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6.3. Partial observations and the separation principle

We now consider control problems associated with the full state-
space model

X+ 1 = A(k)x, + B(k)u, + C(k)w, (6.3.1)
Vi = H(k)x, + Gk)w,. (6.3.2)

As before, the initial state x, has mean and covariance m,, P, and
is uncorrelated with w,. In this case the state x, cannot be measured

directly, but ‘noisy observations’ y* = (y,, y;,..., y)) are available at
time k. Thus the control u, will be a feedback function of the form
uy, = u(y*). (6.3.3)

This is the ‘full LQG problem’. The difficulty here is, of course, that
knowledge of y* does not (except in special cases) determine x, exactly,
and the current state x, is just what is needed for controlling the
system at time k. We deal with this by replacing the state-space model
(6.3.1), (6.3.2) by the corresponding innovations representation. As
discussed in Section 3.4, this provides an equivalent model in the form

)ek+1\k = A(k))euk_ 1+ B(k)“k + K(k)\'k (6.3.4)
where the innovations process v, is given by
Vie =Y — H(k)X (6.3.5)

so that y, satisfies
Y= H(K)X o+ vy (6.3.6)

The Kalman gain K(k) is given by (3.3.5). The new ‘state’ of the system
is X, _, and this is determined exactly by y*~'. We thus reduce the
situation to one in which the state is known, and can then apply the
results of the previous section to determine optimal control policies.
First, however, the status of the innovations representation (6.3.4),
(6.3.6) must be clarified. We do this before continuing with our
discussion of optimal control problems in Section 6.3.2 below.

6.3.1 The Kalman filter for systems with feedback control

In the derivation of the Kalman filtering formulae in Section 3.3 it was
assumed that {w,} was a weak-sense white noise (w, and w, uncorrela-
ted for k # [) and that {u,} was a deterministic sequence. Under these
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conditions X, , given by (6.3.4) is the best linear (more precisely,
affine) estimator of x, given y* ™!, and the input/output properties of
the model (6.3.4), (6.3.6) are identical to those of the original model
(6.3.1), (6.3.2). Now, however, we wish to consider controls u, which
are not deterministic but which are feedback functions as in (6.3.3).
Further, there is no reason why u,(y*) should be a linear function of y*.
Suppose in fact that this function is nonlinear. Combining (6.3.3)-
(6.3.5), we see that X, satisfies

Kt = ARy + By (") + K(k) (v — Hx)%ye— ) (6.3.7)

Given the sequence y’ = (yo, J1,...,),), one can use this equation for

k=0,1,...,j to compute X;, ;. Thus %, is a function of /, say

'xA:j+ W= g;(y’).

Now g; is a nonlinear function, due to the nonlinearity of u, in (6.3.7).
So X, ,; cannot possibly be the best linear estimator of x;. , given y/,
as it would be were u, deterministic. To get round this apparently
awkward fact, we use the alternative interpretation of the Kalman
filter, namely that if the w, are independent normal random vectors
and x, is normal, then X;, ,; is the conditional expectation of x;,
given /. The advantage of this formulation is that there is no
requirement that a conditional expectation should be a linear function
of the conditioning random variables.

Theorem 6.3.1

Suppose that, in the model (6.3.1), (6.3.2), xq, wg, Wy,... are normally
distributed and that u, is a feedback control as in (6.3.3). Let %, _, be
generated by the Kalman filter equation of Theorem (3.3.1). Then

Rue1= EDxily* 711, (6.3.8)

The innovations process (6.3.5) is a normal white-noise sequence.

PROOF The proof relies on Proposition 1.1.6 which shows that
E[x;411y'] = E[x;+41157]

if y/, j/ are random vectors which are related to each other in a one-to-
one way, i.e. there are functions h;, hj‘1 such that

¥ =hi’), ¥ =h;').
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As in Section 3.4, let us write the state x, in (6.3.1) as x, = X, + x{, and
correspondingly y, = y, + y¥, where x,, x¥, y, y¥ satisfy:

ik+ 1 = AKX, + Clk)wy, Xo=Xo—myg
= H(k)x; + G(k)w, }

xip 1 = A(k)x + B(k)uk(yk), Xy =my
V¥ = H(k)xE. (6.3.10)

Equations (6.3.9) are linear, so that X, ,, y, are zero-mean normal
random vectors for all k. x¥,, and y} are random vectors which
depend on j* since u,(y*)=u,(7* + y**). Applying the standard
Kalman filter results from Section 3.3 we see that §k+l,k: = E[%,+117*]
satisfies

