�
�D�RV��3RU�H[HPSOR��SDUD��P�VLV�HPD�V�SHUDPRU�HFL�R��RV��HUPRV��HPSR��H�SLFR�H�Pi[LPR�VREUHV�
VLQDO�QmR�VH�DSOLFDP���1R�FDVR��RV�VLV�HPDV�T�H�UHV�O�DP�HP�HUURV�HV�DFLRQiULRV�SDUD�HQ�UD�DV�
HP��H�UD���HVVH�HUUR��HYH�VHU�FRQVHUYD�R�HP��P�QtYHO��H�SRUFHQ�D�HP�HVSHFtILFR��'LVF�VV�HV�
�H�DO�D�DV�VREUH�HUURV�HV�DFLRQiULRV�VHUmR�DSUHVHQ�D�DV�SRV�HULRUPHQ�H�QD�6HomR������

Alguns comentários sobre as especificações da resposta transitória.�([FH�R�SDUD�FHU�DV�
DSOL�FDo�HV�QDV�T�DLV�DV�RVFLODo�HV�QmR�SR�HP�VHU��ROHUD�DV��p��HVHMiYHO�T�H�D�UHVSRV�D��UDQVL�yULD�
VHMD�V�ILFLHQ�HPHQ�H�UiSL�D�H�DPRU�HFL�D���VVLP��SDUD��PD�UHVSRV�D��UDQVL�yULD��HVHMiYHO��H��P�
VLV�HPD��H�VH��Q�D�RU�HP��R�FRHILFLHQ�H��H�DPRU�HFLPHQ�R��HYH�VH�VL��DU�HQ�UH�����H������9DORUHV�
pequenos�de�ζ�(ou�seja,�ζ�<�0,4)�resultam�em�excessivo�sobressinal�na�resposta�transitória,�e�um�
sistema�com�um�grande�valor�de�ζ�(ou�seja,�ζ�>�0,8)�responde�lentamente.

9HUHPRV�D�LDQ�H�T�H�R�Pi[LPR�VREUHVVLQDO�H�R��HPSR��H�V�EL�D�VmR�FRQIOL�DQ�HV�HQ�UH�VL��(P�
R��UDV�SDODYUDV���DQ�R�R�Pi[LPR�VREUHVVLQDO�FRPR�R��HPSR��H�V�EL�D�QmR�SR�HP�VHU��LPLQ�t�RV�
VLP�O�DQHDPHQ�H��6H��P��HOHV��LPLQ�L��R�R��UR�QHFHVVDULDPHQ�H�VH��RUQD�PDLRU�

Sistemas de segunda ordem e especificações da resposta transitória.���VH��LU��RE�HUHPRV�
R��HPSR��H�V�EL�D��R��HPSR��H�SLFR��R�Pi[LPR�VREUHVVLQDO�H�R��HPSR��H�DFRPR�DomR��R�VLV�HPD�
de�segunda�ordem�dado�pela�Equação�5.10.�Esses�valores�serão�obtidos�em�termos�de�ζ�e�~Q��
6�S�H�VH�T�H�R�VLV�HPD�VHMD�V�EDPRU�HFL�R�

7HPSR�GH��XELGD�����UHIHUHQ�H�j�(T�DomR�������RE�HPRV�R��HPSR��H�V�EL�D����FRP������� ���

� 1 1 cos senc t e t t
1r

t
d r d r2

n r ~
g

g
~= = - +

-

g~-^ ch m� ������

�RPR�H–ζ~Q���≠�1,�obtemos�a�partir�da�Equação�5.18�a�seguinte�equação:
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6H�R�YDORU�ILQDO��(∞)�da�saída�não�for�unitário,�então�será�necessário�utilizar�a�seguinte�equação:
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7HPSR�GH�D�RPRGDomR�����SDUD��P�VLV�HPD�V�EDPRU�HFL�R��H�VH��Q�D�RU�HP��D�UHVSRV�D��UDQVL�yULD�
p�RE�L�D�D�SDU�LU��D�(T�DomR������FRPR�

1 , 0sen tgc t e t t
1

1 para
t

d2
1

2n

�
g

~
g
g

= -
-

+
-g~-

-^ ch m

�V�F�UYDV������H–ζ~Q�� � 2g- ��VmR�DV�F�UYDV�HQYRO�yULDV��D�UHVSRV�D��UDQVL�yULD�j�HQ�UD�D�HP��H�UD��
�QL�iULR����F�UYD�UHVSRV�D������SHUPDQHFH�VHPSUH��HQ�UR��H��P�SDU��H�F�UYDV�HQYRO�yULDV��FRPR�
mostra�a�Figura�5.10.�A�constante�de�tempo�dessas�curvas�envoltórias�é�1/ζ~Q�

��YHORFL�D�H��H��HFDLPHQ�R��D�UHVSRV�D��UDQVL�yULD��HSHQ�H��R�YDORU��D�FRQV�DQ�H��H��HPSR�
1/ζ~Q��3DUD��D�R�YDORU��H�~Q��R��HPSR��H�DFRPR�DomR����p��PD�I�QomR��R�FRHILFLHQ�H��H�DPRU�
tecimento�ζ.�A�partir�da�Figura�5.7,�vemos�que,�para�o�mesmo�~Q�H�SDUD��PD�IDL[D��H�YDORUHV�
de�ζ�entre�0�e�1,�o�tempo�de�acomodação����SDUD��P�VLV�HPD�OL�HLUDPHQ�H�DPRU�HFL�R�p�PDLRU�
T�H�SDUD��P�VLV�HPD�D�HT�D�DPHQ�H�DPRU�HFL�R��3DUD��P�VLV�HPD�V�SHUDPRU�HFL�R��R��HPSR��H�
DFRPR�DomR����VH��RUQD��UDQ�H�SRUT�H�D�UHVSRV�D�p�OHQ�D�

2��HPSR��H�DFRPR�DomR�FRUUHVSRQ�HQ�H�j�IDL[D��H��ROHUkQFLD������R������SR�H�VHU�PH�L�R�
HP��HUPRV��D�FRQV�DQ�H��H��HPSR�7�=�1/ζ~Q�D�SDU�LU��DV�F�UYDV��D�)L��UD�����SDUD�YDORUHV��LIH�
rentes�de�ζ.�O�resultado�é�mostrado�na�Figura�5.11.�Para�0�<�ζ�<�0,9,�se�for�utilizado�o�critério�
�H����� ���VHUi�DSUR[LPD�DPHQ�H�T�D�UR�YH]HV�D�FRQV�DQ�H��H��HPSR��R�VLV�HPD��6H�IRU��VD�R�
R�FUL�pULR��H�����HQ�mR� ���VHUi�DSUR[LPD�DPHQ�H��UrV�YH]HV�D�FRQV�DQ�H��H��HPSR��1R�H�T�H�R�
tempo�de�acomodação�atinge�um�valor�mínimo�em�torno�de�ζ�=�0,76�(para�o�critério�de�2%)�ou�
ζ�=�0,68�(para�o�critério�de�5%)�e,�então,�aumenta�quase�linearmente�para�valores�grandes�de�ζ.�
���HVFRQ�LQ�L�D�H�QDV�F�UYDV��D�)L��UD������V�U�H�SRUT�H��PD�YDULDomR�LQILQL�HVLPDO��R�YDORU�
de�ζ�pode�causar�uma�variação�finita�no�tempo�de�acomodação.

3RU�FRQYHQLrQFLD��QD�FRPSDUDomR��DV�UHVSRV�DV��RV�VLV�HPDV���HILQLPRV�FRP�PHQ�H�R��HPSR�
�H�DFRPR�DomR����FRPR�
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1R�H�T�H�R��HPSR��H�DFRPR�DomR�p�LQYHUVDPHQ�H�SURSRUFLRQDO�DR�SUR���R��R�FRHILFLHQ�H��H�
amortecimento�pela�frequência�natural�do�sistema�não�amortecido.�Como�o�valor�de�ζ�é,�em�geral,�
�H�HUPLQD�R�D�SDU�LU��D�HVSHFLILFDomR��R�VREUHVVLQDO�Pi[LPR�DFHL�iYHO��R��HPSR��H�DFRPR�DomR�
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Exemplo 5.1 Considere�o�sistema�mostrado�na�Figura�5.6,�onde�ζ�=�0,6�e�~Q� ���UD��V��2E�HUHPRV�R��HPSR��H�
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RU�HP���(VVD�DSUR[LPDomR�IUHT�HQ�HPHQ�H�QRV�SRVVLELOL�D�DYDOLDU�DV�FDUDF�HUtV�LFDV��D�UHVSRV�D�
�H��P�VLV�HPD��H�RU�HP�V�SHULRU�D�SDU�LU��H��P�VLV�HPD�PDLV�VLPSOLILFD�R��

��VH��LU��FRQVL�HUH�R�FDVR�HP�T�H�RV�SRORV��H������VHMDP�FRQV�L��t�RV�SHORV�SRORV�UHDLV�H��H�
SDUHV��H�SRORV�FRPSOH[RV�FRQM��D�RV��8P�SDU��H�SRORV�FRPSOH[RV�FRQM��D�RV�UHV�O�D�HP��P�
�HUPR��H�VH��Q�D�RU�HP�HP�����RPR�D�IRUPD�ID�RUD�D��D�HT�DomR�FDUDF�HUtV�LFD��H�RU�HP�HOH�
YD�D�FRQVLV�H�HP��HUPRV��H�SULPHLUD�H�VH��Q�D�RU�HQV��D�(T�DomR������SR�H�VHU�UHHVFUL�D�FRPR�
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�VVLP��D�F�UYD��H�UHVSRV�D��H��P�VLV�HPD�HV�iYHO��H�RU�HP�V�SHULRU�p�D�VRPD��H��PD�VpULH��H�
F�UYDV�H[SRQHQFLDLV�H�F�UYDV�VHQRL�DLV�DPRU�HFL�DV�

6H��R�RV�RV�SRORV��H�PDO�D�IHF�D�D�HV�LYHUHP�QR�VHPLSODQR�HVT�HU�R��R�SODQR����HQ�mR�RV�
�HUPRV�H[SRQHQFLDLV�H�RV��HUPRV�H[SRQHQFLDLV�DPRU�HFL�RV��D�(T�DomR�������HQ�HUmR�D�]HUR�j�
PH�L�D�T�H���D�PHQ�DU����VDt�D�HP�UH�LPH�SHUPDQHQ�H�p��HQ�mR���(∞)�=�D�
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9DPRV�V�SRU�T�H�R�VLV�HPD�FRQVL�HUD�R�VHMD�HV�iYHO��(Q�mR��RV�SRORV��H�PDO�D�IHF�D�D�T�H�
HV�LYHUHP�VL��D�RV��LV�DQ�HV��R�HL[R�M~��HUmR��UDQ�HV�SDU�HV�UHDLV�QH�D�LYDV��2V��HUPRV�H[SR�
QHQFLDLV�T�H�FRUUHVSRQ�HP�D�HVVHV�SRORV��HFUHVFHP�UDSL�DPHQ�H���HQ�HQ�R�D�]HUR���1R�H�T�H�
D��LV�kQFLD��RUL]RQ�DO�D�SDU�LU��H��P�SROR��H�PDO�D�IHF�D�D�D�p�R�HL[R�M~��H�HUPLQD�R��HPSR��H�
DFRPR�DomR��RV�FRPSRQHQ�HV��UDQVL�yULRV��DT�HOH�SROR��4�DQ�R�PHQRU�D��LV�kQFLD��PDLRU�p�R�
�HPSR��H�DFRPR�DomR��

'HYHPRV� OHPEUDU�T�H�R� �LSR��H�UHVSRV�D��UDQVL�yULD�p��H�HUPLQD�R�SHORV�SRORV��H�PDO�D�
IHF�D�D��HQT�DQ�R�D�IRUPD��D�UHVSRV�D��UDQVL�yULD�p��H�HUPLQD�D�SULQFLSDOPHQ�H�SHORV�]HURV��H�
PDO�D�IHF�D�D���RPR�YLPRV�DQ�HULRUPHQ�H��RV�SRORV��D�HQ�UD�D�5����UHV�O�DP�HP��HUPRV��D�
UHVSRV�D��H�UH�LPH�SHUPDQHQ�H�QD�VRO�omR��HQT�DQ�R�RV�SRORV��H������5����LQ�UR��]HP�RV��HUPRV�
�D�UHVSRV�D��UDQVL�yULD�H[SRQHQFLDO�H�R��RV��HUPRV��D�UHVSRV�D��UDQVL�yULD�VHQRL�DO�DPRU�HFL�D��
2V�]HURV��H������5����QmR�DIH�DP�RV�H[SRHQ�HV��RV��HUPRV�H[SRQHQFLDLV��PDV�DIH�DP�RV�YDORUHV�
H�RV�VLQDLV��RV�UHVt��RV�

Polos dominantes em malha fechada.�2��RPtQLR�UHOD�LYR��RV�SRORV��H�PDO�D�IHF�D�D�p�
�H�HUPLQD�R�SHOD�UHODomR��DV�SDU�HV�UHDLV��RV�SRORV��H�PDO�D�IHF�D�D��EHP�FRPR�SHOR�YDORU��RV�
UHVt��RV�FDOF�OD�RV�QRV�SRORV���V�PD�QL���HV��RV�UHVt��RV��HSHQ�HP��DQ�R��RV�SRORV�FRPR�
�RV�]HURV��H�PDO�D�IHF�D�D�

6H�DV�UHODo�HV��DV�SDU�HV�UHDLV�IRUHP�PDLRUHV�T�H���H�QmR��R�YHU�]HURV�QDV�SUR[LPL�D�HV��
HQ�mR�RV�SRORV��H�PDO�D�IHF�D�D�PDLV�SUy[LPRV��R�HL[R�M~�VHUmR��RPLQDQ�HV�QR�FRPSRU�DPHQ�R�
�D�UHVSRV�D��UDQVL�yULD�SRUT�H�FRUUHVSRQ�HP�DRV��HUPRV��D�UHVSRV�D��UDQVL�yULD�T�H��HFUHVFHP�
OHQ�DPHQ�H��2V�SRORV�T�H��rP�HIHL�RV��RPLQDQ�HV�QR�FRPSRU�DPHQ�R��D�UHVSRV�D��UDQVL�yULD�VmR�
F�DPD�RV�SRORV�GRPLQDQ�H��GH�PD�KD��H�KDGD��0�L�R�IUHT�HQ�HPHQ�H��RV�SRORV��RPLQDQ�HV�
DSUHVHQ�DP�VH�VRE�D�IRUPD��H��P�SDU�FRPSOH[R�FRQM��D�R��2V�SRORV��RPLQDQ�HV��H�PDO�D�
IHF�D�D�VmR�RV��H�PDLRU�LPSRU�kQFLD�HQ�UH��R�RV�RV�SRORV��H�PDO�D�IHF�D�D�

1R�H�T�H�R��DQ�R��H��P�VLV�HPD��H�RU�HP�V�SHULRU�p�IUHT�HQ�HPHQ�H�DM�V�D�R�SDUD��HU��P�
SDU��H�SRORV�FRPSOH[RV�FRQM��D�RV��RPLQDQ�HV��H�PDO�D�IHF�D�D����SUHVHQoD��HVVHV�SRORV�HP�
�P�VLV�HPD�HV�iYHO�UH��]�R�HIHL�R��H�FHU�DV�QmR�OLQHDUL�D�HV��FRPR�]RQD�PRU�D��IRO�D�H�D�UL�R�
�H��R�ORPE�

Análise de estabilidade no plano complexo.���HV�DELOL�D�H��H��P�VLV�HPD�OLQHDU��H�PDO�D�
IHF�D�D�SR�H�VHU��H�HUPLQD�D�D�SDU�LU��D�ORFDOL]DomR��RV�SRORV��H�PDO�D�IHF�D�D�QR�SODQR����
6H�T�DOT�HU��P��HVVHV�SRORV�HV�LYHU�QR�VHPLSODQR��LUHL�R��R�SODQR����HQ�mR��FRP�R��HFRUUHU��R�
�HPSR��HOHV��DUmR�RUL�HP�DR�PR�R��RPLQDQ�H�H�D�UHVSRV�D��UDQVL�yULD�D�PHQ�DUi�PRQR�RQLFD�
PHQ�H�R��RVFLODUi�FRP�DPSOL���H�FUHVFHQ�H��,VVR�UHSUHVHQ�D��P�VLV�HPD�LQV�iYHO���VVLP�T�H�IRU�
OL�D�D��D�VDt�D��HVVH�VLV�HPD�SR�HUi�D�PHQ�DU�FRP�R��HPSR��6H�QmR�IRU�DOFDQoD�R��P�SRQ�R��H�
VD��UDomR��R�VLV�HPD�R��VH�QmR��R�YHU��P�ILP��H�F�UVR�PHFkQLFR��HQ�mR�R�VLV�HPD�SR�HUi�HV�DU�
V�MHL�R�D��DQRV�H�DSUHVHQ�DU�IDO�DV��Mi�T�H�D�UHVSRV�D��H��P�VLV�HPD�ItVLFR�UHDO�QmR�SR�H�D�PHQ�DU�
LQ�HILQL�DPHQ�H��3RU�LVVR��QRV��V�DLV�VLV�HPDV�OLQHDUHV��H�FRQ�UROH��QmR�VmR�SHUPL�L�RV�SRORV��H�
PDO�D�IHF�D�D�QR�VHPLSODQR��LUHL�R��R�SODQR����6H��R�RV�RV�SRORV��H�PDO�D�IHF�D�D�VH�VL��DUHP�
j�HVT�HU�D��R�HL[R�M~��T�DOT�HU�UHVSRV�D��UDQVL�yULD�SR�HUi�DOFDQoDU�R�HT�LOtEULR��,VVR�FDUDF�HUL]D�
�P�VLV�HPD�HV�iYHO�

��HV�DELOL�D�H�R��D�LQV�DELOL�D�H��H��P�VLV�HPD�OLQHDU�p�SURSULH�D�H��R�SUySULR�VLV�HPD�H�
QmR��HSHQ�H��D�HQ�UD�D�R���D�I�QomR��H�H[FL�DomR��R�VLV�HPD��2V�SRORV��D�HQ�UD�D�R���D�I�QomR�
�H�H[FL�DomR�QmR�DIH�DP�D�HV�DELOL�D�H��R�VLV�HPD��PDV�FRQ�ULE�HP�VRPHQ�H�SDUD�RV��HUPRV��D�
UHVSRV�D��H�UH�LPH�SHUPDQHQ�H�QD�VRO�omR���VVLP��R�SUREOHPD��D�HV�DELOL�D�H�DEVRO��D�SR�H�VHU�
UHVROYL�R�SURQ�DPHQ�H�SHOD�HVFRO�D��RV�SRORV��H�PDO�D�IHF�D�D�QR�VHPLSODQR��LUHL�R��R�SODQR�
���LQFO�LQ�R�R�HL[R�M~���0D�HPD�LFDPHQ�H��RV�SRORV��H�PDO�D�IHF�D�D�QR�HL[R�M~�UHV�O�DUmR�HP�
RVFLODo�HV�F�MD�DPSOL���H�QmR�YDL��HFUHVFHU�QHP�D�PHQ�DU�FRP�R��HPSR��1RV�FDVRV�SUi�LFRV��
HP�T�H�H[LV�HP�U�t�RV��HQ�UH�DQ�R��D�DPSOL���H��DV�RVFLODo�HV�SR�H�D�PHQ�DU�D��PD��D[D��H�HU�
PLQD�D�SHOR�QtYHO��H�SR�rQFLD��R�U�t�R��3RU�DQ�R���P�VLV�HPD��H�FRQ�UROH�QmR��HYH��HU�SRORV��H�
PDO�D�IHF�D�D�QR�HL[R�M~��
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2EVHUYH�T�H�R�VLPSOHV� ID�R��H�T�H��R�RV�RV�SRORV��H�PDO�D�IHF�D�D�HV�HMDP�VL��D�RV�QR�
VHPLSODQR�HVT�HU�R��R�SODQR���QmR��DUDQ�H�T�H�DV�FDUDF�HUtV�LFDV��D�UHSRV�D��UDQVL�yULD�VHMDP�
VD�LVID�yULDV��6H�RV�SRORV�FRPSOH[RV�FRQM��D�RV��RPLQDQ�HV��H�PDO�D�IHF�D�D�HV�LYHUHP�VL��D�RV�
SUy[LPRV�DR�HL[R�M~��D�UHVSRV�D��UDQVL�yULD�SR�HUi�DSUHVHQ�DU�RVFLODo�HV�H[FHVVLYDV�R��SR�HUi�
VHU�P�L�R�OHQ�D��'HVVD�PDQHLUD��SDUD��DUDQ�LU�T�H�DV�FDUDF�HUtV�LFDV��D�UHVSRV�D��UDQVL�yULD�VHMDP�
UiSL�DV��PDV��DPEpP�V�ILFLHQ�HPHQ�H�DPRU�HFL�DV��p�QHFHVViULR�T�H�RV�SRORV��H�PDO�D�IHF�D�D��R�
VLV�HPD�VH�VL��HP�HP��PD�UH�LmR�FRQYHQLHQ�H��R�SODQR�FRPSOH[R���DO�FRPR�D�UH�LmR��HOLPL�D�D�
SHOD�iUHD�VRPEUHD�D�QD�)L��UD������

�RPR�D�HV�DELOL�D�H�UHOD�LYD�H�R��HVHPSHQ�R��D�UHVSRV�D��UDQVL�yULD��H��P�VLV�HPD��H�FRQ�
�UROH��H�PDO�D�IHF�D�D�HV�mR��LUH�DPHQ�H�UHODFLRQD�RV�j�FRQIL��UDomR��H�SRORV�H�]HURV��H�PDO�D�
IHF�D�D�QR�SODQR����IUHT�HQ�HPHQ�H�p�QHFHVViULR�DM�V�DU��P�R��PDLV�SDUkPH�URV��R�VLV�HPD��D�
ILP��H�RE�HU�FRQIL��UDo�HV�VD�LVID�yULDV��2V�HIHL�RV��D�YDULDomR��RV�SDUkPH�URV��R�VLV�HPD�QRV�
SRORV��H�PDO�D�IHF�D�D�VHUmR��LVF��L�RV�FRP��H�DO�HV�QR��DSt��OR���

