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2mv2 N = Q

q

v2 = 2Wq/mQ

q

m
=
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y2 = vyt2 =
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∼

NAe
10−20

10−19

1.59 · 10−19



∼

Fv = −6πηav η

∼ 10−6

{
mg + qE = 6πηavd (descida)
qE = mg + 6πηavs (subida)

m = 4
3πa3ρ

q = 3πηa
d

V
(vd + vs)

s d

a =

√
9η (vd − vs)

4ρg

mg =
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3
πa3ρóleog = 6πηavq

a =

√
9ηvq

2ρog



5 ·10−5

η = ηo

(
1 +

b

pa

)−1

ηo

6,17 · 10−4

∼ 1%
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PV = nRT
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vxi → −vxi ∆pxi = 2mvxi

n′1 vx1 n′2 vx2
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2mvxi
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∑
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=
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〈
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〈
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NA
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T = N
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〈Ec〉

〈Ec〉 =
3

2

R

NA
T =

3

2
kT

k = R/NA k = 1.38 · 10−23 8.6 · 10−5

∼

Ec =
3

2
· 8.6 · 10−5 · 300 ∼= 0.04 eV

vrms =
√
〈v2〉

vrms =
√
〈v2〉 =

√
2 〈Ec〉

m
=

√
3kT

m

k = R
NA

vrms =

√
3RT

NAm
=

√
3RT

M

PV = nRT vrms =
√

3PV
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V = ρ vrms =

√
3P
ρ

ρ ∼ 1.4 kg/m3 p = 1 atm = 1,0 · 105N/m2

vrms & 460 m/s



vs =
√

γRT
M

γ = Cp
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+
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2RT
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Cv
3
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1

2
k

(
x2 + y2 + z2

)
+

1

2
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(
v2

x + v2
y + v2
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)

Cv = 3R

Cv

n1,n2,n3, . . .
N =

∑
ni fi = ni

N
vxi

〈
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〉
=
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N

∑
v2

xini =
∑
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xifi
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∑

i

fi =
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∑
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∫ +∞

−∞
f(vx)dvx = 1

ni

vxi vxi + ∆vx fi

fi =

∫ vxi+∆vx

vxi

f(vx)dvx e ni = N

∫ vxi+∆vx

vxi

f(vx)dvx

∆vx

df = f(vx)dvx vx vx + dvx

f(vx) vx

vx

f(vx)
vx vx + dvx

vx

f(vx) h(vx) vx

〈h〉 =

∫ +∞

−∞
h(vx)f(vx)dvx

f(x) = Ce−(x−〈x〉2)/2σ2

〈x〉 σ σ2 =
〈
(x− 〈x〉)2〉

σ

σ2 =

∫
(x− 〈x〉)2 f(x)dx =

∫ (
x2 − 2x 〈x〉+ 〈x〉2
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f(x)dx =

∫
x2f(x)dx− 2 〈x〉

∫
xf(x)dx +

〈
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〉 ∫
f(x)dx =

〈
x2

〉
− 2 〈x〉2 + 〈x〉2 =

〈
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〉
− 〈x〉2



vx, vy e vz

vx

vy vz

vx vx

vx e vx + dvx, vy e vy + dvy, vz e vz + dvz F (vx,vy,vz)

F (vx,vy,vz) = f(vx)f(vy)f(vz)

vx, vy e vz

f(vx)
f(vx) f(vx) = f(−vx)

vx

vx

f(vx) = Ce−mv2
x/2kT

C =
1

∫ +∞
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=
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e−m(v2
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y+v2
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∫ ∞
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2

√
π
λ ;

∫ ∞
0 xe−λx2

dx = 1
2λ



∫ ∞
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√
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∫ ∞
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√
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5
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∫ ∞
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=

∫ ∫ ∫
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√
π
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2

=
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m

F (vx,vy,vz)

F (x,y,x) = C

∫
F (x,y,z)dxdydz = C

∫
dxdydz = CV = 1

F (x,y,z) = 1
V

F (x,y,z)

F (vx,vy,vz) vx, vy, vz



F (x,y,z)
F (vx,vy,vz)

F (vx,vy) vx = vy = 0
vx, vy

vx, vy

v e v +dv v =
√

v2
x + v2

y

v e v +dv
2πvdv

NF (vx,vy)
NF (vx,vyvz) g(v)

Ng(v)dv

F (vx,vy)

Ng(v)dv = 4πv2dvNF (vxvyvz) = N4πv2
( m

2πkT

) 3
2
e−m(v2

x+v2
y+v2

z)/2kT



g(v) = 4π
( m

2πkT

) 3
2
v2e−mv2/2kT

g(v)

Ec =
1

2
mv2; dEc = mvdv

v2dv =
v

m
dEc =

1

m

√
2Ec

m
dEc

mv2/2kT = Ec/kT

F (E)dE = CE
1
2 e−E/kT dE

E
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2

g(v)

〈v〉 =

∫
v · 4π

( m

2πkT
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2
v2e−mv2/2kT dv =

√
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πm
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√
〈v2〉

vm =
√

2kT
m

〈v〉 vrms

g(v)

g(v)
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x,y,z px,py,pz



(x,y,z,px,py,pz)

dτ = dxdydzdpxdpydpz

f(x,y,z,px,py,pz)dτ = Ce−E/kT dτ

g(v)
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y + p2
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E =
1
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1
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〈xn〉 = 0 x2

n

xi i l

x1 = ±l ⇒ 〈x1〉 = 0;
〈
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〉
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〈
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1
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√
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t
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µ = 6πηa
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=
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〈xFe〉 = 〈x〉 〈Fe〉 = 0
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d
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(
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x
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=

∫
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dt 〈x
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1
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〈
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x
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+

1

2
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2
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m
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g(t) = f(t)− 2kT
µ
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+

µ

m
g = 0

τ = m
µ

g(t) = goe
−t/τ

τ) µ = 6πηa 10−6s

g(t) ∼ 0

d
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〈
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〉
=
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〈
x2

〉
=

2kT

µ
t =

RT

3πηaNA
t

NA 5,5×1023 7,2×1023

x

∆t



g/cm3

ρ = 1,8 · 10−4

tq

vrms H2

vrms

cm3

dNv = avdv dNv

dNv/dv

1,66 · 10−27kg



vmp

∆v ≈ dv
v = vm = (2kT/m)1/2

f(vx)

f(vx) = (2π)−1/2v−1
o e−v2

x/2v2
o

vo = vrms = (kT/m)1/2 dvx ∆vx =
0.01vo ∆vx vx = 0 vx = vo vx = 8vo

vmp N2



RT (ν) RT (ν)dν

ν e ν + dν RT (ν)

RT

RT =

∫ ∞

0

RT (ν)dν



RT (ν)
RT (ν)

a + r = 1

RT

e =
RT

Rcn
T

a = e a = 1
e = 1

Rcn
T = σT 4



σ = 5.67·10−8W/m2K4

RT (λ)
λ

λmT = cte. = 2.90 · 10−3mK

λm RT (λ)

RT (λ) RT (λ)
λT RT (λ)

λT λmT

RT (λ) RT (λ)
T 5 λT

RT (λ)
T 5 f(λT ) λT

f R
λT λ2T2

λ1 RT1 Rmax
T1

T2 RT2

Rmax
T2 λ2 λ2T2 = λ1T1

RT (λ) = CT 5F (λT ) = C
(λT )5

λ5
F (λT ) = Cλ−5f(λT )





f(λT ) = (λT )5F (λT )

f(λT )



S(1− α) = σT 4
e ⇒ Te − 4

√
S(1− α)/σ

α
α = 0,3 Te = 255



S(1− α)

σT 4
a )

ε

{
S(1− α) = R(1− ε) + A (topo)
S(1− α) + A = R (superf ı́cie)

R = σT 4
s

2S(1− α) = R(2 + ε)

S(1− α) = σT 4
e

2σT 4
e = σT 4

s (2 + ε) ⇒ Ts =

(
2

2− ε

)1/4

Te

ε = 0 Ts = Te

Ts = 21/4Te = 1,19Te = 303K

ε & 0,75)



ρT (λ) = d2U/dV dλ
R(λ)

RT (λ) = d3U irr/dAdλdt R(λ) = c
4ρT (λ)



ν e ν + dν λ eλ + dλ

λ1 = 2L, λ2 = L, λ3 = 2L
3 ,... λn = 2L

n
ν = c/λ ν = c

2Ln n = 2L
c ν

10−6m
104

dn = N(ν)dν ν e ν + dν
ν N(ν)dν = 2L

c dν

α
β γ

−→
E (−→r ,t) = Ex

−→
i + Ey

−→
j + Ez

−→
k

Ex = Eox sin(2πx/λx) sin(2πνt)

