(Draft)

Guide to Buckling Load Evaluation
of
Metal Reticulated Roof Structures

Report of Activities of IASS WG 8
IASS WG 8
for Metal Spatial Structures
International Association for Shell and Spatial Structures
Chair of Working Group 8
Shiro Kato
October, 2014

This page has been intentionally left blank

(Draft) Guide to Buckling Load Evaluation of Metal Reticulated Roof Structures, Oct., 2014

(Draft)
Guide to Buckling Load Evaluation of
Metal Reticulated Roof Structures
Report of Activities of IASS WG 8
prepared by
IASS WG 8 for Metal Spatial Structures
Shiro KATO （Chair）
Karim ABEDI
Pei-Shan CHEN
Feng FAN
Masumi FUJIMOTO
Charis J. GANTES
Koichiro ISHIKAWA
Ken'ichi KAWAGUCHI
Seung-Deog KIM
Carlos LAZARO
Yongfeng LUO
Shoji NAKAZAWA
Toshiyuki OGAWA
Toru TAKEUCHI（Co-chair）
Yoshiya TANIGUCHI
Konstantinos D TSAVDARIDIS
Su-Duo XUE(Co-chair)
Kenji YAMAMOTO
Qilin ZHANG
October, 2014
The copies of the present Draft are submitted with a sincere appreciation to honorary members of IASS,
members of IASS Executive Council, members of WG 8, members of Working Committee, and IASS
members who have keenly related to WG 8 organized sessions in IASS Symposia. The aim of distribution
is, not for sale, but to report the recent activities of WG 8 to them but also to collect opinions, suggestions,
proposals and others from them, and WG 8 appreciates them much for the opinions including suggestions
and proposals. In the near future, the opinions and others are to be reflected to the next version without
the word Draft.
The WG 8 assumes no liability with respect to the use for any application of the material and information
in this Draft.
(Front cover. Lederer Dome of single layer reticulated shell: Photo by S Kato)

Notice on December 24, 2107
This book was written in English in October, 2014 as a report of the activities of IASS
WG 8 with the title
(Draft) Guide to Buckling Load Evaluation of Metal Reticulated Roof Structures
No part of this publication may be reproduced or transmitted in any form or by any
means, electric, mechanical, photocopying, recording, or others, without the prior permission
of the IASS (International Association for Shell and Spatial Structures) or the authors of
each part.
Disclaimer
Neither IASS, nor its working committee, editing members, or individuals who have
contributed to this book provide any warranty or assume any liability or responsibility for
the use, and/or application of the contents of this book. Individuals who use this contents
assume all risk and accept total responsibility for the application and use of the information
from this book.
=======================================================================

Contents
Foreword

i

Preface

ii

Chapter 1 Scope

1

1.1 Introduction

1

1.2 Aims

2

Chapter 2 Fundamentals

3

2.1 Buckling of reticulated shells

3

2.1.1 General classification of buckling behavior based on load-displacement relation

3

2.1.2 Buckling phenomena and elastic buckling load

8

2.1.3 Elastic-plastic buckling load (buckling strength)

10

2.1.4 Column strength curve

11

2.2 Design procedure

11

2.2.1 Design loads

11

2.2.2 Proportioning of members and connections

12

2.2.3 Safety factors

13

2.3 Factors to be considered in buckling load evaluation

13

2.3.1 Membrane action, forms and boundary conditions

13

2.3.2 Materials

14

2.3.3 Members, nodes and connections

15

2.3.4 Geometric imperfection

17

2.3.5 Load distribution

17

2.3.6 Initial tensions

17

2.4 Method of analysis for elastic buckling and buckling strength

18

2.4.1 Analysis by calculation

18

2.4.2 Analysis by experiments

20

2.4.3 Information about metal reticulated roof structures

21

Chapter 3 Principles for evaluation of elastic buckling load and
buckling strength

23

3.1 Modeling of structure and design load for ultimate limit state

23

1

(Draft) Guide to Buckling Load Evaluation of Metal Reticulated Roof Structures, Oct., 2014.