(6.3.9)

J’E\H 1k = A(k)§k|k—1 + K(k)(y — H(k)§k|k— N, (6.3.11)

where K(k)is given by (3.3.5). We cannot obtain (6.3.4) immediately by
adding (6.3.11) to (6.3.10) because the conditioning random variable is
7* and not y* as required. However, j* and y* are equivalent in the
sense mentioned earlier. Indeed, plainly from (6.3.10), x}, and hence
yi, is determined by y* ' = (yo, y1,...» Vx—,)- Thus

Vo= Yi — Y¥ = (")

Conversely, suppose 7 = (Vo,7;,.-., ) is given; then y, is deter-
mined. We show this by induction. Suppose that for j=0,1,...,k
there are functions f; such that

= f{7). (6.3.12)

Then given y* we can calculate y;, 0 < j <k, and hence y{, ;, using
(6.3.10). But now

Virr =Far 1+ V¥ 1 = foaaFY)
Thus (6.3.12) holds for j =k + 1. At time zero,
y§ = H(0)x§ = H(0)m,
and m, is known, so that
Yo =H0)my + yo =: fo(yo).

Thus (6.3.12) holds for all j, and f;=h; .
This argument shows that j* and y* are obtained from each other in
a one-to-one fashion, and hence that

§k+Uk = E[X 4,171 = E[X 4 1y,
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Now x}, , is a function of ¥, so that

E[x:‘+1|yk] =X{1-

Combining these relations, we obtain

E[xk+1|yk] =E[x}; + xk+1|yk]

— ¥ 2
=Xe+1 T Xepqpe

Adding the equations (6.3.10) and (6.3.11) shows that %, ;=
E[x, ,,|y*] satisfies (6.3.4). Thus (6.3.4) is indeed the Kalman filter
when u, is a feedback control, as long as the disturbance process wy is
a normal white-noise process. As regards the innovations process v,
note that

Ve =Yk — H(k))eklk—l
= Vi + v — Hk) (O + Xy )
=J— H(k)xk|k~l'

Thus v, coincides with the innovations process corresponding to the
control-free system (6.3.9). It is therefore a normal white-noise process
with covariance

E[v,vi]= H(k)P(k)H"(k) + G(k) G (k) (6.3.13)
as in Section 3.4. O

It is perhaps worth pointing out that, even if w, is a normal white-
noise process, the state process X, is not necessarily normal, since
(6.3.1), (6.3.2) determine x, as a possibly nonlinear function of w* ™1,
However, the conditional distribution of x, given y*~! is normal, since
x, has the representation

— ¥ 3 5
X =X+ Xy + Xy

N ~
= X1 T Xk

where X, | =X, — f,d,(_ ,is a normal random vector with mean 0 and
covariance P(k) given by (3.3.6). Thus the conditional distribution of
x; given y*~ 1 is N(%,,_,, P(k)).

6.3.2 The linear regulator problem

Let us now return to the control problem of choosing u, to minimize
the cost

N-1
2
k=

[3]

C(w) = E( ID(k)x, + (k|1 + X§QXN)- (6.3.14)
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This is the same form of cost as in Section 6.2 but a different class of
controls is involved. In this section we shall consider feedback
controls of the form

u, = u, (Y1) (6.3.15)

rather than u,(y*) as discussed above. Controls (6.3.15) are of course a
sub-class of those previously considered — we are now insisting that
the control u, should depend on the observations y; for times j up to,
but not including k, whereas previously dependence on y, also was
allowed. This restriction is introduced for two reasons. Practically, it
means that ‘instant’ data processing is then not required: at time k we
record the new observation y,, and apply the control u(y* ') which
can be computed somewhat in advance since it does not depend on y,.
Mathematically, controls (6.3.15) are related, as will be seen below, to
our formulation of the Kalman filter as a predictor, giving the best
estimate £, _, of x, given y*~'. Analogous results can be obtained for
controls u,(y*), but these involve the Kalman filter in the form which
computes the current state estimate X,,, and this is somewhat more
complicated.