Ey Ez

2L/λx = nx 2L/λy = ny 2L/λz = nz nx, ny, nz

λ λx, λy e nz

λ = λx cos α = λy cos β = λz cos γ γ



2L

λ
cos α = nx;

2L

λ
cos β = ny;

2L

λ
cos γ = nz

cos2 α+cos2 β+cos2 γ = 1
cos2 β = cos2(π/2− α) = sin2 α

n2
x + n2

y + n2
z = (

2L

λ
)2

ν = c/λ

ν =
c

2

√
n2

x

L2
+

n2
y

L2
+

n2
z

L2

ν
nx,ny,nz

ν
x = nx

L y = ny

L z = nz
L nx,ny,nz

nx,ny,nz



ν ≤ c
2

√
n2

x
L2 +

n2
y

L2 + n2
z

L2 l1 = l2 = l3 = L

1/L3

ρ = L3

nx,ny,nz ν V = 1
8

4
3πr3 r = c

2

√
n2

x
L2 +

n2
y

L2 + n2
z

L2

n

n = ρ× V =
4

3
πL

(ν

c
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dn ν ν+dν

dn = N(ν)dν =
4πL3
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ν2dν

N(ν)dν =
8πL3

c3
ν2dν

1
2kT



= L3

ρT (ν)dν =
1

V
kTN(ν)dν =

8πkT

c3
ν2dν

ρ(λ)dλ
ν1 ν2 = ν1+dν

λ1 = c/ν1 λ2 = λ1 + dλ dν
dλ dn = ρ(λ)dλ = −ρ(ν)dν

dν = −(c/λ2)dλ

ρT (λ)dλ = −8πkT

c3
ν2dν =

8πkT

λ4
dλ =

8πk

λ5
λTdλ

ρ(ν)

E = 1
2mv2 + 1

2kx2

F (E)dE = Ae−E/kT dE. ni Ei

Ei E0 = 0; E1 = ∆E; E2 = 2∆E

ni

ni = noe
−Ei/kT = noe

−i∆E/kT

〈E〉 =

∑
niEi∑
ni

=
1

N
(noEo + n1E1 + n2E2 + ...) =



〈E〉 =
1

N
(0 + ∆Enoe

−∆E/kT + 2∆Enoe
−2∆E/kT + ...)

〈E〉 =
no∆Ee−∆E/kT

N
(1 + 2e−∆E/kT + 3e−2∆E/kT + ...)

(1 +
2x + 3x2 + ...) 1

(1−x)2

〈E〉 =
no∆Ee−∆E/kT

N

1

(1− e−∆E/kT )2

N =
∑

ni

N =
∑

ni = (no + noe
−∆E/kT + noe

−2∆E/kT + ...) = no(1 + x + x2 + ...) =
no

(1− x)

N = no

1−e−∆E/kT

〈E〉 =
∆Ee−∆E/kT (1− e−∆E/kT )

(1− e−∆E/kT )2 =
∆Ee−∆E/kT

1− e−∆E/kT
=

∆E

e∆E/kT − 1

∆E → 0 〈E〉 = kT

lim
∆E→0

∆E

e∆E/kT − 1
=

∆E

∆E/kT
= kT

〈E〉

ρ(λ)dλ =
8π

λ4
〈E〉 dλ =

8π

λ4

∆E

e∆E/kT − 1
dλ =

8π

λ5

λ∆E

e∆E/kT − 1
dλ

λ∆E
e∆E/kT−1

f(λT )
∆E ∆E = αT ∆E = β/λ

ρ(λ)dλ =
8π

λ5

αλT

eα/k − 1
dλ

ρ(λ)dλ =
8π

λ5

β

eβ/λkT − 1
dλ

∆E

λ→ 0



lim
λ→0

C

λ5

1

eγ/λ − 1
= lim

λ→0

e−γ/λ

λ5
= 0

ρ(λ)
β β = hc

h = 6.23 · 10−34Js = 4.14 · 10−15eV s

RT (λ) = c
4ρT (λ)

RT (λ) =
2π

λ5

hc2

ehc/λkT − 1

RT (ν) =
2π

c2
ν3 h

ehν/kT − 1

hν E = 0, hν, 2hν, ..., nhν, ...

nhν (n − 1)hν
hν

hν
nhν (n + 1)hν

3NA

Cv = dU
dT

)
v

= 3R
Cv

3NA

ν

U = 3NA 〈E〉 =
3NAhν

ehν/kT − 1



Cv =
dU

dT

)

v

=
3NAhν

(
hν

kT 2

)
ehν/kT

(ehν/kT − 1)2 =
3NAk

(
hν
kT

)2
ehν/kT

(ehν/kT − 1)2

NAk = R,

Cv =
3R

(
hν
kT

)2
ehν/kT

(ehν/kT − 1)2

ehν/kT → 1

(
ehν/kT − 1

)2
=

(
1 +

hν

kT
+

1

2

(
hν

kT

)2

+ ...− 1

)2

=

(
hν

kT

)2 (
1 +

1

2

hν

kT
+ ...

)

Cv = 3R

ν

TE = hν/k





Vo

Vo

νo

Vo

Vo



Em
c = eVo

I (W/m2)
Iπa2 a

∆t

2.1 eV = 3.4 · 10−19J 1 W/m2

a ∼ 10−10m

R = πa2 · 1 = 3.14 · 10−19J/s

∆t =
3.4 · 10−19

3.14 · 10−20
∼= 10 s



ν E = hν

Eo
c = hν

Ec = Eo
c − w = hν − w

wo

Em
c = hν − wo

(hν > wo)

Vo



E2 = p2c2 + m2
oc

4

E = pc
E = hν = p2

e/2me pf = E/c = hν/c .= pe =
√

2mehν

Ee = hν

hν + 3
2kT

I = AT 2e−wt/kT

wt

wt =
wo)

∼ 0.04





Eb = EF + w w

EF

Vo

ρ(λ) =
8πhc

λ5

1

ehc/λkT
(Lei de Wien)

∞
σ 5,67 · 10−8W/m2K4

RT = σT 4
∫ ∞

0
x3dx
ex−1 = π4

15

5,3 · 10−33J 2 · 10−17m ∼ 2,5 · 1031

λ(A)
Vc(V )



νxVc

W/m2

φ

φ

λ φ
10−5

105

λ
λ



1,4 ·109m

2,0 · 1030kg

λmaxT = 0.201hc/k
dρ(λ)/dλ = 0 hc/λkT = x
e−x + x/5 = 1

Etot = 2,0 ν = 0,56 5,4x1033

3,0x1019

λmax

µ µ

λ = 10−14



µ

2,06x1029 6,05x1018

2,34x1014







∼ 0.1 nm ∼ 500 nm

nλ = 2d sin(θ)

45o



Eo E ′

hν = Eo − E ′

hν = Eo

λmin =
hc

Eo



ϕ

nλ = 2d sin ϕ



∆λ = λ′ − λ

ν

p = E/c



hν

E =
moc2

√
1− v2

c2

E2 = p2c2 +m2
oc

4 hν
p = E/c p = hν/c = h/λ

E = hc/λ
p = h/λ
E ′ = hc/λ′ p′ = h/λ′ θ

Ec pe

ϕ

p = p′ cos θ + pe cos ϕ



p′ sin θ = pe sin ϕ

E + moc
2 = E ′ + Ec + moc

2

ϕ

(p− p′ cos θ)2 + p′2 sin2 θ = p2
e

p2 − 2pp′ cos θ + p′2 = p2
e

Ec = E − E ′ = (p − p′)c.