3.1.1 Modeling of surface and geometric imperfections

23

3.1.2 Modeling of members and connections

26

3.1.3 Modeling of boundary conditions

28

3.1.4 Design load for ultimate limit state

32

3.2 Linear elastic analysis to identify fundamental responses

33

3.2.1 Linear elastic analysis

33

3.2.2 Representative load

34

3.2.3 Linear response of displacements, axial forces and bending moments

34

3.2.4 Effects of uncertainties of boundary conditions, semi-rigidity at connections and other factors 34
3.2.5 Representative member defined as the most relevant to buckling
3.3 Evaluation of buckling load of reticulated shells composed of very slender members
3.3.1 Member buckling load of reticulated shells due to Euler’s member buckling

34
35
35

3.4 Plastic limit load (squash load) based on geometrically linear and materially nonlinear analysis

36

3.5 Linear buckling loads based on eigenvalue analysis

37

3.5.1 FEM method for linear buckling load

37

3.5.2 Shell analogy for shell-like buckling or global buckling

37

3.5.3 Node rotation buckling

38

3.6 Elastic buckling load based on geometrically nonlinear and materially linear analysis and
reduced stiffness buckling load

38

3.7 Buckling strength based on geometrically nonlinear and materially nonlinear analysis

41

3.8 Representative member based evaluation of buckling strength

41

3.8.1 Generalized slenderness ratio of representative member

41

3.8.2 Axial strength of the representative member in terms of generalized slenderness ratio  e ( m ) 42
3.8.3 Evaluation of elastic-plastic buckling load (buckling strength)
3.9 Squash load based evaluation of buckling strength

43
44

3.9.1 Generalized slenderness ratio based on elastic buckling load and squash load

44

3.9.2 Evaluation of strength in terms of generalized slenderness ratio  S

44

3.10 Safety check against buckling

45

3.10.1 Double layer reticulated shells

45

3.10.2 Single layer reticulated shells

47

3.11 Remarks for free form reticulated shells

51

3.12 Flow chart for buckling strength evaluation

51

Chapter 4 Evaluation of buckling loads of different structural types

57

4.1 Semi-rigidity of connection and influence to buckling strength

57

4.1.1 Types of connection

57

2

Contents

4.1.2 Fundamental mechanical characteristics and index of rotational rigidity

58

4.1.3 State of the arts of connections of spatial structures

59

4.1.4 Effect of rotational rigidity on buckling strength of double layer reticulated cylindrical shells 67
4.1.5 Rotational rigidity of joints and effects on buckling strength of single layer reticulated shells 68
4.2 Spherical reticulated shells

86

4.2.1 Spherical reticulated domes of three-way member arrangement of circular plan

86

Ex1. Example of buckling load evaluation of spherical reticulated shells of circular plan
with 100 m span

106

Ex1.1 Geometry and structural dimension of dome

106

Ex1.2 Boundary condition and design load

107

Ex1.3 Evaluation scheme of buckling strength of shallow spherical dome of 100m span

107

Ex1.4 Comparison of the safety margins based on different schemes

111

4.2.2 Elliptic reticulated roofs of three-way member arrangement of rectangular plan

112

4.2.3 Elliptic reticulated roofs of two-way member arrangement

119

4.3 Cylindrical reticulated roofs

133

4.3.1 General

133

4.3.2 Evaluation of buckling strength of longitudinal members under axial compression

135

4.3.3 Buckling of cylindrical reticulated roofs under lateral loads

139

4.3.4 Reduction of elastic buckling load due to semi-rigidity at connection

144

4.3.5 Effect of non-uniform loading to elastic buckling loads

144

4.3.6 Effect of member crookedness on buckling loads

146

4.3.7 Node rotation buckling

146

4.3.8 Effect of member arrangement

147

4.3.9 Evaluation of elastic buckling load considering asymmetric load distribution for (S-S)
and (P-S) boundaries

147

4.3.10 Evaluation of squash load

147

4.3.11 Approximate evaluation of elastic-plastic buckling load

148

Ex1. Examples of buckling load evaluation of cylindrical reticulated roof

150

Ex1.1 Simple supported cylindrical reticulated roof of rectangular plan with 30m for span

