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1-)
Considere o modelo abaixo onde uma massa ŕıgida pode realizar movimentos de translação no
plano x− y, presa à três molas idênticas de comprimento natural L, como mostrado. Seu trabalho
é determinar as frequências naturais e correspondentes modos normais de vibração para o modelo
para θ1 = 30o e θ2 = 45o. Assuma que o sistema vibra a partir da posição de equiĺıbrio estático
bem como as molas exibam elongações de pequena amplitude.

the equation of motion of this system and place these
equations in matrix form.

Exercises 427

7.23 For the system shown in Figure E7.23, determine
the equations of motion. Assume that the length of the
pendulum is L.

about the static-equilibrium position. Compare your
results to those obtained for “small” oscillations in
Example 7.3 after setting the damping coefficients c1

and c2 to zero.

Section 7.3.1

7.26 Determine the natural frequencies and mode
shapes for the system shown in Figure E7.26, when 
u1 ! 30°and u2 ! 45°at the equilibrium position. Let
L be the length of each spring at the equilibrium
position and assume that the deflections in the springs
at an angle are small.
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7.24 Consider the system that is shown in Figure
E7.24, where a uniform rod of length L2 and mass m
is suspended from a massless rod of length L1. The rod
of length L1 is connected to the rod of length L2 by a
frictionless hinge. Determine the equations of motion.

7.25 Derive the governing equations of the friction-
less system shown in Figure E7.25. Assume motions
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FIGURE E7 .26
2-) Determine as frequências naturais e correspondentes autovetores para o modelo abaixo. Con-
sidere: m1 = 10 kg, m1 = 20 kg, k1 = 100 N.m−1, k2 = 100 N.m−1 e k3 = 50 N.m−1. Refaça os
cálculos considerando agora k1 = k3 = 0 e k2 = 100 N.m−1.

7.27 Determine the natural frequencies and mode
shapes associated with the system shown in Fig-
ure E7.27 for m1 ! 10 kg, m2 ! 20 kg, k1 ! 100 N/m,
k2 ! 100 N/m, and k3 ! 50 N/m.
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7.30 Consider a system with the following inertia and
stiffness matrices:

N/m

If the modes of the system are given by

and the natural frequency associated with {X}1 is
19.55 rad/s, then determine the unknown coefficients
in the stiffness matrix and the other natural frequency
of the system.

7.31 Determine if the system shown in Figure E7.31
has any rigid-body modes.
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7.28 Determine the natural frequencies and mode
shapes associated with the system shown in Fig-
ure E7.28 for m1 ! 10"3 kg, m2 ! 0.01 kg, and k1 !
k2 ! 2 kN/m. Include plots of the mode shapes.

7.29 For the system considered in Exercise 7.10, re-
move the nonlinear spring k3 by considering small
displacements about xo, set the damping coefficients
c1 ! c4 ! 0, and consider the free oscillations of this
system. Choose the values of the parameters as fol-
lows: m1 ! 10 kg, m2 ! 2 kg, k1 ! k4 ! k ! 10 N/m,
and a ! 2 m"2. Assume that the nonlinear spring is
initially compressed by xo ! 0.05 m. Determine the
natural frequencies and mode shapes associated with
free oscillations about the equilibrium position.

7.32 Let the system shown in Figure E7.31 represent
a system of three railroad cars with masses m1 ! m2

! m3 ! 1200 kg and interconnections k1 ! k3 !
4800 kN/m. Determine the natural frequencies and
mode shapes of this system and plot the correspon-
ding mode shapes.

7.33 A flexible structural system is represented by 
the model shown in Figure E7.33. Determine the gov-
erning equations of motion of this system, and from
these three equations, determine the eigenvalues and
eigenvectors associated with free oscillations of this

3-) Determine o modelo modal (frequências naturais e modos de vibrar) para o modelo abaixo.
Esboçe os autovetores e busque identificar suas principais caracteŕısticas. Dado: m1 = m2 =
1200 kg e k1 = k2 = k3 = 4800 kN.m−1.