{
E = Ec + moc2

E2 = p2c2 + m2
oc

4

p2
e =

E2
c

c2
+ 2Ecmo

pe

p2 − 2pp′ cos θ + p′2 =
E ′2

c

c2
+ 2Ecmo

p2 − 2pp′ cos θ + p′2 = (p− p′)2 + 2(p− p′)moc

moc(p− p′) = pp′(1− cos θ)

1

p′
− 1

p
=

1

moc
(1− cos θ)

h h/p = λ

∆λ = λ′ − λ = λc(1− cos θ)



λc = h/moc = 0.0243A
∆λ

θ

∆λ λc

∆λ



p2

2m
+ V = E

E2 = p2c2 + m2
oc

4

±
√

p2c2 + m2
oc

4 + V = E

E = −
√

m2
oc

4 = −moc2

E ≥ moc2 E ≤ −moc2

γ
∆E > 2moc2 = 1022 keV







10−10

γ

Io dI dx
I dx

µ

dI = −Iµdx



x I
Io

I(x) = Ioe
−µx

µ = µE + µC + µP

µ/ρ ρ I(x) =
Ioexp(−(µ/ρ)ρx)

∼

Z5 Z

90o

px = 0,33.10−3eV.s/m py = 0,28.10−3eV.s/m ϕ = 40◦

∆E/E
(hν ′/moc2)(1− cos θ)

hν
moc2 Ee = moc2 + hν[1−moc2/(moc2 + 2hν)]





λ = 1.00 γ
137 λ = 1.88 · 10−2

◦

λ = 0.71

rB ≤ 1,88 · 10−4 ·

γ

(2moc2)

cm2/g

ρ g/cm3 ρ g/cm3

cot
θ

2
= (1 +

hν

moc2
) tan ϕ

o

∆λ

o o o o o o



o

λC = h/mc

λC

λ
=

[
E

mc2
− 1

]1/2

θ = φ θ
θ o

o

9,11x104 o

1,95x10−3

o

3,77x10−5 θ

θ

4,57x10−2

9,58x107



λmin

∆λ/λ λ

◦

◦

Ecin
max = hν

2hν
mc2

1 + 2hν
mc2







λ = B
n2

n2 − 4

B = 3645.6

9a



λ

k =
1

λ
=

1

B

n2 − 4

n2
=

4

B

(
1

4
− 1

n2

)
= RH

(
1

22
− 1

n2

)

RH = 4/B

k = R

(
1

(m− a)2 −
1

(n− b)2

)

k = RH

(
1

12
− 1

n2

)
n = 2,3,4,... série de Lyman (m = 1)

k = RH

(
1

22
− 1

n2

)
n = 3,4,5,... série de Balmer (m = 2)

k = RH

(
1

32
− 1

n2

)
n = 4,5,6,... série de Paschen (m = 3)

RH R
∼ 0.05% RH 10967757.6±

1.2m−1

∼ 10−10



α

α β
β

α

α ∼ µm

α

α
α

F (r) = k1r para r ≤ R

F (r) = k2/r
2 para r > R

Fm = k1R = k2/R2 = (Qq/4πεo)/R2

α ∆t ∼ 2R/v
α

∆p = F .∆t =
Qq

4πεo

2

Rv
−→
∆p



tan θmax
∼=

∆p

p
=

2Qq

4πεoMv2R
=

79 · 2 · e2

4πεoEαR

e2/4πεo = 1.44 · 10−9eV m
α tan θmax ≈ 4.5.10−4

θmax ∼ 0.025o

α

〈∆x2〉 = Nl2 l
α θ

〈
Θ2

〉
= Nθ2

θ
Θrms =

√
〈Θ2〉 ∼ 1o

α
Θ

N(Θ) = Noe
−Θ2/〈Θ2〉

Θ ≥ 90o

N/No = exp[−(90/1)2] ∼= 10−3500

10−14m



α

α
α

θ

L = Mvb = Mv′b′

1
2Mv2 = 1

2Mv′2 v = v′



r ϕ
α

1

r
=

1

b
sin ϕ +

D

2b2
(cos ϕ− 1)

θ = 180o

α

D =
1

4πεo

zZe2

Mv2/2

α
θ

r →∞ ϕ = π − θ

b =
D

2

1− cos ϕ

sin ϕ
=

D

2

1 + cos θ

sin θ
=

D

2
cot

θ

2

sin θ = tan θ
2(1 + cos θ)

1cm2



θ θ + dθ

cm2

α α

(N2πbdb) ρ
cm3

f = ρt2πbdb

α

P (b)db = f = ρt2πbdb

db

d( θ
2)

=
D

2

d

d( θ
2)

cot
θ

2
= −D

2

1

sin2 θ
2

bdb = −D2

8

cos θ
2

sin3 θ
2

dθ = −D2

16

sin θ

sin4 θ
2

dθ

2 sin θ
2 cos θ

2 = sin θ
θ

θ θ+dθ P (θ)dθ = −P (b)db

P (θ)dθ =
π

8
ρtD2 sin θ

sin4 θ
2

dθ

N(θ)dθ = NoP (θ)dθ No

α

N(θ)dθ =

(
1

4πεo

)2 (
zZe2

2Mv2

)2 Noρt2π sin θ

sin4 θ
2

dθ

dN =
dσ

dΩ
IndΩ



dN = N(θ)dθ dΩ dσ
dΩ

I = No n = ρt
cm2 dΩ

θ dΩ =
2π sin θdθ

dΩ = 2π sin θdθ N(θ)

dN =

(
1

4πεo

)2 (
zZe2

2Mv2

)2 In

sin4 θ
2

dΩ

dσ

dΩ
=

(
1

4πεo

)2 (
zZe2

2Mv2

)2 1

sin4 θ
2

α

α



10−12s



h/2π

Ei Ef

ν = (Ei − Ef )/h

1

4πεo

Ze2

r2
= m

v2

r

mvr = n
h

2π
= n!

! 2π

1

4πεo

Ze2

r
=

n2!2

mr2

r =
4πεon2!2

mZe2

v =
n!
mr

=
n!Ze2

4πεon2!2
=

Ze2

4πεon!



Ec = 1
2mv2 = 1

2Ze2/4πεor Ep = −Ze2/4πεor

E = Ec + Ep = −1

2

Ze2

4πεor

En = − mZ2e4

(4πεo)22!2

1

n2

En

Em

hν = En − Em

k = ν/c



k =

(
1

4πεo

)2 me4

4π!3c
Z2

(
1

m2
− 1

n2

)
= R∞Z2

(
1

m2
− 1

n2

)

R∞ =

(
1

4πεo

)2 me4

4π!3c

R∞

R = R∞
M

m + M

ao =
4πεo!2

me2
& 0.53A

ao

∼ 1A



Vo

eVo

∆V
= e∆V

Vo

Vo

Vo

∼



Vo ∼ 4.9V

Vo

E = hc/λ = 4.9

Vo = 4.9

Vo ∼ 10V

∼





E = nhν
L = nh/2π

∮
pdq = nqh

x px

ϕ L

F = −kx

m
d2x

dt2
= −kx



x(t)

x(t) = Asen(wt + ϕ)

w =
√

k/m = 2πν ϕ
ϕ = 0

vx =
dx

dt
= Aw cos wt

px = mvx = mAw cos wt

∮
pxdx =

∮
(mAw cos wt)Aw cos wtdt = mA2w2

∮
cos2 wtdt

E = 1
2kA2 = 1

2mw2A2 θ = wt
dθ = wdt

∮
pdx =

mw2A2

w

∫ 2π

0

cos2 θdθ =
2E

w
π

2πE

w
= nh ⇒ E = nhν,

L = mvr
ϕ

∮
Ldϕ = L

∮
dϕ = 2πL = nh ⇒ L = n

h

2π
= n!

α =
1

4πεo

e2

!c
∼=

1

137



εo, e, h, c

νo = v/2πr v r

v =
1

4πεo

e2

n! ; e r = 4πεo
n2!2

me2

νo =
me4

(4πεo)
2

1

2π!3n3

En En−1

ν = − me4

(4πεo)
2 2!2h

(
1

n2
− 1

(n− 1)2

)
=

=
me4

(4πεo)
2 4π!3

(
2n− 1

n2 (n− 1)2

)

n0 1 lim n→∞

ν =
me4

(4πεo)
2 2π!3

1

n3



α
10−4 106

g/cm3

60o

θ

b = R cos(θ/2)
θ

Θ

N(Θ) =

(
1

4πεo

)2

πIρt

(
zZe2

Mv2

)2

cot2(Θ/2)

g/cm3 60o 2 · 10−5

ν =

(
2π2mke4

!3

)
2n− 1

n2(n− 1)2

1/n3

v = αc α = (1/4πεo)e2/!c & 1/137

ν = 2|E|/hn
α

∼ 1/ sin4 θ/2



α 6x10−15

+

+

En = −54,4/n2

+ 2+ 3+

rHe+ = 0,0265 rLi2+ = 0,0177 rBe3+ = 0,0132

λmax = λmin = Emin = Emax =

1,99x10−24 1,05x10−34 = !