150

Ex1.2 Evaluation scheme for evaluation of buckling strength

152

Ex1.3 Evaluation of buckling load based on FEM using GNMNA [route C]

156

Ex1.4 Comparison of the safety margins based on different schemes

156

4.4 Brace-stiffened reticulated shells

160

4.4.1 Introduction

160

4.4.2 Single layer two-way grid dome

160

4.4.3 Numerical analysis method

162

4.4.4 Effect of installation and initial axial force of tension member on buckling load

162

3

(Draft) Guide to Buckling Load Evaluation of Metal Reticulated Roof Structures, Oct., 2014.

4.4.5 Tension member effect

163

4.4.6 Effect of loading pattern on buckling

165

4.4.7 Effect of tension member area and half open angle on buckling load

166

4.4.8 Comparison between continuum and discrete method

167

4.4.9 General remarks

168

4.5 HP reticulated shells

171

4.5.1 Geometry of reticulated HP shell

171

4.5.2 Estimation of buckling strength

174

4.5.3 Elasto-plastic buckling load and column buckling strength for design use

182

4.6 Form-finding method of free-form reticulated shells

187

4.6.1 Inverted shape of hanging membrane or cable-network

187

4.6.2 Shape optimization

188

Appendix A Fundamentals for linear buckling of shallow shells
A1 Nonlinear equation of shallow shells

201
201

A1.1 Equilibrium equations

201

A1.2 Constitutive equations

202

A2 Equations for linear buckling loads based on Euler’s principle

202

A2.1 Compatibility equation for in-plane strains for linear buckling load

202

A2.2. Equilibrium equation in the normal direction

202

A2.3 Boundary condition for a simple support boundary

202

A3 Examples of linear buckling load of reticulated shells in case of simple support boundary

203

A3.1 Spherical reticulated dome under lateral uniform load

203

A3.2 Linear buckling load of spherical reticulated shell of three way member arrangement

206

A3.3 Cylindrical reticulated shells under uniform compression in the x direction

208

A3.4 Cylindrical reticulated shells under a lateral uniform load
A3.5 HP reticulated shells under lateral uniform load

210
213

Appendix B Equivalent rigidity

215

B1 Constituent law of equivalent rigidity

215

B2 Three-way mesh

215

B2.1 Structural and geometrical properties

215

B2.2 Equivalent rigidity of three-way mesh

216

B3 Equivalent rigidity of two-way grid with braced members

217

B4 Equivalent rigidity for two-way network with brace member without bending stiffness

218

B5 Equivalent rigidity for regular hexagonal network with rigid joints

220

4

Contents

Appendix C Tolerance of fabrication and construction

221

C1 Technical recommendations for steel construction for buildings part2 guide to
erection and construction in site, Architectural Institute of Japan, 2007

Appendix D Load factor in design codes and safety margin in realization
D1 Load factors and combination of dead and snow loads

221

224
224

a) Comparison of load factors and axial strength of column

224

b) Discussions on load factors for combination of dead load and snow load

226

c) AISC Code

228

d) AIJ Code

228

D2 Examples of safety margin adopted in realization

230

D3 Factor of safety of IASS and related proposal by Kollar and Dulacska

233

D3.1 Proposal by Kollar & Dulascka and modified Dunkerley equation

233

D3.2 Value of factors kSB and FM

236

D4 Design imperfections in technical specification for latticed shells of China code and
related research

237

All photos, figures and tables included in the present report with permission of their individual contributors are credited
in the respective figure captions with the same chapter, section or sub-section.

