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7.1 | Introdução
2��HUPR�UH��R��D�HP��UHTXr�FLD�VL�QL�LFD�D�UHVSRV�D�HP�UH�LPH�SHUPDQHQ�H�GH��P�VLV�HPD�

D��PD�HQ�UDGD�VHQRLGDO��1RV�Pp�RGRV�GH�UHVSRV�D�HP��UHT�rQFLD���DULDPRV�D��UHT�rQFLD�GR�VLQDO�
GH�HQ�UDGD�GHQ�UR�GH�FHU�R�LQ�HU�DOR�H�HV��GDPRV�D�UHVSRV�D�UHV�O�DQ�H�

1HV�H�FDSt��OR��DSUHVHQ�DPRV�RV�Pp�RGRV�GH�UHVSRV�D�HP��UHT�rQFLD�SDUD�DQiOLVH�H�SURMH�R�
GH�VLV�HPDV�GH�FRQ�UROH����LQ�RUPDomR�T�H�RE�HPRV�FRP�EDVH�QHVVD�DQiOLVH�p�GL�HUHQ�H�GD�T�H�p�
RE�LGD�QD�DQiOLVH�FRP�EDVH�QR�O��DU�GDV�UDt]HV��'H��D�R��RV�Pp�RGRV�GD�UHVSRV�D�HP��UHT�rQFLD�H�
GR�O��DU�GDV�UDt]HV�VmR�FRPSOHPHQ�DUHV��8PD��DQ�D�HP�GR�Pp�RGR�GD�UHVSRV�D�HP��UHT�rQFLD�p�T�H�
SRGHPRV���LOL]DU�RV�GDGRV�RE�LGRV�GLUH�DPHQ�H�D�SDU�LU�GDV�PHGLo�HV��HL�DV�QRV�VLV�HPDV��tVLFRV�
VHP�D�QHFHVVLGDGH�GH�UHFRUUHUPRV�DRV�UHVSHF�L�RV�PRGHORV�PD�HPi�LFRV��(P�P�L�RV�SURMH�RV�
SUi�LFRV�GH�VLV�HPDV�GH�FRQ�UROH��DPERV�RV�Pp�RGRV�VmR�HPSUH�DGRV��2V�HQ�HQ�HLURV�GH�FRQ�UROH�
GH�HP�HV�DU��DPLOLDUL]DGRV�FRP�RV�GRLV�

2V�Pp�RGRV�GH�UHVSRV�D�HP��UHT�rQFLD��RUDP�GHVHQ�RO�LGRV�HQ�UH�DV�GpFDGDV�GH������H������SRU�
1�T�LV����RGH��1LF�ROV�H�P�L�RV�R��URV��2V�Pp�RGRV�GH�UHVSRV�D�HP��UHT�rQFLD�VmR�GRV�PDLV�SRGH�
URVRV�QD��HRULD�GH�FRQ�UROH�FRQ�HQFLRQDO��7DPEpP�VmR�LQGLVSHQVi�HLV�QD��HRULD�GH�FRQ�UROH�URE�V�R�

2�FUL�pULR�GH�HV�DELOLGDGH�GH�1�T�LV��QRV�SRVVLELOL�D�SHVT�LVDU��DQ�R�D�HV�DELOLGDGH�DEVRO��D�
FRPR�D�UHOD�L�D�GRV�VLV�HPDV�OLQHDUHV�GH�PDO�D��HF�DGD��FRP�EDVH�QR�FRQ�HFLPHQ�R�GH�V�DV�
FDUDF�HUtV�LFDV�GH�UHVSRV�D�HP��UHT�rQFLD�GH�PDO�D�DEHU�D��8PD��DQ�D�HP�GR�Pp�RGR�GH�UHVSRV�D�
HP��UHT�rQFLD�p�T�H�VH�V��HV�HV�VmR��HP��HUDO��VLPSOHV�H�SRGHP�VHU�UHDOL]DGRV�FRP�H[D�LGmR��FRP�
D���LOL]DomR�GH��HUDGRUHV�GH�VLQDLV�VHQRLGDLV��DFLOPHQ�H�DFHVVt�HLV�H�HT�LSDPHQ�RV�GH�PHGLomR�
SUHFLVRV��0�L�DV��H]HV�� DV���Qo�HV�GH��UDQV�HUrQFLD�GH�FRPSRQHQ�HV�FRPSOLFDGRV�SRGHP�VHU�
GH�HUPLQDGDV�H[SHULPHQ�DOPHQ�H�SRU�PHLR�GH��HV�HV�GH�UHVSRV�D�HP��UHT�rQFLD���OpP�GLVVR��R�
HQ�RT�H�GHVVD�UHVSRV�D�DSUHVHQ�D�D��DQ�D�HP�GH�SHUPL�LU�T�H�VH�SURMH�H��P�VLV�HPD�GH�PDQHLUD�
T�H�RV�H�HL�RV�GH�U�tGRV�LQGHVHMi�HLV�VHMDP�GHVSUH]t�HLV�H�T�H�HVVD�DQiOLVH�H�HVVH�SURMH�R�SRVVDP�VHU�
HV�HQGLGRV�D�FHU�RV�VLV�HPDV�GH�FRQ�UROH�QmR�OLQHDUHV�

(PERUD�D�UHVSRV�D�HP��UHT�rQFLD�GH��P�VLV�HPD�GH�FRQ�UROH�DSUHVHQ�H��P�T�DGUR�T�DOL�D�L�
�R�GD�UHVSRV�D��UDQVL�yULD��D�FRUUHODomR�HQ�UH�D�UHVSRV�D�HP��UHT�rQFLD�H�D�UHVSRV�D��UDQVL�yULD�p�
LQGLUH�D��H[FH�R�SDUD�R�FDVR�GH�VLV�HPDV�GH�VH��QGD�RUGHP��1R�SURMH�R�GH��P�VLV�HPD�GH�PDO�D�
�HF�DGD��DM�V�DPRV�DV�FDUDF�HUtV�LFDV�GD�UHVSRV�D�HP��UHT�rQFLD�GD���QomR�GH��UDQV�HUrQFLD�GH�
PDO�D�DEHU�D����LOL]DQGR��iULRV�FUL�pULRV�GH�SURMH�R��SDUD�RE�HU�FDUDF�HUtV�LFDV�DFHL�i�HLV�GD�UHV�
SRV�D��UDQVL�yULD�GR�VLV�HPD�



Obtenção das respostas em regime permanente às entradas senoidais.�9DPRV�PRV�UDU�
T�H�D�UHVSRV�D�HP�UH�LPH�SHUPDQHQ�H�GD���QomR�GH��UDQV�HUrQFLD�GH��P�VLV�HPD�SRGH�VHU�RE�LGD�
GLUH�DPHQ�H�D�SDU�LU�GD���QomR�GH��UDQV�HUrQFLD�VHQRLGDO���LV�R�p��D���QomR�GH��UDQV�HUrQFLD�QD�
T�DO���p�V�EV�L��tGR�SRU�M~ ��RQGH�~�p�D��UHT�rQFLD�

�RQVLGHUH�R�VLV�HPD�OLQHDU��HV�i�HO�H�LQ�DULDQ�H�QR��HPSR�PRV�UDGR�QD�)L��UD��������HQ�UDGD�
H�D�VDtGD�GR�VLV�HPD��F�MD���QomR�GH��UDQV�HUrQFLD�p�������VmR�GHVL�QDGDV�SRU������H�������UHVSHF�
�L�DPHQ�H��6H�D�HQ�UDGD�������RU��P�VLQDO�VHQRLGDO��D�VDtGD�HP�UH�LPH�SHUPDQHQ�H��DPEpP�VHUi�
�P�VLQDO�VHQRLGDO�FRP�D�PHVPD��UHT�rQFLD��PDV�SRVVL�HOPHQ�H�R�PyG�OR�H�R��Q��OR�GH��DVH�
VHUmR�GL�HUHQ�HV�

9DPRV�V�SRU�T�H�R�VLQDO�GH�HQ�UDGD�VHMD�GDGR�SRU�

����� ���VHQ�~�

>1HV�H�OL�UR���~��p�VHPSUH�PHGLGD�HP�UDG�V��4�DQGR�D��UHT�rQFLD�p�PHGLGD�HP�FLFORV�V���VDPRV�
D�QR�DomR��������2��VHMD��~� ��p����

�RQVLGHUH�T�H�D���QomR�GH��UDQV�HUrQFLD������GR�VLV�HPD�SRVVD�VHU�HVFUL�D�FRPR��PD�UHODomR�
GH�GRLV�SROLQ�PLRV�HP����R��VHMD�
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RQGH������p�D��UDQV�RUPDGD�GH�/DSODFH�GD�HQ�UDGD������

6HUi�PRV�UDGR�T�H��GHSRLV�GH�HVSHUDU�D�p�T�H�DV�FRQGLo�HV�GH�UH�LPH�SHUPDQHQ�H��HQ�DP�
VLGR�DOFDQoDGDV��D�UHVSRV�D�HP��UHT�rQFLD�SRGH�VHU�FDOF�ODGD�V�EV�L��LQGR�VH���SRU�M~�QD���QomR�
GH��UDQV�HUrQFLD��6HUi�PRV�UDGR��DPEpP�T�H�D�UHVSRV�D�HP�UH�LPH�SHUPDQHQ�H�SRGH�VHU�GDGD�SRU�
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z^ h

RQGH���p�D�UHODomR�GH�DPSOL��GH�HQ�UH�D�VDtGD�H�D�HQ�UDGD�VHQRLGDO�H�z�p�D�GH�DVD�HP��R��GL�HUHQoD�
GH��DVH��HQ�UH�D�HQ�UDGD�VHQRLGDO�H�D�VDtGD�VHQRLGDO��1R��HV�H�GD�UHVSRV�D�HP��UHT�rQFLD���DULD�VH�D�
�UHT�rQFLD�GH�HQ�UDGD�~��GH�PRGR�T�H�VHMD�FREHU�R��RGR�R�LQ�HU�DOR�GH��UHT�rQFLDV�GH�LQ�HUHVVH�

��UHVSRV�D�HP�UH�LPH�SHUPDQHQ�H�GH��P�VLV�HPD�OLQHDU��HV�i�HO��LQ�DULDQ�H�QR��HPSR�D��PD�
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LQLFLDLV�VHMDP�Q�ODV���6H�������L�HU�VRPHQ�H�SRORV�GLV�LQ�RV��HQ�mR�D�H[SDQVmR�HP��UDo�HV�SDUFLDLV�
GD�(T�DomR�����T�DQGR������ ���VHQ�~��UHV�O�D�HP�
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RQGH�D�H�EL��VHQGR�L� ����������������VmR�FRQV�DQ�HV�H�ā�p�R�FRPSOH[R�FRQM��DGR�GH�D�����UDQV�RUPDGD�
LQ�HUVD�GH�/DSODFH�GD�(T�DomR�����p�

� ����� �DH±M~����āe�M~����E�H
±������E�H

±������������E�H
±���� � ���≥�0)�� (7.3)

3DUD��P�VLV�HPD�HV�i�HO��±����±����������±����rP�SDU�HV�UHDLV�QH�D�L�DV��3RU�DQ�R��FRQ�RUPH����HQGH�
D�LQ�LQL�R��RV��HUPRV�H±�����H±���������H�H±�����HQGHP�D�]HUR���VVLP���RGRV�RV��HUPRV�GR�ODGR�GLUHL�R�GD�
(T�DomR������H[FH�R�RV�GRLV�SULPHLURV��VH�DQ�ODP�HP�UH�LPH�SHUPDQHQ�H�

FIGURA 7.1

G(s)
X(s)

x(t)

Y(s)

y(t)Sistema estável, 
linear, invariante 
no tempo.
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6H������SRVV�LU�SRORV�P�O�LSORV��M�GH�P�O�LSOLFLGDGH�PM��HQ�mR�������HUi��HUPRV�FRPR���
KMH±�M��
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�PD�HQ�UDGD�VHQRLGDO���HUi��HP�UH�LPH�SHUPDQHQ�H���PD�VDtGD�VHQRLGDO�FRP�D�PHVPD��UHT�rQFLD�
GD�HQ�UDGD��1R�HQ�DQ�R��HP��HUDO��D�DPSOL��GH�H�D��DVH�GD�VDtGD�VHUmR�GL�HUHQ�HV�GD�DPSOL��GH�H�GD�
�DVH�GD�HQ�UDGD��'H��D�R��D�DPSOL��GH�GD�VDtGD�p�GDGD�SHOR�SURG��R�GD�DPSOL��GH�GD�HQ�UDGD�SRU�
�����M~����HQT�DQ�R�R��Q��OR�GH��DVH�GD�VDtGD�GL�HUH�GR��Q��OR�GH��DVH�GD�HQ�UDGD�SHOR��DORU�z� �
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FIGURA 7.2

X Y

t

Entrada x(t) = X sen ~t

Saída y(t) = Y sen (~t + z)

Sinais senoidais 
de entrada e de 
saída.
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'R�T�H�DFDEDPRV�GH��HU��FRQFO�tPRV�HV�H�LPSRU�DQ�H�UHV�O�DGR��SDUD�HQ�UDGDV�VHQRLGDLV�
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�UD�D�VH�GH��PD��UDQGH]D�FRPSOH[D�H�SRGH�VHU�UHSUHVHQ�DGD�SHOR�PyG�OR�H�SHOR��Q��OR�GH��DVH��
�HQGR�D��UHT�rQFLD�FRPR�SDU�PH�UR������QomR�GH��UDQV�HUrQFLD�VHQRLGDO�GH�T�DOT�HU�VLV�HPD�OLQHDU�
p�RE�LGD�SHOD�V�EV�L��LomR�GH���SRU�M~�QD���QomR�GH��UDQV�HUrQFLD�GR�VLV�HPD�

�RPR�Mi�PHQFLRQDGR�QR��DSt��OR�����P��Q��OR�GH��DVH�SRVL�L�R�p�GHQRPLQDGR�D�DQoR�GH�
�DVH�H��P��Q��OR�GH��DVH�QH�D�L�R�H�FRQ�HFLGR�FRPR�D�UDVR�GH��DVH��8PD�UHGH�T�H��HQ�D�DV�FDUDF�
�HUtV�LFDV�GH�D�DQoR�GH��DVH�p�F�DPDGD�UHGH�GH�D�DQoR�GH��DVH��HQT�DQ�R��PD�UHGH�T�H��HQ�D�DV�
FDUDF�HUtV�LFDV�GH�D�UDVR�GH��DVH�p�GHQRPLQDGD�UHGH�GH�D�UDVR�GH��DVH�

Exemplo 7.1 �RQVLGHUH�R�VLV�HPD�PRV�UDGR�QD�)L��UD����������QomR�GH��UDQV�HUrQFLD������p�
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FIGURA 7.3
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Exemplo 7.2 �RQVLGHUH�D�UHGH�GDGD�SRU�
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Apresentação das características da resposta em frequência na forma gráfica.�����QomR�
GH��UDQV�HUrQFLD�VHQRLGDO���PD���QomR�FRPSOH[D�GD��UHT�rQFLD�~��p�FDUDF�HUL]DGD�SRU�VH��PyG�OR�
H��Q��OR�GH��DVH��FRP�D��UHT�rQFLD�FRPR�SDU�PH�UR��([LV�HP��UrV�UHSUHVHQ�Do�HV�GDV���Qo�HV�GH�
�UDQV�HUrQFLD�VHQRLGDLV����LOL]DGDV�FRP�PHQ�H�

1. 'LD�UDPD�GH��RGH�R���Ui�LFR�OR�DUt�PLFR�
2. 'LD�UDPD�GH�1�T�LV��R��GLD�UDPD�SRODU�
3. 'LD�UDPD�GR�OR�DUL�PR�GR�PyG�OR�YHU�X���Q��OR�GH��DVH��FDU�D�GH�1LF�ROV��

'LVF��LUHPRV�HVVDV�UHSUHVHQ�Do�HV�HP�GH�DO�HV�QHV�H�FDSt��OR��'LVF��LUHPRV��DPEpP�D�RE�HQomR�
GRV�GLD�UDPDV�GH��RGH�H�GH�1�T�LV��H�GDV�FDU�DV�GH�1LF�ROV���LOL]DQGR�R�0�7/���

Visão geral do capítulo.���6HomR������UD]��PD�LQ�URG�omR�j�UHVSRV�D�HP��UHT�rQFLD����6HomR�����
DSUHVHQ�D�GLD�UDPDV�GH��RGH�GH���Qo�HV�GH��UDQV�HUrQFLD�GH��iULRV�VLV�HPDV����6HomR������UD�D�GRV�
GLD�UDPDV�SRODUHV�GH���Qo�HV�GH��UDQV�HUrQFLD����6HomR�����H[LEH�RV�GLD�UDPDV�GH�PyG�OR�YHU�X��
�Q��OR�GH��DVH����6HomR������RUQHFH�HP�GH�DO�HV�R�FUL�pULR�GH�HV�DELOLGDGH�GH�1�T�LV�����6HomR�
����GLVF��H�D�DQiOLVH�GH�HV�DELOLGDGH���LOL]DQGR�R�FUL�pULR�GH�HV�DELOLGDGH�GH�1�T�LV�����6HomR�����
LQ�URG�]�PHGLGDV�SDUD�DQiOLVH�GH�HV�DELOLGDGH�UHOD�L�D����6HomR�����DSUHVHQ�D��P�Pp�RGR�SDUD�D�
RE�HQomR�GD�UHVSRV�D�HP��UHT�rQFLD�GH�PDO�D��HF�DGD�D�SDU�LU�GD�UHVSRV�D�HP��UHT�rQFLD�GH�PDO�D�
DEHU�D��SHOR��VR�GDV�FLUF�Q�HUrQFLDV�0�H�1��'LVF��H�VH��DPEpP�R��VR�GD�FDU�D�GH�1LF�ROV����6HomR�
�����UD�D�GD�GH�HUPLQDomR�GD���QomR�GH��UDQV�HUrQFLD�FRP�EDVH�QR�OH�DQ�DPHQ�R�H[SHULPHQ�DO��
��6HomR������DSUHVHQ�D�DVSHF�RV�LQ�URG��yULRV�GH�SURMH�R�GH�VLV�HPDV�GH�FRQ�UROH�SHOD�UHVSRV�D�
HP��UHT�rQFLD���V�VHo�HV������������H������DERUGDP�HP�GH�DO�HV�DV��pFQLFDV�GH�FRPSHQVDomR�
SRU�D�DQoR�GH��DVH��FRPSHQVDomR�SRU�D�UDVR�GH��DVH�H�FRPSHQVDomR�SRU�D�UDVR�H�D�DQoR�GH��DVH��
UHVSHF�L�DPHQ�H�
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7.2 | Diagramas de Bode

Diagramas de Bode ou gráficos logarítmicos.�8P�GLD�UDPD�GH��RGH�p�FRQV�L��tGR�SRU�GRLV�
�Ui�LFRV���P�p�R��Ui�LFR�GR�OR�DUL�PR�GR�PyG�OR�GH��PD���QomR�GH��UDQV�HUrQFLD�VHQRLGDO��R�R��UR�
p�R��Ui�LFR�GR��Q��OR�GH��DVH���PERV�VmR��UDoDGRV�HP�UHODomR�j��UHT�rQFLD�HP�HVFDOD�OR�DUt�PLFD�

��UHSUHVHQ�DomR�SDGUmR�GR�OR�DUL�PR�GR�PyG�OR�GH�����M~��p����OR������M~����RQGH�D�EDVH�GR�
OR�DUL�PR�p��������QLGDGH���LOL]DGD�QHVVD�UHSUHVHQ�DomR�GR�PyG�OR�p�R�GHFLEHO��QRUPDOPHQ�H�
DEUH�LDGR�FRPR�G���1D�UHSUHVHQ�DomR�OR�DUt�PLFD��DV�F�U�DV�VmR�GHVHQ�DGDV�HP�SDSHO�VHPLOR���
FRP�D���LOL]DomR�GD�HVFDOD�OR�DUt�PLFD�SDUD�D��UHT�rQFLD�H�D�HVFDOD�OLQHDU��DQ�R�SDUD�PyG�OR��PDV�
HP�GHFLEpLV��FRPR�SDUD��Q��OR��HP��UD�V����2�LQ�HU�DOR�GD��UHT�rQFLD�GH�LQ�HUHVVH�GH�HUPLQD�R�
Q�PHUR�GH�FLFORV�OR�DUt�PLFRV�UHT�HULGRV�QD�DEVFLVVD���

��SULQFLSDO��DQ�D�HP�GH���LOL]DU�R�GLD�UDPD�GH��RGH�p�T�H�D�P�O�LSOLFDomR�GRV�PyG�ORV�SRGH�
VHU�FRQ�HU�LGD�HP�VRPD���OpP�GLVVR��H[LV�H��P�PHLR�VLPSOHV�GH�HVERoDU��PD�F�U�D�DSUR[LPDGD�
GR�OR�DUL�PR�GR�PyG�OR��EDVHDGD�HP�DSUR[LPDo�HV�DVVLQ�y�LFDV��(VVDV�DSUR[LPDo�HV�SRU�UH�DV�
DVVtQ�R�DV�VmR�V��LFLHQ�HV�VH��RUHP�GHVHMDGDV�DSHQDV�LQ�RUPDo�HV�DSUR[LPDGDV�VREUH�DV�FDUDF�
�HUtV�LFDV�GD�UHVSRV�D�HP��UHT�rQFLD��6H��RU�QHFHVViULD�D�F�U�D�H[D�D��DV�FRUUHo�HV�SRGHUmR�VHU�
�HL�DV��DFLOPHQ�H�QHVVHV��Ui�LFRV�DVVLQ�y�LFRV�EiVLFRV����H[SDQVmR�GD��DL[D�GH�EDL[DV��UHT�rQFLDV�
SHOR��VR�GD�HVFDOD�OR�DUt�PLFD�GH��UHT�rQFLD�p�P�L�R��DQ�DMRVD���LV�R�T�H�DV�FDUDF�HUtV�LFDV�GRV�
VLV�HPDV�HP�EDL[DV��UHT�rQFLDV��QD�SUi�LFD��VmR�DV�PDLV�LPSRU�DQ�HV��2��D�R�GH�QmR�VHU�SRVVt�HO�
traçar�as�curvas�até�a�frequência�zero�em�virtude�da�escala�logarítmica�(log�0�=�–�∞)�não�cria�
QHQ��P�SUREOHPD�VpULR��

1R�H�T�H�D�GH�HUPLQDomR�H[SHULPHQ�DO�GH��PD� ��QomR�GH��UDQV�HUrQFLD�SRGH� VHU��HL�D�GH�
PRGR�VLPSOHV��VH�RV�GDGRV�GD�UHVSRV�D�HP��UHT�rQFLD��RUHP�DSUHVHQ�DGRV�VRE�D��RUPD�GH��P�
GLD�UDPD�GH��RGH�

Fatores básicos de G( j~)H( j~).��RQ�RUPH��RL�D�LUPDGR�DQ�HULRUPHQ�H��D�SULQFLSDO��DQ�D�
�HP�HP���LOL]DU�R��Ui�LFR�OR�DUt�PLFR�p�D�UHOD�L�D��DFLOLGDGH�GH��UDoDU�DV�F�U�DV�GH�UHVSRV�D�HP�
�UHT�rQ�FLD��2V��D�RUHV�EiVLFRV�T�H�RFRUUHP��DEL��DOPHQ�H�HP�T�DOT�HU���QomR�GH��UDQV�HUrQFLD�
����M~�����M~��VmR�

1. �DQ�R�.
2. )D�RUHV�LQ�H�UDO�H�GHUL�D�L�R����M~�∓�

3. )D�RUHV�GH�SULPHLUD�RUGHP�����M~��∓�

4. Fatores�quadráticos�[1�+�2ζ(��M~�~��������M~�~��
��∓�

8PD��H]��DPLOLDUL]DGRV�FRP�RV��Ui�LFRV�OR�DUt�PLFRV�GHVVHV��D�RUHV�EiVLFRV��p�SRVVt�HO���LOL]i�
ORV�QD�FRQV�U�omR�GH��P��Ui�LFR�OR�DUt�PLFR�FRPSRV�R�SDUD�T�DOT�HU��RUPD��HUDO�GH�����M~�����M~���
HVERoDQGR�DV�F�U�DV�SDUD�FDGD��D�RU�H�DGLFLRQDQGR��UD�LFDPHQ�H�DV�F�U�DV�LQGL�LG�DLV��SRUT�H�D�
DGLomR�GR�OR�DUL�PR�GRV��DQ�RV�FRUUHVSRQGH�j�V�D�P�O�LSOLFDomR�

O ganho K.�8P�Q�PHUR�PDLRU�T�H��PD��QLGDGH�SRVV�L��P��DORU�SRVL�L�R�HP�GHFLEpLV��HQT�DQ�R�
�P�Q�PHUR�PHQRU�T�H��PD��QLGDGH��HP��DORU�QH�D�L�R����F�U�D�GH�PyG�OR�HP�G��GH��P��DQ�R�
FRQV�DQ�H�.�p��PD�UH�D��RUL]RQ�DO�GH��DORU����OR��.�GHFLEpLV��2��Q��OR�GH��DVH�GR��DQ�R�.�p�]HUR��
2�H�HL�R�GD��DULDomR�GR��DQ�R�.�QD���QomR�GH��UDQV�HUrQFLD�p�GHVORFDU�SDUD�FLPD�R��SDUD�EDL[R�D�
F�U�D�GH�PyG�OR�HP�G��GD���QomR�GH��UDQV�HUrQFLD�HP��P��DORU�FRQV�DQ�H�FRUUHVSRQGHQ�H��PDV�
LVVR�QmR��HP�QHQ��P�H�HL�R�VREUH�D�F�U�D�GH��Q��OR�GH��DVH�

8P��Ui�LFR�GH�FRQ�HUVmR�GH��P�Q�PHUR�HP�GHFLEHO�HV�i�LQGLFDGR�QD�)L��UD������2��DORU�HP�
GHFLEHO�GH�T�DOT�HU�Q�PHUR�SRGH�VHU�RE�LGR�FRP�R�D�[tOLR�GHVVH��Ui�LFR��4�DQGR��P�Q�PHUR�
D�PHQ�D�HP��P��D�RU�GH�����R��DORU�FRUUHVSRQGHQ�H�HP�GHFLEHO��LFD�DFUHVFLGR�GH�����(VVH�UHV�O�
�DGR�SRGH�VHU��HUL�LFDGR�D�SDU�LU�GR�VH��LQ�H��

���OR��.�#����� ����OR��.�����

'H�PDQHLUD�VHPHO�DQ�H�

���OR��.�#������ ����OR��.������
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2EVHU�H�T�H��T�DQGR�H[SUHVVR�HP�GHFLEpLV��R�UHFtSURFR�GH��P�Q�PHUR�GL�HUH�GH�VH���DORU�DSHQDV�
QR�VLQDO��LV�R�p��SDUD�R�Q�PHUR�.�

20 20log log.
.
1=-

Fatores integral e derivativo ( j~)∓1.�2��DORU�OR�DUt�PLFR�GH���M~�HP�GHFLEpLV�p�

20 20log log
M
1 dB
~

~=-

2��Q��OR�GH��DVH�GH���M~�p�FRQV�DQ�H�H�L��DO�D�±�����

1RV�GLD�UDPDV�GH��RGH��DV�UHODo�HV�GH��UHT�rQFLD�VmR�H[SUHVVDV�HP��HUPRV�GH�RL�D�DV�R��GH�
GpFDGDV��8PD�RL�D�D�p��P�LQ�HU�DOR�GH��UHT�rQFLD�GH�~��D��~���RQGH�~��p�T�DOT�HU��DORU�GH��UH�
T�rQFLD��8PD�GpFDGD�FRUUHVSRQGH�D��P�LQ�HU�DOR�GH��UHT�rQFLD�GH�~��D���~���RQGH��QR�DPHQ�H��
~��p�T�DOT�HU��DORU�GH��UHT�rQFLD���1D�HVFDOD�OR�DUt�PLFD�GR�SDSHO�VHPLOR���T�DOT�HU�UHODomR�GH�
�UHT�rQFLD�GDGD�SRGH�VHU�UHSUHVHQ�DGD�SHOD�PHVPD�GLV��QFLD��RUL]RQ�DO��3RU�H[HPSOR��D�GLV��QFLD�
�RUL]RQ�DO�HQ�UH�~� ��H�~� ����p�L��DO�D�GLV��QFLD�HQ�UH�~� ���H�~� �����

6H��RU�FRQV�U�tGR��P��Ui�LFR�GH�±����OR��~�G��YHU�X��~�HP�HVFDOD�OR�DUt�PLFD��R�UHV�O�DGR�
VHUi��PD�UH�D��3DUD��UDoDU�HVVD�UH�D��p�QHFHVViULR�ORFDOL]DU��P�SRQ�R����G���~� ����VREUH�HOD���RPR

�±����OR����~��G�� ��±����OR��~�±�����G�

D�LQFOLQDomR�GD�UH�D�VHUi�±����G��GpFDGD��R��±���G��RL�D�D��

'H�PDQHLUD�VHPHO�DQ�H��R�PyG�OR�GH�M~�HP�GHFLEpLV�p�

���OR���M~�� ����OR��~�G�

2��Q��OR�GH��DVH�GH�M~�p�FRQV�DQ�H�H�L��DO�D��������F�U�D�GR�OR�DUL�PR�GR�PyG�OR�p��PD�UH�D�
FRP�LQFOLQDomR�GH����G��GpFDGD���V��L��UDV�����D��H��E��PRV�UDP�DV�F�U�DV�GH�UHVSRV�D�HP��UH�
T�rQFLD�SDUD���M~�H�M~��UHVSHF�L�DPHQ�H��3RGH�VH��HU�FRP�FODUH]D�T�H�DV�GL�HUHQoDV�QDV�F�U�DV�
GDV�UHVSRV�DV�HP��UHT�rQFLD�GRV��D�RUHV���M~�H�M~�HV�mR�QRV�VLQDLV�GDV�LQFOLQDo�HV�GDV�F�U�DV�GR�
OR�DUL�PR�GR�PyG�OR�H�QRV�VLQDLV�GRV��Q��ORV�GH��DVH���PEDV�DV��UDQGH]DV�OR�DUt�PLFDV��RUQDP�
�VH�L��DLV�D���G��HP�~� ���

6H�D���QomR�GH��UDQV�HUrQFLD�SRVV�LU�R��D�RU����M~���R�����M~����DV��UDQGH]DV�OR�DUt�PLFDV�VH�
�RUQDUmR��UHVSHF�L�DPHQ�H��

20 20 20log log log
j

n j n1 dBn~
~ ~#=- =-

^ h

FIGURA 7.4
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R��

���OR������M~���� ���#����OR���M~�� �����OR��~�G�

�V�LQFOLQDo�HV�GDV�F�U�DV�GR�PyG�OR�HP�G��SDUD�RV��D�RUHV����M~���H����M~���VmR��UHVSHF�L�DPHQ�H��
±�����G��GpFDGD�H�����G��GpFDGD��2��Q��OR�GH��DVH�GH����M~���p�L��DO�D�±�����#���HP��RGD�D�
�DL[D�GH��UHT�rQFLD��HQT�DQ�R�R�GH����M~���p�L��DO�D�����#���HP��RGD�D��DL[D�GH��UHT�rQFLD���V�
F�U�DV�GH�PyG�OR�SDVVDUmR�SHOR�SRQ�R����G���~� �����

Fatores de primeira ordem (1 + j~T)∓1.�2�PyG�OR�HP�G��GR��D�RU�GH�SULPHLUD�RUGHP���
�����M~���p�

20 20log log dBj T T1
1 1 2 2

~
~

+
=- +

3DUD�EDL[DV��UHT�rQFLDV��FRPR�~�%������R�PyG�OR�HP�G��SRGH�VHU�DSUR[LPDGR�SRU�

20 20 1 0log log dB�1 2 2
Z~- + - =

�VVLP��D�F�U�D�GH�PyG�OR�HP�G��HP�EDL[DV��UHT�rQFLDV�p��PD�UH�D�GH���G��FRQV�DQ�H��3DUD�DO�DV�
�UHT�rQFLDV��FRPR�~�&�����

20 20log log dB� �1 2 2
Z~ ~- + -

(V�D�p��PD�H[SUHVVmR�DSUR[LPDGD�SDUD�D��DL[D�GH�DO�DV��UHT�rQFLDV��(P�~� ������R��DORU�GR�PyG�OR�
p�GH���G���HP�~� �������R�PyG�OR�p�GH�±����G���3RU�DQ�R��R��DORU�GH�±����OR��~��G��GHFUHVFH�
HP����G��SDUD�FDGD�GpFDGD�GH�~��3DUD�~�&������D�F�U�D�GH�PyG�OR�HP�G��p��HQ�mR���PD�UH�D�
FRP��PD�LQFOLQDomR�GH�±����G��GpFDGD��R��±���G��RL�D�D��

1RVVD�DQiOLVH�PRV�UD�T�H�D�UHSUHVHQ�DomR�OR�DUt�PLFD�GD�F�U�D�GH�UHVSRV�D�HP��UHT�rQFLD�
GR��D�RU��������M~���SRGH�VHU�DSUR[LPDGD�SRU�G�DV�UH�DV�DVVtQ�R�DV���PD�HP���G��SDUD�D��DL[D�GH�
�UHT�rQFLD�����~�������H�R��UD�UH�D�FRP�LQFOLQDomR�GH�±����G��GpFDGD��R��±���G��RL�D�D��SDUD�D�
�DL[D�GH��UHT�rQFLD�������~ <�∞.�A�Figura�7.6�mostra�a�curva�exata�do�módulo�em�dB,�as�assín�
�R�DV�H�D�F�U�D�H[D�D���pU�LFH��GR��Q��OR�GH��DVH�

���UHT�rQFLD�QD�T�DO�DV�G�DV�DVVtQ�R�DV�VH�HQFRQ�UDP�p�F�DPDGD��UHT�rQFLD�GH�FD��R�R���UH�
T�rQFLD�GH�PXGD�oD�GH�L�FOL�DomR���TXHEUD����3DUD�R��D�RU��������M~����D��UHT�rQFLD�~� �����p�
D��UHT�rQFLD�GH�FDQ�R���LV�R�T�H�HP�~� �����DV�G�DV�DVVtQ�R�DV��rP�R�PHVPR��DORU�����H[SUHVVmR�

FIGURA 7.5
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DVVLQ�y�LFD�QD�EDL[D��UHT�rQFLD�HP�~� �����p����OR����G�� ���G��H�D�H[SUHVVmR�DVVLQ�y�LFD�QD�DO�D�
�UHT�rQFLD�HP�~� �����p��DPEpP����OR����G�� ���G�������UHT�rQFLD�GH�FDQ�R�GL�LGH�D�UHVSRV�D�
HP��UHT�rQFLD�HP�G�DV�UH�L�HV��D�F�U�D�GD�UH�LmR�GH�EDL[D��UHT�rQFLD�H�D�F�U�D�GD�UH�LmR�GH�DO�D�
�UHT�rQFLD�����UHT�rQFLD�GH�FDQ�R�p�P�L�R�LPSRU�DQ�H�QR�HVERoR�GDV�F�U�DV�OR�DUt�PLFDV�GH�
UHVSRV�D�HP��UHT�rQFLD��

2��Q��OR�GH��DVH�H[D�R�z�GR��D�RU��������M~���p�

z� �±���±��~�

1D��UHT�rQFLD�]HUR��R��Q��OR�GH��DVH�p�����1D��UHT�rQFLD�GH�FDQ�R��R��Q��OR�GH��DVH�p�

1 45tg tg
�
�1 1 cz =- =- =-- -

1R�LQ�LQL�R��R��Q��OR�GH��DVH��RUQD�VH�L��DO�D�±�������RPR�R��Q��OR�GH��DVH�p�GDGR�SHOD���QomR�
DUFR��DQ�HQ�H��HOH�p�VLPp�ULFR�HP�UHODomR�DR�SRQ�R�GH�LQ�OH[mR�HP�z� �±�����

2�HUUR�QD�F�U�D�GH��UDQGH]D�FD�VDGR�SHOR��VR�GDV�DVVtQ�R�DV�SRGH�VHU�FDOF�ODGR��2�HUUR�
Pi[LPR�RFRUUH�QD��UHT�rQFLD�GH�FDQ�R�H�p�DSUR[LPDGDPHQ�H�L��DO�D�±���G����LV�R�T�H�

20 20 1 10 2 3,03log log log1 1 dB- + + =- =-

2�HUUR�HP��PD�RL�D�D�DEDL[R�GD��UHT�rQFLD�GH�FDQ�R��LV�R�p��HP�~� ���������p�

20 20 1 20 0,97log log log dB4
1 1 2

5- + + =- =-

2�HUUR�HP��PD�RL�D�D�DFLPD�GD��UHT�rQFLD�GH�FDQ�R��LV�R�p��HP�~� ������p�

20 20 2 20 0,97log log log dB2 1 2
52

- + + =- =-

3RU�DQ�R��R�HUUR�HP��PD�RL�D�D�DEDL[R�R��DFLPD�GD��UHT�rQFLD�GH�FDQ�R�p�DSUR[LPDGDPHQ�H�L��DO�
D�±���G���'H�PDQHLUD�VHPHO�DQ�H��R�HUUR�HP��PD�GpFDGD�DEDL[R�R��DFLPD�GD��UHT�rQFLD�GH�FDQ�R�
p�DSUR[LPDGDPHQ�H�±������G�����)L��UD�����PRV�UD�T�H�R�HUUR�HP�GHFLEpLV��HP�GHFRUUrQFLD�GR�
�VR�GD�H[SUHVVmR�DVVLQ�y�LFD�GD�F�U�D�GH�UHVSRV�D�HP��UHT�rQFLD�GH��������M~����p�VLPp�ULFR�HP�
UHODomR�j��UHT�rQFLD�GH�FDQ�R�

�RPR�DV�DVVtQ�R�DV�VmR��iFHLV�GH�GHVHQ�DU�H�HV�mR�V��LFLHQ�HPHQ�H�SUy[LPDV�GD�F�U�D�H[D�D��R�
�VR�GHVVDV�DSUR[LPDo�HV�QR��UDoDGR�GRV�GLD�UDPDV�GH��RGH�p�FRQ�HQLHQ�H�SDUD�GH�HUPLQDU��FRP�
UDSLGH]�H��P�PtQLPR�GH�FiOF�OR��D�QD��UH]D��HUDO�GDV�FDUDF�HUtV�LFDV�GD�UHVSRV�D�HP��UHT�rQFLD�

FIGURA 7.6
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H�SRGHP�VHU��VDGDV�QD�PDLRULD�GRV�SURMH�RV�SUHOLPLQDUHV��6H��RUHP�GHVHMDGDV�F�U�DV�GH�UHVSRV�D�
HP��UHT�rQFLD�PDLV�SUHFLVDV��SRGHPRV��D]HU�FRUUHo�HV��DFLOPHQ�H��FRP�EDVH�QD�F�U�D�LQGLFDGD�
QD�)L��UD������1D�SUi�LFD��D�F�U�D�SUHFLVD�GH�UHVSRV�D�HP��UHT�rQFLD�SRGH�VHU��UDoDGD�VH��RUHP�
LQ�URG�]LGDV��PD�FRUUHomR�GH���G��QD��UHT�rQFLD�GH�FDQ�R�H��PD�FRUUHomR�GH���G��QRV�SRQ�RV�
�PD�RL�D�D�DEDL[R�H�DFLPD�GD��UHT�rQFLD�GH�FDQ�R�H�VH��HP�VH��LGD��HVVHV�SRQ�RV��RUHP�OL�DGRV�
SRU��PD�F�U�D�V�D�H�

1R�H�T�H��PD��DULDomR�QD�FRQV�DQ�H�GH��HPSR���GHVORFD�D��UHT�rQFLD�GH�FDQ�R�SDUD�D�HVT�HUGD�
R��SDUD�D�GLUHL�D��PDV�D��RUPD�GDV�F�U�DV�GH�PyG�OR�HP�G��H�GR��Q��OR�GH��DVH�SHUPDQHFH�D�PHVPD�

����QomR�GH��UDQV�HUrQFLD��������M~����HP�DV�FDUDF�HUtV�LFDV�GH��P��LO�UR�SDVVD�EDL[D��3DUD�DV�
�UHT�rQFLDV�DFLPD�GH�~� ����,�o�módulo�em�dB�cai�rapidamente�em�direção�a�–�∞.�Isso�se�deve�
HVVHQFLDOPHQ�H�j�SUHVHQoD�GD�FRQV�DQ�H�GH��HPSR��1R��LO�UR�SDVVD�EDL[D��D�VDtGD�SRGH�VH��LU��
FRP��LGHOLGDGH��D�HQ�UDGD�VHQRLGDO�D�EDL[DV��UHT�rQFLDV��(Q�UH�DQ�R��j�PHGLGD�T�H�D��UHT�rQFLD�
GH�HQ�UDGD�D�PHQ�D��D�VDtGD�QmR�SRGH�VH��LU�PDLV�D�HQ�UDGD��SRUT�H�p�QHFHVViULR�FHU�R�LQ�HU�DOR�GH�
�HPSR�SDUD�R�VLV�HPD�D�LQ�LU��PD�DPSOL��GH�HOH�DGD���VVLP��HP�DO�DV��UHT�rQFLDV��D�DPSOL��GH�
GD�VDtGD��HQGH�D�]HUR�H�R��Q��OR�GH��DVH�GD�VDtGD��HQGH�D�±������3RU�DQ�R��VH�D���QomR�GH�HQ�UDGD�
FRQ�pP�P�L�RV��DUP�QLFRV��HQ�mR�RV�FRPSRQHQ�HV�GH�EDL[D��UHT�rQFLD�VmR�UHSURG�]LGRV�FRP�
�LGHOLGDGH�QD�VDtGD��HQT�DQ�R�RV�FRPSRQHQ�HV�GH�DO�D��UHT�rQFLD�VmR�D�HQ�DGRV�QD�DPSOL��GH�H�
GH�DVDGRV�QD��DVH���VVLP���P�HOHPHQ�R�GH�SULPHLUD�RUGHP��RUQHFH��PD�G�SOLFDomR�H[D�D��R��
T�DVH�H[D�D��VRPHQ�H�SDUD��HQ�PHQRV�FRQV�DQ�HV�R��OHQ�DPHQ�H��DULi�HLV�

8PD��DQ�D�HP�GR�GLD�UDPD�GH��RGH�p�T�H�SDUD��D�RUHV�UHFtSURFRV���SRU�H[HPSOR��R��D�RU�����
M~����DV�F�U�DV�GH�PyG�OR�HP�G��H�GR��Q��OR�GH��DVH�QHFHVVL�DP��URFDU�DSHQDV�R�VLQDO���LV�R�T�H
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3DUD�RV�FDVRV�HP�T�H�GDGD���QomR�GH��UDQV�HUrQFLD�SRVV�L��HUPRV�FRPR������M~��∓���SRGH�VHU�
�HL�D��PD�FRQV�U�omR�DVVLQ�y�LFD�VLPLODU�����UHT�rQFLD�GH�FDQ�R�DLQGD�HV�i�HP�~� ������H�DV�DVVtQ�
�R�DV�VmR�OLQ�DV�UH�DV����DVVtQ�R�D�GH�EDL[D��UHT�rQFLD�p��PD�UH�D��RUL]RQ�DO�HP���G���HQT�DQ�R�
D�DVVtQ�R�D�GH�DO�D��UHT�rQFLD��HP��PD�LQFOLQDomR�GH�±�����G��GpFDGD�R������G��GpFDGD��2�HUUR�
HQ�RO�LGR�QDV�H[SUHVV�HV�DVVLQ�y�LFDV�p����H]HV�R�FRUUHVSRQGHQ�H�D������M~��∓���2��Q��OR�GH��DVH�
p����H]HV�R�FRUUHVSRQGHQ�H�D������M~��∓��HP�FDGD�SRQ�R�GH��UHT�rQFLD�

Fatores quadráticos [1 + 2z( j~/~n) + ( j~/~n)2]∓1.�2V�VLV�HPDV�GH�FRQ�UROH��UHT�HQ�HPHQ�H�
SRVV�HP��D�RUHV�T�DGUi�LFRV�GD��RUPD�
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SDUD�EDL[DV��UHT�rQFLDV��FRPR�~�%�~���R�PyG�OR�HP�G��SDVVD�D�VHU�

±����OR���� ���G�

3RU�DQ�R��D�DVVtQ�R�D�GH�EDL[D��UHT�rQFLD�p��PD�UH�D��RUL]RQ�DO�HP���G���3DUD�DO�DV��UHT�rQFLDV�
FRPR�~�&�~���R�PyG�OR�HP�G��SDVVD�D�VHU�
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GpFDGD��GHVGH�T�H�
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�V�G�DV�DVVtQ�R�DV�T�H��RUDP�GHG�]LGDV�VmR�LQGHSHQGHQ�HV�GR��DORU�GH�z��3Uy[LPR�j��UHT�rQ�
FLD�~� �~���RFRUUH��P�SLFR�GH�UHVVRQ�QFLD��FRPR�SRGH�VHU�HVSHUDGR�D�SDU�LU�GD�(T�DomR������2�
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�LFR�GDGR�SHOD�(T�DomR�����SDUD�DO��QV��DORUHV�GH�z��6H��RUHP�GHVHMDGDV�FRUUHo�HV�QDV�F�U�DV�
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R��DORU�PtQLPR�GH���~��RFRUUH�HP�~� �~�� 1 2 2g- ��3RU�DQ�R��D��UHT�rQFLD�GH�UHVVRQ�QFLD�~U�p�

� ~U� �~�� 1 2 2g- ,� � para�0�≤�ζ�≤�0,707� (7.12)

�RQ�RUPH�R�FRH�LFLHQ�H�GH�DPRU�HFLPHQ�R�z��HQGHU�D�]HUR��D��UHT�rQFLD�GH�UHVVRQ�QFLD��HQ�
GHUi�D�~���3DUD�����z�≤�0,707,�a�frequência�de�ressonância�~U�p�PHQRU�T�H�D��UHT�rQFLD�QD��UDO�
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DPRU�HFLGD�~G� �~� 1 2 2g- ��T�H�p�DSUHVHQ�DGD�QD�UHVSRV�D��UDQVL�yULD��3RGH�VH��HU�QD�(T�DomR�
�����T�H��SDUD�z����������QmR�H[LV�H�SLFR�GH�UHVVRQ�QFLD��2��DORU�GH������M~���GHFUHVFH�PRQR�RQL�
FDPHQ�H�FRP�R�D�PHQ�R�GD��UHT�rQFLD�~������UDQGH]D�p�PHQRU�T�H���G��SDUD��RGRV�RV��DORUHV�GH�
~������/HPEUH�VH�GH�T�H��SDUD�������z������D�UHVSRV�D�DR�GH�UD��p�RVFLOD�yULD��PDV�DV�RVFLODo�HV�
VmR�EDV�DQ�H�DPRU�HFLGDV�H�GL�LFLOPHQ�H�VmR�SHUFHS�t�HLV��

Para�0�≤�z�≤�0,707,�o�valor�do�pico�de�ressonância,��U� � �����M~U����SRGH�VHU�GH�HUPLQDGR�
substituindo-se�a�Equação�7.12�na�Equação�7.9.�Para�0�≤�z�≤�0,707,
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HP��UHT�rQFLD�GH��PD���QomR�GH��UDQV�HUrQFLD�����DFLOLGDGH�GH�FRQV�U�omR�GDV�F�U�DV�GH�UHVSRV�D�HP�
�UHT�rQFLD�GH�GDGD���QomR�GH��UDQV�HUrQFLD�H�D��DFLOLGDGH�GH�PRGL�LFDomR�GD�F�U�D�GH�UHVSRV�D�
HP��UHT�rQFLD��T�DQGR��RU�DGLFLRQDGD�FRPSHQVDomR��VmR�DV�SULQFLSDLV�UD]�HV�SHODV�T�DLV�RV�
GLD�UDPDV�GH��RGH�VmR��UHT�HQ�HPHQ�H���LOL]DGRV�QD�SUi�LFD�

Exemplo 7.3 'HVHQ�H�R�GLD�UDPD�GH��RGH�GD�VH��LQ�H���QomR�GH��UDQV�HUrQFLD�
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�V��UHT�rQFLDV�GH�FDQ�R�GR��HUFHLUR��T�DU�R�H�T�LQ�R��HUPRV�VmR�~� ����~� ���H�~� � � ��UHVSHF�
�L�DPHQ�H��1R�H�T�H�R��O�LPR��HUPR��HP�R�FRH�LFLHQ�H�GH�DPRU�HFLPHQ�R�GH��������

3DUD�FRQV�U�LU�R�GLD�UDPD�GH��RGH��DV�F�U�DV�DVVLQ�y�LFDV�GH�FDGD��P�GRV��D�RUHV�VmR�PRV�UDGDV�
VHSDUDGDPHQ�H�QD�)L��UD���������F�U�D�FRPSRV�D�p�HQ�mR�RE�LGD�DGLFLRQDQGR�VH�DO�HEULFDPHQ�H�
DV�F�U�DV�LQGL�LG�DLV���DPEpP�PRV�UDGDV�QD�)L��UD�������1R�H�T�H��T�DQGR�DV�F�U�DV�DVVLQ�y�LFDV�
LQGL�LG�DLV�VmR�DGLFLRQDGDV�D�FDGD��UHT�rQFLD��D�LQFOLQDomR�GD�F�U�D�FRPSRV�D�p�F�P�OD�L�D��
�EDL[R�GH�~� � � ��R��Ui�LFR��HP��PD�LQFOLQDomR�GH�±����G��GpFDGD��1D�SULPHLUD��UHT�rQFLD�
GH�FDQ�R�~� � � ��D�LQFOLQDomR�P�GD�SDUD�±����G��GpFDGD��T�H�FRQ�LQ�D�D�p�D�SUy[LPD��UHT�rQFLD�GH�
FDQ�R�~� ����RQGH�D�LQFOLQDomR�SDVVD�D�VHU�±����G��GpFDGD��1D��O�LPD��UHT�rQFLD�GH�FDQ�R�~� ����
D�LQFOLQDomR�P�GD�SDUD�±����G��GpFDGD�

8PD��H]�T�H�HVVD�F�U�D�DSUR[LPDGD�GH�PyG�OR�HP�G���HQ�D�VLGR�GHVHQ�DGD��D�F�U�D�UHDO�
SRGH�VHU�RE�LGD�DGLFLRQDQGR�VH�DV�FRUUHo�HV�D�FDGD��UHT�rQFLD�GH�FDQ�R�H�jV��UHT�rQFLDV��PD�
RL�D�D�DEDL[R�H�DFLPD�GDV��UHT�rQFLDV�GH�FDQ�R��3DUD�RV��D�RUHV�GH�SULPHLUD�RUGHP������M~��∓���DV�
FRUUHo�HV�VmR����G��QD��UHT�rQFLD�GH�FDQ�R�H����G��QDV��UHT�rQFLDV��PD�RL�D�D�DEDL[R�H�DFLPD�
GD��UHT�rQFLD�GH�FDQ�R���V�FRUUHo�HV�QHFHVViULDV�SDUD�R��D�RU�T�DGUi�LFR�VmR�RE�LGDV�D�SDU�LU�GD�
)L��UD��������F�U�D�H[D�D�GH�PyG�OR�HP�G��GH�����M~��p�D�F�U�D��UDFHMDGD�PRV�UDGD�QD�)L��UD������

1R�H�T�H�T�DOT�HU�PRGL�LFDomR�QD�LQFOLQDomR�GD�F�U�D�GH�PyG�OR�p��HL�D�DSHQDV�QDV��UHT�rQ�
FLDV�GH�FDQ�R�GD���QomR�GH��UDQV�HUrQFLD�����M~���3RU�DQ�R��HP��H]�GH�FRQV�U�LU�DV�F�U�DV�LQGL�LG�DLV�
GH�PyG�OR�H�DGLFLRQi�ODV��FRPR��RL�PRV�UDGR��SRGHPRV��UDoDU�D�F�U�D�GH�PyG�OR�VHP�GHVHQ�DU�
DV�F�U�DV�LQGL�LG�DLV��3RGHPRV�FRPHoDU�SRU�GHVHQ�DU�D�SRUomR�GH�PHQRU��UHT�rQFLD�GD�UH�D��LV�R�
p��D�UH�D�FRP�D�LQFOLQDomR�±����G��GpFDGD�SDUD�~��� � �����PHGLGD�T�H�D��UHT�rQFLD�D�PHQ�D��
RE�HPRV�R�H�HL�R�GRV�SRORV�FRPSOH[RV�FRQM��DGRV���HUPR�T�DGUi�LFR��QD��UHT�rQFLD�GH�FDQ�R�~�
 � � ��2V�SRORV�FRPSOH[RV�FRQM��DGRV��D]HP�T�H�DV�LQFOLQDo�HV�GD�F�U�D�GH�PyG�OR�P�GHP�
GH�±����SDUD�±����G��GpFDGD��1D��UHT�rQFLD�GH�FDQ�R�VH��LQ�H��~� ����R�H�HL�R�GR�SROR�p�P�GDU�D�
LQFOLQDomR�SDUD�±����G��GpFDGD��3RU��LP��QD��UHT�rQFLD�GH�FDQ�R�~� ����R�H�HL�R�GR�]HUR�p�P�GDU�
D�LQFOLQDomR�GH�±����SDUD�±����G��GpFDGD�

3DUD�D�FRQV�U�omR�GD�F�U�D�FRPSOH�D�GH��Q��OR�GH��DVH��GH�HP�VHU�HVERoDGDV�DV�F�U�DV�GH�
�Q��OR�GH��DVH�GH��RGRV�RV��D�RUHV����VRPD�DO�pEULFD�GH��RGDV�DV�F�U�DV�GH��Q��OR�GH��DVH��RUQHFH�
D�F�U�D�FRPSOH�D�GH��Q��OR�GH��DVH��FRPR�PRV�UD�D�)L��UD������

380 Engenharia de controle moderno



Sistemas de fase mínima e sistemas de fase não mínima.��V���Qo�HV�GH��UDQV�HUrQFLD�T�H�
QmR�SRVV�HP�SRORV�QHP�]HURV�QR�VHPLSODQR�GLUHL�R�GR�SODQR���VmR���Qo�HV�GH��UDQV�HUrQFLD�GH�
�DVH�PtQLPD��HQT�DQ�R�DV�T�H�SRVV�HP�SRORV�H�]HURV�QR�VHPLSODQR�GLUHL�R�GR�SODQR���VmR���Qo�HV�
GH��UDQV�HUrQFLD�GH��DVH�QmR�PtQLPD��2V�VLV�HPDV�FRP���Qo�HV�GH��UDQV�HUrQFLD�GH��DVH�PtQLPD�
VmR�GHQRPLQDGRV��L��HPD��GH��D�H�Pt�LPD��DR�SDVVR�T�H�DT�HOHV�FRP���Qo�HV�GH��UDQV�HUrQFLD�
GH��DVH�QmR�PtQLPD�VmR�GHQRPLQDGRV��L��HPD��GH��D�H��mR�Pt�LPD�

3DUD�RV�VLV�HPDV�FRP�DV�PHVPDV�FDUDF�HUtV�LFDV�GH�PyG�OR��D��DPD�GH��DORUHV�GR��Q��OR�GH�
�DVH�GD���QomR�GH��UDQV�HUrQFLD�GH��DVH�PtQLPD�p�PtQLPD�HQ�UH��RGRV�HVVHV�VLV�HPDV��HQT�DQ�R�
D��DPD�GH��DORUHV�GR��Q��OR�GH��DVH�GH�T�DOT�HU���QomR�GH��UDQV�HUrQFLD�GH��DVH�QmR�PtQLPD�p�
PDLRU�T�H�HVVH�PtQLPR��

1R�H�T�H��SDUD��P�VLV�HPD�GH��DVH�PtQLPD��D���QomR�GH��UDQV�HUrQFLD�SRGH�VHU�GH�HUPLQDGD�
�QL�RFDPHQ�H�DSHQDV�D�SDU�LU�GD�F�U�D�GH�PyG�OR��3DUD��P�VLV�HPD�GH��DVH�QmR�PtQLPD��LVVR�
QmR�DFRQ�HFH��0�O�LSOLFDQGR�T�DOT�HU���QomR�GH��UDQV�HUrQFLD�SRU��LO�URV�SDVVD���GR��D�F�U�D�GH�
PyG�OR�QmR�VH�DO�HUD��PDV�D�F�U�D�GH��Q��OR�GH��DVH�p�PRGL�LFDGD�

�RQVLGHUH�FRPR�H[HPSOR�RV�GRLV�VLV�HPDV�F�MDV���Qo�HV�GH��UDQV�HUrQFLD�VHQRLGDO�VmR��UHV�
SHF�L�DPHQ�H�
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�V�FRQ�L��UDo�HV�GH�SRORV�H�]HURV�GHVVHV�VLV�HPDV�VmR�PRV�UDGDV�QD�)L��UD��������V�G�DV���Qo�HV�
GH��UDQV�HUrQFLD�VHQRLGDLV��rP�DV�PHVPDV�FDUDF�HUtV�LFDV�GH�PyG�OR��PDV�GL�HUHQ�HV�FDUDF�HUtV�L�
FDV�GH��Q��OR�GH��DVH��FRPR�PRV�UD�D�)L��UD�������(VVHV�GRLV�VLV�HPDV�GL�HUHP�HQ�UH�VL�SHOR��D�RU
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^ h

2�PyG�OR�GR��D�RU����±�M~��������M~���p�VHPSUH�D��QLGDGH��2��Q��OR�GH��DVH��QR�HQ�DQ�R��p�
L��DO�±�����±��~��H��DULD�GH����D�±�������j�PHGLGD�T�H�~��DULD�GH�]HUR�D�LQ�LQL�R�

�RQ�RUPH�Mi��RL�GL�R��SDUD��P�VLV�HPD�GH��DVH�PtQLPD��DV�FDUDF�HUtV�LFDV�GH�PyG�OR�H�GH�
ângulo�de�fase�estão�relacionadas�univocamente.�Isso�quer�dizer�que,�se�a�curva�de�módulo�de�
�P�VLV�HPD��RU�HVSHFL�LFDGD�SDUD��RGD�D��DPD�GH��DORUHV�GH��UHT�rQFLD�GH�]HUR�D�LQ�LQL�R��D�F�U�D�
de�ângulo�de�fase�será�determinada�de�forma�única�e�vice-versa.�Isso,�entretanto,�não�ocorre�com�
RV�VLV�HPDV�GH��DVH�QmR�PtQLPD�

�V�VL��Do�HV�GH��DVH�QmR�PtQLPD�SRGHP�V�U�LU�GH�G�DV�PDQHLUDV�GL�HUHQ�HV��8PD�GHODV�p�
VLPSOHVPHQ�H�T�DQGR��P�VLV�HPD�LQFO�L��P�HOHPHQ�R�R��HOHPHQ�RV�GH��DVH�QmR�PtQLPD����R��UD�
VL��DomR�SRGH�RFRUUHU�QR�FDVR�HP�T�H�VH��HQ�D��PD�PDO�D�LQ�HUQD�LQV�i�HO�

3DUD��P�VLV�HPD�GH��DVH�PtQLPD��R��Q��OR�GH��DVH�HP�~�=�∞�torna-se�–�90°(T�±�����RQGH���
H�T�VmR�RV��UD�V�GRV�SROLQ�PLRV�GR�Q�PHUDGRU�H�GR�GHQRPLQDGRU�GD���QomR�GH��UDQV�HUrQFLD��
UHVSHF�L�DPHQ�H��1R�VLV�HPD�GH��DVH�QmR�PtQLPD��R��Q��OR�GH��DVH�HP�~�=�∞�difere�do�–�90°(T�
±�����(P�T�DOT�HU�GRV�GRLV�VLV�HPDV��D�LQFOLQDomR�GD�F�U�D�GH�PyG�OR�HP�G��HP�~�=�∞�é�igual�
D�±����T�±����G��GpFDGD��3RU�DQ�R��p�SRVVt�HO�GH�HF�DU�VH�R�VLV�HPD�p�GH��DVH�PtQLPD�SHOR�H[DPH�
GD�LQFOLQDomR��DQ�R�GD�DVVtQ�R�D�GH�DO�D��UHT�rQFLD�GD�F�U�D�GH�PyG�OR�HP�G��T�DQ�R�SHOR��Q��OR�
GH��DVH�HP�~�=�∞.�Se�a�inclinação�da�curva�de�módulo�em�dB,�conforme�~��HQGH�DR�LQ�LQL�R���RU�
±����T�±����G��GpFDGD�H�R��Q��OR�GH��DVH�HP�~�=�∞�for�igual�a�–�90°(T�±�����HQ�mR�R�VLV�HPD�VHUi�
GH��DVH�PtQLPD�

2V�VLV�HPDV�GH��DVH�QmR�PtQLPD�VmR�OHQ�RV�QD�UHVSRV�D��HP��LU��GH�GR�FRPSRU�DPHQ�R�LQFRUUH�R�
QR�LQtFLR�GD�UHVSRV�D��1D�PDLRULD�GRV�VLV�HPDV�GH�FRQ�UROH�SUi�LFRV��R�D�UDVR�GH��DVH�H[FHVVL�R�
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GH�H�VHU�H�L�DGR�F�LGDGRVDPHQ�H��1R�SURMH�R�GH��P�VLV�HPD��VH�D��HORFLGDGH�GH�UHVSRV�D��RU�GH�
LPSRU��QFLD���QGDPHQ�DO��QmR�VH�GH�HUi���LOL]DU�FRPSRQHQ�HV�GH��DVH�QmR�PtQLPD���8P�H[HPSOR�
FRP�P�GH�HOHPHQ�RV�GH��DVH�QmR�PtQLPD�T�H�SRGHP�HV�DU�SUHVHQ�HV�HP�VLV�HPDV�GH�FRQ�UROH�p�
R�UH�DUGR�GH��UDQVSRU�H�R���HPSR�PRU�R��

'H�H�VH�QR�DU�T�H�DV��pFQLFDV�GH�DQiOLVH�H�SURMH�R�GH�UHVSRV�D�HP��UHT�rQFLD�D�VHUHP�DSUH�
VHQ�DGDV�QHV�H�H�QR�SUy[LPR�FDSt��OR�VmR��iOLGDV�SDUD�VLV�HPDV��DQ�R�GH��DVH�PtQLPD�FRPR�GH�
�DVH�QmR�PtQLPD�

Retardo de transporte.�2�UH�DUGR�GH��UDQVSRU�H��T�H��DPEpP�p�F�DPDGR��HPSR�PRU�R�� �HP�
FRPSRU�DPHQ�R�GH��DVH�QmR�PtQLPD�H�DSUHVHQ�D��P�D�UDVR�GH��DVH�H[FHVVL�R��VHP�D�HQ�DomR�
QDV�DO�DV��UHT�rQFLDV��(VVHV�UH�DUGRV�GH��UDQVSRU�H�QRUPDOPHQ�H�H[LV�HP�QRV�VLV�HPDV��pUPLFRV��
�LGUi�OLFRV�H�SQH�Pi�LFRV��

�RQVLGHUH�R�UH�DUGR�GH��UDQVSRU�H�GDGR�SRU�

����M~�� �H±M~�

2�PyG�OR�p�VHPSUH�L��DO�j��QLGDGH��SRLV

�����M~��� ��FRV�~��±�M�VHQ�~��� ��

3RU�DQ�R��R�PyG�OR�HP�G��GR�UH�DUGR�GH��UDQVSRU�H�H�M~��p�L��DO�D���G���2��Q��OR�GH��DVH�GR�
UH�DUGR�GH��UDQVSRU�H�p�

G j~^ h � �±�~�� � �UDGLDQRV�

�  �±������~�� � ��UD�V�

2��Q��OR�GH��DVH��DULD�OLQHDUPHQ�H�FRP�D��UHT�rQFLD�~����FDUDF�HUtV�LFD�GR��Q��OR�GH��DVH�
GR�UH�DUGR�GH��UDQVSRU�H�p�PRV�UDGD�QD�)L��UD������

Exemplo 7.4 �RQV�U�D�R�GLD�UDPD�GH��RGH�GD�VH��LQ�H���QomR�GH��UDQV�HUrQFLD�
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�� ���HV�mR�LQGLFDGDV�QD�)L��UD������

Relacionamento entre tipo de sistema e curva de módulo em dB.��RQVLGHUH�R�VLV�HPD�GH�
FRQ�UROH�FRP�UHDOLPHQ�DomR��QL�iULD���V�FRQV�DQ�HV�GH�HUUR�HV�i�LFR�GH�SRVLomR��GH��HORFLGDGH�H�
GH�DFHOHUDomR�GHVFUH�HP�R�FRPSRU�DPHQ�R�GH�EDL[D��UHT�rQFLD�GRV��LSRV������H����UHVSHF�L�DPHQ�H��
3DUD�GDGR�VLV�HPD��DSHQDV��PD�GDV�FRQV�DQ�HV�GH�HUUR�HV�i�LFR�p��LQL�D�H�VL�QL�LFD�L�D���4�DQ�R�
PDLRU�R��DORU�GD�FRQV�DQ�H�GH�HUUR�HV�i�LFR��LQL�D��PDLRU�R��DQ�R�GH�PDO�D�T�DQGR�~��HQGH�D�]HUR��

2��LSR�GH�VLV�HPD�GH�HUPLQD�D�LQFOLQDomR�GD�F�U�D�GH�PyG�OR�HP�G��HP�EDL[DV��UHT�rQFLDV��
3RU�DQ�R��D�LQ�RUPDomR�UHOD�L�D�DR�HUUR�HV�i�LFR�GH��P�VLV�HPD�GH�FRQ�UROH�SDUD�GDGD�HQ�UDGD�SRGH�
VHU�GH�HUPLQDGD�D�SDU�LU�GD�REVHU�DomR�GD�UH�LmR�GH�EDL[DV��UHT�rQFLDV�GD�F�U�D�GH�PyG�OR�HP�G��

Determinação das constantes de erro estático de posição.��RQVLGHUH�R�VLV�HPD�GH�FRQ�UROH�
FRP�UHDOLPHQ�DomR��QL�iULD�LQGLFDGR�QD�)L��UD�������6�SRQ�D�T�H�D���QomR�GH��UDQV�HUrQFLD�GH�
PDO�D�DEHU�D�VHMD�GDGD�SRU�

G s
s T s T s T s
K T s T s T s

� � �

� � �
N

p

a b m

1 2 g

g
=

+ + +

+ + +
^

^ ^ ^

^ ^ ^
h

h h h

h h h

FIGURA 7.15

0°

–20

–10

0

10

20

–100°

–200°

–300°

0°

–90°

–180°

–270°

0,1 0,2 0,4 0,6 0,8 1 102 4 6 8
~

dB

e–0,5 j~

1 + j~

e–0,5 j~

1
1 + j~

e–0,5 j~

1 + j~

Diagrama de 
Bode do sistema 
e–j~L/(1 + j~T) 
com L = 0,5 e
T = 1.