The cost Cy(u) in (6.3.14) is expressed in terms involving the state
variables x,; we wish, however, to use the innovations representation
(6.3.4) in which the state variable is X, ,. The first task is therefore to
re-express Cy(u) in a way which involves %, _, rather than x,, and
this is done by introducing conditional expectations as follows:

N-1
Cyu) = E(,;, EL|ID(k)x, + F(R)uyl|*|y*~*1

+ E[xexNIy”“]) (6.3.16)

Now x, can be expressed in the form
X = Xy + Xy

where £,,_, is a function of y*~! and the estimation error %,,_, is
independent of y* ! with distribution N(0, P(k)). We can simplify the
terms in (6.3.16) using this fact and properties of conditional
expectations. The last term is:

E[xyOxyly¥ 1= E[()eMN—l + fN|N—1)TQ()%N1N—1 + iN|N41)|yN_ 1
= "2"—1{11N—1Q2N|N—1 + E[i-ll\-MN—leMN—llyN— 1
= ’eL\N—lQﬁN\N—l + tr[P(N)Q].
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Similarly the kth term in the sum becomes
E[(D(K)Ryyy_; + F(k)uy + D(k)% )"
'(D(k))eldk—l + F(k)uy + D(k)gk\k_1)|yk_ 1
= | D(K)Ry -, + F(k)uy||* + tr[P(k)D(k)D(k)]

where we have used the fact that u, is a function of y*~!. Thus
N-1
Cylu) = E( kZO ”D(k))elqk—l + F(k)“k||2 + ')e’ll\‘lN~1QX\NN—l>

+ I:i: tr [D(k)P(k)D(k)] + tr[P(N)Q]. (6.3.17)

This expresses Cy(u) in a way which involves the state %, _, of the
innovations representation. The important thing to notice about this
expression is that the first term is identical to the original expression
(6.3.14) with x, replaced by X, _,, and that the remaining two terms
are constants which do not depend in any way on the choice of u,.
Thus minimizing Cy(u) is equivalent to minimizing

N-1
E( kzo ID(R)R -y + F(R)uy 1 + ﬁﬁw_leNw_l) (6.3.18)

where the dynamics of %,,,_, are given by (6.3.4), namely
L1 = AK)L ., + Bk)uy + K(k)vy. (6.3.19)

Since the innovations process v, is a sequence of independent normal
random variables, the problem (6.3.18)—(6.3.19) is the standard
‘completely observable’ regulator problem considered in the previous
section. All coefficients are as before except for the ‘noise’ term K(k)v,
in (6.3.19). However, it was noted in Section 6.2 that the optimal
control for the linear regulator does not depend on the noise
covariance. Therefore the optimal control coefficients are the same as
in the completely observable case. We have obtained the following
result:

Theorem 6.3.2

The optimal control for the noisy observations problem (6.3.1),
(6.3.2), (6.3.14) is

af = — M(k)%,, (6.3.20)
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where M(k) is given as before by (6.1.16). The cost of this policy is

Cx(t) = mES©O)m, + tr[P(N)Q] + Nf tr[D(k)P(k)D (k)
k=0

+ GG (k)KT(k)S(k + 1)].
+ K(k)(H(k)P(K)H(K) (6.3.21)

PROOF Only the expression (6.3.21) for the optimal cost remains to
be verified. We use the expression (6.2.9) for the completely observable
case. First, note that the initial condition for (6.3.19) is deterministic:
%1 =0. Next, consider the contribution of the ‘noise’ term K(k)v;.
Define

% = [H(k)P(K)H" (k) + G(K)G (k)] /2y,

(the inverse exists since by our standing assumptions G(k)G(k) > 0).
From (6.3.13) we see that E[¥,7{] = I, so that ¥ is a normalized white-
noise process, and (6.3.19) can be written

R w1 = ARy, + Blkw + K(k)[H(k)P()H (k) + G(k)GT(k)]"/27.

This is now in the standard form of (6.2.1) with a new ‘C-matrix’
K[HPH™ + GG™]'? and we can read off the optimal cost from
(6.2.9). Remembering that the two constant terms from (6.3.17) must
also be included, we obtain (6.3.21). O

Let us summarize the computations needed in order to implement
the control policy described in Theorem 6.3.2. They are as follows:

(a) Solve the matrix Riccati equation of dynamic programming
backwards from the terminal time to give matrices S(N),..., S(0):

S(k) = AT(k)S(k + 1) A(k) + D"(k) D(k)
—[AT(k)S(k + 1)B(k) + DT(k)F(k)]
[BY(k)S(k + 1)B(k) + FT(k)F(k)]~*
[BY(k)S(k + 1)A(k) + F'(k)D(k)] (6.3.22)
S(N)=Q.
This determines the feedback matrices
M(k) = [BT(k)S(k + 1)B(k) + F"(k)F(k)]~*
[BY(k)S(k + 1)A(k) + FT(k)D(k)].