5

This page has been intentionally left blank

(Draft) Guide to Buckling Load Evaluation of Metal Reticulated Roof Structures, Oct., 2014.

Foreword
The International Association for Shell and Spatial Structures founded by Eduardo Torroja in 1959, has as its
goal the achievement of further progress through an interchange of ideas among all those interested in
lightweight structural systems such as lattice, tension, membrane, and shell structures.
To achieve its goals, the Association undertakes many activities like Symposia, Colloquia, and edition of the
Journal of the IASS among others. It also sponsors the Technical Activities of several Working Groups,
publishes their state-of-the-art reports and their recommendations on design and construction, and hosts
technical/information sessions of each active group at the annual symposia. WG8 “Metal Spatial Structures”
is one of the twelve active groups (Eight others stopped their activities having performed their mission and
reached their goal).
Under the chairmanship of Professor Shiro Kato, the overall objective of WG No. 8 is to develop and publish
structural guidelines for design and construction of metal spatial structures. The present report “Guide to
Buckling Load Evaluation of Metal Reticulated Roof Structures” marks an important date in the activities of
the group. It is my privilege as IASS President, and also my great personal pleasure to greet here its
publication. It is the opportunity to pay tribute to Professor Shiro Kato and to his co writers : they realized a
remarkable and relevant work. I wish also to underline the work achieved by the reviewers, and by the
chairman of the Technical Activities Committee, Professor Carlos Lazaro.
We are from now eager to realize the final phase of this process : the provision of this report to the experts of
the whole world. They will know how to benefit from it and their comments will benefit to us.
René Motro
IASS President

