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Attribute+Variable control chart: Introduction

I The aim: Improve the performance of the attribute chart in
monitoring of the process mean and/or variability

I Features:
I The monitoring always starts using an attribute chart
I If this chart does not signal, the process is declared in-control
I Otherwise, depending on the proposal, the process may be

declared out-of-control or measurements of quality
characteristics are taken on the sample units and the decision
on the process depends on the value of some statistic (like
sample mean/variance of these measures)
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attribute+variable control charts: Introduction

GCC by attributes
I Mean:

I np
I npx
I X rec and X

att

I Variance: npS2

CC by attribute+variable
I Mean:

I np-X
I npx − X
I ATTRIVAR1 and

ATTRIVAR2

I Variance: MIXS2
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np-Xbar (MIXED) chart proposed by Aslam et al. (2015)

I Attribute Chart:
I The items are classified as non-conforming if they do not meet

the specification limits: Y=# of non-conforming items in a
sample of n

I 2 sets of control limits: UCLi and LCLi , i=1, 2.
I If Y ∈ [LCL2;UCL2] - the process is in-control
I If Y /∈ [LCL1;UCL1] - the process is out-of-control
I Otherwise, use the VARIABLE chart

I Variable chart:
I Measure all n items and obtain X
I If X ∈ [LCL3;UCL3] - the process is in control, otherwise

out-of-control
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np-Xbar chart proposed by Aslam et al. (2015)

Figure 1: Plans for n=20, 30 and 40 with ARL0 = 200 and USL=1.28

PRO 5859 USP



Attribute+Variable control chart References

np-Xbar chart proposed by Aslam et al. (2015)

Figure 2: Comparing with np and X charts
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np-Xbar chart proposed by Aslam et al. (2015)

I For each sample n=30

Figure 3: Example of chart proposed by Aslam et al. (2015)
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The combined npx − X chart proposed by Sampaio et al.
(2013)

I Use a two stages sampling scheme

I The sample of size n is split into two sub-samples: nnpx e
nX = n − nnpx

I Phase 1: npx chart is built plotting the results of the
classification (using a gauge go-nogo) of items of the first
sub-sample

I Phase 2: If npx chart signals, then values of the quality
characteristic are taken from the units of second sub-sample
and X is calculated

I If X also signals, then the process is declared out-of-control.
An adjustment on the process is required, otherwise, the
process goes on
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The combined npx − X chart proposed by por Sampaio
et al. (2013)

Figure 4: Combined npx − X chart
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The combined npx − X chart proposed by Sampaio et al.
(2013)

I Parameters of the combined npx − X chart:
I npx chart: warning limits of the device (LWL;UWL), control

limit (UCLnpx )
I X chart: Control limits:LCLX and UCLX

I Objective Function:

LWLo ;UWLo ;UCLonpx ;UCLo
X

= argmin(ARL1 =
1

1− β
)

suject to ARL0 =
1

α
= τ
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The combined npx − X chart proposed by Sampaio et al.
(2013)

ATTENTION: Expression considering only increases in the process
mean from µo to µ1; LWL set at −∞, UWL is searched

α = P(Y > UCLnpx |nnpx , p0)× P(X > UCLX |µ0, nX )

α = αnpx × αX

p0 = P(X > µ0 + kwσ|µ0), the probability of an item be
disapproved.

β = 1−P(Y > UCLnpx |nnpx , p1)×P(X > UCLX |µ1 = µ0 +δσ, nX )

where p1 = P(X > µ0 + kwσ|µ1 = µ0 + δσ),
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The combined npx − X chart proposed by Sampaio et al.
(2013)

I Some plans - with ARL0=370 and shift δ=0.25

Figure 5: Some plans of the combined npx − X chart
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The combined npx − X chart proposed by Sampaio et al.
(2013)

I Some plans - comparing AIC , unit cost equal for attribute and
variable inspection

Figure 6: Some plans of the combined npx − X chart

PRO 5859 USP



Attribute+Variable control chart References

ATTRIVAR charts proposed by Ho & Aparisi (2016)

I Features of ATTRIVAR chart:
I Development of a chart with a similar performance of X chart
I Low operational cost
I 2 stages of inspection: by attributes and variables
I The most of times the decision is taken considering only the

results of the attribute inspection
I A restriction for the proportion of times of variable inspection

is included
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ATTRIVAR charts proposed by Ho & Aparisi (2016)

𝑛 sampled units

Classify each one
approved/rejected
by go/nogo gauge

Y =	  #	  of
rejected ≥
𝐶𝐿%?

w ≤ 𝑌 < 𝐶𝐿%?

STOP

ATTRIVAR	  I – Measure all
units of the CURRENT	  
sample and calculate𝑋+

ATTRIVAR	  II	  – Measure all
units of the NEXT	  sample

and calculate𝑋+

𝐿𝐶𝐿,+ ≤ 𝑋+ ≤ 𝑈𝐶𝐿,+?