3,2x10−8

∆Ec/Ec = 4M/[m(1 + M/m)2]

∆Ec/Ec ∼ 4m/M
α

◦ 90◦

1,69 · 10−12 1,48 · 10−14

α
α ◦

◦

α

α
α

◦ α ◦
◦ ◦



α
◦

◦

α
α

++

εo, h, m, e
e2/4πεo mc2 ao Eo

5,2918x10−2

+ +++

10−8

2,44x106

mc2 = 106

2,84x10−13



E = hν; p =
h

λ

ν =
E

h
; λ =

h

p



mvr = n! =
nh

2π

2πr =
nh

mv
=

nh

p

p = h/λ S = 2πr

nλ = S

λ =
h

p
=

h√
2mE

λ = 1.2







Ψ(x,t)

∂2Ψ

∂x2
=

1

v2

∂2Ψ

∂t2

v =
√

T/µ µ

v =
√

γRT/M
γ = cp/cv

v = c/n c = 1/
√

µoεo

x ± vt
f(x + vt) = f(ϕ)

∂f

∂x
=

df

dϕ

∂ϕ

∂x
=

df

dϕ
;

∂f

∂t
=

df

dϕ

∂ϕ

∂t
= v

df

dϕ

∂2f

∂x2
=

d

dϕ

(
∂f

∂x

)
∂ϕ

∂x
=

d2f

dϕ2

∂2f

∂t2
=

d

dϕ

(
∂f

∂t

)
∂ϕ

∂t
= v2 d2f

dϕ2

1

v2

∂2f

∂t2
=

d2f

dϕ2
=

∂2f

∂x2



f(x,t) = Ae−k2(x−vt)2 = 1.0e−(x−5t)2

x−vt
x + vt

Ψ(x,t) = A cos k(x− vt) ou A sin k(x− vt)

k = 2π/λ kv = ω

Ψ(x,t) = A cos(kx− ωt) = A cos 2π(
x

λ
− t

T
)

kv = ω T = 2π/ω = 1/ν

Ψ(x,t) = Ae±i(kx−ωt)



eiθ = cos θ + i sin θ

cos θ =
eiθ + e−iθ

2
; sin θ =

eiθ − e−iθ

2i

Ψ1 Ψ2 Ψ(x,t) =
AΨ1(x,t) + BΨ2(x,t)

Ψ1 = A sin(kx− ωt)

Ψ2 = A sin(kx + ωt)

sin(a ± b) = sin a cos b ± cos a sin b



Ψ(x,t) = Ψ1 + Ψ2 = A(sin(kx− ωt) + sin(kx + ωt))

Ψ(x,t) = 2A sin kx cos ωt

sin kx = 0
∆

kL = nπ ou L = n
λ

2

Ψ1 = A cos(k1x− ω1t); Ψ2 = A cos(k2x− ω2t)

k1 =
k1 + k2

2
− k2 − k1

2
= k − ∆k

2

k2, ω1 e ω2.
cos a + cos b = 2 cos 1

2(a + b) tanh cos 1
2(a− b)

Ψ(x,t) = Ψ1 + Ψ2 = 2A cos
1

2
(∆kx−∆ωt) cos

(
kx− ωt

)

k,ω 2A cos 1
2 ((∆kx−∆ωt))

1

2
(∆kx−∆ωt) =

1

2
∆k(x− ∆ω

∆k
t) =

1

2
∆k(x− vgt)

vg = ∆ω/∆k k2 → k1

w2 → w1

vg = dω/dk.
vf = ω/k

dω/dk = ω/k



E = hν = !ω p = h/λ = !k E = p2/2m,

vf =
ω

k
=

!k

2m
=

p

2m
=

v

2

dω

dk
=

d

dk
(
!k2

2m
) =

!k

m
=

p

m
= v

∆x

1

2
(∆kx2 −∆ωt)− 1

2
(∆kx1 −∆ωt) = π

∆k(x2 − x1) = ∆k∆x = 2π



∆ω∆t = 2π

∆x

f(x) = Foe
−(x−xo)2/2σ2

x =

∫
A(k)e−ikxdk

A(k)

A(k) = Aoe
−(k−ko)2/2σ2

k

σx

σk

σxσk =
1

2

∆x ∆k

∆x ∆k

∆x∆k ≥ 1

2

ω

∆ω∆t ≥ 1

2



∆x
∆k



!

∆x∆p ≥ !
2

∆E∆t ≥ !
2

θ
λ

∆x =
λ

2 sin θ
∆x

θ

p sin θ



∆p∆x ≥ h

λ
sin θ

λ

2 sin θ
=

h

2

I12



I1 I2

I12

I1 I2



P12

P ′
1 P ′

2

P ′
12 = P ′

1 +P ′
2



F = −kx.
ω =

√
k/m

hν E = nhν = n!ω n = 0,1,2,...

E = Ec + Ep =
p2

2m
+

1

2
kx2

E =< E >

< E >=
< p2 >

2m
+

1

2
k < x2 >

∆p2 =< (p− 〈p〉)2 >=< p2 > −2 < p > 〈p〉+ 〈p〉2 =< p2 > −〈p〉2 =< p2 >

E =
∆p2

2m
+

1

2
k∆x2

∆p ≥ !/2∆x



E ≥ !2

8m∆x2
+

1

2
k∆x2

∆x
∆x

∆x

z = ∆x2

dE

dz
=

d

dz

(
!2

8mz
+

1

2
kz

)
= − !2

8mz2
+

1

2
k = 0

z2 =
!2

4mk
=

!2

4m2ω2

Emin =
!ω

4
+

!ω

4
=

1

2
!w

E = (n +
1

2
)!ω

1
2!ω

E =
p2

2m
− k

e2

r

k = 1/4πεo ∆p2 =< p2 >
∆x = r p2 ≥ !2/r2

E ≥ !2

2mr2
− k

e2

r

dE

dr
= − !2

mr3
+ k

e2

r2
= 0



r =
!2

kme2
= ao = 0.52A

Emin = −k2e4m

2!2
= −13.6eV

∆xo

∆p = m∆v ≥ !
∆xo

∆x = ∆xo + ∆vt ≥ ∆xo +
!

m∆xo
t

1 · 10−6g

0,2 · 10−9m



10−8s

mo

λ =
h√

2moeV

(
1 +

eV

2moc2

)−1/2

10−12s

(2!/m)1/2(2H/g)1/4

h/
√

2mEc hc/
√

E2
c + 2Ecmc2

∼ 2 · 10−15

φ ◦

λ = 0,122 Ec = 102

∆v/v ∆v



∆L∆θ ≥ !
2 θ

!/4π
∆ω

µ
2,5x105

3× 10−15

µ

10−13

3,3x10−3

α
241

≈ 1,6× 10−14



∂2ε

∂x2
=

1

c2

∂2ε

∂t2

ε = εo cos(kx−ωt)

k2 =
ω2

c2

ω = E/! k = p/!

E2 = p2c2 ou E = pc

E =
p2

2m
+ V



E = !ω p = !k

!ω =
!2k2

2m
+ V

ω

ω

− !2

2m

∂2Ψ(x,t)

∂x2
+ V (x)Ψ(x,t) = i!∂Ψ(x,t)

∂t

p = !k E = !ω
A sin(kx − ωt) A cos(kx − ωt)

A exp[i(kx− ωt)]

− !2

2m

∂2Aei(kx−ωt)

∂x2
= i!∂Aei(kx−ωt)

∂t

−!2k2

2m
Aei(kx−ωt) = i!(iω)Aei(kx−ωt)

!2k2

2m
= !ω



P (x)dx = |Ψ(x,t)|2 dx = Ψ∗(x,t)Ψ(x,t)dx

Ψ∗(x,t) Ψ(x,t)
Ψ(x,t)

Ψ∗Ψ

∫ +∞

−∞
Ψ∗(x,t)Ψ(x,t)dx = 1

Ψ(x,t)

< x >=

∫ +∞

−∞
xP (x)dx =

∫ +∞

−∞
xΨ∗Ψdx =

∫ +∞

−∞
Ψ∗xΨdx

Ψ∗Ψ < x(t) >

< f(x) >=

∫ +∞

−∞
Ψ∗f(x)Ψdx

< p >=

∫ +∞

−∞
Ψ∗pΨdx



Ψ(x,t) = Aei(kx−ωt)

< p >= p = !k

∂Ψ

∂x
= ikAei(kx−ωt) = ikΨ = i

p

!Ψ

−i!∂Ψ

∂x
= pΨ

−i!∂/dx

< p >=

∫ +∞

−∞
Ψ∗ − i! ∂

∂x
Ψdx

i!∂/∂t

i! ∂

∂t
(Ae−i(kx−ωt)) = −i2!ωAe−i(kx−ωt) = EAe−i(kx−ωt)

Ψ∗pΨ

Ψ∗(−i! ∂

∂x
)Ψ .= −i! ∂

∂x
(Ψ∗Ψ)

p̂ = −i!∂/∂x Ê = i!∂/∂t



< p >= p < E >= E.