Foreword
The publication of recommendations and guidelines is one of the tasks of the active working groups of the
IASS. It is therefore very satisfactory that Working Group 8 has accomplished the task of producing the
state-of-the-art related to the buckling problem in metal reticulated structures.
Since its creation the early 1970s, the mission of Working Group 8 has been the exchange of knowledge and
experience in the design, analysis and construction of metal spatial structures. In 1984, under the leadership
of the Professor Yoshikatsu Tsuboi, Working Group 8 prepared the document Analysis, Design and
Realization of Space Frames. In the years since this publication, metal space structures have undergone great
progress and changes in technology, and are designed for shaping new and daring forms.
This guide gathers the scientific and technological knowledge to achieve a safe and sound design to prevent
structural instability in metal reticulated structures. It will be a helpful tool for all working in the design of
this kind of structures.
I wish to express my gratitude to Professor Shiro Kato, Chair of Working Group 8 Metal Spatial Structures,
for his untiring efforts to accomplish this task, as well as Professors Toru Takeuchi and Su-Duo Xue,
Co-Chairs of WG 8, and all Working Group members who participated in this task.
Carlos Lázaro
IASS Chair of the Technical Activities Committee
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Preface
This is the report of the activities of the IASS Working Group 8 for Metal Spatial Structures, which has been
worked out as a preliminary version for Guide to Buckling Load Evaluation of Metal Reticulated Roof
Structures. The content is prepared on the basis of several state-of-the-art papers published in IASS
Symposia, Journal of the IASS, and related published papers. As already known from the publication of
Analysis, Design and Construction of Space Frames, n.84/85 in 1984, WG 8 published a state-of-the-art
report directed by Prof. Yoshikatsu Tsuboi and Prof. Mamoru Kawaguchi, respectively, Chairman and
Co-Chairman of WG 8 at that time, and it has served long time as a leading guide to engineers and architects
who have designed and are going to work in the field of metal spatial structures. This present Draft would
not attempt to renew wholly the content of the former publication, but this Draft rather has an aim to
concentrate on parts, which were not described enough in the former State-of-the-Art at that time. Based on
accumulation of knowledge from that time to the present, WG 8 has recently prepared a draft as a guide to
evaluation of buckling loads of metal reticulated roof structures.
This Draft will be distributed to people outside IASS WG 8 so they may understand one of activities of WG
8. The WG 8 may obtain discussions, opinions, corrections and positive proposals from outside WG 8. Based
on the opinions and proposals, the present Draft will be upgraded so that an official report will be distributed
in the near future as Guide to Buckling Load Evaluation of Metal Reticulated Roof Structures without a word
of ‘Draft’.
On behalf of the WG 8, it is our great pleasure to take this opportunity to express the appreciation to all the
members of WG 8 and members of the Working Committee for the present project as well as IASS
colleagues for their invaluable collaboration during the present report. Particular thanks are to Prof. René
Motro, President of IASS, and Prof. John F. Abel and Prof. Mamoru Kawaguchi, both former presidents of
IASS, who all have encouraged WG 8 for the present report. Thanks are also to Prof. Carlos Lázaro, Prof.
Sergio Pellergrino, Prof. Tien Lan, Prof. Makoto Ohsaki, and Prof. Charis Gantes, who all contributed very
much for the direction of contents and in improving the language of the text as well as the whole idea of the
present report. The present report owes greatly to the contribution of IASS members, and among them, Prof.
Koichiro Heki and Prof. Shizao Shen, who are greatly acknowledged for their distinguished contributions to
the world-wide development of buckling of metal spatial structures. Also the WG 8 expresses the
appreciation to Nohmura Foundation for Membrane Structure’s Technology for financial support.
Shiro Kato, Chair of Working Committee,
Chair of Working Group 8 for Metal Spatial Structures.
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Chapter 1 Scope
1.1 Introduction
Fifty years ago around the middle of 20th century when theories and understanding of shell behavior were
becoming more widespread but before the advent of electronic computation, architects and engineers began
to explore more deeply how materials other than concrete could be used to span large spaces. Paralleled to
concrete shells, metals, mainly steel but sometimes aluminum, began to be applied to extend larger spans
with less use of structural materials. Metals might have coincided with this requirement, and met also the
period, around 1970, of systematic factory-manufacturing together with electronic computers of high speed
and large memory. With a background of development of numerical structural analysis for discrete systems
from around 1965, the ability to span large distance has been progressed and fully utilized for architectures
and public works during the latter half period of 20th century. Moreover, many possibilities of various forms
and structural systems have been developed based on invented technologies compatible with metal spatial
structures; reticulated shells, tension structures of cables and/or membranes, tensegrity structures, truss
systems, hybrid structures. For each structure among them, wide and deep development has been realized.
All these might be called metal spatial structures once the material is metal. And for each structural type,