Y

N

YN

Y

N

Figure 7: Inspection Procedure
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ATTRIVAR charts proposed by Ho & Aparisi (2016)

Figure 8: Example - ATTRIVAR1
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ATTRIVAR charts proposed by Ho & Aparisi (2016)

Figure 9: Example - ATTRIVAR2
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ATTRIVAR charts proposed by Ho & Aparisi (2016)

I Parameters of the chart:
I Device: Discriminant limits LDL, UDL
I Attribute chart: Control limit CLy ; Warning limit w
I Variable chart: Control limits UCLX and LCLX

I Restrictions:
I ARL0 = τ
I % of time that measurements of X is taken when the process

is in-control %XMax ≤ π
I Objective Function:

(LDLo ,UDLo ,CLoy ,w
o ,UCLo

X
, LCLo

X
) = arg min ( ARL1)

I Parameters searched by genetic algorithm due to the
complexity
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ATTRIVAR charts proposed by Ho & Aparisi (2016)

Figure 10: Some plans - ATTRIVAR2
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ATTRIVAR charts proposed by Ho & Aparisi (2016)

Figure 11: ATTRIVAR versus X , n=3 and %XMax = 25; 15; 5
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ATTRIVAR charts proposed by Ho & Aparisi (2016)

Figure 12: ATTRIVAR versus X , n=10 and %XMax = 25; 15; 5
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ATTRIVAR charts proposed by Ho & Aparisi (2016)

Figure 13: ATTRIVAR versus npx − X
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ATTRIVAR charts proposed by Ho & Aparisi (2016)

Figure 14: ATTRIVAR versus MIXED
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About MIX S2 chart: Introduction

I The aim: to develop a chart to monitor the variability with a
better performance than npS2 chart

I MIX S2 chart: Inspection in two stages

I Stage 1: Attribute chart is used

I Stage 2: If this chart signals, a second variable chart is built

I Decision Criterion: If both charts signal, the process is said
out-of-control
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MIX S2 chart proposed by Ho & Quinino (2016)

Figure 15: Inspection Procedure
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MIX S2 chart proposed by Ho & Quinino (2016)

Figure 16: An example of MIX S2 chart
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MIX S2 chart proposed by Ho & Quinino (2016)

I Parameters of the chart: # of approved items A1; # of
disapproved items B1; Discriminating limits UDL and LDL

I Objective Function:

(Ao
1 ,B

o
1 ,UDL

o , LDLo) = argminARL1(A1,B1,UDL, LDL)

subject to:

ARL0 =
1

α
= 370

ARLMixS2

1 < ARLS
2

1

α2 =
α

α1

ASCMixS2
< ASCS2

ASC=average sampling cost; α1 and α2, errors of type I of
charts at stages 1 and 2; values of α, α1 and α2 in the
interval [0; 1]
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MIX S2 chart proposed by Ho & Quinino (2016)

Figure 17: Examples of plans of MIX S2 chart
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MIX S2 chart proposed by Ho & Quinino (2016)

Figure 18: Best plans of MIX S2 chart
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MIX S2 chart proposed by Ho & Quinino (2016)

Figure 19: Comparing the plans MIX S2 chart with its main competitor -
economical scenario: ca=inspection cost by attribute; cm=measurement
cost
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Partial list of papers: CC by attribute or mixture
(attribute+variable) in the monitoring of the process mean
and/or variability

Only attribute

I Haridy et al. (2014)

I Ho & Costa (2011)

I Ho & Quinino (2013)

I Ho & Costa (2015)

I Melo et al. (2017)

I Quinino et al. (2015)

I Stevens (1948)

I Steiner et al. (1994, 1996)

I Wu & Jiao (2008)

I Wu et al. (2009)

Mixtures: attribute+variable

I Aslam et al. (2015)

I Ho & Aparisi (2016)

I Sampaio et al. (2013)

I Ho & Quinino (2016)
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Questions for Seminars: Attribute CC to monitor process
mean and variability

I Some contributors of attribute CC to monitor process mean
and variability

I Steiner, S., Geyer, P., and Wesolowsky, G. (1994). Control
charts based on grouped data.International Journal of
Production Research, 32(1):75–91.

I Steiner, S., Geyer, P., and Wesolowsky, G. (1996). Shewhart
control charts to detect mean and standard deviation shifts
based on grouped data. Quality and reliability engineering
international, 12:345–353.

I Stevens, W. L. (1948). Control by gauging. Journal of the
Royal Statistical Society, 10(1):54–108.

I Wu, Z. and Jiao, J. (2008). A control chart for monitoring
process mean based on attribute inspection. International
Journal of Production Research, 46:4331–4337.

I Wu, Z., Khoo, M., Shu, L., and Jiang, W. (2009). An np
control chart for monitoring the mean of a variable based on
an attribute inspection. International Journal of Production
Economics, 121:141–147
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Question for Seminars: Attribute CC to monitor process
mean

I List the common points and differences of these papers

I How to plan attribute chart to have equal performance (in
term of ARL, Sampling Cost) of a variable chart?
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