384 Engenharia de controle moderno



R�

G j
j T j T j T j
K T j T j T j

� � �

� � �
N

p

a b m

1 2 g

g
~

~ ~ ~ ~

~ ~ ~
=

+ + +

+ + +
^

^ ^ ^ ^

^ ^ ^
h

h h h h

h h h
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VLV�HPD��R�PyG�OR�GH�����M~��QDV�EDL[DV��UHT�rQFLDV�p�L��DO�D�.��R�

lim
"3~

����M~�� �.� �.�

2�UHV�O�DGR�p�T�H�D�DVVtQ�R�D�GH�EDL[D��UHT�rQFLD�p��PD�UH�D��RUL]RQ�DO�GH����OR��.��G��
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�UROH�FRP�UHDOLPHQ�DomR��QL�iULD�PRV�UDGR�QD�)L��UD���������)L��UD������PRV�UD��P�H[HPSOR�GR�
GLD�UDPD�GH�PyG�OR�HP�G��GH��P�VLV�HPD�GR��LSR������LQ�HUVHFomR�GR�VH�PHQ�R�LQLFLDO�±����G��
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UHV�O�D�T�H�

20 20log log
j
K Ka

a2
1~
=

~=
^ h

���UHT�rQFLD�~D�QD�LQ�HUVHFomR�GR�VH�PHQ�R�LQLFLDO�±����G��GpFDGD��R��V�D�H[�HQVmR��FRP�D�
UH�D���G��QRV��RUQHFH�R��DORU�Q�PpULFR�GD�UDL]�T�DGUDGD�GH�.D.�Isso�pode�ser�visto�como�segue:

20 20 1 0log log
j
K

a

a
2~
= =

^ h

GR�T�H�UHV�O�D�

.a a~ =

Construção do diagrama de Bode com o MATLAB.�2�FRPDQGR�bode�FDOF�OD�PyG�ORV�H�
�Q��ORV�GH��DVH�GD�UHVSRV�D�HP��UHT�rQFLD�GH�VLV�HPDV�FRQ�tQ�RV�QR��HPSR��OLQHDUHV�H�LQ�DULDQ�HV�
QR��HPSR�

4�DQGR�R�FRPDQGR�bode��VHP�RV�DU��PHQ�RV�GR�ODGR�HVT�HUGR��p�GL�L�DGR�QR�FRPS��DGRU��
R�0�7/����HUD��P�GLD�UDPD�QD��HOD�GR�PRQL�RU��2V�FRPDQGRV�bode���LOL]DGRV�FRP�PDLRU�
�UHT�rQFLD�VmR�

 bode(num,den)

 bode(num,den,w)

 bode(A,B,C,D)

 bode(A,B,C,D,w)

 bode(A,B,C,D,iu,w)

 bode(sys)

4�DQGR��RU�H[HF��DGR�FRP�DU��PHQ�RV�GR�ODGR�HVT�HUGR��FRPR

[mag,phase,w] = bode(num,den,w)

R�FRPDQGR�bode�UH�RUQD�D�UHVSRV�D�HP��UHT�rQFLD�GR�VLV�HPD�SRU�PHLR�GDV�PD�UL]HV�mag��phase�
H�w��1HQ��P��Ui�LFR�p��UDoDGR�QD��HOD�GR�PRQL�RU���V�PD�UL]HV�mag�H�phase�FRQ�rP�RV�PyG�ORV�H�
RV��Q��ORV�GH��DVH�GD�UHVSRV�D�HP��UHT�rQFLD�GR�VLV�HPD��FDOF�ODGRV�HP�UHODomR�jV��UHT�rQFLDV�
HVSHFL�LFDGDV�SHOR��V�iULR��2E�pP�VH�R��Q��OR�GH��DVH�HP��UD�V��2�PyG�OR�SRGH�VHU�FRQ�HU�LGR�
HP�GHFLEpLV�SHOR�FRPDQGR�

magdB = 20*log10(mag)

FIGURA 7.19
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2��URV�FRPDQGRV�GH��RGH�FRP�DU��PHQ�RV�QR�ODGR�HVT�HUGR�VmR�

 [mag,phase,w] = bode(num,den)

 [mag,phase,w] = bode(num,den,w)

 [mag,phase,w] = bode(A,B,C,D)

 [mag,phase,w] = bode(A,B.C,D,w)

 [mag,phase,w] = bode(A,B,C,D,iu,w)

 [mag,phase,w] = bode(sys)

3DUD� HVSHFL�LFDU� D� �DL[D� GH� �UHT�rQFLD�� ��LOL]H� R� FRPDQGR� logspace(d1,d2)� R��
logspace(d1,d2,n)��2�FRPDQGR�logspace(d1,d2)��HUD��P��H�RU�GH����SRQ�RV�L��DOPHQ�H�
HVSDoDGRV�HP��PD�HVFDOD�OR�DUt�PLFD�HQ�UH�DV�GpFDGDV���G��H���G����2V����SRQ�RV�LQFO�HP�DPERV�
RV�SRQ�RV�H[�UHPRV��([LV�HP����SRQ�RV�HQ�UH�RV�SRQ�RV�H[�UHPRV���3DUD��HUDU����SRQ�RV�HQ�UH�����
UDG�V�H�����UDG�V����LOL]H�R�FRPDQGR

w = logspace(-1,2)

2�FRPDQGR�logspace(d1,d2,n)��HUD���SRQ�RV�L��DOPHQ�H�HVSDoDGRV�HP��PD�HVFDOD�OR�D�
Ut�PLFD�HQ�UH�DV�GpFDGDV���G��H���G���RV���SRQ�RV�LQFO�HP�DPERV�RV�H[�UHPRV���3RU�H[HPSOR��SDUD�
�HUDU�����SRQ�RV�HQ�UH���UDG�V�H�������UDG�V��GL�L�H�R�VH��LQ�H�FRPDQGR�

w = logspace(0,3,100)

3DUD�LQFRUSRUDU�RV�SRQ�RV�GH��UHT�rQFLDV�HVSHFL�LFDGRV�SHOR��V�iULR�QR��UDoDGR�GH�GLD�UD�
PDV�GH��RGH��R�FRPDQGR�bode�GH�H�LQFO�LU�R��H�RU�GH��UHT�rQFLD�w��FRPR�bode (num,den,w)�
H�[mag,phase,w] = bode(A,B,C,D,w)�

Exemplo 7.5 �RQVLGHUH�D�VH��LQ�H���QomR�GH��UDQV�HUrQFLD�

G s
s s4 25

25
2=
+ +

^ h

�RQV�U�D�R�GLD�UDPD�GH��RGH�SDUD�HVVD���QomR�GH��UDQV�HUrQFLD�

4�DQGR�R�VLV�HPD�HV�L�HU�GH�LQLGR�QD��RUPD

G s s
s

den
num

=^
^
^

h
h
h

��LOL]H�R�FRPDQGR�bode(num,den)�SDUD�GHVHQ�DU�R�GLD�UDPD�GH��RGH��>4�DQGR�Q�PHUDGRU�H�
GHQRPLQDGRU�FRQ�L�HUHP�RV�FRH�LFLHQ�HV�SROLQRPLDLV�GH����HP�RUGHP�GHFUHVFHQ�H�GR�H[SRHQ�H��
R�FRPDQGR�bode(num,den)�GHVHQ�D�R�GLD�UDPD�GH��RGH���2�3UR�UDPD�����HP�0�7/����UDoD�R�
GLD�UDPD�GH��RGH�SDUD�HVVH�VLV�HPD����)L��UD������DSUHVHQ�D�R�GLD�UDPD�GH��RGH�UHV�O�DQ�H�

Programa 7.1 em MATLAB

num = [25];

den = [1 4 25];

bode(num,den)

title('Diagrama de Bode de G(s) = 25/(s^2 + 4s + 25)')
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Exemplo 7.6 �RQVLGHUH�R�VLV�HPD�LQGLFDGR�QD�)L��UD�����������QomR�GH��UDQV�HUrQFLD�GH�PDO�D�DEHU�D�p�

,
,G s

s s s
s s

1 2 9
9 0 2 1

2

2

=
+ +

+ +^
^

^
h

h

h

7UDFH�R�GLD�UDPD�GH��RGH�

2�3UR�UDPD�����HP�0�7/����HUD�R�GLD�UDPD�GH��RGH�SDUD�HVVH�VLV�HPD����)L��UD������
PRV�UD�R�GLD�UDPD�UHV�O�DQ�H�����DL[D�GH��UHT�rQFLDV��QHVVH�FDVR��p�GH�HUPLQDGD�D��RPD�LFDPHQ�H�
FRPR�R�LQ�HU�DOR�HQ�UH������H����UDG�V�

Programa 7.2 em MATLAB

num = [9 1.8 9];
den = [1 1.2 9 0];
bode(num,den)
title(‘Diagrama de Bode de G(s) = 9(s^2 + 0.2s + 1)/[s(s^2 + 1.2s + 9)]’)

6H��RU�GHVHMi�HO��UDoDU�R�GLD�UDPD�GH��RGH�SDUD�R�LQ�HU�DOR�HQ�UH������H�������UDG�V��GL�L�H�R�
VH��LQ�H�FRPDQGR�

w = logspace(-2,3,100)

(VVH�FRPDQGR��HUD�����SRQ�RV�HVSDoDGRV�UH��ODUPHQ�H�HP�HVFDOD�OR�DUt�PLFD�HQ�UH������H�����
UDG�V���1R�H�T�H�HVVH��H�RU�Z�HVSHFL�LFD�DV��UHT�rQFLDV�HP�UDGLDQRV�SRU�VH��QGR�QDV�T�DLV�D�
UHVSRV�D�HP��UHT�rQFLD�VHUi�FDOF�ODGD��

6H���LOL]DUPRV�R�FRPDQGR

bode(num,den,w)

FIGURA 7.20
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HQ�mR�D��DL[D�GH��UHT�rQFLD�VHUi�D�T�H��RL�GH�LQLGD�SHOR��V�iULR��PDV�D��DPD�GH��DORUHV�GR�PyG�OR�
H�GR��Q��OR�GH��DVH�VHUi�GH�HUPLQDGD�D��RPD�LFDPHQ�H��9HMD�R�3UR�UDPD�����HP�0�7/���H�R�
GLD�UDPD�UHV�O�DQ�H�QD�)L��UD������

Programa 7.3 em MATLAB

num = [9 1.8 9];
den = [1 1.2 9 0];
w = logspace(-2,3,100);
bode(num,den,w)
title(‘Diagrama de Bode de G(s) = 9(s^2 + 0.2s + 1)/[s(s^2 + 1.2s + 9)]’)

FIGURA 7.22
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FIGURA 7.23
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Obtenção do diagrama de Bode dos sistemas definidos no espaço de estados. �RQVL�
GHUH�R�VLV�HPD�GH�LQLGR�SRU�

ẋ�=�Ax�+�Bu

y�=�Cx�+�Du

RQGH� x� ��H�RU�GH�HV�DGR���H�RU���

� �� ��H�RU�GH�VDtGD���H�RU�P��

� u� ��H�RU�GH�FRQ�UROH���H�RU�U�

� A� �PD�UL]�GH�HV�DGR��PD�UL]���#���

� B� �PD�UL]�GH�FRQ�UROH��PD�UL]���#�U�

� C� �PD�UL]�GH�VDtGD��PD�UL]�P�#���

� D� �PD�UL]�GH��UDQVPLVVmR�GLUH�D��PD�UL]�P�#�U�

3RGHPRV�RE�HU�R�GLD�UDPD�GH��RGH�GHVVH�VLV�HPD��H[HF��DQGR�R�FRPDQGR

bode(A,B,C,D)

R��R��URV��UHODFLRQDGRV�QR�LQtFLR�GHV�D�VHomR�

2�FRPDQGR�bode (A,B,C,D)�SURG�]��PD�VpULH�GH�GLD�UDPDV�GH��RGH���P�SDUD�FDGD�HQ�UDGD�
GR�VLV�HPD��FRP�D��DPD�GH��DORUHV�GH��UHT�rQFLD�GH�HUPLQDGD�D��RPD�LFDPHQ�H���6HUmR���LOL]DGRV�
PDLV�SRQ�RV�T�DQGR�D�UHVSRV�D�GR�VLV�HPD�HV�L�HU�P�GDQGR�UDSLGDPHQ�H��

2�FRPDQGR�bode (A,B,C,D,iu)��RQGH�iu�p�D�L�pVLPD�HQ�UDGD�QR�VLV�HPD��SURG�]�RV�GLD�UD�
PDV�GH��RGH�GD�HQ�UDGD�iu�SDUD��RGDV�DV�VDtGDV�����������������P����GR�VLV�HPD��FRP�R�LQ�HU�DOR�GH��DORUHV�
GH��UHT�rQFLD�GH�HUPLQDGR�D��RPD�LFDPHQ�H���2�HVFDODU�iu�p��P�tQGLFH�QDV�HQ�UDGDV�GR�VLV�HPD�
H�HVSHFL�LFD�T�DO�HQ�UDGD�GH�H�VHU���LOL]DGD�QD�FRQV�U�omR�GR�GLD�UDPD�GH��RGH���6H�R��H�RU�GH�
FRQ�UROH�u��L�HU��UrV�HQ�UDGDV���DLV�T�H

X

X

X

u
1

2

3

= > H
HQ�mR�iu�GH�HUi�VHU�GH�LQLGR�FRPR������R����

6H�R�VLV�HPD��L�HU�DSHQDV��PD�HQ�UDGD�X��HQ�mR��P�GRV�VH��LQ�HV�FRPDQGRV�SRGH�VHU�VHOHFLRQDGR�

bode(A,B,C,D)

R�

bode(A,B,C,D,1)

Exemplo 7.7 �RQVLGHUH�R�VH��LQ�H�VLV�HPD�

x
x

x
x u

y
x
x
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25
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25
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1
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1

2

1

2

=
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+
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o= = = =
6 =

G G G G
@ G

(VVH�VLV�HPD��HP��PD�HQ�UDGD�X�H��PD�VDtGD����8�LOL]DQGR�R�FRPDQGR

bode(A,B,C,D)

H�H[HF��DQGR�QR�FRPS��DGRU�R�3UR�UDPD�����HP�0�7/����RE�HPRV�R�GLD�UDPD�GH��RGH�PRV�
�UDGR�QD�)L��UD������

Programa 7.4 em MATLAB

A = [0 1;-25 -4];
B = [0;25];
C = [1 0];
D = [0];
bode(A,B,C,D)
title(‘Diagrama de Bode’)
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6H�V�EV�L��LUPRV�R�FRPDQGR�bode(A,B,C,D)�QR�3UR�UDPD�����HP�0�7/���SRU�

bode(A,B,C,D,1)

HQ�mR�R�0�7/����DL�SURG�]LU�R�GLD�UDPD�GH��RGH�LGrQ�LFR�DR�T�H�VH��r�QD�)L��UD������

7.3 | Diagramas polares
2�GLD�UDPD�SRODU�GH��PD���QomR�GH��UDQV�HUrQFLD�VHQRLGDO�����M~��p��P��Ui�LFR�GR�PyG�OR�

GH�����M~��YHU�X��R��Q��OR�GH��DVH�GH�����M~��HP�FRRUGHQDGDV�SRODUHV��FRP�~��DULDQGR�GH�]HUR�D�
LQ�LQL�R���VVLP��R�GLD�UDPD�SRODU�p�R�O��DU�GRV��H�RUHV������M~��� G j~^ h �FRP�~��DULDQGR�GH�]HUR�
DR�LQ�LQL�R��1R�H�T�H�QR�GLD�UDPD�SRODU���P��Q��OR�GH��DVH�SRVL�L�R��QH�D�L�R��p�PHGLGR�QR�VHQ�LGR�
DQ�L��RUiULR���RUiULR���D�SDU�LU�GR�HL[R�UHDO�SRVL�L�R��2�GLD�UDPD�SRODU�p��UHT�HQ�HPHQ�H�F�DPDGR�
GLD�UDPD�GH�1�T�LV���8P�H[HPSOR�GHVVH��LSR�GH�GLD�UDPD�p�DSUHVHQ�DGR�QD�)L��UD��������DGD�
SRQ�R�QR�GLD�UDPD�SRODU�GH�����M~��UHSUHVHQ�D�R�SRQ�R��HUPLQDO�GH��P��H�RU�SDUD�GH�HUPLQDGR�

FIGURA 7.24
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FIGURA 7.25
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�DORU�GH�~��1R�GLD�UDPD�SRODU��p�LPSRU�DQ�H�LQGLFDU�RV��DORUHV�GD��UHT�rQFLD�DR�ORQ�R�GD�F�U�D��
�V�SURMHo�HV�GH�����M~��QRV�HL[RV�UHDO�H�LPD�LQiULR�VmR�VH�V�FRPSRQHQ�HV�UHDO�H�LPD�LQiULR�

2�0�7/���SRGH�VHU���LOL]DGR�SDUD�D�RE�HQomR�GR�GLD�UDPD�SRODU�����M~��R��SDUD�RE�HU�
�����M~���H� G j~^ h �FRP�SUHFLVmR�H�SDUD��iULRV��DORUHV�GH�~�QR�LQ�HU�DOR�GH�LQ�HUHVVH�GRV��DORUHV�
GH��UHT�rQFLD��

8PD��DQ�D�HP�HP���LOL]DU��P�GLD�UDPD�SRODU�p�T�H�HV�H�UHSUHVHQ�D�DV�FDUDF�HUtV�LFDV�GD�
UHVSRV�D�HP��UHT�rQFLD�GH��P�VLV�HPD�HP��RGD�D��DL[D�GH��UHT�rQFLDV�HP��P��QLFR��Ui�LFR��8PD�
GHV�DQ�D�HP�p�T�H�R�GLD�UDPD�QmR�LQGLFD�FODUDPHQ�H�DV�FRQ�ULE�Lo�HV�GH�FDGD��D�RU�LQGL�LG�DO�
VREUH�D���QomR�GH��UDQV�HUrQFLD�GH�PDO�D�DEHU�D�

Fatores integral e derivativo ( j~)∓1.�2�GLD�UDPD�SRODU�GH������M~��� ���M~�p�R�HL[R�LPD�LQiULR�
QH�D�L�R���LV�R�T�H

G j j j1 1 1 90c~
~ ~ ~

= =- = -^ h

2�GLD�UDPD�SRODU�GH�����M~�� �M~�p�R�HL[R�LPD�LQiULR�SRVL�L�R�

Fatores de primeira ordem (1 + j~T)∓1.�3DUD�D���QomR�GH��UDQV�HUrQFLD�VHQRLGDO

tgG j j T T
T1

1
1

1
2 2

1~
~ ~

~=
+

=
+

- -^ h

RV��DORUHV�GH�����M~��HP�~� ���H�~� �����VmR��UHVSHF�L�DPHQ�H�

1G j G j T0 0 1
2

1 45ec c= = -^ ch m

6H�~��HQGH�DR�LQ�LQL�R��R�PyG�OR�GH�����M~���HQGH�D�]HUR�H�R��Q��OR�GH��DVH��HQGH�D�±��������PHGL�
GD�T�H�D��UHT�rQFLD�~��DULD�GH�]HUR�DR�LQ�LQL�R��R�GLD�UDPD�SRODU�GHVVD���QomR�GH��UDQV�HUrQFLD�
GHVFUH�H��PD�VHPLFLUF�Q�HUrQFLD��FRPR�PRV�UD�D�)L��UD������D���2�FHQ�UR��LFD�ORFDOL]DGR�QR�
SRQ�R�����GR�HL[R�UHDO�H�R�UDLR�p�L��DO�D�����

3DUD�FRPSUR�DU�T�H�R�GLD�UDPD�SRODU�GR��D�RU�GH�SULPHLUD�RUGHP�����M~�� ��������M~���p��PD�
VHPLFLUF�Q�HUrQFLD��GH�LQD�

����M~�� �����M�
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T
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1
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+
- =c e c cm o m m

�VVLP��QR�SODQR����������M~��p��PD�FLUF�Q�HUrQFLD�FRP�FHQ�UR�HP��� � 2
1
��� ���H�UDLR�L��DO�D�

2
1 ��

como�mostra�a�Figura�7.26(b).�O�semicírculo�inferior�corresponde�a�0�≤�~�≤�∞�e�o�semicírculo�
superior�a�–�∞�≤�~�≤�0.

2�GLD�UDPD�SRODU�GD���QomR�GH��UDQV�HUrQFLD�����M~��p�VLPSOHVPHQ�H�D�PH�DGH�V�SHULRU�GD�
UH�D�T�H�SDVVD�SHOR�SRQ�R�������QR�SODQR�FRPSOH[R�H�p�SDUDOHOD�DR�HL[R�LPD�LQiULR��FRPR�PRV�
�UD�D�)L��UD�������2�GLD�UDPD�SRODU�GH�����M~���HP��PD�DSDUrQFLD�FRPSOH�DPHQ�H�GL�HUHQ�H�GD�
DSDUrQFLD�GH��������M~���

Fatores quadráticos [1 + 2z( j~/~n) + ( j~/~n)2]∓1.��V�SRUo�HV�UHOD�L�DV�jV�EDL[DV�H�jV�DO�DV�
�UHT�rQFLDV�GR�GLD�UDPD�SRODU�GD�VH��LQ�H���QomR�GH��UDQV�HUrQFLD�VHQRLGDO�

G j
j j1 2

1

n n

2~
g
~
~

~
~

=
+ +

^
c c

h
m m

,� � para�ζ�>�0

VmR�GDGDV��UHVSHF�L�DPHQ�H��SRU�

lim
0"~
����M~�� ��� �c �H� lim

"3~
����M~�� ��� 180c-

2�GLD�UDPD�SRODU�GHVVD���QomR�GH��UDQV�HUrQFLD�VHQRLGDO� LQLFLD�VH�HP��� �c �H��HUPLQD�HP���
180c- ��j�PHGLGD�T�H�~�D�PHQ�D�GH�]HUR�D�LQ�LQL�R���VVLP��D�SDU�H�UHOD�L�D�j�DO�D��UHT�rQFLD�GH�

����M~��p��DQ�HQ�H�DR�HL[R�UHDO�QH�D�L�R�

��)L��UD������DSUHVHQ�D�H[HPSORV�GR�GLD�UDPD�SRODU�GD���QomR�GH��UDQV�HUrQFLD�FRQVLGHUDGD��
���RUPD�H[D�D�GR�GLD�UDPD�SRODU�GHSHQGH�GR��DORU�GR�FRH�LFLHQ�H�GH�DPRU�HFLPHQ�R�z��PDV�D�
�RUPD��HUDO�GR�GLD�UDPD�p�D�PHVPD��DQ�R�SDUD�R�FDVR�V�EDPRU�HFLGR������z������FRPR�SDUD�R�
V�SHUDPRU�HFLGR��z������

3DUD�R�FDVR�V�EDPRU�HFLGR�HP�T�H�~� �~����HPRV�����M~��� ������M�z��H�R��Q��OR�GH��DVH�HP�T�H�
~� �~��p�±������3RU�DQ�R��SRGH�VH�REVHU�DU�T�H�D��UHT�rQFLD�QD�T�DO�R�O��DU��HRPp�ULFR�GH�����M~��
FU�]D�R�HL[R�LPD�LQiULR�p�D��UHT�rQFLD�QD��UDO�QmR�DPRU�HFLGD�~���1R�GLD�UDPD�SRODU��D��UHT�rQFLD�
F�MR�SRQ�R�HV�i�PDLV�GLV�DQ�H�GD�RUL�HP�FRUUHVSRQGH�j��UHT�rQFLD�GH�UHVVRQ�QFLD�~U��2��DORU�GH�SLFR�
GH�����M~��p�RE�LGR�SHOD�UHODomR�HQ�UH�R�PyG�OR�GR��H�RU�QD��UHT�rQFLD�GH�UHVVRQ�QFLD�~U�H�R�PyG�OR�
GR��H�RU�HP�~� �������UHT�rQFLD�GH�UHVVRQ�QFLD�~U�HV�i�LQGLFDGD�QR�GLD�UDPD�SRODU�GD�)L��UD������

3DUD�R�FDVR�V�SHUDPRU�HFLGR��j�PHGLGD�T�H�z�D�PHQ�D�P�L�R�DOpP�GD��QLGDGH��R�O��DU��HRPp�
�ULFR�GH�����M~��DSUR[LPD�VH�GH��PD�VHPLFLUF�Q�HUrQFLD��3RGH�VH�REVHU�DU�HVVH��D�R�QRV�VLV�HPDV�
P�L�R�DPRU�HFLGRV��HP�T�H�DV�UDt]HV�FDUDF�HUtV�LFDV�VmR�UHDLV�H��PD�GHODV�p�EHP�PHQRU�T�H�D�
R��UD��'DGR�T�H��SDUD�z�V��LFLHQ�HPHQ�H��UDQGH��R�H�HL�R�GD�PDLRU�UDL]��PDLRU�HP��DORU�DEVRO��R��
QD�UHVSRV�D�p�P�L�R�SHT�HQR��R�VLV�HPD�VH�FRPSRU�D�FRPR�GH�SULPHLUD�RUGHP�

��VH��LU��FRQVLGHUH�D�VH��LQ�H���QomR�GH��UDQV�HUrQFLD�VHQRLGDO�

G j j j

j

1 2

1 2

n n

n n

2

2

2

~ g
~
~

~
~

~

~
~
g~

= + +

= - +

^ c c

e e

h m m

o o

��SRUomR�GD�F�U�D�UHOD�L�D�jV�EDL[DV��UHT�rQFLDV�p�

lim
0"~
����M~�� ��� �c

H�D�SRUomR�UHOD�L�D�jV�DO�DV��UHT�rQFLDV�p�

lim
"3~

����M~)�=�∞� 180c

�RPR�D�SDU�H�LPD�LQiULD�GH�����M~��p�SRVL�L�D�SDUD�~�����H�p�PRQR�RQLFDPHQ�H�FUHVFHQ�H�H�D�SDU�H�
UHDO�GH�����M~��GHFUHVFH�PRQR�RQLFDPHQ�H�D�SDU�LU�GD��QLGDGH��D��RUPD��HUDO�GR�GLD�UDPD�SRODU�
GH�����M~��p�D�LQGLFDGD�QD�)L��UD�������2��Q��OR�GH��DVH��LFD�HQ�UH����H������
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Exemplo 7.8 �RQVLGHUH�D�VH��LQ�H���QomR�GH��UDQV�HUrQFLD�GH�VH��QGD�RUGHP�

G s s Ts �
�=
+

^
^

h
h

�RQV�U�D�R�GLD�UDPD�SRODU�GHVVD���QomR�GH��UDQV�HUrQFLD�

�RPR�D���QomR�GH��UDQV�HUrQFLD�VHQRLGDO�SRGH�VHU�HVFUL�D�FRPR�VH��H�

G j j j T T
T j

T�
�

� �
�

2 2 2 2
~

~ ~ ~ ~ ~
=

+
=-

+
-

+
^

^ ^
h

h h

D�SRUomR�UHOD�L�D�j�EDL[D��UHT�rQFLD�GR�GLD�UDPD�SRODU�p�

lim
0"~
����M~�� �±��±�M∞

H�D�SRUomR�UHOD�L�D�j�DO�D��UHT�rQFLD�p�

lim
"3~

����M~�� ���±�M�

��)L��UD������DSUHVHQ�D�D��RUPD��HUDO�GR�GLD�UDPD�SRODU�GH�����M~���2�GLD�UDPD�GH�����M~��p�
DVVLQ�y�LFR�HP�UHODomR�j�UH�D��HU�LFDO�T�H�SDVVD�SHOR�SRQ�R��±��������RPR�HVVD���QomR�GH��UDQV�H�
UrQFLD�SRVV�L��P�LQ�H�UDGRU��������D��RUPD��HUDO�GR�GLD�UDPD�SRODU�GL�HUH�V�EV�DQFLDOPHQ�H�GRV�
GLD�UDPDV�GD���QomR�GH��UDQV�HUrQFLD�GH�VH��QGD�RUGHP��T�H�QmR��rP��P�LQ�H�UDGRU�

Exemplo 7.9 2E�HQ�D�R�GLD�UDPD�SRODU�GD�VH��LQ�H���QomR�GH��UDQV�HUrQFLD�

G j j T
e

�
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~
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~-

^ h

�RPR�����M~��SRGH�VHU�HVFUL�D�FRPR�

G j e j T�
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=
+

~-^ ^ ch h m

R�PyG�OR�H�R��Q��OR�GH��DVH�VmR��UHVSHF�L�DPHQ�H�
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1
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2
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+
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+
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2
^ h

H

tgG j e j T L T1
1j L 1~
~

~ ~= +
+

=- -
~- -^ h

9LV�R�T�H�R�PyG�OR�GHFUHVFH�PRQR�RQLFDPHQ�H�D�SDU�LU�GD��QLGDGH�H�R��Q��OR�GH��DVH��DPEpP�
GHFUHVFH�PRQR��QLFD�H�LQGH�LQLGDPHQ�H��R�GLD�UDPD�SRODU�GD���QomR�GH��UDQV�HUrQFLD�GDGD�p��PD�
HVSLUDO��FRPR�PRV�UD�D�)L��UD������
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Formas gerais do diagrama polar.�2V�GLD�UDPDV�SRODUHV�GH��PD���QomR�GH��UDQV�HUrQFLD�FRPR

G j
j j T j T
K j T j T

a j a j
b j b j

1 1
1 1a b

n n

m m

1 2

1
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10
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=
+ +

+ +

=
+ +

+ +
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m
^

^ ^ ^

^ ^

^ ^

^ ^

h
h h h

h h

h h

h h

RQGH�����P�R��R��UD��GR�SROLQ�PLR�GR�GHQRPLQDGRU�p�PDLRU�T�H�R�GR�Q�PHUDGRU���HUmR�DV�
VH��LQ�HV��RUPDV��HUDLV�

1. �DUD�λ�=�0�RX��L��HPD���L�R����R�SRQ�R�GH�LQtFLR�GR�GLD�UDPD�SRODU��T�H�FRUUHVSRQGH�D�
~� ����p��LQL�R�H�HV�i�VREUH�R�HL[R�UHDO�SRVL�L�R�����DQ�HQ�H�GR�GLD�UDPD�SRODU�HP�~� ���
p�SHUSHQGLF�ODU�DR�HL[R�UHDO��2�SRQ�R��HUPLQDO��T�H�FRUUHVSRQGH�D�~�=�∞,�está�sobre�a�
RUL�HP�H�D�F�U�D�p��DQ�HQ�H�D��P�GRV�HL[RV�

2. �DUD�λ�=�1�RX��L��HPD���L�R����R��HUPR�M~�QR�GHQRPLQDGRU�FRQ�ULE�L�FRP�±�����GR��Q��OR�
GH��DVH��R�DO�GH�����M~)�para�0�≤�~�≤�∞.�Em�~� ����R�PyG�OR�GH�����M~��p�LQ�LQL�R�H�R��Q��OR�GH�
�DVH�p�±������(P�EDL[DV��UHT�rQFLDV��R�GLD�UDPD�SRODU�p�DVVLQ�y�LFR�D��PD�UH�D�SDUDOHOD�
DR�HL[R�LPD�LQiULR�QH�D�L�R��(P�~�=�∞,�o�módulo�torna-se�nulo�e�a�curva�converge�para�
D�RUL�HP���DQ�HQFLDQGR��P�GRV�HL[RV�

3. �DUD�λ�=�2�RX��L��HPD���L�R����R��HUPR����M~���QR�GHQRPLQDGRU�FRQ�ULE�L�FRP�±������SDUD�
R��Q��OR�GH��DVH��R�DO�GH�����M~)�para�0�≤�~�≤�∞.�Em�~� ����R�PyG�OR�GH�����M~��p�LQ�LQL�R�
H�R��Q��OR�GH��DVH�p�L��DO�D�±�������(P�EDL[DV��UHT�rQFLDV��R�GLD�UDPD�SRODU�SRGH�VHU�
DVVLQ�y�LFR�D��PD�UH�D�SDUDOHOD�DR�HL[R�UHDO�QH�D�L�R��(P�~�=�∞,�o�módulo�torna-se�nulo�
H�D�F�U�D�p��DQ�HQ�H�D��P�GRV�HL[RV��

�V��RUPDV��HUDLV�GRV�UDPRV�GH�EDL[D��UHT�rQFLD�GRV�GLD�UDPDV�SRODUHV�GRV�VLV�HPDV�GRV�
�LSRV������H���VmR�DSUHVHQ�DGDV�QD�)L��UD�������3RGH�VH�REVHU�DU�T�H��VH�R��UD��GR�SROLQ�PLR�GR�
GHQRPLQDGRU�GH�����M~���RU�PDLRU�T�H�R�GR�Q�PHUDGRU��HQ�mR�RV�O��DUHV��HRPp�ULFRV�GH�����M~��
�mR�FRQ�HU�LU�SDUD�D�RUL�HP�QR�VHQ�LGR��RUiULR��(P�~�=�∞,�os�lugares�são�tangentes�a�um�ou�
R��UR�HL[R��FRPR�PRV�UD�D�)L��UD������
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1R�H�T�H�T�DLVT�HU��RUPDV�FRPSOLFDGDV�QDV�F�U�DV�GR�GLD�UDPD�SRODU�VmR�FD�VDGDV�SHOD�GLQ��
PLFD�GR�Q�PHUDGRU��LV�R�p��SHODV�FRQV�DQ�HV�GH��HPSR�QR�Q�PHUDGRU�GD���QomR�GH��UDQV�HUrQFLD��
��)L��UD������PRV�UD�H[HPSORV�GH��Ui�LFRV�SRODUHV�GH���Qo�HV�GH��UDQV�HUrQFLD�FRP�GLQ�PLFD�QR�
Q�PHUDGRU��1D�DQiOLVH�GH�VLV�HPDV�GH�FRQ�UROH��R�GLD�UDPD�SRODU�GH�����M~��GH�H�VHU�GH�HUPLQDGR�
FRP�SUHFLVmR�QD��DL[D�GH��UHT�rQFLDV�GH�LQ�HUHVVH�

��7DEHOD�����DSUHVHQ�D��UDoDGRV�GH�GLD�UDPDV�SRODUHV�GH�GL�HUVDV���Qo�HV�GH��UDQV�HUrQFLD�

Construção de diagramas de Nyquist com o MATLAB.�2V�GLD�UDPDV�GH�1�T�LV���DVVLP�
FRPR�RV�GLD�UDPDV�GH��RGH��VmR�FRP�PHQ�H���LOL]DGRV�SDUD�D�UHSUHVHQ�DomR�GD�UHVSRV�D�HP�
�UHT�rQFLD�GH�VLV�HPDV�GH�FRQ�UROH�FRP�UHDOLPHQ�DomR��OLQHDUHV�H�LQ�DULDQ�HV�QR��HPSR��2V�GLD�
�UDPDV�GH�1�T�LV��VmR�GLD�UDPDV�SRODUHV��HQT�DQ�R�RV�GLD�UDPDV�GH��RGH�VmR�UH�DQ��ODUHV��8P�
GRV�GLD�UDPDV�SRGH�VHU�PDLV�FRQ�HQLHQ�H�SDUD��PD�RSHUDomR�HP�SDU�LF�ODU��PDV�GDGD�RSHUDomR�
VHPSUH�SRGH�VHU�FRQG�]LGD�SRU�T�DOT�HU��P�GRV�GRLV�GLD�UDPDV�

2�FRPDQGR�0�7/���nyquist�FDOF�OD�D�UHVSRV�D�HP��UHT�rQFLD�GH�VLV�HPDV�GH��HPSR�FRQ�
�tQ�R��OLQHDUHV�H�LQ�DULDQ�HV�QR��HPSR��4�DQGR�H[HF��DGR�VHP�DU��PHQ�RV�QR�ODGR�HVT�HUGR��R�
FRPDQGR�nyquist��RUQHFH��P�GLD�UDPD�GH�1�T�LV��QD��HOD�GR�PRQL�RU�

2�FRPDQGR

nyquist(num,den)

GHVHQ�D�R�GLD�UDPD�GH�1�T�LV��GD���QomR�GH��UDQV�HUrQFLD

G s s
s

den
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=^
^
^

h
h
h
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RQGH�num�H�den�FRQ�rP�RV�FRH�LFLHQ�HV�GRV�SROLQ�PLRV�HP�RUGHP�GHFUHVFHQ�H�GRV�H[SRHQ�HV�GH�
���2��URV�FRPDQGRV�nyquist��HUDOPHQ�H���LOL]DGRV�VmR�
 nyquist(num,den,w)

 nyquist(A,B,C,D)

 nyquist(A,B,C,D,w)

 nyquist(A,B,C,D,iu,w)

 nyquist(sys)

2�FRPDQGR�T�H�FRQ�pP�R��H�RU��UHT�rQFLD�w��HVSHFL�LFDGR�SHOR��V�iULR�FRPR
nyquist(num,den,w)

FDOF�OD�D�UHVSRV�D�HP��UHT�rQFLD�SDUD�RV��iULRV��DORUHV�GD��UHT�rQFLD��HVSHFL�LFDGRV�HP�UDGLDQRV�
SRU�VH��QGR�

4�DQGR�H[HF��DGR�FRP�DU��PHQ�RV�QR�ODGR�HVT�HUGR�FRPR

 [re,im,w] = nyquist(num,den)

 [re,im,w] = nyquist(num,den,w)
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1
j~

1
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1
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j~T

1 + j~Tjω

j~T
1 + j~T

1
a

~ = ∞

~ = 0~ = 0

~ = 0

~ = 0
~ = 0

∞∞

1
( j~)2

1 + j~T
1 + j~aT
(a > 1)

1
(1 + j~T1) (1 + j~T2) (1 + j~T3)

~n
2

j~[( j~)2 + 2ζ~n( j~) + ~n2]
1 + j~T1

j~ (1 + j~T2) (1 + j~T3)

1

Diagramas 
polares 
de funções de 
transferência 
simples.

399Capítulo 7 – Análise e projeto de sistemas de controle pelo método de resposta em frequência



 [re,im,w] = nyquist(A,B,C,D)

 [re,im,w] = nyquist(A,B,C,D,w)

 [re,im,w] = nyquist(A,B,C,D,iu,w)

 [re,im,w] = nyquist(sys)

R�0�7/���UH�RUQD�D�UHVSRV�D�HP��UHT�rQFLD�GR�VLV�HPD�QDV�PD�UL]HV�re��im�H�w��1HQ��P�
GLD�UDPD�p�DSUHVHQ�DGR�QD��HOD���V�PD�UL]HV�re�H�im�FRQ�rP�DV�SDU�HV�UHDO�H�LPD�LQiULD�GD�
UHVSRV�D�HP��UHT�rQFLD�GR�VLV�HPD��FDOF�ODGDV�HP�SRQ�RV�GH� �UHT�rQFLDV�HVSHFL�LFDGRV�QR�
�H�RU�w��1R�H�T�H�re�H�im��rP��DQ�DV�FRO�QDV�T�DQ�DV��RUHP�DV�UHVSRV�DV�H��PD�OLQ�D�SDUD�
FDGD�HOHPHQ�R�GH�w�

Exemplo 7.10 �RQVLGHUH�D�VH��LQ�H���QomR�GH��UDQV�HUrQFLD�GH�PDO�D�DEHU�D�

,
G s

s s0 8 1
1

2=
+ +

^ h

'HVHQ�H��P�GLD�UDPD�GH�1�T�LV��FRP�R�0�7/���

�RPR�R�VLV�HPD�p�GDGR�QD��RUPD�GD���QomR�GH��UDQV�HUrQFLD��R�FRPDQGR

nyquist(num,den)

SRGH�VHU���LOL]DGR�SDUD��UDoDU��P�GLD�UDPD�GH�1�T�LV���2�3UR�UDPD�����HP�0�7/���SURG�]�
R�GLD�UDPD�GH�1�T�LV��LQGLFDGR�QD�)L��UD�������1HVVH�GLD�UDPD��RV�LQ�HU�DORV�QRV�HL[RV�UHDO�H�
LPD�LQiULR�VmR�D��RPD�LFDPHQ�H�GH�HUPLQDGRV�

Programa 7.5 em MATLAB

num = [1];
den = [1 0.8 1];
nyquist(num,den)
grid
title(‘Diagrama de Nyquist de G(s) = 1/(s^2 + 0.8s + 1)’)

6H�GHVHMDUPRV��UDoDU�R�GLD�UDPD�GH�1�T�LV����LOL]DQGR�LQ�HU�DORV�GH��DORUHV�GH�HUPLQDGRV�
PDQ�DOPHQ�H���SRU�H[HPSOR��±���D���VREUH�R�HL[R�UHDO�H�±���D���QR�HL[R�LPD�LQiULR����GL�L�DPRV�
R�VH��LQ�H�FRPDQGR�QR�FRPS��DGRU�

v = [– 2 2 – 2 2];

axis(v);

FIGURA 7.36
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R���FRPELQDQGR�HVVDV�G�DV�OLQ�DV�HP�DSHQDV��PD�

axis([– 2 2 – 2 2]);

9HMD�R�3UR�UDPD�����HP�0�7/���H�R�GLD�UDPD�GH�1�T�LV��UHV�O�DQ�H�LQGLFDGR�QD�)L��UD������

Programa 7.6 em MATLAB

% ---------- Diagrama de Nyquist ----------

num = [1];
den = [1 0.8 1];
nyquist(num,den)
v = [-2 2 -2 2]; axis(v)
grid
title(‘Diagrama de Nyquist de G(s) = 1/(s^2 + 0.8s + 1)’)

Atenção.�1D�FRQV�U�omR�GR�GLD�UDPD�GH�1�T�LV��HP�T�H��PD�RSHUDomR�0�7/���DSUHVHQ�D�
�'L�LGH�E��]HUR���GL�LVmR�SRU�]HUR���R�GLD�UDPD�GH�1�T�LV��UHV�O�DQ�H�SRGH�HV�DU�LQFRUUH�R��3RU�
H[HPSOR��VH�D���QomR�GH��UDQV�HUrQFLD�GH�������RU�GDGD�SRU�

G s s s �
�=
+

^
^

h
h

HQ�mR�R�FRPDQGR�0�7/��

 num = [1];

 den = [1  1  0];

 nyquist(num,den)

SURG�]LUi��P�GLD�UDPD�GH�1�T�LV��LQFRUUH�R��8P�H[HPSOR�GH�GLD�UDPD�GH�1�T�LV��FRP�HUUR�p�
DSUHVHQ�DGR�QD�)L��UD�������6H�HVVH�GLD�UDPD�GH�1�T�LV��LQGHVHMDGR�DSDUHFHU�QD��HOD�GR�FRP�
S��DGRU��VHUi�SRVVt�HO��D]HU�D�FRUUHomR�HVSHFL�LFDQGR�VH�axis(v)��3RU�H[HPSOR��VH�H[HF��DUPRV�
R�FRPDQGR�axis

v = [– 2 2 – 5 5]; axis(v)

QR�FRPS��DGRU��HQ�mR�VHUi�SRVVt�HO�RE�HU�R�GLD�UDPD�GH�1�T�LV��FRUUH�R�9HMD�R�([HPSOR������

FIGURA 7.37
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Exemplo 7.11 'HVHQ�H�R�GLD�UDPD�GH�1�T�LV��GD�VH��LQ�H������

G s s s �
�=
+

^
^

h
h

2�3UR�UDPD�����HP�0�7/���SURG�]LUi��P�GLD�UDPD�FRUUH�R�GH�1�T�LV��QD��HOD�GR�PRQL�RU��
mesmo�que�a�mensagem�̔ Divide�by�zero’�possa�aparecer�na�tela.�A�Figura�7.39�mostra�o�diagrama�
GH�1�T�LV��UHV�O�DQ�H�

Programa 7.7 em MATLAB

% ---------- Diagrama de Nyquist ----------

num = [1];
den = [1 1 0];
nyquist(num,den)
v = [-2 2 -5 5]; axis(v)
grid
title(‘Diagrama de Nyquist de G(s) = 1/[s(s + 1)]’)

FIGURA 7.38
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1R�H�T�H�R�GLD�UDPD�GH�1�T�LV��DSUHVHQ�DGR�QD�)L��UD������LQFO�L�RV�O��DUHV��DQ�R�SDUD�~���
��FRPR�SDUD�~������6H�GHVHMDUPRV��UDoDU�R�GLD�UDPD�GH�1�T�LV��VRPHQ�H�SDUD�DV�UH�L�HV�HP�T�H�
D��UHT�rQFLD�p�SRVL�L�D��~�������HQ�mR�VHUi�QHFHVViULR���LOL]DU�R�FRPDQGR

[re,im,w]=nyquist(num,den,w)

2�3UR�UDPD�����HP�0�7/�����LOL]D�HVVH�FRPDQGR�nyquist����)L��UD������DSUHVHQ�D�R�GLD�UDPD�
GH�1�T�LV��UHV�O�DQ�H�

Programa 7.8 em MATLAB

% ---------- Diagrama de Nyquist ----------

num = [1];
den = [1 1 0];
w = 0.1:0.1:100;
[re,im,w] = nyquist(num,den,w);
plot(re,im)
v = [-2 2 -5 5]; axis(v)
grid
title(‘Diagrama de Nyquist de G(s) = 1/[s(s + 1)]’)
xlabel(‘Eixo real’)
ylabel(‘Eixo imaginário’)

Desenho de diagramas de Nyquist de um sistema definido no espaço de estados. 
�RQVLGHUH�R�VLV�HPD�GH�LQLGR�SRU�

ẋ�=�Ax�+�Bu

y�=�Cx�+�Du

RQGH� x� ��H�RU�GH�HV�DGR���H�RU���

� �� ��H�RU�GH�VDtGD���H�RU�P��

� u� ��H�RU�GH�FRQ�UROH���H�RU�U�

� A� �PD�UL]�GH�HV�DGR��PD�UL]���#���

� B� �PD�UL]�GH�FRQ�UROH��PD�UL]���#�U�

� C� �PD�UL]�GH�VDtGD��PD�UL]�P�#���

� D� �PD�UL]�GH��UDQVPLVVmR�GLUH�D��PD�UL]�P�#�U�

FIGURA 7.40
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3RGH�VH�RE�HU�R�GLD�UDPD�GH�1�T�LV��SDUD�HVVH�VLV�HPD�SRU�PHLR�GR�FRPDQGR�

nyquist(A,B,C,D)

(VVH�FRPDQGR�SURG�]��PD�VpULH�GH�GLD�UDPDV�GH�1�T�LV����P�SDUD�FDGD�FRPELQDomR�GH�HQ�UDGD�
H�GH�VDtGD�GR�VLV�HPD��2�LQ�HU�DOR�GH��DORUHV�GH��UHT�rQFLD�p�GH�HUPLQDGR�D��RPD�LFDPHQ�H�

2�FRPDQGR

nyquist(A,B,C,D,iu)

SURG�]�GLD�UDPDV�GH�1�T�LV��D�SDU�LU�GD�HQ�UDGD��QLFD�iu�SDUD��RGDV�DV�VDtGDV�GR�VLV�HPD��FRP�
R�LQ�HU�DOR�GH��DORUHV�GH��UHT�rQFLD�GH�HUPLQDGR�D��RPD�LFDPHQ�H��2�HVFDODU�iu�p��P�tQGLFH�QD�
HQ�UDGD�GR�VLV�HPD�H�HVSHFL�LFD�D�HQ�UDGD�D�VHU���LOL]DGD�SDUD�D�UHVSRV�D�HP��UHT�rQFLD�

2�FRPDQGR

nyquist(A,B,C,D,iu,w)

��LOL]D�R��H�RU�w�FRP��DORUHV�GH��UHT�rQFLD�HVSHFL�LFDGRV�SHOR��V�iULR��2��H�RU�w�HVSHFL�LFD�DV�
�UHT�rQFLDV�HP�UDGLDQRV�SRU�VH��QGR�HP�T�H�D�UHVSRV�D�HP��UHT�rQFLD�GH�H�VHU�FDOF�ODGD�

Exemplo 7.12 �RQVLGHUH�R�VLV�HPD�GH�LQLGR�SRU�
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(VVH�VLV�HPD�SRVV�L��PD��QLFD�HQ�UDGD�X�H��PD��QLFD�VDtGD����2�GLD�UDPD�GH�1�T�LV��SRGH�
VHU�RE�LGR�SRU�PHLR�GR�FRPDQGR

nyquist(A,B,C,D)

R��GR�FRPDQGR

nyquist(A,B,C,D,1)

2�3UR�UDPD�����HP�0�7/����RUQHFHUi�R�GLD�UDPD�GH�1�T�LV����1R�H�T�H�VH�RE�pP�R�PHVPR�
UHV�O�DGR���LOL]DQGR�T�DOT�HU��P�GRV�GRLV�FRPDQGRV�����)L��UD������DSUHVHQ�D�R�GLD�UDPD�GH�
1�T�LV���RUQHFLGR�SHOR�3UR�UDPD�����HP�0�7/���

FIGURA 7.41
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Programa 7.9 em MATLAB

A = [0 1;-25 -4];
B = [0;25];
C = [1 0];
D = [0];
nyquist(A,B,C,D)
grid
title(‘Diagrama de Nyquist’)

Exemplo 7.13 �RQVLGHUH�R�VLV�HPD�GH�LQLGR�SRU�
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(VVH�VLV�HPD�SRVV�L�G�DV�HQ�UDGDV�H�G�DV�VDtGDV��([LV�HP�T�D�UR�UHODo�HV�VHQRLGDLV�GH�HQ�UDGD±
VDtGD�������M~�������M~�������M~�������M~��������M~�������M~��H������M~�������M~���'HVHQ�H�R�GLD�UDPD�GH�
1�T�LV��SDUD�R�VLV�HPD���4�DQGR�VH�FRQVLGHUD�D�HQ�UDGD�X���SUHV�PLPRV�T�H�D�HQ�UDGD�X��VHMD�
]HUR�H��LFH��HUVD���

3RGH�VH�RE�HU�RV�T�D�UR�GLD�UDPDV�GH�1�T�LV����LOL]DQGR�R�FRPDQGR

nyquist(A,B,C,D)

2�3UR�UDPD������HP�0�7/���SURG�]�RV�T�D�UR�GLD�UDPDV�GH�1�T�LV��T�H�VmR�DSUHVHQ�DGRV�
QD�)L��UD������

Programa 7.10 em MATLAB

A = [-1 -1;6.5 0];
B = [1 1;1 0];
C = [1 0;0 1];
D = [0 0;0 0];
nyquist(A,B,C,D)

FIGURA 7.42
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7.4 | Diagramas de módulo em dB versus ângulo de fase
2��UD�PDQHLUD�GH�UHSUHVHQ�DU��UD�LFDPHQ�H�DV�FDUDF�HUtV�LFDV�GD�UHVSRV�D�HP��UHT�rQFLD�p�

FRP�D���LOL]DomR�GR�GLD�UDPD�GH�PyG�OR�HP�G��YHU�X���Q��OR�GH��DVH��T�H�p��P�GLD�UDPD�GR�
PyG�OR�HP�GHFLEpLV�YHU�X��R��Q��OR�GH��DVH�R��D�PDU�HP�GH��DVH�SDUD��PD��DPD�GH��DORUHV�
GH��UHT�rQFLD�GH�LQ�HUHVVH��>��PDU�HP�GH��DVH�p�D�GL�HUHQoD�HQ�UH�R�SUySULR��Q��OR�GH��DVH�z�H�
±�������LV�R�p��z�±��±������� ��������z�����F�U�D�p��UDG�DGD�HP��HUPRV�GD��UHT�rQFLD�~��(VVHV�
GLD�UDPDV�GH�PyG�OR�HP�G��YHU�X���Q��OR�GH��DVH�QRUPDOPHQ�H�VmR�F�DPDGRV�FDU�D�GH�1LF�ROV�

1R�GLD�UDPD�GH��RGH��DV�FDUDF�HUtV�LFDV�GH�UHVSRV�D�HP��UHT�rQFLD�GH�����M~��VmR�UHSUHVHQ�DGDV�
HP�SDSHO�VHPLOR��SRU�G�DV�F�U�DV�VHSDUDGDV��D�F�U�D�GH�PyG�OR�HP�G��H�D�F�U�D�GH��Q��OR�GH�
�DVH��HQT�DQ�R�QR�GLD�UDPD�GR�PyG�OR�HP�G��YHU�X���Q��OR�GH��DVH�DV�G�DV�F�U�DV�GR�GLD�UDPD�
GH��RGH�VmR�FRPELQDGDV�HP��PD��QLFD��1R�Pp�RGR�PDQ�DO��R�GLD�UDPD�GR�PyG�OR�HP�G��YHU�
�X���DVH�SRGH�VHU�FRQV�U�tGR��DFLOPHQ�H�SHOD�OHL��UD�GRV��DORUHV�GR�PyG�OR�HP�G��H�GR��Q��OR�GH�
�DVH��D�SDU�LU�GR�GLD�UDPD�GH��RGH��1R�H�T�H��QR�GLD�UDPD�GH�PyG�OR�HP�G��YHU�X���DVH���PD�
�DULDomR�QD�FRQV�DQ�H�GH��DQ�R�GH�����M~��VLPSOHVPHQ�H�GHVORFD�D�F�U�D�SDUD�FLPD��SDUD��DQ�RV�
FUHVFHQ�HV��R��SDUD�EDL[R��SDUD��DQ�RV�GHFUHVFHQ�HV���PDV�D��RUPD�GD�F�U�D�SHUPDQHFH�D�PHVPD�

�V��DQ�D�HQV�GR�GLD�UDPD�GH�PyG�OR�HP�G��YHU�X���DVH�VmR�T�H�D�HV�DELOLGDGH�UHOD�L�D�GR�
VLV�HPD�GH�PDO�D��HF�DGD�SRGH�VHU�GH�HUPLQDGD�UDSLGDPHQ�H�H�T�H�D�FRPSHQVDomR�SRGH�VHU�UHDOL�
]DGD�FRP��DFLOLGDGH��

2�GLD�UDPD�GH�PyG�OR�HP�G��YHU�X���Q��OR�GH��DVH�GD���QomR�GH��UDQV�HUrQFLD�VHQRLGDO�
����M~��H�R�GH�������M~��VmR�DQ�LVVLPp�ULFRV�HP�UHODomR�j�RUL�HP��SRLV
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��)L��UD������FRPSDUD�DV�F�U�DV�GH�UHVSRV�D�HP��UHT�rQFLD�GH

G j
j j1 2

1

n n

2~
g
~
~

~
~

=
+ +

^
c c

h
m m

HP��UrV�GL�HUHQ�HV�UHSUHVHQ�Do�HV��1R�GLD�UDPD�GH�PyG�OR�HP�G��YHU�X���DVH��D�GLV��QFLD��HU�
�LFDO�HQ�UH�RV�SRQ�RV�~� ���H�~� �~U��RQGH�~��p�D��UHT�rQFLD�GH�UHVVRQ�QFLD��p�R��DORU�GH�SLFR�GH�
����M~��HP�GHFLEpLV�

�RPR�DV�FDUDF�HUtV�LFDV�GR�PyG�OR�HP�G��H�GR��Q��OR�GH��DVH�GDV���Qo�HV�GH��UDQV�HUrQFLD�
EiVLFDV��RUDP�GLVF��LGDV�HP�GH�DO�HV�QDV�VHo�HV�����H������DT�L�VHUi�V��LFLHQ�H�GDU�H[HPSORV�GH�
DO��QV�GLD�UDPDV�GH�PyG�OR�HP�G��YHU�X���Q��OR�GH��DVH����7DEHOD�����PRV�UD�HVVHV�H[HPSORV��
�(Q�UH�DQ�R��QD�6HomR�������DODUHPRV�PDLV�VREUH�DV�FDU�DV�GH�1LF�ROV��

7.5 | Critério de estabilidade de Nyquist
2�FUL�pULR�GH�HV�DELOLGDGH�GH�1�T�LV��GH�HUPLQD�D�HV�DELOLGDGH�GH��P�VLV�HPD�GH�PDO�D��HF�DGD�

FRP�EDVH�QD�UHVSRV�D�HP��UHT�rQFLD�GH�PDO�D�DEHU�D�H�QRV�SRORV�GH�PDO�D�DEHU�D�
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(V�D�VHomR�DSUHVHQ�D�DV�EDVHV�PD�HPi�LFDV�SDUD�R�HQ�HQGLPHQ�R�GR�FUL�pULR�GH�HV�DELOLGDGH�
GH�1�T�LV����RQVLGHUH�R�VLV�HPD�GH�PDO�D��HF�DGD�GD�)L��UD�����������QomR�GH��UDQV�HUrQFLD�GH�
PDO�D��HF�DGD�p�

R s
C s

G s H s
G s

�
=
+^

^
^ ^
^

h
h

h h
h

3DUD�RE�HU�HV�DELOLGDGH���RGDV�DV�UDt]HV�GD�HT�DomR�FDUDF�HUtV�LFD

������������� ��

GH�HP��LFDU�QR�VHPLSODQR�HVT�HUGR�GR�SODQR����>2EVHU�H�T�H��HPERUD�RV�SRORV�H�RV�]HURV�GD�
��QomR�GH��UDQV�HUrQFLD�GH�PDO�D�DEHU�D����������SRVVDP�HV�DU�QR�VHPLSODQR�GLUHL�R�GR�SODQR����R�
VLV�HPD�p�HV�i�HO�VH��RGRV�RV�SRORV�GD���QomR�GH��UDQV�HUrQFLD�GH�PDO�D��HF�DGD��LV�R�p��DV�UDt]HV�
GD�HT�DomR�FDUDF�HUtV�LFD��HV�L�HUHP�QR�VHPLSODQR�HVT�HUGR�GR�SODQR�����2�FUL�pULR�GH�HV�DELOLGDGH�
GH�1�T�LV��UHODFLRQD�D�UHVSRV�D�HP��UHT�rQFLD�GH�PDO�D�DEHU�D�����M~�����M~��DR�Q�PHUR�GH�]HURV�
H�SRORV�GH��������������T�H�VH�VL��DP�QR�VHPLSODQR�GLUHL�R�GR�SODQR����(VVH�FUL�pULR��GHG�]LGR�
SRU�+��1�T�LV���p���LO�QD�HQ�HQ�DULD�GH�FRQ�UROH�SRUT�H�D�HV�DELOLGDGH�DEVRO��D�GR�VLV�HPD�GH�
PDO�D��HF�DGD�SRGH�VHU�GH�HUPLQDGD��UD�LFDPHQ�H�D�SDU�LU�GDV�F�U�DV�GH�UHVSRV�D�HP��UHT�rQFLD�
GH�PDO�D�DEHU�D�H�QmR��i�QHFHVVLGDGH�GH�GH�HUPLQDU�GH�PDQHLUD�H�H�L�D�RV�SRORV�GH�PDO�D��HF�D�
GD���V�F�U�DV�GH�UHVSRV�D�HP��UHT�rQFLD�GH�PDO�D�DEHU�D��RE�LGDV�DQDOt�LFD�H�H[SHULPHQ�DOPHQ�H��
podem�ser�utilizadas�na�análise�de�estabilidade.�Isso�é�conveniente�porque,�no�projeto�de�um�
VLV�HPD�GH�FRQ�UROH��H[SUHVV�HV�PD�HPi�LFDV�GH�DO��QV�GRV�FRPSRQHQ�HV��UHT�HQ�HPHQ�H�QmR�
VmR�FRQ�HFLGDV��DSHQDV�RV�GDGRV�GD�UHVSRV�D�HP��UHT�rQFLD�HV�mR�GLVSRQt�HLV�

2�FUL�pULR�GH�HV�DELOLGDGH�GH�1�T�LV��p���QGDPHQ�DGR�HP��P��HRUHPD�D�SDU�LU�GD��HRULD�
GH��DULi�HLV�FRPSOH[DV��3DUD�HQ�HQGHU�R�FUL�pULR��SULPHLUR�GLVF��LUHPRV�R�PDSHDPHQ�R�GH�
FRQ�RUQRV�QR�SODQR�FRPSOH[R�

9DPRV�V�SRU�T�H�D���QomR�GH��UDQV�HUrQFLD�GH�PDO�D�DEHU�D����������VHMD�UHSUHVHQ�DGD�SHOD�
UHODomR�GH�SROLQ�PLRV�HP����3DUD��P�VLV�HPD��LVLFDPHQ�H�UHDOL]i�HO��R��UD��GR�SROLQ�PLR�GR�
GHQRPLQDGRU�GD���QomR�GH��UDQV�HUrQFLD�GH�PDO�D��HF�DGD�GH�H�VHU�PDLRU�R��L��DO�DR�GR�SROLQ��
mio�do�numerador.�Isso�significa�que,�para�qualquer�sistema�realizável�fisicamente,�o�limite�de�
����������j�PHGLGD�T�H����HQGH�DR�LQ�LQL�R��p�Q�OR�R���PD�FRQV�DQ�H�

Estudo preliminar. ��HT�DomR�FDUDF�HUtV�LFD�GR�VLV�HPD�LQGLFDGR�QD�)L��UD������p�

)���� �������������� ��

0RV�UDUHPRV�T�H��D�GDGD��UDMH�yULD�FRQ�tQ�D�H��HF�DGD��QR�SODQR����T�H�QmR�SDVVH�SRU�T�DLVT�HU�
SRQ�RV� VLQ��ODUHV��FRUUHVSRQGH��PD�F�U�D��HF�DGD�QR�SODQR�)�����2�Q�PHUR�H�R�VHQ�LGR�GRV�
HQ�RO�LPHQ�RV�GD�RUL�HP�GR�SODQR�)����SHOD�F�U�D��HF�DGD�GHVHPSHQ�DP��P�SDSHO�SDU�LF�ODU�
PHQ�H�LPSRU�DQ�H�QR�T�H�VH��H��3RV�HULRUPHQ�H��R�Q�PHUR�H�R�VHQ�LGR�GRV�HQ�RO�LPHQ�RV�VHUmR�
UHODFLRQDGRV�j�HV�DELOLGDGH�GR�VLV�HPD�

�RQVLGHUH��SRU�H[HPSOR��D�VH��LQ�H���QomR�GH��UDQV�HUrQFLD�GH�PDO�D�DEHU�D�

G s H s s 1
2=
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^ ^h h
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FDGD�SRQ�R�GH�DQDOL�LFLGDGH�QR�SODQR���FRUUHVSRQGH��P�SRQ�R�QR�SODQR�)�����3RU�H[HPSOR��VH�
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3RU�DQ�R��FRPR��RL�GL�R�DQ�HULRUPHQ�H��D�GDGD��UDMH�yULD�FRQ�tQ�D�H��HF�DGD�QR�SODQR����T�H�
QmR�SDVVH�SRU�T�DLVT�HU�SRQ�RV�VLQ��ODUHV��FRUUHVSRQGH��PD�F�U�D��HF�DGD�QR�SODQR�)����

3DUD�D�HT�DomR�FDUDF�HUtV�LFD�)�����GDGD�SHOD�(T�DomR�������R�PDSHDPHQ�R�FRQ�RUPH�DV�OLQ�DV�
~� �����������H�GDV�OLQ�DV�v� �����������>�HMD�D�)L��UD������D����RUQHFH�RV�FtUF�ORV�QR�SODQR�)�����
FRPR�PRV�UD�D�)L��UD������E���6�SRQ�D�T�H�R�SRQ�R�UHSUHVHQ�D�L�R����UDFH��P�FRQ�RUQR�QR�VHQ�LGR�
�RUiULR�QR�SODQR����6H�R�FRQ�RUQR�QR�SODQR���HQ�RO�HU�R�SROR�GH�)�����R�O��DU��HRPp�ULFR�GH�)����
HQ�RO�HUi��PD��H]�D�RUL�HP�GR�SODQR�)����QR�VHQ�LGR�DQ�L��RUiULR��>9HMD�D�)L��UD������D����6H�
R�FRQ�RUQR�QR�SODQR���HQ�RO�HU��P�]HUR�GH�)������D�HUi��P�HQ�RO�LPHQ�R�GD�RUL�HP�GR�SODQR�
)����SHOR�O��DU��HRPp�ULFR�GH�)����QR�VHQ�LGR��RUiULR��>9HMD�D�)L��UD������E����6H�R�FRQ�RUQR�
QR�SODQR���HQ�RO�HU��DQ�R�R�]HUR�FRPR�R�SROR�R��VH�R�FRQ�RUQR�QmR�HQ�RO�HU�QHP�R�]HUR�QHP�R�
SROR��HQ�mR�QmR��D�HUi�R�HQ�RO�LPHQ�R�GD�RUL�HP�GR�SODQR�)����SHOR�O��DU��HRPp�ULFR�GH�)�����
>9HMD�DV��L��UDV�������F��H��G���

3HOD�DQiOLVH�SUHFHGHQ�H��SRGHPRV��HU�T�H�R�VHQ�LGR�GR�HQ�RO�LPHQ�R�GD�RUL�HP�GR�SODQR�
)����SHOR�O��DU��HRPp�ULFR�GH�)����GHSHQGH�GR��D�R�GH�R�FRQ�RUQR�QR�SODQR���HQ�RO�HU��P�
SROR�R���P�]HUR��1R�H�T�H�D�ORFDOL]DomR�GH��P�SROR�R���P�]HUR�QR�SODQR����VHMD�QR�VHPLSODQR�
GLUHL�R�R��QR�VHPLSODQR�HVT�HUGR��QmR� �D]�QHQ��PD�GL�HUHQoD��PDV�R�HQ�RO�LPHQ�R�GH��P�
SROR�R���P�]HUR��D]��6H�R�FRQ�RUQR�QR�SODQR���HQ�RO�HU�L��DO�Q�PHUR�GH�SRORV�H�GH�]HURV��HQ�mR�D�
F�U�D��HF�DGD�FRUUHVSRQGHQ�H�QR�SODQR�)����QmR�HQ�RO�HUi�D�RUL�HP�GR�SODQR�)�������GLVF�VVmR�
SUHFHGHQ�H�p��PD�H[SOLFDomR��Ui�LFD�GR��HRUHPD�GR�PDSHDPHQ�R��T�H�p�D�EDVH�GR�FUL�pULR�GH�
HV�DELOLGDGH�GH�1�T�LV��

�� 8PD���QomR�FRPSOH[D�)����p�GL�D�DQDOt�LFD�HP��PD�UH�LmR�VH�)����H��RGDV�DV�V�DV�GHUL�DGDV�H[LV�LUHP�QHVVD�UH�LmR�
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Teorema do mapeamento. 6HMD�)����D�UHODomR�GH�GRLV�SROLQ�PLRV�HP����6HMD���R�Q�PHUR�
GH�SRORV�H���R�Q�PHUR�GH�]HURV�GH�)����T�H�HV�mR�QR�LQ�HULRU�GH��P�FRQ�RUQR��HF�DGR�QR�SODQR�
���FRQVLGHUDQGR�VH�D�P�O�LSOLFLGDGH�GRV�SRORV�H�GRV�]HURV��(VVH�FRQ�RUQR�QmR�GH�H�SDVVDU�SRU�
QHQ��P�GRV�SRORV�R��]HURV�GH�)�����(VVH�FRQ�RUQR�QR�SODQR���p��HQ�mR��PDSHDGR�QR�SODQR�)����
FRPR��PD�F�U�D��HF�DGD��4�DQGR�R�SRQ�R�UHSUHVHQ�D�L�R�GHVFUH�H��RGR�R�FRQ�RUQR�GR�SODQR����
QR�VHQ�LGR��RUiULR��R�Q�PHUR��R�DO�1�GH�HQ�RO�LPHQ�RV�GD�RUL�HP�QR�VHQ�LGR��RUiULR��QR�SODQR�
)�����p�L��DO�D���������1R�H�T�H��SRU�HVVH��HRUHPD�GR�PDSHDPHQ�R��R�Q�PHUR�GH�]HURV�H�SRORV�
QmR�SRGH�VHU�GH�HUPLQDGR���DSHQDV�V�D�GL�HUHQoD��

1mR�DSUHVHQ�DUHPRV�DT�L�D�SUR�D��RUPDO�GHVVH��HRUHPD��PDV�GHL[DPRV�HVVD�SUR�D�SDUD�R�
3UREOHPD�A.7.6��1R�H�T�H��P�Q�PHUR�SRVL�L�R�1�LQGLFD��P�H[FHVVR�GH�]HURV�HP�UHODomR�DRV�SRORV�
QD���QomR�)����H��P�1�QH�D�L�R�LQGLFD��P�H[FHVVR�GH�SRORV�HP�UHODomR�DRV�]HURV��1DV�DSOLFDo�HV�
T�H�HQ�RO�HP�VLV�HPDV�GH�FRQ�UROH��R�Q�PHUR���SRGH�VHU��DFLOPHQ�H�GH�HUPLQDGR�SRU�)���� ���
������������D�SDU�LU�GD���QomR�����������3RU�DQ�R��VH�1� �RU�GH�HUPLQDGR�D�SDU�LU�GR�GLD�UDPD�
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GH�)�����R�Q�PHUR�GH�]HURV�QR�LQ�HULRU�GR�FRQ�RUQR��HF�DGR�GR�SODQR���SRGHUi�VHU�GH�HUPLQDGR�
�DFLOPHQ�H��2EVHU�H�T�H�DV��RUPDV�H[D�DV�GR�FRQ�RUQR�QR�SODQR���H�GR�O��DU��HRPp�ULFR�GH�)����
VmR�LUUHOH�DQ�HV�QR�T�H�VH�UH�HUH�DR�HQ�RO�LPHQ�R�GD�RUL�HP���PD��H]�T�H�RV�HQ�RO�LPHQ�RV�
GHSHQGHP�DSHQDV�GD�LQFO�VmR�GRV�SRORV�H�R��GRV�]HURV�GH�)����SHOR�FRQ�RUQR�QR�SODQR���

Aplicações do teorema do mapeamento à análise de estabilidade dos sistemas de 
malha fechada. 3DUD�D�DQiOLVH�GH�HV�DELOLGDGH�GRV�VLV�HPDV�GH�FRQ�UROH�OLQHDUHV���D]HPRV�R�
FRQ�RUQR�QR�SODQR���HQ�RO�HU��RGR�R�VHPLSODQR�GLUHL�R��2�FRQ�RUQR�p�FRQV�L��tGR�SRU��RGR�R�HL[R�
M~�GH�~�=�–�∞�a�~�=�+∞�e�de�um�percurso�semicircular�de�raio�infinito�no�semiplano�direito�do�
SODQR����(VVH�FRQ�RUQR�p�GHQRPLQDGR�SHUF�UVR�GH�1�T�LV����(VVH�SHUF�UVR�p��HL�R�QR�VHQ�LGR�
�RUiULR���2�SHUF�UVR�GH�1�T�LV��HQ�RO�H��RGR�R�VHPLSODQR�GLUHL�R�GR�SODQR���H��RGRV�RV�]HURV�
H�SRORV�GH��������������T�H��rP�SDU�HV�UHDLV�SRVL�L�DV��>6H�QR�VHPLSODQR�GLUHL�R�GR�SODQR���QmR�
�R��HU�]HURV�GH���������������HQ�mR��DPEpP�QmR��D�HUi�SRORV�GH�PDO�D��HF�DGD�H�R�VLV�HPD�VHUi�
HV�i�HO���e�QHFHVViULR�T�H�R�FRQ�RUQR��HF�DGR��R��R�SHUF�UVR�GH�1�T�LV���QmR�SDVVH�VREUH�]HURV�H�
SRORV�GH���������������6H�����������L�HU��P�SROR�R��SRORV�QD�RUL�HP�GR�SODQR����R�PDSHDPHQ�R�
GR�SODQR��� ����LFD�LQGH�HUPLQDGR��1HVVHV�FDVRV��D�RUL�HP�p�H�L�DGD���RPDQGR�VH��P�GHV�LR�DR�
VH��UHGRU���8PD�GLVF�VVmR�GH�DO�DGD�GHVVH�FDVR�HVSHFLDO�VHUi��HL�D�SRV�HULRUPHQ�H��

6H�R��HRUHPD�GR�PDSHDPHQ�R��RU�DSOLFDGR�DR�FDVR�HVSHFLDO�HP�T�H�)����p�L��DO�D���������������
HQ�mR�SRGHUHPRV��D]HU�D�VH��LQ�H�D�LUPDomR��VH�R�FRQ�RUQR��HF�DGR�QR�SODQR���HQ�RO�HU��RGR�R�
VHPLSODQR�GLUHL�R�GR�SODQR����FRPR�PRV�UD�D�)L��UD�������HQ�mR�R�Q�PHUR�GH�]HURV�QR�VHPLSODQR�
GLUHL�R�GD���QomR�)���� ��������������VHUi�L��DO�DR�Q�PHUR�GH�SRORV�GD���QomR�)���� ��������������
QR�VHPLSODQR�GLUHL�R�GR�SODQR���PDLV�R�Q�PHUR�GH�HQ�RO�LPHQ�RV�QR�VHQ�LGR��RUiULR�GD�RUL�HP�
GR�SODQR��������������SHOD�F�U�D��HF�DGD�FRUUHVSRQGHQ�H�QHVVH��O�LPR�SODQR�

7HQGR�VLGR�DGPL�LGD�D�FRQGLomR�GH

lim
s 0"

>�������������� �FRQV�DQ�H

D���QomR�GH��������������SHUPDQHFH�FRQV�DQ�H��j�PHGLGD�T�H���SHUFRUUH�D�VHPLFLUF�Q�HUrQFLD�GH�
UDLR�LQ�LQL�R��3RU�HVVD�UD]mR��SRGH�VH�GH�HUPLQDU�R�HQ�RO�LPHQ�R�GD�RUL�HP�GR�SODQR��������������
SHOR�O��DU��HRPp�ULFR�GH���������������FRQVLGHUDQGR�DSHQDV��PD�SDU�H�GR�FRQ�RUQR��HF�DGR�QR�
SODQR����D�VDEHU��R�HL[R�M~��2V�HQ�RO�LPHQ�RV�GD�RUL�HP��VH��R��HU�DO��P��RFRUUHUmR�VRPHQ�H�
HQT�DQ�R��P�SRQ�R�UHSUHVHQ�D�L�R�VH�PR�HU�GH�±M∞�para�+�M∞�ao�longo�do�eixo�M~��FRQ�DQ�R�T�H�
QmR��DMD�QHQ��P�]HUR�R��SROR�QR�HL[R�M~�

1R�H�T�H�D�SDU�H�GR�FRQ�RUQR�GH��������������GH�~�=�–�∞�a�~�=�∞�é�simplesmente�1�+�����M~�����M~���
�RPR���������M~�����M~��p�D�VRPD��H�RULDO�GR��H�RU��QL�iULR�H�GR��H�RU�����M~�����M~�����������M~�����M~��
p�LGrQ�LFR�DR��H�RU��UDoDGR�D�SDU�LU�GR�SRQ�R�±�����M��DR�SRQ�R��HUPLQDO�GR��H�RU�����M~�����M~���FRPR�
PRV�UD�D�)L��UD�������2�HQ�RO�LPHQ�R�GD�RUL�HP�SHOR�GLD�UDPD�GH���������M~�����M~��p�H[D�DPHQ�H�
HT�L�DOHQ�H�DR�HQ�RO�LPHQ�R�GR�SRQ�R�±�����M��SHOR�O��DU��HRPp�ULFR�GH�����M~�����M~����VVLP��D�HV�D�
ELOLGDGH�GH��P�VLV�HPD�GH�PDO�D��HF�DGD�SRGH�VHU�LQ�HV�L�DGD�H[DPLQDQGR�VH�RV�HQ�RO�LPHQ�RV�GR�
SRQ�R�±�����M��SHOR�O��DU��HRPp�ULFR�GH�����M~�����M~��2�Q�PHUR�GH�HQ�RO�LPHQ�RV�QR�VHQ�LGR��RUiULR�
GR�SRQ�R�±�����M��SRGH�VHU�HQFRQ�UDGR��UDoDQGR�VH��P��H�RU�FRP�RUL�HP�QR�SRQ�R�±�����M��H�H[�UHPL�
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GDGH�QR�O��DU��HRPp�ULFR�GH�����M~�����M~���FRP�LQtFLR�HP�~�=�–�∞,�passando�por�~� ���H��HUPLQDQGR�
HP�~�=�+�∞,�e�contando-se�o�número�de�rotações�do�vetor�no�sentido�horário.

��FRQV�U�omR�GR��Ui�LFR�GH�����M~�����M~��UHOD�L�R�DR�SHUF�UVR�GH�1�T�LV��p�GLUH�D��2�PDSHD�
PHQ�R�GR�HL[R�QH�D�L�R�M~�p�D�LPD�HP�HVSHF�ODU�HP�UHODomR�DR�HL[R�UHDO�GR�PDSHDPHQ�R�GR�HL[R�
SRVL�L�R�M~��LV�R�p��R�GLD�UDPD�GH�����M~�����M~��H�R�GLD�UDPD�GH���±M~���±M~��VmR�VLPp�ULFRV�HP�
UHODomR�DR�HL[R�UHDO����VHPLFLUF�Q�HUrQFLD�GH�UDLR�LQ�LQL�R�p�PDSHDGD�QD�RUL�HP�GR�SODQR����R��
HP��P�SRQ�R�GR�HL[R�UHDO�GR�SODQR����

1D�GLVF�VVmR�SUHFHGHQ�H��DGPL�L��VH�T�H�����������RVVH��PD�UHODomR�GH�GRLV�SROLQ�PLRV�
HP����3RU�DQ�R��R�UH�DUGR�GH��UDQVSRU�H�H�����RL�H[FO�tGR�GD�GLVF�VVmR��1R�H��HQ�UH�DQ�R��T�H��PD�
GLVF�VVmR�VLPLODU�p�DSOLFi�HO�DRV�VLV�HPDV�FRP�UH�DUGR�GH��UDQVSRU�H��HPERUD�DT�L�QmR�VHMD�DSUH�
VHQ�DGD�QHQ��PD�FRPSUR�DomR����HV�DELOLGDGH�GH��P�VLV�HPD�FRP�UH�DUGR�GH��UDQVSRU�H�SRGH�
VHU�GH�HUPLQDGD�D�SDU�LU�GDV�F�U�DV�GH�UHVSRV�D�HP��UHT�rQFLD�GH�PDO�D�DEHU�D��H[DPLQDQGR�VH�R�
Q�PHUR�GH�HQ�RO�LPHQ�RV�GR�SRQ�R�±�����M���FRPR�QR�FDVR�GH��P�VLV�HPD�F�MD���QomR�GH��UDQV�
�HUrQFLD�GH�PDO�D�DEHU�D�p��PD�UHODomR�GH�GRLV�SROLQ�PLRV�HP���

Critério de estabilidade de Nyquist. ��DQiOLVH�DQ�HULRU����LOL]DQGR�R�HQ�RO�LPHQ�R�GR�
SRQ�R�±����� M��SHOR�O��DU��HRPp�ULFR�GH�����M~�����M~��p�UHV�PLGD�QR�VH��LQ�H�FUL�pULR�GH�
HV�DELOLGDGH�GH�1�T�LV��

� �UL�pULR�GH�H��DELOLGDGH�GH�1�TXL���>�DUD�XP�FD�R�H��HFLDO�HP�TXH���V�+�V���mR�
�R��XL��HP��ROR���HP��HUR���REUH�R�HL�R�M~����QR�VLV�HPD�LQGLFDGR�QD�)L��UD�������
VH�D���QomR�GH��UDQV�HUrQFLD�GH�PDO�D�DEHU�D�����������L�HU�N�SRORV�QR�VHPLSODQR�
GLUHL�R�GR�SODQR���H�lim

s 0"
��������� �FRQV�DQ�H��HQ�mR��SRU�T�HV�mR�GH�HV�DELOLGDGH��R�

O��DU��HRPp�ULFR�GH�����M~�����M~���j�PHGLGD�T�H�~�varia�de�–�∞�a�∞,�deve�envolver�
R�SRQ�R�±�����M��N��H]HV�QR�VHQ�LGR�DQ�L��RUiULR�

Observações sobre o critério de estabilidade de Nyquist
1. (VVH�FUL�pULR�SRGH�VHU�H[SUHVVR�FRPR�

�� �1����

 RQGH� �� �Q�PHUR�GH�]HURV�GH��������������QR�VHPLSODQR�GLUHL�R�GR�SODQR��

  1� �Q�PHUR�GH�HQ�RO�LPHQ�RV�GR�SRQ�R�±�����M��QR�VHQ�LGR��RUiULR

  �� �Q�PHUR�GH�SRORV����������QR�VHPLSODQR�GLUHL�R�GR�SODQR��

 6H���QmR��RU�]HUR��SDUD��P�VLV�HPD�GH�FRQ�UROH�HV�i�HO��GH�H�VH��HU��� ���R��1� �±���R�
T�H�VL�QL�LFD�T�H�VH�GH�H��HU���HQ�RO�LPHQ�RV�GR�SRQ�R�±�����M��QR�VHQ�LGR�DQ�L��RUiULR�

  6H����������QmR��L�HU�QHQ��P�SROR�QR�VHPLSODQR�GLUHL�R�GR�SODQR����HQ�mR��� �1��
3RU�DQ�R��SDUD�T�H��DMD�HV�DELOLGDGH��QmR�GH�HP�H[LV�LU�HQ�RO�LPHQ�RV�GR�SRQ�R�±�����M��
SHOR�O��DU��HRPp�ULFR�GH�����M~�����M~���1HVVH�FDVR��QmR�p�QHFHVViULR�FRQVLGHUDU�R�O��DU�
�HRPp�ULFR�SDUD��RGR�R�HL[R� M~��DSHQDV�SDUD�D�SDU�H�UHOD�L�D�j��UHT�rQFLD�SRVL�L�D����

FIGURA 7.48
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HV�DELOLGDGH�GHVVH�VLV�HPD�SRGH�VHU�GH�HUPLQDGD��HUL�LFDQGR�VH�VH�R�SRQ�R�±�����M��HV�i�
HQ�RO�LGR�SHOR�GLD�UDPD�GH�1�T�LV��GH�����M~�����M~�����UH�LmR�HQ�RO�LGD�SHOR�GLD�UDPD�
GH�1�T�LV��p�DSUHVHQ�DGD�SHOD�)L��UD�������3DUD�T�H��DMD�HV�DELOLGDGH��R�SRQ�R�±�����M��
GH�H�HV�DU��RUD�GD�UH�LmR�VRPEUHDGD�

2. 'H�HPRV�VHU�F�LGDGRVRV�DR��HV�DUPRV�D�HV�DELOLGDGH�GH�VLV�HPDV�GH�PDO�DV�P�O�LSODV���LV�R�
T�H�HOHV�SRGHP�LQFO�LU�SRORV�QR�VHPLSODQR�GLUHL�R�GR�SODQR�����1R�H�T�H��HPERUD��PD�
PDO�D�LQ�HUQD�SRVVD�VHU�LQV�i�HO��R�VLV�HPD�GH�PDO�D��HF�DGD�FRPR��P��RGR�SRGH�VH��RUQDU�
HV�i�HO�SRU�PHLR�GH��P�SURMH�R�DSURSULDGR������HUL�LFDomR�VLPSOHV�GRV�HQ�RO�LPHQ�RV�
GR�SRQ�R�±�����M��SHOR�O��DU��HRPp�ULFR�GH�����M~�����M~��QmR�p�V��LFLHQ�H�SDUD�GH�HF�DU�
D� LQV�DELOLGDGH�HP�VLV�HPDV�GH�P�O�LSODV�PDO�DV��1HVVHV�FDVRV�� HQ�UH�DQ�R��SRGH�VH�
GH�HUPLQDU��DFLOPHQ�H�D�SRVVt�HO�H[LV�rQFLD�GH�SRORV�GH��������������QR�VHPLSODQR�GLUHL�R�
GR�SODQR����DSOLFDQGR�VH�R�FUL�pULR�GH�HV�DELOLGDGH�GH�5R����DR�GHQRPLQDGRU�GH����������

  6H���Qo�HV��UDQVFHQGHQ�DLV��FRPR�R�UH�DUGR�GH��UDQVSRU�H�H�����HV�L�HUHP�LQFO�tGDV�HP�
����������HV�DV�GH�HP�VHU�DSUR[LPDGDV�SRU��PD�H[SDQVmR�HP�VpULH��DQ�HV�T�H�R�FUL�pULR�
GH�HV�DELOLGDGH�GH�5R����SRVVD�VHU�DSOLFDGR�

3. 6H�R�O��DU��HRPp�ULFR�GH�����M~�����M~��SDVVDU�SHOR�SRQ�R�±����� M���HQ�mR�RV�]HURV�GD�
HT�DomR�FDUDF�HUtV�LFD��R��SRORV�GH�PDO�D��HF�DGD��HV�mR�ORFDOL]DGRV�VREUH�R�HL[R�M~.�Isso�
QmR�p�GHVHMi�HO�SDUD�RV�VLV�HPDV�GH�FRQ�UROH�SUi�LFRV��3DUD��P�VLV�HPD�GH�PDO�D��HF�DGD�
EHP�SURMH�DGR��QHQ��PD�GDV�UDt]HV�GD�HT�DomR�FDUDF�HUtV�LFD�GH�H�HV�DU�VREUH�R�HL[R�M~�

Caso especial em que G(s)H(s) possui polos e/ou zeros sobre o eixo j~� 1D�GLVF�VVmR�
DQ�HULRU��DVV�PLPRV�T�H�D���QomR�GH��UDQV�HUrQFLD�GH�PDO�D�DEHU�D����������QmR��L�HVVH�QHP�
SRORV�QHP�]HURV�QD�RUL�HP����RUD��VHUi�FRQVLGHUDGR�R�FDVR�HP�T�H����������FRQ�pP�SRORV�H�R��
]HURV�VREUH�R�HL[R�M~�

�RPR�R�SHUF�UVR�GH�1�T�LV��QmR�GH�H�SDVVDU�SHORV�SRORV�R��]HURV�GH�����������VH�D���QomR�
����������L�HU�SRORV�R��]HURV�QD�RUL�HP��R��VREUH�R�HL[R�M~�HP�R��URV�SRQ�RV�T�H�QmR�D�RUL�HP���
R�FRQ�RUQR�QR�SODQR���GH�H�VHU�PRGL�LFDGR��2�PRGR��V�DO�GH�PRGL�LFDU�R�FRQ�RUQR�SUy[LPR�j�
RUL�HP�p���LOL]DU��PD�VHPLFLUF�Q�HUrQFLD�GH�UDLR�LQ�LQL�HVLPDO�f��FRPR�HV�i�LQGLFDGR�QD�)L��UD�������
>2EVHU�H�T�H�HVVD�VHPLFLUF�Q�HUrQFLD�SRGH�HV�DU�QR�VHPLSODQR�GLUHL�R�GR�SODQR���R��QR�VHPL�
SODQR�HVT�HUGR�GR�SODQR�����T�L��FRQVLGHUDPRV�D�VHPLFLUF�Q�HUrQFLD�QR�VHPLSODQR�GLUHL�R�GR�
SODQR�����8P�SRQ�R���UHSUHVHQ�D�L�R�PR�H�VH�DR�ORQ�R�GR�HL[R�QH�D�L�R�M~�GH�±M∞�a�M�±����SDU�LU�
GH��� �M�±�D��� �M����R�SRQ�R�PR�H�VH�DR�ORQ�R�GD�VHPLFLUF�Q�HUrQFLD�GH�UDLR�f��RQGH�f�%����H�
GHSRLV�SURVVH��H�DR�ORQ�R�GR�HL[R�SRVL�L�R�M~�GHVGH�M���D�p�M∞.�A�partir�de��� �M∞,�o�contorno�
VH��H��PD�VHPLFLUF�Q�HUrQFLD�GH�UDLR�LQ�LQL�R�H�R�SRQ�R�UHSUHVHQ�D�L�R�PR�H�VH�GH��RO�D��SDUD�
R�SRQ�R�GH�LQtFLR��� �±M∞.�A�área�que�o�contorno�fechado�modificado�evita�é�muito�pequena�e�
�HQGH�D�]HUR��j�PHGLGD�T�H�R�UDLR�f��HQGH�D�]HUR��3RU�DQ�R���RGRV�RV�SRORV�H�]HURV�H�HQ��DOPHQ�H�
H[LV�HQ�HV�QR�VHPLSODQR�GLUHL�R�GR�SODQR���VmR�HQ�RO�LGRV�SRU�HVVH�FRQ�RUQR�

FIGURA 7.49
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�RQVLGHUH��SRU�H[HPSOR���P�VLV�HPD�GH�PDO�D��HF�DGD�F�MD���QomR�GH��UDQV�HUrQFLD�GH�PDO�D�
DEHU�D�VHMD�GDGD�SRU�
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2V�SRQ�RV�FRUUHVSRQGHQ�HV�D��� �M���H��� �M�±�QR�O��DU��HRPp�ULFR�GH����������QR�SODQR����������
VmR�±M∞�e�M∞,�respectivamente.�No�percurso�semicircular�com�raio�f��RQGH�f�%�����D��DULi�HO�
FRPSOH[D���SRGH�VHU�HVFUL�D�FRPR�

�� �fHMθ

onde�θ�varia�de�–�90°�a�+90°.�Então,�����������RUQD�VH
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e
K K ej j

j
jf f

f f
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i-^ ^h h

2��DORU�.�f��HQGH�D�LQ�LQL�R��j�PHGLGD�T�H�f�tende�a�zero,�e�–�θ�varia�de�90°�a�–�90°,�conforme�
�P�SRQ�R� UHSUHVHQ�D�L�R���VH�PR�H�DR�ORQ�R�GD�VHPLFLUF�Q�HUrQFLD�QR�SODQR����3RU�DQ�R��RV�
SRQ�RV�����M�±�����M�±�� �M∞�e�����M�������M���� �±�M∞�são�ligados�por�uma�semicircunferência�de�
UDLR�LQ�LQL�R�QR�VHPLSODQR�GLUHL�R�GR�SODQR�������VHPLFLUF�Q�HUrQFLD�LQ�LQL�HVLPDO�HP��RUQR�GD�
RUL�HP�QR�SODQR���PDSHLD�QR�SODQR�����PD�VHPLFLUF�Q�HUrQFLD�GH�UDLR�LQ�LQL�R����)L��UD������
PRV�UD�R�FRQ�RUQR�QR�SODQR���H�R�O��DU��HRPp�ULFR�GH����������QR�SODQR�����2V�SRQ�RV������H���
QR�FRQ�RUQR�GR�SODQR���PDSHLDP�QRV�UHVSHF�L�RV�SRQ�RV�A′��B′�H�C′�QR�O��DU��HRPp�ULFR�GH�����
�������RPR�VH��r�QD�)L��UD�������RV�SRQ�RV������H�)�QD�VHPLFLUF�Q�HUrQFLD�GH�UDLR�LQ�LQL�R�QR�
SODQR���VmR�PDSHDGRV�QD�RUL�HP�GR�SODQR������RPR�QmR�H[LV�HP�SRORV�QR�VHPLSODQR�GLUHL�R�
GR�SODQR���H�R�O��DU��HRPp�ULFR�GH����������QmR�HQ�RO�H�R�SRQ�R�±�����M���QmR��i�]HURV�GD���QomR�
�������������QR�VHPLSODQR�GLUHL�R�GR�SODQR����3RU�DQ�R��R�VLV�HPD�p�HV�i�HO�

3DUD��PD���QomR�GH��UDQV�HUrQFLD�GH�PDO�D�DEHU�D����������T�H�HQ�RO�H��P��D�RU�������RQGH�
�� ����������� ���R�GLD�UDPD�GH����������GHVFUH�H�QR�VHQ�LGR��RUiULR���VHPLFLUF�Q�HUrQFLDV�GH�
UDLR�LQ�LQL�R�HP��RUQR�GD�RUL�HP��j�PHGLGD�T�H��P�SRQ�R�UHSUHVHQ�D�L�R���VH�PR�H�DR�ORQ�R�GR�
VHPLFtUF�OR�GH�UDLR�f��RQGH�f�%�����3RU�H[HPSOR��FRQVLGHUH�D�VH��LQ�H���QomR�GH��UDQV�HUrQFLD�
GH�PDO�D�DEHU�D�
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Conforme�θ�varia�de�–�90°�a�90°�no�plano����R��Q��OR�GH�����������DULD�GH������D�±�������FRPR�
PRV�UD�D�)L��UD�������8PD��H]�T�H�QmR��i�QHQ��P�SROR�QR�VHPLSODQR�GLUHL�R�GR�SODQR���H�T�H�
R�O��DU��HRPp�ULFR�HQ�RO�H�R�SRQ�R�±�����M��G�DV��H]HV�QR�VHQ�LGR��RUiULR�SDUD�T�DOT�HU��DORU�
SRVL�L�R�GH�.��H[LV�HP�GRLV�]HURV�GH��������������QR�VHPLSODQR�GLUHL�R�GR�SODQR����3RU�DQ�R��R�
VLV�HPD�p�VHPSUH�LQV�i�HO�

1R�H�T�H��PD�DQiOLVH�VLPLODU�SRGH�VHU��HL�D��VH����������SRVV�LU�SRORV�H�R��]HURV�VREUH�R�HL[R�
M~��2�FUL�pULR�GH�HV�DELOLGDGH�GH�1�T�LV��SRGH��D�RUD��VHU��HQHUDOL]DGR��FRPR�VH��H�

� �UL�pULR�GH�H��DELOLGDGH�GH�1�TXL���>�DUD�XP�FD�R��HUDO�HP�TXH���V�+�V���HP��ROR��
H�RX��HUR���R�HL�R�M~���QR�VLV�HPD�DSUHVHQ�DGR�QD�)L��UD�������VH�D���QomR�GH��UDQV�
�HUrQFLD�GH�PDO�D�DEHU�D����������SRVV�LU�N�SRORV�QR�VHPLSODQR�GLUHL�R�GR�SODQR�
���HQ�mR��SDUD�T�H��DMD�HV�DELOLGDGH��R�O��DU��HRPp�ULFR�GH�����������j�PHGLGD�T�H�
�P�SRQ�R�UHSUHVHQ�D�L�R���GHVFUH�HU�R�SHUF�UVR�PRGL�LFDGR�GH�1�T�LV��QR�VHQ�LGR�
�RUiULR��GH�HUi�HQ�RO�HU�R�SRQ�R�±�����M��N��H]HV�QR�VHQ�LGR�DQ�L��RUiULR�
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7.6 | Análise de estabilidade
1HV�D�VHomR��DSUHVHQ�DUHPRV��iULRV�H[HPSORV�LO�V�UD�L�RV�GD�DQiOLVH�GH�HV�DELOLGDGH�GH�VLV�

�HPDV�GH�FRQ�UROH���LOL]DQGR�R�FUL�pULR�GH�HV�DELOLGDGH�GH�1�T�LV��

6H�R�SHUF�UVR�GH�1�T�LV��QR�SODQR���HQ�RO�HU���]HURV�H���SRORV�GH��������������H�QmR�SDVVDU�
SRU�QHQ��P�SROR�R��]HUR�GH��������������j�PHGLGD�T�H��P�SRQ�R�UHSUHVHQ�D�L�R���GHVFUH�HU�
R�SHUF�UVR�GH�1�T�LV��QR�VHQ�LGR��RUiULR��HQ�mR�R�FRQ�RUQR�FRUUHVSRQGHQ�H�QR�SODQR����������
HQ�RO�HUi�R�SRQ�R�±�����M��1� ���±����H]HV�QR�VHQ�LGR��RUiULR���9DORUHV�QH�D�L�RV�GH�1�LPSOL�
FDP�HQ�RO�LPHQ�RV�QR�VHQ�LGR�DQ�L��RUiULR��

([DPLQDQGR�D�HV�DELOLGDGH�GH�VLV�HPDV�OLQHDUHV�GH�FRQ�UROH���LOL]DQGR�R�FUL�pULR�GH�HV�DELOLGDGH�
GH�1�T�LV����HPRV�T�H�SRGHP�RFRUUHU��UrV�SRVVLELOLGDGHV�

1. 1mR�H[LV�H�QHQ��P�HQ�RO�LPHQ�R�GR�SRQ�R�±����� M0.�Isso�implica�que�o�sistema�será�
HV�i�HO�VH�QmR��R��HU�SRORV�GH����������QR�VHPLSODQR�GLUHL�R�GR�SODQR����FDVR�FRQ�UiULR��
R�VLV�HPD�VHUi�LQV�i�HO�

2. ([LV�H��P�R��PDLV�HQ�RO�LPHQ�RV�GR�SRQ�R�±�����M�QR�VHQ�LGR�DQ�L��RUiULR��1HVVH�FDVR��
R�VLV�HPD�VHUi�HV�i�HO�VH�R�Q�PHUR�GH�HQ�RO�LPHQ�RV�QR�VHQ�LGR�DQ�L��RUiULR��RU�R�PHVPR�
T�H�R�Q�PHUR�GH�SRORV�GH����������QR�VHPLSODQR�GLUHL�R�GR�SODQR����FDVR�FRQ�UiULR��R�
VLV�HPD�VHUi�LQV�i�HO�

3. ([LV�H��P�R��PDLV�HQ�RO�LPHQ�RV�GR�SRQ�R�±����� M��QR�VHQ�LGR��RUiULR��1HVVH�FDVR��R�
VLV�HPD�p�LQV�i�HO�

1RV�H[HPSORV�D�VH��LU���DPRV�V�SRU�T�H�RV��DORUHV�GR��DQ�R�.�H�GDV�FRQV�DQ�HV�GH��HPSR�
�FRPR�������H�����VHMDP��RGRV�SRVL�L�RV�

Exemplo 7.14 �RQVLGHUH��P�VLV�HPD�GH�PDO�D��HF�DGD�F�MD���QomR�GH��UDQV�HUrQFLD�GH�PDO�D�DEHU�D�p�GDGD�SRU�

G s H s T s T s
K
� �1 2

=
+ +

^ ^
^ ^

h h
h h

([DPLQH�D�HV�DELOLGDGH�GR�VLV�HPD�

8P�GLD�UDPD�GH�����M~�����M~��p�DSUHVHQ�DGR�QD�)L��UD�������'DGR�T�H����������QmR��HP�
QHQ��P�SROR�QR�VHPLSODQR�GLUHL�R�GR�SODQR���H�T�H�R�SRQ�R�±�����M��QmR�p�HQ�RO�LGR�SHOR�O��DU�
�HRPp�ULFR�GH�����M~�����M~���HVVH�VLV�HPD�p�HV�i�HO�SDUD�T�DLVT�HU��DORUHV�SRVL�L�RV�GH�.�����H����

Exemplo 7.15 �RQVLGHUH�R�VLV�HPD�FRP�D�VH��LQ�H���QomR�GH��UDQV�HUrQFLD�

G s H s s T s T s
K
� �1 2

=
+ +

^ ^
^ ^

h h
h h

FIGURA 7.53
Im

Re–1

Plano GH

G( j~) H( j~)  

~ = 0~ = –∞

~ = ∞

Diagrama polar 
de G( j~)H( j~) 
considerado no 
Exemplo 7.14.

416 Engenharia de controle moderno



'H�HUPLQH�D�HV�DELOLGDGH�GR�VLV�HPD�SDUD�GRLV�FDVRV������R��DQ�R�.�p�SHT�HQR�H�����.�p��UDQGH�

��)L��UD������PRV�UD�RV�GLD�UDPDV�GH�1�T�LV��GD���QomR�GH��UDQV�HUrQFLD�GH�PDO�D�DEHU�D�
FRP��P�SHT�HQR��DORU�GH�.�H�FRP��P��DORU�HOH�DGR�GH�.��2�Q�PHUR�GH�SRORV�GH����������QR�
VHPLSODQR�GLUHL�R�GR�SODQR���p�]HUR��

3RU�DQ�R��SDUD�T�H�HVVH�VLV�HPD�VHMD�HV�i�HO��p�QHFHVViULR�T�H�1� ��� ���R��T�H�R�O��DU��HRPp�ULFR�
GH����������QmR�HQ�RO�D�R�SRQ�R�±�����M��

3DUD��DORUHV�SHT�HQRV�GH�.��QmR��i�QHQ��P�HQ�RO�LPHQ�R�GR�SRQ�R�±����� M���3RU�DQ�R��R�
VLV�HPD�p�HV�i�HO�SDUD��DORUHV�SHT�HQRV�GH�.��3DUD��DORUHV�HOH�DGRV�GH�.��R�O��DU��HRPp�ULFR�GH�
���������HQ�RO�H�R�SRQ�R�±�����M��G�DV��H]HV�QR�VHQ�LGR��RUiULR��LQGLFDQGR�GRLV�SRORV�GH�PDO�D�
�HF�DGD�QR�VHPLSODQR�GLUHL�R�GR�SODQR����H�R�VLV�HPD�p�LQV�i�HO���3DUD�T�H��DMD�ERD�SUHFLVmR�GR�
VLV�HPD��.�GH�H�VHU��UDQGH��'R�SRQ�R�GH��LV�D�GD�HV�DELOLGDGH��HQ�UH�DQ�R���P��DORU�HOH�DGR�GH�
.�FD�VD�HV�DELOLGDGH�GH�LFLHQ�H�R��D�p�PHVPR�LQV�DELOLGDGH��3DUD�RE�HU��PD�FRQFLOLDomR�HQ�UH�
SUHFLVmR�H�HV�DELOLGDGH��p�QHFHVViULR�LQVHULU��PD�UHGH�GH�FRPSHQVDomR�QR�VLV�HPD���V��pFQLFDV�
GH�FRPSHQVDomR�QR�GRPtQLR�GH��UHT�rQFLD�VmR�GLVF��LGDV�QDV�VHo�HV������D�������

Exemplo 7.16 ��HV�DELOLGDGH�GH��P�VLV�HPD�GH�PDO�D��HF�DGD�FRP�D�VH��LQ�H���QomR�GH��UDQV�HUrQFLD�GH�PDO�D�
DEHU�D�

G s H s
s T s
K T s

�

�
2
1

2
=

+

+
^ ^

^

^
h h

h

h

GHSHQGH�GRV��DORUHV�UHOD�L�RV�GH����H������RQV�U�D�RV�GLD�UDPDV�GH�1�T�LV��H�GH�HUPLQH�D�HV�D�
ELOLGDGH�GR�VLV�HPD��

��)L��UD������PRV�UD�RV�GLD�UDPDV�GR�O��DU��HRPp�ULFR�GH����������SDUD��UrV�FDVRV�����������
��� ����H����������3DUD����������R�O��DU��HRPp�ULFR�GH����������QmR�HQ�RO�H�R�SRQ�R�±�����M��H�R�VLV�
�HPD�GH�PDO�D��HF�DGD�p�HV�i�HO��3DUD���� �����R�O��DU��HRPp�ULFR�GH����������SDVVD�SHOR�SRQ�R�±���
��M���R�T�H�LQGLFD�T�H�RV�SRORV�GH�PDO�D��HF�DGD�HV�mR�ORFDOL]DGRV�QR�HL[R�M~��3DUD����������R�O��DU�
�HRPp�ULFR�GH����������HQ�RO�H�R�SRQ�R�±�����M��G�DV��H]HV�QR�VHQ�LGR��RUiULR��3RU�DQ�R��R�VLV�HPD�
GH�PDO�D��HF�DGD��HP�GRLV�SRORV�GH�PDO�D��HF�DGD�QR�VHPLSODQR�GLUHL�R�GR�SODQR���H�p�LQV�i�HO�

FIGURA 7.54
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Exemplo 7.17 �RQVLGHUH�R�VLV�HPD�GH�PDO�D��HF�DGD�T�H��HP�D�VH��LQ�H���QomR�GH� �UDQV�HUrQFLD�GH�PDO�D�
DEHU�D�

G s H s s Ts
K

�
=

-
^ ^

^
h h

h

'H�HUPLQH�D�HV�DELOLGDGH�GR�VLV�HPD�

����QomR�����������HP��P�SROR���� ������QR�VHPLSODQR�GLUHL�R�GR�SODQR����3RU�DQ�R���� ����2�
GLD�UDPD�GH�1�T�LV��DSUHVHQ�DGR�QD�)L��UD������LQGLFD�T�H�R��Ui�LFR����������HQ�RO�H�R�SRQ�R�
±�����M���PD��H]�QR�VHQ�LGR��RUiULR��3RU�DQ�R��1� �����RPR��� �1������GH�HUPLQDPRV�T�H��� �
2.�Isso�significa�que�o�sistema�de�malha�fechada�tem�dois�polos�de�malha�fechada�no�semiplano�
GLUHL�R�GR�SODQR���H�p�LQV�i�HO�

Exemplo 7.18 Investigue�a�estabilidade�de�um�sistema�de�malha�fechada�com�a�seguinte�função�de�transferên�
FLD�GH�PDO�D�DEHU�D�

G s H s s s
K s K1

3 12=
-

+
^ ^

^
^

^h h
h
h

h

����QomR�GH��UDQV�HUrQFLD�GH�PDO�D�DEHU�D��HP��P�SROR���� ����QR�VHPLSODQR�GLUHL�R�GR�SODQR�
��R���� ����2�VLV�HPD�GH�PDO�D�DEHU�D�p�LQV�i�HO��2�GLD�UDPD�GH�1�T�LV��PRV�UDGR�QD�)L��UD������

FIGURA 7.55
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LQGLFD�T�H�R�SRQ�R�±�����M��p�HQ�RO�LGR�SHOR�O��DU��HRPp�ULFR�GH�����������PD��H]�QR�VHQ�LGR�
DQ�L��RUiULR��3RU�DQ�R��1� �±����(Q�mR����p�HQFRQ�UDGR�D�SDU�LU�GH��� �1�����D�]HUR��R�T�H�LQGLFD�
T�H�QmR��i�]HURV�GH��������������QR�VHPLSODQR�GLUHL�R�GR�SODQR���H�R�VLV�HPD�GH�PDO�D��HF�DGD�
p�HV�i�HO��(V�H�p��P�GRV�H[HPSORV�HP�T�H��P�VLV�HPD�GH�PDO�D�DEHU�D�LQV�i�HO�VH��RUQD�HV�i�HO�
T�DQGR�HP�PDO�D��HF�DGD�

Sistemas condicionalmente estáveis. ��)L��UD������PRV�UD��P�H[HPSOR�GH��P�O��DU��HRPp�
�ULFR�GH�����M~�����M~��HP�T�H�R�VLV�HPD�GH�PDO�D��HF�DGD�SRGH�VH��RUQDU�LQV�i�HO�SHOD��DULDomR�
GR��DQ�R�GH�PDO�D�DEHU�D��6H�R��DQ�R�GH�PDO�D�DEHU�D�D�PHQ�DU�V��LFLHQ�HPHQ�H��R�O��DU��HR�
Pp�ULFR�GH�����M~�����M~��HQ�RO�HUi�R�SRQ�R�±�����M��G�DV��H]HV�H�R�VLV�HPD�VH��RUQDUi�LQV�i�HO��
6H�R��DQ�R�GH�PDO�D�DEHU�D�GLPLQ�LU�V��LFLHQ�HPHQ�H��R�O��DU��HRPp�ULFR�HQ�RO�HUi�GH�QR�R�R�
SRQ�R�±�����M��G�DV��H]HV��3DUD�D�RSHUDomR�HV�i�HO�GR�VLV�HPD�FRQVLGHUDGR�DT�L��R�SRQ�R�±�����M��
QmR�GH�H�HV�DU�ORFDOL]DGR�QDV�UH�L�HV����H�����LQGLFDGDV�QD�)L��UD�������6LV�HPDV�FRPR�HV�H��
T�H�VmR�HV�i�HLV�DSHQDV�SDUD�LQ�HU�DORV�OLPL�DGRV�GH��DORUHV�GR��DQ�R�GH�PDO�D�DEHU�D��HP�T�H�
R�SRQ�R�±����� M���LFD�FRPSOH�DPHQ�H��RUD�GR�O��DU��HRPp�ULFR�GH�����M~�����M~���VmR�VLV�HPDV�
FRQGLFLRQDOPHQ�H�HV�i�HLV�

8P�VLV�HPD�FRQGLFLRQDOPHQ�H�HV�i�HO�p�HV�i�HO�SDUD��DORUHV�GH��DQ�R�GH�PDO�D�DEHU�D�T�H�
HV�HMDP�HQ�UH��DORUHV�FUt�LFRV��PDV�p�LQV�i�HO�VH�R��DQ�R�GH�PDO�D�DEHU�D��RU�D�PHQ�DGR�R��GLPL�
Q�tGR��8P�VLV�HPD�FRPR�HV�H��RUQD�VH�LQV�i�HO�T�DQGR�p�DSOLFDGR��P�VLQDO�GH�HQ�UDGD�GH��UDQGH�
DPSOL��GH��GDGR�T�H��P��UDQGH�VLQDO�GH�HQ�UDGD�SRGH�FD�VDU�VD��UDomR��R�T�H��SRU�V�D��H]��UHG�]�
R��DQ�R�GH�PDO�D�DEHU�D�GR�VLV�HPD��e�UHFRPHQGi�HO�H�L�DU�HVVD�VL��DomR�

FIGURA 7.57
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Sistemas de malhas múltiplas. �RQVLGHUH�R�VLV�HPD�GD�)L��UD�������(V�H�p��P�VLV�HPD�GH�
PDO�DV�P�O�LSODV����PDO�D�LQ�HUQD�SRVV�L�D���QomR�GH��UDQV�HUrQFLD

G s G s H s
G s

� 2 2

2=
+

^
^ ^
^

h
h h
h

6H�������RU�LQV�i�HO��RV�H�HL�RV�GD�LQV�DELOLGDGH�VHUmR�SURG�]LGRV�SRU��P�SROR�R��SRORV�QR�VHPL�
SODQR�GLUHL�R�GR�SODQR����(Q�mR��D�HT�DomR�FDUDF�HUtV�LFD�GD�PDO�D�LQ�HUQD����������������� ����
SRVV�L��P�]HUR�R��]HURV�QR�VHPLSODQR�GLUHL�R�GR�SODQR����6H�������H��������L�HUHP�SRORV�Dt��HQ�mR�
R�Q�PHUR����GH�]HURV�GR�VHPLSODQR�GLUHL�R�GR�SODQR���GH����������������SRGHUi�VHU�GH�HUPLQDGR�
D�SDU�LU�GH���� �1��������RQGH�1��p�R�Q�PHUR�GH�HQ�RO�LPHQ�RV�GR�SRQ�R�±����� M��QR�VHQ�LGR�
�RUiULR�SHOR�O��DU��HRPp�ULFR�GH��������������RPR�D���QomR�GH��UDQV�HUrQFLD�GH�PDO�D�DEHU�D�GR�
VLV�HPD�LQ�HLUR�p�GDGD�SRU�����������������D�HV�DELOLGDGH�GHVVH�VLV�HPD�GH�PDO�D��HF�DGD�SRGH�
VHU�GH�HUPLQDGD�SHOR�GLD�UDPD�GH�1�T�LV��GH����������������H�SHOR�FRQ�HFLPHQ�R�GRV�SRORV�GH�
���������������GR�VHPLSODQR�GLUHL�R�GR�SODQR���

1R�H�T�H��VH��PD�PDO�D�GH�UHDOLPHQ�DomR��RU�HOLPLQDGD�SRU�PHLR�GH�UHG�o�HV�GR�GLD�UDPD�GH�
EORFRV��H[LV�H�D�SRVVLELOLGDGH�GH�VHUHP�LQ�URG�]LGRV�SRORV�LQV�i�HLV��VH�R�UDPR�GLUH�R��RU�HOLPLQDGR�
SRU�PHLR�GH�UHG�o�HV�GR�GLD�UDPD�GH�EORFRV��H[LV�H��PD�SRVVLELOLGDGH�GH�VHUHP�LQ�URG�]LGRV�
]HURV�QR�VHPLSODQR�GLUHL�R��3RU�DQ�R��GH�HP�VHU�REVHU�DGRV��RGRV�RV�SRORV�H�RV�]HURV�GR�VHPL�
SODQR�GLUHL�R��j�PHGLGD�T�H�HV�HV�DSDUHoDP�D�SDU�LU�GH�UHG�o�HV�GH�PDO�DV�LQ�HUPHGLiULDV��(VVH�
FRQ�HFLPHQ�R�p�QHFHVViULR�SDUD�D�GH�HUPLQDomR�GD�HV�DELOLGDGH�GH�VLV�HPDV�GH�PDO�DV�P�O�LSODV�

Exemplo 7.19 �RQVLGHUH�R�VLV�HPD�GH�FRQ�UROH�PRV�UDGR�QD�)L��UD�������2�VLV�HPD�FRQ�pP�G�DV�PDO�DV��'H�HU�
PLQH�R�LQ�HU�DOR�GH��DORUHV�GR��DQ�R�.�SDUD�D�HV�DELOLGDGH�GR�VLV�HPD��SRU�PHLR�GR�FUL�pULR�GH�
HV�DELOLGDGH�GH�1�T�LV����2��DQ�R�.�p�SRVL�L�R��

3DUD�H[DPLQDU�D�HV�DELOLGDGH�GR�VLV�HPD�GH�FRQ�UROH��p�QHFHVViULR�HVERoDU�R�O��DU��HRPp�ULFR�
GH�1�T�LV��GH�������RQGH�

����� �����������

FIGURA 7.59
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(Q�UH�DQ�R��RV�SRORV�GH������QmR�VmR�FRQ�HFLGRV�QHVVH�SRQ�R��3RU�DQ�R��p�QHFHVViULR�H[DPLQDU�D�
PDO�D�LQ�HUQD�SDUD�VDEHU�VH��i�SRORV�QR�VHPLSODQR�GLUHL�R�GR�SODQR��.�Isso�pode�ser�feito�facilmente�
SHOD�DSOLFDomR�GR�FUL�pULR�GH�HV�DELOLGDGH�GH�5R�����'DGR�T�H�

G s
s s �

�
2 3 2=

+ +
^ h

D��DEHOD�GH�5R����p�D�VH��LQ�H�

�� � �

�� � �

�� ±�� �

�� �

2EVHU�H�T�H��i�G�DV�P�GDQoDV�GH�VLQDO�QD�SULPHLUD�FRO�QD��(Q�mR��H[LV�HP�GRLV�SRORV�GH�������
QR�VHPLSODQR�GLUHL�R�GR�SODQR����

8PD��H]�GH�HUPLQDGR�R�Q�PHUR�GH�SRORV�GH�������QR�VHPLSODQR�GLUHL�R�GR�SODQR�����D]HPRV�
R�HVERoR�GR�O��DU��HRPp�ULFR�GR�GLD�UDPD�GH�1�T�LV���RQGH

,G s G s G s
s s
K s

1
0 5

1 2 3 2= =
+ +

+
^ ^ ^

^
h h h

h

1RVVR�SUREOHPD�p�GH�HUPLQDU�R�LQ�HU�DOR�GH��DORUHV�GR��DQ�R�.�SDUD�T�H��DMD�HV�DELOLGDGH��3RU�
HVVD�UD]mR��HP��H]�GH�FRQV�U�LU�R�GLD�UDPD�GRV�O��DUHV��HRPp�ULFRV�GH�����M~��SDUD��iULRV��DORUHV�
GH�.���UDoDPRV�R�GLD�UDPD�GR�O��DU��HRPp�ULFR�GH�1�T�LV��GH�����M~��.����)L��UD������PRV�UD�R�
GLD�UDPD�GH�1�T�LV��R��GLD�UDPD�SRODU�GH�����M~��.�

FIGURA 7.61
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�RPR�������HP�GRLV�SRORV�QR�VHPLSODQR�GLUHL�R�GR�SODQR�����HP�VH��� ����1R�DQGR�T�H

�� �1����

SDUD�T�H��DMD�HV�DELOLGDGH��D�FRQGLomR�p��� ���R��1� �±����2��VHMD��R�O��DU��HRPp�ULFR�GH�����M~��
GH�H�HQ�RO�HU�R�SRQ�R�±�����M��G�DV��H]HV�QR�VHQ�LGR�DQ�L��RUiULR����SDU�LU�GD�)L��UD��������r�VH�
T�H��VH�R�SRQ�R�FUt�LFR�HV�L�HU�HQ�UH���H�±������HQ�mR�R�O��DU��HRPp�ULFR�GH�����M~��.�HQ�RO�HUi�
HVVH�SRQ�R�G�DV��H]HV�QR�VHQ�LGR�DQ�L��RUiULR��3RU�DQ�R��GH�HPRV��HU�

±����.���±��

���DL[D�GH��DORUHV�GR��DQ�R�.�SDUD�VH��HU�HV�DELOLGDGH�p�

����.