nowadays development has progressed in each direction as found in activities of IASS WGs.
With respect to metal reticulated roof structures being the subject of this Draft ‘Guide to Buckling Load
Evaluation of Metal Reticulated Roof Structures’, among the directions to development, wide span,
lightness, thinness, transparency, and free form are found as key points when investigating recently published
papers of IASS Journal and IASS proceedings. In the structural design process, many considerations are
required for safety against external loads: dead load, live load, snow load, wind load, earthquake load,
thermal load, construction load, differential settlement and other loads related deeply to each constructed
structure. Evaluation of safety requires, first, comparison between stress and resistance for member sections
and connections. On the other hand, from a view point of safety for the global structure, assessment of the
global strength considering buckling is required. Since most of the fundamentals of reticulated roof
structures have been described in the publication of Analysis, Design and Construction of Space Frames,
n.84/85 in 1984, the present Draft will not attempt to renew wholly the content of the former publication, but
will focus, mainly by selecting the section related to buckling of the former publication, on buckling load
evaluation of metal reticulated roof structures. With the definition for ‘buckling load evaluation’, the present
Draft adopts each term of the following: linear buckling, elastic buckling, elastic buckling with imperfection
sensitivity, and buckling strength as a global structure. The word ‘strength’ means the resistant capacity as a
global structure including material and geometrical nonlinearities.
As for description of the present Draft, several limitations have to be added. Reticulated roof structures will
be roughly classified into single layer and double layer roofs, however, most of the descriptions will concern
the single layer reticulated roofs, since the problem of global buckling has a tendency to appear often in
single layer. It is no necessity to say that the descriptions will be effectively applied to double layer
reticulated roofs as well.
Each section or subsection was authored by a group including at least two persons, since different
aspects/descriptions related to international activities of IASS have been detected and reflected. And because
of this, each section or subsection adopts different terminologies or equations but with care not to be
misunderstood despite of different words, to which patience and tolerance are appreciated on account of this
inconvenience. Quoted materials are selected from papers published in English to the fullest extent possible
from IASS Journal, IASS Proceedings and related journals. However, in several cases papers in other
languages were adopted. The references for published papers are also increased as many as possible but
limited to information strongly related to buckling, since the authors believe that these documents adopted as
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the references are helpful to deepen the knowledge for buckling load evaluation and they are also related to
necessary descriptions not fully explained in the present Draft.
1.2 Aims
The Draft is intended primarily as already described in the preface to introduce one of the activities of WG 8
through distribution of the present Draft to people outside WG 8. WG 8 has been working in recent year on
two subjects of ‘Buckling’ and ‘Earthquake Response’ of metal spatial structures. The present Draft
emphasizes on ‘Buckling’ and in the near future the WG 8 will start its activity for ‘Earthquake Response’.
The present Draft will provide engineers, designers and architects with basic principles and state-of-the-art
information for evaluation of ‘buckling load’ of metal reticulated roof structures from the view point of the
above term of ‘Buckling’. It also provides a background based on several formulations quoted from
publications of how elastic buckling load and buckling strength are calculated for several types of roofs. As
aforementioned, since the problem of global buckling often appears in single layer structures, most of the
descriptions concern the single layer ones, although reticulated roof structures cover two systems: single
layer and multiple layer.
In the early stage around 1960, the geometrical forms of single layer reticulated shells were limited to, for
example, spherical and cylindrical surfaces. Along with the development thereafter in fabrication of members
and connections, in construction process on site, and especially in the development of nonlinear FEM
analysis, a moderate number of different forms for roofs progressed. Accordingly, at the beginning the Draft
describes the principles for buckling load evaluation based on FEM, and, after the principles, the procedures
are introduced for buckling load evaluation depending on roof structural types: spherical reticulated domes,
cylindrical reticulated shells, grid domes with bracing stiffeners, hyperbolic paraboloidal reticulated shells,
and free form reticulated shells. Although mathematical expressions for linear and elastic buckling loads of
these are not necessarily possible except for limited cases, since the authors of the Draft believe that such
expressions will be helpful to understand the fundamentals of buckling behavior, they are explained in some
detail, followed by examples of buckling load evaluation in several cases.
History of investigation for buckling teaches us that a lot of studies have been accumulated on buckling
problems of thin continuous shells in industries, and that those studies are surely effective to reticulated roof
shells. Moreover, we know that, although buckling behavior of reticulated roof shells composed of line