x = −a/2 x = +a/2

Ψ(x,t) = A cos
πx

a
e−i E

! t para − a

2
< x <

a

2

∫ +∞

−∞
Ψ∗Ψdx = A2

∫ +a/2

−a/2

cos2 πx

a
dx = A2 a

π

∫ +π/2

−π/2

cos2 θdθ = A2a

2

A =
√

2/a

< x >=

∫ +∞

−∞
Ψ∗xΨdx = A2

∫ +a/2

−a/2

x cos2 πx

a
dx = 0

< p >= A2

∫ +a/2

−a/2

cos
πx

a
(−i! ∂

∂x
) cos

πx

a
dx = A2i!π

a

∫ +a/2

−a/2

cos
πx

a
sin

πx

a
dx = 0

p̂2 = p̂p̂ = −!2 ∂2

∂x2

< p2 >=

∫ +∞

−∞
Ψ∗ − !2 ∂2

∂x2
Ψdx = −!2

(π

a

)2

A2

∫ +a/2

−a/2

cos2 πx

a
dx = !2

(π

a

)2

Ec = !2π2/2ma2

x̂p̂Φ .= p̂x̂Φ

x̂p̂Φ = x(−i! d

dx
)Φ = −i!x

dΦ

dx
e



p̂x̂Φ = (−i! d

dx
)xΦ = −i!Φ− i!x

dΦ

dx
= −i!Φ + x̂p̂Φ

(p̂x̂ − x̂p̂)Φ = −i!Φ (p̂x̂ − x̂p̂) = −i! (p̂x̂ − x̂p̂)
p̂ e x̂ p̂ e x̂

[p̂,x̂] = p̂x̂ − x̂p̂ â b̂ [â,b̂] = 0

[p̂,Ê] = 0

Ψ(x,t) = Φ(x)ϕ(t)

ϕ(t)

[
− !2

2m

∂2

∂x2
Φ(x)

]
+ Φ(x)ϕ(t)V (x) = i!Φ(x)

∂ϕ(t)

∂t

Φ(x)ϕ(t)

1

Φ(x)

[
− !2

2m

∂2

∂x2
Φ(x)

]
+ V (x) = i! 1

ϕ(t)

∂ϕ(t)

∂t

i!∂ϕ(t)

∂t
= Sϕ(t)

ϕ(t) = Ae−i S
! t



ϕ(t)

− !2

2m

d2Φ

dx2
+ V (x)Φ(x) = EΦ(x)

Ψ(x)
∞ x→∞

Φ(x) dΦ/dx

Φ(x) dΦ/dx

Φ(x) dΦ/dx

limx→±∞ Φ(x) = 0

d2Ψ

dx2
=

2m

!2
[V (x)− E] Ψ



[V (x)− E]
V (x) > E

Ψ
V (x) < E

x′ x′′ x′ < x < x′′ Ψ > 0
x < x′ x > x′′

x → ±∞



V (x) = 0

−!2

2m

d2

dx2
Ψ(x) = EΨ(x) ou

d2

dx2
Ψ(x) = −k2Ψ(x), k2 =

2mE

!2

Ψ(x) = cos kx, sin kx, ou e±ikx

Ψ(x) = Aeikx + Be−ikx

Ψ(x,t) = Aei(kx−ωt) + Be−i(kx+ωt)

ei(kx−ωt) e−i(kx+ωt)

< p >=

∫ +∞

−∞
Ψ∗p̂Ψdx =

∫ +∞

−∞
A∗e−i(kx−ωt)(−i! ∂

∂x
)Aei(kx−ωt)dx = !k

∫ +∞

−∞
Ψ∗Ψdx = !k

< p >= !k = !
√

2mE

! =
√

2mE

< p >= −
√

2mE



|Ψ|2 = Ψ∗Ψ = A∗A = cte.

∫ +∞
−∞ Ψ∗Ψdx = ∞

< p >=

∫
Ψ∗p̂Ψdx∫
Ψ∗Ψdx

= !k

∫
Ψ∗Ψdx∫
Ψ∗Ψdx

= !k

E < V0

x < 0 : − !2

2m

d2Φ

dx2
= EΦ ou

d2Φ

dx2
= −k2

1Φ; k2
1 =

2mE

!2

x > 0 : − !2

2m

d2Φ

dx2
+ V0Φ = EΦ ou

d2Φ

dx2
= k2

2Φ; k2
2 =

2m(V0 − E)

!2



x < 0 : Φ1(x) = Aeik1x + Be−ik1x

x > 0 : Φ2(x) = Ce−k2x + Dek2x

Φ(x),dΦ
dx devem ser finitas

Φ(x),dΦ
dx devem ser continuas

Φ(x),dΦ
dx devem ser unívocas

Φ1(0) = Φ2(0)⇒ A + B = C

dΦ1
dx |x=0= Aik1eik1x −Bik1e−ik1x |x=0= ik1(A−B)

dΦ2
dx |x=0= −Ck2e−k2x |x=0= −Ck2

{
A + B = C
A−B = iC k2

k1

(+) : C(1 + i
k2

k1
) = 2A ⇒ A =

C

2
(1 + i

k2

k1
)



(−) : C(1− i
k2

k1
) = 2B ⇒ B =

C

2
(1− i

k2

k1
)

Φ(x) =

{
C
2

[
(1 + ik2

k1
)eik1x + (1− ik2

k1
)e−ik1x

]
x ≤ 0

Ce−k2x x ≥ 0

Ψ(x,t) = Φ(x)e−iωt = Aei(k1x−ωt) + Be−i(k1x+ωt)

Ψ∗Ψdx

Ψ∗Ψ

R =
vrΨ∗

rΨr

viΨ∗
i Ψi

=
B∗B

A∗A

vr = vi C, k1 e k2

x > 0
Ψ∗Ψ = C∗Ce−2k2x E < V

1/k2 = !/
√

2m(Vo − E)

x ≤ 0
eik1x = cos k1x+i sin k1x α = (1+ik2

k1
)

Φ(x) =
C

2
[α(cos k1x + i sin k1x) + α∗(cos k1x− i sin k1x)] =

= C cos k1x− C
k2

k1
sin k1x

e−iωt ω = E/!



Ψ(x,t) = C

[
cos k1x−

k2

k1
sin k1x

]
e−iωt

|Ψ(x,t)|2

|Ψ(x,t)|2 = |Φ(x)|2 = C∗C

(
cos k1x−

k2

k1
sin k1x

)2

x > 0

E > V0

x < 0 : Φ1(x) = Aeik1x + Be−ik1x k2
1 =

2mE

!2

x > 0 : Φ2(x) = Ceik2x + De−ik2x k2
2 =

2m(E − V0)

!2

−∞ D = 0 +∞
Φ



Φ1(0) = Φ2(0) ⇒ A + B = C
dΦ1
dx |x=0=

dΦ2
dx |x=0 ⇒ (A−B) = C k2

k1

(+) : A =
C

2
(1 +

k2

k1
) (−) B =

C

2
(1− k2

k1
)

Ψ(x) =

{
C
2 (1 + k2

k1
)eik1x + C

2 (1− k2
k1

)e−ik1x para x < 0
Ceik2x para x > 0

C = F 2k1
k1+k2

Ψ(x,t) =

{
Fei(k1x−ωt) + F k1−k2

k1+k2
e−i(k1x+ωt) para x < 0

F 2k1
k1+k2

ei(k2x−ωt) para x > 0

R =
vB∗B

vA∗A
=

(k1 − k2)2

(k1 + k2)2

T =
v2C∗C

v1A∗A
=

v2

v1

(
2k1

k1 + k2

)2

v1 v2

v1 =
p1

m
=

!k1

m
; v2 =

p2

m
=

!k2

m

T =
k2

k1

(2k1)2

(k1 + k2)2
=

4k1k2

(k1 + k2)2

T + R =
4k1k2

(k1 + k2)2
+

(k1 − k2)2

(k1 + k2)2
= 1

E Vo

R = 1− T =




1−

√
1− Vo

E

1 +
√

1− Vo
E





2

para
E

Vo
> 1



R = 1− T = 1 para
E

Vo
≤ 1

x = −∞

V (x) =

{
Vo para 0 < x < a
0 para x fora deste intervalo

Vo

E > Vo

Vo x < 0 0 ≤ x ≤ a x > a








Φ1(x) = Aeik1x + Be−ik1x (x < 0)
Φ3(x) = Ceik1x + De−ik1x (x > a)
Φ2(x) = Feik2x + Ge−ik2x (0 < x < a)