5.5 | Análise da resposta transitória com o MATLAB

Introdução.�2�SURFHVVR�SUi�LFR�SDUD�D�UHSUHVHQ�DomR��UiILFD��DV�F�UYDV��H�UHVSRV�D�HP�I�QomR�
�R��HPSR��RV�VLV�HPDV��H�RU�HP�PDLRU�T�H���p�IHL�R�SRU�PHLR��H�VLP�ODomR�SRU�FRPS��D�RU��
1HV�D�VHomR��DSUHVHQ�DUHPRV�D�DERU�D�HP�FRPS��DFLRQDO�SDUD�D�DQiOLVH��D�UHVSRV�D��UDQVL�yULD�
FRP�R�0�7/�%��(P�SDU�LF�ODU���LVF��LUHPRV�UHVSRV�D�DR��H�UD���UHVSRV�D�DR�LPS�OVR��UHVSRV�D�
j�UDPSD�H�UHVSRV�D�D�R��UDV�HQ�UD�DV�VLPSOHV�

Representação de sistemas lineares com o MATLAB.���I�QomR��H��UDQVIHUrQFLD��H��P�
VLV�HPD�p�UHSUHVHQ�D�D�SRU��RLV�YH�RUHV��H�Q�PHURV���RQVL�HUH�R�VLV�HPD

� R s
C s

s s
s
4 25
2 25
2=
+ +
+

^
^
h
h

� ������

(VVH�VLV�HPD�SR�H�VHU�UHSUHVHQ�D�R�SRU��RLV�YH�RUHV�OLQ�D��FD�D��P�FRP�RV�FRHILFLHQ�HV��RV�
SROLQ�PLRV�FRP�SR�rQFLDV��H����HFUHVFHQ�HV��FRPR�VH��H�

 num = [2 25]

 den = [1 4 25]

8PD�DO�HUQD�LYD��H�UHSUHVHQ�DomR�p�

 num = [0 2 25]

 den = [1 4 25]

FIGURA 5.17
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1HVVD�H[SUHVVmR��IRL�DFUHVFHQ�D�R��P�]HUR��1R�H�T�H��VH�IRUHP�FRQYHQLHQ�HPHQ�H�FRPSOH�D�DV�
com�zeros,�as�dimensões�dos�vetores�῾num᾿�e�῾den᾿�tornam-se�as�mesmas.�Uma�vantagem�de�
acrescentar�zeros�é�que�os�vetores�῾num᾿�e�῾den᾿�podem�ser�somados�diretamente.�Por�exemplo,

num + dem = [0 2 25] + [1 4 25]

 = [1 6 50]

6H�num�H�den��R�Q�PHUD�RU�H�R��HQRPLQD�RU��D�I�QomR��H��UDQVIHUrQFLD��H�PDO�D�IHF�D�D��IRUHP�
FRQ�HFL�RV��FRPDQ�RV�FRPR

step(num,den), step(num,den,t)

�HUDUmR�DV�F�UYDV��DV�UHVSRV�DV�DR��H�UD���QL�iULR���2�SDUkPH�UR���QR�FRPDQ�R�V�HS�p�R��HPSR�
HVSHFLILFD�R�SHOR��V�iULR��

3DUD��P�VLV�HPD��H�FRQ�UROH��HILQL�R�HP��PD�IRUPD��H�HVSDoR��H�HV�D�RV��RQ�H�D�PD�UL]�
�H�HV�D�R����D�PD�UL]��H�FRQ�UROH����D�PD�UL]��H�VDt�D���H�D�PD�UL]��H��UDQVPLVVmR��LUH�D����DV�
HT�Do�HV��H�HVSDoR��H�HV�D�RV�VmR�FRQ�HFL�DV��R�FRPDQ�R

step(A,B,C,D), step(A,B,C,D,t)

�HUDUi�DV�F�UYDV��H�UHVSRV�DV�DR��H�UD���QL�iULR��2�YH�RU��HPSR�p��H�HUPLQD�R��H�PDQHLUD�D��R�
Pi�LFD�T�DQ�R���QmR�IRU�H[SOLFL�DPHQ�H�LQFO�t�R�QRV�FRPDQ�RV�step�
1R�H�T�H�R�FRPDQ�R�step(sys)�SR�H�VHU���LOL]D�R�SDUD�RE�HU�D�UHVSRV�D�DR��H�UD���QL�iULR��H��P�
VLV�HPD��3ULPHLUR���HILQD�R�VLV�HPD�FRPR�

sys = tf(num,den)

R�

sys = ss(A,B,C,D)

(Q�mR��SDUD�RE�HU��SRU�H[HPSOR��D�UHVSRV�D�DR��H�UD���QL�iULR��IRUQHoD�R�FRPDQ�R

step(sys)

DR�FRPS��D�RU�

4�DQ�R�RV�FRPDQ�RV��R��H�UD���rP�DU��PHQ�RV��R�OD�R�HVT�HU�R��FRPR

[y,x,t] = step(num, den,t)

[y,x,t] = step(A,B,C,D,iu)

 [y,x,t] = step(A,B,C,D,iu) ������

QHQ��P��UiILFR�p�DSUHVHQ�D�R�QD��HOD��(Q�mR��p�QHFHVViULR���LOL]DU��P�FRPDQ�R�SOR��SDUD�YHU�DV�
F�UYDV��H�UHVSRV�D���V�PD�UL]HV�y�H�x�FRQ�rP�RV�YDORUHV��H�VDt�D�H��H�HV�D�R��R�VLV�HPD��UHVSHF�L�
YDPHQ�H��FDOF�OD�RV�QRV�SRQ�RV�FRPS��DFLRQDLV��R��HPSR�����y��HP��DQ�DV�FRO�QDV�T�DQ�DV�IRUHP�
DV�VDt�DV�H��PD�OLQ�D�SDUD�FD�D�HOHPHQ�R�HP����x��HP��DQ�DV�FRO�QDV�T�DQ�RV�IRUHP�RV�HV�D�RV�H�
�PD�OLQ�D�SDUD�FD�D�HOHPHQ�R�HP����

1R�H�T�H��QD�(T�DomR�������R�HVFDODU�iu�p��P�tQ�LFH�QDV�HQ�UD�DV��R�VLV�HPD�H�HVSHFLILFD�
T�DO�HQ�UD�D�p���LOL]D�D�SDUD�D�UHVSRV�D��H���p�R��HPSR�HVSHFLILFD�R�SHOR��V�iULR��6H�R�VLV�HPD��LYHU�
P�O�LSODV�HQ�UD�DV�H�P�O�LSODV�VDt�DV��R�FRPDQ�R�step���DO�FRPR�p��D�R�SHOD�(T�DomR�������IRUQH�
FHUi��PD�VpULH��H��UiILFRV��H�UHVSRV�D�DR��H�UD����P�SDUD�FD�D�FRPELQDomR��H�HQ�UD�D�H�VDt�D��H

ẋ�=�Ax�+�Bu

y�=�Cx�+�Du

�3DUD�PDLV��H�DO�HV��YHMD�R�([HPSOR������

Exemplo 5.3 �RQVL�HUH�R�VH��LQ�H�VLV�HPD�
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(PERUD�QmR�VHMD�QHFHVViULR�FRQ�HFHU�D�H[SUHVVmR��D�PD�UL]��H��UDQVIHUrQFLD��R�VLV�HPD�SDUD�
RE�HU�DV�F�UYDV��H�UHVSRV�D�DR��H�UD���QL�iULR�FRP�R�0�7/�%���H��]LUHPRV�HVVD�H[SUHVVmR�
SDUD�UHIHUrQFLD�

6HQ�R�R�VLV�HPD��HILQL�R�FRPR�

ẋ�=�Ax�+�Bu

y�=�Cx�+�Du
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DR��H�UD��SR�HP�VHU�UHSUHVHQ�D�DV�FRP�D���LOL]DomR��R�FRPDQ�R

step(A,B,C,D)
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2�3UR�UDPD�����HP�0�7/�%�SUR��]�HVVDV�T�D�UR�F�UYDV��H�UHVSRV�D�DR��H�UD����V�F�UYDV�VmR�
PRV�UD�DV�QD�)L��UD��������1R�H�T�H�R�YH�RU��H��HPSR���p�D��RPD�LFDPHQ�H��H�HUPLQD�R���PD�
YH]�T�H�R�FRPDQ�R�QmR�LQFO�L����

Programa 5.1 em MATLAB

A = [– 1 – 1;6.5 0];
B = [1 1;1 0];
C = [1 0;0 1];
D = [0 0;0 0];
step(A,B,C,D)

3DUD��UDoDU���DV�F�UYDV��H�UHVSRV�D�DR��H�UD��SDUD�D�HQ�UD�D�X��HP��P��LD�UDPD�H���DV�F�U�
YDV��H�UHVSRV�D�DR��H�UD��SDUD�D�HQ�UD�D�X��HP�R��UR��LD�UDPD��SR�HPRV���LOL]DU�RV�FRPDQ�RV

step(A,B,C,D,1)

H

step(A,B,C,D,2)

UHVSHF�LYDPHQ�H��2�3UR�UDPD�����HP�0D�ODE�p��P�SUR�UDPD�SDUD��UDoDU���DV�F�UYDV��H�UHVSRV�D�
DR��H�UD��SDUD�D�HQ�UD�D�X��HP��P��LD�UDPD�H���DV�F�UYDV��H�UHVSRV�D�DR��H�UD��SDUD�D�HQ�UD�D�
X��HP�R��UR��LD�UDPD����)L��UD������PRV�UD�RV��RLV��LD�UDPDV��FD�D��P�FRQV�L��t�R�SRU���DV�
F�UYDV��H�UHVSRV�D�DR��H�UD����(VVH�SUR�UDPD�0D�ODE��VD�FRPDQ�RV��H��H[�R��3DUD��DLV�FRPDQ�RV��
FRQV�O�H�R�SDUi�UDIR�VH��LQ�H�D�HV�H�H[HPSOR��

FIGURA 5.18
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Programa 5.2 em MATLAB

% ***** Neste programa, desenharemos curvas de resposta em degrau para 
% um sistema com duas entradas (u1 e u2) e duas saídas (y1 e y2) *****

% ***** Primeiro, desenharemos as curvas de resposta em degrau quando a 
% entrada for u1. Em seguida, desenharemos as curvas de resposta em 
% degrau quando a entrada for u2 *****

% ***** Entram as matrizes A, B, C e D *****

A = [-1 -1;6.5 0];
B = [1 1;1 0];
C = [1 0;0 1];
D = [0 0;0 0];

% ***** Para desenhar as curvas de resposta em degrau quando a entrada 
% for u1, dê o comando ‘step(ABCD1)’ *****

step(A,B,C,D,1)
grid
title ('Gráficos de Resposta ao Degrau Unitário: Entrada = u1 (u2 = 0)')
text(3.4, -0.06,'Y1')
text(3.4, 1.4,'Y2')

% ***** Em seguida, desenharemos as curvas de 
% resposta em degrau quando a entrada for u2. Dê 
% o comando ‘step(ABCD2) *****

step(A,B,C,D,2)
grid
title ('Gráficos de Resposta ao Degrau: Entrada = u2 (u1 = 0)')
text(3,0.14,'Y1')
text(2.8,1.1,'Y2')

FIGURA 5.19
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Escrevendo texto nos gráficos da tela.�3DUD�HVFUHYHU��H[�R�QRV��UiILFRV��D��HOD���L�L�H��SRU�
H[HPSOR��RV�VH��LQ�HV�FRPDQ�RV�

text(3.4, -0.06,'Y1')

H

text(3.4,1.4,'Y2')

2�SULPHLUR�FRPDQ�R�LQIRUPD�DR�FRPS��D�RU�SDUD�HVFUHYHU��<���FRPHoDQ�R�QDV�FRRU�HQD�DV�
�� �����H��� �±�������'D�PHVPD�PDQHLUD��R�VH��Q�R�FRPDQ�R��L]�DR�FRPS��D�RU�SDUD�HVFUHYHU�
�<���FRPHoDQ�R�QDV�FRRU�HQD�DV��� �����H��� �������9HMD�R�3UR�UDPD�����HP�0�7/�%�H�D�
)L��UD������D���

2��UR�PR�R��H�HVFUHYHU��P��H[�R�QR��UiILFR�p���LOL]DQ�R�R�FRPDQ�R�gtext����VLQ�D[H�p�
gtext(‘text’)

4�DQ�R�R�FRPDQ�R�gtext�p�H[HF��D�R��R�FRPS��D�RU�HVSHUD�D�p�R�F�UVRU�VHU�SRVLFLRQD�R�
���LOL]DQ�R�VH�R�PR�VH��QD�SRVLomR��HVHMD�D�QD��HOD��4�DQ�R�R�ER�mR�HVT�HU�R��R�PR�VH�IRU�
SUHVVLRQD�R��R��H[�R�HQ�UH�DVSDV�VHUi�HVFUL�R�QR��UiILFR��QD�SRVLomR�RQ�H�HV�i�R�F�UVRU��3R�H�VH�
��LOL]DU�R�FRPDQ�R�gtext�HP��P��UiILFR�T�DQ�DV�YH]HV�IRUHP�QHFHVViULDV���9HMD��SRU�H[HPSOR��
R�3UR�UDPD������HP�0�7/�%��

Descrição do sistema-padrão de segunda ordem com o MATLAB.��RPR�IRL�PHQFLRQD�R�
DQ�HULRUPHQ�H��R�VLV�HPD��H�VH��Q�D�RU�HP

� G s
s s� n n

n
2 2

2

g~ ~

~
=

+ +
^ h � ������

p�F�DPD�R�VLV�HPD�SD�UmR��H�VH��Q�D�RU�HP��'D�RV�~Q�e�ζ,�o�comando

printsys(num,den) R� printsys(num,den,s)

LPSULPH�Q�P��HQ�FRPR��PD�UHODomR��H�SROLQ�PLRV�HP���

�RQVL�HUH��SRU�H[HPSOR��R�FDVR�HP�T�H�~Q�=�5�rad/s�e�ζ�=�0,4.�O�Programa�5.3�em�MATLAB�
�HUD�R�VLV�HPD�SD�UmR��H�VH��Q�D�RU�HP��RQ�H�~Q�=�5�rad/s�e�ζ�=�0,4.�Note�que,�no�programa�
MATLAB�5.3,�῾num�0᾿�é�1.

Programa 5.3 em MATLAB

wn = 5;
damping_ratio = 0.4;
[num0,den] = ord2(wn,damping_ratio);
num = 5^2*num0;
printsys(num,den,'s')

num/den =

25

S^2 + 4s + 25

Obtenção da resposta ao degrau unitário a partir da função de transferência do sis-
tema.��RQVL�HUDUHPRV�D�UHVSRV�D�DR��H�UD���QL�iULR��R�VLV�HPD��HILQL�R�SRU�

G s
s s4 25
25

2=
+ +

^ h

2�3UR�UDPD�����HP�0�7/�%�IRUQHFHUi�R��UiILFR��D�F�UYD��H�UHVSRV�D�DR��H�UD���QL�iULR��HVVH�
VLV�HPD��2��UiILFR��D�F�UYD��H�UHVSRV�D�DR��H�UD���QL�iULR�p�PRV�UD�R�QD�)L��UD������
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Programa 5.4 em MATLAB

% ------------- Resposta ao degrau unitário -------------

% ***** Digite o numerador e o denominador da função de transferência *****

num = [25];
den = [1 4 25];

% ***** Digite o seguinte comando de resposta ao degrau *****

step(num,den)

% ***** Digite os comandos para inserir a grade e o título do gráfico *****

grid
title (' Resposta ao Degrau Unitário de G(s) = 25/(s^2+4s+25)')

1R�H�T�H��QD�)L��UD�������H�HP�P�L�DV�R��UDV���DV�OH�HQ�DV��RV�HL[RV���H���VmR��H�HUPLQD�
�DV�D��RPD�LFDPHQ�H��6H�IRU��HVHMD�R�UR��ODU�RV�HL[RV���H����H�PR�R��LIHUHQ�H��VHUi�QHFHVViULR�
PR�LILFDU�R�FRPDQ�R�V�HS��3RU�H[HPSOR��VH�T�LVHUPRV�UR��ODU�R�HL[R���FRPR�‘t (s)’�H�R�HL[R���
FRPR��6Dt�D���HQ�mR��HYHUHPRV���LOL]DU�RV�FRPDQ�RV��H�UHVSRV�D�DR��H�UD��FRP�DU��PHQ�RV��R�
OD�R�HVT�HU�R��D�L��DO�D�H�FRPR�

c = step(num,den,t)

R���PDLV��HQHULFDPHQ�H�

[y,x,t] = step(num,den,t)

H��VDU�R�FRPDQ�R�SOR��t,y���9HMD��SRU�H[HPSOR��R�3UR�UDPD�����HP�0�7/�%�H�D�)L��UD������

Programa 5.5 em MATLAB

% ------------- Resposta ao degrau unitário -------------

num = [25];
den = [1 4 25];
t = 0:0.01:3;
[y,x,t] = step(num,den,t);
plot(t,y)
grid
title('Resposta ao Degrau Unitário de G(s)=25/sˆ2+4s+25)')
xlabel('t Sec')
ylabel('Output')

FIGURA 5.20
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Obtenção�do�gráfico�tridimensional�das�curvas�de�resposta�ao�degrau�unitário�com�
0�7�����2�0�7/�%�SHUPL�H��UDoDU�IDFLOPHQ�H��UiILFRV��UL�LPHQVLRQDLV��2V�FRPDQ�RV�SDUD�
D�RE�HQomR��H��P��UiILFR��UL�LPHQVLRQDO�VmR��PHV���H��V�UI������LIHUHQoD�HQ�UH�RV��UiILFRV��PHV���
H��V�UI��p�T�H��QR�SULPHLUR��VmR��HVHQ�D�DV�DSHQDV�DV�OLQ�DV�H��QR�VH��Q�R��RV�HVSDoRV�HQ�UH�DV�
OLQ�DV�VmR�SUHHQF�L�RV�SRU�FRUHV��1HV�H�OLYUR���VDPRV�DSHQDV�R�FRPDQ�R��PHV���

Exemplo 5.4 �RQVL�HUH�R�VLV�HPD��H�PDO�D�IHF�D�D��HILQL�R�SRU�

R s
C s

s s2 1
1

2 g
=

+ +^
^
h
h

���IUHT�rQFLD�QD��UDO�QmR�DPRU�HFL�D�~Q�IRL�QRUPDOL]D�D�SDUD�����7UDFH�DV�F�UYDV��H�UHVSRV�D�DR�
�H�UD���QL�iULR����)�quando�ζ�assumir�os�seguintes�valores:

ζ�=�0;�0,2;�0,4;�0,6;�0,8;�1,0

7UDFH��DPEpP��P��UiILFR��UL�LPHQVLRQDO�

8P�SUR�UDPD�HP�0�7/�%�LO�V�UD�LYR�SDUD��HUDU��P��LD�UDPD�EL�LPHQVLRQDO�H��P��UiILFR�
�UL�LPHQVLRQDO��DV�F�UYDV��H�UHVSRV�D�DR��H�UD���QL�iULR��HVVH�VLV�HPD��H�VH��Q�D�RU�HP�p�R�
3UR�UDPD�����HP�0�7/�%��2V��UiILFRV�UHV�O�DQ�HV�VmR�PRV�UD�RV�QDV�IL��UDV������D��H��E���
UHVSHF�LYDPHQ�H��2EVHUYH�T�H��VDPRV�R�FRPDQ�R�mesh(t,zeta,y’)�SDUD�R��UiILFR��UL�LPHQVLR�
QDO��3R�HPRV��VDU��P�FRPDQ�R�mesh(y’)�SDUD�RE�HU�R�PHVPR�UHV�O�D�R���1R�H�T�H�R�FRPDQ�R�
mesh(t,zeta,y)�R��mesh(y)�SUR��]LUi��P��UiILFR��UL�LPHQVLRQDO�L��DO�DR��D�)L��UD������E���PDV�
FRP�RV�HL[RV���H���SHUP��D�RV��9HMD�R�3UREOHPD���������

4�DQ�R�T�HUHPRV�UHVROYHU��P�SUREOHPD��VDQ�R�R�0�7/�%�H�VH�R�SURFHVVR��H�VRO�omR�
LPSOLFD�P�L�RV�FiOF�ORV�UHSH�L�LYRV��YiULDV�DERU�D�HQV�SR�HP�VHU�FRQFHEL�DV�SDUD�VLPSOLILFDU�R�
SUR�UDPD��8PD�DERU�D�HP�IUHT�HQ�HPHQ�H���LOL]D�D�SDUD�VLPSOLILFDU�RV�FiOF�ORV�p��IRU�ORRSV���2�
3UR�UDPD�����HP�0�7/�%��VD��P��IRU�ORRS���1HV�H�OLYUR��P�L�RV�SUR�UDPDV�HP�0�7/�%��LIH�
UHQ�HV�T�H���LOL]DP��IRU�ORRSV��VmR�DSUHVHQ�D�RV�SDUD�D�VRO�omR��H�YiULRV�SUREOHPDV���FRQVHO�D�VH�
DR�OHL�RU�HV���DU�D�HQ�DPHQ�H�HVVHV�SUREOHPDV�H�IDPLOLDUL]DU�VH�FRP�D�DERU�D�HP�

FIGURA 5.21
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FIGURA 5.22
Gráfico das curvas de resposta ao degrau unitário com ~n = 1 e ζ = 0; 0,2; 0,4; 0,6; 0,8; 1
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Programa 5.6 em MATLAB

% ------- Gráficos bidimensional e tridimensional das curvas de resposta
% ao degrau unitário para um sistema padrão de segunda ordem com wn = 1
% e zeta = 0, 0.2, 0.4, 0.6, 0.8 e 1. -------

t = 0:0.2:10;
zeta = [0 0.2 0.4 0.6 0.8 1];
  for n = 1:6;
  num = [1];
  den = [1 2*zeta(n) 1];
  [y(1:51,n),x,t] = step(num,den,t);
  end

% Para gerar o diagrama bidimensional utilize o comando plot(t,y).