Critério de estabilidade de Nyquist aplicado aos diagramas polares inversos. 1D�DQiOLVH�
DQ�HULRU��R�FUL�pULR�GH�HV�DELOLGDGH�GH�1�T�LV���RL�DSOLFDGR�DRV�GLD�UDPDV�SRODUHV�GD���QomR�GH�
�UDQV�HUrQFLD�GH�PDO�D�DEHU�D����������

�O��PDV��H]HV��QD�DQiOLVH�GH�VLV�HPDV�GH�PDO�DV�P�O�LSODV��D���QomR�GH��UDQV�HUrQFLD�LQ�HUVD�
SRGH�VHU���LOL]DGD�SDUD�SHUPL�LU�D�DQiOLVH��Ui�LFD��LVVR�H�L�D��UDQGH�SDU�H�GR�FiOF�OR�Q�PpULFR���2�
FUL�pULR�GH�HV�DELOLGDGH�GH�1�T�LV��SRGH�VHU�L��DOPHQ�H�DSOLFDGR�DRV��Ui�LFRV�SRODUHV�LQ�HUVRV��
��GHG�omR�PD�HPi�LFD�GR�FUL�pULR�GH�HV�DELOLGDGH�GH�1�T�LV��GRV�GLD�UDPDV�SRODUHV�LQ�HUVRV�p�
D�PHVPD�T�H�D�GRV�GLD�UDPDV�SRODUHV�GLUH�RV��

2�GLD�UDPD�SRODU�LQ�HUVR�GH�����M~�����M~��p��P��Ui�LFR�GH���>����M~�����M~���FRPR��PD���QomR�
GH�~��3RU�H[HPSOR��VH�����M~�����M~��p�
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2�GLD�UDPD�SRODU�LQ�HUVR�SDUD�~�≥�0�é�a�metade�inferior�da�reta�vertical�que�tem�início�no�ponto�
�������VREUH�R�HL[R�UHDO�

2�FUL�pULR�GH�HV�DELOLGDGH�GH�1�T�LV��DSOLFDGR�DR�GLD�UDPD�SRODU�LQ�HUVR�SRGH�VHU�H[SUHVVR�
FRPR�VH��H��SDUD��P�VLV�HPD�GH�PDO�D��HF�DGD�VHU�HV�i�HO��R�HQ�RO�LPHQ�R�GR�SRQ�R�±�����M���VH�
�R��HU��SHOR�O��DU��HRPp�ULFR�GH���>�����������j�PHGLGD�T�H���SHUFRUUHU�R�SHUF�UVR�GH�1�T�LV���
GH�HUi�VHU�QR�VHQ�LGR�DQ�L��RUiULR�H�R�Q�PHUR�GHVVHV�HQ�RO�LPHQ�RV�GH�HUi�VHU�L��DO�DR�Q�PHUR�GH�
SRORV�GH���>����������>LV�R�p��RV�]HURV�GH�����������T�H�VH�VL��DP�QR�VHPLSODQR�GLUHL�R�GR�SODQR�
���>2�Q�PHUR�GH�]HURV�GH����������QR�VHPLSODQR�GLUHL�R�GR�SODQR���SRGH�VHU�GH�HUPLQDGR�SHOR�
FUL�pULR�GH�HV�DELOLGDGH�GH�5R������6H�D���QomR�GH��UDQV�HUrQFLD�GH�PDO�D�DEHU�D����������QmR��L�HU�
]HURV�QR�VHPLSODQR�GLUHL�R�GR�SODQR����HQ�mR��SDUD�T�H�R�VLV�HPD�GH�PDO�D��HF�DGD�VHMD�HV�i�HO��R�
Q�PHUR�GH�HQ�RO�LPHQ�RV�GR�SRQ�R�±�����M��SHOR�O��DU��HRPp�ULFR�GH���>����������GH�HUi�VHU�]HUR�

1R�H�T�H��HPERUD�R�FUL�pULR�GH�HV�DELOLGDGH�GH�1�T�LV��SRVVD�VHU�DSOLFDGR�DRV��Ui�LFRV�SRODUHV�
LQ�HUVRV��VH�GDGRV�H[SHULPHQ�DLV�GD�UHVSRV�D�HP��UHT�rQFLD��RUHP�LQFRUSRUDGRV��D�FRQ�D�HP�GRV�
HQ�RO�LPHQ�RV�GR�O��DU��HRPp�ULFR�GH���>����������SRGH�VHU�GL�tFLO��SRUT�H�D�P�GDQoD�GH��DVH�
FRUUHVSRQGHQ�H�j��UDMH�yULD�VHPLFLUF�ODU�LQ�LQL�D�QR�SODQR���p�GL�tFLO�GH�VHU�PHGLGD��3RU�H[HPSOR��VH�
D���QomR�GH��UDQV�HUrQFLD�GH�PDO�D�DEHU�D����������HQ�RO�HU��P�UH�DUGR�GH��UDQVSRU�H��DO�T�H
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h

HQ�mR�R�Q�PHUR�GH�HQ�RO�LPHQ�RV�GR�SRQ�R�±�����M��SHOR�O��DU��HRPp�ULFR�GH���>����������VH�
�RUQDUi�LQ�LQL�R�H�R�FUL�pULR�GH�HV�DELOLGDGH�GH�1�T�LV��QmR�SRGHUi�VHU�DSOLFDGR�DR�GLD�UDPD�SRODU�
LQ�HUVR�GHVVD���QomR�GH��UDQV�HUrQFLD�GH�PDO�D�DEHU�D�

(P��HUDO��VH�RV�GDGRV�H[SHULPHQ�DLV�GD�UHVSRV�D�HP��UHT�rQFLD�QmR�S�GHUHP�VHU�FRORFDGRV�
GH�PDQHLUD�DQDOt�LFD�� �DQ�R�R�O��DU��HRPp�ULFR�GH�����M~�����M~��FRPR�R�GH���>����M~�����M~���
GH�HUmR�VHU�FRQV�U�tGRV��UD�LFDPHQ�H���OpP�GLVVR��R�Q�PHUR�GH�]HURV�GH����������QR�VHPLSODQR�
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GLUHL�R�GH�H�VHU�GH�HUPLQDGR��2��VHMD��p�PDLV�GL�tFLO�GH�HUPLQDU�RV�]HURV�GH����������QR�VHPL�
SODQR�GLUHL�R��HP�R��UDV�SDOD�UDV��GH�HUPLQDU�VH�GDGR�FRPSRQHQ�H�p�R��QmR�GH��DVH�PtQLPD��GR�
T�H�GH�HUPLQDU�RV�SRORV�GH����������QR�VHPLSODQR�GLUHL�R��HP�R��UDV�SDOD�UDV��GH�HUPLQDU�VH�R�
FRPSRQHQ�H�p�R��QmR�HV�i�HO��

'HSHQGHQGR�GH�VHUHP�RV�GDGRV��Ui�LFRV�R��DQDOt�LFRV�H�GH�HV�DUHP�R��QmR�LQFO�tGRV�FRPSR�
QHQ�HV�GH��DVH�QmR�PtQLPD��GH�H�VHU���LOL]DGR��P��HV�H�GH�HV�DELOLGDGH�DSURSULDGR�SDUD�VLV�HPDV�
GH�PDO�DV�P�O�LSODV��6H�RV�GDGRV��RUHP��RUQHFLGRV�GH�PDQHLUD�DQDOt�LFD�R��VH�DV�H[SUHVV�HV�
PD�HPi�LFDV�SDUD��RGRV�RV�FRPSRQHQ�HV��RUHP�FRQ�HFLGDV��D�DSOLFDomR�GR�FUL�pULR�GH�HV�DELOLGDGH�
GH�1�T�LV��DRV�GLD�UDPDV�SRODUHV�LQ�HUVRV�QmR�FD�VDUi�GL�LF�OGDGH�H�RV�VLV�HPDV�GH�P�O�LSODV�
PDO�DV�SRGHUmR�VHU�DQDOLVDGRV�H�SURMH�DGRV�QR�SODQR����LQ�HUVR���9HMD�R�3UREOHPD���������

7.7 | Análise de estabilidade relativa

Estabilidade relativa. 1R�SURMH�R�GH��P�VLV�HPD�GH�FRQ�UROH��H[L�H�VH�T�H�R�VLV�HPD�VHMD�HV�i�HO��
�OpP�GLVVR��p�QHFHVViULR�T�H�R�VLV�HPD��HQ�D��PD�HV�DELOLGDGH�UHOD�L�D�DGHT�DGD�

1HV�D�VHomR��PRV�UDUHPRV�QmR�DSHQDV�T�DQGR��P�VLV�HPD�p�HV�i�HO��PDV��DPEpP�T�DO�p�R�
�UD��GH�HV�DELOLGDGH�GH��P�VLV�HPD�HV�i�HO��2�GLD�UDPD�GH�1�T�LV���DPEpP��RUQHFH�LQ�RUPDo�HV�
GH�FRPR�D�HV�DELOLGDGH�SRGH�VHU�PHO�RUDGD��VH�LVVR��RU�QHFHVViULR��

1D�GLVF�VVmR�D�VH��LU���DPRV�V�SRU�T�H�R�VLV�HPD�FRQVLGHUDGR��HQ�D�UHDOLPHQ�DomR��QL�iULD��
1R�H�T�H�p�VHPSUH�SRVVt�HO�UHG�]LU��P�VLV�HPD�FRP�HOHPHQ�RV�GH�UHDOLPHQ�DomR�D��P�VLV�HPD�
FRP�UHDOLPHQ�DomR��QL�iULD��FRPR�PRV�UD�D�)L��UD�������3RU�DQ�R��p�SRVVt�HO�HV�HQGHU�D�DQiOLVH�
GH�HV�DELOLGDGH�UHOD�L�D�GR�VLV�HPD�FRP�UHDOLPHQ�DomR��QL�iULD�D�VLV�HPDV�FRP�UHDOLPHQ�DomR�
QmR��QL�iULD�

9DPRV�V�SRU��DPEpP�T�H��D�PHQRV�T�H�VHMD�GL�R�R�FRQ�UiULR��RV�VLV�HPDV�VHMDP�GH��DVH�PtQL�
PD��LV�R�p��D���QomR�GH��UDQV�HUrQFLD�GH�PDO�D�DEHU�D�QmR�SRVV�L�SRORV�QHP�]HURV�QR�VHPLSODQR�
GLUHL�R�GR�SODQR���

Análise da estabilidade relativa pelo mapeamento conforme. 8P�GRV�SUREOHPDV�LPSRU�
�DQ�HV�QD�DQiOLVH�GH��P�VLV�HPD�GH�FRQ�UROH�p�GH�HUPLQDU��RGRV�RV�SRORV�GH�PDO�D��HF�DGD�R���SHOR�
PHQRV��DT�HOHV�PDLV�SUy[LPRV�GR�HL[R�M~��R��R�SDU�GRPLQDQ�H�GH�SRORV�GH�PDO�D��HF�DGD���
6H�DV�FDUDF�HUtV�LFDV�GD�UHVSRV�D�HP��UHT�rQFLD�GH��P�VLV�HPD�GH�PDO�D�DEHU�D�VmR�FRQ�HFLGDV��
p�SRVVt�HO�HV�LPDU�RV�SRORV�GH�PDO�D��HF�DGD�PDLV�SUy[LPRV�GR�HL[R�M~��'H�H�VH�REVHU�DU�T�H�
QmR�p�QHFHVViULR�T�H�R�O��DU��HRPp�ULFR�GH�1�T�LV��GH�����M~��VHMD��PD���QomR�DQDOL�LFDPHQ�H�
FRQ�HFLGD�GH�~��2�O��DU��HRPp�ULFR�GH�1�T�LV��FRPR��P��RGR�SRGH�VHU�RE�LGR�H[SHULPHQ�DOPHQ�H��
���pFQLFD�DSUHVHQ�DGD�DT�L�p�HVVHQFLDOPHQ�H��Ui�LFD�H�HV�i�EDVHDGD�QR�PDSHDPHQ�R�FRQ�RUPH�GR�
SODQR���QR�GR�SODQR������

FIGURA 7.62
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elementos na 
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sistema com 
realimentação 
unitária.
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�RQVLGHUH�R�PDSHDPHQ�R�FRQ�RUPH�GDV�UH�DV�GH�±�v�FRQV�DQ�H��UH�DV��� �v���M~��RQGH�v�p�
FRQV�DQ�H�H�~�p��DULi�HO��H�UH�DV�GH�±�~�FRQV�DQ�H��UH�DV��� �v���M~��RQGH�~�p�FRQV�DQ�H�H�v�p��DULi�HO��
QR�SODQR������UH�D�v� ����R�HL[R�M~��QR�SODQR���p�PDSHDGD�QR�GLD�UDPD�GH�1�T�LV��QR�SODQR�������
�V�UH�DV�GH�v�FRQV�DQ�H�QR�SODQR���VmR�PDSHDGDV�HP�F�U�DV�VLPLODUHV�DR�GLD�UDPD�GH�1�T�LV��H�
VmR��GH�FHU�R�PRGR��SDUDOHODV�DR�GLD�UDPD�GH�1�T�LV���FRPR�PRV�UD�D�)L��UD��������V�UH�DV�GH�~�
FRQV�DQ�H�QR�SODQR���VmR�PDSHDGDV�HP�F�U�DV���DPEpP�PRV�UDGDV�QD�)L��UD������

(PERUD�DV��RUPDV�GRV�O��DUHV��HRPp�ULFRV�GH�±v�FRQV�DQ�H�H�±~�FRQV�DQ�H�QR�SODQR������
H�D�SUR[LPLGDGH�GR�O��DU��HRPp�ULFR�GH�����M~��GR�SRQ�R�±�����M��GHSHQGDP�GH��P������SDU�
�LF�ODU��D�DSUR[LPDomR�GR�O��DU��HRPp�ULFR�GH�����M~��DR�SRQ�R�±�����M��p��PD�LQGLFDomR�GD�
HV�DELOLGDGH�UHOD�L�D�GH��P�VLV�HPD�HV�i�HO��(P��HUDO��HVSHUD�VH�T�H��T�DQ�R�PDLV�SUy[LPR�
R�O��DU��HRPp�ULFR�GH�����M~��HV�HMD�GR�SRQ�R�±�����M���PDLRU�VHUi�R�Pi[LPR�VREUHVVLQDO�QD�
UHVSRV�D��UDQVL�yULD�DR�GH�UD��H�PDLRU�R��HPSR�GH�DFRPRGDomR�

�RQVLGHUH�RV�GRLV�VLV�HPDV�PRV�UDGRV�QDV��L��UDV������D��H��E����1D�)L��UD�������RV�#�LQGL�
FDP�RV�SRORV�GH�PDO�D��HF�DGD���2�VLV�HPD��D��p��RE�LDPHQ�H��PDLV�HV�i�HO�GR�T�H�R�VLV�HPD��E���
SRUT�H�RV�SRORV�GH�PDO�D��HF�DGD�GR�VLV�HPD��D��HV�mR�ORFDOL]DGRV�PDLV�j�HVT�HUGD�GR�T�H�RV�GR�
VLV�HPD��E����V��L��UDV������D��H��E��PRV�UDP�R�PDSHDPHQ�R�DGHT�DGR�GDV��UDGHV�GR�SODQR���QR�
SODQR�������4�DQ�R�PDLV�SUy[LPRV�GR�HL[R�M~�HV�L�HUHP�ORFDOL]DGRV�RV�SRORV�GH�PDO�D��HF�DGD��
PDLV�SUy[LPR�HV�DUi�R�O��DU��HRPp�ULFR�GH�����M~��GR�SRQ�R�±�����M���

Margens de fase e de ganho. ��)L��UD������PRV�UD�RV�GLD�UDPDV�SRODUHV�GH�����M~��SDUD��UrV�
�DORUHV�GL�HUHQ�HV�GR��DQ�R�.�GH�PDO�D�DEHU�D��3DUD��P��DORU�HOH�DGR�GR��DQ�R�.��R�VLV�HPD�p�
LQV�i�HO����PHGLGD�T�H�R��DQ�R�p�UHG�]LGR�D�FHU�R��DORU��R�O��DU��HRPp�ULFR�GH�����M~��SDVVD�SHOR�
SRQ�R�±�����M0.�Isso�significa�que,�com�esse�valor�de�ganho,�o�sistema�está�no�limite�da�instabilidade�
H�DSUHVHQ�DUi�RVFLODo�HV�V�V�HQ�DGDV��3DUD��P��DORU�SHT�HQR�GR��DQ�R�.��R�VLV�HPD�p�HV�i�HO�

FIGURA 7.63
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(P��HUDO��T�DQ�R�PDLV�SUy[LPR�R�O��DU��HRPp�ULFR�GH�����M~��F�H�DU�GR�HQ�RO�LPHQ�R�GR�
SRQ�R�±�����M���PDLV�RVFLOD�yULD�VHUi�D�UHVSRV�D�GR�VLV�HPD����SUR[LPLGDGH�GR�O��DU��HRPp�ULFR�
����M~��GR�SRQ�R�±�����M0�pode�ser�utilizada�como�uma�medida�da�margem�de�estabilidade.�(Isso�
QmR�VH�DSOLFD��HQ�UH�DQ�R��DRV�VLV�HPDV�FRQGLFLRQDOPHQ�H�HV�i�HLV���e�SUi�LFD�FRP�P�UHSUHVHQ�DU�
D�SUR[LPLGDGH�HP��HUPRV�GH�PDU�HP�GH��DVH�H�PDU�HP�GH��DQ�R�

 �DU�HP�GH��D�H��D�PDU�HP�GH��DVH�p�R�D�UDVR�GH��DVH�DGLFLRQDO��QD��UHT�rQFLD�GH�
FU�]DPHQ�R�GH��DQ�R��QHFHVViULD�SDUD�T�H�R�VLV�HPD�D�LQMD�R�OLPLDU�GH�LQV�DELOLGDGH��
���UHT�rQFLD�GH�FU�]DPHQ�R�GH��DQ�R�p�D��UHT�rQFLD�QD�T�DO�R�PyG�OR�GD���QomR�
GH��UDQV�HUrQFLD�GH�PDO�D�DEHU�D������M~���p��QL�iULR����PDU�HP�GH��DVH�g�p������
PDLV�R��Q��OR�GH��DVH�z�GD���QomR�GH��UDQV�HUrQFLD�QD��UHT�rQFLD�GH�PDO�D�DEHU�D�
GH�FU�]DPHQ�R�GH��DQ�R�R�

g� ��������z

�V��L��UDV������D����E��H��F��LO�V�UDP�D�PDU�HP�GH��DVH��DQ�R�GH��P�VLV�HPD�HV�i�HO�FRPR�GH�
�P�VLV�HPD�LQV�i�HO�HP�GLD�UDPDV�GH��RGH��GLD�UDPDV�SRODUHV�H�GLD�UDPDV�GH�PyG�OR�HP�G��
YHU�X���Q��OR�GH��DVH��1R�GLD�UDPD�SRODU��SRGH�VH��UDoDU��PD�UH�D�D�SDU�LU�GD�RUL�HP�D�p�R�SRQ�R�
HP�T�H�D�FLUF�Q�HUrQFLD��QL�iULD�FU�]D�R�O��DU��HRPp�ULFR�GH�����M~���6H�D�UH�D�HV�L�HU�DEDL[R�
�DFLPD��GR�HL[R�UHDO�QH�D�L�R��HQ�mR�R��Q��OR�g�VHUi�SRVL�L�R��QH�D�L�R���2��Q��OR�HQ�UH�R�HL[R�UHDO�
QH�D�L�R�H�HVVD�UH�D�p�D�PDU�HP�GH��DVH����PDU�HP�GH��DVH�p�SRVL�L�D�SDUD�g�����H�QH�D�L�D�SDUD�
g������3DUD�T�H��P�VLV�HPD�GH��DVH�PtQLPD�VHMD�HV�i�HO��D�PDU�HP�GH��DVH�GH�H�VHU�SRVL�L�D��1RV�
GLD�UDPDV�OR�DUt�PLFRV��R�SRQ�R�FUt�LFR�QR�SODQR�FRPSOH[R�FRUUHVSRQGH�jV�UH�DV���G��H�±������

� �DU�HP�GH��D�KR��D�PDU�HP�GH��DQ�R�p�R�UHFtSURFD�GR�PyG�OR������M~���QD��UH�
T�rQFLD�HP�T�H�R��Q��OR�p�±�������'H�LQLU�D��UHT�rQFLD�GH�FU�]DPHQ�R�GH��DVH�~��

FIGURA 7.65
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FRPR�D��UHT�rQFLD�HP�T�H�R��Q��OR�GH��DVH�GD���QomR�GH��UDQV�HUrQFLD�GH�PDO�D�
DEHU�D�p�L��DO�D�±������UHV�O�D�QD�PDU�HP�GH��DQ�R�.���

K G j
�

g
1~

=
^ h

(P��HUPRV�GH�GHFLEpLV�

.��G�� ����OR��.�� �±����OR�������M~���

��PDU�HP�GH��DQ�R�H[SUHVVD�HP�GHFLEpLV�VHUi�SRVL�L�D�VH�.���RU�PDLRU�T�H�D��QLGDGH�H�VHUi�
QH�D�L�D�VH�.���RU�PHQRU�T�H�D��QLGDGH��3RU�DQ�R���PD�PDU�HP�GH��DQ�R�SRVL�L�D��HP�GHFLEpLV��

FIGURA 7.67
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VL�QL�LFD�T�H�R�VLV�HPD�p�HV�i�HO��H��PD�PDU�HP�GH��DQ�R�QH�D�L�D��HP�GHFLEpLV��VL�QL�LFD�T�H�
R�VLV�HPD�p�LQV�i�HO���V��L��UDV�������D����E��H��F��PRV�UDP�D�PDU�HP�GH��DQ�R�

3DUD��P�VLV�HPD�GH��DVH�PtQLPD�HV�i�HO��D�PDU�HP�GH��DQ�R�LQGLFD�HP�T�DQ�R�R��DQ�R�SRGH�
VHU�D�PHQ�DGR�DQ�HV�T�H�R�VLV�HPD�VH��RUQH�LQV�i�HO��3DUD��P�VLV�HPD�LQV�i�HO��D�PDU�HP�GH��DQ�R�
p�LQGLFD�L�D�GH�T�DQ�R�R��DQ�R�GH�H�GHFUHVFHU�SDUD�T�H�R�VLV�HPD�VH��RUQH�HV�i�HO�

��PDU�HP�GH��DQ�R�GH��P�VLV�HPD�GH�SULPHLUD�R��GH�VH��QGD�RUGHQV�p�LQ�LQL�D���LV�R�T�H�RV�
GLD�UDPDV�SRODUHV�SDUD�HVVHV�VLV�HPDV�QmR�FU�]DP�R�HL[R�UHDO�QH�D�L�R��3RU�DQ�R���HRULFDPHQ�H��
RV�VLV�HPDV�GH�SULPHLUD�R��VH��QGD�RUGHQV�QmR�SRGHP�VHU�LQV�i�HLV���1R�H��HQ�UH�DQ�R��T�H�RV�
VLV�HPDV�GL�RV�GH�SULPHLUD�R��GH�VH��QGD�RUGHQV�VmR�DSHQDV�DSUR[LPDo�HV��QR�VHQ�LGR�GH�T�H�
SHT�HQDV�FRQV�DQ�HV�GH��HPSR�VmR�GHVSUH]t�HLV�QD�GHG�omR�GH�HT�Do�HV�GRV�VLV�HPDV�H��SRU�DQ�R��
QmR�VmR��HUGDGHLUDPHQ�H�VLV�HPDV�GH�SULPHLUD�R��GH�VH��QGD�RUGHQV��6H�HVVDV�SHT�HQDV�FRQV�DQ�HV�
GH��HPSR��RUHP�OH�DGDV�HP�FRQVLGHUDomR��RV�VLV�HPDV�GHQRPLQDGRV�GH�SULPHLUD�R��GH�VH��QGD�
RUGHQV�SRGHUmR�VH��RUQDU�LQV�i�HLV��

'H�H�VH�REVHU�DU�T�H��SDUD��P�VLV�HPD�GH��DVH�QmR�PtQLPD�HP�T�H�D�PDO�D�DEHU�D�p�LQV�i�
�HO��D�FRQGLomR�GH�HV�DELOLGDGH�QmR�VHUi�VD�LV�HL�D�D�PHQRV�T�H�R�GLD�UDPD�GH�����M~��HQ�RO�D�
R�SRQ�R�±�����M���3RU�DQ�R���P�VLV�HPD�HV�i�HO�GH��DVH�QmR�PtQLPD��HUi�PDU�HQV�GH��DVH�H�GH�
�DQ�R�QH�D�L�DV�

7DPEpP�p�LPSRU�DQ�H�GHV�DFDU�T�H�RV�VLV�HPDV�FRQGLFLRQDOPHQ�H�HV�i�HLV��HUmR�G�DV�R��PDLV�
�UHT�rQFLDV�GH�FU�]DPHQ�R�GH��DVH�H�DO��QV�VLV�HPDV�GH�RUGHP�V�SHULRU��FRP�GLQ�PLFDV�FRPSOLFD�
GDV�QR�Q�PHUDGRU��SRGHUmR��HU��DPEpP�G�DV�R��PDLV��UHT�rQFLDV�GH�FU�]DPHQ�R�GH��DQ�R��FRPR�
PRV�UD�D�)L��UD�������3DUD�VLV�HPDV�HV�i�HLV�T�H��HQ�DP�G�DV�R��PDLV��UHT�rQFLDV�GH�FU�]DPHQ�R�
GH��DQ�R��D�PDU�HP�GH��DVH�p�PHGLGD�SHOD��UHT�rQFLD�GH�FU�]DPHQ�R�GH��DQ�R�PDLV�DO�D�

Alguns comentários sobre margens de fase e de ganho. �V�PDU�HQV�GH��DVH�H�GH��DQ�R�GH�
�P�VLV�HPD�GH�FRQ�UROH�VmR��PD�PHGLGD�GD�SUR[LPLGDGH�GR�GLD�UDPD�SRODU�HP�UHODomR�DR�SRQ�R�
±�����M���3RU�DQ�R��HVVDV�PDU�HQV�SRGHP�VHU���LOL]DGDV�FRPR�FUL�pULRV�GH�SURMH�R�

e�LPSRU�DQ�H�QR�DU�T�H�DSHQDV�D�PDU�HP�GH��DQ�R�R��DSHQDV�D�PDU�HP�GH��DVH�QmR��RUQHFH�
LQGLFDomR�V��LFLHQ�H�VREUH�D�HV�DELOLGDGH�UHOD�L�D���PEDV�GH�HP�VHU��RUQHFLGDV�SDUD�GH�HUPLQDomR�
GD�HV�DELOLGDGH�UHOD�L�D�

3DUD��P�VLV�HPD�GH��DVH�PtQLPD��DV�PDU�HQV�GH��DVH�H�GH��DQ�R�GH�HP�VHU�SRVL�L�DV�SDUD�
T�H�R�VLV�HPD�VHMD�HV�i�HO��0DU�HQV�QH�D�L�DV�LQGLFDP�LQV�DELOLGDGH�

0DU�HQV�GH��DVH�H�GH��DQ�R�DSURSULDGDV�SUR�H�HP�FRQ�UD��DULDo�HV�QRV�FRPSRQHQ�HV�
GR�VLV�HPD�H� VmR�HVSHFL�LFDGDV�SRU��DORUHV�SRVL�L�RV�GH�LQLGRV��2V�GRLV��DORUHV� OLPL�DP�R�

FIGURA 7.68
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FRPSRU�DPHQ�R�GR�VLV�HPD�GH�PDO�D� �HF�DGD�QDV�SUR[LPLGDGHV�GD��UHT�rQFLD�GH� UHVVRQ�Q�
FLD��3DUD�RE�HU��P�GHVHPSHQ�R�VD�LV�D�yULR��D�PDU�HP�GH��DVH�GH�H�HV�DU�HQ�UH�����H�����H�D�
PDU�HP�GH��DQ�R�GH�H�VHU�PDLRU�T�H���G����RP�HVVHV��DORUHV���P�VLV�HPD�GH��DVH�PtQLPD�
�HP�HV�DELOLGDGH��DUDQ�LGD��PHVPR�T�H�R��DQ�R�GH�PDO�D�DEHU�D�H�DV�FRQV�DQ�HV�GH��HPSR�GRV�
FRPSRQHQ�HV��DULHP�GHQ�UR�GH�FHU�RV�OLPL�HV��(PERUD�DV�PDU�HQV�GH��DVH�H�GH��DQ�R��RUQHoDP�
DSHQDV�HV�LPD�L�DV�DSUR[LPDGDV�GR�FRH�LFLHQ�H�GH�DPRU�HFLPHQ�R�H�H�L�R�GR�VLV�HPD�GH�PDO�D�
�HF�DGD��HODV�R�HUHFHP�PHLRV�FRQ�HQLHQ�HV�SDUD�R�SURMH�R�GH�VLV�HPDV�GH�FRQ�UROH�R��GR�DM�V�H�
GH�FRQV�DQ�HV�GH��DQ�R�GH�VLV�HPDV�

1RV�VLV�HPDV�GH��DVH�PtQLPD��DV�FDUDF�HUtV�LFDV�GH�PyG�OR�H�GH��DVH�GD���QomR�GH��UDQV�HUrQFLD�
GH�PDO�D�DEHU�D�HV�mR�GH�LQL�L�DPHQ�H�UHODFLRQDGDV��2�UHT�LVL�R�T�H�D�PDU�HP�GH��DVH�HV�HMD�HQ�UH�
����H�����VL�QL�LFD�T�H��HP��P�GLD�UDPD�GH��RGH��D�LQFOLQDomR�GD�F�U�D�GH�PyG�OR�HP�G���QD�
�UHT�rQFLD�GH�FU�]DPHQ�R�GH��DQ�R��GH�H�VHU�PHQRU�T�H�±����G��GpFDGD��1D�PDLRULD�GRV�FDVRV�
SUi�LFRV��p�GHVHMi�HO��PD�LQFOLQDomR�GH�±����G��GpFDGD�QD��UHT�rQFLD�GH�FU�]DPHQ�R�GH��DQ�R�
SDUD��HU�HV�DELOLGDGH��6H�D�LQFOLQDomR��RU�GH�±����G��GpFDGD��R�VLV�HPD��DQ�R�SRGHUi�VHU�HV�i�HO�
FRPR�LQV�i�HO���0HVPR�T�H�R�VLV�HPD�VHMD�HV�i�HO��HQ�UH�DQ�R��D�PDU�HP�GH��DVH�VHUi�SHT�HQD���
6H�D�LQFOLQDomR�QD��UHT�rQFLD�GH�FU�]DPHQ�R�GH��DQ�R��RU�±����G��GpFDGD�R��PDLRU��R�VLV�HPD�
VHUi�SUR�D�HOPHQ�H�LQV�i�HO�

3DUD�VLV�HPDV�GH��DVH�QmR�PtQLPD��D�LQ�HUSUH�DomR�FRUUH�D�GD�PDU�HP�GH�HV�DELOLGDGH�UHT�HU�
�P�HV��GR�F�LGDGRVR����PHO�RU�PDQHLUD�GH�GH�HUPLQDU�D�HV�DELOLGDGH�GH�VLV�HPDV�GH��DVH�QmR�
PtQLPD�p���LOL]DU�D��pFQLFD�GR�GLD�UDPD�GH�1�T�LV���HP��H]�GD��pFQLFD�GR�GLD�UDPD�GH��RGH�

Exemplo 7.20 2E�HQ�D�DV�PDU�HQV�GH��DVH�H�GH��DQ�R�GR�VLV�HPD�GD�)L��UD������SDUD�RV�GRLV�FDVRV�HP�T�H�
.� ����H�.� �����

�V�PDU�HQV�GH��DVH�H�GH��DQ�R�SRGHP�VHU�RE�LGDV��DFLOPHQ�H�D�SDU�LU�GR�GLD�UDPD�GH��RGH��
��)L��UD������D��PRV�UD�R�GLD�UDPD�GH��RGH�GD���QomR�GH��UDQV�HUrQFLD�GH�PDO�D�DEHU�D�GDGD��
FRP�.� ������V�PDU�HQV�GH��DVH�H�GH��DQ�R�SDUD�.� ����VmR�

0DU�HP�GH��DVH� ������ � 0DU�HP�GH��DQ�R� ���G�

3RU�DQ�R��R��DQ�R�GR�VLV�HPD�SRGH�VHU�D�PHQ�DGR�HP���G��DQ�HV�GH�RFRUUHU�D�LQV�DELOLGDGH�

2�D�PHQ�R�GR��DQ�R�GH�.� ����SDUD�.� �����GHVORFD�R�HL[R���G��SDUD�EDL[R��HP����G���FRPR�
PRV�UD�D�)L��UD������E����V�PDU�HQV�GH��DQ�R�H�GH��DVH�VmR�

0DU�HP�GH��DVH� �±������ � 0DU�HP�GH��DQ�R� �±����G�

3RU�DQ�R��R�VLV�HPD�p�HV�i�HO�SDUD�.� �����PDV�LQV�i�HO�SDUD�.� �����

2EVHU�H�T�H��P�GRV�DVSHF�RV�PDLV�FRQ�HQLHQ�HV�GD��pFQLFD�GR�GLD�UDPD�GH��RGH�p�D��DFLOL�
GDGH�FRP�T�H�DV��DULDo�HV�GH��DQ�R�SRGHP�VHU�D�DOLDGDV��1R�H�T�H��SDUD�RE�HU��P�GHVHPSHQ�R�
satisfatório,�a�margem�de�fase�deve�aumentar�para�30°�~�60°.�Isso�pode�ser�feito�pela�redução�do�
�DQ�R�.��(Q�UH�DQ�R��D�GLPLQ�LomR�GH�.�QmR�p�GHVHMi�HO���PD��H]�T�H��P��DORU�SHT�HQR�GH�.�
resulta�em�um�grande�erro�na�entrada�em�rampa.�Isso�sugere�que�pode�ser�necessária�uma�modi�
�LFDomR�QD�F�U�D�GH�UHVSRV�D�HP��UHT�rQFLD�GH�PDO�D�DEHU�D��SHOD�DGLomR�GH��P�FRPSHQVDGRU���V�
�pFQLFDV�GH�FRPSHQVDomR�VHUmR�GLVF��LGDV�GH�DO�DGDPHQ�H�QDV�VHo�HV������D������

FIGURA 7.69
R(s) C(s)K

s(s + 1) (s + 5)+
–

Sistema de 
controle.
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Obtenção da margem de ganho, margem de fase, frequência de cruzamento de fase 
e frequência de cruzamento de ganho com o MATLAB. ��PDU�HP�GH��DQ�R��PDU�HP�GH�
�DVH���UHT�rQFLD�GH�FU�]DPHQ�R�GH��DVH�H��UHT�rQFLD�GH�FU�]DPHQ�R�GH��DQ�R�SRGHP�VHU�RE�LGDV�
�DFLOPHQ�H�FRP�R�0�7/����2�FRPDQGR�D�VHU���LOL]DGR�p�

[Gm,pm,wcp,wcg] = margin(sys)

RQGH�Gm�p�D�PDU�HP�GH��DQ�R��pm�p�D�PDU�HP�GH��DVH��wcp�p�D��UHT�rQFLD�GH�FU�]DPHQ�R�GH��DVH�
H�wcg�p�D��UHT�rQFLD�GH�FU�]DPHQ�R�GH��DQ�R��3DUD�RE�HU�GH�DO�HV�GH�FRPR���LOL]DU�HVVH�FRPDQGR��
�HMD�R�([HPSOR������

Exemplo 7.21 �RQV�U�D�R�GLD�UDPD�GH��RGH�GD���QomR�GH��UDQV�HUrQFLD�GH�PDO�D�DEHU�D������GR�VLV�HPD�GH�
PDO�D��HF�DGD�GD�)L��UD�������'H�HUPLQH�D�PDU�HP�GH��DQ�R��D�PDU�HP�GH��DVH��D��UHT�rQFLD�GH�
FU�]DPHQ�R�GH��DVH�H�D��UHT�rQFLD�GH�FU�]DPHQ�R�GH��DQ�R����LOL]DQGR�R�0�7/���

2�3UR�UDPD������HP�0�7/����HUD�R�GLD�UDPD�GH��RGH�H��RUQHFH�D�PDU�HP�GH��DQ�R��
PDU�HP�GH��DVH���UHT�rQFLD�GH�FU�]DPHQ�R�GH� �DVH�H��UHT�rQFLD�GH�FU�]DPHQ�R�GH��DQ�R��2�
GLD�UDPD�GH��RGH�GH������p�PRV�UDGR�QD�)L��UD������

FIGURA 7.70
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Diagramas de Bode do sistema mostrado na Figura 7.69; (a) com K = 10 e (b) com K = 100.

FIGURA 7.71

G(s)

20(s + 1)
s(s + 5)(s2 + 2s + 10)

+
–

Sistema de malha 
fechada.
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Programa 7.11 em MATLAB

num = [20 20];
den = conv([1 5 0],[1 2 10]);
sys = tf(num,den);
w = logspace(-1,2,100);
bode(sys,w)
[Gm,pm,wcp,wcg] = margin(sys);
GmdB = 20*log10(Gm);
[GmdB pm wcp wcg]

ans =

9.9293 103.6573 4.0131 0.4426

Amplitude do pico de ressonância Mr e da frequência de ressonância ~r. �RQVLGHUH�R�
VLV�HPD�SDGUmR�GH�VH��QGD�RUGHP�PRV�UDGR�QD�)L��UD�����������QomR�GH��UDQV�HUrQFLD�GH�PDO�D�
�HF�DGD�p�

� R s
C s

s s� n n

n
2 2

2

g~ ~

~
=

+ +^
^
h
h

� ������

RQGH�z�H�~��VmR�R�FRH�LFLHQ�H�GH�DPRU�HFLPHQ�R�H�D��UHT�rQFLD�QD��UDO�QmR�DPRU�HFLGD��UHVSHF�L�
�DPHQ�H����UHVSRV�D�HP��UHT�rQFLD�GH�PDO�D��HF�DGD�p�
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Como�foi�visto�na�Equação�7.12,�para�0�≤�z�≤�0,707,�o�valor�máximo�de���RFRUUH�QD��UHT�rQFLD�
~U��RQGH

FIGURA 7.72
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� ~U� �~� 1 2 2g- � ������

���UHT�rQFLD�~U�p�D��UHT�rQFLD�GH�UHVVRQ�QFLD��1HVVD��UHT�rQFLD��R��DORU�GH���p�Pi[LPR�H�p�GDGR�
SHOD�(T�DomR�������UHHVFUL�D�FRPR�

� �
2 1

1
r 2g g
=

-
� ������

RQGH��U�p�GH�LQLGR�FRPR�D�DP�OL�XGH�GR��LFR�GH�UH��R�k�FLD����DPSOL��GH�GR�SLFR�GH�UHVVRQ�QFLD�
HV�i�UHODFLRQDGD�DR�DPRU�HFLPHQ�R�GR�VLV�HPD��

��DPSOL��GH�GR�SLFR�GH�UHVVRQ�QFLD��RUQHFH��PD�LQGLFDomR�GD�HV�DELOLGDGH�UHOD�L�D�GR�VLV�HPD��
8PD��UDQGH�DPSOL��GH�GR�SLFR�GH�UHVVRQ�QFLD�LQGLFD�D�SUHVHQoD�GH��P�SDU�GH�SRORV�GRPLQDQ�HV�
GH�PDO�D��HF�DGD�FRP��P�FRH�LFLHQ�H�GH�DPRU�HFLPHQ�R�SHT�HQR��R�T�H�SURG�]��PD�UHVSRV�D�
�UDQVL�yULD�LQGHVHMDGD��3RU�R��UR�ODGR���PD�DPSOL��GH�GR�SLFR�GH�UHVVRQ�QFLD�PHQRU�LQGLFD�D�
D�VrQFLD�GH��P�SDU�GH�SRORV�GH�PDO�D��HF�DGD�FRP��P�SHT�HQR�FRH�LFLHQ�H�GH�DPRU�HFLPHQ�R��
VL�QL�LFDQGR�T�H�R�VLV�HPD�p�EHP�DPRU�HFLGR�

e�QHFHVViULR�OHPEUDU�T�H�~U�p�UHDO�DSHQDV�VH�z����������3RU�DQ�R��QmR��i�UHVVRQ�QFLD�GH�PDO�D�
�HF�DGD�VH�z����������>2��DORU�GH��U�p��QL�iULR�VRPHQ�H�VH�z����������9HMD�D�(T�DomR���������RPR�
RV��DORUHV�GH��U�H�~U�SRGHP�VHU�PHGLGRV��DFLOPHQ�H�HP��P�VLV�HPD��tVLFR��HOHV�VmR�P�L�R���HLV�
SDUD�D��HUL�LFDomR�GD�FRQFRUG�QFLD�HQ�UH�D�DQiOLVH��HyULFD�H�D�H[SHULPHQ�DO�

(Q�UH�DQ�R��GH�H�VH�REVHU�DU�T�H��QRV�SUREOHPDV�SUi�LFRV�GH�SURMH�R��D�PDU�HP�GH��DVH�H�D�
PDU�HP�GH��DQ�R�VmR�PDLV��UHT�HQ�HPHQ�H�HVSHFL�LFDGDV�GR�T�H�D�DPSOL��GH�GR�SLFR�GH�UHVVR�
Q�QFLD�SDUD�LQGLFDU�R�FRH�LFLHQ�H�GH�DPRU�HFLPHQ�R�GH��P�VLV�HPD�

Correlação entre a resposta transitória ao degrau e a resposta em frequência no 
sistema-padrão de segunda ordem.�2�Pi[LPR�VREUHVVLQDO�QD�UHVSRV�D�DR�GH�UD���QL�iULR�GR�
VLV�HPD�SDGUmR�GH�VH��QGD�RUGHP��LQGLFDGR�QD�)L��UD�������SRGH�VHU�FRUUHODFLRQDGR��GH�PDQHLUD�
SUHFLVD��FRP�D�DPSOL��GH�GR�SLFR�GH�UHVVRQ�QFLD�GD�UHVSRV�D�HP��UHT�rQFLD���VVLP��HVVHQFLDOPHQ�H�
DV�PHVPDV�LQ�RUPDo�HV�VREUH�D�GLQ�PLFD�GR�VLV�HPD�HV�mR��DQ�R�QD�UHVSRV�D�HP��UHT�rQFLD�FRPR�
QD�UHVSRV�D��UDQVL�yULD��

��UHVSRV�D�GR�VLV�HPD�LQGLFDGR�QD�)L��UD�������D��PD�HQ�UDGD�HP�GH�UD���QL�iULR��p�GDGD�
SHOD�(T�DomR������R��
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SDUD�RSHUDomR�VHQRLGDO��R�PyG�OR�GH�����M~���RUQD�VH��QL�iULR�T�DQGR

1 4 2n
4 2~ ~ g g= + -
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��(T�DomR�������RUQHFH�D�UHODomR�HQ�UH�R�FRH�LFLHQ�H�GH�DPRU�HFLPHQ�R�z�H�D�PDU�HP�GH��DVH�g��
(Note�que�a�margem�de�fase�γ�é�uma�função�apenas�do�coeficiente�de�amortecimento�z��

��VH��LU���DPRV�UHV�PLU�D�FRUUHODomR�HQ�UH�D�UHVSRV�D��UDQVL�yULD�DR�GH�UD��H�D�UHVSRV�D�HP�
�UHT�rQFLD�GR�VLV�HPD�SDGUmR�GH�VH��QGD�RUGHP��GDGR�SHOD�(T�DomR������

1. ��PDU�HP�GH��DVH�H�R�FRH�LFLHQ�H�GH�DPRU�HFLPHQ�R�HV�mR�GLUH�DPHQ�H�UHODFLRQDGRV����
)L��UD������PRV�UD��P��Ui�LFR�GD�PDU�HP�GH��DVH�g�HP���QomR�GR�FRH�LFLHQ�H�GH�DPRU�H�
FLPHQ�R�z��1R�H�T�H��SDUD�R�VLV�HPD�SDGUmR�GH�VH��QGD�RUGHP�PRV�UDGR�QD�)L��UD�������D�
PDU�HP�GH��DVH�g�H�R�FRH�LFLHQ�H�GH�DPRU�HFLPHQ�R�z�HV�mR�DSUR[LPDGDPHQ�H�UHODFLRQDGRV�
por�uma�reta,�para�0�≤�z�≤�0,6,�como�segue:

100cg
c

=

 �VVLP��D�PDU�HP�GH��DVH�GH�����FRUUHVSRQGH�D��P�FRH�LFLHQ�H�GH�DPRU�HFLPHQ�R�GH������
3DUD�RV�VLV�HPDV�GH�RUGHP�V�SHULRU�T�H��HQ�DP��P�SDU�GH�SRORV�GRPLQDQ�HV�GH�PDO�D�
�HF�DGD��HVVH�UHODFLRQDPHQ�R�SRGH�VHU���LOL]DGR�FRPR�UH�UD�SUi�LFD�GH�SURFHGHU�QD�D�DOLD�
omR�GD�HV�DELOLGDGH�UHOD�L�D�GD�UHVSRV�D��UDQVL�yULD��LV�R�p��R�FRH�LFLHQ�H�GH�DPRU�HFLPHQ�R��
D�SDU�LU�GD�UHVSRV�D�HP��UHT�rQFLD��

FIGURA 7.74
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2. �RQVLGHUDQGR�DV�HT�Do�HV������H��������HPRV�T�H�RV��DORUHV�GH�~U�H�~G�VmR�T�DVH�L��DLV��
SDUD��DORUHV�SHT�HQRV�GH�z���VVLP��SDUD�SHT�HQRV��DORUHV�GH�z��R��DORU�GH�~U�p�LQGLFD�L�R�
GD��HORFLGDGH�GD�UHVSRV�D��UDQVL�yULD�GR�VLV�HPD�

3. ��SDU�LU�GDV�HT�Do�HV������H�������QR�DPRV�T�H��T�DQ�R�PHQRU�p�R��DORU�GH�z��PDLRUHV�VmR�
RV��DORUHV�GH��U�H�������)L��UD������PRV�UD�D�FRUUHODomR�HQ�UH��U�H����FRPR���QomR�GH�z��
3RGH�VH��HU��PD�HV�UHL�D�UHODomR�HQ�UH��U�H����SDUD�z��������3DUD��DORUHV�P�L�R�SHT�HQRV�
GH�z���U��RUQD�VH�P�L�R�HOH�DGR���U�&�����HQT�DQ�R�R��DORU�GH����QmR�H[FHGH���

Correlação entre a resposta transitória ao degrau e a resposta em frequência nos 
sistemas genéricos.�2�SURMH�R�GH�VLV�HPDV�GH�FRQ�UROH�p���UHT�HQ�HPHQ�H��H[HF��DGR�FRP�EDVH�
QD�UHVSRV�D�HP��UHT�rQFLD����SULQFLSDO�UD]mR�SDUD�LVVR�p�D�UHOD�L�D�VLPSOLFLGDGH�GHVVH�Pp�RGR�HP�
FRPSDUDomR�DRV�GHPDLV���RPR�HP�P�L�DV�DSOLFDo�HV�D�UHVSRV�D��UDQVL�yULD�GR�VLV�HPD�D�HQ�UDGDV�
DSHULyGLFDV�p�PDLV�LPSRU�DQ�H�GR�T�H�D�UHVSRV�D�HP�UH�LPH�SHUPDQHQ�H�D�HQ�UDGDV�VHQRLGDLV��
V�U�H�D�T�HV�mR�GD�FRUUHODomR�HQ�UH�D�UHVSRV�D��UDQVL�yULD�H�D�UHVSRV�D�HP��UHT�rQFLD�

3DUD�R�VLV�HPD�SDGUmR�GH�VH��QGD�RUGHP��PRV�UDGR�QD�)L��UD�������DV�UHODo�HV�PD�HPi�LFDV�
T�H�FRUUHODFLRQDP�D�UHVSRV�D��UDQVL�yULD�DR�GH�UD��H�D�UHVSRV�D�HP��UHT�rQFLD�SRGHP�VHU��DFLO�
PHQ�H�RE�LGDV����UHVSRV�D��HPSRUDO�GR�VLV�HPD�SDGUmR�GH�VH��QGD�RUGHP�SRGH�VHU�SUH�LV�D�GH�
PRGR�H[D�R�D�SDU�LU�GR�FRQ�HFLPHQ�R�GH��U�H�~U�GH�V�D�UHVSRV�D�HP��UHT�rQFLD�GH�PDO�D��HF�DGD�

3DUD�VLV�HPDV�GH�VH��QGD�RUGHP�QmR�UHG��t�HLV�j��RUPD�SDGUmR�H�SDUD�VLV�HPDV�GH�PDLRU�
RUGHP��D�FRUUHODomR�p�PDLV�FRPSOH[D�H�D�UHVSRV�D��UDQVL�yULD�QmR�SRGH�VHU�SUH�LV�D�FRP��DFLOLGDGH��
a�partir�da�resposta�em�frequência.�Isso�acontece�porque�os�zeros�e/ou�polos�adicionais�podem�
P�GDU�D�FRUUHODomR�HQ�UH�D�UHVSRV�D��UDQVL�yULD�H�D�UHVSRV�D�HP��UHT�rQFLD�H[LV�HQ�H�QR�VLV�HPD�GH�
VH��QGD�RUGHP��([LV�HP��pFQLFDV�PD�HPi�LFDV�GLVSRQt�HLV�SDUD�D�RE�HQomR�GD�FRUUHODomR�H[D�D��
PDV�VmR�P�L�R��UDEDO�RVDV�H�GH�SR�FR��DORU�SUi�LFR�

��DSOLFDELOLGDGH�GD�FRUUHODomR�HQ�UH�D�UHVSRV�D��UDQVL�yULD�H�D�UHVSRV�D�HP��UHT�rQFLD�H[LV�HQ�H�
SDUD�R�VLV�HPD�SDGUmR�GH�VH��QGD�RUGHP��PRV�UDGR�QD�)L��UD�������DRV�VLV�HPDV�GH�PDLRU�RUGHP��
GHSHQGH�GD�SUHVHQoD�GH��P�SDU�GRPLQDQ�H�GH�SRORV�FRPSOH[RV�FRQM��DGRV�QD�PDO�D��HF�DGD�
GHVVHV��O�LPRV�VLV�HPDV��(�LGHQ�HPHQ�H��VH�D�UHVSRV�D�HP��UHT�rQFLD�GH��P�VLV�HPD�GH�PDLRU�
RUGHP��RU�GRPLQDGD�SRU��P�SDU�GH�SRORV�FRPSOH[RV�FRQM��DGRV�GH�PDO�D��HF�DGD��D�FRUUHODomR�
HQ�UH�D�UHVSRV�D��UDQVL�yULD�H�D�UHVSRV�D�HP��UHT�rQFLD��H[LV�HQ�H�QR�VLV�HPD�GH�VH��QGD�RUGHP��
SRGHUi�VHU�HV�HQGLGD�DR�VLV�HPD�GH�PDLRU�RUGHP�

3DUD�VLV�HPDV�OLQHDUHV��LQ�DULDQ�HV�QR��HPSR�H�GH�PDLRU�RUGHP��T�H��HQ�DP��P�SDU�GRPLQDQ�H�
GH�SRORV�FRPSOH[RV�FRQM��DGRV�GH�PDO�D��HF�DGD���HUDOPHQ�H�H[LV�HP�DV�VH��LQ�HV�UHODo�HV�HQ�UH�
D�UHVSRV�D��UDQVL�yULD�DR�GH�UD��H�j�UHVSRV�D�HP��UHT�rQFLD�

FIGURA 7.75
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[Equação 5-21]

Curvas Mr versus 
ζ e Mp versus ζ 
para o sistema 
apresentado na 
Figura 7.73.
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1. 2��DORU�GH��U�p�LQGLFD�L�R�GD�HV�DELOLGDGH�UHOD�L�D��1RUPDOPHQ�H��R�GHVHPSHQ�R��UDQVL�yULR�
VD�LV�D�yULR�p�RE�LGR�VH�R��DORU�GH��U�HV�i�GHQ�UR�GR�LQ�HU�DOR��������U����������G�����U���
��G����T�H�FRUUHVSRQGH�D��P�FRH�LFLHQ�H�GH�DPRU�HFLPHQ�R�H�H�L�R�GH�������z��������3DUD�
�DORUHV�GH��U�PDLRUHV�T�H������D�UHVSRV�D��UDQVL�yULD�DR�GH�UD��SRGH�DSUHVHQ�DU�GL�HUVRV�
VREUHVVLQDLV���1R�H�T�H��HP��HUDO���P��DORU�HOH�DGR�GH��U�FRUUHVSRQGH�D��P�VREUHVVLQDO�
DO�R�QD�UHVSRV�D��UDQVL�yULD�DR�GH�UD���6H�R�VLV�HPD��RU�V�EPH�LGR�D�VLQDLV�FRP�U�tGR��F�MDV�
�UHT�rQFLDV�HV�HMDP�SUy[LPDV�GD��UHT�rQFLD�GH�UHVVRQ�QFLD�~U��R�U�tGR�VHUi�DPSOLDGR�QD�
VDtGD�H�DSUHVHQ�DUi�VpULRV�SUREOHPDV��

2. ��DPSOL��GH�GD��UHT�rQFLD�GH�UHVVRQ�QFLD�~U�p�LQGLFD�L�R�GD��HORFLGDGH�GD�UHVSRV�D��UDQ�
VL�yULD��4�DQ�R�PDLRU�R��DORU�GH�~U��PDLV�UiSLGD�D�UHVSRV�D��HPSRUDO��(P�R��UDV�SDOD�UDV��
R��HPSR�GH�V�ELGD��DULD�LQ�HUVDPHQ�H�D�~U��(P��HUPRV�GD�UHVSRV�D�HP��UHT�rQFLD�GH�
PDO�D�DEHU�D��D��UHT�rQFLD�QD��UDO�DPRU�HFLGD�GD�UHVSRV�D��UDQVL�yULD�HV�i�VL��DGD�HQ�UH�D�
�UHT�rQFLD�GH�FU�]DPHQ�R�GH��DQ�R�H�D��UHT�rQFLD�GH�FU�]DPHQ�R�GH��DVH�

3. ���UHT�rQFLD�GR�SLFR�GH�UHVVRQ�QFLD�~U�H�D��UHT�rQFLD�QD��UDO�DPRU�HFLGD�~G�GD�UHVSRV�D�
�UDQVL�yULD�DR�GH�UD��VmR�P�L�R�SUy[LPDV��PD�GD�R��UD�QRV�VLV�HPDV�SR�FR�DPRU�HFLGRV�

�V��UrV�UHODo�HV�PRV�UDGDV�DQ�HULRUPHQ�H�VmR���HLV�SDUD�FRUUHODFLRQDU�D�UHVSRV�D��UDQVL�yULD�
DR�GH�UD��FRP�D�UHVSRV�D�HP��UHT�rQFLD�GH�VLV�HPDV�GH�PDLRU�RUGHP��GHVGH�T�H�HV�HV�SRVVDP�
VHU�DSUR[LPDGRV�D��P�VLV�HPD�SDGUmR�GH�VH��QGD�RUGHP�R��D��P�SDU�GH�SRORV�FRPSOH[RV�FRQ�
M��DGRV�GH�PDO�D��HF�DGD��6H��P�VLV�HPD�GH�PDLRU�RUGHP�VD�LV�L]HU�HVVD�FRQGLomR���P�FRQM�Q�R�
GH�HVSHFL�LFDo�HV�QR�GRPtQLR�GR��HPSR�SRGHUi�VHU��UDG�]LGR�SDUD�HVSHFL�LFDo�HV�QR�GRPtQLR�GH�
frequência.�Isso�simplifica�grandemente�o�trabalho�de�projeto�ou�de�compensação�de�sistemas�
GH�PDLRU�RUGHP�

�OpP�GLVVR��SDUD�D�PDU�HP�GH��DVH��D�PDU�HP�GH��DQ�R��R�SLFR�GH�UHVVRQ�QFLD��U�H�D��UHT�rQ�
FLD�GH�UHVVRQ�QFLD�~U��H[LV�HP�R��UDV��UDQGH]DV�QR�GRPtQLR�GH��UHT�rQFLD�FRP�PHQ�H���LOL]DGDV�
QDV�HVSHFL�LFDo�HV�GH�GHVHPSHQ�R��6mR�D��UHT�rQFLD�GH�FRU�H��D�EDQGD�SDVVDQ�H�H�D��D[D�GH�FRU�H��
(ODV�VHUmR�GH�LQLGDV�D�VH��LU�

Frequência de corte e banda passante.��RP�EDVH�QD�)L��UD�������D��UHT�rQFLD�~E�QD�T�DO�D�
DPSOL��GH�GD�UHVSRV�D�HP��UHT�rQFLD�GH�PDO�D��HF�DGD�p���G��DEDL[R�GH�VH���DORU�QD��UHT�rQFLD�
]HUR�p�GHQRPLQDGD��UHTXr�FLD�GH�FRU�H���VVLP�
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2�VLV�HPD�GH�PDO�D��HF�DGD��LO�UD�R�VLQDO�GRV�FRPSRQHQ�HV�F�MDV��UHT�rQFLDV�VmR�PDLRUHV�T�H�
D��UHT�rQFLD�GH�FRU�H�H��UDQVPL�H�R�VLQDO�GDT�HOHV�FRPSRQHQ�HV�FRP��UHT�rQFLDV�PHQRUHV�T�H�D��UH�
T�rQFLD�GH�FRU�H�

2�LQ�HU�DOR�GH��UHT�rQFLDV���~�≤�~E��QR�T�DO�D�DPSOL��GH�GH�����M~������M~��QmR�FDL�DEDL[R�GH�
±���G���p�F�DPDGR�ED�GD��D��D��H�GR�VLV�HPD����EDQGD�SDVVDQ�H�LQGLFD�D��UHT�rQFLD�HP�T�H�R�
�DQ�R�FRPHoD�D�FDLU�D�SDU�LU�GH�VH���DORU�GH�EDL[D��UHT�rQFLD��3RU�DQ�R��D�EDQGD�SDVVDQ�H�PRV�UD�
D�p�T�H�SRQ�R�R�VLV�HPD�VH��LUi�EHP��PD�HQ�UDGD�VHQRLGDO��1R�H�T�H��SDUD�GDGR�~���R��HPSR�GH�
V�ELGD�D�PHQ�D�FRP�R�FUHVFLPHQ�R�GR�FRH�LFLHQ�H�GH�DPRU�HFLPHQ�R�z��3RU�R��UR�ODGR��D�EDQGD�
SDVVDQ�H�GHFUHVFH�FRP�R�D�PHQ�R�GH�z��3RU�DQ�R��R��HPSR�GH�V�ELGD�H�D�EDQGD�SDVVDQ�H�VmR�
LQ�HUVDPHQ�H�SURSRUFLRQDLV�HQ�UH�VL�

��HVSHFL�LFDomR�GD�EDQGD�SDVVDQ�H�SRGH�VHU�GH�HUPLQDGD�SHORV�VH��LQ�HV��D�RUHV�

1. ��FDSDFLGDGH�GH�UHSURG�]LU�R�VLQDO�GH�HQ�UDGD��8PD�EDQGD�SDVVDQ�H��UDQGH�FRUUHVSRQGH�
D��P��HPSR�GH�V�ELGD�SHT�HQR�R��UHVSRV�D�UiSLGD��'H�PRGR��HQpULFR��SRGH�VH�GL]HU�T�H�
D�EDQGD�SDVVDQ�H�p�SURSRUFLRQDO�j��HORFLGDGH�GH�UHVSRV�D���3RU�H[HPSOR��SDUD�UHG�]LU�R�
�HPSR�GH�V�ELGD�QD�UHVSRV�D�DR�GH�UD��GH��P��D�RU����D�EDQGD�SDVVDQ�H�GH�H�VHU�D�PHQ�DGD�
DSUR[LPDGDPHQ�H�GH��P��D�RU����

2. �V�FDUDF�HUtV�LFDV�GH��LO�UD�HP�QHFHVViULDV�GH�U�tGRV�GH�DO�D��UHT�rQFLD�
3DUD�R�VLV�HPD�VH��LU�HQ�UDGDV�DUEL�UiULDV�FRP�SUHFLVmR��GH�H��D�HU��PD��UDQGH�EDQGD�

SDVVDQ�H��'R�SRQ�R�GH��LV�D�GR�U�tGR��HQ�UH�DQ�R��D�EDQGD�SDVVDQ�H�QmR�GH�H�VHU�P�L�R��UDQGH��
�VVLP��H[LV�HP�UHT�LVL�RV�FRQ�OL�DQ�HV�FRP�UHODomR�j�EDQGD�SDVVDQ�H�H��HUDOPHQ�H�p�QHFHVViULR�
T�H��DMD��PD�FRQFLOLDomR�SDUD�D�UHDOL]DomR�GH��P�ERP�SURMH�R��1R�H�T�H��P�VLV�HPD�FRP��PD�
�UDQGH�EDQGD�SDVVDQ�H�UHT�HU�FRPSRQHQ�HV�GH�DO�R�GHVHPSHQ�R���VVLP��R�F�V�R�GRV�FRPSRQHQ�HV�
�HUDOPHQ�H�D�PHQ�D�GH�DFRUGR�FRP�D�EDQGD�SDVVDQ�H�

Taxa de corte.����D[D�GH�FRU�H�p�D�LQFOLQDomR�GD�F�U�D�GH�PyG�OR�HP�G��SUy[LPD�j��UHT�rQFLD�
GH�FRU�H�����D[D�GH�FRU�H�LQGLFD�D�FDSDFLGDGH�GH��P�VLV�HPD�GLV�LQ��LU�R�VLQDO�GH�U�tGR�

3RGH�VH�QR�DU�T�H��PD�F�U�D�GH�UHVSRV�D�HP��UHT�rQFLD�GH�PDO�D��HF�DGD��FRP�FDUDF�HUtV�LFD�
GH�FRU�H�DFHQ��DGD��SRGH��HU��PD�DPSOL��GH�GR�SLFR�GH�UHVVRQ�QFLD�P�L�R��UDQGH��R�T�H�LPSOLFD�
R�VLV�HPD��HU��PD�PDU�HP�GH�HV�DELOLGDGH�SHT�HQD�

Exemplo 7.22 �RQVLGHUH�RV�GRLV�VH��LQ�HV�VLV�HPDV�

,R s
C s

s R s
C s

s1
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3 1
1Sistema I: Sistema II:=
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=

+^
^

^
^
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h

h
h

�RPSDUH�DV�EDQGDV�SDVVDQ�HV�GHVVHV�GRLV�VLV�HPDV��0RV�UH�T�H�R�VLV�HPD�FRP�D�EDQGD�SDVVDQ�H�
PDLRU�SRVV�L��PD��HORFLGDGH�GH�UHVSRV�D�PDLV�UiSLGD�H�SRGH�VH��LU�PHO�RU�D�HQ�UDGD�GR�T�H�R�
VLV�HPD�FRP�D�EDQGD�SDVVDQ�H�PHQRU��

��)L��UD������D��PRV�UD�DV�F�U�DV�GH�UHVSRV�D�HP��UHT�rQFLD�GH�PDO�D��HF�DGD�GRV�GRLV�
VLV�HPDV����V�F�U�DV�DVVLQ�y�LFDV�VmR�LQGLFDGDV�SHODV�OLQ�DV��UDFHMDGDV���9HUL�LFD�VH�T�H�D�EDQGD�
passante�do�sistema�I�é�0�≤�~�≤�1�rad/s�e�que�a�do�sistema�II�é�0�≤�~�≤�0,33�rad/s.�As�figuras�
������E��H��F��PRV�UDP��UHVSHF�L�DPHQ�H��DV�F�U�DV�GH�UHVSRV�D�DR�GH�UD���QL�iULR�H�j�UDPSD�
unitária�dos�dois�sistemas.�Evidentemente,�o�sistema�I,�cuja�banda�passante�é�três�vezes�mais�
larga�que�a�do�sistema�II,�tem�uma�velocidade�de�resposta�mais�rápida�e�pode�seguir�melhor�
R�VLQDO�GH�HQ�UDGD�
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Utilização do MATLAB na obtenção do pico de ressonância, frequência de ressonân-
cia e banda passante. 2�SLFR�GH�UHVVRQ�QFLD�p�R��DORU�GD�Pi[LPD�DPSOL��GH��HP�GHFLEpLV��GD�
UHVSRV�D�HP��UHT�rQFLD�GH�PDO�D��HF�DGD�����UHT�rQFLD�GH�UHVVRQ�QFLD�p�D��UHT�rQFLD�FRUUHVSRQ�
GHQ�H�D�HVVH��DORU�GH�Pi[LPD�DPSOL��GH��2V�FRPDQGRV�HP�0�7/���D�VHUHP���LOL]DGRV�SDUD�D�
RE�HQomR�GR�SLFR�GH�UHVVRQ�QFLD�H��UHT�rQFLD�GH�UHVVRQ�QFLD�VmR�RV�VH��LQ�HV�

[mag,phase,w] = bode(num,den,w); ou [mag,phase,w] = bode(sys,w);

[Mp,k] = max(mag);

resonant_peak = 20*log10(Mp);

resonant_frequency = w(k)

3RGH�VH�RE�HU�D�EDQGD�SDVVDQ�H�LQVHULQGR�DV�VH��LQ�HV�OLQ�DV�QR�SUR�UDPD�

 n = 1;

 while 20*log10(mag(n)) > = -3; n = n + 1;

 end

 bandwidth = w(n)

9HMD�QR�([HPSOR�������P�SUR�UDPD�HP�0�7/���GH�DO�DGR�

Exemplo 7.23 �RQVLGHUH�R�VLV�HPD�DSUHVHQ�DGR�QD�)L��UD�������8�LOL]DQGR�R�0�7/����RE�HQ�D�R�GLD�UDPD�GH�
�RGH�SDUD�D���QomR�GH��UDQV�HUrQFLD�GH�PDO�D��HF�DGD��2E�HQ�D��DPEpP�R�SLFR�GH�UHVVRQ�QFLD��
D��UHT�rQFLD�GH�UHVVRQ�QFLD�H�D�EDQGD�SDVVDQ�H�

2�3UR�UDPD������HP�0�7/���SURG�]��P�GLD�UDPD�GH��RGH�GR�VLV�HPD�GH�PDO�D��HF�DGD��
EHP�FRPR�R�SLFR�GH�UHVVRQ�QFLD��D��UHT�rQFLD�GH�UHVVRQ�QFLD�H�D�EDQGD�SDVVDQ�H����)L��UD������
PRV�UD�R�GLD�UDPD�GH��RGH�UHV�O�DQ�H��
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Programa 7.12 em MATLAB

nump = [1];
denp = [0.5 1.5 1 0];
sysp = tf(nump,denp);
sys = feedback(sysp,1);
w = logspace(-1,1);
bode(sys,w)
[mag,phase,w] = bode(sys,w);
[Mp,k] = max(mag);
resonant_peak = 20*log10(Mp)

resonant_peak =
 5.2388

resonant_frequency = w(k)

resonant_frequency =
 0.7906

n = 1;
while 20*log(mag(n))> = -3; n = n + 1;
end
bandwidth = w(n)

bandwidth =
� ������

2�SLFR�GH�UHVVRQ�QFLD�p�RE�LGR�GH��������G������UHT�rQFLD�GH�UHVVRQ�QFLD�p��������UDG�V����EDQGD�
SDVVDQ�H�p��������UDG�V��(VVHV��DORUHV�SRGHP�VHU��HUL�LFDGRV�D�SDU�LU�GD�)L��UD������

7.8 | Resposta em frequência de malha fechada 
de sistemas com realimentação

Resposta em frequência de malha fechada. 3DUD��P�VLV�HPD�HV�i�HO��GH�PDO�D��HF�DGD��FRP�
UHDOLPHQ�DomR��QL�iULD��D�UHVSRV�D�HP��UHT�rQFLD�GH�PDO�D��HF�DGD�SRGH�VHU�RE�LGD��DFLOPHQ�H�D�

FIGURA 7.79
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SDU�LU�GD�UHVSRV�D�HP��UHT�rQFLD�GH�PDO�D�DEHU�D���RQVLGHUH�R�VLV�HPD�FRP�UHDOLPHQ�DomR��QL�iULD�
LQGLFDGR�QD�)L��UD������D�������QomR�GH��UDQV�HUrQFLD�GH�PDO�D��HF�DGD�p�
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1R�GLD�UDPD�GH�1�T�LV��R��GLD�UDPD�SRODU�GD�)L��UD������E���R��H�RU�OA �UHSUHVHQ�D�����M~����

RQGH�~��p�D��UHT�rQFLD�QR�SRQ�R����2�FRPSULPHQ�R�GR��H�RU�OA �p������M~����H�R��Q��OR�GR��H�RU�

OA �p� G j 1~^ h ��2��H�RU� PA ��FRP�LQtFLR�QR�SRQ�R�±�����M��H�H[�UHPLGDGH�QR�O��DU��HRPp�ULFR�

GH�1�T�LV���UHSUHVHQ�D���������M~����3RU�DQ�R��D�UHODomR�GH�OA �H�PA �UHSUHVHQ�D�D�UHVSRV�D�HP�
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2�PyG�OR�GD���QomR�GH��UDQV�HUrQFLD�GH�PDO�D��HF�DGD�HP�~� �~��p�D�UHODomR�HQ�UH�RV�PyG�ORV�

OA �H�PA ��2��Q��OR�GH��DVH�GD���QomR�GH��UDQV�HUrQFLD�HP�~� �~��p�R��Q��OR��RUPDGR�SHORV�

�H�RUHV�OA �H�PA ��R��VHMD�z�–�θ,�mostrado�na�Figura�7.80(b).�A�curva�de�resposta�em�frequência�
GH�PDO�D��HF�DGD�SRGH�VHU�RE�LGD�PHGLQGR�VH�R�PyG�OR�H�R��Q��OR�GH��DVH�HP�GL�HUHQ�HV�SRQ�RV�
GH��UHT�rQFLDV��

9DPRV�GH�LQLU�R�PyG�OR�GD�UHVSRV�D�HP��UHT�rQFLD�GH�PDO�D��HF�DGD�FRPR���H�R��Q��OR�GH�
�DVH�FRPR�a�R�

R j
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~

~
=
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^
h
h

��VH��LU��GH�HUPLQDUHPRV�RV�O��DUHV��HRPp�ULFRV�GH�PyG�OR�FRQV�DQ�H�H�RV�O��DUHV��HRPp�ULFRV�
GH��Q��OR�GH��DVH�FRQV�DQ�H��(VVHV�O��DUHV��HRPp�ULFRV�VmR�FRQ�HQLHQ�HV�QD�GH�HUPLQDomR�GD�
UHVSRV�D�HP��UHT�rQFLD�GH�PDO�D��HF�DGD��D�SDU�LU�GR�GLD�UDPD�SRODU�R��GR�GLD�UDPD�GH�1�T�LV��
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����M~�� �����M�
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2V�O��DUHV��HRPp�ULFRV�GH���FRQV�DQ�H�QR�SODQR������FRQV�L��HP��SRLV���PD��DPtOLD�GH�FLU�
F�Q�HUrQFLDV��3DUD�GDGR��DORU�GH����R�FHQ�UR�H�R�UDLR�GD�FLUF�Q�HUrQFLD�FRUUHVSRQGHQ�H�SRGHP�
VHU��DFLOPHQ�H�FDOF�ODGRV��3RU�H[HPSOR��SDUD��� ������R�FHQ�UR�p�HP��±����������H�R�UDLR�p�������
��)L��UD������PRV�UD�D��DPtOLD�GH�FLUF�Q�HUrQFLDV�GH���FRQV�DQ�H��3RGH�VH��HU�T�H��j�PHGLGD�
T�H���VH��RUQD�FDGD��H]�PDLRU�FRPSDUDGR�j��QLGDGH��DV�FLUF�Q�HUrQFLDV����RUQDP�VH�FDGD��H]�
PHQRUHV�H�FRQ�HU�HP�SDUD�R�SRQ�R�±�����M���3DUD��������R�FHQ�UR�GDV�FLUF�Q�HUrQFLDV����LFD�j�
HVT�HUGD�GR�SRQ�R�±�����M���'H�PDQHLUD�VHPHO�DQ�H��j�PHGLGD�T�H���VH��RUQD�FDGD��H]�PHQRU�
HP�UHODomR�j��QLGDGH��DV�FLUF�Q�HUrQFLDV����HQGHP�D�GLPLQ�LU�H�FRQ�HU�HP�SDUD�D�RUL�HP��3DUD�
�����������RV�FHQ�URV�GDV�FLUF�Q�HUrQFLDV����LFDP�j�GLUHL�D�GD�RUL�HP����FRQGLomR��� ���FRU�
UHVSRQGH�DR�O��DU��HRPp�ULFR�GRV�SRQ�RV�HT�LGLV�DQ�HV�GD�RUL�HP�H�GR�SRQ�R�±�����M����RPR��RL�

GL�R�DQ�HULRUPHQ�H��HV�D�p��PD�UH�D�T�H�SDVVD�SHOR�SRQ�R� ,2
1 0-c m�H�p�SDUDOHOD�DR�HL[R�LPD�LQiULR��
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��V�FLUF�Q�HUrQFLDV�FRP���FRQV�DQ�H�FRUUHVSRQGHQ�HV�D��������LFDP�j�HVT�HUGD�GD�UH�D��� ���
H�DT�HODV�FRUUHVSRQGHQ�HV�D������������LFDP�j�GLUHL�D�GD�UH�D��� ������V�FLUF�Q�HUrQFLDV���VmR�
VLPp�ULFDV�HP�UHODomR�j�UH�D�FRUUHVSRQGHQ�H�D��� ���H�HP�UHODomR�DR�HL[R�UHDO�
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(V�D�p�D�HT�DomR�GH��PD�FLUF�Q�HUrQFLD�GH�FHQ�UR��� �±� 2
1
����� �����1��H�GH�UDLR� / 14

1 1 2 2+ ^ h ���

3RU�H[HPSOR��VH�a� ������HQ�mR�1� ����a� �������H�R�FHQ�UR�H�R�UDLR�GD�FLUF�Q�HUrQFLD�FRUUHV�
SRQGHQ�H�D�a� �����VmR�HQFRQ�UDGRV�HP��±�������������H�QD��QLGDGH��UHVSHF�L�DPHQ�H���RPR�D�
(T�DomR������p�VD�LV�HL�D�T�DQGR��� ��� ���H��� �±������ ����LQGHSHQGHQ�HPHQ�H�GR��DORU�GH�
1��FDGD�FLUF�Q�HUrQFLD�SDVVD�SHOD�RUL�HP�H�SHOR�SRQ�R�±����� M���2V�O��DUHV��HRPp�ULFRV�GH�a�
FRQV�DQ�H�SRGHP�VHU��DFLOPHQ�H�FRQV�U�tGRV��GHVGH�T�H�R��DORU�GH�1�VHMD�GDGR��8PD��DPtOLD�GH�
FLUF�Q�HUrQFLDV�1�FRQV�DQ�H�p�PRV�UDGD�QD�)L��UD��������HQGR�a�FRPR�SDU�PH�UR�

3RGH�VH�QR�DU�T�H�R�O��DU��HRPp�ULFR�GH�1�constante�para�dado�valor�de�α�não�é�realmente�
toda�a�circunferência,�mas�apenas�um�arco.�Em�outras�palavras,�os�arcos�relativos�a�α�=�30°�e�
α�=�–�150°�são�partes�da�mesma�circunferência.�Isso�acontece�porque,�se�o�ângulo�for�acrescido�
GH��������R��P�O�LSORV�GHV�HV���D��DQ�HQ�H�GR��Q��OR�SHUPDQHFHUi�D�PHVPD�

2��VR�GDV�FLUF�Q�HUrQFLDV���H�1�QRV�SRVVLELOL�D�GH�HUPLQDU��RGD�D�UHVSRV�D�HP��UHT�rQFLD�GH�
PDO�D��HF�DGD�D�SDU�LU�GD�UHVSRV�D�HP��UHT�rQFLD�GH�PDO�D�DEHU�D�����M~��VHP�FDOF�ODU�R�PyG�OR�
H�D��DVH�GD���QomR�GH��UDQV�HUrQFLD�GH�PDO�D��HF�DGD�SDUD�FDGD��UHT�rQFLD���V�LQ�HUVHFo�HV�GR�
O��DU��HRPp�ULFR�GH�����M~��FRP�DV�FLUF�Q�HUrQFLDV���H�1� �RUQHFHP�RV��DORUHV�GH���H�1�QRV�
SRQ�RV�GR�O��DU��HRPp�ULFR�GH�����M~��
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�V�FLUF�Q�HUrQFLDV�1�VmR�GH��DORUHV�P�O�LSORV�QR�VHQ�LGR�GH�T�H�DV�FLUF�Q�HUrQFLDV�UHOD�L�DV�D�
a� �a��H�D�a� �a������������� ���������VmR�DV�PHVPDV��1D���LOL]DomR�GDV�FLUF�Q�HUrQFLDV�1�SDUD�
D�GH�HUPLQDomR�GRV��Q��ORV�GH�VLV�HPDV�GH�PDO�D��HF�DGD��GH�H�VH�LQ�HUSUH�DU�R��DORU�DSURSULDGR�
GH�a��3DUD�H�L�DU�T�DOT�HU�HUUR��GH�HPRV�LQLFLDU�QD��UHT�rQFLD�]HUR��T�H�FRUUHVSRQGH�D�a� �����H�
FRQ�LQ�DU�QDV��UHT�rQFLDV�PDLV�DO�DV����F�U�D�GH��Q��OR�GH��DVH�GH�H�VHU�FRQ�tQ�D�

�UD�LFDPHQ�H��DV�LQ�HUVHFo�HV�GR�O��DU��HRPp�ULFR�GH�����M~��FRP�DV�FLUF�Q�HUrQFLDV���
�RUQHFHP�RV��DORUHV�GH���QDV��UHT�rQFLDV�LQGLFDGDV�QR�O��DU��HRPp�ULFR�GH�����M~���3RU�DQ�R��D�
FLUF�Q�HUrQFLD�FRP���FRQV�DQ�H��GH�PHQRU�UDLR��T�H�p��DQ�HQ�H�DR�O��DU��HRPp�ULFR�GH�����M~���
�RUQHFH�R��DORU�GD�DPSOL��GH�GR�SLFR�GH�UHVVRQ�QFLD��U��6H�GHVHMDUPRV�T�H�R�SLFR�GH�UHVVRQ�QFLD�
VHMD�LQ�HULRU�D�GH�HUPLQDGR��DORU��HQ�mR�R�VLV�HPD�QmR�GH�HUi�HQ�RO�HU�R�SRQ�R�FUt�LFR��SRQ�R�
±�����M���H��DR�PHVPR��HPSR��QmR�GH�HUi��D�HU�LQ�HUVHFo�HV�GD�FLUF�Q�HUrQFLD���HVSHFt�LFD�H�GR�
O��DU��HRPp�ULFR�GH������M~��

��)L��UD������D��PRV�UD�R�O��DU��HRPp�ULFR�GH�����M~��V�SHUSRV�R�j��DPtOLD�GDV�FLUF�Q�H�
UrQFLDV������)L��UD������E��DSUHVHQ�D�D�F�U�D�����M~��V�SHUSRV�D�j��DPtOLD�GH�FLUF�Q�HUrQFLDV�1��
��SDU�LU�GHVVHV�GLD�UDPDV��p�SRVVt�HO�RE�HU�D�UHVSRV�D�HP��UHT�rQFLD�SRU�LQVSHomR��9r�VH�T�H�D�
FLUF�Q�HUrQFLD��� �����FU�]D�R�O��DU��HRPp�ULFR�GH�����M~��QR�SRQ�R�GH��UHT�rQFLDV�~� �~�.�Isso�
VL�QL�LFD�T�H��QHVVD��UHT�rQFLD��R�PyG�OR�HP�G��GD���QomR�GH��UDQV�HUrQFLD�GH�PDO�D�DEHU�D�p������
1D�)L��UD������D���D�FLUF�Q�HUrQFLD��� ���p�H[D�DPHQ�H��DQ�HQ�H�DR�O��DU��HRPp�ULFR�GH�����M~���
3RU�DQ�R��H[LV�H�DSHQDV��P�SRQ�R�QR�O��DU��HRPp�ULFR�GH�����M~��SDUD�R�T�DO������M~������M~���p�L��DO�
D������)L��UD������F��PRV�UD�D�F�U�D�GH�UHVSRV�D�HP��UHT�rQFLD�GH�PDO�D��HF�DGD�GR�VLV�HPD����
F�U�D�V�SHULRU�p�D�F�U�D���YHU�X��D��UHT�rQFLD�~�H�D�F�U�D�LQ�HULRU�p�D�F�U�D�GH��Q��OR�GH��DVH�
α�YHU�X��D��UHT�rQFLD�~�

2��DORU�GR�SLFR�GH�UHVVRQ�QFLD�p�R��DORU�GH���FRUUHVSRQGHQ�H�j�FLUF�Q�HUrQFLD���GH�PHQRU�
UDLR��T�H�p��DQ�HQ�H�DR�O��DU��HRPp�ULFR�GH�����M~���3RU�DQ�R��QR�GLD�UDPD�GH�1�T�LV���R��DORU�GR�
SLFR�GH�UHVVRQ�QFLD��U�H�D��UHT�rQFLD�GH�UHVVRQ�QFLD�~U�SRGHP�VHU�GH�HUPLQDGRV�D�SDU�LU�GR�SRQ�R�
GH��DQ�rQFLD�GD�FLUF�Q�HUrQFLD���FRP�D�F�U�D�����M~���1R�SUHVHQ�H�H[HPSOR���U� ���H�~U� �~���
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Carta de Nichols. �R�FRQVLGHUDU�RV�SUREOHPDV�GH�SURMH�R��DF�DPRV�FRQ�HQLHQ�H�FRQV�U�LU�RV�
O��DUHV��HRPp�ULFRV���H�1�QR�SODQR�GH�PyG�OR�HP�G��YHU�X���DVH��2��Ui�LFR�T�H�UHSUHVHQ�D�RV�
O��DUHV��HRPp�ULFRV�GH���H�1�QR�GLD�UDPD�GH�PyG�OR�HP�G��YHU�X���DVH�p�GHQRPLQDGR�FDU�D�GH�
1LF�ROV��2�O��DU��HRPp�ULFR�GH�����M~���UDoDGR�QD�FDU�D�GH�1LF�ROV��RUQHFH��DR�PHVPR��HPSR��
�DQ�R�DV�FDUDF�HUtV�LFDV�GH��DQ�R�FRPR�DV�FDUDF�HUtV�LFDV�GH��DVH�GD���QomR�GH��UDQV�HUrQFLD�GH�
PDO�D��HF�DGD����FDU�D�GH�1LF�ROV�p�PRV�UDGD�QD�)L��UD�������SDUD��Q��ORV�GH��DVH�HQ�UH����H�
±������

1R�H�T�H�R�SRQ�R�FUt�LFR��SRQ�R�±�����M���p�PDSHDGR�QD�FDU�D�GH�1LF�ROV�FRPR�R�SRQ�R����G���
±����������FDU�D�GH�1LF�ROV�FRQ�pP�F�U�DV�GH�PyG�OR�FRQV�DQ�H�H��Q��OR�GH��DVH�FRQV�DQ�H�GH�
PDO�D��HF�DGD��2�SURMH�LV�D�SRGH�GH�HUPLQDU��UD�LFDPHQ�H�D�PDU�HP�GH��DVH��D�PDU�HP�GH��DQ�R��
D�DPSOL��GH�GR�SLFR�GH�UHVVRQ�QFLD��D��UHT�rQFLD�GH�UHVVRQ�QFLD�H�D�EDQGD�SDVVDQ�H�GR�VLV�HPD�
GH�PDO�D��HF�DGD�D�SDU�LU�GR�O��DU��HRPp�ULFR�GH�PDO�D�DEHU�D������M~��

��FDU�D�GH�1LF�ROV�p�VLPp�ULFD�HP�UHODomR�DR�HL[R�GH�±�������2V�O��DUHV��HRPp�ULFRV�GH���
H�1�VmR�UHSH�LGRV�D�FDGD������H��i�VLPH�ULD�SDUD�FDGD�LQ�HU�DOR�GH�������2V�O��DUHV��HRPp�ULFRV�
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GH���HV�mR�FHQ�UDGRV�HP��RUQR�GR�SRQ�R�FUt�LFR����G���±����������FDU�D�GH�1LF�ROV�p���LO�SDUD�D�
GH�HUPLQDomR�GD�UHVSRV�D�HP��UHT�rQFLD�GH�PDO�D��HF�DGD�D�SDU�LU�GD�PDO�D�DEHU�D��6H�D�F�U�D�GH�
UHVSRV�D�HP��UHT�rQFLD�GH�PDO�D�DEHU�D��RU�V�SHUSRV�D�j�FDU�D�GH�1LF�ROV��DV�LQ�HUVHFo�HV�GHVVD�
F�U�D�GH�UHVSRV�D�HP��UHT�rQFLD�GH�PDO�D�DEHU�D�����M~��FRP�RV�O��DUHV��HRPp�ULFRV�GH���H�1�
�RUQHFHUmR�RV��DORUHV�GR�PyG�OR���H�GR��Q��OR�GH��DVH�a�GD�UHVSRV�D�HP��UHT�rQFLD�GH�PDO�D�
�HF�DGD�SDUD�D��UHT�rQFLD�FRUUHVSRQGHQ�H�D�FDGD�SRQ�R�GH�LQ�HUVHFomR��6H�R�O��DU��HRPp�ULFR�GH�
����M~��QmR�FU�]DU�R�O��DU��HRPp�ULFR�GH��� ��U��PDV��RU��DQ�HQ�H�D�HOH��HQ�mR�R��DORU�GR�SLFR�
GH�UHVVRQ�QFLD�GH���GD�UHVSRV�D�HP��UHT�rQFLD�GH�PDO�D��HF�DGD�VHUi�GDGD�SRU��U�����UHT�rQFLD�
GH�UHVVRQ�QFLD�p�GDGD�SHOD��UHT�rQFLD�QR�SRQ�R�GH��DQ�rQFLD�

�RPR�H[HPSOR��FRQVLGHUH�R�VLV�HPD�FRP�UHDOLPHQ�DomR��QL�iULD�T�H�SRVV�L�D�VH��LQ�H���QomR�
GH��UDQV�HUrQFLD�GH�PDO�D�DEHU�D�

, , 1G j s s s
K K1 0 5 1~ =

+ +
=^

^ ^
h

h h

3DUD�GH�HUPLQDU�D�UHVSRV�D�HP��UHT�rQFLD�GH�PDO�D��HF�DGD���LOL]DQGR�D�FDU�D�GH�1LF�ROV��R�O��DU�
�HRPp�ULFR�GH�����M~��p�FRQV�U�tGR�QR�SODQR�GR�PyG�OR�HP�G��YHU�X���Q��OR�GH��DVH�FRP�R��VR�
GR�0�7/���R��GR�GLD�UDPD�GH��RGH����)L��UD������D��PRV�UD�R�O��DU��HRPp�ULFR�GH�����M~���
M�Q�DPHQ�H�FRP�RV�O��DUHV��HRPp�ULFRV�GH���H�1����F�U�D�GH�UHVSRV�D�HP��UHT�rQFLD�GH�PDO�D�
�HF�DGD�SRGH�VHU�FRQV�U�tGD�SHOD�OHL��UD�GRV�PyG�ORV�H�GRV��Q��ORV�GH��DVH�SDUD�DV��UHT�rQFLDV�
GH��iULRV�SRQ�RV�VREUH�R�O��DU��HRPp�ULFR�GH�����M~��FRP�R�D�[tOLR�GRV�O��DUHV��HRPp�ULFRV�GH�
��H�1��FRPR�PRV�UD�D�)L��UD������E����RPR�R�FRQ�RUQR�GH�PDLRU��DORU��RFDGR�SRU�����M~��p�R�
GH���G���D�DPSOL��GH�GR�SLFR�GH�UHVVRQ�QFLD��U�p�GH���G������UHT�rQFLD�FRUUHVSRQGHQ�H�GH�UHV�
VRQ�QFLD�p�����UDG�V�

2EVHU�H�T�H�R�SRQ�R�GH�FU�]DPHQ�R�GH��DVH�p�R�SRQ�R�RQGH�R�O��DU��HRPp�ULFR�GH�����M~��FU�]D�
R�HL[R�GH�±�������SDUD�R�SUHVHQ�H�VLV�HPD��~� �����UDG�V��H�R�SRQ�R�GR�FU�]DPHQ�R�GH��DQ�R�p�R�
SRQ�R�RQGH�D�F�U�D�FU�]D�R�HL[R�GH���G���SDUD�R�SUHVHQ�H�VLV�HPD��~� ������UDG�V�����PDU�HP�GH�
�DVH�p�D�GLV��QFLD��RUL]RQ�DO��PHGLGD�HP��UD�V��HQ�UH�R�SRQ�R�GR�FU�]DPHQ�R�GH��DQ�R�H�R�SRQ�R�
FUt�LFR����G���±����������PDU�HP�GH��DQ�R�p�D�GLV��QFLD��HP�GHFLEpLV��HQ�UH�R�SRQ�R�GD��DVH�GH�
FU�]DPHQ�R�H�R�SRQ�R�FUt�LFR�
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��EDQGD�SDVVDQ�H�GR�VLV�HPD�GH�PDO�D��HF�DGD�SRGH�VHU��DFLOPHQ�H�GH�HUPLQDGD�D�SDU�LU�GR�
O��DU��HRPp�ULFR�GH�����M~��QD�FDU�D�GH�1LF�ROV�����UHT�rQFLD�QD�LQ�HUVHFomR�GR�O��DU��HRPp�ULFR�
GH�����M~��FRP�R�O��DU��HRPp�ULFR�GH��� �±���G��LQGLFD�D�EDQGD�SDVVDQ�H�

6H�R��DQ�R�GH�PDO�D�DEHU�D�.��DULDU��D��RUPD�GR�O��DU��HRPp�ULFR�GH�����M~��QR�GLD�UDPD�GH�
PyG�OR�HP�G��YHU�X���DVH�SHUPDQHFHUi�D�PHVPD��PDV�VHUi�GHVORFDGD�SDUD�FLPD��VH�.�D�PHQ�DU��
R��SDUD�EDL[R��VH�.�GLPLQ�LU��DR�ORQ�R�GR�HL[R��HU�LFDO��3RU�DQ�R��R�O��DU��HRPp�ULFR�GH�����M~��
FU�]D�RV�O��DUHV��HRPp�ULFRV�GH���H�1�GL�HUHQ�HPHQ�H��UHV�O�DQGR�HP�GL�HUHQ�HV�F�U�DV�GH�UHV�
SRV�D�HP��UHT�rQFLD�GH�PDO�D��HF�DGD��3DUD��P�SHT�HQR��DORU�GR��DQ�R�.��R�O��DU��HRPp�ULFR�
GH�����M~��QmR��DQ�HQFLD�QHQ��P�O��DU��HRPp�ULFR����R�T�H�VL�QL�LFD�T�H�QmR��i�UHVVRQ�QFLD�QD�
UHVSRV�D�HP��UHT�rQFLD�GH�PDO�D��HF�DGD�

Exemplo 7.24 �RQVLGHUH�R�VLV�HPD�GH�FRQ�UROH�FRP�UHDOLPHQ�DomR��QL�iULD��F�MD���QomR�GH��UDQV�HUrQFLD�GH�
PDO�D�DEHU�D�p�

G j j j
K
�

~
~ ~

=
+

^
^

h
h

'H�HUPLQH�R��DORU�GH�.��DO�T�H��U� �����

2�SULPHLUR�SDVVR�SDUD�D�GH�HUPLQDomR�GR��DQ�R�.�p�HVERoDU�R�GLD�UDPD�SRODU�GH

K
G j

j j�
�~

~ ~
=

+

^
^

h
h

��)L��UD������PRV�UD�R�O��DU��HRPp�ULFR��U� �����H�R�O��DU��HRPp�ULFR�GH�����M~��.����P�GDQoD�
GH��DQ�R�QmR�D�H�D�R��Q��OR�GH��DVH��PDV�DSHQDV�PR�H�D�F�U�D��HU�LFDOPHQ�H�SDUD�FLPD��SDUD�
.������H�SDUD�EDL[R��SDUD�.�����

1D�)L��UD�������R�O��DU��HRPp�ULFR�GH�����M~��.�GH�H�D�PHQ�DU�HP���G���GH�PRGR�T�H�HOH�
VHMD��DQ�HQ�H�DR�O��DU��HRPp�ULFR�GH��U�GHVHMDGR�H�T�H��RGR�R�O��DU��HRPp�ULFR�GH�����M~��.�VHMD�
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H[�HUQR�DR�O��DU��HRPp�ULFR�GH��U� ������2��DORU�GR�GHVORFDPHQ�R��HU�LFDO�GR�O��DU��HRPp�ULFR�
GH�����M~��.�GH�HUPLQD�R��DQ�R�QHFHVViULR�SDUD�FRQVH��LU�R��DORU�GHVHMDGR�GH��U���VVLP��UHVRO�
�HQGR�D�HT�DomR�

���OR��.� ��

RE�HPRV�

.� �����

7.9 | Determinação experimental de 
funções de transferência

2�SULPHLUR�SDVVR�SDUD�D�DQiOLVH�H�R�SURMH�R�GH��P�VLV�HPD�GH�FRQ�UROH�p�HV�DEHOHFHU��P�
PRGHOR�PD�HPi�LFR�GD�SODQ�D�FRQVLGHUDGD����RE�HQomR�DQDOt�LFD�GR�PRGHOR�SRGH�VHU�P�L�R�GL�tFLO��
'H�HPRV�RE�r�OR�SRU�PHLR�GH�DQiOLVH�H[SHULPHQ�DO����LPSRU��QFLD�GRV�Pp�RGRV�GH�UHVSRV�D�HP�
�UHT�rQFLD�p�T�H�D���QomR�GH��UDQV�HUrQFLD�GD�SODQ�D�R��GH�T�DOT�HU�R��UR�FRPSRQHQ�H�GR�VLV�HPD�
SRGH�VHU�RE�LGD�SRU�PHGLGDV�VLPSOHV�GH�UHVSRV�D�HP��UHT�rQFLD�

6H��RUHP�PHGLGDV�D�UHODomR�GH�DPSOL��GHV�H�D�GH�DVD�HP�HP��P�Q�PHUR�V��LFLHQ�H�GH��UHT�rQ�
FLDV�GHQ�UR�GR�LQ�HU�DOR�GH��UHT�rQFLDV�GH�LQ�HUHVVH��HODV�SRGHP�VHU�UHSUHVHQ�DGDV�QR�GLD�UDPD�
GH��RGH��(Q�mR��D���QomR�GH��UDQV�HUrQFLD�SRGH�VHU�GH�HUPLQDGD�SRU�DSUR[LPDomR�DVVLQ�y�LFD��
�RQV�U�tPRV�F�U�DV�DVVLQ�y�LFDV�GH�PyG�OR�HP�G���FRQV�L��tGDV�SRU�GL�HUVRV�VH�PHQ�RV���RP�
DO��PDV��HQ�D�L�DV�GH�ORFDOL]DomR�GDV��UHT�rQFLDV�GH�FDQ�R���HUDOPHQ�H�p�SRVVt�HO�GH�HUPLQDU��P�
UHV�O�DGR�P�L�R�DSUR[LPDGR�GD�F�U�D�UHDO���1R�H�T�H��VH�D��UHT�rQFLD��RU�LQGLFDGD�HP�FLFORV�SRU�
VH��QGR��HP��H]�GH�HP�UDGLDQRV�SRU�VH��QGR��DV��UHT�rQFLDV�GH�FDQ�R�GH�HUmR�VHU�FRQ�HU�LGDV�
HP�UDGLDQRV�SRU�VH��QGR��DQ�HV�GH�VHUHP�FDOF�ODGDV�DV�FRQV�DQ�HV�GH��HPSR��

Geradores de sinais senoidais. �R�H�H��DU��HV�HV�GH�UHVSRV�D�HP��UHT�rQFLD��GH�H�VH��HU�GLV�
SRQt�HLV��HUDGRUHV�DGHT�DGRV�GH�VLQDLV�VHQRLGDLV��2V�VLQDLV�GH�HP�VHU�GH�QD��UH]D�PHF�QLFD��
HOp�ULFD�R��SQH�Pi�LFD��2�LQ�HU�DOR�GH��UHT�rQFLDV�QHFHVViULDV�SDUD�R��HV�H�p�GH�DSUR[LPDGDPHQ�H�
������D����+HU�]�SDUD�VLV�HPDV�GH�FRQV�DQ�H�GH��HPSR�HOH�DGD�H�GH�����D�������+]�SDUD�VLV�HPDV�

FIGURA 7.86
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GH�FRQV�DQ�H�GH��HPSR�SHT�HQD��2�VLQDO�VHQRLGDO�GH�H�VHU�UD]RD�HOPHQ�H�OL�UH�GH��DUP�QLFRV�H�GH�
GLV�RUo�HV��

3DUD�LQ�HU�DORV�GH��UHT�rQFLDV�P�L�R�EDL[DV� �DEDL[R�GH������+]���SRGH�VHU���LOL]DGR��P�
�HUDGRU�PHF�QLFR�GH�VLQDLV��M�Q�DPHQ�H�FRP��P��UDQVG��RU�SQH�Pi�LFR�R��HOp�ULFR�DGHT�DGR��VH�
QHFHVViULR���3DUD�R�LQ�HU�DOR�GH��UHT�rQFLDV�GH������D�������+]��SRGH�VHU���LOL]DGR��P��HUDGRU�
GH�VLQDLV�HOp�ULFRV�FRQ�HQLHQ�H��M�Q�DPHQ�H�FRP��P��UDQVG��RU�DGHT�DGR��

Determinação de função de transferência de fase mínima a partir do diagrama de 
Bode. �RPR�D�LUPDPRV�DQ�HULRUPHQ�H���P�VLV�HPD�GH��DVH�PtQLPD�SRGH�VHU�GH�HUPLQDGR�SHOD�
F�U�D�GH�UHVSRV�D�HP��UHT�rQFLD�H[DPLQDQGR�VH�DV�FDUDF�HUtV�LFDV�GH�DO�D��UHT�rQFLD�

3DUD�GH�HUPLQDU�D���QomR�GH��UDQV�HUrQFLD��GH�LQtFLR��GH�HPRV��UDoDU�DV�DVVtQ�R�DV�jV�F�U�DV�
GH�PyG�OR�HP�G��RE�LGDV�H[SHULPHQ�DOPHQ�H���V�DVVtQ�R�DV�GH�HP��HU�LQFOLQDo�HV�P�O�LSODV�GH�
����G��GpFDGD��6H�D�LQFOLQDomR�GD�F�U�D�GH�PyG�OR�HP�G��RE�LGD�H[SHULPHQ�DOPHQ�H�P�GDU�
GH�±����SDUD�±����G��GpFDGD�HP�~� �~����LFDUi�H�LGHQ�H�T�H�H[LV�H��P��D�RU���>����M�~�~����QD�
��QomR�GH��UDQV�HUrQFLD��6H�D�LQFOLQDomR�P�GDU�HP�±����G��GpFDGD�HP�~  �~���GH�HUi��D�HU��P�
�D�RU�T�DGUi�LFR�FRPR�VH��H�

M M1 2
1

2 2

2
g
~
~

~
~+ +c cm m

QD���QomR�GH��UDQV�HUrQFLD�����UHT�rQFLD�GH�UHVVRQ�QFLD�QD��UDO�QmR�DPRU�HFLGD�GHVVH��D�RU�T�D�
GUi�LFR�p�L��DO�j��UHT�rQFLD�GH�FDQ�R�~���2�FRH�LFLHQ�H�GH�DPRU�HFLPHQ�R�z�SRGH�VHU�GH�HUPLQDGR�
D�SDU�LU�GD�F�U�D�H[SHULPHQ�DO�GH�PyG�OR�HP�G��PHGLQGR�VH�D�DPSOL��GH�GR�SLFR�GH�UHVVRQ�QFLD�
SUy[LPR�j��UHT�rQFLD�~��H�FRPSDUDQGR�VH�HVVH��DORU�FRP�DV�F�U�DV�PRV�UDGDV�QD�)L��UD�����

8PD��H]�GH�HUPLQDGRV�RV��D�RUHV�GD���QomR�GH��UDQV�HUrQFLD�����M~���R��DQ�R�SRGH�VHU�RE�LGR�
D�SDU�LU�GD�SRUomR�GH�EDL[D��UHT�rQFLD�GD�F�U�D�GH�PyG�OR�HP�G����RPR��HUPRV�FRPR�����M�~�~���
H������z���M~�~��������M~�~��

��VH��RUQDP��QL�iULRV�T�DQGR�~��HQGH�D�]HUR��SDUD��UHT�rQFLDV�P�L�R�
EDL[DV�D���QomR�GH��UDQV�HUrQFLD�VHQRLGDO�����M~��SRGH�VHU�HVFUL�D�FRPR�

lim G j
j
K

0
~

~
=

"~ m
^

^
h

h

(P�P�L�RV�FDVRV�SUi�LFRV��l�p�L��DO�D������R����

1. 3DUD�l� ���R��VLV�HPDV��LSR���

����M~�� �.�� � SDUD�~�%��

 R�

���OR�������M~��� ����OR��.�� � SDUD�~�%��

 ��DVVtQ�R�D�GH�EDL[D��UHT�rQFLD�p��PD�OLQ�D��RUL]RQ�DO�GH����OR��.�G���2��DORU�GH�.�SRGH�
VHU�RE�LGR�GHVVD�DVVtQ�R�D��RUL]RQ�DO�

2. 3DUD�l� ���R��VLV�HPDV��LSR���

, 1G j j
K para %~
~

~=^ h

 R�

���OR�������M~��� ����OR��.�±����OR��~�� � SDUD�~�%��

 R�T�H�LQGLFD�T�H�D�DVVtQ�R�D�GH�EDL[D��UHT�rQFLD��HP�LQFOLQDomR�GH�±����G��GpFDGD����
�UHT�rQFLD�QD�T�DO�D�DVVtQ�R�D�GH�EDL[D��UHT�rQFLD��R��V�D�H[�HQVmR��FU�]D�D�OLQ�D�GH���
G��p�Q�PHULFDPHQ�H�L��DO�D�.�

3. 3DUD�l� ���R��VLV�HPDV��LSR���

, 1G j
j
K para
2

%~
~

~=^
^

h
h
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 R�

���OR�������M~��� ����OR��.�±����OR��~�� � SDUD�~�%��

 ��DVVtQ�R�D�GH�EDL[D��UHT�rQFLD��HP�LQFOLQDomR�GH�±����G��GpFDGD�����UHT�rQFLD�QD�T�DO�
HVVD�DVVtQ�R�D��R��V�D�H[�HQVmR��FU�]D�D�OLQ�D�GH���G��p�Q�PHULFDPHQ�H�L��DO�D� . �

([HPSORV�GH�F�U�DV�GH�PyG�OR�HP�G��GH�VLV�HPDV��LSR�����LSR���H��LSR���VmR�PRV�UDGRV�QD�
)L��UD�������M�Q�DPHQ�H�FRP�D��UHT�rQFLD�FRP�D�T�DO�R��DQ�R�.�HV�i�UHODFLRQDGR�

��F�U�D�GH��Q��OR�GH��DVH�RE�LGD�H[SHULPHQ�DOPHQ�H��RUQHFH�PHLRV�SDUD��HV�DU�D���QomR�GH�
�UDQV�HUrQFLD�RE�LGD�D�SDU�LU�GD�F�U�D�GH�PyG�OR�HP�G���3DUD�VLV�HPDV�GH��DVH�PtQLPD��D�F�U�D�
GH��Q��OR�GH��DVH�RE�LGD�H[SHULPHQ�DOPHQ�H�GH�H�FRLQFLGLU�UD]RD�HOPHQ�H�EHP�FRP�D�F�U�D�GH�
�Q��OR�GH��DVH�RE�LGD��HRULFDPHQ�H�GD���QomR�GH��UDQV�HUrQFLD�T�H�DFDED�GH�VHU�GH�HUPLQDGD���V�
G�DV�F�U�DV�GH��Q��OR�GH��DVH�GH�HP�FRLQFLGLU�H[D�DPHQ�H��DQ�R�SDUD�DV��UHT�rQFLDV�P�L�R�EDL�
[DV�FRPR�SDUD�DV�P�L�R�DO�DV��6H�RV��Q��ORV�GH��DVH�RE�LGRV�H[SHULPHQ�DOPHQ�H�HP��UHT�rQFLDV�
P�L�R�DO�DV��FRPSDUDGDV�FRP�DV��UHT�rQFLDV�GH�FDQ�R��QmR�FRLQFLGLUHP�FRP�±�����T�±�����RQGH�
��H�T�VmR��UHVSHF�L�DPHQ�H��RV��UD�V�GRV�SROLQ�PLRV�GR�Q�PHUDGRU�H�GR�GHQRPLQDGRU�GD���QomR�
GH��UDQV�HUrQFLD��HQ�mR�D���QomR�GH��UDQV�HUrQFLD�GH�HUi�VHU�GH��DVH�QmR�PtQLPD�

Funções de transferência de fase não mínima. 6H��QD�H[�UHPLGDGH�GH�DO�D��UHT�rQFLD��R�D�UDVR�
GH��DVH�FDOF�ODGR��RU������PHQRU�T�H�R�RE�LGR�H[SHULPHQ�DOPHQ�H��HQ�mR��P�GRV�]HURV�GD���QomR�GH�
�UDQV�HUrQFLD�GH�HUi�VL��DU�VH�QR�VHPLSODQR�GLUHL�R�GR�SODQR����HP��H]�GH�QR�VHPLSODQR�HVT�HUGR�

6H�R�D�UDVR�GH��DVH�FDOF�ODGR�GL�HULU�GR�D�UDVR�GH��DVH�GH�HUPLQDGR�H[SHULPHQ�DOPHQ�H�HP�
�PD��D[D�FRQV�DQ�H�GH��DULDomR�GH��DVH��HQ�mR��D�HUi��P�UH�DUGR�GH��UDQVSRU�H�R���HPSR�PRU�R��
6H�V�SRUPRV�T�H�D���QomR�GH��UDQV�HUrQFLD�VHMD

����H±��

RQGH������p��PD�UHODomR�GH�SROLQ�PLRV�HP����HQ�mR

FIGURA 7.87
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(a) Curva de 
módulo em dB 
de um sistema 
tipo 0; 
(b) curva de 
módulo em dB 
de um sistema 
tipo 1; 
(c) curva de 
módulo em dB 
de um sistema 
tipo 2. (As 
inclinações 
mostradas são 
em dB/década.)
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SRGHPRV�D�DOLDU�D�DPSOL��GH�GR�D�UDVR�GH��UDQVSRU�H���

Algumas observações sobre a determinação experimental das funções de transferência
1. (P��HUDO��p�PDLV��iFLO��D]HU�PHGLo�HV�SUHFLVDV�GD�DPSOL��GH�GR�T�H�GD�GH�DVD�HP���V�

PHGLo�HV�GH�GH�DVD�HP�SRGHP�HQ�RO�HU�HUURV�FD�VDGRV�SHOD�LQV�U�PHQ�DomR�R��SHOD�Pi�
LQ�HUSUH�DomR�GRV�UHV�O�DGRV�H[SHULPHQ�DLV�

2. ��UHVSRV�D�HP��UHT�rQFLD�GR�HT�LSDPHQ�R�GH�PHGLomR���LOL]DGR�SDUD�PHGLU�D�UHVSRV�D�GR�
VLV�HPD�GH�H��HU��PD�F�U�D�GH�PyG�OR�YHU�X���UHT�rQFLD�SUD�LFDPHQ�H��RUL]RQ�DO���OpP�
GLVVR��R��Q��OR�GH��DVH�GH�H�VHU�DSUR[LPDGDPHQ�H�SURSRUFLRQDO�j��UHT�rQFLD�

3. 2V�VLV�HPDV��tVLFRV�SRGHP�DSUHVHQ�DU�GL�HUVRV� �LSRV�GH�QmR�OLQHDULGDGHV��3RU�DQ�R��p�
QHFHVViULR�FRQVLGHUDU�F�LGDGRVDPHQ�H�D�DPSOL��GH�GRV�VLQDLV�VHQRLGDLV�GH�HQ�UDGD��6H�D�
DPSOL��GH�GR�VLQDO�GH�HQ�UDGD��RU�P�L�R��UDQGH��R�VLV�HPD�VD��UDUi�H�R��HV�H�GH�UHVSRV�D�
HP��UHT�rQFLD�DSUHVHQ�DUi�UHV�O�DGRV�LPSUHFLVRV��3RU�R��UR�ODGR���P�SHT�HQR�VLQDO�SUR�
�RFDUi�HUURV�FD�VDGRV�SHOD�]RQD�PRU�D��(Q�mR��GH�H�VHU��HL�D��PD�HVFRO�D�F�LGDGRVD�GD�
DPSOL��GH�GR�VLQDO�VHQRLGDO�GH�HQ�UDGD��e�QHFHVViULR��D]HU��PD�DPRV�UD�HP�GD��RUPD�GH�
RQGD�GR�VLQDO�GH�VDtGD�GR�VLV�HPD�SDUD��HU�D�FHU�H]D�GH�T�H�HVVD��RUPD�GH�RQGD�p�VHQRLGDO�
H�R�VLV�HPD�HV�i�RSHUDQGR�QD�UH�LmR�OLQHDU��G�UDQ�H�R�SHUtRGR�GH��HV�H������RUPD�GH�RQGD�GD�
VDtGD�GR�VLV�HPD�QmR�p�VHQRLGDO�T�DQGR�R�VLV�HPD�HV�i�RSHUDQGR�HP��PD�UH�LmR�QmR�OLQHDU��

4. 6H�R�VLV�HPD�HP�FRQVLGHUDomR�HV�L�HU�RSHUDQGR�FRQ�LQ�DPHQ�H�SRU�GLDV�R��VHPDQDV��
HQ�mR�D�RSHUDomR�QRUPDO�QmR�SUHFLVDUi�VHU�LQ�HUURPSLGD�SDUD�D�H[HF�omR�GRV��HV�HV�GH�
UHVSRV�D�HP��UHT�rQFLD��2�VLQDO�VHQRLGDO�GH��HV�H�SRGH�VHU�V�SHUSRV�R�jV�HQ�UDGDV�QRUPDLV�
GH�RSHUDomR���VVLP��SDUD�VLV�HPDV�OLQHDUHV��D�UHVSRV�D�FD�VDGD�SHOR�VLQDO�VHQRLGDO��LFD�
V�SHUSRV�D�j�VDtGD�QRUPDO��3DUD�D�GH�HUPLQDomR�GD���QomR�GH��UDQV�HUrQFLD�HQT�DQ�R�R�
VLV�HPD�HV�i�HP�RSHUDomR�QRUPDO��VLQDLV�HV�RFiV�LFRV��VLQDLV�GH�U�tGR�EUDQFR��VmR���LOL]DGRV�
�UHT�HQ�HPHQ�H��6H��RUHP���LOL]DGDV���Qo�HV�GH�FRUUHODomR��D���QomR�GH��UDQV�HUrQFLD�GR�
VLV�HPD�SRGHUi�VHU�GH�HUPLQDGD�VHP�LQ�HUU�SomR�GD�RSHUDomR�QRUPDO�GH���QFLRQDPHQ�R�

Exemplo 7.25 'H�HUPLQH�D���QomR�GH��UDQV�HUrQFLD�GR�VLV�HPD�F�MDV�F�U�DV�GH�UHVSRV�D�HP��UHT�rQFLD�H[SHUL�
PHQ�DLV�VmR�PRV�UDGDV�QD�)L��UD������

2�SULPHLUR�SDVVR�QD�GH�HUPLQDomR�GD���QomR�GH��UDQV�HUrQFLD�p�DSUR[LPDU�D�F�U�D�GH�PyG�OR�HP�
G��SRU�DVVtQ�R�DV�FRP�LQFOLQDo�HV�GH�±���G��GpFDGD�H�VH�V�P�O�LSORV��FRPR�PRV�UD�D�)L��UD�������
(P�VH��LGD��HV�LPDPRV�DV��UHT�rQFLDV�GH�FDQ�R��3DUD�R�VLV�HPD�PRV�UDGR�QD�)L��UD��������RL�
HV�LPDGD�D�VH��LQ�H��RUPD�GD���QomR�GH��UDQV�HUrQFLD�
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Q�PHULFDPHQ�H�L��DO�j��UHT�rQFLD�GD�LQ�HUVHFomR�GD�H[�HQVmR�GD�DVVtQ�R�D�GH�EDL[D��UHT�rQFLD�
T�H��HP�LQFOLQDomR�GH����G��GpFDGD�H�D�OLQ�D�GH���G���2��DORU�GH�.��LFD�GH�HUPLQDGR�FRPR�����
3RU�DQ�R������M~���LFD�GH�HUPLQDGD�SRU��HQ�D�L�D�FRPR�
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8PD��H]�DQR�DGDV�DV��UHT�rQFLDV�GH�FDQ�R�QD�F�U�D�GH�PyG�OR�HP�G���D�F�U�D�GH��Q��OR�
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�DVH�GH�H�VHU�FD�VDGD�SRU��P�UH�DUGR�GH��UDQVSRU�H�

(Q�mR���DPRV�V�SRU�T�H�D���QomR�GH��UDQV�HUrQFLD�FRPSOH�D�VHMD�����H������RPR�D�GLV�
FUHS�QFLD�HQ�UH�RV��Q��ORV�GH��DVH�FDOF�ODGRV�H�H[SHULPHQ�DLV�p� L��DO�D�±����~�UDG�SDUD�
�UHT�rQFLDV�P�L�R�HOH�DGDV��SRGHPRV�GH�HUPLQDU�R��DORU�GH���FRPR�VH��H�
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7.10 | Projeto de sistemas de controle 
pela resposta em frequência

1R��DSt��OR����DSUHVHQ�DPRV�D�DQiOLVH�H�R�SURMH�R�SHOR�O��DU�GDV�UDt]HV��(VVH�Pp�RGR�PRV�UR��
VH�P�L�R���LO�SDUD�PROGDU�DV�FDUDF�HUtV�LFDV�GD�UHVSRV�D��UDQVL�yULD�GH�VLV�HPDV�GH�FRQ�UROH�GH�
PDO�D��HF�DGD��DOpP�GH�QRV��RUQHFHU�D�LQ�RUPDomR�GLUH�D�VREUH�D�UHVSRV�D��UDQVL�yULD�GR�VLV�HPD�
GH�PDO�D��HF�DGD�����pFQLFD�GD�UHVSRV�D�HP��UHT�rQFLD��SRU�R��UR�ODGR��QRV��RUQHFH�HVVD�LQ�RU�
PDomR�DSHQDV�LQGLUH�DPHQ�H��(Q�UH�DQ�R��FRPR�VHUi��LV�R�QDV��O�LPDV��UrV�VHo�HV�GHV�H�FDSt��OR��
R�Pp�RGR�GD�UHVSRV�D�HP��UHT�rQFLD�p�P�L�R���LO�QR�SURMH�R�GH�VLV�HPDV�GH�FRQ�UROH��

(P�T�DOT�HU�SUREOHPD�GH�SURMH�R��R�SURMH�LV�D��DUi�EHP�HP���LOL]DU�DPERV�RV�Pp�RGRV�QR�
SURMH�R�H�QD�HVFRO�D�GH��P�FRPSHQVDGRU�FDSD]�GH�SURG�]LU��PD�UHVSRV�D�GH�PDO�D��HF�DGD�R�
PDLV�SUy[LPR�SRVVt�HO�GD�GHVHMDGD�

1D�PDLRULD�GRV�SURMH�RV�GH�VLV�HPDV�GH�FRQ�UROH���HUDOPHQ�H�R�GHVHPSHQ�R�GD�UHVSRV�D��UDQ�
VL�yULD�p�P�L�R�LPSRU�DQ�H��1R�Pp�RGR�GD�UHVSRV�D�HP��UHT�rQFLD��HVSHFL�LFDPRV�R�GHVHPSHQ�R�
da�resposta�transitória�de�maneira�indireta.�Isto�é,�o�desempenho�da�resposta�transitória�é�especi�
�LFDGR�HP��HUPRV�GH�PDU�HP�GH��DVH��PDU�HP�GH��DQ�R��DPSOL��GH�GR�SLFR�GH�UHVVRQ�QFLD��HV�DV�
GmR��PD�LGHLD�DSUR[LPDGD�GR�DPRU�HFLPHQ�R�GR�VLV�HPD����UHT�rQFLD�GH�FU�]DPHQ�R�GH��DQ�R��
�UHT�rQFLD�GH�UHVVRQ�QFLD��D�EDQGD�SDVVDQ�H��HV�DV�GmR��PD�HV�LPD�L�D�GD��HORFLGDGH�GD�UHVSRV�D�
�UDQVL�yULD���H�FRQV�DQ�HV�GH�HUUR�HV�i�LFR��T�H��RUQHFHP�D�SUHFLVmR�GR�UH�LPH�SHUPDQHQ�H���(PERUD�
D�FRUUHODomR�HQ�UH�D�UHVSRV�D��UDQVL�yULD�H�D�UHVSRV�D�HP��UHT�rQFLD�VHMD�LQGLUH�D��DV�HVSHFL�LFDo�HV�
QR�GRPtQLR�GH��UHT�rQFLD�SRGHP�VHU��DFLOPHQ�H�HQFRQ�UDGDV�SHOR�Pp�RGR�GR�GLD�UDPD�GH��RGH�

'HSRLV�GH�SURMH�DU�D�PDO�D�DEHU�D�SHOD��pFQLFD�GD�UHVSRV�D�HP��UHT�rQFLD��RV�SRORV�H�]HURV�GH�
PDO�D��HF�DGD�SRGHP�VHU�GH�HUPLQDGRV��(Q�mR��DV�FDUDF�HUtV�LFDV�GD�UHVSRV�D��UDQVL�yULD�GH�HP�
VHU��HUL�LFDGDV�SDUD�D�DOLDU�VH�R�VLV�HPD�SURMH�DGR�VD�LV�D]�DRV�UHT�LVL�RV�QR�GRPtQLR�GH��HPSR��
6H�LVVR�QmR�RFRUUHU��GH�H�VH�PRGL�LFDU�R�FRPSHQVDGRU�H�UHSH�LU�D�DQiOLVH�D�p�T�H�VHMD�RE�LGR��P�
UHV�O�DGR�VD�LV�D�yULR��

2�SURMH�R�QR�GRPtQLR�GH��UHT�rQFLD�p�VLPSOHV�H�GLUH�R��2�GLD�UDPD�GD�UHVSRV�D�HP��UHT�rQFLD�
LQGLFD�FODUDPHQ�H�R�PRGR�SHOR�T�DO�R�VLV�HPD�GH�H�VHU�PRGL�LFDGR��HPERUD�QmR�SRVVD�VHU��HL�D�
�PD�SUH�LVmR�T�DQ�L�D�L�D�SUHFLVD�GDV�FDUDF�HUtV�LFDV�GD�UHVSRV�D��UDQVL�yULD��2�Pp�RGR�GD�UHVSRV�D�
HP��UHT�rQFLD�SRGH�VHU�DSOLFDGR�D�VLV�HPDV�R��FRPSRQHQ�HV�F�MDV�FDUDF�HUtV�LFDV�GLQ�PLFDV�VmR�
�RUQHFLGDV�QD��RUPD�GH�GDGRV�GH�UHVSRV�D�HP��UHT�rQFLD��1R�H�T�H��HP��LU��GH�GD�GL�LF�OGDGH�
QD�GHG�omR�GH�HT�Do�HV�T�H�UH�HP�FHU�RV�FRPSRQHQ�HV��FRPR�FRPSRQHQ�HV�SQH�Pi�LFRV�H�
�LGUi�OLFRV��V�DV�FDUDF�HUtV�LFDV�GLQ�PLFDV��HP��HUDO��VmR�GH�HUPLQDGDV�H[SHULPHQ�DOPHQ�H�SRU�
PHLR�GH��HV�HV�GH�UHVSRV�D�HP��UHT�rQFLD��2V�GLD�UDPDV�GH�UHVSRV�D�HP��UHT�rQFLD�RE�LGRV�H[SH�
ULPHQ�DOPHQ�H�SRGHP�VHU�FRPELQDGRV�HQ�UH�VL�T�DQGR�VH���LOL]D�D��pFQLFD�GR�GLD�UDPD�GH��RGH��
2EVHU�H��DPEpP�T�H���UD�DQGR�VH�GH�U�tGRV�GH�DO�D��UHT�rQFLD���HUL�LFDPRV�T�H�R��VR�GD�UHVSRV�D�
HP��UHT�rQFLD�p�PDLV�FRQ�HQLHQ�H�T�H�R��URV�Pp�RGRV��

�DVLFDPHQ�H��H[LV�HP�G�DV��pFQLFDV�GH�SURMH�R�QR�GRPtQLR�GD��UHT�rQFLD��8PD�p�D��pFQLFD�
GR�GLD�UDPD�SRODU�H�D�R��UD�p�D�GR�GLD�UDPD�GH��RGH��4�DQGR�VH�DGLFLRQD��P�FRPSHQVDGRU��R�
GLD�UDPD�SRODU�QmR�PDQ�pP�D��RUPD�RUL�LQDO�H��SRU�DQ�R��p�QHFHVViULR��UDoDU��P�QR�R�GLD�UDPD�
SRODU��R�T�H�FRQVRPH��HPSR�H�FHU�DPHQ�H�p�LQFRQ�HQLHQ�H��3RU�R��UR�ODGR��R�GLD�UDPD�GH��RGH�
GR�FRPSHQVDGRU�SRGH�VLPSOHVPHQ�H�VHU�DFUHVFHQ�DGR�DR�GLD�UDPD�RUL�LQDO�H��DVVLP���LFD�VLPSOHV�
FRQV�U�LU�R�GLD�UDPD�FRPSOH�R�GH��RGH���OpP�GLVVR��VH�R��DQ�R�GH�PDO�D�DEHU�D��RU�DO�HUDGR��D�
F�U�D�GH�PyG�OR�VHUi�GHVORFDGD�SDUD�FLPD�R��SDUD�EDL[R��VHP�P�GDQoD�GH�LQFOLQDomR��H�D�F�U�D�
GH��Q��OR�GH��DVH�SHUPDQHFHUi�D�PHVPD��3RU�DQ�R��SDUD��LQV�GH�SURMH�R��p�PHO�RU��UDEDO�DU�FRP�
R�GLD�UDPD�GH��RGH�

8PD��pFQLFD�FRP�P���LOL]DGD�QR�GLD�UDPD�GH��RGH�p�D�GH�DM�V�DU�LQLFLDOPHQ�H�R��DQ�R�GH�
PDO�D�DEHU�D�SDUD�D�HQGHU�DR�UHT�LVL�R�GH�SUHFLVmR�HP�UH�LPH�SHUPDQHQ�H��(P�VH��LGD��VmR��UD�
oDGDV�DV�F�U�DV�GH�PyG�OR�H�GH��DVH�QmR�FRPSHQVDGDV��GH�PDO�D�DEHU�D��FRP�R��DQ�R�GH�PDO�D�
DEHU�D�T�H��RL�DM�V�DGR���6H�DV�HVSHFL�LFDo�HV�GH�PDU�HP�GH��DVH�H�PDU�HP�GH��DQ�R�QmR��RUHP�
VD�LV�HL�DV��GH�HUPLQD�VH��P�FRPSHQVDGRU�DSURSULDGR��T�H�UH�RUP�OH�D���QomR�GH��UDQV�HUrQFLD�
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GH�PDO�D�DEHU�D��3RU��LP��VH��R��HU�DO��QV�UHT�LVL�RV�D�VHUHP�VD�LV�HL�RV���HQ�DPRV�VD�LV�D]r�ORV��
D�PHQRV�T�H�DO��QV�GHOHV�VHMDP�P���DPHQ�H�FRQ�UDGL�yULRV�

Informações fornecidas pela resposta em frequência de malha aberta.���UH�LmR�GH�
EDL[D��UHT�rQFLD��D�UH�LmR�EHP�DEDL[R�GD��UHT�rQFLD�GH�FU�]DPHQ�R�GH��DQ�R��GR�O��DU��HRPp�
�ULFR�LQGLFD�R�FRPSRU�DPHQ�R�HP�UH�LPH�SHUPDQHQ�H�GR�VLV�HPD�GH�PDO�D��HF�DGD����UH�LmR�GH�
PpGLD��UHT�rQFLD��D�UH�LmR�SUy[LPD�j��UHT�rQFLD�GH�FU�]DPHQ�R�GH��DQ�R��GR�O��DU��HRPp�ULFR�
LQGLFD�D�HV�DELOLGDGH�UHOD�L�D����UH�LmR�GH�DO�D��UHT�rQFLD��D�UH�LmR�EHP�DFLPD�GD��UHT�rQFLD�GH�
FU�]DPHQ�R�GH��DQ�R��LQGLFD�D�FRPSOH[LGDGH�GR�VLV�HPD��

Requisitos da resposta em frequência de malha aberta.�3RGH�VH�GL]HU�T�H��HP�P�L�RV�FDVRV�
SUi�LFRV��D�FRPSHQVDomR�p�HVVHQFLDOPHQ�H��PD�FRQFLOLDomR�HQ�UH�D�SUHFLVmR�HP�UH�LPH�SHUPDQHQ�H�
H�D�HV�DELOLGDGH�UHOD�L�D�

3DUD�VH��HU��PD�FRQV�DQ�H�GH�HUUR�GH��HORFLGDGH�HOH�DGD�H�DLQGD��PD�HV�DELOLGDGH�UHOD�L�D�VD�LV�
�D�yULD���HUL�LFD�VH�T�H�p�QHFHVViULR�UHFRQ�L��UDU�D�F�U�D�GH�UHVSRV�D�HP��UHT�rQFLD�GH�PDO�D�DEHU�D��

2��DQ�R�QD�UH�LmR�GH�EDL[D��UHT�rQFLD�GH�H�VHU�V��LFLHQ�HPHQ�H�HOH�DGR�H�SUy[LPR�GD��UHT�rQ�
FLD�GH�FU�]DPHQ�R�GH��DQ�R��H�D�LQFOLQDomR�GD�F�U�D�GH�PyG�OR�HP�G��QR�GLD�UDPD�GH��RGH�GH�H�
VHU�±����G��GpFDGD�QDV��L]LQ�DQoDV�GD��UHT�rQFLD�GH�FU�]DPHQ�R�GH��DQ�R��(VVD�LQFOLQDomR�
GH�H�VH�HV�HQGHU�VREUH��PD��DL[D�GH��UHT�rQFLD�EDV�DQ�H�DPSOD�SDUD�DVVH��UDU��PD�PDU�HP�GH�
�DVH�DGHT�DGD��1D�UH�LmR�GH�DO�D��UHT�rQFLD��R��DQ�R�GH�H�VHU�D�HQ�DGR��mR�UDSLGDPHQ�H�T�DQ�R�
SRVVt�HO��SDUD�T�H�RV�H�HL�RV�GH�U�tGR�VHMDP�PLQLPL]DGRV��

��)L��UD������LQGLFD�H[HPSORV�GH�F�U�DV�GH�UHVSRV�D�HP��UHT�rQFLD�GH�PDO�D�DEHU�D�H�GH�
PDO�D��HF�DGD��HUDOPHQ�H�GHVHMi�HLV�H�LQGHVHMi�HLV��

�RQVLGHUDQGR�D�)L��UD��������HPRV�T�H�D�UHFRQ�L��UDomR�GD�F�U�D�GH�UHVSRV�D�HP��UHT�rQFLD�
GH�PDO�D�DEHU�D�SRGH�VHU��HL�D�GHVGH�T�H�D�SDU�H�UHOD�L�D�j�DO�D��UHT�rQFLD�VL�D�R�O��DU��HRPp�
�ULFR�GH������M~��H�D�SDU�H�UHOD�L�D�j�EDL[D��UHT�rQFLD�VL�D�R�O��DU��HRPp�ULFR�GH������M~���2�O��DU�
�HRPp�ULFR�UHGH�LQLGR�GH��F���M~�����M~��GH�H��HU�DV�PDU�HQV�GH��DVH�H��DQ�R�UD]Ri�HLV�R��GH�H�
VHU��DQ�HQ�H�D��PD�FLUF�Q�HUrQFLD���DGHT�DGD��FRPR�VH�SRGH��HU�QD��L��UD�

Características básicas de compensação por avanço, atraso e atraso-avanço de fase.���
FRPSHQVDomR�SRU�D�DQoR�GH��DVH�UHV�O�D��HVVHQFLDOPHQ�H��HP��PD�PHO�RULD�DSUHFLi�HO�QD�UHVSRV�D�
�UDQVL�yULD�H�HP��PD�SHT�HQD��DULDomR�GD�SUHFLVmR�HP�UH�LPH�HV�DFLRQiULR��(OD�SRGH�DFHQ��DU�RV�
H�HL�RV�GRV�U�tGRV�GH�DO�D��UHT�rQFLD����FRPSHQVDomR�SRU�D�UDVR�GH��DVH��SRU�R��UR�ODGR��SURG�]�
�PD�VHQVt�HO�PHO�RUD�QD�SUHFLVmR�GR�UH�LPH�HV�DFLRQiULR�j�F�V�D�GH��P�D�PHQ�R�GD�G�UDomR�GD�
UHVSRV�D��UDQVL�yULD����FRPSHQVDomR�SRU�D�UDVR�GH��DVH�V�SULPH�RV�H�HL�RV�GRV�VLQDLV�GH�U�tGR�GH�
DO�D��UHT�rQFLD����FRPSHQVDomR�SRU�D�UDVR�H�D�DQoR�GH��DVH�FRPELQD�DV�FDUDF�HUtV�LFDV��DQ�R�GD�
FRPSHQVDomR�SRU�D�DQoR�FRPR�GD�FRPSHQVDomR�SRU�D�UDVR�GH��DVH��2��VR�GH��P�FRPSHQVDGRU�
SRU�D�DQoR�R��D�UDVR�GH��DVH�D�PHQ�D�D�RUGHP�GR�VLV�HPD�GH��PD��QLGDGH��D�PHQRV�T�H�RFRUUD�
FDQFHODPHQ�R�HQ�UH�R�]HUR�GR�FRPSHQVDGRU�H��P�SROR�GD���QomR�GH��UDQV�HUrQFLD�GH�PDO�D�DEHU�D�
QmR�FRPSHQVDGD���2��VR�GH��P�FRPSHQVDGRU�GH�D�UDVR�H�D�DQoR�HOH�D�D�RUGHP�GR�VLV�HPD�HP�
G�DV��QLGDGHV�>D�PHQRV�T�H�RFRUUD�R�FDQFHODPHQ�R�HQ�UH�]HUR�V��GR�FRPSHQVDGRU�GH�D�UDVR�H�
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D�DQoR�GH��DVH�H�SROR�V��GD���QomR�GH��UDQV�HUrQFLD�GH�PDO�D�DEHU�D�QmR�FRPSHQVDGD���R�T�H�
VL�QL�LFD�T�H�R�VLV�HPD�VH��RUQD�PDLV�FRPSOH[R�H��LFD�PDLV�GL�tFLO�FRQ�URODU�R�FRPSRU�DPHQ�R�GD�
UHVSRV�D��UDQVL�yULD���DGD�VL��DomR�HP�SDU�LF�ODU�GH�HUPLQD�R��LSR�GH�FRPSHQVDomR�D�VHU���LOL]DGD��

7.11 | Compensação por avanço de fase
Inicialmente,�estudaremos�as�características�de�frequência�do�compensador�por�avanço�de�

�DVH����VH��LU��VHUi�DSUHVHQ�DGD�D��pFQLFD�GH�SURMH�R�GR�FRPSHQVDGRU�SRU�D�DQoR�GH��DVH�SHOR�
�VR�GR�GLD�UDPD�GH��RGH�

Características dos compensadores por avanço de fase.��RQVLGHUH��P�FRPSHQVDGRU�SRU�
D�DQoR�GH��DVH�T�H��HQ�D�D�VH��LQ�H���QomR�GH��UDQV�HUrQFLD�

K Ts
Ts K

s T

s T
1

1
1

1
0 1c c 1 1a

a
a

a
+
+ =

+

+
^ h

RQGH�a�p�F�DPDGR��D�RU�GH�D�HQ�DomR�GR�FRPSHQVDGRU�SRU�D�DQoR�GH��DVH��(OH�SRVV�L��P�]HUR�HP�
�� �±�����H��P�SROR�HP��� �±����a�����RPR�����a�������r�VH�T�H�R�]HUR��LFD�VHPSUH�ORFDOL]DGR�j�
GLUHL�D�GR�SROR�QR�SODQR�FRPSOH[R��1R�H�T�H��SDUD��P�SHT�HQR��DORU�GH�a��R�SROR��LFD�ORFDOL]DGR�
GLV�DQ�H��j�HVT�HUGD��2��DORU�PtQLPR�GH�a�p�OLPL�DGR�SHOD�FRQV�U�omR��tVLFD�GR�FRPSHQVDGRU�SRU�
D�DQoR�GH��DVH��(VVH��DORU�PtQLPR�GH�a�é�geralmente�adotado�em�torno�de�0,05.�(Isso�significa�
T�H�R��DORU�GH�D�DQoR�GH��DVH�Pi[LPR�T�H�SRGH�VHU�FRQVH��LGR�p�GH�DSUR[LPDGDPHQ�H�������
�9HMD�D�(T�DomR�������

��)L��UD������LQGLFD�R�GLD�UDPD�SRODU�GH

K j T
j T

1
1 0 1c 1 1a

~a

~
a

+

+
^ h

FRP�.F�=�1.�Para�dado�valor�de�α,�o�ângulo�entre�o�eixo�real�positivo�e�a�linha�tangente�traçada�a�
SDU�LU�GD�RUL�HP�D�p�R�VHPLFtUF�OR��RUQHFH�R��Q��OR�Pi[LPR�GH�D�DQoR�GH��DVH��zP�����UHT�rQFLD�
QR�SRQ�R�GH��DQ�rQFLD�VHUi�F�DPDGD�~P����SDU�LU�GD�)L��UD�������R��Q��OR�GH��DVH�HP�~� �~P�p�
zP��RQGH�
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��)L��UD������DSUHVHQ�D�R�GLD�UDPD�GH��RGH�GH��P�FRPSHQVDGRU�SRU�D�DQoR�GH��DVH�T�DQ�
GR�.F� ���H�a� �������V��UHT�rQFLDV�GH�FDQ�R�GR�FRPSHQVDGRU�SRU�D�DQoR�GH��DVH�VmR�~� �����
H�~� ����a��� �������3HOR�HV��GR�GD�)L��UD��������r�VH�T�H�~P�p�D�PpGLD��HRPp�ULFD�GDV�G�DV�
�UHT�rQFLDV�GH�FDQ�R�R�

log log log
� �2

1 1 1
m~ a
= +c m

3RU�DQ�R�

� �
�

m~
a

= � ������

�RPR�VH��r�QD�)L��UD�������R�FRPSHQVDGRU�SRU�D�DQoR�GH��DVH�p�EDVLFDPHQ�H��P��LO�UR�SDVVD�
DO�D����V�DO�DV��UHT�rQFLDV�SDVVDP��PDV�DV�EDL[DV�VmR�D�HQ�DGDV��

Técnicas de compensação por avanço de fase baseadas na abordagem por resposta 
em frequência. ��SULQFLSDO���QomR�GR�FRPSHQVDGRU�SRU�D�DQoR�GH��DVH�p�UHFRQ�L��UDU�D�F�U�D�
GH�UHVSRV�D�HP��UHT�rQFLD�SDUD�FRQVH��LU��P��Q��OR�GH�D�DQoR�GH��DVH�V��LFLHQ�H�SDUD�FRPSHQVDU�
R�D�UDVR�GH��DVH�H[FHVVL�R�DVVRFLDGR�DRV�FRPSRQHQ�HV�GH��P�VLV�HPD��L[R��

�RQVLGHUH�R�VLV�HPD�GD�)L��UD�������6�SRQ�D�T�H�DV�HVSHFL�LFDo�HV�GH�GHVHPSHQ�R�VHMDP�
GDGDV�HP��HUPRV�GH�PDU�HP�GH��DVH��PDU�HP�GH��DQ�R��FRQV�DQ�H�GH�HUUR�HV�i�LFR�GH��HORFLGDGH�
H�F��2�SURFHGLPHQ�R�SDUD�SURMH�DU��P�FRPSHQVDGRU�SRU�D�DQoR�GH��DVH�SHOR�Pp�RGR�GH�UHVSRV�D�
HP��UHT�rQFLD�SRGH�VHU�R�VH��LQ�H��

1. 6�SRQ�D�R�VH��LQ�H�FRPSHQVDGRU�SRU�D�DQoR�GH��DVH�

G s K Ts
Ts K

s T

s T
1

1
1

1
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a
a

a=
+
+ =

+

+
^ ^h h
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 'H�LQD�

.Fα�=�.

 (Q�mR�

G s K Ts
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�
�

c a
=

+
+^ h

 ����QomR�GH��UDQV�HUrQFLD�GH�PDO�D�DEHU�D�GR�VLV�HPD�FRPSHQVDGR�p�

G s G s K Ts
Ts G s Ts

Ts KG s Ts
Ts G s
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�

�
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�
�

c �a a a
=

+
+ =

+
+ =

+
+^ ^ ^ ^ ^h h h h h

 RQGH

������ �.����

 'H�HUPLQH�R��DQ�R�.�D��LP�GH�VD�LV�D]HU�R�UHT�LVL�R�GD�FRQV�DQ�H�GH�HUUR�HV�i�LFR�GDGR�

2. 8�LOL]DQGR�R��DQ�R�.�DVVLP�GH�HUPLQDGR��FRQV�U�D�R�GLD�UDPD�GH��RGH�GH������M~���R�
VLV�HPD�FRP�R��DQ�R�DM�V�DGR��PDV�QmR�FRPSHQVDGR����DOLH�D�PDU�HP�GH��DVH�

3. 'H�HUPLQH�R��Q��OR�GH�D�DQoR�GH��DVH�QHFHVViULR�T�H�GH�H�VHU�DFUHVFHQ�DGR�DR�VLV�HPD��
�GLFLRQH����D�����DR��Q��OR�DVVLP�GH�HUPLQDGR��SRUT�H�D�DGLomR�GR�FRPSHQVDGRU�SRU�
D�DQoR�GH��DVH�GHVORFD�D��UHT�rQFLD�GH�FU�]DPHQ�R�GH��DQ�R�SDUD�D�GLUHL�D�H�GLPLQ�L�D�
PDU�HP�GH��DVH�

4. 'H�HUPLQH�R��D�RU�GH�D�HQ�DomR�a���LOL]DQGR�D�(T�DomR�������'H�LQD�D��UHT�rQFLD�HP�T�H�
R�PyG�OR�GR�VLV�HPD�QmR�FRPSHQVDGR������M~��VHMD�L��DO�D�±����OR����� a ��6HOHFLRQH�HVVD�
�UHT�rQFLD�FRPR�D�QR�D��UHT�rQFLD�GH�FU�]DPHQ�R�GH��DQ�R��T�H�FRUUHVSRQGH�D�~P� �
��� a 7���H�D�GH�DVD�HP�Pi[LPD�zP�RFRUUH�QHVVD��UHT�rQFLD��

5. 'H�HUPLQH�DV��UHT�rQFLDV�GH�FDQ�R�GR�FRPSHQVDGRU�SRU�D�DQoR�GH��DVH��FRPR�VH��H��

=HUR�GR�FRPSHQVDGRU�SRU�D�DQoR�GH��DVH��
�
�~ =

3ROR�GR�FRPSHQVDGRU�SRU�D�DQoR�GH��DVH��
�
�~
a

=

6. 8�LOL]DQGR�R��DORU�GH�.�GH�HUPLQDGR�QD�H�DSD���H�R�GH�a�GH�HUPLQDGR�QD�H�DSD����FDOF�OH�
D�FRQV�DQ�H�.F�D�SDU�LU�GH�

. .
c a
=

7. 9HUL�LT�H�D�PDU�HP�GH��DQ�R�SDUD�VH�FHU�L�LFDU�GH�T�H�HOD�p�VD�LV�D�yULD��6H�QmR��RU��UHSL�D�
R�SURFHVVR�GH�SURMH�R�SHOD�PRGL�LFDomR�GD�ORFDOL]DomR�GH�SROR�]HUR�GR�FRPSHQVDGRU�D�p�
T�H��P�UHV�O�DGR�VD�LV�D�yULR�VHMD�RE�LGR�

Exemplo 7.26 �RQVLGHUH�R�VLV�HPD�GD�)L��UD�����������QomR�GH��UDQV�HUrQFLD�GH�PDO�D�DEHU�D�p�
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=
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^
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h
h

FIGURA 7.93
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Deseja-se�projetar�um�compensador�para�o�sistema,�de�modo�que�a�constante�de�erro�estático�de�
velocidade�Kυ�seja�20�s

–�1,�a�margem�de�fase�seja�pelo�menos�50°�e�a�margem�de�ganho�seja�pelo�
menos�10�dB.�

Utilizaremos�um�compensador�por�avanço�de�fase�como�segue:

G s K Ts
Ts K

s T

s T
1
1

1

1

c c ca
a

a

=
+
+ =

+

+
^ h

O�sistema�compensado�terá�a�função�de�transferência�de�malha�aberta�Gc(s)G(s).

Defina:�

G s KG s s s
K

2
4

1 = =
+

^ ^
^

h h
h

onde�K�=�Kca.

A�primeira�etapa�do�projeto�é�ajustar�o�ganho�K�para�atender�às�especificações�de�desempenho�
em�regime�permanente�ou�propiciar�a�constante�de�erro�estático�de�velocidade�requerido.�Como�
essa�constante�é�especificada�em�20�s–�1,�obtém-se:

2 20lim lim limK sG s G s s Ts
Ts G s s s

s K K1
1

2
4

s
c

s s0 0
1

0a
= =

+
+ =

+
= =

" " "
y ^ ^ ^

^
h h h

h

ou�

K�=�10

Com�K�=�10,�o�sistema�compensado�satisfará�o�requisito�relativo�ao�regime�permanente.

A�seguir,�construímos�o�diagrama�de�Bode�de

,G j j j j j2
40

0 5 1
20

1 ~
~ ~ ~ ~

=
+

=
+

^
^ ^

h
h h

A�Figura�7.95�apresenta�as�curvas�de�módulo�e�de�ângulo�de�fase�de�G1(��j~).�A�partir�desse�dia-
grama,�as�margens�de�ganho�e�de�fase�do�sistema�são�17°�e�+�∞�dB,�respectivamente.�(A�margem�
de�fase�de�17°�implica�que�o�sistema�é�bastante�oscilatório.�Assim,�satisfazendo�a�especificação�de�
regime�permanente,�o�resultado�é�um�desempenho�da�resposta�transitória�insatisfatório.)�A�espe-
cificação�requer�uma�margem�de�fase�de�pelo�menos�50°.�Portanto,�o�avanço�de�fase�adicional�
necessário�para�satisfazer�o�requisito�de�estabilidade�relativa�é�de�33°.�Para�obter�uma�margem�
de�fase�de�50°�sem�que�haja�decréscimo�no�valor�de�K,�o�compensador�por�avanço�de�fase�deve�
contribuir�com�o�ângulo�de�fase�requerido.

Notando�que�a�adição�de�um�compensador�por�avanço�de�fase�modifica�a�curva�de�módu-
lo�em�dB�no�diagrama�de�Bode,�percebemos�que�a�frequência�de�cruzamento�de�ganho�será�
deslocada�para�a�direita.�Devemos�compensar�o�aumento�do�atraso�de�fase�de�G1(��j~)�causado�
por�esse�aumento�da�frequência�de�cruzamento�de�ganho.�Considerando-se�o�deslocamento�da�
frequência�de�cruzamento�de�ganho,�pode-se�supor�que�zm,�o�avanço�de�fase�máximo�requerido,�
seja�de�aproximadamente�38°.�(Isso�significa�que�foram�adicionados�5°�ao�compensador�para�o�
deslocamento�da�frequência�de�cruzamento�de�ganho.)
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zP� �����FRUUHVSRQGH�D�a� �������8PD��H]�T�H�R��D�RU�GH�D�HQ�DomR�a��HQ�D�VLGR�GH�HUPLQDGR�
FRP�EDVH�QR��Q��OR�GH�D�DQoR�GH��DVH�UHT�HULGR��D�SUy[LPD�H�DSD�p�GH�HUPLQDU�DV��UHT�rQFLDV�GH�
FDQ�R�~� �����H�~� ����a���GR�FRPSHQVDGRU�SRU�D�DQoR�GH��DVH��3DUD�LVVR��GH�H�VH�QR�DU�SULPHLUR�
T�H�R��Q��OR�GH�D�DQoR�GH��DVH�Pi[LPR�zP�RFRUUH�QD�PpGLD��HRPp�ULFD�GDV�G�DV��UHT�rQFLDV�GH�
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�V�F�U�DV�VyOLGDV�QD�)L��UD������LQGLFDP�D�F�U�D�GH�PyG�OR�H�D�GH��Q��OR�GH��DVH�GR�VLV�HPD�
FRPSHQVDGR��1R�H�T�H�D�EDQGD�SDVVDQ�H�p�DSUR[LPDGDPHQ�H�L��DO�j��UHT�rQFLD�GH�FU�]DPHQ�R�GH�
�DQ�R��2�FRPSHQVDGRU�SRU�D�DQoR�GH��DVH�SURG�]��P�D�PHQ�R�GH�����SDUD���UDG�V�QD��UHT�rQFLD�
GH�FU�]DPHQ�R�GH��DQ�R��2�D�PHQ�R�QHVVD��UHT�rQFLD�VL�QL�LFD��P�D�PHQ�R�GD�EDQGD�SDVVDQ�H��
Isso�implica�um�aumento�da�velocidade�de�resposta.�As�margens�de�fase�e�de�ganho�são�de�apro�
ximadamente�50°�e�+�∞dB,�respectivamente.�O�sistema�compensado�da�Figura�7.97,�portanto,�
D�HQGH��DQ�R�DR�UHT�LVL�R�GH�UH�LPH�SHUPDQHQ�H�FRPR�DR�GH�HV�DELOLGDGH�UHOD�L�D�

2EVHU�H�T�H��SDUD�RV�VLV�HPDV�GR��LSR����FRPR�R�VLV�HPD�T�H�DFDEDPRV�GH��HU��R��DORU�GD�
FRQV�DQ�H�GH�HUUR�HV�i�LFR�GH��HORFLGDGH�.υ�p�VLPSOHVPHQ�H�R��DORU�GD��UHT�rQFLD�FRUUHVSRQGHQ�H�
j�LQ�HUVHFomR�GD�H[�HQVmR�GD�UH�D�GH�LQFOLQDomR�GH�±����G��GpFDGD�H�GD�UH�D�GH���G���FRPR�LQGLFD�
D�)L��UD�������2EVHU�H��DPEpP�T�H�D�LQFOLQDomR�GD�F�U�D�GH�PyG�OR��RL�DO�HUDGD�SUy[LPR�j�
�UHT�rQFLD�GH�FU�]DPHQ�R�GH��DQ�R��GH�±����G��GpFDGD�SDUD�±����G���GpFDGD�
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��)L��UD������PRV�UD�RV�GLD�UDPDV�SRODUHV�GD���QomR�GH��UDQV�HUrQFLD�GH�PDO�D�DEHU�D�FRP�R�
�DQ�R�DM�V�DGR��PDV�QmR�FRPSHQVDGR�������M~�� ��������M~��H�D���QomR�GH��UDQV�HUrQFLD�GH�PDO�D�
DEHU�D�FRPSHQVDGD��F���M~�����M~�����SDU�LU�GD�)L��UD��������r�VH�T�H�D��UHT�rQFLD�GH�UHVVRQ�QFLD�
GR�VLV�HPD�QmR�FRPSHQVDGR�p�HP��RUQR�GH���UDG�V�H�T�H�D�GR�VLV�HPD�FRPSHQVDGR�p�GH�DSUR[L�
madamente�7�rad/s.�(Isso�indica�também�que�a�banda�passante�aumentou.)

�RP�EDVH�QD�)L��UD�������FRQV�D�D�VH�T�H�R��DORU�GR�SLFR�GH�UHVVRQ�QFLD��U�GR�VLV�HPD�QmR�
FRPSHQVDGR�FRP�.� ����p����2��DORU�GH��U�do�sistema�compensado�é�obtido�como�1,29.�Isso�
PRV�UD�FODUDPHQ�H�T�H�D�HV�DELOLGDGH�UHOD�L�D�GR�VLV�HPD�FRPSHQVDGR�PHO�RUR��

1R�H�T�H��VH�R��Q��OR�GH��DVH�GH������M~��GHFUHVFHU�UDSLGDPHQ�H��QDV�SUR[LPLGDGHV�GD��UHT�rQ�
FLD�GH�FU�]DPHQ�R�GH��DQ�R��D�FRPSHQVDomR�SRU�D�DQoR�GH��DVH�VH��RUQD�LQH�LFD]��SRUT�H�R�GHV�
ORFDPHQ�R�GD��UHT�rQFLD�GH�FU�]DPHQ�R�GH��DQ�R�SDUD�D�GLUHL�D��RUQD�GL�tFLO�RE�HU��P�D�DQoR�GH�
fase�suficiente�para�a�nova�frequência�de�cruzamento�de�ganho.�Isso�significa�que,�para�fornecer�
D�PDU�HP�GH��DVH�GHVHMDGD��GH�H�VH���LOL]DU��P��DORU�P�L�R�SHT�HQR�SDUD�a��2��DORU�GH�a��HQ�UH�
�DQ�R��QmR�GH�H�VHU�P�L�R�SHT�HQR��PHQRU�T�H�������QHP�R�D�DQoR�GH��DVH�Pi[LPR�zP�GH�H�VHU�
P�L�R��UDQGH��V�SHULRU�D�������SRUT�H�HVVHV��DORUHV��mR�UHT�HUHU��P��DQ�R�DGLFLRQDO�GH��DORU�
H[FHVVL�R��>6H��RU�QHFHVViULR�PDLV�T�H������G�DV��R��PDLV��UHGHV�SRU�D�DQoR�GH��DVH�SRGHUmR�VHU�
��LOL]DGDV�HP�VpULH�FRP��P�DPSOL�LFDGRU�GH�LVRODPHQ�R��

3RU��LP���DPRV�HV��GDU�DV�FDUDF�HUtV�LFDV�GD�UHVSRV�D��UDQVL�yULD�GR�VLV�HPD�SURMH�DGR��6HUmR�
RE�LGDV�DV�F�U�DV�GH�UHVSRV�D�DR�GH�UD���QL�iULR�H�D�UDPSD��QL�iULD�GRV�VLV�HPDV�FRPSHQVDGR�H�
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QmR�FRPSHQVDGR��FRP�D���LOL]DomR�GR�0�7/����1R�H�T�H�DV���Qo�HV�GH��UDQV�HUrQFLD�GH�PDO�D�
�HF�DGD�GRV�VLV�HPDV�FRPSHQVDGR�H�QmR�FRPSHQVDGR�VmR�GDGDV��UHVSHF�L�DPHQ�H��SRU��

R s
C s

s s2 4
4

2=
+ +^

^
h
h

H

, , ,
, ,

R s
C s

s s s
s

20 4 203 6 735 588
166 8 735 588

3 2=
+ + +

+
^
^
h
h

2V�SUR�UDPDV�HP�0�7/���SDUD�D�RE�HQomR�GDV�F�U�DV�GH�UHVSRV�D�DR�GH�UD���QL�iULR�H�j�UDPSD�
�QL�iULD�VmR�GDGRV�SHOR�3UR�UDPD������HP�0�7/������)L��UD������LQGLFD�DV�F�U�DV�GH�UHVSRV�D�
DR�GH�UD���QL�iULR�DQ�HV�H�GHSRLV�GD�FRPSHQVDomR���OpP�GLVVR��D�)L��UD�������UHSUHVHQ�D�DV�F�U�DV�
GH�UHVSRV�D�j�UDPSD��QL�iULD�DQ�HV�H�GHSRLV�GD�FRPSHQVDomR��(VVDV�F�U�DV�GH�UHVSRV�D�LQGLFDP�
T�H�R�VLV�HPD�SURMH�DGR�p�VD�LV�D�yULR�

'H�H�VH�REVHU�DU�T�H�RV�SRORV�GR�VLV�HPD�GH�PDO�D��HF�DGD�SDUD�R�VLV�HPD�FRPSHQVDGR�
HV�mR�ORFDOL]DGRV�FRPR�VH��H�

�� �±����������M������

� �� �±�������

(P�UD]mR�GH�RV�SRORV�GRPLQDQ�HV�GH�PDO�D��HF�DGD�HV�DUHP�VL��DGRV�GLV�DQ�HV�GR�HL[R� M~��D�
UHVSRV�D�p�UDSLGDPHQ�H�D�HQ�DGD�

Programa 7.13 em MATLAB

%***** Respostas ao degrau unitário *****

num = [4];
den = [1 2 4];
numc = [166.8 735.588];
denc = [1 20.4 203.6 735.588];
t = 0:0.02:6;
[c1,x1,t] = step(num,den,t);
[c2,x2,t] = step(numc,denc,t);
plot (t,c1,’.’,t,c2,’-’)
grid
title(‘Respostas ao degrau unitário dos sistemas compensado e não compensado’)
xlabel(‘t (s)’)
ylabel(‘Saídas’)
text(0.4,1.31,’Sistema compensado’)
text(1.55,0.88,’Sistema não compensado’)

%***** Respostas à rampa unitária *****

num1 = [4];
den1 = [1 2 4 0];
num1c = [166.8 735.588];
den1c = [1 20.4 203.6 735.588 0];
t = 0:0.02:5;
[y1,z1,t] = step(num1,den1,t);
[y2,z2,t] = step(num1c,den1c,t);
plot(t,y1,’.’,t,y2,’-’,t,t,’--’)
grid
title(‘Respostas à rampa unitária dos sistemas compensado e não compensado’)
xlabel(‘t (s)’)
ylabel(‘Saídas’)
text(0.89,3.7,’Sistema compensado’)
text(2.25,1.1,’Sistema não compensado’)
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7.12 | Compensação por atraso de fase
1HV�D�VHomR��GLVF��LUHPRV�LQLFLDOPHQ�H�R�GLD�UDPD�GH�1�T�LV��H�R�GLD�UDPD�GH��RGH�GR�

FRPSHQVDGRU�SRU�D�UDVR�GH��DVH��(Q�mR��VHUmR�DSUHVHQ�DGDV�DV��pFQLFDV�GH�FRPSHQVDomR�SRU�D�UDVR�
GH��DVH�FRP�HQ�RT�H�QD�UHVSRV�D�HP��UHT�rQFLD�

Características dos compensadores de atraso de fase. �RQVLGHUH��P�FRPSHQVDGRU�SRU�
D�UDVR�GH��DVH�T�H��HQ�D�D�VH��LQ�H���QomR�GH��UDQV�HUrQFLD�
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1R�SODQR�FRPSOH[R���P�FRPSHQVDGRU�SRU�D�UDVR�GH��DVH��HP��P�]HUR�HP��� �±�����H��P�SROR�HP�
��=�–�1/(β����2�SROR��LFD�ORFDOL]DGR�j�GLUHL�D�GR�]HUR��
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��)L��UD�������PRV�UD��P�GLD�UDPD�SRODU�GR�FRPSHQVDGRU�SRU�D�UDVR�GH��DVH����)L��UD�������
LQGLFD�R�GLD�UDPD�GH��RGH�GR�FRPSHQVDGRU��RQGH�.F�=�1�e�β�=�10.�As�frequências�de�canto�do�
FRPSHQVDGRU�SRU�D�UDVR�GH��DVH�HV�mR�HP�~� �����H�~�=�1/(β�����RPR�VH��r�QD�)L��UD��������RQGH�
RV��DORUHV�GH�.F�e�β�são�iguais�a�1�e�10,�respectivamente,�o�módulo�do�compensador�por�atraso�
GH��DVH��LFD�L��DO�D�����R�����G���HP�EDL[DV��UHT�rQFLDV�H�L��DO�j��QLGDGH��R����G���HP�DO�DV�
�UHT�rQFLDV��3RU�DQ�R��R�FRPSHQVDGRU�SRU�D�UDVR�GH��DVH�p�HVVHQFLDOPHQ�H��P��LO�UR�SDVVD�EDL[D�

Técnicas de compensação por atraso de fase baseadas na resposta em frequência.���
SULQFLSDO���QomR�GH��P�FRPSHQVDGRU�SRU�D�UDVR�GH��DVH�p�SURG�]LU�D�HQ�DomR�QD��DL[D�GH�DO�DV�
�UHT�rQFLDV�SDUD��RUQHFHU�DR�VLV�HPD��PD�PDU�HP�GH��DVH�V��LFLHQ�H����FDUDF�HUtV�LFD�GR�D�UDVR�
GH��DVH�p�QmR�DFDUUH�DU�FRQVHT�rQFLDV�QD�FRPSHQVDomR�SRU�D�UDVR�GH��DVH�

2�SURFHGLPHQ�R�SDUD�R�SURMH�R�GH�FRPSHQVDGRUHV�SRU�D�UDVR�GH��DVH�SDUD�R�VLV�HPD�GD�)L��UD�
������FRP�EDVH�QD�UHVSRV�D�HP��UHT�rQFLD��SRGH�VHU�HV�DEHOHFLGR�FRPR�VH��H�

1. 6�SRQ�D�R�VH��LQ�H�FRPSHQVDGRU�SRU�D�UDVR�GH��DVH�
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 ����QomR�GH��UDQV�HUrQFLD�GR�VLV�HPD�FRPSHQVDGR�GH�PDO�D�DEHU�D�p�
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 RQGH
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 'H�HUPLQH�R��DQ�R�.�SDUD�T�H�R�UHT�LVL�R�UHOD�L�R�j�FRQV�DQ�H�GH�HUUR�HV�i�LFR�GH��HORFL�
GDGH�VHMD�D�HQGLGR�

2. 6H�R�VLV�HPD�QmR�FRPSHQVDGR������M~�� �.����M~���FRP��DQ�R�DM�V�DGR��QmR�VD�LV�L]HU�DV�
HVSHFL�LFDo�HV�GH�PDU�HP�GH��DQ�R�H�GH��DVH��GH�HUPLQH�R�SRQ�R�GH��UHT�rQFLDV�RQGH�
R��Q��OR�GH��DVH�GD���QomR�GH��UDQV�HUrQFLD�GH�PDO�D�DEHU�D�VHMD�L��DO�D�±������PDLV�D�
PDU�HP�GH��DVH�UHT�HULGD����PDU�HP�GH��DVH�UHT�HULGD�p�D�PDU�HP�GH��DVH�HVSHFL�LFDGD��
PDLV����D���������DGLomR�GH����D�����FRPSHQVD�R�D�UDVR�GH��DVH�GR�FRPSHQVDGRU���6HOHFLRQH�
HVVD��UHT�rQFLD�FRPR�D�QR�D��UHT�rQFLD�GH�FU�]DPHQ�R�GH��DQ�R�

3. 3DUD�SUH�HQLU�H�HL�RV�QRFL�RV�GR�D�UDVR�GH��DVH�FD�VDGRV�SHOR�FRPSHQVDGRU��R�SROR�H�R�]HUR�
GR�FRPSHQVDGRU�GH�HP��LFDU�ORFDOL]DGRV�V�EV�DQFLDOPHQ�H�DEDL[R�GD�QR�D��UHT�rQFLD�GH�
FU�]DPHQ�R�GH��DQ�R��3RU�DQ�R��HVFRO�D�D��UHT�rQFLD�GH�FDQ�R�~� ������FRUUHVSRQGHQ�H�
DR�]HUR�GR�FRPSHQVDGRU�SRU�D�UDVR�GH��DVH����PD�RL�D�D�R���PD�GpFDGD�DEDL[R�GD�QR�D�
�UHT�rQFLD�GH�FU�]DPHQ�R�GH��DQ�R���6H�DV�FRQV�DQ�HV�GH��HPSR�GR�FRPSHQVDGRU�SRU�
D�UDVR�GH��DVH�QmR�VH��RUQDUHP�P�L�R�HOH�DGDV��D��UHT�rQFLD�GH�FDQ�R�~� �����SRGHUi�VHU�
HVFRO�LGD��PD�GpFDGD�DEDL[R�GD�QR�D��UHT�rQFLD�GH�FU�]DPHQ�R�GH��DQ�R��

� � 1R�H�T�H��RUDP�HVFRO�LGRV�RV�SRORV�H�RV�]HURV�GR�FRPSHQVDGRU�V��LFLHQ�HPHQ�H�
SHT�HQRV���VVLP��R�D�UDVR�GH��DVH�RFRUUH�HP��PD�UH�LmR�GH�EDL[D��UHT�rQFLD��GH�PRGR�
T�H�QmR�D�H�H�D�PDU�HP�GH��DVH�

4. 'H�HUPLQH�D�D�HQ�DomR�QHFHVViULD�SDUD�EDL[DU�D�F�U�D�GH�PyG�OR�D���G��QD�QR�D��UHT�rQ�
cia�de�cruzamento�de�ganho.�Notando-se�que�essa�atenuação�é�de�–�20log�β,�determine�o�
valor�de�β.�Então,�a�outra�frequência�de�canto�(correspondente�ao�polo�do�compensador�
SRU�D�UDVR�GH��DVH��p�GH�HUPLQDGD�D�SDU�LU�GH�~�=�1/(β���

5. 8�LOL]DQGR�R��DORU�GH�.�determinado�na�etapa�1�e�o�de�β�determinado�na�etapa�4,�calcule�
D�FRQV�DQ�H�.F�D�SDU�LU�GH�

. .
c b
=

Exemplo 7.27 �RQVLGHUH�R�VLV�HPD�PRV�UDGR�QD�)L��UD������������QomR�GH��UDQV�HUrQFLD�GH�PDO�D�DEHU�D�p�
GDGD�SRU�

,G s s s s1 0 5 1
1=

+ +
^

^ ^
h

h h

e�GHVHMi�HO�FRPSHQVDU�R�VLV�HPD��GH�PRGR�T�H�D�FRQV�DQ�H�GH�HUUR�HV�i�LFR�GH��HORFLGDGH�.υ�VHMD�
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��)L��UD�������DSUHVHQ�D�D�F�U�D�GH�PyG�OR�H�GH��Q��OR�GH��DVH�GH������M~�����SDU�LU�GHVVH�GLD�
�UDPD��D�PDU�HP�GH��DVH�p�GH�HUPLQDGD�FRPR�±������R�T�H�VL�QL�LFD�T�H�R�VLV�HPD�GH��DQ�R�
DM�V�DGR��PDV�QmR�FRPSHQVDGR��p�LQV�i�HO��

1R�DQGR�VH�T�H�D�LQVHUomR�GH��P�FRPSHQVDGRU�SRU�D�UDVR�GH��DVH�PRGL�LFD�D�F�U�D�GH��Q��OR�
GH��DVH�GR�GLD�UDPD�GH��RGH��GH�H�VH�DFUHVFHQ�DU�GH����D�����j�PDU�HP�GH��DVH�HVSHFL�LFDGD�SDUD�
FRPSHQVDU�D�PRGL�LFDomR�QD�F�U�D�GH��Q��OR�GH��DVH���RPR�D��UHT�rQFLD�FRUUHVSRQGHQ�H�D��PD�
PDU�HP�GH��DVH�GH�����p�����UDG�V��D�QR�D��UHT�rQFLD�GH�FU�]DPHQ�R�GH��DQ�R��GR�VLV�HPD�FRP�
SHQVDGR��GH�H�VHU�HVFRO�LGD�SUy[LPR�GHVVH��DORU��3DUD�H�L�DU�FRQV�DQ�HV�GH��HPSR�P�L�R�DO�DV�GR�
FRPSHQVDGRU�SRU�D�UDVR�GH��DVH��VHOHFLRQDUHPRV�D��UHT�rQFLD�GH�FDQ�R�~� ������T�H�FRUUHVSRQGH�
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DR�]HUR�GR�FRPSHQVDGRU�SRU�D�UDVR�GH��DVH��FRPR�����UDG�V���RPR�HVVD��UHT�rQFLD�GH�FDQ�R�QmR�
�LFD�P�L�R�DEDL[R�GD�QR�D��UHT�rQFLD�GH�FU�]DPHQ�R�GH��DQ�R��D�PRGL�LFDomR�QD�F�U�D�GH��Q��OR�
GH��DVH�SRGH�QmR�VHU�SHT�HQD��3RU�DQ�R��DGLFLRQDPRV�HP��RUQR�GH�����j�PDU�HP�GH��DVH�GDGD�
FRPR��PD��ROHU�QFLD�D�VHU�OH�DGD�HP�FRQ�D�QR��Q��OR�GH�D�UDVR�GH��DVH�LQ�URG�]LGR�SHOR�FRPSHQ�
VDGRU����PDU�HP�GH��DVH�UHT�HULGD�p�D�RUD�GH������2��Q��OR�GH��DVH�GD���QomR�GH��UDQV�HUrQFLD�GH�
PDO�D�DEHU�D�QmR�FRPSHQVDGD�p�±������HP�DSUR[LPDGDPHQ�H�~� �����UDG�V���VVLP��HVFRO�HPRV�
D�QR�D��UHT�rQFLD�GH�FU�]DPHQ�R�GH��DQ�R�FRPR�����UDG�V��3DUD��UD]HU�D�F�U�D�GH�PyG�OR�DEDL[R�
GH���G��QHVVD�QR�D��UHT�rQFLD�GH�FU�]DPHQ�R�GH��DQ�R��R�FRPSHQVDGRU�SRU�D�UDVR�GH��DVH�GH�H�
�RUQHFHU�D�D�HQ�DomR�QHFHVViULD��T�H�QHVVH�FDVR�p�GH�±����G���(Q�mR��
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��)L��UD�������LQGLFD�DV�F�U�DV�GH�PyG�OR�H�GH��Q��OR�GH��DVH�GH��F���M~�����M~��

��PDU�HP�GH��DVH�GR�VLV�HPD�FRPSHQVDGR�p�GH�DSUR[LPDGDPHQ�H������T�H�p�R��DORU�UHT�HULGR��
��PDU�HP�GH��DQ�R�p�GH�FHUFD�GH����G���T�H�p�EDV�DQ�H�DFHL�i�HO����FRQV�DQ�H�GH�HUUR�HV�i�LFR�
GH��HORFLGDGH�p���V±����FRQ�RUPH�UHT�HULGD��2�VLV�HPD�FRPSHQVDGR��GHVVD�PDQHLUD��D�HQGH�DRV�
UHT�LVL�RV��DQ�R�GH�UH�LPH�SHUPDQHQ�H�FRPR�GH�HV�DELOLGDGH�UHOD�L�D�

1R�H�T�H�D�QR�D��UHT�rQFLD�GH�FU�]DPHQ�R�GH��DQ�R�GHFUHVFH�GH���SDUD�����UDG�V�DSUR[LPD�
damente.�Isso�significa�que�a�banda�passante�do�sistema�foi�reduzida.