(b) Solve the matrix Riccati equation of Kalman filtering forwards
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from the initial time to give matrices P(0),..., P(N):
P(k + 1) = A(k)P(k)A™(k) + C(k)CT(k) — [A(k)P(k)H(k) + C(k)G" (k)]
H(k)P(k)H'(k) + G(k)G"(k)] ™!
[H(k)P(k)AT(k) + G(k)C"(K)]
P0)=P,. (6.3.23)
This determines the Kalman gain matrices
K(k) = [A(k)P(k)H" (k) + C(k)G" (k) JLH(k)P(k)H (k) + G(k)G"(k)] .

It is important to notice that these computations refer independ-
ently to the control and filtering problems respectively, in that (a)
involves the ‘cost’ parameters Q, D(k), F(k) but not the ‘noise’
parameters Py, C(k), G(k), whereas the converse is true in the case of
(b).

The property that the optimal control takes the form u#'(k) =
— M(k)%,,,_, where M(k) is the same as in the deterministic or
complete observation cases, expresses the so-called ‘certainty-
equivalence principle’ which, put in another way, states that,
optimally, the controller acts as if the state estimate X,,, _, were equal
to the true state x, with certainty. Of course, the controller knows that
this is not the case, but no other admissible strategy will give better
performance.

That M(k) is unchanged in the presence of observation noise is
entirely due to the quadratic cost criterion which ensures that the cost
function for the problem in innovations form is, apart from a fixed
constant, the same as that in the original form. On the other hand, the
fact that the intermediate statistic to be computed is X, _,, regardless
of cost parameters, is a property which extends to more general forms
of cost function. To see this, recall that whatever admissible control is
applied, the conditional distribution of x, given y*~ ! is N(%,, _, P(k)).
Now suppose that the cost to be minimized takes a general form
similar to (6.1.14), i.e.

Cylu) = E( Y, Hexeo )+ g(xN)>

where [ and g are, say, bounded functions. Introducing intermediate
conditional expectations, we can express Cy(u) as

k=0

= E( Y ELlk x )y~ + ELgley) Y™™ 1])‘
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The conditional expectation can now be evaluated by integrating
with respect to the conditional distribution. This gives

E[l(k, x,, w)|y* 1] = Ik, R 10 Uid)

and
E[gOxm)yN 1T = g%y )
where
ik, %,u) = f I(k, z, u) !
Rn (2m)"?(det(P(k)))"/?
‘exp((z — 2)"P~1(k)(z — %)) dz
6= | oo

-exp((z — TP~ (N)(z — %)) dz.

Thus

N-1
Cyu)=E ( kzo Uk, %y 1> ) + g(;%NW_I)). (6.3.24)

The problem (6.3.19), (6.3.24) is now in innovations form and can be
solved by dynamic programming. Define functions W,,,..., Wy by

Wa(X) = §(%)
W (%) = min {{{k, £, v) + EYW (A% + Bv + K(k)v,)
k=N-1,...,0 (6.3.25)

where E® denotes expectation taken over the distribution of v,, which
is N(0, HP(k)H™ + GG™). Let 6i!(k, %) be a value of v which achieves
the minimum in (6.3.25). Then the optimal control is

ﬁl% = al(l@ )ek‘k— 1)
with minimal cost
CN(ﬁl) = Wy(m,).

This can be checked by the same sort of ‘verification theorem’ proved
earlier. Thus is this general problem the ‘data processing’ still consists
of calculating X,,_, via the Kalman filter, but the control function
#'(k, %) is not related in any simple way to the control function u!(k, x)
which is optimal in the case of complete observations.
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System >,

- — —— —— — — - Controller

In summary, we see that the optimal controller separates into two
parts, a filtering stage and a control stage as shown in Fig. 6.2. The
filtering stage is always the same regardless of the control objective.
This is the separation principle. The certainty-equivalence principle
applies when #'(k, x,) is the optimal completely observable control,
but this is a much more special property which holds only in the
quadratic cost case.