plot(t,y)
grid
title('Gráfico das Curvas de Resposta ao Degrau com \omega_n = 1 and \
zeta = 0, 0.2, 0.4, 0.6, 0.8, 1')
xlabel('t (sec)')
ylabel('Resposta')
text(4.1,1.86,'\zeta = 0')
text(3.5,1.5,'0.2')
text(3 .5,1.24,'0.4')
text(3.5,1.08,'0.6')
text(3.5,0.95,'0.8')
text(3.5,0.86,'1.0')

% Para gerar o gráfico tridimensional, utilize o comando mesh(t,zeta,y').

mesh(t,zeta,y')
title('Gráfico Tridimensional das Curvas de Resposta ao Degrau Unitário')
xlabel('t Sec')
ylabel('\zeta')
zlabel('Resposta')

Obtenção do tempo de subida, tempo de pico, máximo sobressinal e tempo de aco-
modação com o MATLAB.�2�0�7/�%�SR�H�VHU�FRQYHQLHQ�HPHQ�H���LOL]D�R�SDUD�RE�HU�R�
�HPSR��H�V�EL�D��R��HPSR��H�SLFR��R�Pi[LPR�VREUHVVLQDO�H�R��HPSR��H�DFRPR�DomR���RQVL�HUH�
R�VLV�HPD��HILQL�R�SRU�

R s
C s

s s6 25
25

2=
+ +^

^
h
h

2�3UR�UDPD�����HP�0�7/�%�FDOF�OD�R��HPSR��H�V�EL�D��R��HPSR��H�SLFR��R�Pi[LPR�VREUHVVLQDO�
H�R��HPSR��H�DFRPR�DomR��8PD�F�UYD��H�UHVSRV�D�SDUD�HVVH�VLV�HPD�p�PRV�UD�D�QD�)L��UD������
SDUD�YHULILFDomR��RV�UHV�O�D�RV�RE�L�RV�SHOR�3UR�UDPD�����HP�0�7/�%���1R�H�T�H�HVVH�SUR�UDPD�
�DPEpP�SR�H�VHU�DSOLFD�R�D�VLV�HPDV��H�RU�HP�V�SHULRU��9HMD�R�3UREOHPD���������
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Programa 5.7 em MATLAB

% ------- Este é um programa em MATLAB para determinar o 
% tempo de subida, o tempo de pico, o máximo sobressinal e 
% o tempo de acomodação de um sistema de segunda ordem e de 
% um sistema de ordem superior -------

% ------- Neste exemplo, admitimos que zeta = 0.6 e wn = 5 -------

num = [25];
den = [1 6 25];
t = 0:0.005:5;
[y,x,t] = step(num,den,t);
r = 1; while y(r) < 1.0001; r = r + 1; end;
rise_time = (r - 1)*0.005
rise_time = 0.5550

[ymax,tp] = max(y);
peak_time = (tp - 1)*0.005
peak_time = 0.7850

max_overshoot = ymax-1
max_overshoot = 0.0948

s = 1001; while y(s) > 0.98 & y(s) < 1.02; s = s - 1; end;
settling_time = (s - 1)*0.005
settling_time = 1.1850

Resposta ao impulso.���UHVSRV�D�DR�LPS�OVR��QL�iULR��H��P�VLV�HPD��H�FRQ�UROH�SR�H�VHU�RE�L�D�
SHOR��VR��H��P��RV�VH��LQ�HV�FRPDQ�RV��R�0�7/�%�

impulse(num,den)

impulse(A,B,C,D)

[y,x,t] = impulse(num,den)

 [y,x,t] = impulse(num,den,t) ������

[y,x,t] = impulse(A,B,C,D)

 [y,x,t] = impulse(A,B,C,D,iu) ������

 [y,x,t] = impulse(A,B,C,D,iu,t) ������

FIGURA 5.23
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2�FRPDQ�R�impulse(num,den)��UDoD�D�F�UYD��H�UHVSRV�D�DR�LPS�OVR��QL�iULR�QD��HOD��2�FRPDQ�R�
impulse(A,B,C,D)�SUR��]��PD�VpULH��H��UiILFRV��H�F�UYDV��H�UHVSRV�D�DR�LPS�OVR��QL�iULR���PD�
SDUD�FD�D�FRPELQDomR��H�HQ�UD�D�H�VDt�D��R�VLV�HPD

ẋ�=�Ax�+�Bu

y�=�Cx�+�Du

2EVHUYH�T�H��QDV�HT�Do�HV������H�������R�HVFDODU�iu�p��P�tQ�LFH�QDV�HQ�UD�DV��R�VLV�HPD�H�HVSH�
FLILFD�T�DO�D�HQ�UD�D�D�VHU���LOL]D�D�SDUD�D�UHVSRV�D�DR�LPS�OVR�

1R�H��DPEpP�T�H��VH�R�FRPDQ�R��VD�R�QmR�LQFO�L�H[SOLFL�DPHQ�H������R�YH�RU��HPSR�p��H�HU�
PLQD�R�D��RPD�LFDPHQ�H��6H�R�FRPDQ�R� LQFO�LU�R�YH�RU����� IRUQHFL�R�SHOR��V�iULR��FRPR�RV�
FRPDQ�RV��D�RV�QDV�HT�Do�HV������H�������HVVH�YH�RU�HVSHFLILFD�RV�LQV�DQ�HV��H��HPSR�QRV�T�DLV�
VH��HVHMD�T�H�D�UHVSRV�D�DR�LPS�OVR�VHMD�FDOF�OD�D�

6H��P�FRPDQ�R��R�0�7/�%�IRU�HVFUL�R�FRP�R�DU��PHQ�R�[y,x,t]���R�OD�R�HVT�HU�R��D�
L��DO�D�H��FRPR�QR�FDVR�HP�T�H�[y,x,t] = impulse(A,B,C,D)��HVVH�FRPDQ�R�UH�RUQDUi�DV�
VDt�DV��DV�UHVSRV�DV��H�HV�D�R��R�VLV�HPD�H�R�YH�RU��H��HPSR�t��1HQ��P��UiILFR�p��HVHQ�D�R�QD�
�HOD���V�PD�UL]HV�y�H�x�FRQ�rP�RV�YDORUHV��DV�VDt�DV�H��DV�UHVSRV�DV��H�HV�D�R��R�VLV�HPD�FDOF��
OD�DV�SDUD�RV�HOHPHQ�RV�QRV�SRQ�RV��H��HPSR�t���y��HP��DQ�DV�FRO�QDV�T�DQ�DV�IRUHP�DV�VDt�DV�H�
�PD�OLQ�D�SDUD�FD�D�HOHPHQ�R�HP�t��x��HP��DQ�DV�FRO�QDV�T�DQ�DV�IRUHP�DV�YDULiYHLV��H�HV�D�R�H��PD�
OLQ�D�SDUD�FD�D�HOHPHQ�R�HP�t���3DUD��UDoDU�D�F�UYD��H�UHVSRV�D���HPRV��H�LQFO�LU��P�FRPDQ�R�
SOR���SRU�H[HPSOR��plot(t,y)�

Exemplo 5.5 2E�HQ�D�D�UHVSRV�D�DR�LPS�OVR��QL�iULR��R�VH��LQ�H�VLV�HPD�

,R s
C s G s

s s0 2 1
1

2= =
+ +^

^
^

h
h

h

2�3UR�UDPD�����HP�0�7/�%�SUR��]LUi�D�UHVSRV�D�DR�LPS�OVR��QL�iULR����)L��UD������PRV�UD�
R��UiILFR�UHV�O�DQ�H�

Programa 5.8 em MATLAB

num = [1];
den = [1 0.2 1];
impulse(num,den);
grid
title(‘Resposta ao impulso unitário de G(s) = 1/(s^2 + 0.2s + 1)‘)

FIGURA 5.24

Resposta ao impulso unitário de G(s) = 1/(s2+0,2s+1)
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Método alternativo para obter resposta ao impulso.�1R�H�T�H��T�DQ�R�DV�FRQ�Lo�HV�LQLFLDLV�
VmR�Q�ODV��D�UHVSRV�D�DR�LPS�OVR��QL�iULR��H������p�D�PHVPD�T�H�D�UHVSRV�D�DR��H�UD���QL�iULR�
�H�������

�RQVL�HUH�D�UHVSRV�D�DR�LPS�OVR��QL�iULR��R�VLV�HPD�DSUHVHQ�D�R�QR�([HPSOR�������RPR�
5���� ���SDUD�D�HQ�UD�D�HP�LPS�OVR��QL�iULR���HPRV�

,

,

R s
C s C s G s

s s

s s
s

s
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+ +
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+ +

^
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h
h

h h

�VVLP��SR�HPRV�FRQYHU�HU�D�UHVSRV�D�DR�LPS�OVR��QL�iULR��H������QD�UHVSRV�D�DR��H�UD���QL�iULR�
�H�������

6H��L�L�DUPRV�RV�VH��LQ�HV�YDORUHV��H�num�H�den�QR�0�7/�%�

num = [0 1 0]

den = [1 0.2 1]

H���LOL]DUPRV�R�FRPDQ�R��H�UHVSRV�D�DR��H�UD���FRPR�LQ�LFD�R�QR�3UR�UDPD�����HP�0�7/�%��
RE�HUHPRV��PD�F�UYD��H�UHVSRV�D�DR�LPS�OVR��QL�iULR��R�VLV�HPD��FRPR�PRV�UD�D�)L��UD������

Programa 5.9 em MATLAB

num = [1 0];
den = [1 0.2 1];
step(num,den);
grid
title(‘Resposta ao Degrau Unitário de sG(s) = s/(s^2 + 0.2s + 1)‘)

Resposta à rampa.�1mR�H[LV�H��P�FRPDQ�R�HVSHFtILFR�SDUD�UDPSD�QR�0�7/�%���VVLP��p�
QHFHVViULR���LOL]DU�R�FRPDQ�R��H�UD��R��R�FRPDQ�R�OVLP��T�H�VHUi�YLV�R�D�LDQ�H��SDUD�RE�HU�D�
UHVSRV�D�j�UDPSD��(VSHFLILFDPHQ�H��SDUD�RE�HU�D�UHVSRV�D�j�UDPSD��R�VLV�HPD��H�I�QomR��H��UDQV�
IHUrQFLD��������LYL�H�VH������SRU���H���LOL]D�VH�R�FRPDQ�R�SDUD�D�UHVSRV�D�DR��H�UD���3RU�H[HPSOR��
FRQVL�HUH�R�VLV�HPD��H�PDO�D�IHF�D�D
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FIGURA 5.25

Resposta ao degrau unitário de sG(s) = s/(s2+0,2s+1)
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3DUD��PD�HQ�UD�D�HP�UDPSD��QL�iULD��5���� �������(Q�mR�

C s
s s

s
s s s s

s
s1

2 1 1
1

2 1 1
2 2 2=
+ +
+ =

+ +
+^

^
h

h

3DUD�RE�HU�D�UHVSRV�D��HVVH�VLV�HPD�j�UDPSD��QL�iULD���L�L�H�RV�VH��LQ�HV�YDORUHV��H�Q�PHUD�RU�H�
�HQRPLQD�RU�QR�SUR�UDPD�HP�0�7/�%�

num = [2 1];

den = [1 1 1 0];

H���LOL]H�R�FRPDQ�R��H�UHVSRV�D�DR��H�UD���9HMD�R�3UR�UDPD������HP�0�7/�%��2��UiILFR�T�H�
UHV�O�D��R�SURFHVVDPHQ�R��R�SUR�UDPD�p�PRV�UD�R�QD�)L��UD������

Programa 5.10 em MATLAB

% --------------- Resposta à rampa unitária ---------------

% ***** A resposta à rampa unitária é obtida como a resposta ao degrau unitário de 
% G(s)/s *****

% ***** Digite o numerador e o denominador de G(s)/s *****

num = [2 1];
den = [1 1 1 0];

% ***** Especifique os instantes de tempo para o cálculo (tais como t = 0:0.1:10)
% e então digite o comando de resposta ao degrau: c = step(num,den,t) *****

t = 0:0.1:10;
c = step(num,den,t);

% ***** No gráfico da curva de resposta à rampa, adicione a referência.
% A entrada de referência é t. Acrescente ao argumento do comando
% plot o seguinte: t,t,'-'. Assim o comando plot fica como a seguir:
% plot(t,c,'o',t,t,'-') *****

plot(t,c,'o',t,t,'-')

% ***** Acrescente grade, título, xlabel e ylabel *****

grid
title('Curva de Resposta à Rampa Unitária para o Sistema G(s) = (2s + 1)/(s^2 + s + 1)')
xlabel('t s')
ylabel('Entrada e Saída')

FIGURA 5.26

Curva de resposta à rampa unitária para o sistema G(s) = (2s + 1)/(s2 + s +1)
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Resposta à rampa unitária de um sistema definido no espaço de estados.���VH��LU��
�UD�DUHPRV��D�UHVSRV�D�j�UDPSD��QL�iULD��R�VLV�HPD�QR�PR�HOR��H�HVSDoR��H�HV�D�RV���RQVL�HUH�
R�VLV�HPD��HILQL�R�SRU�

ẋ�=�Ax�+�BX

��=�Cx�+�'X

RQ�H�X�p�D�I�QomR�UDPSD��QL�iULD����VH��LU��DSUHVHQ�DUHPRV��P�H[HPSOR�VLPSOHV�SDUD�H[SOLFDU�R�
Pp�R�R���RQVL�HUH�R�FDVR�HP�T�H
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4�DQ�R�DV�FRQ�Lo�HV�LQLFLDLV�IRUHP�Q�ODV��D�UHVSRV�D�j�UDPSD��QL�iULD�VHUi�D�LQ�H�UDO��D�UHVSRV�D�
DR��H�UD���QL�iULR��(Q�mR��D�UHVSRV�D�j�UDPSD��QL�iULD�SR�H�VHU��D�D�SRU�

� z y dt
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1R�H�T�H����p�R��HUFHLUR�HOHPHQ�R��H�x��8P��UiILFR��D�F�UYD��H�UHVSRV�D�j�UDPSD��QL�iULD������
SR�H�VHU�RE�L�R�H[HF��DQ�R�R�3UR�UDPD������HP�0�7/�%��8P��UiILFR��D�F�UYD��H�UHVSRV�D�j�
UDPSD��QL�iULD�RE�L�D�FRPR�UHV�O�D�R��HVVH�SUR�UDPD�HP�0�7/�%�p�PRV�UD�R�QD�)L��UD������
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Programa 5.11 em MATLAB

% --------------- Resposta à rampa unitária ---------------

% ***** A resposta à rampa unitária é obtida pela adição de uma
% nova variável de estado x3. A dimensão da equação de estado 
% é acrescida de 1 *****

% ***** Digite as matrizes A, B, C e D das equações originais
% de estado e de saída *****

A = [0 1;-1 -1];
B = [0; 1];
C = [1 0];
D = [0];

% ***** Digite as matrizes AA, BB, CC e DD das novas,
% equações de estado e de saída aumentados *****

AA = [A zeros(2,1);C 0];
BB = [B;0];
CC = [0 0 1];
DD = [0];

% ***** Digite o comando de resposta ao degrau: [z,x,t] = step(AA,BB,CC,DD) *****

[z,x,t] = step(AA,BB,CC,DD);

% ***** No gráfico x3, adicione a entrada em rampa unitária t
% digitando o seguinte comando: plot(t,x3,'o',t,t,'-') *****

x3 = [0 0 1]*x'; plot(t,x3,'o',t,t,'-')
grid
title('Resposta à Rampa Unitária')
xlabel('t (s)')
ylabel('Entrada e Saída')

Obtenção da resposta a uma entrada arbitrária.�3DUD�RE�HU�D�UHVSRV�D�D��PD�HQ�UD�D�DUEL�
�UiULD��SR�H�VH���LOL]DU�R�FRPDQ�R�Isim��2V�FRPDQ�RV�FRPR�

lsim(num,den,r,t)

lsim(A,B,C,D,u,t)

y = lsim(num,den,r,t)

y = lsim(A,B,C,D,u,t)

FIGURA 5.27
Resposta à rampa unitária
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�HUDUmR�D�UHVSRV�D�D��PD�HQ�UD�D�HP�I�QomR��R��HPSR��r�R��u��9HMD�RV��RLV�H[HPSORV�D�VH��LU��
�9HMD��DPEpP�RV�SUREOHPDV��������D���������

Exemplo 5.6 8�LOL]DQ�R�R�FRPDQ�R�Isim��RE�HQ�D�D�UHVSRV�D�j�UDPSD��QL�iULD��R�VH��LQ�H�VLV�HPD�
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3R�HPRV�RE�HU�D�UHVSRV�D�j�UDPSD��QL�iULD�SRU�PHLR��R�3UR�UDPD������HP�0�7/�%����)L��UD�
�����PRV�UD�R��UiILFR�UHV�O�DQ�H�

Programa 5.12 em MATLAB

% ------- Resposta à rampa -------

num = [2 1];
den = [1 1 1];
t = 0:0.1:10;
r = t;
y = lsim(num,den,r,t);
plot(t,r,'-',t,y,'o')
grid
title('Resposta à Rampa Unitária Obtida com o Uso do Comando "lsim"')
xlabel('t (s)')
ylabel('Entrada e Saída do sistema')
text(6.3,4.6,'Entrada em Rampa Unitária')
text(4.75,9.0,'Saída')

Exemplo 5.7 �RQVL�HUH�R�VLV�HPD
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FIGURA 5.28
Resposta à rampa unitária obtida com o uso do comando ‘Isim’
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8�LOL]DQ�R�R�0�7/�%��RE�HQ�D�DV�F�UYDV��H�UHVSRV�D������T�DQ�R�D�HQ�UD�D�X�p��D�D�SRU�

1. X� �HQ�UD�D�HP��H�UD���QL�iULR
2. X� �H��

6�SRQ�D�T�H�R�HV�D�R�LQLFLDO�VHMD�x���� ���

8PD�RSomR��R�SUR�UDPD�HP�0�7/�%�SDUD�SUR��]LU�DV�F�UYDV��H�UHVSRV�D��HVVH�VLV�HPD�
SDUD�D�HQ�UD�D�HP��H�UD���QL�iULR��X� ��������H�D�HQ�UD�D�H[SRQHQFLDO��X� �H±���p�PRV�UD�D�QR�
�3UR�UDPD������HP�0�7/�%���V�F�UYDV��H�UHVSRV�D�UHV�O�DQ�HV�VmR�DSUHVHQ�D�DV�QDV�IL��UDV�
�����D��H��E���UHVSHF�LYDPHQ�H�

Programa 5.13 em MATLAB

t = 0:0.1:12;
A = [-1 0.5;-1 0];
B = [0;1];
C = [1 0];
D = [0];

% Para a entrada em degrau unitário u = 1(t), 
% utilize o comando 'y = step(A,B,C,D,1,t)'.

y = step(A,B,C,D,1,t);
plot(t,y)
grid
title('Resposta ao Degrau Unitário')
xlabel('t (s)')
ylabel('Saída')

% Para a resposta à ebtrada exponencial 
% u = exp(-t), utilize o comando
% 'z = lsim(A,B,C,D,u,t)' .

u = exp(-t);
z = lsim(A,B,C,D,u,t);
plot(t,u,'-',t,z,'o')
grid
title('Resposta à Entrada Exponencial u = exp(-t)')
xlabel('t (s)')
ylabel('Entrada Exponencial e Saída do sistema')
text(2.3,0.49,'Entrada Exponencial')
text(6.4,0.28,'Saída')

Resposta à condição inicial.���VH��LU��VHUmR�DSUHVHQ�D�RV�DO��QV�Pp�R�RV�SDUD�D�RE�HQomR�
�H�UHVSRV�D�D��PD�FRQ�LomR�LQLFLDO��2V�FRPDQ�RV�T�H�SR�HP�VHU���LOL]D�RV�VmR��V�HS��R���LQL�LDO���
9HUHPRV�SULPHLUR��P�Pp�R�R�SDUD�RE�HU�D�UHVSRV�D�D��PD�FRQ�LomR�LQLFLDO���LOL]DQ�R��P�H[HPSOR�
VLPSOHV��'HSRLV���LVF��LUHPRV�D�UHVSRV�D�D��PD�FRQ�LomR�LQLFLDO�T�DQ�R�R�VLV�HPD�HV�i�UHSUHVHQ�
�D�R�QD�IRUPD��H�HVSDoR��H�HV�D�RV��3RU�ILP��DSUHVHQ�DUHPRV��P�FRPDQ�R�LQLFLDO�SDUD�RE�HU�D�
UHVSRV�D��H��D�R�VLV�HPD��HILQL�R�HP��P�HVSDoR��H�HV�D�RV�
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Exemplo 5.8 �RQVL�HUH�R�VLV�HPD�PHFkQLFR�PRV�UD�R�QD�)L��UD�������RQ�H�P� ���N���E� ���1�V�P�H�N� ���1�P��
6�SRQ�D�T�H�HP��� ���D�PDVVD�P�VHMD�S�[D�D�SDUD�EDL[R���H�PR�R�T�H������ �����P�H�ẋ���� ������
P�V��2��HVORFDPHQ�R������p�PH�L�R�D�SDU�LU��D�SRVLomR��H�HT�LOtEULR�DQ�HV�T�H�D�PDVVD�VHMD�S�[D�
�D�SDUD�EDL[R��2E�HQ�D�R�PRYLPHQ�R��D�PDVVD�V�MHL�D�j�FRQ�LomR�LQLFLDO����RQVL�HUH�D�LQH[LV�rQ�
FLD��H��PD�IRUoD�H[�HUQD��

��HT�DomR��R�VLV�HPD�p�

mẍ���Eẋ���N�� ��

FRP�DV�FRQ�Lo�HV�LQLFLDLV������ �����P�H�ẋ���� ������P�V����p�PH�L�R�D�SDU�LU��D�SRVLomR��H�HT�L�
OtEULR������UDQVIRUPD�D��H�/DSODFH��D�HT�DomR��R�VLV�HPD�UHV�O�D�HP�

P��������±�������±�ẋ�������E�������±���������N����� ��

R�

�P�����E����N������� �P��������Pẋ������E����

5HVROYHQ�R�HVVD��O�LPD�HT�DomR�SDUD������H�V�EV�L��LQ�R�RV�YDORUHV�Q�PpULFRV��D�RV��RE�HPRV�

FIGURA 5.29
Resposta ao degrau unitário
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2�3UR�UDPD������HP�0�7/�%�IRUQHFHUi�R��UiILFR��R�PRYLPHQ�R��D�PDVVD��2��UiILFR�p�PRV�
�UD�R�QD�)L��UD������

Programa 5.14 em MATLAB

% --------------- Resposta à condição inicial ---------------

% ***** A resposta do sistema à condição inicial é convertida
% a uma resposta ao degrau unitário modificando-se o polinômio
% do numerador *****

% ***** Digite o numerador e o denominador da função de
% transferência G(s) *****

num = [0.1 0.35 0];
den = [1 3 2];

% ***** Digite o comando de resposta ao degrau a seguir *****

step(num,den)

% ***** Insira a grade e o título do gráfico *****

grid
title('Resposta do sistema Massa-Mola-Amortecedor à Condição Inicial')

FIGURA 5.30
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Resposta à condição inicial (enfoque no espaço de estados, caso 1).��RQVL�HUH�R�VLV�HPD�
�HILQL�R�SRU�

� ẋ� �Ax�� x���� �x�� ������

9DPRV�RE�HU�D�UHVSRV�D�x����T�DQ�R�D�FRQ�LomR�LQLFLDO�x����IRU�HVSHFLILFD�D��6�SRQ�D�T�H�QmR�
H[LV�D�HQ�UD�D��H�IRUoDV�H[�HUQDV�T�H�D��HP�VREUH�HVVH�VLV�HPD��6�SRQ�D��DPEpP�T�H�x�VHMD��P�
YH�RU��H�RU�HP�Q�

3ULPHLUR��RE�HQ�D�DV��UDQVIRUPD�DV��H�/DSODFH��H�DPERV�RV�OD�RV��D�(T�DomR������

������±�x���� ������

��HT�DomR�SR�H�VHU�HVFUL�D�FRPR�

� ������ ���������x���� ������

�RQVL�HUDQ�R�D��UDQVIRUPD�D�LQYHUVD��H�/DSODFH��D�(T�DomR��������HPRV�

� ẋ� �Ax���x������δ(��� ������

�1R�H�T�H��DR�RE�HU�LQLFLDOPHQ�H�D��UDQVIRUPD�D��H�/DSODFH��H��PD�HT�DomR��LIHUHQFLDO�H���HSRLV��
FRQVL�HUDU�D��UDQVIRUPD�D�LQYHUVD��H�/DSODFH��HVVD�HT�DomR��UDQVIRUPD�D���HUDPRV��PD�HT�DomR�
�LIHUHQFLDO�T�H�HQYROYH�D�FRQ�LomR�LQLFLDO��

��RUD���HILQD

� ż� �x� ������

(Q�mR��D�(T�DomR������SR�H�VHU�HVFUL�D�FRPR�

� �̈� �Aż���x������δ(��� ������

,Q�H�UDQ�R�D�(T�DomR������HP�UHODomR�D����RE�HPRV�

� ż� ������x�������� �������X� ������

RQ�H

�� �x����� X� �����

5HIHULQ�R�VH�j�(T�DomR�������R�HV�D�R�x����p��D�R�SRU��������VVLP�

� x�=�ż�=�Az�+�BX� ������

��VRO�omR��DV�HT�Do�HV������H������IRUQHFH�D�UHVSRV�D�j�FRQ�LomR�LQLFLDO�

(P�UHV�PR��D�UHVSRV�D��D�(T�DomR������j�FRQ�LomR�LQLFLDO�x����p�RE�L�D�UHVROYHQ�R�VH�DV�
VH��LQ�HV�HT�Do�HV�QR�HVSDoR��H�HV�D�RV�

FIGURA 5.31
Resposta do sistema massa-mola-amortecedor à condição inicial
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ż� �������X

x� �������X

RQ�H

�� �x����� X� �����

2V�FRPDQ�RV��R�0�7/�%�SDUD�RE�HU�DV�F�UYDV��H�UHVSRV�D��RQ�H�QmR�HVSHFLILFDPRV�R�YH�RU��H�
�HPSR����LV�R�p���HL[DPRV�R�YH�RU��H��HPSR�VHU��H�HUPLQD�R�D��RPD�LFDPHQ�H�SHOR�0�7/�%��
VmR��D�RV�D�VH��LU�

% Especificar matrizes A e B

[x,z,t] = step(A,B,A,B);

x1 = [1 0 0 ... 0]*x';

x2 = [0 1 0 ... 0]*x';

�

xn = [0 0 0 ... 1]*x';

plot(t,x1,t,x2, ... ,t,xn)

6H�HVFRO�HUPRV�R�YH�RU��H��HPSR����SRU�H[HPSOR��FRQVL�HUH�T�H�R�LQ�HUYDOR��H��HPSR�QR�FiO�
F�OR�VHMD��H�t = 0�D�t = tp,�com�o�incremento�de�cálculo�de�Δt),�então�usaremos�os�seguintes�
FRPDQ�RV�0�7/�%�

t = 0: Δt: tp;

% Especificar matrizes A e B

[x,z,t] = step(A,B,A,B,1,t);

x1 = [1 0 0 ... 0]*x';

x2 = [0 1 0 ... 0]*x';

�

xn = [0 0 0 ... 1]*x';

plot(t,x1,t,x2, ... ,t,xn)

�9HMD��R�([HPSOR������

Resposta à condição inicial (enfoque no espaço de estados, caso 2).��RQVL�HUH�R�VLV�HPD�
�HILQL�R�SRU�

� ẋ� �Ax�� x���� �x�� ������

� y�=�Cx� ������

�6�SRQ�D�T�H�x�VHMD��P�YH�RU��H�RU�HP�Q�H�T�H���VHMD��P�YH�RU��H�RU�HP�P��

'D�PHVPD�PDQHLUD�T�H�R�FDVR�����HILQLQ�R

ż� �x

SR�HPRV�RE�HU�D�VH��LQ�H�HT�DomR�

� ż� ������x�������� �������X� ������

RQ�H

�� �x����� X� �����

2EVHUYDQ�R�T�H�x� �ż��D�(T�DomR������SR�H�VHU�HVFUL�D�FRPR�

� y�=�Cż� ������

6�EV�L��LQ�R�D�(T�DomR������QD�(T�DomR�������RE�HPRV�

� �� ���������X�� ���������X� ������

��VRO�omR��DV�HT�Do�HV������H�������UHHVFUL�DV�DT�L
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ż� �������X

�� ���������X

RQ�H��� �x����H�X� ������IRUQHFHP�D�UHVSRV�D��R�VLV�HPD�SDUD��D�D�FRQ�LomR�LQLFLDO��2V�FRPDQ�RV�
�R�0�7/�%�SDUD�D�RE�HQomR��DV�F�UYDV��H�UHVSRV�D��F�UYDV��H�VDt�D�y1��H��X��t��y2��H��X��
t��������ym��H��X��t��VmR�PRV�UD�RV�D�VH��LU�SDUD��RLV�FDVRV�
�DVR����4�DQ�R�R�YH�RU��H��HPSR���QmR�p�HVSHFLILFD�R��R��VHMD��R�YH�RU��H��HPSR����HYHUi�VHU�
�H�HUPLQD�R�D��RPD�LFDPHQ�H�SHOR�0�7/�%��

% Especificar matrizes A, B e C

[y,z,t] = step(A,B,C*A,C*B);

y1 = [1 0 0 ... 0]*y';

y2 = [0 1 0 ... 0]*y';

�

ym = [0 0 0 ... 1]*y';

plot(t,y1,t,y2, ... ,t,ym)

�DVR�%��4�DQ�R�R�YH�RU��H��HPSR���p�HVSHFLILFD�R�

t = 0: Δt: tp;

% Especificar matrizes A, B e C

[y,z,t] = step(A,B,C*A,C*B,1,t)

y1 = [1 0 0 ... 0]*y';

y2 = [0 1 0 ... 0]*y';

�

ym = [0 0 0 ... 1]*y';

plot(t,y1,t,y2, ... ,t,ym)

Exemplo 5.9 2E�HQ�D�D�UHVSRV�D��R�VLV�HPD�V�EPH�L�R�j��D�D�FRQ�LomR�LQLFLDO�
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ẋ� �Ax�� x���� �x�

2E�HU�D�UHVSRV�D��R�VLV�HPD�j��D�D�FRQ�LomR�LQLFLDO�YHP�D�VHU�R�PHVPR�T�H�RE�HU�D�UHVSRV�D�DR�
�H�UD���QL�iULR��R�VH��LQ�H�VLV�HPD�

ż� �������X

x� �������X

RQ�H

�� �x����� X� �����

(Q�mR���PD�RSomR��R�SUR�UDPD�HP�0�7/�%�SDUD�RE�HU�D�UHVSRV�D�p�R�3UR�UDPD������HP�
0�7/�%���V�F�UYDV��H�UHVSRV�D�UHV�O�DQ�HV�VmR�PRV�UD�DV�QD�)L��UD������
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Programa 5.15 em MATLAB

t = 0:0.01:3;
A = [0 1;-10 -5];
B = [2;1];
[x,z,t] = step(A,B,A,B,1,t);
x1 = [1 0]*x';
x2 = [0 1]*x';
plot(t,x1,'x',t,x2,'-')
grid
title('Resposta à Condição Inicial')
xlabel('t (s)')
ylabel('Variáveis de Estado x1 e x2')
gtext('x1')
gtext('x2')

3DUD��P�H[HPSOR�LO�V�UD�LYR��H�FRPR��VDU�DV�HT�Do�HV������H������SDUD�HQFRQ�UDU�D�UHVSRV�D�
j�FRQ�LomR�LQLFLDO��YHMD�R�3UREOHPD��������

Obtenção da resposta à condição inicial pelo uso do comando inicial.�6H�R�VLV�HPD�IRU�
�HILQL�R�QR�HVSDoR��H�HV�D�RV��HQ�mR�R�FRPDQ�R

initial(A,B,C,D,[initial condition],t)

SUR��]LUi�D�UHVSRV�D�j�FRQ�LomR�LQLFLDO�

�RQVL�HUDQ�R�R�VLV�HPD��HILQL�R�SRU�

ẋ� �Ax�+�BX�� x���� ���

��=�Cx�+�'X

RQ�H

, , ,A B C

x
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= = 6
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G G @

G
HQ�mR�R�FRPDQ�R��LQL�LDO��SR�H�VHU���LOL]D�R�FRPR�PRV�UD�R�3UR�UDPD������HP�0�7/�%�SDUD�
D�RE�HQomR��D�UHVSRV�D�j�FRQ�LomR�LQLFLDO���V�F�UYDV��H�UHVSRV�D�������H�������VmR�PRV�UD�DV�QD�
)L��UD�������(ODV�VmR�DV�PHVPDV�T�H�DV��D�)L��UD�����

FIGURA 5.32
Resposta à condição inicial
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Programa 5.16 em MATLAB

t = 0:0.05:3;
A = [0 1;-10 -5];
B = [0;0];
C = [0 0];
D = [0];
[y,x] = initial(A,B,C,D,[2;1],t);
x1 = [1 0]*x';
x2 = [0 1]*x';
plot(t,x1,'o',t,x1,t,x2,'x',t,x2)
grid
title('Resposta à Condição Inicial')
xlabel('t (s)')
ylabel('Variáveis de Estado x1 e x2')
gtext('x1')
gtext('x2')

Exemplo 5.10 �RQVL�HUH�R�VH��LQ�H�VLV�HPD�V�EPH�L�R�jV�FRQ�Lo�HV�LQLFLDLV���1mR�H[LV�HP�IRUoDV�H[�HUQDV�D��DQ�HV��

�� ����������ẏ������� ��

����� ���� ẏ���� ���� ����� ����

2E�HQ�D�D�UHVSRV�D������SDUD�D�FRQ�LomR�LQLFLDO��D�D�

'HILQLQ�R�DV�YDULiYHLV��H�HV�D�R�FRPR�

��� ��

��� �ẏ

��� ��
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FIGURA 5.33
Resposta à condição inicial
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8PD�RSomR��R�SUR�UDPD�HP�0�7/�%�SDUD�D�RE�HQomR��D�UHVSRV�D������p�R�3UR�UDPD������HP�
0�7/�%����F�UYD��H�UHVSRV�D�UHV�O�DQ�H�p�PRV�UD�D�QD�)L��UD������

Programa 5.17 em MATLAB

t = 0:0.05:10;
A = [0 1 0;0 0 1;-10 -17 -8];
B = [0;0;0];
C = [1 0 0];
D = [0];
y = initial(A,B,C,D,[2;1;0.5],t);
plot(t,y)
grid
title('Resposta à Condição Inicial')
xlabel('t (s)')
ylabel('Saída y')

5.6 | Critério de estabilidade de Routh
2�SUREOHPD�PDLV�LPSRU�DQ�H�UHODFLRQD�R�DRV�VLV�HPDV��H�FRQ�UROH�OLQHDUHV�p�R��D�HV�DELOL�D�H��

,V�R�p��VRE�T�DLV�FRQ�Lo�HV��P�VLV�HPD�VH��RUQDUi�LQV�iYHO��6H�IRU�LQV�iYHO��FRPR��HYHUtDPRV�
HV�DELOL]i�OR��1D�6HomR������IRL�YLV�R�T�H��P�VLV�HPD��H�FRQ�UROH�p�HV�iYHO�VH�H�VRPHQ�H�VH��R�RV�
RV�SRORV��H�PDO�D�IHF�D�D�HV�LYHUHP�VL��D�RV�QR�VHPLSODQR�HVT�HU�R��R�SODQR������PDLRULD��RV�
VLV�HPDV�OLQHDUHV��H�PDO�D�IHF�D�D��HP�I�Qo�HV��H��UDQVIHUrQFLD��H�PDO�D�IHF�D�D��D�IRUPD�
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RQ�H�D�H�E�VmR�FRQV�DQ�HV�H�P�≤�Q��8P�FUL�pULR�VLPSOHV��FRQ�HFL�R�FRPR�FUL�pULR��H�HV�DEL�OL�D�H�
�H�5R�����QRV�SRVVLELOL�D��H�HUPLQDU�R�Q�PHUR��H�SRORV��H�PDO�D�IHF�D�D�T�H�VH�VL��DP�QR�
VHPLSODQR��LUHL�R��R�SODQR����VHP��HU��H�ID�RUDU�R�SROLQ�PLR��R��HQRPLQD�RU���2�SROLQ�PLR�SR�H�
LQFO�LU�SDUkPH�URV�T�H�R�0�7/�%�QmR�SR�H��UD�DU��

FIGURA 5.34
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Critério de estabilidade de Routh.�2�FUL�pULR��H�HV�DELOL�D�H��H�5R����QRV��L]�VH�H[LV�HP�R��
QmR�UDt]HV�LQV�iYHLV�HP��PD�HT�DomR�SROLQRPLDO��VHP�T�H�VHMD�QHFHVViULR�UHVROYr�OD��(V�H�FUL�p�
ULR��H�HV�DELOL�D�H�DSOLFD�VH�VRPHQ�H�D�SROLQ�PLRV�FRP��P�Q�PHUR�ILQL�R��H��HUPRV��4�DQ�R�R�
FUL�pULR�p�DSOLFD�R�D��P�VLV�HPD��H�FRQ�UROH��DV�LQIRUPDo�HV�VREUH�D�HV�DELOL�D�H�DEVRO��D�SR�HP�
VHU�RE�L�DV��LUH�DPHQ�H��RV�FRHILFLHQ�HV��D�HT�DomR�FDUDF�HUtV�LFD�

(LV�R�SURFH�LPHQ�R�QR�FUL�pULR��H�HV�DELOL�D�H��H�5R����

1. (VFUHYD�R�SROLQ�PLR�HP����D�VH��LQ�H�PDQHLUD�

� D���
Q���D���

Q±�����������DQ±�������DQ� ��� ������

 RQ�H�RV�FRHILFLHQ�HV�VmR��UDQ�H]DV�UHDLV��6�SRQ�D�T�H�DQ�≠�0,�isto�é,�qualquer�raiz�nula�
IRL�UHPRYL�D�

2. 6H�DO��P��RV�FRHILFLHQ�HV�IRU�]HUR�R��QH�D�LYR�QD�SUHVHQoD��H�SHOR�PHQRV��P�FRHILFLHQ�H�
SRVL�LYR��HQ�mR�H[LV�LUi��PD�R��YiULDV�UDt]HV�LPD�LQiULDV�R��T�H��HQ�DP�SDU�HV�UHDLV�SRVL�
�LYDV���VVLP��QHVVH�FDVR��R�VLV�HPD�QmR�VHUi�HV�iYHO��6H�HV�LYHUPRV�LQ�HUHVVD�RV�VRPHQ�H�
QD�HV�DELOL�D�H�DEVRO��D��QmR��DYHUi�QHFHVVL�D�H��H�FRQ�LQ�DU�R�SURFH�LPHQ�R��2EVHUYH�
T�H��R�RV�RV�FRHILFLHQ�HV��HYHP�VHU�SRVL�LYRV��(V�D�p��PD�FRQ�LomR�QHFHVViULD��FRPR�
SR�HPRV�YHU�QR�DU��PHQ�R�D�VH��LU���P�SROLQ�PLR�HP����HQ�R�FRHILFLHQ�HV�UHDLV�VHPSUH�
SR�HUi�VHU�ID�RUD�R�HP�ID�RUHV�OLQHDUHV�H�T�D�Ui�LFRV��FRPR������D��H�������E��������RQ�H�
D��E�H���VmR�UHDLV��2V�ID�RUHV�OLQHDUHV�UHV�O�DP�HP�UDt]HV�UHDLV�H�RV�ID�RUHV�T�D�Ui�LFRV��HP�
UDt]HV�FRPSOH[DV�FRQM��D�DV��R�SROLQ�PLR��2�ID�RU�������E�������UHV�O�D�HP�UDt]HV�FRP�
SDU�HV�UHDLV�QH�D�LYDV�VRPHQ�H�VH�E�H���IRUHP�DPERV�SRVL�LYRV��3DUD�T�H��R�DV�DV�UDt]HV�
�HQ�DP�SDU�HV�UHDLV�QH�D�LYDV��DV�FRQV�DQ�HV�D��E����H�F���HP��R�RV�RV�ID�RUHV���HYHP�VHU�
SRVL�LYDV��2�SUR���R��H�T�DOT�HU�Q�PHUR��H�ID�RUHV�OLQHDUHV�H�T�D�Ui�LFRV�T�H�FRQ�HQ�D�
VRPHQ�H�FRHILFLHQ�HV�SRVL�LYRV�UHV�O�D�VHPSUH�HP��P�SROLQ�PLR�FRP�FRHILFLHQ�HV�SRVL�L�
YRV��e�LPSRU�DQ�H�QR�DU�T�H�D�FRQ�LomR��H�T�H��R�RV�RV�FRHILFLHQ�HV�VHMDP�SRVL�LYRV�QmR�
p�V�ILFLHQ�H�SDUD�DVVH��UDU�HV�DELOL�D�H����FRQ�LomR�QHFHVViULD��PDV�QmR�V�ILFLHQ�H�SDUD�D�
HV�DELOL�D�H��p�T�H�RV�FRHILFLHQ�HV��D�(T�DomR������HV�HMDP��R�RV�SUHVHQ�HV�H�T�H��R�RV�
�HQ�DP�VLQDLV�SRVL�LYRV���6H��R�RV�RV�D�IRUHP�QH�D�LYRV��HV�HV�SR�HP�VHU�IHL�RV�SRVL�LYRV��
P�O�LSOLFDQ�R�DPERV�RV�OD�RV��D�HT�DomR�SRU�±����

3. 6H��R�RV�RV�FRHILFLHQ�HV�IRUHP�SRVL�LYRV��RU�DQL]H�RV�FRHILFLHQ�HV��R�SROLQ�PLR�HP�OLQ�DV�
H�FRO�QDV���H�DFRU�R�FRP�R�VH��LQ�H�SD�UmR�

�Q� � D�� D�� D�� D�� ���

�Q���� D�� D�� D�� D�� ���

�Q���� E�� E�� E�� E�� ���

�Q���� ��� ��� ��� ��� ���

�Q���� G�� G�� G�� G�� ���

� �� �� �

� ��� H�� H�

� ��� ��

� ��� J�

2�SURFHVVR��H�IRUPDomR��DV�OLQ�DV�FRQ�LQ�D�D�p�T�H�VH�HV�R�HP��R�RV�RV�HOHPHQ�RV���2�Q�PHUR�
�R�DO��H�OLQ�DV�p�Q�������2V�FRHILFLHQ�HV�E���E���E��H�F��VmR�FDOF�OD�RV�FRPR�VH��H�
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a a a a

b a
a a a a

b a
a a a a

1
1

1 2 0 3

2
1

1 4 0 5

3
1

1 6 0 7

�

=
-

=
-

=
-

2�FiOF�OR��RV�E�FRQ�LQ�D�D�p�T�H�RV�HOHPHQ�RV�UHV�DQ�HV�VHMDP��R�RV�]HURV��2�PHVPR�SD�UmR��H�
P�O�LSOLFDomR�HP�FU�]��RV�FRHILFLHQ�HV��DV���DV�OLQ�DV�DQ�HULRUHV�p�VH��L�R�SDUD�R�FiOF�OR��H����
G��H�H�F��2��VHMD�

c b
b a a b

c b
b a a b

c b
b a a b

1
1

1 3 1 2

2
1

1 5 1 3

3
1

1 7 1 4

�

=
-

=
-

=
-

H

d c
c b b c

d c
c b b c

1
1

1 2 1 2

2
1

1 3 1 3

�

=
-

=
-

(VVH�SURFHVVR�FRQ�LQ�D�D�p�T�H�D�Q�pVLPD�OLQ�D�VHMD�FRPSOH�D�D����PD�UL]�FRPSOH�D��H�FRHILFLHQ�
�HV�p��ULDQ��ODU��2EVHUYH�T�H��DR��HVHQYROYHU�HVVD�PD�UL]���PD�OLQ�D�LQ�HLUD�SR�H�VHU��LYL�L�D�R��
P�O�LSOLFD�D�SRU��P�Q�PHUR�SRVL�LYR���H�PR�R�D�VLPSOLILFDU�RV�FiOF�ORV�Q�PpULFRV�V�EVHT�HQ�HV��
VHP�DO�HUDU�D�FRQFO�VmR�VREUH�D�HV�DELOL�D�H�

2�FUL�pULR��H�HV�DELOL�D�H��H�5R����DILUPD�T�H�R�Q�PHUR��H�UDt]HV��D�(T�DomR������FRP�
SDU�HV�UHDLV�SRVL�LYDV�p�L��DO�DR�Q�PHUR��H�P��DQoDV�QR�VLQDO��RV�FRHILFLHQ�HV��D�SULPHLUD�FRO�QD�
�D�PD�UL]��'HYH�VH�QR�DU�T�H�RV�YDORUHV�H[D�RV��RV��HUPRV�QD�SULPHLUD�FRO�QD�QmR�SUHFLVDP�VHU�
FRQ�HFL�RV���R�FRQ�UiULR��DSHQDV�RV�VLQDLV�VmR�QHFHVViULRV����FRQ�LomR�QHFHVViULD�H�V�ILFLHQ�H�
SDUD�T�H��R�DV�DV�UDt]HV��D�(T�DomR������VH�VL��HP�QR�VHPLSODQR�HVT�HU�R��R�SODQR���p�T�H��R�RV�
RV�FRHILFLHQ�HV��D�(T�DomR������VHMDP�SRVL�LYRV�H�T�H��R�RV�RV�HOHPHQ�RV��D�SULPHLUD�FRO�QD��D�
PD�UL]��HQ�DP�VLQDLV�SRVL�LYRV�

Exemplo 5.11 9DPRV�DSOLFDU�R�FUL�pULR��H�HV�DELOL�D�H��H�5R����DR�VH��LQ�H�SROLQ�PLR��H��HUFHLUD�RU�HP�

D��
����D��

����D�����D�� ��

RQ�H��R�RV�RV�FRHILFLHQ�HV�VmR�Q�PHURV�SRVL�LYRV����PD�UL]��RV�FRHILFLHQ�HV�p�

� ��� D�� D�

� ��� D�� D�

� ��� D
D D D D

1

1 2 0 3-

� ��� D�

��FRQ�LomR�SDUD�T�H��R�DV�DV�UDt]HV��HQ�DP�SDU�HV�UHDLV�QH�D�LYDV�p��D�D�SRU�

D�D��>�D�D�
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Exemplo 5.12 �RQVL�HUH�R�VH��LQ�H�SROLQ�PLR�

������������������������ ��

9DPRV�VH��LU�R�SURFH�LPHQ�R�YLV�R�H�FRQV�U�LU�D�PD�UL]��H�FRHILFLHQ�HV����V���DV�SULPHLUDV�OLQ�DV�
SR�HP�VHU�RE�L�DV��LUH�DPHQ�H�D�SDU�LU��R�SROLQ�PLR��D�R��2V��HUPRV�UHV�DQ�HV�VmR�RE�L�RV�D�SDU�LU�
�HV�HV��6H�DO��P��RV�FRHILFLHQ�HV�IRU�LQH[LV�HQ�H��HV�H�SR�HUi�VHU�V�EV�L��t�R�SRU�]HURV�QD��DEHOD��

�� � � � �� � � �

�� � � � �� � � � ��VH��Q�D�OLQ�D�
p��LYL�L�D�SRU���� � �

�� � � �� � �

�� ±�� �� ±��

�� � �� �

1HV�H�H[HPSOR��R�Q�PHUR��H�P��DQoDV�QR�VLQDO��RV�FRHILFLHQ�HV�QD�SULPHLUD�FRO�QD�p����,VVR�
T�HU��L]HU�T�H�H[LV�HP���DV�UDt]HV�FRP�SDU�HV�UHDLV�SRVL�LYDV��1R�H�T�H�R�UHV�O�D�R�QmR�VH�DO�HUD�
T�DQ�R�RV�FRHILFLHQ�HV��H��PD�OLQ�D�VmR�P�O�LSOLFD�RV�R���LYL�L�RV�SRU��P�Q�PHUR�SRVL�LYR��
YLVDQ�R�VLPSOLILFDU�R�FiOF�OR�

Casos especiais.�6H��P��HUPR�QD�SULPHLUD�FRO�QD��H�T�DOT�HU�OLQ�D�IRU�Q�OR��PDV�RV��HUPRV�
UHV�DQ�HV�QmR�IRUHP�Q�ORV�R��QmR�H[LV�LUHP��HQ�mR�R��HUPR�Q�OR�VHUi�V�EV�L��t�R�SRU��P�Q�PHUR�
positivo�muito�pequeno�ϵ�e�o�resto�da�matriz�será�calculada.�Considere,�por�exemplo,�a�seguin�
�H�HT�DomR�

� ����������������� ��� ������

��PD�UL]��H�FRHILFLHQ�HV�p

��� �� �

��� �� �

��� 0�≈�ϵ

� ��� �

Se�o�sinal�do�coeficiente�acima�do�zero�(ϵ)�é�o�mesmo�do�coeficiente�abaixo,�isso�indica�que�existe�
�P�SDU��H�UDt]HV�LPD�LQiULDV��'H�ID�R��D�(T�DomR�������HP���DV�UDt]HV�HP��� ���M�

Entretanto,�se�o�sinal�do�coeficiente�acima�do�zero�(ϵ)�for�oposto�ao�do�coeficiente�abaixo,�
LVVR�LQ�LFD�T�H�H[LV�H��PD�P��DQoD��H�VLQDO��3RU�H[HPSOR��QD�HT�DomR

���±�������� ����±������������ ��

D�PD�UL]��RV�FRHILFLHQ�HV�p�

8PD�P��DQoD��H�VLQDO��

�� � ±��

�� 0�≈�ϵ �

�� 3 2
e

- -

�� �

� 8PD�P��DQoD��H�VLQDO�

2FRUUHUDP���DV�P��DQoDV��H�VLQDO��RV�FRHILFLHQ�HV�QD�SULPHLUD�FRO�QD��3RU�DQ�R���i���DV�UDt]HV�
QR�VHPLSODQR��LUHL�R��R�SODQR����,VVR�HV�i��H�DFRU�R�FRP�R�UHV�O�D�R�FRUUH�R�LQ�LFD�R�SHOD�IRUPD�
ID�RUD�D��D�HT�DomR�SROLQRPLDO�

6H��R�RV�RV�FRHILFLHQ�HV�HP��PD�OLQ�D�FDOF�OD�D�IRUHP�Q�ORV��LVVR�LQ�LFD�T�H��i�UDt]HV��H�
PHVPR�YDORU��UD�LDOPHQ�H�RSRV�DV��VL��D�DV�QR�SODQR�����LV�R�p����DV�UDt]HV�UHDLV��H�L��DO�YDORU�H�
VLQDLV�RSRV�RV�H�R����DV�UDt]HV�LPD�LQiULDV�FRQM��D�DV��1HVVH�FDVR��SR�H�VH�FRQ�LQ�DU�R�FiOF�OR�
�R�UHV�R��D�PD�UL]��IRUPDQ�R�VH��P�SROLQ�PLR�D�[LOLDU�FRP�RV�FRHILFLHQ�HV��D��O�LPD�OLQ�D�H�
��LOL]DQ�R�RV�FRHILFLHQ�HV��D��HULYD�D��HVVH�SROLQ�PLR�QD�SUy[LPD�OLQ�D��(VVDV�UDt]HV��H�L��DO�
YDORU�H�VL��D�DV�UD�LDOPHQ�H�RSRV�DV�QR�SODQR���SR�HP�VHU��H�HUPLQD�DV�UHVROYHQ�R�R�SROLQ�PLR�
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D�[LOLDU��T�H�p�VHPSUH�SDU��3DUD��P�SROLQ�PLR�D�[LOLDU��H��UD���Q��H[LV�HP�Q�SDUHV��H�UDt]HV�L��DLV�
H�RSRV�DV��3RU�H[HPSOR��FRQVL�HUH�D�VH��LQ�H�HT�DomR�

�����������������������±�����±���� ��

��PD�UL]��H�FRHILFLHQ�HV�p�

��� �� ��� ±���

� ��� 2� 48� –�50� ←�Polinômio�auxiliar�3���

� ��� �� �

2V��HUPRV�QD�OLQ�D����VmR��R�RV�Q�ORV���1R�H�T�H�HVVH�FDVR�RFRUUH�VRPHQ�H�HP��PD�OLQ�D��H�
Q�PHUR�tPSDU���2�SROLQ�PLR�D�[LOLDU�p��HQ�mR��IRUPD�R�D�SDU�LU��RV�FRHILFLHQ�HV��D�OLQ�D�����2�
SROLQ�PLR�D�[LOLDU�3����p�

3���� ������������±���

R�T�H�LQ�LFD�T�H�H[LV�HP��RLV�SDUHV��H�UDt]HV��H�L��DO�YDORU�H�VLQDLV�RSRV�RV��LV�R�p����DV�UDt]HV�
UHDLV�FRP�R�PHVPR�YDORU��PDV�VLQDLV�RSRV�RV�R����DV�UDt]HV�FRPSOH[DV�FRQM��D�DV�QR�HL[R�
LPD�LQiULR���(VVHV�SDUHV�VmR�RE�L�RV�UHVROYHQ�R�VH�D�HT�DomR�SROLQRPLDO�D�[LOLDU�3���� ������
�HULYD�D��H�3����HP�UHODomR�D���p�

8 96ds
dP s s s3

= +
^ h

2V��HUPRV�QD�OLQ�D����VmR�V�EV�L��t�RV�SHORV�FRHILFLHQ�HV��D��O�LPD�HT�DomR���LV�R�p����H�������
PD�UL]��H�FRHILFLHQ�HV��RUQD�VH��HQ�mR�

� ��� �� ��� ±���

� ��� �� ��� ±���

� ��� 8� 96� � ←�Coeficientes�de�G3����G�

� ��� ��� ±���

� ��� ������ �

� ��� ±���

9HPRV�T�H�RFRUUH��PD�P��DQoD��H�VLQDO�QD�SULPHLUD�FRO�QD��D�QRYD�PD�UL]���VVLP��D�HT�DomR�RUL�LQDO�
�HP��PD�UDL]�FRP��PD�SDU�H�UHDO�SRVL�LYD��5HVROYHQ�R�VH�DV�UDt]HV��D�HT�DomR�SROLQRPLDO�D�[LOLDU�

�����������±���� ��

RE�HPRV

��� ���� ��� �±���

R�

�� ����� �� ��M�

(VVHV��RLV�SDUHV��H�UDt]HV��H�3����ID]HP�SDU�H��DV�UDt]HV��D�HT�DomR�RUL�LQDO��'H�ID�R��D�HT�DomR�
RUL�LQDO�SR�H�VHU�HVFUL�D�QD�IRUPD�ID�RUD�D��FRPR�D�VH��LU�

����������±��������M�����±�M���������� ��

e�HYL�HQ�H�T�H�D�HT�DomR�RUL�LQDO��HP��PD�UDL]�FRP��PD�SDU�H�UHDO�SRVL�LYD�

Análise da estabilidade relativa.�2�FUL�pULR��H�HV�DELOL�D�H��H�5R����IRUQHFH�D�UHVSRV�D�SDUD�D�
T�HV�mR��D�HV�DELOL�D�H�DEVRO��D��,VVR��HP�P�L�RV�FDVRV�SUi�LFRV��QmR�p�V�ILFLHQ�H��1RUPDOPHQ�H�
p�QHFHVViULD��PD�LQIRUPDomR�VREUH�D�HV�DELOL�D�H�UHOD�LYD��R�VLV�HPD��8P�Pp�R�R�HILFLHQ�H�SDUD�
H[DPLQDU�D�HV�DELOL�D�H�UHOD�LYD�p��HVORFDU�R�HL[R��R�SODQR���H�DSOLFDU�R�FUL�pULR��H�HV�DELOL�D�H�
�H�5R�����,V�R�p��V�EV�L��L�VH

�� �ŝ�±�v� �v� �FRQV�DQ�H�

QD�HT�DomR�FDUDF�HUtV�LFD��R�VLV�HPD��HVFUHYH�VH�R�SROLQ�PLR�HP��HUPRV��H�ŝ�H�DSOLFD�VH�R�FUL�pULR�
�H�HV�DELOL�D�H��H�5R����DR�QRYR�SROLQ�PLR�HP�ŝ��2�Q�PHUR��H�P��DQoDV��H�VLQDO�QD�SULPHLUD�
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FRO�QD��D�PD�UL]��HVHQYROYL�D�SDUD�R�SROLQ�PLR�HP�ŝ�p�L��DO�DR�Q�PHUR��H�UDt]HV�T�H�HV�mR�
ORFDOL]D�DV�j��LUHL�D��D�OLQ�D�YHU�LFDO��� �±v���VVLP��HVVH��HV�H�UHYHOD�R�Q�PHUR��H�UDt]HV�T�H�VH�
VL��DP�j��LUHL�D��D�OLQ�D�YHU�LFDO��� �±v�

Aplicação do critério de estabilidade de Routh à análise de sistemas de controle.�2�
FUL�pULR��H�HV�DELOL�D�H��H�5R����p��H���LOL�D�H�OLPL�D�D�QD�DQiOLVH��H�VLV�HPDV��H�FRQ�UROH�OLQHD�
UHV��SULQFLSDOPHQ�H�SRUT�H�QmR�V��HUH�FRPR�PHO�RUDU�D�HV�DELOL�D�H�UHOD�LYD�R��FRPR�HV�DELOL]DU�
�P�VLV�HPD�LQV�iYHO��e�SRVVtYHO��HQ�UH�DQ�R���H�HUPLQDU�RV�HIHL�RV��D�P��DQoD��H��P�R���RLV�
SDUkPH�URV��H��P�VLV�HPD�H[DPLQDQ�R�RV�YDORUHV�T�H�FD�VDP�D�LQV�DELOL�D�H����VH��LU��FRQVL�
�HUDUHPRV�R�SUREOHPD��D��H�HUPLQDomR��R�LQ�HUYDOR��H�YDULDomR��H��P�SDUkPH�UR��FRPSD�tYHO�
FRP�D�HV�DELOL�D�H��R�VLV�HPD�

�RQVL�HUH�R�VLV�HPD�PRV�UD�R�QD�)L��UD�������9DPRV��H�HUPLQDU�R�LQ�HUYDOR��H�YDORUHV��H�.�
SDUD�T�H��DMD�HV�DELOL�D�H����I�QomR��H��UDQVIHUrQFLD��H�PDO�D�IHF�D�D�p�

R s
C s

s s s s K
K
1 22=

+ + + +^
^

^ ^h
h

h h

��HT�DomR�FDUDF�HUtV�LFD�p�

����������������������.� ��

��PD�UL]��H�FRHILFLHQ�HV�p��HQ�mR�

� ��� �� �� .

� ��� �� �� �

� ��� 3
7 � .

� ��� ��±�
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� ��� .

3DUD�T�H��DMD�HV�DELOL�D�H��.�H��R�RV�RV�FRHILFLHQ�HV�QD�SULPHLUD�FRO�QD��HYHP�VHU�SRVL�LYRV��
�VVLP�

9
14

�>�K�>�0

4�DQ�R�.� � 9
14

��R�VLV�HPD��RUQD�VH�RVFLOD�yULR�H��PD�HPD�LFDPHQ�H��D�RVFLODomR�p�PDQ�L�D�FRP�

DPSOL���H�FRQV�DQ�H�

1R�H�T�H�RV�OLPL�HV��RV�SDUkPH�URV��H�SURMH�R�T�H�OHYDP�j�HV�DELOL�D�H�SR�HP�VHU��H�HUPL�
QD�RV�SHOR��VR��R�FUL�pULR��H�HV�DELOL�D�H��H�5R����

5.7 | Efeitos das ações de controle integral e 
derivativo no desempenho dos sistemas

1HV�D�VHomR��HV���DUHPRV�RV�HIHL�RV��DV�Do�HV��H�FRQ�UROH�LQ�H�UDO�H��HULYD�LYR�QR��HVHP�
SHQ�R��R�VLV�HPD���T�L��VHUmR�FRQVL�HUD�RV�VRPHQ�H�VLV�HPDV�VLPSOHV���H�PR�R�T�H�RV�HIHL�RV�
�DV�Do�HV��H�FRQ�UROH�LQ�H�UDO�H��HULYD�LYR�VREUH�R��HVHPSHQ�R��R�VLV�HPD�SRVVDP�VHU�YLV�RV�
FRP�FODUH]D�

FIGURA 5.35

+
–

R(s) C(s)K
s(s2 + s + 1) (s + 2)

Sistema de 
controle.
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Ação de controle integral.�1R�FRQ�UROH�SURSRUFLRQDO��H��PD�SODQ�D��F�MD�I�QomR��H��UDQVIH�
UrQFLD�QmR�SRVV�L��P�LQ�H�UD�RU������H[LV�H��P�HUUR�HV�DFLRQiULR��R��HUUR�UHVL��DO��QD�UHVSRV�D�D�
�PD�HQ�UD�D�HP��H�UD���(VVH�HUUR�UHVL��DO�SR�H�VHU�HOLPLQD�R�VH��PD�DomR��H�FRQ�UROH�LQ�H�UDO�
IRU�LQFO�t�D�QR�FRQ�UROD�RU�

1R�FRQ�UROH�LQ�H�UDO��H��PD�SODQ�D��R�VLQDO��H�FRQ�UROH���R�VLQDO��H�VDt�D��R�FRQ�UROD�RU���
HP�T�DOT�HU�LQV�DQ�H�p�D�iUHD�VRE�D�F�UYD��R�VLQDO��H�HUUR�D��DQ�H��D�p�DT�HOH�PRPHQ�R��2�VLQDO�
�H�FRQ�UROH�X����SR�H��HU��P�YDORU�QmR�Q�OR�T�DQ�R�R�VLQDO��H�HUUR�D��DQ�H�H����IRU�]HUR��FRPR�VH�
SR�H�YHU�QD�)L��UD������D���,VVR�p�LPSRVVtYHO�QR�FDVR��R�FRQ�UROD�RU�SURSRUFLRQDO���PD�YH]�T�H�
�P�VLQDO��H�FRQ�UROH�QmR�Q�OR�UHT�HU��P�VLQDO��H�HUUR�D��DQ�H�QmR�Q�OR���8P�VLQDO��H�HUUR�D��DQ�H�
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Ação de controle derivativo.�8PD�DomR��H�FRQ�UROH��HULYD�LYR��T�DQ�R�DFUHVFHQ�D�D�D��P�
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p�SRVVtYHO�RE�HU�YDORUHV�SHT�HQRV��DQ�R�SDUD�R�HUUR�HV�DFLRQiULR�HVV��FRUUHVSRQ�HQ�H�D��PD�HQ�UD�D�
HP�UDPSD��FRPR�SDUD�R�Pi[LPR�VREUHVVLQDO�SDUD��PD�HQ�UD�D�HP��H�UD���ID]HQ�R�T�H�R�YDORU�
�H���VHMD�SHT�HQR��R��H�.S��HOHYD�R��H�R��H�.G�seja�grande�o�bastante�para�que�o�valor�de�ζ�fique�
HQ�UH�����H�����

5.8 | Erros estacionários em sistemas de 
controle com realimentação unitária
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LQ�H�UD�RUHV�QR�UDPR��LUH�R��(Q�UH�DQ�R��LVVR�LQ�UR��]��P�SUREOHPD�D�LFLRQDO��H�HV�DELOL�D�H��
2�SURMH�R��H��P�VLV�HPD�VD�LVID�yULR�FRP�PDLV��H��RLV�LQ�H�UD�RUHV�HP�VpULH�QR�UDPR��LUH�R�
�HUDOPHQ�H�QmR�p�IiFLO�

 | Exemplos de problemas com soluções

������ 1R�VLV�HPD��D�)L��UD����������)�é�o�deslocamento�de�entrada�e�θ(���p�R��HVORFDPHQ�R�DQ��ODU��H�
VDt�D��6�SRQ�D�T�H�DV�PDVVDV�HQYROYL�DV�VHMDP��HVSUH]tYHLV�H�D�UHV�ULomR��H��R�RV�RV�PRYLPHQ�
�RV�VHMD�SHT�HQD��HQ�mR��R�VLV�HPD�SR�H�VHU�FRQVL�HUD�R�OLQHDU���V�FRQ�Lo�HV�LQLFLDLV��H���e�θ�
VmR�Q�ODV��R��VHMD���(0–)�=�0�e�θ(0–)�=�0.�Mostre�que�esse�sistema�é�um�elemento�derivador.�Em�
seguida,�obtenha�a�resposta�θ(���T�DQ�R������IRU��P��H�UD���QL�iULR�
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FIGURA 5.49
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1R�H�T�H��VH�R�YDORU��H�N�E�for�grande,�a�resposta�θ(���VH�DSUR[LPDUi��H��P�VLQDO�HP�IRUPD��H�
S�OVR��FRPR�PRV�UD�D�)L��UD������

������ �RQM�Q�RV��H�HQ�UHQD�HQV�VmR�IUHT�HQ�HPHQ�H���LOL]D�RV�QRV�VHUYRVVLV�HPDV�SDUD�UH��]LU�D�YHOR�
FL�D�H��D�PHQ�DU�R��RUT�H�R��RE�HU��UDQVIHUrQFLD��H�SR�rQFLD�PDLV�HILFD]��D�HT�DQ�R�D�UR�DomR�
�R�PR�RU�FRP�D��D�FDU�D�FRQVL�HUD�D�

�RQVL�HUH�R�VLV�HPD��H�HQ�UHQD�HQV�PRV�UD�R�QD�)L��UD�������1HVVH�VLV�HPD��D�FDU�D�p�DFLRQD�D�
SRU��P�PR�RU��SRU�PHLR��H��P�FRQM�Q�R��H�HQ�UHQD�HQV��6�SRQ�R�T�H�D�UL�L�H]��RV�HL[RV��R�
FRQM�Q�R��H�HQ�UHQD�HQV�VHMD�LQILQL�D��QmR�H[LV�D�QHP�IRO�D�QHP��HIRUPDomR�HOiV�LFD��H�T�H�R�
Q�PHUR��H��HQ�HV��H�FD�D�HQ�UHQD�HP�VHMD�SURSRUFLRQDO�DR�UHVSHF�LYR�UDLR��RE�HQ�D�R�PRPHQ�R�
�H�LQpUFLD�HT�LYDOHQ�H�H�R�FRHILFLHQ�H��H�D�UL�R�YLVFRVR�HT�LYDOHQ�H��UHIHUL�RV�DR�HL[R��R�PR�RU�
H�DR�HL[R��D�FDU�D�

1D�)L��UD�������R�Q�PHUR��H��HQ�HV�QDV�HQ�UHQD�HQV���������H���VmR������������H�����UHVSHF�LYDPHQ�H��
O�deslocamento�angular�dos�eixos�1,�2�e�3�são�θ�,�θ��e�θ�,�respectivamente.�Assim,�θ��/θ�� �������
e�θ�/θ�� ��������2�PRPHQ�R��H�LQpUFLD�H�R�FRHILFLHQ�H��H�D�UL�R�YLVFRVR��H�FD�D�HQ�UHQD�HP�VmR�
�HVL�QD�RV�FRPR�-���E���-���E���H�-���E���UHVSHF�LYDPHQ�H���-��H�E��LQFO�HP�R�PRPHQ�R��H�LQpUFLD�
H�R�FRHILFLHQ�H��H�D�UL�R��D�FDU�D��

FIGURA 5.50
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Entrada em 
degrau unitário 
e resposta 
do sistema 
mecânico 
mostrado na 
Figura 5.49.