3DUD�DSUHVHQ�DU��DLQGD��R��URV�H�HL�RV�GD�FRPSHQVDomR�SRU�D�UDVR�GH��DVH��D�)L��UD�������
�UD]�RV�GLD�UDPDV�GH�PyG�OR�HP�G��YHU�X���Q��OR�GH��DVH�GR�VLV�HPD������M~��DM�V�DGR��PDV�QmR�
FRPSHQVDGR��H�GR�VLV�HPD�FRPSHQVDGR��F���M~�����M~���2�GLD�UDPD�GH������M~��PRV�UD�FODUDPHQ�H�
T�H�R�VLV�HPD�FRP��DQ�R�DM�V�DGR��PDV�QmR�FRPSHQVDGR��p�LQV�i�HO����DGLomR�GR�FRPSHQVDGRU�
SRU�D�UDVR�GH��DVH�HV�DELOL]D�R�VLV�HPD��2�GLD�UDPD�GH��F���M~�����M~��p��DQ�HQ�H�DR�O��DU��HRPp�
�ULFR��� ���G���3RU�DQ�R��R��DORU�GR�SLFR�GH�UHVVRQ�QFLD�p�GH���G���R�������H�HVVH�SLFR�RFRUUH�
HP�~  �����UDG�V�

�RPSHQVDGRUHV�SURMH�DGRV�SRU�Pp�RGRV�GL�HUHQ�HV�R��SRU�SURMH�LV�DV�GL�HUHQ�HV��DGR�DQGR�R�
PHVPR�FUL�pULR��SRGHP��HU�DVSHF�R�V��LFLHQ�HPHQ�H�GL�HUHQ�H��(Q�UH�DQ�R��T�DOT�HU�VLV�HPD�EHP�
SURMH�DGR��DL��RUQHFHU��P�GHVHPSHQ�R�VLPLODU�GH�UHVSRV�D��UDQVL�yULD�H�GH�UH�LPH�SHUPDQHQ�H��
3RGH�VH�HVFRO�HU�HQ�UH�DV�P�L�DV�DO�HUQD�L�DV��D�SDU�LU�GDV�FRQVLGHUDo�HV�HFRQ�PLFDV�GH�T�H�DV�
FRQV�DQ�HV�GH��HPSR�GR�FRPSHQVDGRU�SRU�D�UDVR�GH��DVH�QmR�GH�HP�VHU�P�L�R�HOH�DGDV�
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3RU��LP��HV��GDUHPRV�D�UHVSRV�D�DR�GH�UD���QL�iULR�H�j�UDPSD��QL�iULD�GR�VLV�HPD�FRPSHQVDGR�
H�GR�VLV�HPD�RUL�LQDO�QmR�FRPSHQVDGR��VHP�DM�V�H�GH��DQ�R���V���Qo�HV�GH��UDQV�HUrQFLD�GH�PDO�D�
�HF�DGD�GRV�VLV�HPDV�FRPSHQVDGR�H�QmR�FRPSHQVDGR�VmR�
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H�QmR�FRPSHQVDGR�j�UDPSD��QL�iULD���V��L��UDV�������H�������DSUHVHQ�DP��UHVSHF�L�DPHQ�H��DV�
F�U�DV�UHV�O�DQ�HV�GH�UHVSRV�D�DR�GH�UD���QL�iULR�H�GH�UHVSRV�D�j�UDPSD��QL�iULD����SDU�LU�GDV�F�U�
�DV�GH�UHVSRV�D���HPRV�T�H�R�VLV�HPD�SURMH�DGR�VD�LV�D]�DV�HVSHFL�LFDo�HV�GDGDV�H�p�VD�LV�D�yULR�

FIGURA 7.105
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Programa 7.14 em MATLAB

%***** Resposta ao degrau unitário *****

num = [1];
den = [0.5 1.5 1 1];
numc = [50 5];
denc = [50 150.5 101.5 51 5];
t = 0:0.1:40;
[c1,x1,t] = step(num,den,t);
[c2,x2,t] = step(numc,denc,t);
plot(t,c1,’.’,t,c2,’-’)
grid
title(‘Respostas ao degrau unitário dos sistemas compensado e não compensado’)
xlabel(‘t (s)’)
ylabel(‘Saídas’)
text(12.7,1.27,’Sistema compensado’)
text(12.2,0.7,’Sistema não compensado’)

%***** Resposta à rampa unitária *****

num1 = [1];
den1 = [0.5 1.5 1 1 0];
num1c = [50 5];
den1c = [50 150.5 101.5 51 5 0];
t = 0:0.1:20;
[y1,z1,t] = step(num1,den1,t);
[y2,z2,t] = step(num1c,den1c,t);
plot(t,y1,’.’,t,y2,’-’,t,t,’--’);
grid
title(‘Respostas à rampa unitária dos sistemas compensado e não compensado’)
xlabel(‘t (s)’)
ylabel(‘Saídas’)
text(8.3,3,’Sistema compensado’)
text(8.3,5,’Sistema não compensado’)

1R�H�T�H�R�]HUR�H�RV�SRORV�GR�VLV�HPD�GH�PDO�D��HF�DGD�SURMH�DGR�VmR�RV�VH��LQ�HV�

=HUR�HP��� �±����

3RORV�HP��� �±����������M�������� � �� �±��������� � �� �±�������

FIGURA 7.107
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2V�SRORV�GH�PDO�D��HF�DGD�GRPLQDQ�HV�HV�mR�P�L�R�SUy[LPRV�GR�HL[R�M~�UHV�O�DQGR�HP��PD�
UHVSRV�D�OHQ�D���OpP�GLVVR��R�SROR�GH�PDO�D��HF�DGD�HP��� �±��������H�R�]HUR�GH�PDO�D��HF�DGD�
HP��� �±�����SURG�]HP��PD�FD�GD�GH�SHT�HQD�DPSOL��GH�OHQ�DPHQ�H�GHFUHVFHQ�H�

Alguns comentários sobre a compensação por atraso de fase
1. 2V�FRPSHQVDGRUHV�SRU�D�UDVR�GH��DVH�VmR�HVVHQFLDOPHQ�H��LO�URV�SDVVD�EDL[D��3RU�DQ�R��D�

FRPSHQVDomR�SRU�D�UDVR�GH��DVH�SHUPL�H��P��DQ�R�HOH�DGR�HP�EDL[DV��UHT�rQFLDV��R�T�H�
PHO�RUD�R�GHVHPSHQ�R�HP�UH�LPH�SHUPDQHQ�H��H�UHG�]�R��DQ�R�QR�LQ�HU�DOR�GH��UHT�rQFLDV�
FUt�LFDV�PDLV�DO�DV��GH�PRGR�T�H�PHO�RUH�D�PDU�HP�GH��DVH��1R�H�T�H��QD�FRPSHQVDomR�
SRU�D�UDVR�GH��DVH����LOL]DPRV�D�FDUDF�HUtV�LFD�GH�D�HQ�DomR�GHVVH��LSR�GH�FRPSHQVDGRU�QDV�
DO�DV��UHT�rQFLDV��HP��H]�GD�FDUDF�HUtV�LFD�GH�D�UDVR�GH��DVH�����FDUDF�HUtV�LFD�GH�D�UDVR�GH�
�DVH�QmR�p���LOL]DGD�FRP�REMH�L�RV�GH�FRPSHQVDomR��

2. 6�SRQ�D�T�H�R�]HUR�H�R�SROR�GH��P�FRPSHQVDGRU�SRU�D�UDVR�GH��DVH�HV�HMDP�ORFDOL]DGRV�
HP��� �±��H��� �±���UHVSHF�L�DPHQ�H����ORFDOL]DomR�H[D�D�GR�]HUR�H�GR�SROR�QmR�p���QGD�
PHQ�DO��GHVGH�T�H�HV�HMDP�SUy[LPRV�GD�RUL�HP�H�T�H�D�UHODomR�����VHMD�L��DO�DR��D�RU�GH�
P�O�LSOLFDomR�UHT�HULGR�SHOD�FRQV�DQ�H�GH�HUUR�HV�i�LFR�GH��HORFLGDGH��

  'H�H�VH�QR�DU��HQ�UH�DQ�R��T�H�R�]HUR�H�R�SROR�GR�FRPSHQVDGRU�SRU�D�UDVR�GH��DVH�QmR�
GH�HP�HV�DU�VL��DGRV�GHVQHFHVVDULDPHQ�H�SUy[LPRV�j�RUL�HP��SRUT�H�R�FRPSHQVDGRU�
FULDUi��P�SROR�GH�PDO�D��HF�DGD�DGLFLRQDO�QD�PHVPD�UH�LmR�HP�T�H�VH�VL��DP�R�]HUR�H�R�
SROR�GR�FRPSHQVDGRU��

  2�SROR�GH�PDO�D��HF�DGD�ORFDOL]DGR�SHU�R�GD�RUL�HP��D]�T�H�D�D�HQ�DomR�GD�UHVSRV�D�
�UDQVL�yULD��LT�H�P�L�R�OHQ�D��HPERUD�VH���DORU�VHMD�P�L�R�SHT�HQR��SRLV�R�]HUR�GR�FRPSHQ�
VDGRU�SRU�D�UDVR�GH��DVH�T�DVH�FDQFHOD�RV�H�HL�RV�GHVVH�SROR��(Q�UH�DQ�R��D�UHVSRV�D��UDQVL�yULD�
�GHFDLPHQ�R��p��mR�OHQ�D�T�H�R��HPSR�GH�DFRPRGDomR��LFDUi�D�H�DGR�GH��RUPD�SUHM�GLFLDO�

  2EVHU�D�VH��DPEpP�T�H��QR�VLV�HPD�FRPSHQVDGR�SRU��P�FRPSHQVDGRU�SRU�D�UDVR�GH�
�DVH��D���QomR�GH��UDQV�HUrQFLD�HQ�UH�R�GLV��UELR�GD�SODQ�D�H�R�HUUR�GR�VLV�HPD�SRGH�QmR�
HQ�RO�HU��P�]HUR�T�H�HV�HMD�SUy[LPR�GHVVH�SROR��3RU�DQ�R��D�UHVSRV�D��UDQVL�yULD�D��PD�
HQ�UDGD�GH�SHU��UEDomR�SRGH��HU��PD�G�UDomR�P�L�R�ORQ�D��

3. ��D�HQ�DomR�FD�VDGD�SHOR�FRPSHQVDGRU�SRU�D�UDVR�GH��DVH�GHVORFDUi�D��UHT�rQFLD�GH�FU��
]DPHQ�R�GH��DQ�R�SDUD��P�SRQ�R�GH�PHQRU��UHT�rQFLD��RQGH�D�PDU�HP�GH��DVH�p�DFHL�i�HO��
�VVLP��R�FRPSHQVDGRU�SRU�D�UDVR�GH��DVH�UHG�]LUi�D�EDQGD�SDVVDQ�H�GR�VLV�HPD�H�UHV�O�DUi�
HP��PD�UHVSRV�D��UDQVL�yULD�PDLV�OHQ�D��>��F�U�D�GH��Q��OR�GH��DVH�GH��F���M~�����M~���LFD�
LQDO�HUDGD�SHU�R�H�DFLPD�GD�QR�D��UHT�rQFLD�GH�FU�]DPHQ�R�GH��DQ�R��

4. �RPR�R�FRPSHQVDGRU�SRU�D�UDVR�GH��DVH��HQGH�D�LQ�H�UDU�R�VLQDO�GH�HQ�UDGD��HOH�D��D�DSUR�
[LPDGDPHQ�H�FRPR��P�FRQ�URODGRU�SURSRUFLRQDO�LQ�H�UDO��(P��LU��GH�GLVVR���P�VLV�HPD�
FRPSHQVDGR�SRU�D�UDVR�GH��DVH��HQGH�D�VHU�PHQRV�HV�i�HO��3DUD�H�L�DU�HVVD�FDUDF�HUtV�LFD�
LQGHVHMi�HO��D�FRQV�DQ�H�GH��HPSR���GH�H�VHU�V��LFLHQ�HPHQ�H�PDLRU�T�H�D�PDLRU�FRQV�DQ�H�
GH��HPSR�GR�VLV�HPD�

5. ��HV�DELOLGDGH�FRQGLFLRQDO�SRGH�RFRUUHU�T�DQGR��P�VLV�HPD�D�VHU�FRPSHQVDGR�SHOR��VR�
GH��P�FRPSHQVDGRU�SRU�D�UDVR�GH��DVH�DSUHVHQ�DU�VD��UDomR�R��OLPL�DomR��4�DQGR�RFRUUHU�
VD��UDomR�R��OLPL�DomR�QR�VLV�HPD��R��DQ�R�GH�PDO�D�H�H�L�R��LFDUi�UHG�]LGR��(Q�mR��R�
VLV�HPD��LFD�PHQRV�HV�i�HO��SRGHQGR�PHVPR�UHV�O�DU�HP��PD�RSHUDomR�LQV�i�HO��FRPR�
PRV�UD�D�)L��UD��������3DUD�T�H�LVVR�VHMD�H�L�DGR��R�VLV�HPD�GH�H�VHU�SURMH�DGR�GH�PRGR�
T�H�R�H�HL�R�GD�FRPSHQVDomR�SRU�D�UDVR�GH��DVH�VH��RUQH�VL�QL�LFD�L�R�DSHQDV�T�DQGR�D�
amplitude�da�entrada�aplicada�em�elementos�dotados�de�saturação�seja�pequena.�(Isso�
SRGH�VHU��HL�R�SRU�PHLR�GH�FRPSHQVDomR�FRP�PDO�D�LQ�HUQD�GH�UHDOLPHQ�DomR��
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7.13 | Compensação por atraso e avanço de fase
(V��GDUHPRV� LQLFLDOPHQ�H�DV�FDUDF�HUtV�LFDV�GD�UHVSRV�D�HP��UHT�rQFLD�GR�FRPSHQVDGRU�

SRU�D�UDVR�H�D�DQoR�GH��DVH��(P�VH��LGD��DSUHVHQ�DUHPRV�D��pFQLFD�GH�FRPSHQVDomR�EDVHDGD�QD�
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��)L��UD�������PRV�UD�R�GLD�UDPD�GH��RGH�GH��P�FRPSHQVDGRU�SRU�D�UDVR�H�D�DQoR�GH��DVH�
T�DQGR�.F� ����g�=�β�=�10�e���� �������1R�H�T�H�D�F�U�D�GH�PyG�OR��HP�R��DORU�GH���G��QDV�
UH�L�HV�GH�EDL[D�H�GH�DO�D��UHT�rQFLD�

Compensação por atraso e avanço de fase baseada no critério da resposta em frequên-
cia. 2�SURMH�R�GH��P�FRPSHQVDGRU�SRU�D�UDVR�H�D�DQoR�GH��DVH�SHOR�FUL�pULR�GD�UHVSRV�D�HP�
�UHT�rQFLD��HP�FRPR�EDVH�D�FRPELQDomR�GDV��pFQLFDV�GH�SURMH�R�GLVF��LGDV�QD�FRPSHQVDomR�SRU�
D�DQoR�GH��DVH�H�QD�FRPSHQVDomR�SRU�D�UDVR�GH��DVH��
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Exemplo 7.28 �RQVLGHUH�R�VLV�HPD�FRP�UHDOLPHQ�DomR��QL�iULD�F�MD���QomR�GH��UDQV�HUrQFLD�p��
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8PD��H]�HVFRO�LGD�D��UHT�rQFLD�GH�FU�]DPHQ�R�GH��DQ�R�FRPR�����UDG�V��SRGH�VH�GH�HUPLQDU�
D��UHT�rQFLD�GH�FDQ�R�GD�SRUomR�GH�D�UDVR�GH��DVH�GR�FRPSHQVDGRU�SRU�D�UDVR�H�D�DQoR�GH��DVH��
9DPRV�HVFRO�HU�D��UHT�rQFLD�GH�FDQ�R�~� �������T�H�FRUUHVSRQGH�DR�]HUR�GD�SRUomR�GH�D�UDVR�GH�
�DVH�GR�FRPSHQVDGRU��FRPR��PD�GpFDGD�DEDL[R�GD�QR�D��UHT�rQFLD�GH�FU�]DPHQ�R�GH��DQ�R��
R��HP�~� ������UDG�V��

/HPEUH�VH�GH�T�H��SDUD�R�FRPSHQVDGRU�SRU�D�DQoR�GH��DVH��R��Q��OR�SRU�D�DQoR�GH��DVH�
Pi[LPR�zP�p�GDGR�SHOD�(T�DomR�������RQGH�a,�nesse�caso,�é�1/β.�Substituindo�a�=�1/β�na�Equação�
�������HP�VH�
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��)L��UD�������PRV�UD�RV�GLD�UDPDV�SRODUHV�GH�����M~�����QomR�GH��UDQV�HUrQFLD�GH�PDO�D�DEHU�D�
GH��DQ�R�DM�V�DGR��PDV�QmR�FRPSHQVDGR��H��F���M~�����M~�����QomR�GH��UDQV�HUrQFLD�GH�PDO�D�
DEHU�D�FRPSHQVDGD���2�O��DU��HRPp�ULFR�GH��F���M~�����M~��p��DQ�HQ�H�j�FLUF�Q�HUrQFLD��� �����HP�
DSUR[LPDGDPHQ�H�~�=�2�rad/s.�Isso�indica�claramente�que�o�sistema�compensado�tem�estabilidade�
UHOD�L�D�VD�LV�D�yULD����EDQGD�SDVVDQ�H�GR�VLV�HPD�FRPSHQVDGR�p�OL�HLUDPHQ�H�PDLRU�T�H���UDG�V�

��VH��LU��VHUmR�HV��GDGDV�DV�FDUDF�HUtV�LFDV�GD�UHVSRV�D��UDQVL�yULD�GR�VLV�HPD�FRPSHQVDGR��
�2�VLV�HPD�GH��DQ�R�DM�V�DGR��PDV�QmR�FRPSHQVDGR��p�LQV�i�HO�������QomR�GH��UDQV�HUrQFLD�GH�
PDO�D��HF�DGD�GR�VLV�HPD�FRPSHQVDGR�p�
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Observe�que�o�sistema�de�controle�de�malha�fechada�projetado�tem�os�seguintes�zeros�e�polos�
de�malha�fechada

Zero�em�s�=�–�0,1499,��s�=�–�0,6993

Polos�em�s�=�–�0,8973�±�j1,4439

s�=�–�0,1785,� � s�=�–�0,5425,� � s�=�–�7,4923

O�polo�em�s�=�–�0,1785�e�o�zero�em�s�=�–�0,1499�estão�localizados�muito�próximos�um�do�outro.�
Esse�par�de�polo�e�zero�produz�uma�cauda�longa�e�de�pequena�amplitude�na�resposta�ao�degrau,�
como�se�vê�na�Figura�7.113.�Além�disso,�o�polo�em�s�=�–�0,5425�e�o�zero�em�s�=�–�0,6993�estão�
localizados�razoavelmente�próximos�um�do�outro.�Esse�par�acrescenta�amplitude�ao�efeito�‘cauda�
longa’.

Resumo do projeto de sistemas de controle pelo método da resposta em frequência.�
As�últimas�três�seções�apresentaram�procedimentos�detalhados�para�projetar�compensadores�por�
avanço,�por�atraso�e�por�atraso�e�avanço�de�fase,�por�meio�de�exemplos�simples.�Mostramos�que�
o�projeto�de�um�compensador�para�atender�às�especificações�dadas�(em�termos�de�margem�de�fase�
e�margem�de�ganho)�pode�ser�realizado�de�modo�simples�e�direto�pelo�diagrama�de�Bode.�Deve-
-se�notar�que�não�são�todos�os�sistemas�que�podem�ser�compensados�com�um�compensador�por�
avanço,�atraso�ou�atraso�e�avanço�de�fase.�Em�alguns�casos,�podem�ser�utilizados�compensadores�
com�polos�e�zeros�complexos.�Para�sistemas�que�não�podem�ser�projetados�pelo�método�do�lugar�
das�raízes�ou�da�resposta�em�frequência,�pode-se�utilizar�o�método�de�localização�de�polos.�(Veja�
o�Capítulo�10.)�Em�dado�problema�de�projeto,�se�tanto�os�métodos�convencionais�de�projeto�
como�o�método�de�localização�de�polos�puderem�ser�utilizados,�os�métodos�convencionais�(do�
lugar�das�raízes�ou�da�resposta�em�frequência)�normalmente�resultarão�em�um�compensador�estável�
de�menor�ordem.�Note�que�o�projeto�satisfatório�de�um�compensador�para�um�sistema�complexo�
pode�requerer�uma�aplicação�criativa�de�todos�os�métodos�disponíveis�de�projeto.�

Comparação entre compensação por avanço de fase, atraso de fase e atraso e avanço 
de fase

1. A�compensação�por�avanço�de�fase�é�comumente�utilizada�para�melhorar�as�margens�de�
estabilidade.�A�compensação�por�atraso�de�fase�é�usada�para�melhorar�o�desempenho�em�
estado�permanente.�A�compensação�por�avanço�de�fase�atinge�o�resultado�desejado�pelos�
méritos�de�sua�contribuição�de�avanço�de�fase,�enquanto�a�compensação�por�atraso�de�fase�
alcança�o�resultado�pelos�méritos�de�sua�propriedade�de�atenuação�nas�altas�frequências.

FIGURA 7.114
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2. (P�DO��QV�SUREOHPDV�GH�SURMH�R���DQ�R�D�FRPSHQVDomR�SRU�D�UDVR�GH��DVH�FRPR�D�FRPSHQ�
VDomR�SRU�D�DQoR�GH��DVH�SRGHP�VD�LV�D]HU�jV�HVSHFL�LFDo�HV����FRPSHQVDomR�SRU�D�DQoR�
GH��DVH��RUQHFH��PD��UHT�rQFLD�GH�FU�]DPHQ�R�GH��DQ�R�PDLRU�T�H�p�SRVVt�HO�FRP�D�
FRPSHQVDomR�SRU�D�UDVR�GH��DVH��8PD��UHT�rQFLD�GH�FU�]DPHQ�R�GH��DQ�R�PDLRU�VL�QL�LFD�
�PD�EDQGD�SDVVDQ�H�PDLRU��8PD�EDQGD�SDVVDQ�H�PDLRU�VL�QL�LFD�D�UHG�omR�QR��HPSR�GH�
DFRPRGDomR����EDQGD�SDVVDQ�H�GH��P�VLV�HPD�FRP�FRPSHQVDomR�SRU�D�DQoR�GH��DVH�p�
VHPSUH�PDLRU�T�H�QR�FDVR�GD�FRPSHQVDomR�SRU�D�UDVR�GH��DVH��3RU�DQ�R��VH��RU�GHVHMDGD�
�PD�EDQGD�SDVVDQ�H��UDQGH�R���PD�UHVSRV�D�UiSLGD��GH�H�VH�HPSUH�DU�D�FRPSHQVDomR�SRU�
D�DQoR�GH��DVH��(Q�UH�DQ�R��VH�HV�L�HUHP�SUHVHQ�HV�VLQDLV�GH�U�tGR���PD�EDQGD�SDVVDQ�H�
SRGHUi�QmR�VHU�GHVHMi�HO���PD��H]�T�H�HOD��RUQD�R�VLV�HPD�PDLV�V�VFH�t�HO�DRV�VLQDLV�GH�
U�tGR��HP��LU��GH�GR�D�PHQ�R�QR��DQ�R�QDV�DO�DV��UHT�rQFLDV��1HVVH�FDVR��GH�H�VH��VDU�D�
FRPSHQVDomR�SRU�D�UDVR�GH��DVH�

3. ��FRPSHQVDomR�SRU�D�DQoR�GH��DVH�UHT�HU��P�D�PHQ�R�DGLFLRQDO�QR��DQ�R�SDUD�FRP�
pensar�a�atenuação�inerente�à�rede�por�avanço�de�fase.�Isso�significa�que�a�compensação�
SRU�D�DQoR�GH��DVH�UHT�HUHUi��P��DQ�R�PDLRU�T�H�R�QHFHVViULR�SDUD�FRPSHQVDomR�SRU�
D�UDVR�GH��DVH��8P��DQ�R�PDLRU��QD�PDLRULD�GRV�FDVRV��LPSOLFD�PDLRU�HVSDoR��PDLRU�SHVR�
H�PDLRU�F�V�R��

4. ��FRPSHQVDomR�SRU�D�DQoR�GH��DVH�SRGH��HUDU�VLQDLV�GH�PDLRU�DPSOL��GH�QR�VLV�HPD��(VVHV�
VLQDLV�PDLRUHV�QmR�VmR�GHVHMi�HLV��SRLV�SRGHP�FD�VDU�VD��UDomR�QR�VLV�HPD�

5. ��FRPSHQVDomR�SRU�D�UDVR�GH��DVH�UHG�]�R��DQ�R�GR�VLV�HPD�QDV�DO�DV��UHT�rQFLDV�VHP�
UHG�]LU�R��DQ�R�HP�EDL[DV��UHT�rQFLDV���RPR�D�EDQGD�SDVVDQ�H�GR�VLV�HPD�p�SHT�HQD��
D��HORFLGDGH�GH�UHVSRV�D�p�PHQRU��3HOR��D�R�GH�R��DQ�R�HP�DO�D��UHT�rQFLD�VHU�UHG�]LGR��
SRGH�VH�D�PHQ�DU�R��DQ�R��R�DO�GR�VLV�HPD��'HVVH�PRGR��D�PHQ�D�VH��DPEpP�R��DQ�R�HP�
EDL[D��UHT�rQFLD��PHO�RUDQGR�D�SUHFLVmR�HP�UH�LPH�SHUPDQHQ�H���OpP�GLVVR��T�DLVT�HU�
U�tGRV�GH�DO�D��UHT�rQFLD�H[LV�HQ�HV�QR�VLV�HPD�SRGHP�VHU�D�HQ�DGRV�

6. ��FRPSHQVDomR�SRU�D�UDVR�GH��DVH�LQ�URG�]��P�SDU�GH�SRORV�]HUR�SUy[LPR�j�RUL�HP�T�H�
�DL��HUDU��PD�ORQ�D�FD�GD�GH�SHT�HQD�DPSOL��GH�QD�UHVSRV�D��UDQVL�yULD�

7. 6H��RUHP�GHVHMi�HLV��DQ�R�UHVSRV�DV�UiSLGDV�FRPR�SUHFLVmR�HP�UH�LPH�SHUPDQHQ�H��SRGHUi�
VHU�HPSUH�DGR��P�FRPSHQVDGRU�SRU�D�UDVR�H�D�DQoR�GH��DVH��8�LOL]DQGR�VH��P�FRPSHQVD�
GRU�SRU�D�UDVR�H�D�DQoR�GH��DVH��R��DQ�R�HP�EDL[D��UHT�rQFLD�SRGH�VHU�D�PHQ�DGR��R�T�H�
VL�QL�LFD�PHO�RU�SUHFLVmR�HP�UH�LPH�SHUPDQHQ�H��H��DR�PHVPR��HPSR��SRGH�VH�D�PHQ�DU�
D�EDQGD�SDVVDQ�H�H�DV�PDU�HQV�GH�HV�DELOLGDGH�

8. (PERUD��P��UDQGH�Q�PHUR�GH��DUH�DV�SUi�LFDV�SRVVD�VHU�UHDOL]DGR�SRU�FRPSHQVDGRUHV�SRU�
D�DQoR�GH��DVH��SRU�D�UDVR�GH��DVH�R��SRU�D�UDVR�H�D�DQoR�GH��DVH��SDUD�VLV�HPDV�FRPSOLFD�
GRV��D�FRPSHQVDomR�SHOR�VLPSOHV��VR�GHVVHV�FRPSHQVDGRUHV�SRGH�QmR�SURG�]LU�UHV�O�DGRV�
VD�LV�D�yULRV��(Q�mR��GH�H�VH�HPSUH�DU�R��URV�FRPSHQVDGRUHV�� �HQGR�FRQ�L��UDo�HV�GH�
SRORV�H�]HURV�GL�HUHQ�HV�

Comparação gráfica. ��)L��UD�������D��PRV�UD�D�F�U�D�GH�UHVSRV�D�DR�GH�UD���QL�iULR�H�D�F�U�D�
GH�UHVSRV�D�j�UDPSD��QL�iULD�GH��P�VLV�HPD�QmR�FRPSHQVDGR���V�F�U�DV��tSLFDV�GH�UHVSRV�D�DR�
GH�UD���QL�iULR�H�j�UDPSD��QL�iULD�GH��P�VLV�HPD�FRPSHQVDGR�T�H���LOL]D�FRPSHQVDGRUHV�SRU�
D�DQoR��D�UDVR�H�D�UDVR�H�D�DQoR�GH��DVH��UHVSHF�L�DPHQ�H��HV�mR�LQGLFDGDV�QDV��L��UDV�������E���
�F��H��G���2�VLV�HPD�FRP��P�FRPSHQVDGRU�SRU�D�DQoR�GH� �DVH�DSUHVHQ�D�D� UHVSRV�D�PDLV�
UiSLGD��HQT�DQ�R�R�VLV�HPD�FRP��P�FRPSHQVDGRU�SRU�D�UDVR�GH��DVH�H[LEH�D�UHVSRV�D�PDLV�OHQ�D��
PDV�FRP�PHO�RUDV�FRQVLGHUi�HLV�QD�UHVSRV�D�j�UDPSD��QL�iULD��2�VLV�HPD�FRP�R�FRPSHQVDGRU�
SRU�D�UDVR�H�D�DQoR�GH��DVH��RUQHFH��P�FRPSURPLVVR��PHO�RUDPHQ�RV�FRQVLGHUi�HLV��DQ�R�QD�
UHVSRV�D��UDQVL�yULD�FRPR�QD�UHVSRV�D�HP�UH�LPH�SHUPDQHQ�H�SRGHP�VHU�HVSHUDGRV���V�F�U�DV�
GH�UHVSRV�D�PRV�UDGDV�UHSUHVHQ�DP�D�QD��UH]D�GRV�PHO�RUDPHQ�RV�T�H�SRGHP�VHU�HVSHUDGRV�GRV�
GL�HUHQ�HV��LSRV�GH�FRPSHQVDGRUHV�

Compensação por realimentação. 8P��DF�PH�UR�p��P�GRV�GLVSRVL�L�RV�GH�UHDOLPHQ�DomR�
GH��HORFLGDGH��2��UR�GLVSRVL�L�R�FRP�P�GH�UHDOLPHQ�DomR�GH��HORFLGDGH�p�R��LURVFySLR�GH�
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�HORFLGDGH��2V��LURVFySLRV�GH��HORFLGDGH�QRUPDOPHQ�H�VmR���LOL]DGRV�HP�VLV�HPDV�GH�SLOR�D�HP�
D��RPi�LFD�GH�DHURQD�HV��

��UHDOLPHQ�DomR�GH��HORFLGDGH�T�H�HPSUH�D��DF�PH�UR�p�P�L�R���LOL]DGD�HP�VHU�RVVLV�HPDV�
SRVLFLRQDGRUHV��1R�H�T�H��VH��P�VLV�HPD��RU�V�EPH�LGR�D�VLQDLV�GH�U�tGR��D�UHDOLPHQ�DomR�GH��HORFL�
GDGH�SRGH�RFDVLRQDU�DO��PD�GL�LF�OGDGH��FDVR�R�HVT�HPD�HVSHFt�LFR�GH�UHDOLPHQ�DomR�GH��HORFLGDGH�
SURG�]D�D�GL�HUHQFLDomR�GR�VLQDO�GH�VDtGD���2�UHV�O�DGR�p�D�DFHQ��DomR�GRV�H�HL�RV�GH�U�tGR��

Cancelamento de polos indesejáveis. �RPR�D���QomR�GH��UDQV�HUrQFLD�GH�HOHPHQ�RV�HP�FDVFD�D�
p�R�SURG��R�GDV���Qo�HV�GH��UDQV�HUrQFLD�LQGL�LG�DLV��p�SRVVt�HO�R�FDQFHODPHQ�R�GH�DO��QV�SRORV�
R��]HURV�LQGHVHMi�HLV�VH��RU���LOL]DGR��P�HOHPHQ�R�GH�FRPSHQVDomR�HP�FDVFD�D��FRP�VH�V�SRORV�H�
]HURV�VHQGR�DM�V�DGRV�SDUD�FDQFHODU�SRORV�R��]HURV�LQGHVHMi�HLV�GR�VLV�HPD�RUL�LQDO��3RU�H[HPSOR��
�PD�FRQV�DQ�H�GH��HPSR�HOH�DGD����SRGH�VHU�FDQFHODGD�SHOR��VR�GH��PD�UHGH�SRU�D�DQoR�GH��DVH�
��������������������FRPR�VH��H��
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6H�����RU�P�L�R�PHQRU�T�H�����SRGHPRV�H�H�L�DPHQ�H�HOLPLQDU�D�FRQV�DQ�H�GH��HPSR�HOH�DGD�����
��)L��UD�������PRV�UD�R�H�HL�R�GR�FDQFHODPHQ�R�GH��PD�FRQV�DQ�H�GH��HPSR�HOH�DGD�QD�UHVSRV�D�
�UDQVL�yULD�DR�GH�UD���

4�DQGR�R�VLV�HPD�RUL�LQDO��L�HU��P�SROR�LQGHVHMi�HO�VL��DGR�QR�VHPLSODQR�GLUHL�R�GR�SODQR�
���HVVH�HVT�HPD�GH�FRPSHQVDomR�QmR�GH�H�VHU���LOL]DGR��GDGR�T�H��HPERUD�VHMD�PD�HPD�LFD�
PHQ�H�SRVVt�HO�FDQFHODU�R�SROR�LQGHVHMi�HO�SHOD�DGLomR�GH��P�]HUR��R�FDQFHODPHQ�R�H[D�R�p�
�LVLFDPHQ�H�LPSRVVt�HO��HP��LU��GH�GDV�LPSUHFLV�HV�HQ�RO�LGDV�QD�ORFDOL]DomR�GH�SRORV�H�]HURV��
8P�SROR�QR�VHPLSODQR�GLUHL�R�GR�SODQR����QmR�FDQFHODGR�H[D�DPHQ�H�SHOR�]HUR�GR�FRPSHQVDGRU��
SRGHUi�OH�DU�D��PD�RSHUDomR�LQV�i�HO��SRUT�H�D�UHVSRV�D��DL�FRQ�HU��P��HUPR�H[SRQHQFLDO�T�H�
D�PHQ�D�FRP�R��HPSR�
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1R�H�T�H��VH��P�SROR�QR�VHPLSODQR�HVT�HUGR�GR�SODQR����RU�T�DVH�FDQFHODGR��PDV�QmR�SUHFL�
VDPHQ�H��FRPR�p�T�DVH�VHPSUH�R�FDVR��D�FRPELQDomR�SROR�]HUR�QmR�FDQFHODGD��DUi�T�H�D�UHVSRV�D�
�HQ�D��P�FRPSRQHQ�H�GH�SHT�HQD�DPSOL��GH��PDV�GH�ORQ�D�G�UDomR�QD�UHVSRV�D��UDQVL�yULD��6H�
R�FDQFHODPHQ�R�QmR��RU�H[D�R��PDV�UD]RD�HOPHQ�H�ERP��HQ�mR�HVVH�FRPSRQHQ�H�VHUi�SHT�HQR��

2EVHU�H�T�H�R�VLV�HPD�GH�FRQ�UROH�LGHDO�QmR�p�R�T�H��HP��PD���QomR�GH��UDQV�HUrQFLD��QL�i�
ULD��)LVLFDPHQ�H���P�VLV�HPD�GH�FRQ�UROH�FRPR�HV�H�QmR�SRGH�VHU�FRQV�U�tGR���PD��H]�T�H�QmR�p�
SRVVt�HO��UDQV�HULU�LQV�DQ�DQHDPHQ�H�HQHU�LD�GD�HQ�UDGD�SDUD�D�VDtGD���OpP�GLVVR��FRPR�R�U�tGR�
T�DVH�VHPSUH�HV�i�SUHVHQ�H�VRE��PD�R��R��UD��RUPD���P�VLV�HPD�FRP��PD���QomR�GH��UDQV�HUrQFLD�
�QL�iULD�QmR�p�GHVHMDGR��1D�PDLRULD�GRV�FDVRV�SUi�LFRV���P�VLV�HPD�GH�FRQ�UROH�GHVHMi�HO�GH�H�
SRVV�LU��P�FRQM�Q�R�GH�SRORV�GRPLQDQ�HV�GH�PDO�D��HF�DGD��FRPSOH[RV�FRQM��DGRV�FRP��P�
FRH�LFLHQ�H�GH�DPRU�HFLPHQ�R�H��UHT�rQFLD�QD��UDO�QmR�DPRU�HFLGD�UD]Ri�HLV����GH�HUPLQDomR�GD�
SDU�H�VL�QL�LFD�L�D�GD�FRQ�L��UDomR�GH�SRORV�H�]HURV�GH�PDO�D��HF�DGD��FRPR�D�ORFDOL]DomR�GRV�
SRORV�GRPLQDQ�HV�GH�PDO�D��HF�DGD��p�EDVHDGD�QDV�HVSHFL�LFDo�HV�T�H��RUQHFHP�R�GHVHPSHQ�R�
GHVHMDGR�GR�VLV�HPD��

Cancelamento de polos complexos conjugados indesejáveis.�6H�D���QomR�GH��UDQV�HUrQFLD�
GH��PD�SODQ�D�FRQ�L�HU��P�R��PDLV�SDUHV�GH�SRORV�FRPSOH[RV�FRQM��DGRV��HQ�mR��P�FRPSHQVDGRU�
SRU�D�DQoR��SRU�D�UDVR�R��SRU�D�UDVR�H�D�DQoR�GH��DVH�SRGHUi�QmR�SURG�]LU�UHV�O�DGRV�VD�LV�D�yULRV��
1HVVH�FDVR���PD�UHGH�FRP�GRLV�]HURV�H�GRLV�SRORV�SRGHUi�VHU���LO��6H��RUHP�HVFRO�LGRV�]HURV�
T�H�FDQFHOHP�RV�SRORV�FRPSOH[RV�FRQM��DGRV�LQGHVHMi�HLV�GD�SODQ�D��HQ�mR�SRGHUHPRV�HVVHQ�
FLDOPHQ�H�V�EV�L��LU�RV�SRORV�LQGHVHMi�HLV�SRU�SRORV�DFHL�i�HLV��2��VHMD��VH�RV�SRORV�FRPSOH[RV�
FRQM��DGRV�LQGHVHMi�HLV�VH�VL��DUHP�QR�VHPLSODQR�HVT�HUGR�GR�SODQR���H�HV�L�HUHP�VRE�D��RUPD�
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UHV�O�D�HP��PD�H�H�L�D�P�GDQoD�GRV�SRORV�FRPSOH[RV�FRQM��DGRV�LQGHVHMi�HLV�SDUD�SRORV�
DFHL�i�HLV��1R�H�T�H��PHVPR�T�H�R�FDQFHODPHQ�R�SRVVD�QmR�VHU�H[D�R��R�VLV�HPD�FRPSHQVDGR�
DSUHVHQ�DUi�FDUDF�HUtV�LFDV�GH�UHVSRV�D�PHO�RUHV����RPR��RL�GL�R�DQ�HULRUPHQ�H��HVVH�FUL�pULR�
QmR�SRGH�VHU���LOL]DGR�VH�RV�SRORV�FRPSOH[RV�FRQM��DGRV�LQGHVHMi�HLV�HV�L�HUHP�QR�VHPLSODQR�
GLUHL�R�GR�SODQR����

5HGHV��DEL��DLV�FRQV�L��tGDV�DSHQDV�SRU�FRPSRQHQ�HV�����F�MDV���Qo�HV�GH��UDQV�HUrQFLD�
SRVV�DP�GRLV�]HURV�H�GRLV�SRORV��VmR�UHGHV�HP�SRQ�H����([HPSORV�GH�UHGHV�HP�SRQ�H���H�V�DV�
��Qo�HV�GH��UDQV�HUrQFLD�HV�mR�LQGLFDGRV�QD�)L��UD����������V�GHG�o�HV�GDV���Qo�HV�GH��UDQV�H�
UrQFLD�GH�UHGHV�HP�SRQ�H����RUDP�GDGDV�QR�3UREOHPD��������
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Comentários finais. 1RV�H[HPSORV�GH�SURMH�RV�DSUHVHQ�DGRV�QHV�H�FDSt��OR���UD�DPRV�SULQFLSDO�
PHQ�H�GDV���Qo�HV�GH��UDQV�HUrQFLD�GRV�FRPSHQVDGRUHV��1RV�SUREOHPDV�UHDLV�GH�SURMH�RV��GH�HPRV�
HVFRO�HU�RV�HT�LSDPHQ�RV���VVLP��GH�HPRV�VD�LV�D]HU�DV�OLPL�Do�HV�DGLFLRQDLV�GR�SURMH�R��FRPR�
F�V�R���DPDQ�R��SHVR�H�FRQ�LDELOLGDGH�

2�VLV�HPD�SURMH�DGR�SRGH�D�HQGHU�jV�HVSHFL�LFDo�HV�VRE�FRQGLo�HV�QRUPDLV�GH�RSHUDomR��PDV�
SRGH�VH�GHV�LDU�FRQVLGHUD�HOPHQ�H�GDV�HVSHFL�LFDo�HV�T�DQGR�DV�DO�HUDo�HV�DPELHQ�DLV��RUHP�VL��
QL�LFD�L�DV���RPR�DV�DO�HUDo�HV�DPELHQ�DLV�D�H�DP�DV�FRQV�DQ�HV�GH��DQ�R�H�GH��HPSR�GR�VLV�HPD��
�RUQD�VH�QHFHVViULR�FRQVH��LU�PHLRV�D��RPi�LFRV�R��PDQ�DLV�GH�DM�V�H�GH��DQ�R�SDUD�FRPSHQVDU�
HVVDV�P�GDQoDV�DPELHQ�DLV�H��DPEpP�SDUD�FRPSHQVDU�RV�H�HL�RV�GH�QmR�OLQHDULGDGHV�T�H�QmR��RUDP�
OH�DGRV�HP�FRQ�D�QR�SURMH�R��EHP�FRPR�DV��ROHU�QFLDV�GH��DEULFDomR�GH��PD��QLGDGH�SDUD�R��UD�
QD�SURG�omR�GH�FRPSRQHQ�HV�GR�VLV�HPD���2V�H�HL�RV�GH��ROHU�QFLD�GH��DEULFDomR��LFDP�V�SULPLGRV�
HP��P�VLV�HPD�GH�PDO�D��HF�DGD��SRU�DQ�R��RV�H�HL�RV�SRGHP�QmR�VHU�FUt�LFRV�HP�RSHUDo�HV�GH�
PDO�D��HF�DGD��PDV�FUt�LFRV�HP�RSHUDo�HV�GH�PDO�D�DEHU�D����OpP�GLVVR��R�SURMH�LV�D�GH�H�OH�DU�
HP�FRQ�D�T�H�T�DOT�HU�VLV�HPD�HV�i�V�MHL�R�D�SHT�HQDV��DULDo�HV�FD�VDGDV�SULQFLSDOPHQ�H�SHOD�
GH�HULRUDomR�QRUPDO�GR�VLV�HPD�

 | Exemplos de problemas com soluções

A.7.1� �RQVLGHUH�R�VLV�HPD�F�MD���QomR�GH��UDQV�HUrQFLD�GH�PDO�D��HF�DGD�p�
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(�LGHQ�HPHQ�H��RV�SRORV�GH�PDO�D��HF�DGD�HV�mR�ORFDOL]DGRV�HP��� �±���H��� �±���H�R�VLV�HPD�QmR�
p�RVFLOD�yULR��

0RV�UH�T�H�D�UHVSRV�D�HP��UHT�rQFLD�GH�PDO�D��HF�DGD�GHVVH�VLV�HPD�DSUHVHQ�D��P�SLFR�GH�
UHVVRQ�QFLD��HPERUD�R�FRH�LFLHQ�H�GH�DPRU�HFLPHQ�R�GRV�SRORV�GH�PDO�D��HF�DGD�VHMD�PDLRU�
T�H�D��QLGDGH�

Solução. ��)L��UD�������PRV�UD�R�GLD�UDPD�GH��RGH�GR�VLV�HPD��2��DORU�GR�SLFR�GH�UHVVRQ�QFLD�
p�GH�DSUR[LPDGDPHQ�H�����G����1R�H�T�H��QD�D�VrQFLD�GR�]HUR��R�VLV�HPD�GH�VH��QGD�RUGHP�FRP�
z�������QmR�H[LELUi�R�SLFR�GH�UHVVRQ�QFLD��HQ�UH�DQ�R��D�SUHVHQoD�GH��P�]HUR�GH�PDO�D��HF�DGD�
�DL�FD�VDU�HVVH�SLFR��

FIGURA 7.118
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A.7.2� �RQVLGHUH�R�VLV�HPD�GH�LQLGR�SRU�
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����� ���������

RQGH������p�D�PD�UL]�GH��UDQV�HUrQFLD�H�p�GDGD�SRU

����� �C����±�A�±��B���D

3DUD�R�VLV�HPD�FRQVLGHUDGR�DT�L��D�PD�UL]�GH��UDQV�HUrQFLD��RUQD�VH�

C I A B D�
�

�

� �

�

�

� �
�

� �

� �
�

� �
�

1
0

0
1 25

1
4

1
0

1
1

4 25
1 4

25
1 1

0
1
1

4 25
4

4 25
25

4 25
5

4 25
25

1

2

2

2

2

2

- + =
-

+

=
+ +

+

-

= + +
+

+ +
-

+ +
+

+ +
-

-^ h

R

T

S
S
SS

= = =
= =

V

X

W
W
WW

G G G
G G

(Q�mR�

Y s
Y s

s s
s

s s

s s
s

s s
s

U s
U s

4 25
4

4 25
25

4 25
5

4 25
25

1

2

2

2

2

2

1

2

= + +
+

+ +
-

+ +
+

+ +
-

^

^

^

^

h

h

h

h

R

T

S
S
S
SS

> >
V

X

W
W
W
WW

H H
�R�V�SRU�T�H������M~�� ����HQFRQ�UDPRV������M~�������M~��H������M~�������M~���FRPR�VH��H�

U j
Y j

j j
j

U j
Y j

j j

4 25
4

4 25
25

2

1

2

1

2

2

~

~

~ ~

~

~

~

~ ~

=
+ +

+

=
+ +
-

^
^

^

^
^

^

h
h

h

h
h

h

'H�PDQHLUD�VHPHO�DQ�H��DR�V�SRU�T�H������M~�� ����HQFRQ�UDPRV������M~�������M~��H������M~�������M~���
FRPR�VH��H�

U j
Y j

j j
j

U j
Y j

j j
j

4 25
5

4 25
25

2

1

2

2

2

2

~

~

~ ~

~

~

~

~ ~

~

=
+ +

+

=
+ +

-

^
^

^

^
^

^

h
h

h

h
h

h

1R�H�T�H������M~�������M~��p��PD���QomR�GH��UDQV�HUrQFLD�GH��DVH�QmR�PtQLPD�

A.7.3� �RQVLGHUDQGR�R�3UREOHPD�A.7.2��GHVHQ�H�RV�GLD�UDPDV�GH��RGH�GR�VLV�HPD����LOL]DQGR�R�
0�7/���
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Solução. 2�3UR�UDPD������HP�0�7/���SURG�]�RV�GLD�UDPDV�GH��RGH�GR�VLV�HPD��+i�T�D�UR�
FRQM�Q�RV�GH�GLD�UDPDV�GH��RGH��GRLV�SDUD�D�HQ�UDGD���H�GRLV�SDUD�D�HQ�UDGD����(VVHV�GLD�UDPDV�
GH��RGH�VmR�PRV�UDGRV�QD�)L��UD�������

Programa 7.15 em MATLAB

A = [0 1;-25 -4];
B = [1 1;0 1];
C = [1 0;0 1];
D = [0 0;0 0];
bode(A,B,C,D)

A.7.4� 8�LOL]DQGR�R�0�7/����FRQV�U�D�RV�GLD�UDPDV�GH��RGH�SDUD�R�VLV�HPD�GH�PDO�D��HF�DGD�LQGL�
FDGR�QD�)L��UD�������SDUD�.� ����.� ����H�.� �����'HVHQ�H�DV��UrV�F�U�DV�GH�PyG�OR�QR�PHVPR�
GLD�UDPD�H�DV��UrV�F�U�DV�GH��Q��OR�GH��DVH�HP�R��UR�GLD�UDPD�

Solução. ����QomR�GH��UDQV�HUrQFLD�GH�PDO�D��HF�DGD�p�GDGD�SRU�
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(Q�mR��R�Q�PHUDGRU�H�R�GHQRPLQDGRU�GH�����������VmR�

nun = [K]

den = [1  6  5  K]

8PD�RSomR�GR�SUR�UDPD�HP�0�7/���p�R�3UR�UDPD������HP�0�7/����2V�GLD�UDPDV�GH��RGH�
UHV�O�DQ�HV�VmR�PRV�UDGRV�QDV��L��UDV�������D��H��E��

FIGURA 7.120
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FIGURA 7.121
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Programa 7.16 em MATLAB

w = logspace(-1,2,200);
for i = 1:3;
 if i = 1; K = 1;[mag,phase,w] = bode([K],[1 6 5 K],w);
  mag1dB = 20*log10(mag); phase1 = phase; end;
 if i = 2; K = 10;[mag,phase,w] = bode([K],[1 6 5 K],w);
  mag2dB = 20*log10(mag); phase2 = phase; end;
 if i = 3; K = 20;[mag,phase,w] = bode([K],[1 6 5 K],w);
  mag3dB = 20*log10(mag); phase3 = phase; end;
end
semilogx(w,mag1dB,’-’,w,mag2dB,’-’,w,mag3dB,’-’)
grid
title(‘Diagrama de Bode de G(s) = K/[s(s + 1)(s + 5)], where K = 1, K = 10, and K = 20’)
xlabel(‘Frequência (rad/s)’)
ylabel(‘Ganho (dB)’)
text(1.2,-31,’K = 1’)
text(1.1,-8,’K = 10’)
text(11,-31,’K = 20’)
semilogx(w,phase1,’-’,w,phase2,’-’,w,phase3,’-’)
grid
xlabel(‘Frequência (rad/s)’)
ylabel(‘Fase (graus)’)
text(0.2,-90,’K = 1’)
text(0.2,-20,’K =10’)
text(1.6,-20,’K = 20’)

A.7.5� 3UR�H�T�H�R�GLD�UDPD�SRODU�GD���QomR�VHQRLGDO�GH��UDQV�HUrQFLD
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Solução. ����QomR�VHQRLGDO�GH��UDQV�HUrQFLD�GDGD�����M~��SRGH�VHU�HVFUL�D�FRPR�VH��H�
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�VVLP���HPRV�T�H�R�GLD�UDPD�GH�����M~��p��PD�FLUF�Q�HUrQFLD�GH�FHQ�UR����������H�UDLR�L��DO�D��������
semicircunferência�superior�corresponde�a�0�≤�~�≤�∞�e�a�semicircunferência�inferior,�a�–�∞�≤�~�≤�0.

A.7.6� 3UR�H�R�VH��LQ�H��HRUHPD�VREUH�PDSHDPHQ�R��VHMD�)�����PD�UHODomR�GH�SROLQ�PLRV�HP����6HMD���
R�Q�PHUR�GH�SRORV�H���R�Q�PHUR�GH�]HURV�GH�)����VL��DGRV�QR�LQ�HULRU�GH��P�FRQ�RUQR��HF�DGR�QR�
SODQR����Mi�FRQVLGHUDGD�D�P�O�LSOLFLGDGH�GH�SRORV�H�]HURV��6�SRQ�D�T�H�R�FRQ�RUQR��HF�DGR�VHMD�
GH�PRGR�T�H�QmR�SDVVH�VREUH�QHQ��P�GRV�SRORV�R��]HURV�GH�)�����2�FRQ�RUQR��HF�DGR�QR�SODQR�
���LFD��HQ�mR��PDSHDGR�QR�SODQR�)����FRPR��PD�F�U�D��HF�DGD��2�Q�PHUR�1�GH�HQ�RO�LPHQ�RV�
GD�RUL�HP�GR�SODQR�)����QR�VHQ�LGR��RUiULR��T�DQGR�R�SRQ�R�UHSUHVHQ�D�L�R����UDoD�QR�SODQR���R�
FRQ�RUQR�FRPSOH�R�QR�VHQ�LGR��RUiULR��p�L��DO�D�������

Solução. 3DUD�SUR�DU�HVVH��HRUHPD����LOL]DPRV�R��HRUHPD�GH��D�F���H�R��HRUHPD�GR�UHVtG�R��2�
�HRUHPD�GH��D�F���D�LUPD�T�H�D�LQ�H�UDO�GH�)����HP��P�FRQ�RUQR��HF�DGR�QR�SODQR���p�]HUR��VH�
)�����RU�DQDOt�LFD��QR�LQ�HULRU�H�QR�SUySULR�FRQ�RUQR��R�

�� 3DUD�D�GH�LQLomR�GH���QomR�DQDOt�LFD���HMD�D�QR�D�GH�URGDSp�GD�Si�LQD�����
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6H�R�FRQ�RUQR��HF�DGR�QR�SODQR����RU�PDSHDGR�QR�FRQ�RUQR��HF�DGR�G�QR�SODQR�)�����HQ�mR

lnF s
F s ds d F j d j d j P Z2i i r= + = = -C C

l

^
^

^
h
h

h##o #o #o

��LQ�H�UDO�$ Γ��)��p�]HUR��SRLV�R��DORU�GH�OQ��)��p�R�PHVPR���DQ�R�QR�SRQ�R�LQLFLDO�FRPR�QR�SRQ�R�
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2EVHU�H�T�H��SRU�HVVH��HRUHPD�GR�PDSHDPHQ�R��R�Q�PHUR�H[D�R�GH�]HURV�H�SRORV�QmR�SRGH�VHU�
GH�HUPLQDGR���PDV�DSHQDV�V�D�GL�HUHQoD��1R�H��DPEpP�T�H��D�SDU�LU�GDV��L��UDV�������D��H��E���
vemos�que,�se�θ�não�variar�em�2p�UDG��HQ�mR�D�RUL�HP�GR�SODQR�)����QmR�SRGH�VHU�HQ�RO�LGD�

A.7.7� 2�GLD�UDPD��SRODU��GH�1�T�LV��GH�UHVSRV�D�HP��UHT�rQFLD�GH�PDO�D�DEHU�D�GH��P�VLV�HPD�GH�
FRQ�UROH�FRP�UHDOLPHQ�DomR��QL�iULD�p�PRV�UDGR�QD�)L��UD�������D����R�V�SRU�T�H�R�SHUF�UVR�GH�
1�T�LV��QR�SODQR���HQ�OREH��RGR�R�VHPLSODQR�GLUHL�R�GR�SODQR�����UDFH�R�GLD�UDPD�GH�1�T�LV��
FRPSOH�R�QR�SODQR����(P�VH��LGD��UHVSRQGD�jV�VH��LQ�HV�T�HV��HV�

�D�� 6H�D���QomR�GH��UDQV�HUrQFLD�GH�PDO�D�DEHU�D�QmR�SRVV�L�SRORV�QR�VHPLSODQR�GLUHL�R�GR�SODQR�
���R�VLV�HPD�GH�PDO�D��HF�DGD�p�HV�i�HO�

�E�� 6H�D���QomR�GH��UDQV�HUrQFLD�GH�PDO�D�DEHU�D�SRVV�L��P�SROR�H�QHQ��P�]HUR�QR�VHPLSODQR�
GLUHL�R�GR�SODQR����R�VLV�HPD�GH�PDO�D��HF�DGD�p�HV�i�HO�

�F�� 6H�D���QomR�GH��UDQV�HUrQFLD�GH�PDO�D�DEHU�D�SRVV�L��P�]HUR�H�QHQ��P�SROR�QR�VHPLSODQR�
GLUHL�R�GR�SODQR����R�VLV�HPD�GH�PDO�D��HF�DGD�p�HV�i�HO�

Solução. ��)L��UD�������E��PRV�UD�R�GLD�UDPD�GH�1�T�LV��FRPSOH�R�QR�SODQR����(LV�DV�UHVSRV�DV�
jV��UrV�T�HV��HV�

FIGURA 7.122
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�D�� 2�VLV�HPD�GH�PDO�D��HF�DGD�p�HV�i�HO�SRUT�H�R�SRQ�R�FUt�LFR��±�����M���QmR�p�HQ�RO�LGR�SHOR�
GLD�UDPD�GH�1�T�LV���2��VHMD��FRPR��� ���H�1� �����HPRV��� �1����� ���

�E�� ����QomR�GH��UDQV�HUrQFLD�GH�PDO�D�DEHU�D��HP��P�SROR�QR�VHPLSODQR�GLUHL�R�GR�SODQR����
(Q�mR���� �����2�VLV�HPD�GH�PDO�D�DEHU�D�p�LQV�i�HO���3DUD�T�H�R�VLV�HPD�GH�PDO�D��HF�DGD�
VHMD�HV�i�HO��R�GLD�UDPD�GH�1�T�LV��GH�H�HQ�RO�HU�R�SRQ�R�FUt�LFR��PD��H]�QR�VHQ�LGR�DQ�L�
�RUiULR��(Q�UH�DQ�R��R�GLD�UDPD�GH�1�T�LV��QmR�HQ�RO�H�QHP��PD��H]�R�SRQ�R�FUt�LFR��±���
��M���QR�VHQ�LGR�DQ�L��RUiULR��(Q�mR��1� ����3RU�DQ�R���� �1����� ����2�VLV�HPD�GH�PDO�D�
�HF�DGD�p�LQV�i�HO�

�F�� �RPR�D���QomR�GH��UDQV�HUrQFLD�GH�PDO�D�DEHU�D��HP��P�]HUR��PDV�QHQ��P�SROR��QR�VHPL�
SODQR�GLUHL�R�GR�SODQR�����HPRV��� �1����� �����VVLP��R�VLV�HPD�GH�PDO�D��HF�DGD�p�HV�i�HO��
�1R�H�T�H�RV�]HURV�GD���QomR�GH��UDQV�HUrQFLD�GH�PDO�D�DEHU�D�QmR�D�H�DP�D�HV�DELOLGDGH�GR�
VLV�HPD�GH�PDO�D��HF�DGD��

A.7.8� 2�VLV�HPD�GH�PDO�D��HF�DGD�FRP�D�VH��LQ�H���QomR�GH��UDQV�HUrQFLD�GH�PDO�D�DEHU�D�p�HV�i�
�HO��FRP�.� ���

G s H s s s s
K

1 2 1=
+ +

^ ^
^ ^

h h
h h

'H�HUPLQH�R��DORU�FUt�LFR�GR��DQ�R�.�SDUD�T�H��DMD�HV�DELOLGDGH�

Solução. ����QomR�GH��UDQV�HUrQFLD�GH�PDO�D�DEHU�D�p�

G j H j j j j
K

j
K

1 2 1

3 1 22 2

~ ~
~ ~ ~

~ ~ ~

=
+ +

=
- + -

^ ^
^ ^

^

h h
h h

h

(VVD���QomR�GH��UDQV�HUrQFLD�GH�PDO�D�DEHU�D�QmR��HP�SRORV�QR�VHPLSODQR�GLUHL�R�GR�SODQR����
(Q�mR��SDUD�T�H��DMD�HV�DELOLGDGH��R�SRQ�R�FUt�LFR�±�����M��QmR�GH�H�VHU�HQ�RO�LGR��'H�HUPLQHPRV�
R�SRQ�R�HP�T�H�R�GLD�UDPD�GH�1�T�LV��FU�]D�R�HL[R�UHDO�QH�D�L�R��)DoDPRV�D�SDU�H�LPD�LQiULD�
GH�����M~�����M~��VHU�L��DO�D�]HUR�R�

��±��~�� ��

GH�RQGH

2
1!~ =

6�EV�L��LQGR�~� ��� � �HP�����M~�����M~���RE�HPRV

FIGURA 7.123
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G j H j K
2

1
2

1
3

2=-e eo o

2��DORU�FUt�LFR�GR��DQ�R�.�p�RE�LGR�L��DODQGR�VH�±��.���D�±���R�

1.3
2- =-

(Q�mR�

.� � 2
3

2�VLV�HPD�p�HV�i�HO�VH�����.��� 2
3
��(Q�mR��R�VLV�HPD�FRP�.� ���p�LQV�i�HO�

A.7.9� �RQVLGHUH�R�VLV�HPD�GH�PDO�D��HF�DGD�PRV�UDGR�QD�)L��UD��������'H�HUPLQH�R��DORU�FUt�LFR�GH�.�
SDUD�T�H��DMD�HV�DELOLGDGH����LOL]DQGR�R�FUL�pULR�GH�HV�DELOLGDGH�GH�1�T�LV��

Solução. 2�GLD�UDPD�SRODU�GH��yUP�OD

G j j
K

�
~

~
=

-
^ h

p��PD�FLUF�Q�HUrQFLD�FRP�FHQ�UR�HP�±.���QR�HL[R�UHDO�QH�D�L�R�H�UDLR�.����FRPR�PRV�UD�D�
)L��UD�������D���3DUD�~�variando�de�–�∞�a�∞,�o�lugar�geométrico�de�����M~���D]��PD�UR�DomR�QR�
VHQ�LGR�FRQ�UiULR�GRV�SRQ�HLURV�GR�UHOy�LR��1HVVH�VLV�HPD���� ���SRUT�H��i��P�SROR�GH������QR�
VHPLSODQR�GLUHL�R�GR�SODQR����3DUD�T�H�R�VLV�HPD�GH�PDO�D��HF�DGD�VHMD�HV�i�HO����GH�H�VHU�L��DO�D����
3RU�DQ�R��1� ���±���GH�H�VHU�L��DO�D�±����R��GH�H��D�HU��P�HQ�RO�LPHQ�R�QR�VHQ�LGR�DQ�L��RUiULR�GR�
SRQ�R�±�����M��SDUD�T�H��DMD�HV�DELOLGDGH���6H�QmR��R��HU�HQ�RO�LPHQ�R�GR�SRQ�R�±�����M���R�VLV�HPD�

FIGURA 7.125
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VHUi�LQV�i�HO����VVLP��SDUD�T�H��DMD�HV�DELOLGDGH��.�GH�H�VHU�PDLRU�T�H�D��QLGDGH�H�.� ���p�R�FDVR�
OLPL�H�GD�HV�DELOLGDGH����)L��UD�������E��PRV�UD�DPERV�RV�FDVRV�GH�HV�DELOLGDGH�H�LQV�DELOLGDGH�GRV�
GLD�UDPDV�GH�����M~��

A.7.10� �RQVLGHUH�R�VLV�HPD�FRP�UHDOLPHQ�DomR��QL�iULD�F�MD���QomR�GH��UDQV�HUrQFLD�GH�PDO�D�DEHU�D�p�

G s s
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�

, s0 8

=
+

-

^ h

8�LOL]H�R�GLD�UDPD�GH�1�T�LV��SDUD�GH�HUPLQDU�R��DORU�FUt�LFR�GH�.�SDUD�T�H��DMD�HV�DELOLGDGH�

Solução. 3DUD�HVVH�VLV�HPD�
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��SDU�H�LPD�LQiULD�GH�����M~��p�L��DO�D�]HUR�VH

VHQ����~���~�FRV����~� ��

(Q�mR�

~� �±������~

5HVRO�HQGR�HVVD�HT�DomR�SDUD�R�PHQRU��DORU�SRVL�L�R�GH�~��RE�HPRV�

~� �������

6�EV�L��LQGR�~� ��������HP�����M~���RE�HPRV�

,
,

, , , 0,378cos senG j K K2 4482
1 2 4482

1 9586 2 4482 1 95862=
+

- =-^ ^h h

2��DORU�FUt�LFR�GH�.�SDUD�T�H��DMD�HV�DELOLGDGH�VHUi�RE�LGR�VH��L]HUPRV�T�H�����M��������VHMD�L��DO�
D�±����(Q�mR�

�����.� ��

R�

.� �����

��)L��UD�������PRV�UD�R�GLD�UDPD�SRODU�R��GH�1�T�LV��GH�����H±����M~������M~��H�����������M~���2�
VLV�HPD�GH�SULPHLUD�RUGHP�VHP�UH�DUGR�GH��UDQVSRU�H�p�HV�i�HO�SDUD��RGRV�RV��DORUHV�GH�.��PDV�
FRP��P�UH�DUGR�GH��UDQVSRU�H�GH�����VH��QGR��RUQD�VH�LQV�i�HO�SDUD�.��������

FIGURA 7.126

Re

Im

4
3

~ = 2,45

~ = 2

~ = 1,5

–1

–2

–1

1

1 2 3

~ = 1

~ = 06

89

10

~ = 0,5

2,65
1 + j~

2,65 e–0,8j~

1 + j~

Diagramas 
polares de 
2,65e– 0,8j~/(1 + 
j~) e 2,65/(1 + 
j~).