+∞→ 0

{
A + B = F + G (Φ1(0) = Φ2(0))
k1(A−B) = k2(F −G) (dΦ1

dx |0= dΦ2
dx |o)

(a)

{
Feik2a + Ge−ik2a = Ceik1a

k2(Feik2a −Ge−ik2a) = k1Ceik1a (b)

2A = F (1 +
k2

k1
) + G(1− k2

k1
)

2B = F (1− k2

k1
) + G(1 +

k2

k1
)

2Feik2a = Ceik1a(1 +
k1

k2
) ou 2F = Cei(k1−k2)a(1 +

k1

k2
)

2Ge−ik2a = Ceik1a(1− k1

k2
) 2G = Cei(k1+k2)a(1− k1

k2
)

2A =
C

2
ei(k1−k2)a(1 +

k1

k2
)(1 +

k2

k1
) +

C

2
ei(k1+k2)a(1− k1

k2
)(1− k2

k1
)

=
C

2k1k2

(
ei(k1−k2)a(k1 + k2)

2 − ei(k1+k2)a(k1 − k2)
2
)

=

=
Ceik1a

2k1k2

(
e−ik2a(k1 + k2)

2 − eik2a(k1 − k2)
2
)

A

C
=

eik1ae−ik2a

4k1k2

(
(k1 + k2)

2 − e2ik2a(k1 − k2)
2
)

=

(
(k1 + k2)2 − e2ik2a(k1 − k2)2

)

4k1k2e−ik1ae−ik2a

T = C∗C
A∗A

A∗A

C∗C
=

[(k1 + k2)2 − (k1 − k2)2e2ik2a][(k1 + k2)2 − (k1 − k2)2e−2ik2a]

16k2
1k

2
2

=



=
(k1 + k2)4 − (k1 + k2)2(k1 − k2)2(e2ik2a + e−2ik2a) + (k1 − k2)4

16k2
1k

2
2

=

=
(k1 + k2)4 + 4(k2

1 − k2
2)

2 sin2 k2a− 2(k2
1 − k2

2)
2 + (k1 − k2)4

16k2
1k

2
2

=

ks = k1 + k2 kd = k1 − k2

A∗A

C∗C
=

k4
s − 2k2

sk
2
d + k4

d + 4(k2
1 − k2

2)
2 sin2 k2a

16k2
1k

2
2

=
(k2

s − k2
d)

2 + 4(k2
1 − k2

2)
2 sin2 k2a

16k2
1k

2
2

=

=
16k2

1k
2
2 + 4(2mE

!2 − 2mE
!2 + 2mVo

!2 )2 sin2 k2a

16k2
1k

2
2

=

= 1 +
(2mVo

!2 )2 sin2 k2a

42mE
!2

2m(E−Vo)
!2

= 1 +
sin2 k2a

4 E
Vo

( E
Vo
− 1)

T =
C∗C

A∗A
=

[
1 +

sin2 k2a

4 E
Vo

( E
Vo
− 1)

]−1

E < Vo

Ψ2(x) = Fek2x + Ge−k2x, k2 =
√

2m(Vo − E)/!
+∞

ik2 k2

T =
C∗Cv3

A∗Av1
=

[
1 +

(ek2a − e−k2a)2

16 E
Vo

(1− E
Vo

)

]−1

=

[
1 +

sinh2 k2a

4 E
Vo

(1− E
Vo

)

]−1

k2a

T & 16
E

Vo
(1− E

Vo
)e−2k2a

Ψ∗Ψ



dV/dI

3,0·−14

V (r = 10−14) =
1

4πε0

Zze2

r
& 50 · 106 eV



k2a =
√

2mc2Voa2(1− E/Vo)/!c & 25

T & 10−23

Ec = 5−V

Ec

v

c
=

√
2Ec

mc2
& 0.2

1021

10−23

1023/1021 = 100



Vo

Vo →∞

V (x) =

{
0 para − a/2 < x < a/2
∞ para x < −a/2 ou x > a/2

Ψ(x) = A sin kx + B cos kx onde k =

√
2mE

!
x > a/2 x < −a/2

±a/2

A sin ka
2 + B cos ka

2 = 0 (em x = a
2)

A sin−ka
2 + B cos−ka

2 = 0 (em x = −a
2)

2B cos ka
2 = 0

2A sin ka
2 = 0

A = 0 e cos ka
2 = 0 ⇒ ka

2 = nπ
2 , n = 1,3,5...

B = 0 e sin ka
2 = 0 ⇒ ka

2 = nπ, n = 1,2,3,..

kn = nπ
a , n = 1,3,5,... com Ψn(x) = Bn cos knx

kn = nπ
a , n = 2,4,6,... com Ψn(x) = An sin knx

k =
√

2mE/!



En =
k2!2

2m
=

π2!2n2

2ma2
, n = 1,2,3,...

Vo

V (x) =

{
Vo para x ≤ −a/2 ou x ≥ a/2
0 para − a/2 < x < a/2

Vo

E < Vo

x ≤ a/2 −a/2 < x < a/2 x ≥ a/2

Ψ2(x) = C sin k2x + D cos k2x com k2 =

√
2mE

!

− !2

2m

d2Ψ(x)

dx2
= −(Vo − E)Ψ(x)

d2Ψ

dx2
=

2m(Vo − E)

!2
Ψ = k2Ψ

k1 = k3 =
√

2m(Vo − E)/!

Ψ(x) = A′ekx + B′e−kx






Ψ1(x) = Ae−kx + Bekx região I
Ψ2(x) = C sin k2x + D cos k2x região II
Ψ3(x) = Ee−kx + Fekx região III

x→ ±∞

x = ±a/2
Ψ x = ±a/2



{
Be−k1a/2 = −C sin k2a

2 + D cos k2a
2

Ee−k1a/2 = C sin k2a
2 + D cos k2a

2

(I)

x = ±a/2

{
Bk1e−k1a/2 = k2C cos k2a

2 + k2D sin k2a
2

−k1Ee−k1a/2 = k2C cos k2a
2 − k2D sin k2a

2

(II)

(B + E)e−k1a/2 = 2D cos k2a
2 (1)

(B − E)e−k1a/2 = −2C sin k2a
2 (2)

(B − E)k1e−k1a/2 = 2k2C cos k2a
2 (3)

(B + E)k1e−k1a/2 = 2k2D sin k2a
2 (4)

k1 k2 4÷ 1 3÷ 2

B + E .= 0 D .= 0,

k2 tan
k2a

2
= k1 (i)



B − E .= 0 C .= 0

k2 cot
k2a

2
= −k1 (ii)

k2(tan
k2a

2
+ cot

k2a

2
) = 0

tan k2a/2 tan2 k2a/2 = −1

Ψp(x) =






D cos k2a
2 ek1a/2ek1x para x < −a

2
D cos k2x para − a

2 < x < a
2

D cos k2a
2 ek1a/2e−k1x para x > a

2

k1 k2

√
mEa2

2!2
tan

(√
mEa2

2!2

)
=

√
m(Vo − E)a2/2!2

a
2 ε =

√
mEa2/2!2

ε tan ε =

√
mVoa2

2!2
− ε2

ε

p(ε) = ε tan ε q(ε) =
√

mVoa2

2!2 − ε2

ε

E 2 Vo

−ε cot ε =
√

mVoa2/2!2 − ε2



p(ε) = q(ε)

V (x) =
1

2
Kx2; F = −dV

dx
= −Kx

O2

N2

m
d2x

dt2
= −Kx; ω2 =

K

m

x(t) = A cos(ωt + ϕ)

E =
1

2
Kx2 +

1

2
mv2 =

1

2
KA2

xo =
√

2E/K

− !2

2m

d2Φ(x)

dx2
+

1

2
Kx2Φ(x) = EΦ(x)

d2Φ

dx2
+

[
2mE

!2
− m2ω2

!2
x2

]
Φ = 0; ω2 =

K

m



β = 2mE/!2 α = mω/!

d2Φ

dx2
+ (β − α2x2)Φ = 0

u =
√

αx

dΦ

dx
=

dΦ

du

du

dx
=
√

α
dΦ

du
;

d2Φ

dx2
=

d

du

(
dΦ

dx

)
du

dx
= α

d2Φ

du2

α
d2Φ

du2
+ (β − αu2)Φ = 0 ou

d2Φ

du2
+ (

β

α
− u2)Φ = 0

Φ

d2Φa

du2
− u2Φa = 0 ou

d2Φa

du2
= u2Φa

Φa(u)

Φa(u) = Ae−u2/2 + Beu2/2



dΦa

du
= −Aue−u2/2 + Bueu2/2

d2Φa

du2
= Au2e−u2/2 − Ae−u2/2 + Bu2eu2/2 + Beu2/2 = (u2 − 1)Ae−u2/2 + (u2 + 1)Beu2/2

d2Φa

du2
= u2(Ae−u2/2 + Beu2/2) = u2Φa

u → ±∞ B = 0

Φ(u) = Ae−u2/2H(u)

H(u) u → ±∞
eu2/2

H(u)

dΦ

du
= −Aue−u2/2H(u) + Ae−u2/2dH

du

d2Φ

du2
= −Ae−u2/2H(u) + Au2e−u2/2H(u)− Aue−u2/2dH

du
− Aue−u2/2dH

du
+ Ae−u2/2d2H

du2
=

= Ae−u2/2

(
−H + u2H − 2u

dH

du
+

d2H

du2

)

Ae−u2/2

(
−H + u2H − 2u

dH

du
+

d2H

du2

)
+

(
β

α
− u2

)
Ae−u2/2H = 0

d2H

du2
− 2u

dH

du
+

(
β

α
− 1

)
H = 0

H(u)
H(u)



H(u) =
∞∑

l=0

alu
l = a0 + a1u + a2u

2 + ...

