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O limite fundamental limx→0
sin x
x

Observamos que existe r > 0 tal que 0 < sin x < x < tan x para
0 < x < r .

Dividindo por sin x obtemos 1 < x
sin x < 1

cos x , portanto, para 0 < x < r ,

cos x < sin x
x < 1

Por outro lado, −r < x < 0⇒ 0 < −x < r ⇒ cos(−x) < sin(−x)
−x < 1.

Como cos(−x) = cos x e sin(−x)
−x = sin x

x , temos que para −r < x < 0

também vale cos x < sin x
x < 1 .

Logo, para todo x com 0 < |x | < r , vale cos x < sin x
x < 1 . Como

limx→0 cos x = 1 = limx→0 1⇒ limx→0
sin x
x = 1 (1).
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Calculando limx→0
1−cos x

x

lim
x→0

1− cos x

x
= lim

x→0

(1− cos x)

x

(1 + cos x)

(1 + cos x)
= lim

x→0

(1− cos2 x)

x(1 + cos x)
=

lim
x→0

sin2 x

x(1 + cos x)
= lim

x→0

sin x

x

sin x

(1 + cos x)
= 1.

0

2
= 0

limx→0
1−cos x

x = 0 (2)
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Derivadas das Funções Trigonométricas

Derivada de f (x) = sin x

f ′(x) = lim
h→0

sin(x + h)− sin x

h
= lim

h→0

sin x cos h + sin h cos x − sin x

h
=

lim
h→0

sin x(cos h − 1) + sin h cos x

h
=

lim
h→0

sin x

(
cos h − 1

h

)
+ lim

h→0

(
sin h

h

)
cos x = cos x , usando os limites (1)

e (2) calculados acima. Então (sin x)′ = cos x
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Derivada de f (x) = cos x

f ′(x) = lim
h→0

cos(x + h)− cos x

h
= lim

h→0

cos x cos h − sin x sin h − cos x

h
=

lim
h→0

cos x(cos h − 1)− sin x sin h

h
=

lim
h→0

cos x

(
cos h − 1

h

)
− lim

h→0
sin x

(
sin h

h

)
= − sin x , usando os limites

(1) e (2) calculados acima. Então (cos x)′ = − sin x

Derivada de f (x) = tg x

f ′(x) =

(
sin x

cos x

)′
=

(sin x)′ cos x − sin x(cos x)′

cos2 x
=

cos x cos x − sin x(− sin x)

cos2 x
=

cos2 x + sin2 x

cos2 x
=

1

cos2 x
= sec2 x .

Então (tg x)′ = sec2 x
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Derivadas de outras funções trigonométricas

Exerćıcio

Usando as regras de derivação, mostre que:

1 (sec x)′ = sec xtg x ,

2 (cotg x)′ = −cosec2 x ,

3 (cosec x)′ = −cosec x cotg x .
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Exemplos de aplicações das regras de derivação

Calcular as seguintes derivadas:

a) f (x) = x cos x ,
f ′(x) = x ′ cos x + x(cos x)′ = cos x + x(− sin x) = cos x − x sin x

b) f (x) =
x + 1

ln x
,

f ′(x) =
(x + 1)′ ln x − (x + 1)(ln x)′

(ln x)2
=

ln x − (x + 1) 1
x

(ln x)2
=

x(ln x − 1)− 1

x(ln x)2

c) f (x) = extg x ,
f ′(x) = extg x + ex sec2 x
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