These results point to a general cybernetic principle, namely that
when systems are to be controlled on the basis of noisy measurements
the true ‘state’ of the system which is relevant for control is the
conditional distribution of the original state given the observations.
Note that in the LQG problem this is completely determined by %, _,
since the conditional distribution is N(%,,_,, P(k)) and P(k) does not
depend on the observations. Thus the Kalman filter in effect updates
the conditional distribution of x, given y*~'. The problem can be
solved in an effective way because of the simple parametrization of the
conditional density and the fact that there is an efficient algorithm —
the Kalman filter — for updating the parameter X, _,. More general
problems typically involve extensive computation due to the lack of
any low-dimensional statistic characterizing the conditional
distributions.

6.3.3 Discounted costs and the infinite-time problem

In this section we will assume that the system matrices 4, B, H, C, G
are time-invariant, that D(k) = p*2D, F(k)= p*?F, and that Q is
replaced by p¥Q for some p < 1, so that the cost function becomes

N-1
CR(w) = E[ kzo p* 1 Dx, + Fuy||* + PNX§QxNJ-
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In view of the ‘separation property’, the Kalman filter matrices P(k),
K(k) are unaffected by the discount factor p. By specializing the
preceding results, or by using an argument involving xg, uf as in
Section 6.2, one can verify that the control which minimizes C%(u) is

ﬁf = - Mp(k)-)%ldk—l
with M?(k) as before. The cost corresponding to 4 is

C(dP) = m§ SP(0)m, + p" tr[P(N)Q]
+'Y P tr[DP(RDT
K=0

+ pK(k)[HP(k)HT + GGT]IK(k)S(k + 1)].

Thus if a discount factor is introduced, the filtering computation (b) is
unchanged while, in the control computation (a), 4 and B are replaced
by p'/?A, p'/?B respectively.

Turning now to the minimization of the infinite-time cost,

Cr(u) = E[ Y p*lDx + Fuklv],
k=0

we have to consider the asymptotic properties of both Riccati
equations (6.3.32) and (6.3.23). The conditions required are as follows

(4, B)

v stabilizable
o)

(6.3.26)

(D, 4)
(H. A) detectable
where
A=A-CG"GG") 'H A=A—-B(F'F)"'F'p
C=C[I-G"GG""'G]  D=[I-F(F F)~'FTID.

These conditions simplify under the additional conditions, assumed
at the outset in most treatments of LQG control, that CGT =0 (no
correlation between state and observation noise) and FTD =0 (no
‘cross-term’ in the cost criterion). Under these conditions, 4 = 4 = 4,
C = C and D = D; thus conditions (6.3.26) stipulate that the system be
stabilizable from either the control or the noise input, and that it be
detectable either via the output Hx, or via the ‘output’ Dx, appearing
in the cost function.
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According to the results in Appendix B, conditions (6.3.26)
guarantee that the algebraic Riccati equations corresponding to
(6.3.22), (6.3.23) have unique non-negative definite solutions S, P
respectively and that the solutions of (6.3.22), (6.3.23) converge to S, P
for arbitrary non-negative definite terminal condition Q and initial
condition P, respectively. The optimal control for the infinite-time
problem can now be obtained by applying the results of Section 6.2

concerning the completely observable case. Indeed, the innovations
representation is, as above,

s = A%y, + Bu + C(k)7, (6.3.27)
where 7, is the normalized innovations process and
C(k) = K(k)[HP(k)HT + GG™]"/2.
Note that, as k— oo,
C(k)— C = K[HPH" + GG']'/2,

where P is the solution of the algebraic Riccati equation and K the
corresponding Kalman gain. As in (6.3.17) the cost expressed in terms
of X, _, is

Cow) = E[ 2 P DRy + Fuk||2:| + Y, p*tr[DP(k)D™]
k=0 k=0

(6.3.28)

and the final sum is finite since tr[DP(k)D™] - tr[DPD™] as k — co.
We now apply the results of Section 6.2 to the infinite-time completely
observable problem constituted by (6.3.27), (6.3.28), and conclude that
the optimal control is

= — M2, _, (6.3.29)
with cost, as in (6.2.16),

mySPmy + Y p* 1 tr[CT(k)SPC(K) ]+ Y. p*tr[DP(k)DT].
k=0 k=0
Substituting for C(k) gives the final cost expression
Co(4°) = mySPmy + Y, p*[DP(k)DT
k=0

+ pK(k)[HP(k)H™ + GGT]1K™(k)S"]1].
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Appearances to the contrary, 4#{ given by (6.3.29) is not a constant-
coefficient controller since the gain K(k) in the Kalman filter depends
on P(k) which is not constant unless P, happens to be equal to the
stationary value P. A simpler control algorithm is obtained if K(k) is
replaced by its stationary value K =[APH"+ CG"] [HPH™ +
GG"] 71, that is we apply the control value