H(u)

dH

du
=

∞∑

l=0

lalu
l−1 = a1 + 2a2u + 3a3u

2 + ...

d2H

du2
=

∞∑

l=0

l(l − 1)alu
l−2 = 2 · 1a2 + 3 · 2a3u + 4 · 3a4u

2 + ...

H(u)

∑
l(l − 1)alu

l−2 − 2u
∑

lalu
l−1 + (

β

α
− 1)

∑
alu

l = 0

∞∑

l=0

l(l − 1)alu
l−2 +

∞∑

l=0

(
β

α
− 2l − 1

)
alu

l = 0

l → l + 2

∞∑

l=0

(l + 2)(l + 1)al+2u
l +

∞∑

l=0

(
β

α
− 2l − 1

)
alu

l = 0

∞∑

l=0

(
(l + 2)(l + 1)al+2 + (

β

α
− 2l − 1)al

)
ul = 0

ul al

al+2 = −
β
α − (2l + 1)

(l + 1)(l + 2)
al

a0

a1 H(u)

Hp(u) = a0(1 +
a2

a0
u2 +

a4

a0
u4 + ...)

Hi(u) = a1u(1 +
a3

a1
u2 +

a5

a1
u4 + ...)



H(u) = Hp(u) + Hi(u)

al+2/al

lim
l→∞

al+2

al
= lim

l→∞

β
α − (2l + 1)

(l + 1)(l + 2)
=

2

l

eu2

eu2
= 1 + u2 +

u4

2!
+

u6

3!
+ ... +

ul

( l
2)!

+
ul+2

( l+2
2 )!

+ ...

al+2 al

al+2

al
=

( l
2)!

( l
2 + 1)!

=
( l

2)!

( l
2 + 1)( l

2)!
=

1
l
2 + 1

Hp Hi

H(u) ∼ eu2

lim
u→∞

Ae−u2/2H(u) = Ae−u2/2(a0e
u2

+ a1ueu2
) = a0Aeu2/2 + a1Aueu2/2

al+2

Hp(u) a1 = 0 Hi(u)
Φ(u) al+2

a0 = 0 al+2

β

α
− (2n + 1) = 0 ou β = (2n + 1)α

α β

2mE

!2
= (2n + 1)

mω

!

En = (n +
1

2
)!ω, n = 0,1,2,3,...



n = 0 : Φn(u) = A0e−u2/2

n = 1 : Φ1(u) = A12ue−u2/2

n = 2 : Φ2(u) = A2(4u2 − 2)e−u2/2

n = 3 : Φ3(u) = A3(8u3 − 12u)e−u2/2

n = 4 : Φ4(u) = A4(16u4 − 48u2 + 12)e−u2/2

n = 5 : Φ5(u) = A5(32u5 − 160u3 + 120u)e−u2/2

Φ(u) Φ(u)

H(u)

Hn(u) = (−1)neu2 dn

dun
e−u2

An =
(mω

π!

)1/4
√

1

2nn!



Ej =
J2

2I
=

j(j + 1)!2

2I

hν = Ej − Ej−1 = 2j!2/2I

(n + 1
2)!ω = (n + 1

2)0,316

∇j = ±1

∇j = 0



hν
!ω â â+

â =

√
mω

2! (x̂ +
i

mω
p̂)

â+ =

√
mω

2! (x̂− i

mω
p̂)

âΦn =
√

nΦn−1; â+Φn =
√

n + 1Φn+1

Φn

âΦ1 =

√
mω

2! (x̂ +
i

mω
p̂)Φ1 =

√
α

2
(x +

1

α

d

dx
)A12

√
αxe−αx2/2 =

= A1α
√

2(x2 +
1

α
− x2)e−αx2/2 = A1

√
2e−αx2/2 = A0e

−αx2/2

â+Φ0 =

√
mω

2! (x̂− i

mω
p̂)Φ0 =

√
α

2
(x− 1

α

d

dx
)A0e

−αx2/2 =



=

√
α

2
A0(x + x)e−αx2/2 = A0

2√
2

√
αxe−αx2/2 = A12

√
αxe−αx2/2

â+âΦn = â+
√

nΦn−1 = nΦn

N̂ = â+â

(− !2

2m

d2

dx2
+

1

2
Kx2)Φn = EnΦn

Ĥ = T̂ + V̂ = (− !2

2m
d2

dx2 + 1
2Kx2)

ĤΦn = EnΦ

â â+

En = (n + 1
2)!ω

!ωN̂Φn = !ω(â+â +
1

2
)Φn = (n +

1

2
)!ω = EnΦn

T̂ + V̂ Φ = ÊΦ

T̂ V̂ Ê

T =
1

2m
(p2

x + p2
y + p2

z)

T̂ = − !2

2m
(

∂2

∂x2
+

∂2

∂y2
+

∂2

∂z2
)



− !2

2m
(

∂2

∂x2
+

∂2

∂y2
+

∂2

∂z2
)Ψ(x,y,z,t) + V (x,y,z)Ψ(x,y,z,t) = i! ∂

∂t
Ψ(x,y,z,t)

Ψ(x,y,z,t) = Φ(x,y,z)ϕ(t)

Φ(x,y,z)

− !2

2m
(

∂2

∂x2
+

∂2

∂y2
+

∂2

∂z2
)Φ(x,y,z) + V (x,y,z)Φ(x,y,z) = EΦ(x,y,z)

V (x,y,z) =






0 para 0 < x < L
0 para 0 < y < L
0 para 0 < z < L
∞ fora da caixa

Φ(x,y,z) = A sin k1x sin k2x sin k3x

E =
!2

2m
(k2

1 + k2
2 + k2

3)

ki ki = niπ/L ni

ni

En1n2n3 =
!2π2

2mL2
(n2

1 + n2
2 + n2

3) ni = 1,2,3,...

n1 =
n2 = n3 = 1

E111 =
3!2π2

2mL2



3π2!2/mL2

Φ2,1,1, Φ1,2,1 Φ1,1,2

L1 L2 L3

Φn1n2n3(x,y,z) = A sin
n1π

L1
x sin

n2π

L2
y sin

n3π

L3
z

En1n2n3 =
!2π2

2m

(
n2

1

L2
1

+
n2

2

L2
2

+
n2

3

L2
3

)

E112 .= E121 .= E112

Ψ(x) = Ae−mωx2/2!