FIGURA 5.51
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J2, b2

J3, b3

Sistema de 
engrenagens.
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Solução��3DUD�HVVH�VLV�HPD��H�HQ�UHQD�HQV��SR�HPRV�RE�HU�DV�VH��LQ�HV�HT�Do�HV��SDUD�R�HL[R���
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�R�UHV�DQ�H��R�FRQM�Q�R��H�HQ�UHQD�HQV��3DUD�R�HL[R���

� -�i� ����E�i� ����7�� �7�� ������
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��UHODomR�HQ�UH�-�HT�H�-�HT�p��HQ�mR�
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�HQV�������H��������3DUD�FRQM�Q�RV��H�HQ�UHQD�HQV�UH���RUHV��H�YHORFL�D�H��DV�UHODo�HV�������H�
������QRUPDOPHQ�H�VmR�PHQRUHV�T�H�D��QL�D�H��6H�����������H������������HQ�mR�R�HIHL�R��H�-��H�
-��QR�PRPHQ�R��H�LQpUFLD�HT�LYDOHQ�H�-�HT�p��HVSUH]tYHO����PHVPD�REVHUYDomR�VH�DSOLFD�DR�FRHIL�
FLHQ�H��H�D�UL�R�YLVFRVR�HT�LYDOHQ�H�E�HT��R�FRQM�Q�R��H�HQ�UHQD�HQV��(P��HUPRV��R�PRPHQ�R��H�
LQpUFLD�HT�LYDOHQ�H�-�HT�H��R�FRHILFLHQ�H��H�D�UL�R�YLVFRVR�HT�LYDOHQ�H�E�HT��D�(T�DomR������SR�H�
VHU�VLPSOLILFD�D��UHV�O�DQ�R�

-�HTi� ����E�HTi� ����Q7/� �7P
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2 4

1 3=

������ 4�DQ�R�R�VLV�HPD�PRV�UD�R�QD�)L��UD������D��p�V�EPH�L�R�D��P��H�UD���QL�iULR��H�HQ�UD�D��R�
VLV�HPD�UHVSRQ�H�FRP��PD�VDt�D�FRPR�D�LQ�LFD�D�QD�)L��UD�����E��'H�HUPLQH�RV�YDORUHV��H�.�H�
7�D�SDU�LU��D�F�UYD��H�UHVSRV�D�

Solução.�O�máximo�sobressinal�de�25,4%�corresponde�a�ζ�=�0,4.�Da�curva�de�resposta,�obtemos:

�S� ��

�RQVHT�HQ�HPHQ�H�

,
3�

1 1 0 4p
d n n

2 2~
r

~ g

r

~

r= =
-

=
-

=

6H��H�VH�T�H

~Q� �����

FIGURA 5.52
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(a) Sistema de 
malha fechada; 
(b) curva de 
resposta ao 
degrau unitário.
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������ 1R�VLV�HPD�PRV�UD�R�QD�)L��UD�������RV�YDORUHV�Q�PpULFRV��H�P��E�H�N�VmR��D�RV�FRPR�P� ���N���
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Programa 5.18 em MATLAB

% ------- Resposta ao degrau unitário de 
% C(s)/R(s) e expansão em frações parciais 
% de C(s) -------

num = [3 25 72 80];
den = [1 8 40 96 80];
step(num,den);
v = [0 3 0 1.2]; axis(v), grid

% Para obter a expansão em frações parciais 
% de C(s), digite os comandos
%  num1 = [3 25 72 80];
%  den1 = [1 8 40 96 80 0];
%  [r,p,k] = residue(num1,den1)

num1 = [25 72 80];
den1 = [1 8 40 96 80 0];
[r,p,k] = residue(num1,den1)

r =
  – 0.2813 – 0.1719i
  – 0.2813 + 0.1719i
  – 0.4375
  – 0.3750
  – 1.0000

p =
  – 2.0000 + 4.0000i
  – 2.0000 – 4.0000i
  – 2.0000
  – 2.0000
  – 0

k =
  []

(Q�mR��D�UHVSRV�D�QR��HPSR������SR�H�VHU��D�D�SRU�

����� �±�������H±����FRV������������H±����VHQ���

±�������H±����±�������H±�������

��F�UYD��H�UHVSRV�D�p��PD�V�SHUSRVLomR��H��PD�F�UYD�H[SRQHQFLDO�FRP��PD�VHQRL�H�DPRU�HFL�D��
FRQIRUPH�VH�SR�H�YHU�QD�)L��UD������
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Solução��2�3UR�UDPD������HP�0�7/�%�SUR��]��DQ�R�D� UHVSRV�D�DR��H�UD���QL�iULR�FRPR�D�
UHVSRV�D�j�UDPSD��QL�iULD��R�VLV�HPD��D�R����F�UYD��H�UHVSRV�D�DR��H�UD���QL�iULR�H�D�F�UYD��H�
UHVSRV�D�j�UDPSD��QL�iULD��M�Q�DPHQ�H�FRP�D�HQ�UD�D�HP�UDPSD��QL�iULD��VmR�PRV�UD�DV�QDV�IL��UDV�
�����D��H��E���UHVSHF�LYDPHQ�H�

2EVHUYH�T�H�D�F�UYD��H�UHVSRV�D�DR��H�UD���QL�iULR�DSUHVHQ�D��P�VREUHVVLQDO�V�SHULRU�D���������
F�UYD��H�UHVSRV�D�j�UDPSD��QL�iULD�HV�i�DYDQoD�D�HP�UHODomR�j�F�UYD��R�VLQDO��H�HQ�UD�D��(VVHV�
IHQ�PHQRV�RFRUUHP�SRU�FD�VD��D�SUHVHQoD��H��P��UDQ�H��HUPR��HULYD�LYR�QR�Q�PHUD�RU�

Programa 5.19 em MATLAB

num = [10 4];
den = [1 4 4];
t = 0:0.02:10;
y = step(num,den,t);
plot(t,y)
grid
title('Resposta do Degrau Unitário')
xlabel('t (s)')
ylabel('Output')

num1 = [10 4];
den1 = [1 4 4 0];
y1 = step(num1,den1,t);
plot(t,t,'--',t,y1)
v = [0 10 0 10]; axis(v);
grid
title('Resposta à Rampa Unitária')
xlabel('t (s)')
ylabel('Entrada e Saída em Rampa Unitária')
text(6.1,5.0,'Entrada em Rampa Unitária')
text(3.5,7.1,'Saída')

FIGURA 5.56

A
m

pl
itu

de

Tempo (s)

Resposta ao degrau

0,6

0,4

0,2

0,8

1

1,2

0
0 0,5 1 1,5 2 2,5 3

Curva de 
resposta ao 
degrau unitário.

217Capítulo 5 – Análise de resposta transitória e de regime estacionário



������� �RQVL�HUH�R�VLV�HPD��H�RU�HP�V�SHULRU��HILQL�R�SRU�

, ,
, ,

R s
C s

s s s s
s s

6 11 3223 18 12 811
6 3223 18 12 811

4 3 2

2

=
+ + + +

+ +
^
^
h
h

8�LOL]DQ�R�R�0�7/�%���HVHQ�H�D�F�UYD��H�UHVSRV�D�DR��H�UD���QL�iULR��HVVH�VLV�HPD��8�LOL�]DQ�R�
R�0�7/�%��RE�HQ�D�R��HPSR��H�V�EL�D��R��HPSR��H�SLFR��R�Pi[LPR�VREUHVVLQDO�H�R��HPSR�
�H��DFRPR�DomR�

Solução.�2�3UR�UDPD������HP�0�7/�%�LPSULPH�D�F�UYD��H�UHVSRV�D�DR��H�UD���QL�iULR��EHP�
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�DomR����F�UYD��H�UHVSRV�D�DR��H�UD���QL�iULR�p�PRV�UD�D�QD�)L��UD������

FIGURA 5.57
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Programa 5.20 em MATLAB

% ------- Este programa destina-se a desenhar a curva de resposta ao degrau
% unitário bem como fornece o tempo de subida, o tempo de pico, o máximo sobressinal 
e o tempo de acomodação.
% Neste programa o tempo de subida é o tempo requerido para que a resposta suba
% desde 10% até 90% de seu valor final. -------

num = [6.3223 18 12.811];
den = [1 6 11.3223 18 12.811];
t = 0:0.02:20;
[y,x,t] = step(num,den,t);
plot(t,y)
grid
title('Resposta ao Degrau Unitário')
xlabel('t (s)')
ylabel('Saída y(t)')

r1 = 1; while y(r1) < 0.1, r1 = r1+1; end;
r2 = 1; while y(r2) < 0.9, r2 = r2+1; end;
rise_time = (r2-r1)*0. 02

rise_time =
 0.5800

[ymax,tp] = max(y);
peak_time = (tp-1)*0.02

peak_time =
 1.6600

max_overshoot = ymax-1

max_overshoot =
 0.6182

s = 1001; while y(s) > 0.98 & y(s) < 1.02; s = s-1; end;
settling_time = (s-1)*0.02

settling_time =
 10.0200

FIGURA 5.58
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Caso�1:�ζ�=�0,3,� ~Q� ��

Caso�2:�ζ�=�0,5,� ~Q� ��

Caso�3:�ζ�=�0,7,� ~Q� ��

Caso�4:�ζ�=�0,8,� ~Q� ��

Solução��'HILQD�~�
Q� �D�e�2ζ~Q� �E��(Q�mR��RV�YH�RUHV�D�H�E��rP�T�D�UR�HOHPHQ�RV�FD�D��P��FRPR�VH��H�

� D� ���� �� ��� ���

� E� ������ �� ���� ����

8�LOL]DQ�R�RV�YH�RUHV�D�H�E��R�3UR�UDPD������HP�0�7/�%�IRUQHFH�DV�F�UYDV��H�UHVSRV�D�DR�
�H�UD���QL�iULR��FRPR�PRV�UD�D�)L��UD������

Programa 5.21 em MATLAB

a = [1 4 16 36];
b = [0.6 2 5.6 9.6];
t = 0:0.1:8;
y = zeros(81,4);
  for i = 1:4;
  num = [a(i)];
  den = [1 b(i) a(i)];
  y(:,i) = step(num,den,t);
  end
plot(t,y(:,1),'o',t,y(:,2),'x',t,y(:,3),'-',t,y(:,4),'-.')
grid
title('Curvas de Resposta ao Degrau Unitário para os Quatro Casos')
xlabel('t (s)')
ylabel('Saídas')
gtext('1')
gtext('2')
gtext('3')
gtext('4')

FIGURA 5.59
Curvas de resposta ao degrau unitário

para os quatro casos
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Solução��2�3UR�UDPD������HP�0�7/�%�IRUQHFH�D�UHVSRV�D�j�UDPSD��QL�iULD�H�D�UHVSRV�D�j�
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Programa 5.22 em MATLAB

% --------- Resposta à Rampa Unitária ---------

num = [1 10];

den = [1 6 9 10];

t = 0:0.1:10;

r = t;

y = lsim(num,den,r,t);

plot(t,r,'-',t,y,'o')

grid

title('Resposta à Rampa Unitária com o Uso de Comando "lsim"')

xlabel('t (s)')

ylabel('Saída')

text(3.2,6.5,'Entrada em Rampa Unitária')

text(6.0,3.1,'Saída')

% --------- Resposta à Entrada r1 = exp(-0.5t). ---------

num = [0 0 1 10];

den = [1 6 9 10];

t = 0:0.1:12;

r1 = exp(-0.5*t);

y1 = lsim(num,den,r1,t);

plot(t,r1,'-',t,y1,'o')

grid

title('Resposta à Entrada r1 = exp(-0.5t)')

xlabel('t (s)')

ylabel('Entrada e Saída')

text(1.4,0.75,'Entrada r1 = exp(-0.5t)')

text(6.2,0.34,'Saída')
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FIGURA 5.60
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Programa 5.23 em MATLAB

num = [5];
den = [1 1 5];
t = 0:0.05:10;
r = 2+t;
c = lsim(num,den,r,t);
plot(t,r,'-',t,c,'o')
grid
title('Resposta à Entrada r(t) = 2 + t')
xlabel('t (s)')
ylabel('Saída c(t) e Entrada r(t) = 2 + t')

������� 2E�HQ�D�D�UHVSRV�D��R�VLV�HPD�PRV�UD�R�QD�)L��UD�������T�DQ�R�D�HQ�UD�D������IRU��D�D�SRU�
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FIGURA 5.61
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Programa 5.24 em MATLAB

num = [2];
den = [1 1 2];
t = 0:0.2:10;
r = 0.5*t.^2;
y = lsim(num,den,r,t);
plot(t,r,'-',t,y,'o',t,y,'-')
grid
title('Resposta à Aceleração Unitária')
xlabel('t (s)')
ylabel('Entrada e Saída')
text(2.1,27.5,'Entrada em Aceleração Unitária')
text(7.2,7.5,'Saída')
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�H�UD���QL�iULR�

Solução.�2�3UR�UDPD������HP�0�7/�%�p��PD�RSomR��H�SUR�UDPD�SDUD�RE�HU�RV��UiILFRV�EL�L�
PHQVLRQDO�H��UL�LPHQVLRQDO����)L��UD������D��PRV�UD�R��UiILFR�EL�LPHQVLRQDO��DV�F�UYDV��H�UHV�
posta�ao�degrau�unitário�para�vários�valores�de�ζ.�A�Figura�5.64(b)�exibe�o�gráfico�tridimensional�
RE�L�R�SHOR�FRPDQ�R��PHV������H�D�)L��UD������F��p�RE�L�D�FRP�R��VR��R�FRPDQ�R��PHV���' ���
�(VVHV��RLV��UiILFRV��UL�LPHQVLRQDLV�VmR�EDVLFDPHQ�H�RV�PHVPRV�����QLFD��LIHUHQoD�p�T�H�R�HL[R�
��H�R�HL[R���VmR�SHUP��D�RV��

FIGURA 5.63
Resposta à aceleração unitária
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Programa 5.25 em MATLAB

t = 0:0.2:12;
  for n = 1:6;
  num = [1];
  den = [1 2*(n-1)*0.2 1];
  [y(1:61,n),x,t] = step(num,den,t);
  end
plot(t,y)
grid
title('Curvas de Resposta ao Degrau Unitário')
xlabel('t s')
ylabel('Saídas')
gtext('\zeta = 0'),
gtext('0.2')
gtext('0.4')
gtext('0.6')
gtext('0.8')
gtext('1.0')

% Para desenhar um gráfico tridimensional, digite o seguinte comando: mesh(y) ou mesh(y').
% Mostramos dois gráficos tridimensionais, um usando 'mesh(y)' e o outro usando
% 'mesh(y')'. Esses dois gráficos são os mesmos, exceto que os eixos x e são y são
% permutados.

mesh(y)
title('Gráfico Tridimensional das Curvas de Resposta do Degrau Unitário com o Uso do Comando 
"mesh(y)"')
xlabel('n, onde n = 1,2,3,4,5,6')
ylabel('Valores de Tempo Computados')
zlabel('Saídas')

mesh(y')
title('Gráfico Tridimensional das Curvas de Resposta ao Degrau Unitário com o Uso do Comando
"mesh(y permutado)"')
xlabel('Valores de Tempo Computados')
ylabel('n, onde n = 1,2,3,4,5,6')
zlabel('Saídas')

FIGURA 5.64

(a)

0
0

0,2

0,4

0,6

0,8

1

1,2

1,4

1,6

1,8

2

2 4 6 8 10 12

Sa
íd

a

t (s)

z = 0ζ = 0

0.20,2

0.40,4

0.60,6
0.80,8
1.01,0

Curvas de resposta ao degrau unitário(a) Gráfico 
bidimensional 
das curvas de 
resposta ao 
degrau unitário; 
(b) gráfico 
tridimensional 
das curvas de 
resposta ao 
degrau unitário 
com o uso 
do comando 
'mesh(y)' 
(c) gráfico 
tridimensional 
das curvas de 
resposta ao 
degrau unitário 
com o uso 
do comando 
'mesh(y’)'.

225Capítulo 5 – Análise de resposta transitória e de regime estacionário



������� �RQVL�HUH�R�VLV�HPD�V�EPH�L�R�j�FRQ�LomR�LQLFLDO��D�D�D�VH��LU�

,
,

x
x
x

x
x
x

x
x
x

y
x
x
x

0
0
10

1
0
17

0
1
8

0
0
0

2
1
0 5

1 0 0

1

2

3

1

2

3

1

2

3

1

2

3

=

- - -

=

=

�

�

�

^

^

^

h

h

h
> > > > >

6 >

H H H H H
@ H

�1mR��i�I�QomR��H�HQ�UD�D�R��I�QomR��H�IRUoD�QHVVH�VLV�HPD���2E�HQ�D�D�UHVSRV�D�������H��X����
SDUD�D�FRQ�LomR�LQLFLDO��D�D����LOL]DQ�R�DV�HT�Do�HV������H������

0
80

60
40

20
0 1

2
3

4
5

6

0,5

1

1,5

2

Sa
íd

a

Valores de tempo computados Q, onde Q = 1, 2, 3, 4, 5, 6

(b)

Gráfico tridimensional das curvas de resposta ao
degrau unitário com o uso do comando 'mesh(y)'.

0
6

5
4

3
2

1 0 10
20 30

40 50
60 70

0,5

1

1,5

2

Sa
íd

as

Q, onde Q = 1, 2, 3, 4, 5, 6 Valores de tempo computados

(c)

Gráfico tridimensional das curvas de resposta ao degrau
unitário com o uso do comando 'mesh(y permutado)'.

226 Engenharia de controle moderno



Solução.�8PD�RSomR��H�SUR�UDPD�0�7/�%�EDVHD�R�QDV�HT�Do�HV������H������p�R�3UR�UDPD�
�����HP�0�7/�%����)L��UD������PRV�UD�D�F�UYD��H�UHVSRV�D�UHV�O�DQ�H���1R�H�T�H�R�SUREOHPD�
IRL�UHVROYL�R�FRP�R��VR��R�FRPDQ�R� �LQL�LDO��QR�([HPSOR���������F�UYD��H�UHVSRV�D�UHV�O�DQ�H�
DT�L�p�H[D�DPHQ�H�D�PHVPD�PRV�UD�D�QD�)L��UD�������

Programa 5.26 em MATLAB

t = 0:0.05:10;
A = [0 1 0;0 0 1;-10 -17 -8];
B = [2;1;0.5];
C=[1 0 0];
[y,x,t] = step(A,B,C*A,C*B,1,t);
plot(t,y)
grid;
title('Resposta à Condição Inicial')
xlabel('t (s)')
ylabel('Saída y')

������� �RQVL�HUH�D�VH��LQ�H�HT�DomR�FDUDF�HUtV�LFD�

�����.���������������� ��

'H�HUPLQH�R�LQ�HUYDOR��H�YDORUHV��H�.�SDUD�T�H�R�VLV�HPD�VHMD�HV�iYHO�

Solução����PD�UL]��RV�FRHILFLHQ�HV��H�5R����p�

�� � � �

�� . � �

��

.
. �- �

��
1

.
.
1
2

-
-

�� �

SDUD�T�H��DMD�HV�DELOL�D�H��p�QHFHVViULR�T�H�

FIGURA 5.65

Sa
íd

a 
y

t (s)

Resposta à condição inicial

0,5

1

1,5

2

2,5

0
0 1 2 3 4 5 6 7 8 9 10

Resposta y(t) à 
condição inicial 
dada.

227Capítulo 5 – Análise de resposta transitória e de regime estacionário



.

.
.

.
.

0

1 0

1 1 0
2

2

2

2

-

-
-

��SDU�LU��D�SULPHLUD�H��D�VH��Q�D�FRQ�LomR��.��HYH�VHU�PDLRU�T�H����1R�H�T�H��SDUD�.�>�1,�o�termo�
��±��.����.�±�����p�VHPSUH�QH�D�LYR��SRLV

0
.

. .
.
. .

1
1

1
1 12

1
-

- - =
-

- + -^ h

�VVLP��DV��UrV�FRQ�Lo�HV�QmR�SR�HP�VHU�VD�LVIHL�DV�VLP�O�DQHDPHQ�H��(Q�mR��QmR�H[LV�H��P�YDORU�
�H�.�T�H�SHUPL�D�D�HV�DELOL�D�H��R�VLV�HPD�

������� �RQVL�HUH�D�HT�DomR�FDUDF�HUtV�LFD��D�D�SRU�

� D��
Q���D��

Q������D��
Q������������DQ�������DQ� ��� ������

2�FUL�pULR��H�HV�DELOL�D�H��H�+�U�L�]��DSUHVHQ�D�R�D�VH��LU��IRUQHFH�FRQ�Lo�HV�SDUD�T�H��R�DV�DV�
UDt]HV��HQ�DP�SDU�HV�UHDLV�QH�D�LYDV�HP��HUPRV��RV�FRHILFLHQ�HV��RV�SROLQ�PLRV���RQIRUPH�DV��LV�
F�VV�HV�VREUH�R�FUL�pULR��H�HV�DELOL�D�H��H�5R�����QD�6HomR������SDUD�T�H��R�DV�DV�UDt]HV��HQ�DP�
SDU�HV�UHDLV�QH�D�LYDV���R�RV�RV�FRHILFLHQ�HV�D��HYHP�VHU�SRVL�LYRV��(V�D�p��PD�FRQ�LomR�QHFHVViULD��
PDV�QmR�V�ILFLHQ�H��6H�HVVD�FRQ�LomR�QmR�IRU�VD�LVIHL�D��LVVR�LQ�LFDUi�T�H�DO��PDV��DV�UDt]HV��rP�
SDU�HV�UHDLV�SRVL�LYDV�R��VmR�LPD�LQiULDV�R��Q�ODV����FRQ�LomR�V�ILFLHQ�H�SDUD�T�H��R�DV�DV�UDt]HV�
�HQ�DP�SDU�H�UHDO�QH�D�LYD�p��D�D�SHOR�VH��LQ�H�FUL�pULR��H�HV�DELOL�D�H��H�+�U�L�]��VH��R�RV�RV�
FRHILFLHQ�HV��R�SROLQ�PLR�IRUHP�SRVL�LYRV��HOHV�VHUmR�RU�DQL]D�RV�QR�VH��LQ�H��H�HUPLQDQ�H�

.