486 Engenharia de controle moderno



A.7.11� �RQVLGHUH�R�VLV�HPD�FRP�UHDOLPHQ�DomR��QL�iULD�FRP�D�VH��LQ�H���QomR�GH��UDQV�HUrQFLD�GH�PDO�D�
DEHU�D�

,G s s s s
s s

1 10
20 0 52

=
+ +
+ +^

^ ^
^

h
h h

h

7UDFH�R�GLD�UDPD�GH�1�T�LV��FRP�R�0�7/���H�H[DPLQH�D�HV�DELOLGDGH�GR�VLV�HPD�GH�PDO�D�
�HF�DGD�

Solução. 2�3UR�UDPD������HP�0�7/���SURG�]�R�GLD�UDPD�GH�1�T�LV��PRV�UDGR�QD�)L��UD�
�������(VVD��L��UD�PRV�UD�T�H�R�GLD�UDPD�GH�1�T�LV��QmR�HQ�RO�H�R�SRQ�R�±�����M���(Q�mR��1� ���
QR�FUL�pULR�GH�HV�DELOLGDGH�GH�1�T�LV����RPR�QmR��i�QHQ��P�SROR�GH�PDO�D�DEHU�D�QR�VHPLSODQR�
GLUHL�R�GR�SODQR������ ����3RU�DQ�R���� �1����� ����2�VLV�HPD�GH�PDO�D��HF�DGD�p�HV�i�HO�

Programa 7.17 em MATLAB

num = [20 20 10];
den = [1 11 10 0];
nyquist(num,den)
v = [-2 3 -3 3]; axis(v)
grid

A.7.12� �RQVLGHUH�R�PHVPR�VLV�HPD�GLVF��LGR�QR�3UREOHPD���������'HVHQ�H�R�GLD�UDPD�GH�1�T�LV��
VRPHQ�H�SDUD�D�UH�LmR�GH��UHT�rQFLDV�SRVL�L�DV�

Solução. 2�GHVHQ�R�GH��P�GLD�UDPD�GH�1�T�LV��DSHQDV�SDUD�D�UH�LmR�GH��UHT�rQFLDV�SRVL�L�DV�
SRGH�VHU��HL�R�FRP�R�D�[tOLR�GR�VH��LQ�H�FRPDQGR�

[re,im,w] = nyquist(num,den,w)

��UH�LmR�GH��UHT�rQFLDV�SRGH�VHU�GL�LGLGD�HP�GL�HUVDV� V�E�UH�L�HV����LOL]DQGR�VH�GL�HUHQ�HV�
LQFUHPHQ�RV��3RU�H[HPSOR��D�UH�LmR�GH��UHT�rQFLDV�GH�LQ�HUHVVH�SRGH�VHU�GL�LGLGD�HP��UrV�V�E�
UH�L�HV��FRPR�VH��H�

 w1 = 0.1:0.1:10;

 w2 = 10:2:100;

 w3 = 100:10:500;

 w = [w1 w2 w3]

FIGURA 7.127
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2�3UR�UDPD������HP�0�7/�����LOL]D�HVVD�UH�LmR�GH��UHT�rQFLDV���RP�HVVH�SUR�UDPD��RE�HPRV�
R�GLD�UDPD�GH�1�T�LV���LV�R�QD�)L��UD�������

Programa 7.18 em MATLAB

num = [20 20 10];
den = [1 11 10 0];
w1 = 0.1:0.1:10; w2 = 10:2:100; w3 = 100:10:500;
w = [w1 w2 w3];
[re,im,w] = nyquist(num,den,w);
plot(re,im)
v = [-3 3 -5 1]; axis(v);
grid
title(‘Diagrama de Nyquist de G(s) = 20(s^2 + s + 0.5)/[s(s + 1)(s + 10)]’)
xlabel(‘Eixo real’)
ylabel(‘Eixo imaginário’)

A.7.13� �RP�UH�HUrQFLD�DR�3UREOHPD���������GHVHQ�H�R�GLD�UDPD�SRODU�GH�������RQGH

,G s s s s
s s

1 10
20 0 52

=
+ +
+ +

^
^ ^
^

h
h h

h

/RFDOL]H�QR�GLD�UDPD�SRODU�RV�SRQ�RV�GH��UHT�rQFLDV�RQGH�~� �����������������������������H����
UDG�V��'H�HUPLQH��DPEpP�RV�PyG�ORV�H�RV��Q��ORV�GH��DVH�GH�����M~��QRV�SRQ�RV�GH��UHT�rQFLDV�
HVSHFL�LFDGRV�

Solução.�1R�3UR�UDPD������HP�0�7/������LOL]DPRV�R��H�RU�GH��UHT�rQFLD�w��T�H�p�FRQV�L��tGR�
SRU��UrV�V�E�H�RUHV�GH��UHT�rQFLD��w1��w2�H�w3��(P��H]�GHVVH��H�RU�w��SRGHPRV���LOL]DU�VLPSOHV�
PHQ�H�R��H�RU�GH��UHT�rQFLDV�w = logscale(d1, d2, n)��2�3UR�UDPD������HP�0�7/�����LOL]D�
R�VH��LQ�H��H�RU�GH��UHT�rQFLDV�

w = logscale(-1,2,100)

(VVH�SUR�UDPD�HP�0�7/���GHVHQ�D�R�GLD�UDPD�SRODU�H�ORFDOL]D�RV�SRQ�RV�GH��UHT�rQFLDV�
HVSHFL�LFDGRV�QR�GLD�UDPD�SRODU��FRPR�PRV�UD�D�)L��UD�������

FIGURA 7.128
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Programa 7.19 em MATLAB

num = [20 20 10];
den = [1 11 10 0];
ww = logspace(-1,2,100);
nyquist(num,den,ww)
v = [-2 3 -5 0]; axis(v);
grid
hold
Current plot held
w = [0.2 0.3 0.5 1 2 6 10 20];
[re,im,w] = nyquist(num,den,w);
plot(re,im,’o’)
text(1.1,-4.8,’w = 0.2’)
text(1.1,-3.1,’0.3’)
text(1.25,-1.7,’0.5’)
text(1.37,-0.4,’1’)
text(1.8,-0.3,’2’)
text(1.4,-1.1,’6’)
text(0.77,-0.8,’10’)
text(0.037,-0.8,’20’)

% ----- Para obter os valores de ganho e fase (em graus) de G(jw)
% nos valores especificados de w, digite o comando [mag,phase,w]
% = bode(num,den,w) ------

[mag,phase,w] = bode(num,den,w);

% ----- A tabela seguinte mostra os valores especificados da frequência w e
% os valores correspondentes do módulo e fase (em graus) -----

[w mag phase]

ans =
0.2000 4.9176 -78.9571
0.3000 3.2426 -72.2244
0.5000 1.9975 -55.9925
1.0000 1.5733 -24.1455
2.0000 1.7678 -14.4898
6.0000 1.6918 -31.0946

10.0000 1.4072 -45.0285
20.0000 0.8933 -63.4385

FIGURA 7.129
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A.7.14� �RQVLGHUH��P�VLV�HPD�FRP�UHDOLPHQ�DomR��QL�iULD��SRVL�L�D��F�MD���QomR�GH��UDQV�HUrQFLD�GH�
PDO�D�DEHU�D�p�

G s
s s
s s

5 4
4 6

2

2

=
+ +
+ +^ h

'HVHQ�H�R�GLD�UDPD�GH�1�T�LV��

Solução. 2�GLD�UDPD�GH�1�T�LV��GR�VLV�HPD�FRP�UHDOLPHQ�DomR�SRVL�L�D�SRGH�VHU�RE�LGR�VH�num�
H�den��RUHP�GH�LQLGRV�FRPR�

num = [-1 -4 -6]

den = [1 5 4]

H�VH��RU���LOL]DGR�R�FRPDQGR�nyquist(num, den)��2�3UR�UDPD������HP�0�7/���SURG�]�
R�GLD�UDPD�GH�1�T�LV���FRPR�PRV�UD�D�)L��UD�������

(VVH�VLV�HPD�p�LQV�i�HO�SRUT�H�R�SRQ�R�±�����M��p�HQ�RO�LGR��PD��H]�QR�VHQ�LGR��RUiULR��1R�H�
T�H�HV�H�p��P�FDVR�HVSHFLDO�HP�T�H�R�GLD�UDPD�GH�1�T�LV��SDVVD�SHOR�SRQ�R�±�����M��H��DPEpP�
envolve�esse�ponto�uma�vez�no�sentido�horário.�Isso�significa�que�o�sistema�de�malha�fechada�é�
GH�HQHUDGR��R�VLV�HPD�VH�FRPSRU�D�FRPR�VH��RVVH��P�VLV�HPD�LQV�i�HO�GH�SULPHLUD�RUGHP��9HMD�
D�VH��LQ�H���QomR�GH��UDQV�HUrQFLD�GH�PDO�D��HF�DGD�GR�VLV�HPD�FRP�UHDOLPHQ�DomR�SRVL�L�D�
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1R�H�T�H�R�GLD�UDPD�GH�1�T�LV��SDUD�R�FDVR�GH�UHDOLPHQ�DomR�SRVL�L�D�p�D�LPD�HP�HVSHF�ODU�HP�
relação�ao�eixo�imaginário�do�diagrama�de�Nyquist�para�o�caso�da�realimentação�negativa.�Isso�
SRGH�VHU��LV�R�QD�)L��UD��������T�H��RL�RE�LGD�FRP�R�D�[tOLR�GR�3UR�UDPD������HP�0�7/�����1R�H�
T�H�R�FDVR�GD�UHDOLPHQ�DomR�SRVL�L�D�p�LQV�i�HO��PDV�R�FDVR�GD�UHDOLPHQ�DomR�QH�D�L�D�p�HV�i�HO��

Programa 7.20 em MATLAB

num = [-1 -4 -6];
den = [1 5 4];
nyquist(num,den);
grid
title(‘Diagrama de Nyquist de G(s) = -(s^2 + 4s + 6)/(s^2 + 5s + 4)’)

FIGURA 7.130
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Programa 7.21 em MATLAB

num1 = [1 4 6];
den1 = [1 5 4];
num2 = [-1 -4 -6];
den2 = [1 5 4];
nyquist(num1,den1);
hold on
nyquist(num2,den2);
v = [-2 2 -1 1];
axis(v);
grid
title(‘Diagrama de Nyquist de G(s) e -G(s)’)
text(1.0,0.5,’G(s)’)
text(0.57,-0.48,’Use este diagrama’)
text(0.57,-0.61,’de Nyquist para o sistema’)
text(0.57,-0.73,’com realimentação negativa’)
text(-1.3,0.5,’-G(s)’)
text(-1.7,-0.48,’Use este diagrama’)
text(-1.7,-0.61,’de Nyquist para o sistema’)
text(-1.7,-0.73,’com realimentação positiva’)

A.7.15� �RQVLGHUH�R�VLV�HPD�GH�FRQ�UROH�PRV�UDGR�QD�)L��UD���������RQV�O�H�R�([HPSOR��������8VDQGR�R�
GLD�UDPD�SRODU�LQ�HUVR��GH�HUPLQH�R�DOFDQFH�GR��DQ�R�GH�.�SDUD�HV�DELOLGDGH�

Solução.��RPR

G s
s s �

�
2 3 2=

+ +
^ h

�HPRV

,G s G s G s
s s
K s

1
0 5

1 2 3 2= =
+ +

+
^ ^ ^

^
h h h

h

3RU�DQ�R��D���QomR�GH��UDQV�HUrQFLD�LQ�HUVD�GR�UDPR�GLUH�R�p

FIGURA 7.131
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Diagramas de Nyquist de G(s) e –G(s)

–G(s) G(s)

Utilize esse diagrama
de Nyquist para o sistema

com realimentação positiva

Utilize esse diagrama
de Nyquist para o sistema

com realimentação negativa

Diagramas de 
Nyquist de um 
sistema com 
realimentação 
positiva e de 
um sistema com 
realimentação 
negativa.
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,G s K s
s s1

0 5
13 2

=
+
+ +

^ ^h h

2EVHU�H�T�H���������HP��P�SROR�HP��� �±�����H�QmR��HP�SROR�QR�VHPLSODQR�GLUHL�R�GR�SODQR����
3RU�DQ�R��D�HT�DomR�GH�HV�DELOLGDGH�GH�1�T�LV�

�� �1����

VH�UHG�]�D��� �1��Mi�T�H��� ������HT�DomR�UHG�]LGD�GH�HUPLQD�T�H�R�Q�PHUR���GH�]HURV�GH�����
>��������QR�VHPLSODQR�GLUHL�R�GR�SODQR���p�L��DO�D�1��R�Q�PHUR�GH�HQ�RO�LPHQ�RV�QR�VHQ�LGR��RUiULR�
GR�SRQ�R�±�����M���3DUD�HV�DELOLGDGH��1�GH�H�VHU�L��DO�D�]HUR�R��QmR�GH�H��D�HU�HQ�RO�LPHQ�R����
)L��UD�������PRV�UD�R�GLD�UDPD�GH�1�T�LV���R��GLD�UDPD�SRODU�GH�.�����M~��

1R�H�T�H��FRPR
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,

,
, , ,

G j
K

j
j j

j
j

j
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0 25
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3 2
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~ ~
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~
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=
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=
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^
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h
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h

> H

R�O��DU��HRPp�ULFR�GH�.�����M~��FU�]D�R�HL[R�UHDO�QH�D�L�R��HP�~� � � �H�R�SRQ�R�GH�FU�]DPHQ�R�
QR�HL[R�UHDO�QH�D�L�R�p�±���

A�partir�da�Figura�7.132,�vemos�que,�se�o�ponto�crítico�estiver�na�região�entre�–�2�e�–�∞,�não�
HV�DUi�HQ�RO�LGR��3RU�DQ�R��SDUD�HV�DELOLGDGH��p�SUHFLVR�T�H�

1
.
21- -

�VVLP��R�DOFDQFH�GH��DQ�R�GH�.�SDUD�HV�DELOLGDGH�p

����.

T�H�p�R�PHVPR�UHV�O�DGR�T�H�RE�L�HPRV�QR�([HPSOR������

FIGURA 7.132
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K
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Diagrama polar 
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492 Engenharia de controle moderno



A.7.16� ��)L��UD�������PRV�UD�R�GLD�UDPD�GH�EORFRV�GR�VLV�HPD�GH�FRQ�UROH�GH��P��HtF�OR�HVSDFLDO��
'H�HUPLQH�R��DQ�R�.��DO�T�H�D�PDU�HP�GH��DVH�VHMD�GH������4�DO�p�D�PDU�HP�GH��DQ�R�QHVVH�FDVR�

Solução. �RPR

G j
j

K j �
2

~
~

~
=

+
^

^

^
h

h

h

�HPRV

2 180tgG j j j2 2
1 c~ ~ ~ ~= + - = --^ h

��FRQGLomR�GH�T�H�D�PDU�HP�GH��DVH�VHMD�GH�����VL�QL�LFD�T�H� G j c~^ h �GH�H�VHU�L��DO�D�±�������
RQGH�~F�p�D��UHT�rQFLD�GH�FU�]DPHQ�R�GH��DQ�R�R�

G j c~^ h � �����

(Q�mR��GH�LQLPRV

50tg 2
F1 c

~
=-

D�SDU�LU�GR�T�DO�RE�HPRV

~F� ��������UDG�V

Como�a�curva�de�ângulo�de�fase�nunca�cruza�a�linha�de�–�180°,�a�margem�de�ganho�é�+�∞�dB.�
1R�DQGR�T�H�R�PyG�OR�GH�����M~��GH�H�VHU�L��DO�D�]HUR�G��HP�~� ����������HPRV�

1
j

K j 2

,
2

2 3835~

~+
=

~=
^

^

h

h

��SDU�LU�GLVVR�RE�HPRV�

,
, 1,8259.

2 2 3835
2 3835
2 2

2

=
+

=

(VVH��DORU�GH�.��RUQHFH�D�PDU�HP�GH��DVH�GH�����

A.7.17� 3DUD�R�VLV�HPD�SDGUmR�GH�VH��QGD�RUGHP

R s
C s

s s� n n

n
2 2

2

g~ ~

~
=

+ +^
^
h
h

PRV�UH�T�H�D�EDQGD�SDVVDQ�H�~E�p�GDGD�SHOD��yUP�OD�

1 2 4 4 2b n
2 4 2 1 2

~ ~ g g g= - + - +^ h

1R�H�T�H�~E�~��p��PD���QomR�VRPHQ�H�GH�z��'HVHQ�H�D�F�U�D�GH�~E�~��YHU�X��z�

Solução. ��EDQGD�SDVVDQ�H�~E�p�GH�HUPLQDGD�D�SDU�LU�GH������M~E������M~E��� �±���G���)UHT�HQ�
�HPHQ�H��HP��H]�GH�±���G�����LOL]DPRV�±������G���T�H�p�L��DO�D��������/R�R�

0,707R j
C j

j j2b

b

b n b n

n

2 2

2

~

~

~ g~ ~ ~

~
=

+ +
=

^

^

^ ^h

h

h h

FIGURA 7.133
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K(s + 2) 1
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+
–

Sistema 
de controle de 
veículo espacial.
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(Q�mR�

0,707
2n b n b

n
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2

~ ~ g~ ~

~

- +
=

^ ^h h

GD�T�DO�RE�HPRV

0,5 4n n b n b
4 2 2 2 2 2 2~ ~ ~ g ~ ~= - +^ h8 B

'L�LGLQGR�DPERV�RV�ODGRV�GD��O�LPD�HT�DomR�SRU�~�
���RE�HPRV

1 0,5 1 4
n

b

n

b

2 2

2
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~

~
g
~

~
= - +e eo o= G) 3

5HVRO�HQGR�HVVD��O�LPD�HT�DomR�SDUD��~E�~��
����HPRV�

2 1 4 4 2
n

b

2
2 4 2!

~

~
g g g=- + - +e o

�RPR��~E�~��
�� ���LFDPRV�FRP�R�VLQDO�SRVL�L�R�QHVVD��O�LPD�HT�DomR��(Q�mR�

1 2 4 4 2b n
2 2 2 4 2~ ~ g g g= - + - +^ h

R�

1 2 4 4 2b n
2 4 2 1 2

~ ~ g g g= - + - +^ h

��)L��UD�������PRV�UD�D�F�U�D�GH�~E�~��YHU�X��z�

A.7.18� 2�GLD�UDPD�GH��RGH�GD���QomR�GH��UDQV�HUrQFLD�GH�PDO�D�DEHU�D������GH��P�VLV�HPD�GH�FRQ�UROH�
FRP�UHDOLPHQ�DomR��QL�iULD�p�PRV�UDGR�QD�)L��UD��������6DEH�VH�T�H�D���QomR�GH��UDQV�HUrQFLD�
GH�PDO�D�DEHU�D�p�GH��DVH�PtQLPD��(VVH�GLD�UDPD�PRV�UD�T�H�H[LV�H��P�SDU�GH�SRORV�FRPSOH[RV�
FRQM��DGRV�HP�~� ���UDG�V��'H�HUPLQH�R�FRH�LFLHQ�H�GH�DPRU�HFLPHQ�R�GR��HUPR�T�DGUi�LFR�GHVVH�
SDU�GH�SRORV�FRPSOH[RV�FRQM��DGRV��'H�HUPLQH��DPEpP�D���QomR�GH��UDQV�HUrQFLD������

FIGURA 7.134
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Solução. �RQVLGHUDQGR�D�)L��UD�����H�H[DPLQDQGR�R�GLD�UDPD�GH��RGH�GD�)L��UD��������GH�HU�
PLQDPRV�R�FRH�LFLHQ�H�GH�DPRU�HFLPHQ�R�z�H�D��UHT�rQFLD�QD��UDO�QmR�DPRU�HFLGD�GR�VLV�HPD�~��
GR��HUPR�T�DGUi�LFR�FRPR�

ζ�=�0,1,� � ~�� ���UDG�V

1R�DQGR�T�H�H[LV�H�R��UD��UHT�rQFLD�GH�FDQ�R�HP�~� �����UDG�V�H�T�H�D�LQFOLQDomR�GD�F�U�D�GH�
PyG�OR�QD�UH�LmR�GH�EDL[D��UHT�rQFLD�p�GH�±����G��GpFDGD������M~��SRGH�VHU�H[SHULPHQ�DOPHQ�H�
GH�HUPLQDGD�FRPR�

,

,G j
j j j

K j

2 0 1 1

0 5 1

2
2

~

~
~

~

~

=

+ +

+
^

^ c ^

c
h

h m h

m

; E
�RPR�D�SDU�LU�GD�)L��UD��������HPRV�T�H������M������ ����G���R��DORU�GR��DQ�R�.�SRGH�VHU�GH�HU�
PLQDGR�FRPR�L��DO�j��QLGDGH���OpP�GLVVR��D�F�U�D�GH��Q��OR�GH��DVH�FDOF�ODGD�� G j~^ h �YHU�X��
~��FRLQFLGH�FRP�D�F�U�D�GDGD��(Q�mR��D���QomR�GH��UDQV�HUrQFLD������SRGH�VHU�GH�HUPLQDGD�SRU�
�HQ�D�L�D�FRPR�

,
G s

s s s
s
0 4 4

4 2 1
2 2=
+ +

+
^

^

^
h

h

h

A.7.19� 8P�VLV�HPD�GH�FRQ�UROH�GH�PDO�D��HF�DGD�SRGH�LQFO�LU��P�HOHPHQ�R�LQV�i�HO�QD�PDO�D��4�DQGR�
VH�T�LVHU�DSOLFDU�R�FUL�pULR�GH�HV�DELOLGDGH�GH�1�T�LV��HP��P�VLV�HPD�FRPR�HV�H��DV�F�U�DV�GH�
UHVSRV�D�HP��UHT�rQFLD�SDUD�R�HOHPHQ�R�LQV�i�HO�GH�HUmR�VHU�RE�LGDV�

�RPR�SRGHPRV�RE�HU�H[SHULPHQ�DOPHQ�H�DV�F�U�DV�GH�UHVSRV�D�HP��UHT�rQFLD�SDUD��P�HOHPHQ�
�R�LQV�i�HO��6��LUD��PD�SRVVt�HO�DERUGD�HP�SDUD�D�GH�HUPLQDomR�H[SHULPHQ�DO�GD�UHVSRV�D�HP�
�UHT�rQFLD�GH��P�HOHPHQ�R�OLQHDU�LQV�i�HO�

Solução. 8PD�SRVVLELOLGDGH�p�PHGLU�D�UHVSRV�D�HP��UHT�rQFLD�FDUDF�HUtV�LFD�GR�HOHPHQ�R�LQV�i�HO�
��LOL]DQGR�R�FRPR�SDU�H�GH��P�VLV�HPD�HV�i�HO�

FIGURA 7.135
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Diagrama de Bode 
da função 
de transferência de 
malha aberta 
de um sistema de 
controle com 
realimentação 
unitária.
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�RQVLGHUH�R�VLV�HPD�PRV�UDGR�QD�)L��UD��������6�SRQ�D�T�H�������VHMD� LQV�i�HO��2�VLV�HPD�
FRPSOH�R�SRGH�VHU�GH�LQLGR�FRPR�HV�i�HO�SHOD�HVFRO�D�FRQ�HQLHQ�H�GR�HOHPHQ�R�OLQHDU��������
�SOLFDPRV��P�VLQDO�VHQRLGDO�QD�HQ�UDGD��(P�UH�LPH�SHUPDQHQ�H���RGRV�RV�VLQDLV�QD�PDO�D�VHUmR�
VHQRLGDLV��0HGLPRV�R�VLQDO�H�����D�HQ�UDGD�GR�HOHPHQ�R�LQV�i�HO��H�������D�VDtGD�GR�HOHPHQ�R�LQV�
�i�HO���O�HUDQGR�D��UHT�rQFLD�>H�SRVVL�HOPHQ�H�D�DPSOL��GH�SRU�FRQ�HQLrQFLD�GD�PHGLGD�GH�H����
H�GH�������GR�VLQDO�VHQRLGDO�GH�HQ�UDGD�H�UHSH�LQGR�HVVH�SURFHVVR��p�SRVVt�HO�RE�HU�D�UHVSRV�D�HP�
�UHT�rQFLD�GR�HOHPHQ�R�OLQHDU�LQV�i�HO�

A.7.20� 0RV�UH�T�H��PD�UHGH�SRU�D�DQoR�GH��DVH�H��PD�UHGH�SRU�D�UDVR�GH��DVH�LQVHULGDV�HP�FDVFD�D�HP�
�PD�PDO�D�DEHU�D�D��DP�FRPR�FRQ�UROH�SURSRUFLRQDO�GHUL�D�L�R��QD�UH�LmR�HP�T�H�~�p�SHT�HQR��
H�FRPR�FRQ�UROH�SURSRUFLRQDO�LQ�H�UDO��QD�UH�LmR�HP�T�H�~�p��UDQGH���UHVSHF�L�DPHQ�H�

Solução.�1D�UH�LmR�HP�T�H�~�p�SHT�HQR��R�GLD�UDPD�SRODU�GD�HV�U���UD�SRU�D�DQoR�GH��DVH�p�
aproximadamente�o�mesmo�que�o�do�controlador�proporcional-derivativo.�Isso�está�indicado�na�
)L��UD�������D���

'D�PHVPD�PDQHLUD��QD�UH�LmR�HP�T�H�~�p��UDQGH��R�GLD�UDPD�SRODU�GD�UHGH�SRU�D�UDVR�GH��DVH�VH�
DSUR[LPD�GR�FRQ�URODGRU�SURSRUFLRQDO�LQ�H�UDO��FRPR�PRV�UD�D�)L��UD�������E��

A.7.21� �RQVLGHUH�R�FRPSHQVDGRU�SRU�D�UDVR�H�D�DQoR�GH��DVH��F����GH�LQLGR�SRU�
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b

=
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FIGURA 7.136
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–

Sistema de 
controle.

FIGURA 7.137
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(a) Diagramas 
polares de uma 
rede por avanço 
de fase e de 
um controlador 
proporcional-
derivativo; 
(b) diagramas 
polares de uma 
rede por atraso 
de fase e de 
um controlador 
proporcional-
integral.
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R��Q��OR�GH��DVH�GH��F���M~���RUQD�VH�]HUR���(VVH�FRPSHQVDGRU�D��D�FRPR��P�FRPSHQVDGRU�SRU�
D�UDVR�GH��DVH�SDUD�����~���~��H�D��D�FRPR��P�FRPSHQVDGRU�SRU�D�DQoR�GH��DVH�SDUD�~����~�<�∞.)�
��RQV�O�H�D�)L��UD��������

Solução.�2��Q��OR�GH��F���M~��p�GDGR�SRU�

/tg tg tg tg

G j j T j T j T j T

T T T T

1 1 1
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1
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1
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1
1
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~ ~ ~ b ~ b
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^ h

(P�~� �~�� ��� � �1 2 ���HPRV

tg tg tg tgG j T
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T
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c 1
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1 1

1

2 1
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b

b= + - -- - - -^ h

�RPR�

tg tg tg
�
�

�
�

�
�

�
�

�
�

�
�

1

1

2

1 1

1

2

2

1

1

2

2

1

1

2

3+ =

-

+
=- -e o

R�

90tg tg
�
�

�
�1

2

1 1

1

2 c+ =- -

H��DPEpP

90tg tg
�
�

�
�11

2

1 1

1

2 c
b

b+ =- -

�HPRV�

�G jc 1 c~ =^ h

3RU�DQ�R��R��Q��OR�GH��F���M~����RUQD�VH����HP�~� �~�� ��� � �1 2 �

A.7.22� �RQVLGHUH�R�VLV�HPD�GH�FRQ�UROH�LQGLFDGR�QD�)L��UD��������'H�HUPLQH�R��DORU�GR��DQ�R�.��GH�
PRGR�T�H�D�PDU�HP�GH��DVH�VHMD������4�DO�p�D�PDU�HP�GH��DQ�R�SDUD�HVVH��DORU�GH��DQ�R�.��

Solução.�����QomR�GH��UDQV�HUrQFLD�GH�PDO�D�DEHU�D�p�

,
,

, ,

G s K s
s

s s

s s s
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9DPRV�FRQV�U�LU�R�GLD�UDPD�GH��RGH�GH������T�DQGR�.� ����2�3UR�UDPD������HP�0�7/���
SRGH�VHU���LOL]DGR�FRP�HVVD��LQDOLGDGH����)L��UD�������PRV�UD�R�GLD�UDPD�GH��RGH��HUDGR�SRU�
HVVH�SUR�UDPD����SDU�LU�GHVVH�GLD�UDPD��D�PDU�HP�GH��DVH�UHT�HULGD�GH�����RFRUUH�QD��UHT�rQFLD�
~� ������UDG�V��2�PyG�OR�GH�����M~��QHVVD��UHT�rQFLD�p�RE�LGR�FRPR������G���2��DQ�R�.�GH�H�
VD�LV�D]HU�j�VH��LQ�H�HT�DomR�

���OR��.� �±������G�

FIGURA 7.138
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R��

.� ������

Programa 7.22 em MATLAB

num = [10 1];
den = [1 1.5 0.5 0];
bode(num,den)
title(‘Diagrama de Bode de G(s) = (10s + 1)/[s(s + 0.5)(s + 1)]’)

3RU�DQ�R��GH�HUPLQDPRV�R��DORU�GH�.���RPR�D�F�U�D�GR��Q��OR�QmR�FU�]D�D�UH�D�±�������D�PDU�HP�
de�ganho�é�+�∞�dB.

3DUD��HUL�LFDU�RV�UHV�O�DGRV���DPRV��UDoDU�R�GLD�UDPD�GH�1�T�LV��GH���QR�LQ�HU�DOR�GH��UHT�rQFLDV

w = 0,5:0,01:1,15

2�SRQ�R��LQDO�GR�O��DU��HRPp�ULFR��~� ������UDG�V��VHUi�VREUH��PD�FLUF�Q�HUrQFLD�QR�SODQR�GH�
1�T�LV���3DUD��HUL�LFDU�D�PDU�HP�GH��DVH��p�FRQ�HQLHQ�H��UDoDU�R�GLD�UDPD�GH�1�T�LV��HP��P�
GLD�UDPD�SRODU���LOL]DQGR�UH�LF�ODGR�SRODU�

3DUD��UDoDU�R�GLD�UDPD�GH�1�T�LV��HP��P�GLD�UDPD�SRODU��LQLFLDOPHQ�H�VH�GH�LQH�R��H�RU���SRU�

z = re + i*im = reiθ

RQGH�U�H�q���H�D��VmR�GDGRV�SRU��

r = abs(z)

theta = angle(z)

��H[SUHVVmR�abs�UHSUHVHQ�D�D�UDL]�T�DGUDGD�GD�VRPD�GR�T�DGUDGR�GD�SDU�H�UHDO�FRP�R�T�DGUDGR�
GD�SDU�H�LPD�LQiULD��angle�VL�QL�LFD���±����SDU�H�LPD�LQiULD�SDU�H�UHDO��

6H���LOL]DUPRV�R�FRPDQGR

polar(theta,r)

R�0�7/����DL�SURG�]LU��P�GLD�UDPD�HP�FRRUGHQDGDV�SRODUHV��2��VR��HP�VH��LGD��GR�FRPDQGR�
grid���UDoD�DV�UH�DV�H�RV�FtUF�ORV�GR�UH�LF�ODGR��

2�3UR�UDPD������HP�0�7/����HUD�R�GLD�UDPD�GH�1�T�LV��GH�����M~���RQGH�~�HV�i�HQ�UH�����H�
�����UDG�V��2�GLD�UDPD�UHV�O�DQ�H�HV�i�LQGLFDGR�QD�)L��UD��������1R�H�T�H�R�SRQ�R�����M�������LFD�
VREUH�R�FtUF�OR��QL�iULR�H�R��Q��OR�GH��DVH�GHVVH�SRQ�R�p�±�������(Q�mR��D�PDU�HP�GH��DVH�p������

FIGURA 7.139
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2��D�R�GH�R�SRQ�R�����M������HV�DU�VREUH�R�FtUF�OR��QL�iULR�FRQ�LUPD�T�H��SDUD�~� ������UDG�V��R�
PyG�OR�p�L��DO�D���R����G����3RU�DQ�R��~� ������p�D��UHT�rQFLD�GH�FU�]DPHQ�R�GH��DQ�R����VVLP��
.� ��������RUQHFH�D�PDU�HP�GH��DVH�GHVHMDGD�GH�����

Programa 7.23 em MATLAB

%***** Diagrama de Nyquist em cordenadas retangulares *****

num = [1.88 0.188];
den = [1 1.5 0.5 0];
w = 0.5:0.01:1.15;
[re,im,w] = nyquist(num,den,w);

%***** Converter coordenadas retangulares em coordenadas 
% polares definindo z, r, como *****

z = re + i*im;
r = abs(z);
theta = angle(z);

%***** Para desenhar o gráfico polar, utilize o comando ‘polar(theta,r)’*****

polar(theta,r)
text(-1,3,’Verificação da margem de fase’)
text(0.3,-1.7,’Diagrama de Nyquist’)
text(-2.2,-0.75,’Margem de fase’)
text(-2.2,-1.1,’é 60 graus’)
text(1.45,-0.7,’Círculo unitário’)

1R�H�T�H�SDUD�LQVHULU���H[�R��QR�GLD�UDPD�SRODU�VH�GL�L�D�R�FRPDQGR�text��FRPR�VH��H��
text(x,y,’’)

3RU�H[HPSOR��SDUD�HVFUH�HU��GLD�UDPD�GH�1�T�LV���FRP�LQtFLR�QR�SRQ�R�������±�������GL�L�D�VH�R�
VH��LQ�H�FRPDQGR

text(0.3, – 1.7,’diagrama de Nyquist’)

2��H[�R��LFD�HVFUL�R��RUL]RQ�DOPHQ�H�QD��HOD�

A.7.23� 6H�D���QomR�GH��UDQV�HUrQFLD�GH�PDO�D�DEHU�D������FRQ�L�HU�SRORV�FRPSOH[RV�FRQM��DGRV�OL�HLUD�
PHQ�H�DPRU�HFLGRV��HQ�mR�PDLV�GH��P�GRV�O��DUHV��HRPp�ULFRV���SRGHUi�VHU��DQ�HQ�H�DR�O��DU�
�HRPp�ULFR�GH�����M~���

FIGURA 7.140
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�RQVLGHUH�R�VLV�HPD�FRP�UHDOLPHQ�DomR��QL�iULD�F�MD���QomR�GH��UDQV�HUrQFLD�GH�PDO�D�DEHU�D�p�

�
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G s
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9
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^

^ ^
h
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� ������

�RQV�U�D�R�GLD�UDPD�GH��RGH�GHVVD���QomR�GH��UDQV�HUrQFLD�GH�PDO�D�DEHU�D���RQV�U�D��DPEpP�
R�GLD�UDPD�GH�PyG�OR�HP�G��YHU�X���Q��OR�GH��DVH�H�PRV�UH�T�H�GRLV�O��DUHV��HRPp�ULFRV�GH�
��VmR��DQ�HQ�HV�DR�O��DU��HRPp�ULFR�GH�����M~���3RU��LP���UDFH�R�GLD�UDPD�GH��RGH�GD���QomR�GH�
�UDQV�HUrQFLD�GH�PDO�D��HF�DGD�

Solução.���)L��UD�������PRV�UD�R�GLD�UDPD�GH��RGH�GH�����M~�����)L��UD�������DSUHVHQ�D�R�
GLD�UDPD�GH�PyG�OR�HP�G��YHU�X���Q��OR�GH��DVH�GH�����M~���9r�VH�T�H�R�O��DU��HRPp�ULFR�GH�
����M~��p��DQ�HQ�H�DR�O��DU��HRPp�ULFR�GH��� ���G��SDUD�~� ������UDG�V�H�p��DQ�HQ�H�DR�O��DU�
�HRPp�ULFR�GH��� �±���G��SDUD�~� �����UDG�V�

��)L��UD�������PRV�UD�R�GLD�UDPD�GH��RGH�GD���QomR�GH��UDQV�HUrQFLD�GH�PDO�D��HF�DGD����F�U�D�
GH�PyG�OR�HP�G��GD�UHVSRV�D�HP��UHT�rQFLD�GH�PDO�D��HF�DGD�PRV�UD�GRLV�SLFRV�GH�UHVVRQ�Q�
FLD��1R�H�T�H��P�FDVR�DVVLP�RFRUUH�T�DQGR�D���QomR�GH��UDQV�HUrQFLD�GH�PDO�D��HF�DGD�LQFO�L�

FIGURA 7.141
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R�SURG��R�GH�GRLV��HUPRV�GH�VH��QGD�RUGHP�OL�HLUDPHQ�H�DPRU�HFLGRV�H�DV�G�DV��UHT�rQFLDV�GH�
UHVVRQ�QFLD�FRUUHVSRQGHQ�HV�HV�mR�V��LFLHQ�HPHQ�H�VHSDUDGDV��PD�GD�R��UD��'H��D�R��D���QomR�
GH��UDQV�HUrQFLD�GH�PDO�D��HF�DGD�GHVVH�VLV�HPD�SRGH�VHU�HVFUL�D�FRPR�

, ,

R s
C s

G s
G s

s s s s

1

0 487 1 0 613 9
9

2 2

=
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=
+ + + +

^
^

^
^

^ ^

h
h

h
h

h h

e�FODUR�T�H�R�GHQRPLQDGRU�GD���QomR�GH��UDQV�HUrQFLD�GH�PDO�D��HF�DGD�p��P�SURG��R�GH�GRLV�
�HUPRV�GH�VH��QGD�RUGHP�OL�HLUDPHQ�H�DPRU�HFLGRV��RV�FRH�LFLHQ�HV�GH�DPRU�HFLPHQ�R�VmR�������
H��������H�DV�G�DV��UHT�rQFLDV�GH�UHVVRQ�QFLD�HV�mR�V��LFLHQ�HPHQ�H�VHSDUDGDV�

A.7.24� �RQVLGHUH�R�VLV�HPD�GD�)L��UD�������D���3URMH�H��P�FRPSHQVDGRU�GH�PRGR�T�H�R�VLV�HPD�GH�
PDO�D��HF�DGD�VD�LV�DoD�RV�VH��LQ�HV�UHT�LVL�RV��FRQV�DQ�H�GH�HUUR�HV�i�LFR�GH��HORFLGDGH� ����
V±����PDU�HP�GH��DVH� �����H�PDU�HP�GH��DQ�R�F����G���

Solução.�3DUD�VD�LV�D]HU�RV�UHT�LVL�RV���HQ�DUHPRV��P�FRPSHQVDGRU��F����FRPR�VH��H�
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GL�HUHQ�H���2�VLV�HPD�FRPSHQVDGR�p�PRV�UDGR�QD�)L��UD�������E��
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2�3UR�UDPD������HP�0�7/���SURG�]�R�GLD�UDPD�GH��RGH�LQGLFDGR�QD�)L��UD��������3RU�HVVH�
diagrama,�vemos�que�a�margem�de�fase�obtida�é�de�14°.�A�margem�de�ganho�é�+�∞�dB.

Programa 7.24 em MATLAB

num = [20];
den = [1 1 0];
w = logspace(-1,2,100);
bode(num,den,w)
title(‘Diagrama de Bode de G1(s) = 20/[s(s + 1)]’)

FIGURA 7.145
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Diagrama de Bode de G1(s) = 20/[s(s + 1)]
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�RPR�D�HVSHFL�LFDomR�SHGH�T�H�D�PDU�HP�GH��DVH�VHMD�GH������R�D�DQoR�GH��DVH�DGLFLRQDO�QHFHV�
ViULR�SDUD�VD�LV�D]HU�R�UHT�LVL�R�p������8P�FRPSHQVDGRU�SRU�D�DQoR�GH��DVH�SRGH�FRQ�ULE�LU�FRP�
HVVH��DORU�

1R�DQGR�T�H�D�DGLomR�GR�FRPSHQVDGRU�SRU�D�DQoR�GH��DVH�PRGL�LFD�D�F�U�D�GH�PyG�OR�HP�G��QR�
GLD�UDPD�GH��RGH��SHUFHEHPRV�T�H�D��UHT�rQFLD�GH�FU�]DPHQ�R�GH��DQ�R�VHUi�GHVORFDGD�SDUD�D�
GLUHL�D��'H�HPRV�FRPSHQVDU�R�D�PHQ�R�GR�D�UDVR�GH��DVH�GH������M~��HP��LU��GH�GHVVH�D�PHQ�R�QD�
�UHT�rQFLD�GH�FU�]DPHQ�R�GH��DQ�R��/H�DQGR�VH�HP�FRQVLGHUDomR�R�GHVORFDPHQ�R�GD��UHT�rQFLD�
GH�FU�]DPHQ�R�GH��DQ�R��GH�HPRV�V�SRU�T�H�zP��R�D�DQoR�GH��DVH�Pi[LPR�UHT�HULGR��VHMD�GH�
aproximadamente�41°.�(Isso�significa�que�aproximadamente�5°�foram�adicionados�ao�compen�
VDGRU�SDUD�GHVORFDU�D��UHT�rQFLD�GH�FU�]DPHQ�R�GH��DQ�R����RPR
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Programa 7.25 em MATLAB

num = [20];
den = [1 1 0];
w = logspace(0,1,100);
bode(num,den,w)
title(‘Diagrama de Bode de G1(s) = 20/[s(s + 1)]’)

2�FRPSHQVDGRU�SRU�D�DQoR�GH��DVH�DVVLP�GH�HUPLQDGR�p�
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Programa 7.26 em MATLAB

numc = [9.5238 28.6676];
denc = [1 14.3339];
w = logspace(-1,3,100);
bode(numc,denc,w)
title(‘Diagrama de Bode de Gc(s) = 9.5238(s + 3.0101)/(s + 14.3339’)

FIGURA 7.146
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2�3UR�UDPD������HP�0�7/���SURG�]LUi�R�GLD�UDPD�GH��RGH�GH��F���������T�H�HV�i�LQGLFDGR�
QD�)L��UD�������

��SDU�LU�GR�3UR�UDPD������HP�0�7/���H�GD�)L��UD���������r�VH�FODUDPHQ�H�T�H�D�PDU�HP�GH�
fase�é�aproximadamente�50°�e�a�margem�de�ganho�é�+�∞�dB.�Como�a�constante�de�erro�estático�
GH��HORFLGDGH�.υ�p����V

±�����RGDV�DV�HVSHFL�LFDo�HV��RUDP�VD�LV�HL�DV���Q�HV�GH�FRQFO�LUPRV�HV�H�
SUREOHPD��p�QHFHVViULR��HUL�LFDU�DV�FDUDF�HUtV�LFDV�GH�UHVSRV�D��UDQVL�yULD�

�H��R��D�DR�GH�UDX�X�L�iULR���DPRV�FRPSDUDU�D�UHVSRV�D�DR�GH�UD���QL�iULR�GR�VLV�HPD�FRPSHQ�
VDGR�FRP�D�GR�VLV�HPD�RUL�LQDO�QmR�FRPSHQVDGR�
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FIGURA 7.147
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Programa 7.27 em MATLAB

num = [95.238 286.6759];
den = [1 15.3339 14.3339 0];
sys = tf(num,den);
w = logspace(– 1,3,100);
bode(sys,w);
grid;
title(‘Diagrama de Bode de Gc(s)G(s)’)
[Gm,pm,wcp,wcg] = margin(sys);
GmdB = 20*log10(Gm);
[Gmdb,pm,wcp,wcg]
ans =
  Inf 49.4164 Inf 6.5686
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FRPSHQVDGR�FODUDPHQ�H�DSUHVHQ�D��PD�UHVSRV�D�VD�LV�D�yULD��1R�H�T�H�R�]HUR�H�RV�SRORV�GH�PDO�D�
�HF�DGD�HV�mR�ORFDOL]DGRV�GD�VH��LQ�H�PDQHLUD��

=HUR�HP��� �±�������

3RORV�HP��� �±����������M�������� � �� �±�������

�H��R��D�j�UDP�D�X�L�iULD��p�FRQ�HQLHQ�H��HUL�LFDU�D�UHVSRV�D�j�UDPSD��QL�iULD�GR� VLV�HPD�
FRPSHQVDGR���RPR�.υ� ����V

±����R�HUUR�HV�DFLRQiULR�DR�VH��LU�D�HQ�UDGD�HP�UDPSD��QL�iULD�VHUi�
��.υ� ���������FRQV�DQ�H�GH�HUUR�HV�i�LFR�GH��HORFLGDGH�GR�VLV�HPD�QmR�FRPSHQVDGR�p����V

±����
3RU�DQ�R��R�VLV�HPD�RUL�LQDO�QmR�FRPSHQVDGR��HUi��P�HUUR�HV�DFLRQiULR�G�DV��H]HV�PDLRU��DR�
VH��LU�D�HQ�UDGD�HP�UDPSD��QL�iULD�

2�3UR�UDPD������HP�0�7/���SURG�]�DV�F�U�DV�GH�UHVSRV�D�j�UDPSD��QL�iULD��>1R�H�T�H�D�
UHVSRV�D�j�UDPSD��QL�iULD�p�RE�LGD�FRPR�D�UHVSRV�D�DR�GH�UD���QL�iULR�GH���������������V�F�U�DV�
UHV�O�DQ�HV�HV�mR�LQGLFDGDV�QD�)L��UD��������2�HUUR�HV�DFLRQiULR�GR�VLV�HPD�FRPSHQVDGR�p�L��DO�
j�PH�DGH�GDT�HOH�GR�VLV�HPD�RUL�LQDO�QmR�FRPSHQVDGR��

Programa 7.28 em MATLAB

%***** Respostas ao degrau unitário *****

num1 = [10];
den1 = [1 1 10];
num2 = [95.238 286.6759];
den2 = [1 15.3339 110.5719 286.6759];
t = 0:0.01:6;
[c1,x1,t] = step(num1,den1,t);
[c2,x2,t] = step(num2,den2,t);
plot(t,c1,’.’,t,c2,’-’)
grid;
title(‘Respostas ao degrau unitário dos sistemas compensado e não compensado’)
xlabel(‘t (s)’);
ylabel(‘Saídas’)
text(1.70,1.45,’Sistema não compensado’)
text(1.1,0.5,’Sistema compensado’)

FIGURA 7.148
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Programa 7.29 em MATLAB

%***** Respostas à rampa unitária *****

num1 = [10];
den1 = [1 1 10 0];
num2 = [95.238 286.6759];
den2 = [1 15.3339 110.5719 286.6759 0];
t = 0:0.01:3;
[c1,x1,t] = step(num1,den1,t);
[c2,x2,t] = step(num2,den2,t);
plot(t,c1,’.’,t,c2,’-’,t,t,’--’);
grid;
title(‘Respostas à rampa unitária dos sistemas compensado e não compensado’);
xlabel(‘t (s)’);
ylabel(‘Saídas’)
text(1.2,0.65,’Sistema não compensado’)
text(0.1,1.3,’Sistema compensado’)

FIGURA 7.149
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A.7.25� �RQVLGHUH��P�VLV�HPD�FRP�UHDOLPHQ�DomR��QL�iULD�F�MD���QomR�GH��UDQV�HUrQFLD�GH�PDO�D�DEHU�D�p�
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1 4=
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h h

3URMH�H��P�FRPSHQVDGRU�SRU�D�UDVR�H�D�DQoR�GH��DVH��F����GH�PRGR�T�H�D�FRQV�DQ�H�GH�HUUR�
HV�i�LFR�GH��HORFLGDGH�VHMD����V±����D�PDU�HP�GH��DVH�VHMD�GH�����H�D�PDU�HP�GH��DQ�R�VHMD�GH�
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�DQ�R�.�GD�SODQ�D�p�DM�V�i�HO���DPRV�V�SRU�T�H�.F� ����(Q�mR��lim

s 0"
�F���� ������SDU�LU�GRV�UHT�LVL�RV�

GD�FRQV�DQ�H�GH�HUUR�HV�i�LFR�GH��HORFLGDGH��RE�HPRV�

lim limK sG s G s sG s s s s
K

K

1 4

4 10

s
c

s
c

0 0
= =

+ +

= =

" "
y ^ ^ ^

^ ^
h h h

h h

(Q�mR�
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Inicialmente,�vamos�construir�o�diagrama�de�Bode�do�sistema�não�compensado�com�.� �����2�
3UR�UDPD������HP�0�7/���SRGH�VHU���LOL]DGR�SDUD��UDoDU�R�GLD�UDPD�GH��RGH��2�GLD�UDPD�
RE�LGR�HV�i�LQGLFDGR�QD�)L��UD�������

Programa 7.30 em MATLAB

num = [40];
den = [1 5 4 0];
w = logspace(-1,1,100);
bode(num,den,w)
title(‘Diagrama de Bode de G(s) = 40/[s(s + 1)(s + 4)]’)

FIGURA 7.151
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9HPRV��SHOD�)L��UD��������T�H�D�PDU�HP�GH��DVH�GR�VLV�HPD�GH��DQ�R�DM�V�DGR��PDV�QmR�FRPSHQVD�
GR��p�±������R�T�H�LQGLFD�T�H�R�VLV�HPD�p�LQV�i�HO��2�SUy[LPR�SDVVR�QR�SURMH�R�GH��P�FRPSHQVDGRU�
SRU�D�UDVR�H�D�DQoR�GH��DVH�p�HVFRO�HU��PD�QR�D��UHT�rQFLD�GH�FU�]DPHQ�R�GH��DQ�R���RP�EDVH�
QD�F�U�D�GH��Q��OR�GH��DVH�GH�����M~���QR�DPRV�T�H�D��UHT�rQFLD�GH�FU�]DPHQ�R�GH��DVH�p�~� ���
UDG�V��3RGHPRV�HVFRO�HU�D�QR�D��UHT�rQFLD�GH�FU�]DPHQ�R�GH��DQ�R�FRPR���UDG�V��GH�PRGR�T�H�R�
�Q��OR�GH�D�DQoR�GH��DVH�UHT�HULGR�HP�~� ���UDG�V�VHMD�FHUFD�GH������8P��QLFR�FRPSHQVDGRU�SRU�
D�UDVR�H�D�DQoR�GH��DVH�SRGH��RUQHFHU�HVVH��DORU�GH��Q��OR�GH�D�DQoR�GH��DVH�P�L�R��DFLOPHQ�H�

8PD��H]�HVFRO�LGD�D��UHT�rQFLD�GH�FU�]DPHQ�R�GH��DQ�R�FRPR���UDG�V��SRGHPRV�GH�HUPLQDU�DV�
�UHT�rQFLDV�GH�FDQ�R�GD�SRUomR�GH�D�UDVR�GH��DVH�GR�FRPSHQVDGRU��9DPRV�HVFRO�HU�D��UHT�rQFLD�
GH�FDQ�R�~� �������T�H�FRUUHVSRQGH�DR�]HUR�GD�SRUomR�GH�D�UDVR�GR�FRPSHQVDGRU��FRPR��PD�
GpFDGD�DEDL[R�GD�QR�D��UHT�rQFLD�GH�FU�]DPHQ�R�GH��DQ�R�R��HP�~� �����UDG�V��3DUD�D�R��UD�
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Programa 7.31 em MATLAB

numc = [1 0.6 0.08];
denc = [1 4.02 0.08];
bode(numc,denc)
title(‘Diagrama de Bode do compensador de Avanço-Atraso’)

����QomR�GH��UDQV�HUrQFLD�GH�PDO�D�DEHU�D�GR�VLV�HPD�FRPSHQVDGR�p�

,
, ,

, , , ,
,

G s G s s s
s s

s s s

s s s s s
s s
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40
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2
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+ + + +
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^ ^
h h
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h h

8�LOL]DQGR�R�3UR�UDPD������HP�0�7/����SRGHPRV�RE�HU�DV�F�U�DV�GH��Q��OR�GH��DVH�H�GH�PyG�OR�
HP�G��GD���QomR�GH��UDQV�HUrQFLD�GH�PDO�D�DEHU�D�SURMH�DGD��F��������LQGLFDGDV�QD�)L��UD��������
1R�H�T�H�R�SROLQ�PLR�GR�GHQRPLQDGRU�GHQ���RL�RE�LGR���LOL]DQGR�VH�R�FRPDQGR�FRQ���FRPR�VH��H�

a = [1 4.02 0.08];
b = [1 5 4 0];
conv(a,b)

ans =
  1.0000 9.0200 24.1800 16.4800 0.320000 0

�RPR�D�PDU�HP�GH��DVH�GR�VLV�HPD�FRPSHQVDGR�p������D�PDU�HP�GH��DQ�R�p����G��H�D�FRQV�DQ�H�
GH�HUUR�HV�i�LFR�GH��HORFLGDGH�p����V±�����RGRV�RV�UHT�LVL�RV��RUDP�VD�LV�HL�RV�

��VH��LU���DPRV�HV��GDU�DV�FDUDF�HUtV�LFDV�GD�UHVSRV�D��UDQVL�yULD�GR�VLV�HPD�SURMH�DGR��

�H��R��D�DR�GH�UDX�X�L�iULR��QR�DQGR�T�H�

Programa 7.32 em MATLAB

num1 = [40 24 3.2];
den1 = [1 9.02 24.18 16.48 0.32 0];
bode(num1,den1)
title(‘Diagrama de Bode de Gc(s)G(s)’)

FIGURA 7.152
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3DUD�GH�HUPLQDU�R�SROLQ�PLR�GR�GHQRPLQDGRU�FRP�R�0�7/����SRGHPRV�SURFHGHU�GD�VH��LQ�H�
PDQHLUD�

'H�LQD�

D���� ������������������� ������������������

E���� ���������������� �������������

F���� ���������������������� �����������������

(Q�mR���HPRV�

 a = [1  4,02  0,08]

 b = [1  5  4  0]

 c = [40  24  3,2]

8�LOL]DQGR�R�SUR�UDPD�HP�0�7/���D�VH��LU��RE�HPRV�R�SROLQ�PLR�GR�GHQRPLQDGRU�

a = [1 4.02 0.08];
b = [1 5 4 0];
c = [40 24 3.2];
p = [conv(a,b)] + [0 0 0 c]
p =
  1.0000 9.0200 24.1800 56.4800 24.3200 3.2000

8�LOL]DPRV�R�3UR�UDPD������HP�0�7/���SDUD�RE�HU�D�UHVSRV�D�DR�GH�UD���QL�iULR�GR�VLV�HPD�
FRPSHQVDGR����)L��UD�������PRV�UD�D�F�U�D�GH�UHVSRV�D�DR�GH�UD���QL�iULR���1R�H�T�H�R�VLV�HPD�FRP�
�DQ�R�DM�V�DGR��PDV�QmR�FRPSHQVDGR��p�LQV�i�HO��

FIGURA 7.153
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Programa 7.33 em MATLAB

%***** Resposta ao degrau unitário ****

num = [40 24 3.2];
den = [1 9.02 24.18 56.48 24.32 3.2];
t = 0:0.2:40;
step(num,den,t)
grid
title(‘Resposta ao degrau unitário do sistema compensado’)

�H��R��D�j�UDP�D�X�L�iULD��D�UHVSRV�D�j�UDPSD��QL�iULD�GR�VLV�HPD�SRGH�VHU�RE�LGD�VH�GL�L�DUPRV�
R�3UR�UDPD������HP�0�7/���QR�FRPS��DGRU���RQ�HU�HPRV��DT�L��D�UHVSRV�D�j�UDPSD��QL�iULD�GH�
�F��������F���QD�UHVSRV�D�DR�GH�UD���QL�iULR�GH��F��>�������F�������F�U�D�GH�UHVSRV�D�j�UDPSD�
�QL�iULD�RE�LGD�SRU�PHLR�GHVVH�SUR�UDPD�p�PRV�UDGD�QD�)L��UD�������

FIGURA 7.154
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Programa 7.34 em MATLAB

%***** Resposta à rampa unitária *****

num = [40 24 3.2];
den = [1 9.02 24.18 56.48 24.32 3.2 0];
t = 0:0.05:20;
c = step(num,den,t);
plot(t,c,’-’,t,t,’.’)
grid
title(‘Resposta à rampa unitária do sistema compensado’)
xlabel(‘t (s)’)
ylabel(‘Entrada e saída em rampa unitária c(t)’)

 | Problemas
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B.7.6� �RQVLGHUH��P�VLV�HPD�GH�FRQ�UROH�FRP�UHDOLPHQ�DomR��QL�iULD�T�H��HP�D�VH��LQ�H���QomR�GH�
�UDQV�HUrQFLD�GH�PDO�D�DEHU�D�
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B.7.13� �RQVLGHUH��P�VLV�HPD�GH�FRQ�UROH�GR�DGR�GH�UHDOLPHQ�DomR��QL�iULD�FRP�D�VH��LQ�H���QomR�GH�
�UDQV�HUrQFLD�GH�PDO�D�DEHU�D�
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FIGURA 7.158
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�P�VLV�HPD�GH�FRQ�UROH�FRP�UHDOLPHQ�DomR��QL�iULD��6DEH�VH�T�H�D���QomR�GH��UDQV�HUrQFLD�
GH�PDO�D�DEHU�D�p�GH��DVH�PtQLPD��3HOR�GLD�UDPD��SRGH�VH��HU�T�H��i��P�SDU�GH�SRORV�FRPSOH[RV�
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B.7.30� Desenhe�os�diagramas�de�Bode�para�o�controlador�PI�dado�por
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SDVVDQ�H�GR�VLV�HPD�GH�PDO�D��HF�DGD�VHMD�GH�����D�����UDG�V���1R�H�T�H�D�EDQGD�SDVVDQ�H�GH�PDO�D�
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D�DQoR�GH��DVH��F�����DO�T�H�D�PDU�HP�GH��DVH�VHMD�GH������D�PDU�HP�GH��DQ�R�QmR�VHMD�LQ�HULRU�
D���G��H�R�HUUR�HV�i�LFR�FRQV�DQ�H�GH��HORFLGDGH�.υ�VHMD�GH�����V
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FIGURA 7.164
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FIGURA 7.165
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FIGURA 7.168
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B.7.33� �RQVLGHUH�R�VLV�HPD�PRV�UDGR�QD�)L��UD��������'HVHMD�VH�SURMH�DU��P�FRPSHQVDGRU�FRP�HUUR�
HV�i�LFR�GH��HORFLGDGH�FRQV�DQ�H�GH�����V����PDU�HP�GH��DVH�GH�����H�PDU�HP�GH��DQ�R�GH���G��R��
PDLV��7UDFH�DV�F�U�DV�GH�UHVSRV�D�DR�GH�UD���QL�iULR�H�j�UDPSD��QL�iULD�GR�VLV�HPD�FRPSHQVDQGR��
��LOL]DQGR�R�0�7/���
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�DQ�R�GH�SHOR�PHQRV���G���7UDFH�DV�F�U�DV�GH�UHVSRV�D�DR�GH�UD���QL�iULR�H�j�UDPSD��QL�iULD�GR�
VLV�HPD�FRPSHQVDQGR����LOL]DQGR�R�0�7/���

FIGURA 7.166
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FIGURA 7.167
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