0= — M?z, (6.3.30)
where z, is generated by

Zk+1 = AZk - BMpzk + K(yk - sz)
Zo=mg (6:331)

(this is the Kalman filter algorithm with P(k) replaced by P). Of
course, z, is in general not equal to X, _,. Control #” is not optimal for
the discounted cost problem, but ' is optimal in the sense of
minimizing the average cost per unit time,

1 N
Cul) = lim NELZO IDx, + Fuk||2:|. (6.3.32)

As remarked earlier, this criterion is insensitive to the behaviour of the
process for small k; and, for large K, z, and %,, , are practically
indistinguishable.

Theorem 6.3.3

Suppose conditions (6.3.26) hold. Then the control #' given by
(6.3.30), (6.3.31) with p = 1 minimizes C,,(u) in the class of all output
feedback controls such that C, (u) exists and E || x, ||? is bounded. The
minimal cost is

C,(0") = tr[DPDT + K(HPH™ + GGN)KTS].  (6.3.33)

PROOF It follows from the arguments above and Theorem 6.3.2
that the control i, of (6.3.20) is optimal for C,, and that its cost is
given by the expression in (6.3.33). Thus it remains to show that #! is
admissible and that its cost coincides with that of 4.

Define &,: = x, — z,. Recalling that y, = Hx, + Gw, and hence that
Y — Hz, = H(x; — z;) + Gw,, we see that the joint process (z,, &)
satisfies:
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Zr+1 A— BM KH Z 4 KG
= w
Eess 0 A—KH || & C+KG|*
-y [z“] +Cw,. (6.3.34)
&
Under conditions (6.3.26) both A — BM and A — KH are stable. This
implies that A4 is stable since the eigenvalues of A4 are those of
(A — BM) together with those of (4 — KH). Thus the covariance
matrix E, of (x,, &) is convergent to Z satisfying 2 = 424" + CC".
Since x, = &, + z,, this shows that E| x,|? is bounded and C, (#?)
exists. Note that

Al ~| Zk
Dx, + Fo, =D
Ck
where D = (D — FM, D), so that
C.(8") = tr[DED"].

The process n;:=col {%,, ,,%,,_,} satisfies (6.3.34) with 4 and C
replaced by A(k) and C(k) obtained by substituting K (k) for K in A
and C. Denote I'(k):=cov(n,). Then I'(k) satisfies

['(k+1)= A(k)T(k)AT(k) + C(k)C" (k) (6.3.35)
We know that I':= lim I'(k) exists and that
k— oo

C, (') =tr[DI'DT].

Taking the limit as k— oo in (6.3.35) we see that I satisfies I' =
AT AT + CC", ie. ' = E. This completes the proof. O

Finally, a remark on the stabilizability and detectability conditions
(6.3.26). The conditions on (4, B), (D, A) ensure that S*, the solution to
the ‘discounted’ algebraic Riccati equation, exists for any p < 1, but if
these conditions are not met then S” may only exist for p < p, for
some p,<1. According to the separation principle, however,
discounting has no effect on the Riccati equation (6.3.23) generating
P(k) so that no weakening of the conditions on (4, C) and (H, A) is
possible. The reason for this minor asymmetry in the problem is of
course that, while we are free to select the cost function coefficients D,
F in any manner we choose, their counterparts C and G in the filtering
problem are part of the system specification.
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As in the complete observations case, little can be said about the
average cost problem if conditions (6.3.26) are not met.

Notes

Dynamic programming was introduced in its modern form by
Bellman (1957). Recent texts describing various aspects of it include
Bertsekas (1976) and Whittle (1981). The linear regulator problem
was solved by Kalman (1960) who also noted the filtering/control
duality. For references on properties of the Riccati equation and the
algebraic Riccati equation, see Chapter 3. The use of linear/quadratic
control as a design methodology for multivariable systems has been
pioneered by Harvey and Stein (1978); see also Kwakernaak (1976).
The ‘certainty-equivalence principle’ was first enunciated in the
economics literature, by Simon (1956). The ‘separation principle’ is
clearly presented (for continuous-time systems) in Wonham (1968)
and is also discussed in Fleming and Rishel (1975). The stochastic
linear regulator is discussed in one form or another in most texts on
stochastic control, including Bertsekas (1976) and Whittle (1981).
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