< x > < x2 >

{
A sin 2πx

a e−iEt/! − a/2 < x < a/2
0 x < −a/2 ou x > a/2



V (x) =

{
Vo para x < 0
0 para x ≥ 0

V = 0
x < 0 V = −Vo 0 ≤ x ≤ a V = 0 x > a E > 0

Vo

r ∼ 2 · 10−15m

T ∼ 107K

4 · 10−10m

Vo

Ψ(x,t)

Ψ(x,t) = c1Ψ1(x,t) + c2Ψ2(x,t)

Ψ1 Ψ2

E1 E2 c1 c2

Ψ(x,t)
Ψ(x,t)

E1 E2

Ψ∗Ψ



10−14

B3 =
√

2/a

Ψ(r,θ,ϕ) = Ar2e−r/3a sin θ cos θe−iϕ

Ψ∗
IIΨII = C∗C(

k1

k2
)2

[
1− (1− (

k2

k1
)2) cos2 k2x

]

k2a = nπ
|Ψ|2 = Ψ(x)∗Ψ(x)

103 2

Ψ(x,0) =

√
1

5
Φ0(x) +

√
1

2
Φ2(x) + cΦ3(x)

Φ0, Φ1 e Φ3



En = (n + 1/2)!ω
An =

√
(2n + 1)!/mω

A0

Ψ2
n(x)

3 × 10−15

= 2 2

Ψn = A(2αx− 1)e−αx2/2

n

3!ω/2
Ψ1 = Axe−αx2/2

2

= 1,1 × 103

2

En = (n + 1/2)0.755
α

0 = 15 1,3 × 10−14



0 0 0

R = [(V0 sin(kL))/2E]2

√
2/α sin(3πx/α)

∞ 0 ≤ x ≤ L

0 A sin kx
Be−k2x

√
2mE/!2 k2 =

√
2m(V0 − E)/!2

k2tg(ka) = −k
A(1− 2αx2)e−αx2/2

5!ω/2
2

< x >= 0 < x2 >= 5/2α

Ψ(x) =
1

2
Ψ1(x) +

√
3

2
Ψ2(x)

Ψ(x,y) =
2

L
sin

nxπx

L
sin

nyπy

L
; E =

!π2

2mL2
(n2

x + n2
y)







k = 1,381 · 10−23 J/K k = 8,617 · 10−5 eV/K
NA = 6,023 · 1023 /mol e = 1,602 · 10−19 C
me = 9,109 · 10−31 kg me = 0,5110 MeV/c2

mp = 1,672 · 10−27 kg mp = 938,3 MeV/c2

mn = 1,675 · 10−27 kg mn = 939,6 MeV/c2

h = 6,626 · 10−34 Js h = 4,136 · 10−15 eV s
! = 1,055 · 10−34 Js ! = 0,6583 · 10−15 eV s
hc = 12,41 · 10−7 eV m !c = 1,975 · 10−7 eV m
1/4πεo = 8,988 · 109 Jm/C2 c = 2,998 · 108 m/s
1eV = 1,602 · 10−19 J σ = 5,67 · 10−8 W/m2K4



c = 3,00×108 m/s

h = 6,63×10−34 J s = 4,14×10−15 eV s

hc = 2,00×10−25 J m = 1,24×10−6 eV m

µ0 = 4π×10−7 N/A2 = 12,6×10−7 N/A2

ε0 =
1

µ0c2
= 8,85×10−12 F/m

1

4πε0
= 8,99×109 m/F

G = 6,67×10−11 N m2/kg2

e = 1,60×10−19 C

1 eV = 1,60×10−19 J

me = 9,11×10−31 kg = 511 keV/c2

λC = 2,43×10−12 m

mp = 1,673×10−27 kg = 938 MeV/c2

mn = 1,675×10−27 kg = 940 MeV/c2

md = 3,344×10−27 kg = 1.876 MeV/c2

α mα = 6,645×10−27 kg = 3.727 MeV/c2

R∞ = 1,10×107 m−1

R∞hc = 13,6 eV

a0 = 5,29×10−11 m

NA = 6,02×1023 mol−1

kB = 1,38×10−23 J/K

R = 8,31 J mol−1 K−1

σ = 5,67×10−8 W m−2 K−4

= 6,96×108 m = 1,99×1030 kg

= 6,37×106 m = 5,98×1024 kg

= 1,496×1011 m



π ∼= 3,142 ln 2 ∼= 0,693 cos(30◦) =
√

3/2 ∼= 0,866

e ∼= 2,718 ln 3 ∼= 1,099 sen(30◦) = 1/2

1/e ∼= 0,368 ln 5 ∼= 1,609

log10 e ∼= 0,434 ln 10 ∼= 2,303

∮
E·d34 +

∂

∂t

∫
B·dS = 0 ∇×E +

∂B

∂t
= 0

∮
B·dS = 0 ∇·B = 0

∮
D·dS = Q =

∫
ρdV ∇·D = ρ

∮
H·d34− d

dt

∫
D·dS = I =

∫
J·dS ∇×H− ∂D

∂t
= J

D = ε0E + P = εE B = µ0(H + M) = µH
∮

P·dS = −QP ∇·P = −ρP

∮
M·d34 = IM ∇×M = JM

V = −
∫

E·d34 E = −∇V dH =
Id34×êr

4πr2

B = ∇×A A =
µ0

4π

∫
JdV

r

dE =
1

4πε0

dQ

r2
êr dV =

1

4πε0

dQ

r
F = q(E + v×B) dF = Id34×B

J = σE ∇·J +
∂ρ

∂t
= 0

u =
1

2
(D·E + B·H) =

ε

2
E2 +

1

2µ
B2 S = E×H

(ρ = 0, J = 0) ⇒ ∇2E = µε
∂2E

∂t2

UC =
1

2

Q2

C
UL =

1

2
LI2



γ =
1√

1− V 2/c2
x′ = γ (x− V t) v′x =

vx − V

1− V vx/c2

t′ = γ
(
t− V x/c2

)
y′ = y v′y =

vy

γ (1− V vx/c2)

z′ = z v′z =
vz

γ (1− V vx/c2)

E′
‖ = E‖ E′

⊥ = γ (E⊥ + V ×B)

B′
‖ = B‖ B′

⊥ = γ

(
B⊥ −

V

c2
× E

)

E = mc2 = γm0c
2 = m0c

2 + K E =
√

(pc)2 + (m0c2)2

∫ ∞

−∞
x2ne−αx2

dx =
1.3.5...(2n+1)

(2n+1)2nαn

(π

α

) 1
2

∞∑

k=0

qk = 1/(1− q), (q < 1)

∫
du

u(u− 1)
= ln(1− 1/u) eiθ = cos θ + i sen θ

∫
dz

(a2 + z2)1/2
= ln

(
z +

√
z2 + a2

)
cos θ =

eiθ + e−iθ

2

sen θ =
eiθ − e−iθ

2i

Y0,0 =

√
1

4π
Y1,0 =

√
3

4π
cos θ Y1,±1 = ∓

√
3

8π
sin θe±iφ

Y2,0 =

√
5

16π

(
3 cos2 θ − 1

)
Y2,±1 = ∓

√
15

8π
sin θ cos θe±iφ Y2,±2 = ∓

√
15

32π
sin2 θe±2iφ



∇·A =
∂Ax

∂x
+

∂Ay

∂y
+

∂Az

∂z

∇×A =

(
∂Az

∂y
− ∂Ay

∂z

)
êx +

(
∂Ax

∂z
− ∂Az

∂x

)
êy +

(
∂Ay

∂x
− ∂Ax

∂y

)
êz

∇f =
∂f

∂x
êx +

∂f

∂y
êy +

∂f

∂z
êz ∇2f =

∂2f

∂x2
+

∂2f

∂y2
+

∂2f

∂z2

∇·A =
1

r

∂(rAr)

∂r
+

1

r

∂Aϕ

∂ϕ
+

∂Az

∂z

∇×A =

[
1

r

∂Az

∂ϕ
− ∂Aϕ

∂z

]
êr +

[
∂Ar

∂z
− ∂Az

∂r

]
êϕ +

[
1

r

∂(rAϕ)

∂r
− 1

r

∂Ar

∂ϕ

]
êz

∇f =
∂f

∂r
êr +

1

r

∂f

∂ϕ
êϕ +

∂f

∂z
êz ∇2f =

1

r

∂

∂r

(
r
∂f

∂r

)
+

1

r2

∂2f

∂ϕ2
+

∂2f

∂z2

∇·A =
1

r2

∂(r2Ar)

∂r
+

1

r sen θ

∂(sen θAθ)

∂θ
+

1

r sen θ

∂(Aϕ)

∂ϕ

∇×A =

[
1

r sin θ

∂(sen θAϕ)

∂θ
− 1

r sen θ

∂Aθ

∂ϕ

]
êr

+

[
1

r sen θ

∂Ar

∂ϕ
− 1

r

∂(rAϕ)

∂r

]
êθ +

[
1

r

∂(rAθ)

∂r
− 1

r

∂Ar

∂θ

]
êϕ

∇f =
∂f

∂r
êr +

1

r

∂f

∂θ
êθ +

1

r sen θ

∂f

∂ϕ
êϕ

∇2f =
1

r2

∂

∂r

(
r2∂f

∂r

)
+

1

r2 sen θ

∂

∂θ

(
sen θ

∂f

∂θ

)
+

1

r2 sen2 θ

∂2f

∂ϕ2

∮
A·dS =

∫
(∇·A) dV

∮
A·d34 =

∫
(∇×A) ·dS