.
.
.
.
.

. . .
a
a

a
a
a
a

a
a
a
a

a
a
a
a
a

a
a
a a

0
0

0 0 0

0 0

0
0

0

0
0
0
0

n

n

n

n

n

n

n

n

n n

1

0

3

2

1

0

5

4

3

2 1

2

3

4

1

2

�

�

�

�

�

D = -

-

-

-

-

-

RQ�H��SDUD���>�Q��V�EV�L��tPRV�D��SRU�]HUR��3DUD�T�H��R�DV�DV�UDt]HV��HQ�DP�SDU�H�UHDO�QH�D�LYD��p�
necessário�e�suficiente�que�os�menores�principais�sucessivos�de�ΔQ�VHMDP�SRVL�LYRV��2V�PHQRUHV�
SULQFLSDLV�V�FHVVLYRV�VmR�RV�VH��LQ�HV��H�HUPLQDQ�HV�

. . .
, , ,

a
a

a
a
a

a
a
a

a

i n0

0 0

1 2 1i

i

i

i

1

0

3

2

1

2 1

2 2

2 3

1

g

g

g

g

fD = = -

-

-

- ^ h

RQ�H�D�� ���VH���>�Q���1R�H�T�H�DO��PDV��DV�FRQ�Lo�HV�SDUD�RV��H�HUPLQDQ�HV��H�RU�HP�LQIHULRU�HV�mR�
LQFO�t�DV�QDV�FRQ�Lo�HV��RV��H�HUPLQDQ�HV��H�RU�HP�PDLV�HOHYD�D���6H��R�RV�HVVHV��H�HUPLQDQ�HV�
IRUHP�SRVL�LYRV�H�D��>�0,�como�foi�admitido�anteriormente,�o�estado�de�equilíbrio�do�sistema,�cuja�
HT�DomR�FDUDF�HUtV�LFD�p��D�D�SHOD�(T�DomR�������VHUi�DVVLQ�R�LFDPHQ�H�HV�iYHO��2EVHUYH�T�H��SDUD�
R�FUL�pULR��H�HV�DELOL�D�H��QmR�VmR�QHFHVViULRV�RV�YDORUHV�H[D�RV��RV��H�HUPLQDQ�HV��PDV�VRPHQ�H�
R�VLQDO��HVVHV��H�HUPLQDQ�HV����RUD��FRQVL�HUH�D�VH��LQ�H�HT�DomR�FDUDF�HUtV�LFD�

D��
����D��

����D��
����D�����D�� ��

228 Engenharia de controle moderno



2E�HQ�D�DV�FRQ�Lo�HV��H�HV�DELOL�D�H���LOL]DQ�R�R�FUL�pULR��H�HV�DELOL�D�H��H�+�U�L�]�

Solução���V�FRQ�Lo�HV�SDUD�T�H�VH��HQ�D�HV�DELOL�D�H�VmR�T�H��R�RV�RV�FRHILFLHQ�HV�D�VHMDP�
SRVL�LYRV�H�T�H

D

D

D

D
D D D D

D

D

D

D

D

D

D

D D D D D D D

D D D D D D D

�

�

�

�

2
1

0

3

2
1 2 0 3

3

1

0

3

2

1

4

3

1 2 3 1 4 0 3
2

3 1 2 0 3 1
2
4

2

2

D

D

= = -

=

= - -

= - -

^

^

h

h

e�HYL�HQ�H�T�H��VH��R�RV�RV�FRHILFLHQ�HV�D�forem�positivos�e�se�a�condição�Δ��>�0�for�satisfeita,�a�
condição�Δ��>�0�também�será�atendida.�Portanto,�para�que�todas�as�raízes�da�equação�caracterís�
�LFD�HP�T�HV�mR��HQ�DP�SDU�H�UHDO�QH�D�LYD��p�QHFHVViULR�H�V�ILFLHQ�H�T�H��R�RV�RV�FRHILFLHQ�HV�D�
sejam�positivos�e�que�Δ��>�0.

������� 0RV�UH�T�H�D�SULPHLUD�FRO�QD��D�PD�UL]��H�5R�����H

�Q���D��
Q±�����D��

Q±�����������DQ±������DQ� ��

p��D�D�SRU�

1, , , , ...,
Q

Q
1

1

2

2

3

1
D

D

D

D

D

D

D

-

RQ�H

. . .

.

.

.

.

a
a
a

a

a
a

a
a a

a

n r

1 0 0
1

0
0
0 1r

r r

1

3

5

2 1

2

4

1

3 2

� � � � �

� �D =

-

^ h

DN� ��� VH�N�>�Q

Solução����PD�UL]��RV�FRHILFLHQ�HV��H�5R�����HP�D�VH��LQ�H�IRUPD�

� D� D� D� ��� DQ

D� D� D� ���

E� E� E� ���

�� �� �

� � �

2�SULPHLUR��HUPR��D�SULPHLUD�FRO�QD��D�PD�UL]��H�5R����p����2�SUy[LPR��HUPR��D�SULPHLUD�FRO�QD�
p�D�,�que�é�igual�a�Δ���2�SUy[LPR��HUPR�p�E���T�H�p�L��DO�D�

D
D D D

1

1 2 3

1

2

D

D-
=

2�SUy[LPR��HUPR�QD�SULPHLUD�FRO�QD�p�����T�H�p�L��DO�D�

229Capítulo 5 – Análise de resposta transitória e de regime estacionário



b
b a a b

a
a a a

a
a a a a a a

a a a

a a a
a a a a a a a a

1

1 3 1 2

1

1 2 3

1

1 2 3
3 1

1

1 4 5

1 2 3

1 2 3 3
2

1
2
4 1 5

2

3

D

D

-
=

-

-
-

-

=
-

- - +

=

;
; ;

E
E E

2V��HUPRV�UHV�DQ�HV�QD�SULPHLUD�FRO�QD��D�PD�UL]��H�5R����SR�HP�VHU��H�HUPLQD�RV��H�PR�R�
DQiOR�R�

��PD�UL]��H�5R����SRVV�L�D�SURSULH�D�H��H�T�H�RV��O�LPRV��HUPRV�QmR�Q�ORV��H�T�DOT�HU�FRO�QD�
VmR�RV�PHVPRV��LV�R�p��VH�D�PD�UL]�IRU�

D�� D�� D�� D�

D�� D�� D�� D�

� E�� E�� E�

� ��� ��� ��

� G�� G�

� H�� H�

� ��

� J�

HQ�mR

D�� ���� �H�� �J�

H�VH�D�PD�UL]�IRU�

D�� D�� D�� D�

� D�� D�� D�� �

� E�� E�� E�

� ��� ��� �

� G�� G�

� H�� �

� ��

HQ�mR

D�� �E�� �G�� ���

(P�T�DOT�HU��P��RV�FDVRV��R��O�LPR��HUPR��D�SULPHLUD�FRO�QD�p�L��DO�D�DQ��R�

a a
n

n

n n

n

n

�

�

�D

D

D

D
= =

-

-

-

3RU�H[HPSOR��VH�Q� ����HQ�mR

D

D

D

D

D

D

D

D

D

D

D

D

D

D D

D

D

D D

D

D

1 0 0
1

0
0

1

0

0

0

0
1

4

1

3

5

7

2

4

6

1

3

5

2

4

1

3 2

4

1

3 2

4

3 4D D= = =

230 Engenharia de controle moderno



�VVLP��IRL��HPRQV�UD�R�T�H�D�SULPHLUD�FRO�QD��D�PD�UL]��H�5R����p��D�D�SRU�

1, , , , ,
Q

Q
1

1

2

2

3

1
�D

D

D

D

D

D

D

-

������� 0RV�UH�T�H�R�FUL�pULR��H�HV�DELOL�D�H��H�5R����H�R�FUL�pULR��H�HV�DELOL�D�H��H�+�U�L�]�VmR�HT�L�
YDOHQ�HV�

Solução��6H�HVFUHYHUPRV��R�RV�RV��H�HUPLQDQ�HV��H�+�U�L�]�QD�IRUPD��ULDQ��ODU

*

, , , ,

a
a

a

i n

0

1 2i

ii

11

22

j
fD = =^ h

RQ�H�RV�HOHPHQ�RV�DEDL[R��D�OLQ�D��LD�RQDO�VmR��R�RV�]HURV�H�RV�HOHPHQ�RV�DFLPD�VmR�YDORUHV�
T�DLVT�HU��HQ�mR�DV�FRQ�Lo�HV��H�+�U�L�]�SDUD�D�HV�DELOL�D�H�DVVLQ�y�LFD�VH��RUQDP�

ΔL� �D��D�������DLL�>�0,� (L� �������������Q�

T�H�VmR�HT�LYDOHQ�HV�jV�FRQ�Lo�HV

D���>�0,� D���>�0,� ...�,� DQQ�>�0

0RV�UDUHPRV�T�H�HVVDV�FRQ�Lo�HV�VmR�HT�LYDOHQ�HV�D

D��>�0,� E��>�0,� ���>�0,� ...

RQ�H�D���E�����������VmR�HOHPHQ�RV��D�SULPHLUD�FRO�QD�QD�PD�UL]��H�5R����

�RQVL�HUH��SRU�H[HPSOR��R�VH��LQ�H��H�HUPLQDQ�H��H�+�U�L�]��T�H�FRUUHVSRQ�H�D�L� ���

D

D

D

D

D

D

D

D

D

D

D

D

D

D

�

�

4

1

0

3

2

1

0

5

4

3

2

7

6

5

4

D =

2��H�HUPLQDQ�H�ILFDUi�LQDO�HUD�R�VH�D�OLQ�D�L�IRU�V�E�UDt�D�N�YH]HV��D�OLQ�D�M��6�E�UDLQ�R��D�VH��Q�D�
OLQ�D�D���D��YH]HV�D�SULPHLUD�OLQ�D��RE�HPRV�

D D

D

D

D

D

D

D

D

D

D

D

D

0
0
0

4

11 3

22

1

0

5

23

3

2

7

24

5

4

D =

RQ�H

� D��� �D�

� D��� �D��±� D
D

1

0
�D�

� D��� �D��±� D
D

1

0
�D�

� D��� �D��±� D
D

1

0
�D�

'H�IRUPD�VLPLODU��V�E�UDLQ�R��D�T�DU�D�OLQ�D�D���D��YH]HV�D��HUFHLUD�OLQ�D��RE�HPRV

D D

D

D

D

D

D

D

D

D

D

D

�

�

� �

4

11 3

22

1

5

23

3

43

7

24

5

44

D =

�

231Capítulo 5 – Análise de resposta transitória e de regime estacionário



RQ�H

k��� �D��±� D
D

1

0 �D�

k��� �D��±� D
D

1

0 �D�

(P�VH��L�D��V�E�UDLQ�R��D��HUFHLUD�OLQ�D�D���D���YH]HV�D�VH��Q�D�OLQ�D���HPRV�

D D

D

D

D

D

D

D

D

D

D

�

�

�

�

�

4

11 3

22

5

23

33

43

7

24

34

44

D =

� �

RQ�H

D��� �D��±� D
D

22

1
�D��

D��� �D��±� D
D

22

1
�D��

3RU�ILP��V�E�UDLQ�R��D��O�LPD�OLQ�D�k���D���YH]HV�D��HUFHLUD�OLQ�D��RE�HPRV�

D D

D

D

D

D

D

D

D

D

�

�

�

�

� �

4

11 3

22

5

23

33

7

24

34

44

D =

RQ�H

D D
D
D

D44 44
33

43
34= -�

�

��SDU�LU��HVVD�DQiOLVH��YHPRV�T�H�

Δ�� �D���D���D���D��

� Δ�� �D���D���D��

� Δ�� �D���D��

� Δ�� �D��

�V�FRQ�Lo�HV��H�+�U�L�]�SDUD�D�HV�DELOL�D�H�DVVLQ�y�LFD

Δ��>�0,� Δ��>�0,� Δ��>�0,� Δ��>�0,� ...

UH��]HP�VH�jV�FRQ�Lo�HV

D���>�0,� D���>�0,� D���>�0,� D���>�0,� ...

��PD�UL]��H�5R����SDUD�R�SROLQ�PLR

D��
����D��

����D��
����D�����D�� ��

RQ�H�D��>�0�e�Q� ����p��D�D�SRU�

D�� D�� D�

� D�� D�

� E�� E�

� ��

� G�

232 Engenharia de controle moderno



2EVHUYDQ�R�D�PD�UL]��H�5R�����YHPRV�T�H�

a a

a a a
a a b

a a a
a a b

a b a b c

a a a
a a a d

11 1

22 2
1

0
3 1

33 3
22

1
23

1

3 1 1 2
1

44 44
33

43
34 4 1

=

= - =

= - =
-

=

= - = =�
�

����O�LPD�HT�DomR�p�RE�L�D�D�SDU�LU��R�ID�R��H�T�H�D��� ����k��� �D��H�D�� �E�� �G����(Q�mR��DV�FRQ�
�Lo�HV��H�+�U�L�]�SDUD�D�HV�DELOL�D�H�DVVLQ�y�LFD��RUQDP�VH�

D��>�0,� E��>�0,� ���>�0,� G��>�0

�VVLP��ILFD��HPRQV�UD�R�T�H�DV�FRQ�Lo�HV��H�+�U�L�]�SDUD�D�HV�DELOL�D�H�DVVLQ�y�LFD�SR�HP�
VHU�UH��]L�DV�jV�FRQ�Lo�HV��H�5R����SDUD�D�HV�DELOL�D�H�DVVLQ�y�LFD��2�PHVPR�DU��PHQ�R�SR�H�VHU�
HV�HQ�L�R�DRV��H�HUPLQDQ�HV��H�+�U�L�]��H�T�DOT�HU�RU�HP��H�D�HT�LYDOrQFLD�HQ�UH�R�FUL�pULR�
�H�HV�DELOL�D�H��H�5R����H�R��H�+�U�L�]�SR�H�VHU�HV�DEHOHFL�D�

������� �RQVL�HUH�D�HT�DomR�FDUDF�HUtV�LFD

����������������.�������������� ��

8�LOL]DQ�R�R�FUL�pULR��H�HV�DELOL�D�H��H�+�U�L�]���H�HUPLQH�R�LQ�HUYDOR��H�YDORUHV��H�.�SDUD�T�H�
�DMD�HV�DELOL�D�H�

Solução.��RPSDUDQ�R�D�HT�DomR�FDUDF�HUtV�LFD�D�VH��LU�

����������������.�������������� ��

FRP�D�VH��LQ�H�HT�DomR�FDUDF�HUtV�LFD��H�T�DU�D�RU�HP�

D��
����D��

����D��
����D�����D�� ��

�HPRV�

D�� ���� D�� ���� D�� �����.�� D�� ���� D�� ���

O�critério�de�estabilidade�de�Hurwitz�estabelece�que�Δ��p��D�R�SRU�

D

D

D

D

D

D

D

D

D D

�

�

� �

�

�4

1

0

3

2

1

0

4

3

2 4

D =

3DUD�T�H��R�DV�DV�UDt]HV��HQ�DP�SDU�H�UHDO�QH�D�LYD��p�QHFHVViULR�H�V�ILFLHQ�H�T�H�RV�PHQRUHV�
sucessivos�principais�de�Δ��VHMDP�SRVL�LYRV��2V�PHQRUHV�V�FHVVLYRV�SULQFLSDLV�VmR�

a

a
a

a
a K K

a
a

a
a
a

a
a

K K

2

2
1

9
4 2 1

0

0 2
1
0

9
4
2

0
25
9

18 109

1 1

2
1

0

3

2

3

1

0

3

2

1

4

3

D

D

D

= =

= =
+

= -

= = + = -

Para�que�todos�os�menores�principais�sejam�positivos,�é�necessário�que�ΔL��L� ����������VHMD�SRVL�
�LYR��3RU�DQ�R���HYHPRV��HU�

�.�–�1�>�0

��.�–�109�>�0

233Capítulo 5 – Análise de resposta transitória e de regime estacionário



�H�RQ�H�FRQFO�tPRV�T�H�D�UH�LmR��H�.�SDUD�T�H��DMD�HV�DELOL�D�H�p�

. 18
1092

������� ([SOLT�H�SRU�T�H�R�FRQ�UROH�SURSRUFLRQDO��H��PD�SODQ�D�T�H�QmR�SRVV�L�SURSULH�D�H��H�LQ�H�UD�
omR��R�T�H�VL�QLILFD�T�H�D�I�QomR��H��UDQVIHUrQFLD��D�SODQ�D�QmR�LQFO�L�R�ID�RU������DSUHVHQ�D�HUUR�
UHVL��DO�QD�UHVSRV�D�DR��H�UD��

Solução.��RQVL�HUH��SRU�H[HPSOR��R�VLV�HPD�PRV�UD�R�QD�)L��UD�������6H��HP�UH�LPH�SHUPDQHQ�H��
��IRU�L��DO�D��PD�FRQV�DQ�H�QmR�Q�OD�L��DO�D����HQ�mR�H� ���H�X� �.H� ����UHV�O�DQ�R�HP��� ����R�
T�H�FRQ�UD�L]�D�V�SRVLomR��H�T�H��� ��� �FRQV�DQ�H�QmR�Q�OD�

(VVH�VLV�HPD��H�FRQ�UROH�UHT�HU��P�HUUR�UHVL��DO�QmR�Q�OR��(P�R��UDV�SDODYUDV��VH�H�IRU�L��DO��HP�
UH�LPH�SHUPDQHQ�H��D��������.���HQ�mR�X� �.�������.��H��� �.�������.���R�T�H�UHV�O�D�QR�VLQDO��H�
HUUR�H� ��������.����VVLP��R�HUUR�UHVL��DO��H��������.���HYH�H[LV�LU�QHVVH�VLV�HPD�HP�SDU�LF�ODU�

������� 2��LD�UDPD��H�EORFRV��D�)L��UD������PRV�UD��P�VLV�HPD��H�FRQ�UROH��H�YHORFL�D�H�QR�T�DO�R�
HOHPHQ�R��H�VDt�D��R�VLV�HPD�p�V�EPH�L�R�D��P��LV��UELR��H��RUT�H��1R��LD�UDPD��~������~�����7����
H�'����VmR�DV��UDQVIRUPD�DV��H�/DSODFH��D�YHORFL�D�H��H�UHIHUrQFLD���D�YHORFL�D�H��H�VDt�D���R�
�RUT�H��H�H[FL�DomR�H��R��LV��UELR��H��RUT�H��UHVSHF�LYDPHQ�H��1D�D�VrQFLD��H��P��LV��UELR�
�H��RUT�H��D�YHORFL�D�H��H�VDt�D�p�L��DO�j�YHORFL�D�H��H�UHIHUrQFLD�

�QDOLVH�D�UHVSRV�D��HVVH�VLV�HPD�D��P��H�UD���QL�iULR��R��RUT�H��H��LV��UELR��6�SRQ�D�T�H�D�
HQ�UD�D��H�UHIHUrQFLD�VHMD�]HUR�R��~����� ���

Solução.���)L��UD������p��P��LD�UDPD��H�EORFRV�FRQYHQLHQ�HPHQ�H�PR�LILFD�R�SDUD�HVVD�DQiOLVH��
��I�QomR��H��UDQVIHUrQFLD��H�PDO�D�IHF�D�D�p�

D s
s

Js K
�DX

=
+^

^
h
h

RQ�H�~'����p�D��UDQVIRUPD�D��H�/DSODFH��D�YHORFL�D�H��H�VDt�D�FD�VD�D�SHOR��RUT�H��H��LV��UELR��
3DUD��P��RUT�H��H��LV��UELR�HP��H�UD���QL�iULR��D�YHORFL�D�H��H�VDt�D�HP�UH�LPH�SHUPDQHQ�H�p�

FIGURA 5.66

+
–

r ce u
K 1

Ts + 1

Sistema de 
controle.

FIGURA 5.67

+
–

+
+

D(s)

E(s) T(s) Ω(s)Ωr(s)
K 1

Js

Diagrama 
de blocos de 
um sistema 
de controle de 
velocidade.