7.27 Determine the natural frequencies and mode
shapes associated with the system shown in Fig-
ure E7.27 for m1 ! 10 kg, m2 ! 20 kg, k1 ! 100 N/m,
k2 ! 100 N/m, and k3 ! 50 N/m.
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7.28 Determine the natural frequencies and mode
shapes associated with the system shown in Fig-
ure E7.28 for m1 ! 10"3 kg, m2 ! 0.01 kg, and k1 !
k2 ! 2 kN/m. Include plots of the mode shapes.

7.29 For the system considered in Exercise 7.10, re-
move the nonlinear spring k3 by considering small
displacements about xo, set the damping coefficients
c1 ! c4 ! 0, and consider the free oscillations of this
system. Choose the values of the parameters as fol-
lows: m1 ! 10 kg, m2 ! 2 kg, k1 ! k4 ! k ! 10 N/m,
and a ! 2 m"2. Assume that the nonlinear spring is
initially compressed by xo ! 0.05 m. Determine the
natural frequencies and mode shapes associated with
free oscillations about the equilibrium position.

7.32 Let the system shown in Figure E7.31 represent
a system of three railroad cars with masses m1 ! m2

! m3 ! 1200 kg and interconnections k1 ! k3 !
4800 kN/m. Determine the natural frequencies and
mode shapes of this system and plot the correspon-
ding mode shapes.

7.33 A flexible structural system is represented by 
the model shown in Figure E7.33. Determine the gov-
erning equations of motion of this system, and from
these three equations, determine the eigenvalues and
eigenvectors associated with free oscillations of this

4-) A fim de estudar a dinâmica vertical de um véıculo, o modelo abaixo, comumente denominado
modelo de 1/4 de véıculo é proposto. Determine seu modelo modal e avalie a distribuição de
amortecimento do modelo. Dados: m1 = 80 kg, m2 = 80 kg, k1 = 300 kNm−1, k2 = 30 kNm−1,
c1 = 5000 Nms−1.

5-) Um véıculo trator-trailer leva um cilindro preso por meio de um acoplamento elástico cuja cons-
tante equivalente de mola é k2, conforme mostrado na figura anexa. O cilindro pode movimentar-se
sobre a carroceria do trator. Considerando os demais elementos do modelo, pede-se: (i) Obtenha
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Jo2 ! 4 kg m2, Jo3 ! 1 kg m2 and the torsional stiff-
ness of each shaft be as follows: kt1 ! kt2 ! 10 Nm/rad
and kt3 ! 5 Nm/rad. In addition, let the damping
coefficients be such that ct1 ! 0.5 Nm/rad/s, ct2 !
2 Nm/rad/s, and ct3 ! 0.5 Nm/rad/s. Determine the
following:

a) Is the system proportionally damped?
b) If the damping associated with the second fly-

wheel changes from 2 Nm/rad/s to 1.8 Nm/rad/s,
can the system be approximated as a system with
modal damping?

7.56 The eigenvalues associated with a damped three
degree-of-freedom system are given by the following:

ld31,2
! "0.4 # j1.960

ld21,2
! "0.75 # j1.299

ld11,2
! "0.1 # j0.995

##
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FIGURE E7 .53
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Determine the system natural frequencies, modal
damping factors, and damped natural frequencies.

Section 7.3.4

7.57 Consider free oscillations of the gyro-sensor
treated in Example 7.4 and determine if energy is
conserved in the system.

7.58 Consider the three degree-of-freedom system
shown in Figure E7.31 and determine if the linear 
momentum and the total energy of this system are
conserved.

Section 7.5

7.59 The eigenvalues determined for two different
three degree-of-freedom systems are as follows:

a)

b)

Determine which of these systems is stable.

ld31,2
! a3,"b3; a3 $ 0, b3 $ 0

ld21,2
! "a2 # jb2; a2 $ 0, b2 $ 0

ld11,2
! "a1 # jb1; a1 $ 0, b1 $ 0

ld31,2
! "a3 # jb3; a3 $ 0, b3 $ 0

ld21,2
! "a2 # jb2; a2 $ 0, b2 $ 0

ld11,2
! "a1 # jb1; a1 $ 0, b1 $ 0

o modelo espacial (equações diferenciais no domı́nio do tempo) do sistema na forma matricial; (ii)
Considerando k1 = k2 = k e m1 = m2 = m e m3 = 2m/3, determine o modelo modal do sistema.