234 Engenharia de controle moderno



lim

lim

s s

Js K
s

s

K

1

1

D s D

s

0

0

�~ X=

=
+

=

"

"

^ ^h h

��SDU�LU��HVVD�DQiOLVH��FRQFO�tPRV�T�H��VH��P��LV��UELR��H��RUT�H�HP��H�UD��IRU�DSOLFD�R�DR�HOH�
PHQ�R��H�VDt�D��R�VLV�HPD��UHV�O�DUi�HP��P�HUUR��H�YHORFL�D�H���H�PR�R�T�H�R��RUT�H�UHV�O�DQ�H�
�R�PR�RU�FDQFHODUi�H[D�DPHQ�H�R��LV��UELR��H��RUT�H��3DUD��HVHQYROYHU�HVVH��RUT�H��R�PR�RU��p�
QHFHVViULR�T�H��DMD�R�HUUR�QD�YHORFL�D�H���H�PR�R�T�H�UHV�O�H�HP��P��RUT�H�QmR�Q�OR������LV�
F�VVmR�FRQ�LQ�D�QR�3UREOHPD���������

������� 1R�VLV�HPD�FRQVL�HUD�R�QR�3UREOHPD����������HVHMD�VH�HOLPLQDU���DQ�R�T�DQ�R�SRVVtYHO��RV�HUURV�
�H�YHORFL�D�H�FD�VD�RV�SRU��LV��UELRV��H��RUT�H�

e�SRVVtYHO�FDQFHODU�R�HIHL�R��H��P��LV��UELR��H��RUT�H�HP�UH�LPH�SHUPDQHQ�H���H��DO�PR�R�T�H�
�P��LV��UELR��H��RUT�H�FRQV�DQ�H�DSOLFD�R�DR�HOHPHQ�R��H�VDt�D�QmR�FD�VH�DO�HUDomR��D�YHORFL�D�H�
HP�UH�LPH�SHUPDQHQ�H�

Solução.�6�SRQ�D�T�H�HVFRO�DPRV��P�FRQ�UROD�RU�FRQYHQLHQ�H��F�MD�I�QomR��H��UDQVIHUrQFLD�
p��������FRPR�PRV�UD�D�)L��UD�������(Q�mR��QD�D�VrQFLD��D�HQ�UD�D��H�UHIHUrQFLD��D�I�QomR��H�
�UDQVIHUrQFLD��H�PDO�D�IHF�D�D�HQ�UH�D�YHORFL�D�H��H�VDt�D�~'����H�R��LV��UELR��H��RUT�H�'����p�

D s
s

Js G s
Js

Js G s

� �

�

�

D

c

c

X
=
+

=
+

^
^

^

^

h
h

h

h

��YHORFL�D�H��H�VDt�D�HP�UH�LPH�SHUPDQHQ�H�HP�YLU���H��H��P��LV��UELR��H��RUT�H�HP��H�UD��
�QL�iULR�p�

lim

lim

s s

Js G s
s

s

G

1

0
1

D
s

D

s c

c

0

0

�~ X=

=
+

=

"

"

^ ^

^

^

h h

h

h

3DUD�VD�LVID]HU�D�FRQ�LomR

~'(∞)�=�0

�HYHPRV�RS�DU�SRU���(0)�=�∞.�Isso�pode�ser�realizado�se�escolhermos

������ � s
K

FIGURA 5.68

+
–

K

1
Js

ΩD(s)D(s)Diagrama de 
blocos do 
sistema de 
controle 
de velocidade 
da Figura 5.67, 
quando ~r(s) = 0.

235Capítulo 5 – Análise de resposta transitória e de regime estacionário



��DomR��H�FRQ�UROH�LQ�H�UDO�FRQ�LQ�DUi�D�FRUUL�LU�R�HUUR�D�p�T�H�HOH�VH�DQ�OH��(VVH�FRQ�UROD�RU��
HQ�UH�DQ�R��DSUHVHQ�D��P�SUREOHPD��H�HV�DELOL�D�H��SRUT�H�D�HT�DomR�FDUDF�HUtV�LFD�PRV�UD���DV�
UDt]HV�LPD�LQiULDV�

8P�Pp�R�R��H�HV�DELOL]DomR�SDUD�HVVH�VLV�HPD�p�D�LFLRQDU��P�PR�R�SURSRUFLRQDO�DR�FRQ�UROD�RU��
R��VHMD��HVFRO�HU

������ �.S��� s
K

�RP�HVVH�FRQ�UROD�RU��R��LD�UDPD��H�EORFRV��D�)L��UD�������QD�D�VrQFLD��D�HQ�UD�D��H�UHIH�
UrQFLD��SR�H�VHU�PR�LILFD�R�SDUD�R��D�)L��UD���������I�QomR��H��UDQVIHUrQFLD��H�PDO�D�IHF�D�D�
~'����'�����RUQD�VH�

D s
s

Js K s K
sD

p
2

X
=

+ +^
^
h
h

3DUD��P��RUT�H��H��LV��UELR�HP��H�UD���QL�iULR��D�YHORFL�D�H��H�VDt�D�HP�UH�LPH�SHUPDQHQ�H�p�

0lim lims s
Js K s K

s
s
1

D
s

D
s

p
0 0 2

2

�~ X= =
+ +

=
" "

^ ^h h

(Q�mR��YHPRV�T�H�R�FRQ�UROD�RU�SURSRUFLRQDO�LQ�H�UDO�HOLPLQD�R�HUUR��H�YHORFL�D�H�HP�UH�LPH�
SHUPDQHQ�H�

2��VR��D�DomR��H�FRQ�UROH�LQ�H�UDO�D�PHQ�D�D�RU�HP��R�VLV�HPD�HP��PD��QL�D�H���,VVR��HQ�H�D�
SUR��]LU��PD�UHVSRV�D�RVFLOD�yULD��

1R�SUHVHQ�H�VLV�HPD���P��RUT�H��H��LV��UELR�HP��H�UD��FD�VDUi��P�HUUR��UDQVL�yULR�QD�YHORFL�D�H�
�H�VDt�D��PDV�R�HUUR�VH��RUQDUi�Q�OR�HP�UH�LPH�SHUPDQHQ�H��2�LQ�H�UD�RU�SUR��]��PD�VDt�D�QmR�
Q�OD�FRP�HUUR�Q�OR�����VDt�D�QmR�Q�OD��R�LQ�H�UD�RU�SUR��]��P��RUT�H�QR�PR�RU�T�H�FDQFHOD�
H[D�DPHQ�H�R��RUT�H��H��LV��UELR��

1R�H�T�H��PHVPR�T�H�R�VLV�HPD��HQ�D��P�LQ�H�UD�RU�QD�SODQ�D��SRU�H[HPSOR���P�LQ�H�UD�RU�QD�
I�QomR��H��UDQVIHUrQFLD��D�SODQ�D���LVVR�QmR�HOLPLQD�R�HUUR�HV�DFLRQiULR�HP�UD]mR��H��P��RUT�H�
�H��LV��UELR�HP��H�UD���3DUD�HOLPLQi�OR���HYHPRV��HU��P�LQ�H�UD�RU�DQ�HV��R�SRQ�R��H�HQ�UD�D�
�R��RUT�H��H��LV��UELR�

FIGURA 5.69

+
–

+
+

D(s)

E(s) T (s) Ω(s)Ωr(s)
Gc(s)

1
Js

Diagrama 
de blocos de 
um sistema 
de controle 
de velocidade.

FIGURA 5.70

1
Js

Kps + K
s

ΩD(s)D(s)
+

–

Diagrama de 
blocos do sistema 
de controle de 
velocidade da Figura 
5.69, quando 
Gc(s) = Kp + (K/s) e 
Ωr(s) = 0.

236 Engenharia de controle moderno



������� �RQVL�HUH�R�VLV�HPD�PRV�UD�R�QD�)L��UD������D���2�HUUR�HV�DFLRQiULR�D��PD�HQ�UD�D�HP�UDPSD�
�QL�iULD�p�HVV=2ζ/~Q��0RV�UH�T�H�HVVH�HUUR�SR�H�VHU�HOLPLQD�R��VH�D�HQ�UD�D�QR�VLV�HPD�IRU�IHL�D�
SRU�PHLR��H��P�ILO�UR�SURSRUFLRQDO��HULYD�LYR��FRPR�SR�H�VHU�YLV�R�QD�)L��UD������E���H�R�YDORU�
�H�N�IRU�HV�DEHOHFL�R�D�HT�D�DPHQ�H��1R�H�T�H�R�HUUR�H����p��D�R�SRU������±������

Solução.���I�QomR��H��UDQVIHUrQFLD��H�PDO�D�IHF�D�D��R�VLV�HPD�PRV�UD�R�QD�)L��UD������E��p�

R s
C s

s s
ks

2
1

n n

n

2 2

2

g~ ~

~
=

+ +

+

^
^ ^
h
h h

(Q�mR�

R s C s
s s

s s ks R s
�

�

n n

n n
2 2

2 2

g~ ~

g~ ~
- =

+ +

+ -
^ ^ f ^h h p h

6H�D�HQ�UD�D�IRU��PD�UDPSD��QL�iULD��HQ�mR�R�HUUR�HV�DFLRQiULR�VHUi�

lim

e r c

s
s s

s s ks
s

k

2
2 1

2

s
n n

n n

n

n n

0 2 2

2 2

2

2

2

� � �

g~ ~

g~ ~

~

g~ ~

= -

=
+ +

+ -

=
-

"

^ ^ ^

f

h h h

p

3RU�DQ�R��VH�N�p�HVFRO�L�R�FRPR

N
�

n~
g

=

SR�H�VH�ID]HU�T�H�R�HUUR�HV�DFLRQiULR��SDUD�VH��LU�D�HQ�UD�D�HP�UDPSD��VHMD�]HUR��1R�H�T�H��VH�
existir�variação�nos�valores�de�ζ�e/ou�~Q�FD�VD�D�SRU�P��DQoDV�DPELHQ�DLV�R���H�HQYHO�HFLPHQ�R�
�RV�FRPSRQHQ�HV��SR�H�VH��HU�FRPR�UHV�O�D�R��P�HUUR�HV�DFLRQiULR�QmR�Q�OR�

������� �RQVL�HUH�R�VLV�HPD��H�FRQ�UROH�HV�iYHO�FRP�UHDOLPHQ�DomR��QL�iULD��FRP�I�QomR��H��UDQVIHUrQFLD�
QR�UDPR��LUH�R�������6�SRQ�D�T�H�D�I�QomR��H��UDQVIHUrQFLD��H�PDO�D�IHF�D�D�SRVVD�VHU�HVFUL�D�
FRPR�

R s
C s

G s
G s

T s T s T s
T s T s T s m n

� � � �

� � �

n

a b m

1 2 �

�
�=

+
=

+ + +

+ + +

^
^

^
^

^ ^ ^

^ ^ ^
^

h
h

h
h

h h h

h h h
h

0RV�UH�T�H

e t dt T T T T T Tn a b m
0

1 2 g g= + + + - + + +
3
^ ^ ^h h h#

RQ�H�H���� ������±������p�R�HUUR�QD�UHVSRV�D�DR��H�UD���QL�iULR��0RV�UH��DPEpP�T�H

limK sG s T T T T T T1 1
s

n a b m

0

1 2 � �= = + + + - + + +
"

y ^
^ ^

h
h h

FIGURA 5.71

+
–

+
–

R(s) C(s)

(a) (b)

1 + ks ~n
s(s + 2ζ~n)

2~n
s(s + 2ζ~n)

2������������
�������������
���������������
��������������������
�����������

237Capítulo 5 – Análise de resposta transitória e de regime estacionário



Solução.�9DPRV��HILQLU

�7D�������7E������������7P������� �3���

H

�7��������7�������������7Q������� �����

(Q�mR

R s
C s

Q s
P s

=
^
^

^
^

h
h

h
h

H

E s Q s
Q s P s R s=

-
^

^
^ ^

^h
h

h h
h

3DUD��PD�HQ�UD�D�HP��H�UD���QL�iULR��5���� �����H

E s sQ s
Q s P s

=
-

^
^

^ ^
h

h
h h

�RPR�R�VLV�HPD�p�HV�iYHO����∞H���G��FRQYHU�H�SDUD��P�YDORU�FRQV�DQ�H��2EVHUYDQ�R�T�H

lim lime t dt s s
E s E s

s s00 0
= =

" "

�
^

^
^h

h
h#

�HPRV

lim

lim

lim

e t dt sQ s
Q s P s

Q s sQ s
Q s P s

Q s P s

s

s

s

0 0

0

0

=
-

=
+

-

= -

"

"

"

3

l

l l

l l

^
^

^ ^

^ ^
^ ^

^ ^

h
h

h h

h h
h h

h h6 @

#

�RPR

lim
s 0"

3������ �7D���7E���������7P

lim
s 0"

������� �7����7����������7Q

�HPRV

0

�

# �H����G�� ��7����7����������7Q��±��7D���7E���������7P�

3DUD��PD�HQ�UD�D�HP��H�UD���QL�iULR�������VHQ�R

lim lim lim lime t dt E s G s R s G s s sG s K1
1

1
1 1 1 1

s s s
s

0 0 0 0
0

= =
+

=
+

= =
" " "

"

�

y

^ ^
^
^

^ ^
h h

h
h

h h
#

�HPRV�

limK sG s T T T T T T1 1
s

n a b m

0

1 2 � �= = + + + - + + +
"

y ^
^ ^

h
h h

2EVHUYH�T�H�RV�]HURV�QR�VHPLSODQR�HVT�HU�R��LV�R�p��7D��7E��������7P�SRVL�LYRV��PHO�RUDUmR�.y��3RORV�
SUy[LPRV�j�RUL�HP�RFDVLRQDP�EDL[DV�FRQV�DQ�HV��H�HUUR��H�YHORFL�D�H��D�PHQRV�T�H�H[LV�DP�
]HURV�QDV�SUR[LPL�D�HV�

 | Problemas

������ 8P��HUP�PH�UR�UHT�HU���PLQ��R�SDUD�LQ�LFDU������D�UHVSRV�D�D��PD�HQ�UD�D�HP��H�UD���6�SRQ�R�
T�H�R��HUP�PH�UR�VHMD��P�VLV�HPD��H�SULPHLUD�RU�HP���H�HUPLQH�D�FRQV�DQ�H��H��HPSR�

238 Engenharia de controle moderno



6H�R��HUP�PH�UR�IRU�LPHUVR�HP��P�EDQ�R��F�MD��HPSHUD��UD�P��D�OLQHDUPHQ�H�D��PD��D[D��H�
��R�PLQ��T�DO�VHUi�R�HUUR�DSUHVHQ�D�R�SHOR��HUP�PH�UR�

������ �RQVL�HUH�D�UHVSRV�D�DR��H�UD���QL�iULR��R�VLV�HPD��H�FRQ�UROH�FRP�UHDOLPHQ�DomR��QL�iULD�F�MD�
I�QomR��H��UDQVIHUrQFLD��H�PDO�D�DEHU�D�VHMD�

G s s s �
�=
+

^
^

h
h

2E�HQ�D�R��HPSR��H�V�EL�D��R��HPSR��H�SLFR��R�Pi[LPR�VREUHVVLQDO�H�R��HPSR��H�DFRPR�DomR�

������ �RQVL�HUH�R�VLV�HPD��H�PDO�D�IHF�D�D��D�R�SRU�

R s
C s

s s� n n

n
2 2

2

g~ ~

~
=

+ +^
^
h
h

Determine�os�valores�de�ζ�e�de�~Q��H�PR�R�T�H�R�VLV�HPD�UHVSRQ�D�D��PD�HQ�UD�D�HP��H�UD��FRP�
DSUR[LPD�DPHQ�H�����H�VREUHVVLQDO�H�FRP��P��HPSR��H�DFRPR�DomR��H���VH��Q�RV���8�LOL]H�
R�FUL�pULR��H�����

������ �RQVL�HUH�R�VLV�HPD�PRV�UD�R�QD�)L��UD�������2�VLV�HPD�HV�i�LQLFLDOPHQ�H�HP�UHSR�VR��6�SRQ�D�
T�H�R�FDUUR�VHMD�SRV�R�HP�PRYLPHQ�R�SRU��PD�IRUoD�LPS�OVLYD��H�YDORU��QL�iULR��2�VLV�HPD�SR�H�
VHU�SDUD�R�SRU�R��UD�IRUoD�LPS�OVLYD�

������ 2E�HQ�D�D�UHVSRV�D�DR�LPS�OVR��QL�iULR�H�D�UHVSRV�D�DR��H�UD���QL�iULR��H��P�VLV�HPD�FRP�UHD�
OLPHQ�DomR��QL�iULD�F�MD�I�QomR��H��UDQVIHUrQFLD��H�PDO�D�DEHU�D�VHMD�

G s
s

s2 1
2= +^ h

������ 6DEH�VH�T�H�D�I�QomR��H��UDQVIHUrQFLD��H��P�VLV�HPD�RVFLOD�yULR��HP�D�VH��LQ�H�IRUPD�

G s
s � n n

n
2 2

2

g~ ~

~
=

+ +
^ h

6�SRQ�D�T�H��DMD��P�UH�LV�UR��D�RVFLODomR�FRP�DPRU�HFLPHQ�R��FRPR�PRV�UD�D�)L��UD�������
Determine�o�coeficiente�de�amortecimento�ζ�do�sistema�a�partir�do�gráfico.

FIGURA 5.72
x

m
kForça

impulsiva
δ(t)

Sistema 
mecânico.

FIGURA 5.73

x�

T

tt�

xn

tn

Oscilação 
decrescente.

239Capítulo 5 – Análise de resposta transitória e de regime estacionário



������ �RQVL�HUH�R�VLV�HPD�PRV�UD�R�QD�)L��UD������D���2�FRHILFLHQ�H��H�DPRU�HFLPHQ�R��R�VLV�HPD�p�
������H�D�IUHT�rQFLD�QD��UDO�QmR�DPRU�HFL�D�p������UD��V��3DUD�PHO�RUDU�D�HV�DELOL�D�H�UHOD�LYD��
��LOL]DPRV�D�UHDOLPHQ�DomR��DFRPp�ULFD����)L��UD������E��PRV�UD�HVVH�VLV�HPD�FRP�R��DF�PH�UR�
QR�UDPR��H�UHDOLPHQ�DomR�

'H�HUPLQH�R�YDORU��H�.K��H�PR�R�T�H�R�FRHILFLHQ�H��H�DPRU�HFLPHQ�R�VHMD������'HVHQ�H�DV�F�UYDV�
�H�UHVSRV�D�DR��H�UD���QL�iULR��R�VLV�HPD�RUL�LQDO�H��R�VLV�HPD�FRP�UHDOLPHQ�DomR��DFRPp�ULFD��
'HVHQ�H� �DPEpP�DV�F�UYDV��H�HUUR��H��X�� �HPSR�SDUD�D�UHVSRV�D�j�UDPSD��QL�iULD��H�DPERV�
RV�VLV�HPDV�

������ �RQVL�HUDQ�R�R�VLV�HPD�DSUHVHQ�D�R�QD�)L��UD��������H�HUPLQH�RV�YDORUHV��H�.�H�N���H�PR�R�
que�o�sistema�tenha�um�coeficiente�de�amortecimento�ζ�igual�a�0,7�e�uma�frequência�natural�não�
DPRU�HFL�D�~Q��H���UD��V�

������ �RQVL�HUH�R�VLV�HPD�PRV�UD�R�QD�)L��UD�������'H�HUPLQH�R�YDORU��H�N��H�PR�R�T�H�R�FRHILFLHQ�H�
de�amortecimento�ζ�seja�0,5.�Então,�obtenha�o�tempo�de�subida�����R��HPSR��H�SLFR��S��R�Pi[LPR�
VREUHVVLQDO��S�H�R��HPSR��H�DFRPR�DomR����QD�UHVSRV�D�DR��H�UD���QL�iULR�

FIGURA 5.74

+
–

+
–

R(s) C(s)

R(s) C(s)

(a)

(b)

10
s (s + 1)

Kh

10
s + 1

1
s

+
–

(a) Sistema 
de controle; 
(b) sistema de 
controle com 
realimentação 
tacométrica.

FIGURA 5.75
R(s) C(s)1

s
K

s  + 2

k

+
–

+
–

Sistema de malha 
fechada.

240 Engenharia de controle moderno



������� 8�LOL]DQ�R�R�0�7/�%��RE�HQ�D�D�UHVSRV�D�DR��H�UD���QL�iULR��j�UDPSD��QL�iULD�H�DR�LPS�OVR�
�QL�iULR��R�VH��LQ�H�VLV�HPD�

R s
C s

s s2 10
10

2=
+ +^

^
h
h

RQ�H�5����H������VmR�DV��UDQVIRUPD�DV��H�/DSODFH��D�HQ�UD�D������H��D�VDt�D�������UHVSHF�LYDPHQ�H�

������� 8�LOL]DQ�R�R�0�7/�%��RE�HQ�D�D�UHVSRV�D�DR��H�UD���QL�iULR��j�UDPSD��QL�iULD�H�DR�LPS�OVR�
�QL�iULR��R�VH��LQ�H�VLV�HPD�

, ,x
x

x
x u

y
x
x

1
1

0 5
0

0 5
0

1 0

1

2

1

2

1

2

=
- -

+

=

�

�= = = =
6 =

G G G G
@ G

RQ�H�X�p�D�HQ�UD�D�H����D�VDt�D�

������� 2E�HQ�D�R��HPSR��H�V�EL�D��R��HPSR��H�SLFR��R�Pi[LPR�VREUHVVLQDO�H�R��HPSR��H�DFRPR�DomR��
QD�UHVSRV�D�DR��H�UD���QL�iULR���R�VLV�HPD��H�PDO�D�IHF�D�D��D�R�D�VH��LU���DQ�R�DQDOt�LFD�FRPR�
FRPS��DFLRQDOPHQ�H�

R s
C s

s s2 36
36

2=
+ +^

^
h
h

������� ��)L��UD������PRV�UD��UrV�VLV�HPDV��2�VLV�HPD�,�p��P�VHUYRVVLV�HPD�SRVLFLRQD�RU��2�VLV�HPD�,,�
p��P�VHUYRVVLV�HPD�SRVLFLRQD�RU�FRP�DomR��H�FRQ�UROH�3'��2�VLV�HPD�,,,�p��P�VHUYRVVLV�HPD�
SRVLFLRQD�RU�FRP�UHDOLPHQ�DomR��H�YHORFL�D�H���RPSDUH�DV�UHVSRV�DV�DR��H�UD���QL�iULR��DR�
LPS�OVR��QL�iULR�H�j�UDPSD��QL�iULD��RV��UrV�VLV�HPDV��4�DO��RV�VLV�HPDV�p�PHO�RU�FRP�UHVSHL�R�
j�YHORFL�D�H��H�UHVSRV�D�H�DR�Pi[LPR�VREUHVVLQDO�QD�UHVSRV�D�DR��H�UD��

FIGURA 5.76

+
– +

–

R(s) C(s)1
s

16
s  + 0,8

k

Diagrama de 
blocos de um 
sistema.

241Capítulo 5 – Análise de resposta transitória e de regime estacionário



������� �RQVL�HUH�R�VLV�HPD��H�FRQ�UROH��H�SRVLomR�PRV�UD�R�QD�)L��UD�������(VFUHYD��P�SUR�UDPD�HP�
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