7.46 A tractor-trailer is hauling a large cylindrical
drum that is elastically supported by spring k2 as
shown in Figure E7.46. The drum rolls on the floor of
the trailer without slipping. The trailer is attached to
the tractor by a system that has an equivalent spring
k1. The mass of the tractor is m1, that of the trailer is
m2, and that of the drum is m3.

a) Obtain the equations of motion for this system.
b) If k1 ! k2 ! k, m1 ! m2 ! m, and m3 ! 2m/3, then

obtain the natural frequencies in terms of k/m and
the corresponding mode shapes.
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7.50 Is it possible for a three degree-of-freedom sys-
tem to have the following eigenvectors?

Section 7.3.3

7.51 Determine the modal mass, modal stiffness, and
modal damping factors associated with the system
whose mass matrix, stiffness matrix, and damping
matrix are given by the following:

7.52 Show that the system treated in Example 7.21 is
proportionally damped by making use of Eqs. (7.99).

7.53 To describe the vertical motions of an automo-
bile, the two degree-of-freedom system shown in Fig-
ure E7.53 is used. This model is known as a quarter-
car model. If the parameters of the system are m1 !
80 kg, m2 ! 1100 kg, k2 ! 30 kN/m, k1 ! 300 kN/m,
and c1 ! 5000 N/(m/s), determine if the system is pro-
portionally damped.

7.54 The modal matrix and the damping matrix for a
two degree-of-freedom system are, respectively,

Is this system proportionally damped?

7.55 For the system shown in Figure E7.12, assume
that the drive torque Mo(t) ! 0. Let Jo1 ! 1 kg m2,#
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7.47 Determine the characteristic equation for the
system shown in Figure E7.47 and solve this equation
for the special case when k1 ! k2 ! k3 ! k and m1 !
m2 ! m3 ! m. Determine if the system has any 
rigid-body modes.
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7.48 Two disks that roll without slipping on a flat sur-
face are connected to each other by a spring with con-
stant k, as shown in Figure E7.48. Determine the nat-
ural frequencies and mode shapes of the system.

Section 7.3.2

7.49 Show that the linear independence of eigen-
vectors given by Eq. (7.72) is true by making use of
the orthogonality property of eigenvectors.

6-) Para o modelo abaixo, obtenha as amplitudes de movimento dos respectivos graus de liberdade
para uma força de natureza harmônica do tipo F (t) = F0e

i ωt, com m = 1 kg, k = 1000 Nm−1,
F0 = 5 N e ω = 10 rad/s. Sugestão: determine inicialmente o modelo modal e em seguida obtenha
as equações desacopladas no espaço modal.
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where are constants. Show that the solution in Eq. (E.3) can be expressed,

in equivalent form, as

(E.4)

where and are constants.

Section 6.14 Forced Vibration of Undamped Systems Using Modal Analysis 

6.89 Determine the amplitudes of motion of the three masses in Fig. 6.40 when a harmonic force

is applied to the lower left mass with 

and using the mode superposition method.v = 10 rad/s

k = 1000 N/m, F0 = 5 N,m = 1 kg,F(t) = F0 sin vt

f2A1, A2, f1,

x
!
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!
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6.90 (a) Determine the natural frequencies and mode shapes of the torsional system shown in 

Fig. 6.11 for and (b) If a torque 

with and acts on the generator find the amplitude of

each component. Assume and 

6.91 Using the results of Problems 6.24 and 6.56, determine the modal matrix [X] of the system

shown in Fig. 6.29 and derive the uncoupled equations of motion.

6.92 An approximate solution of a multidegree-of-freedom system can be obtained using the mode

acceleration method. According to this method, the equations of motion of an undamped sys-

tem, for example, are expressed as

(E.1)

and is approximated using the first r modes as

(E.2)
x
!$

n*1

= [X]
n*r  

q
!$

r*1

(r 6 n)x
!$

x
!
= [k] 

-
 
1(F

!
- [m]x

!$
)

J0 = 1 kg-m2.Mt1 = Mt2 = 0, kt = 100 N-m/rad,

(J3),v = 100 rad/s,Mt0 = 500 N-m

Mt3(t) = Mt0 cos vt,J1 = J2 = J3 = J0.kt1 = kt2 = kt3 = kt
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