elements looks like shapes of continuous thin shells, they are not so thin compared with industrial continuous
shells and a little different in buckling behavior. Also we know that there are many problems in reticulated
roof structures still unsolved or under investigation, especially concerning buckling strength evaluation
methods considering both elastic buckling and plastic limit strength, imperfection sensitivity, design
imperfection for distribution pattern and amplitude, effects of semi-rigidity of connections, effects of errors
in fabrication at factory and erection on site and many other factors such as differential settlements. Despite
of these, this Draft has tried to be a summarized version based on investigation accumulated as activities of
IASS WG 8 with a hope that this Draft will enhance a further development in research and realization of
reticulated roof shells.
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Chapter 2 Fundamentals
The present chapter describes briefly the fundamentals of reticulated roof shells with emphasis on buckling
behavior. Two types of reticulated shells are considered: single layer and double layer. Firstly, it is explained
how buckling patterns and also connections and nodes are different between the two types of reticulated
shells. Secondly, a general but simple guide for the mathematical classification of buckling is given. Thirdly,
four main buckling phenomena (shell-like buckling, member buckling, dimple buckling, and node rotation
buckling) are explained, followed by related elastic or elastic-plastic buckling analyses, and by expression of
buckling strength for reticulated shells based on column strength. After these explanations, a design
procedure including design loads, member proportioning and safety factors, is summarized. Related to this
procedure, the factors to be considered in the buckling load evaluation of single layer reticulated shells are
described. Finally, analysis methods for buckling strength evaluation are briefly presented and explained.
2.1 Buckling of reticulated shells
This section discusses buckling of reticulated shells with emphasis on roof structures. This kind of reticulated
shells may be classified into two types: the first one is single layer, while the other one is double or
multi-layer shells. They are applied to roofs depending on their structural characteristics. Usually, single
layer reticulated shells (photo 2.1) are very thin compared with span dimensions, and they provide practically
no depth to install equipment. In some recent cases, a transparent cover made of glass or membrane is
designed as skylight to allow sunlight inwards or artificial light outwards at night. Because of the small depth,
single layer reticulated shells are quite flexible in terms of out-of-surface bending behavior, and they are
prone to shell-like buckling if no appropriate measures against instability are taken. In shell-like buckling,
surface undulates large due to buckling with displacements at nodes (Fig. 2.1 for buckling deformation).
Despite the fact that reticulated roof shells may be assimilated to continuous thin metal shells (as vessels in
industrial engineering,) the structural behavior is not equivalent: reticulated roof shells are composed of line
elements with relatively deep sections and, in consequence, they are not so thin compared with the industrial
shells. Accordingly, the shell-like buckling will differ from the phenomenon found in thin industrial shells.
On the other hand, double layer reticulated shells (photo 2.2) provide room to install equipment between the
two layers. Usually, upper and lower chords are placed apart and are connected by web members, and
because of the combined action between upper and lower chords together with web members, double layer
shells show large bending stiffness in comparison with single layer reticulated shells. Accordingly, the
resisting capacity against shell-like buckling can be significantly increased. In most cases, their buckling
pattern (Fig. 2.2) appears as member buckling, in which some of the constituent members buckle: the
structure experiences almost no displacements at nodes, but buckled members show large rotations at nodes.
In other words, buckling of constituent members appears far earlier than shell-like buckling in this latter type
of reticulated shells.
Differences between the single and double layer reticulated shells can be also found in their global system
and connections at nodes. Rigid or semi-rigid connections (a, b, d, e, g of photo 2.3) are adopted for single
layer systems, and connections are also modeled as rigid or semi-rigid for analysis, while pin-connections (c,
f, h of photo 2.3) are adopted for the analysis of double layer systems in spite of the fact that real connections
are semi-rigid (although with relatively small bending rigidity). Another difference is that methods to
evaluate shell-like buckling loads have been developed mainly for single layer reticulated shells, as shown
by a thorough survey of the references on this topic.
2.1.1 General classification of buckling behavior based on load-displacement relation
The word “buckling” applies usually to elastic deformation, and this subsection briefly discusses
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(a) Aichi University Campus, Japan
(photo by Kato)

(b) Roof of Dresden Museum, Germany
(photo by Kato)

(c) Palacio de Comunicaciones, Madrid (Spain),
Design by SBP, System by LANIK Corp.
(Courtesy LANIK)

(d) Alphabetic Tower, Batumi (Georgia),Design
by CMD Ingenieros, System by Lanik Corp
(Courtesy CMD)

Photo 2.1 Examples of single layer
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(e) Seibu Dome, Japan (photo by S. Kato)
Photo 2.1 Examples of single layer

Photo 2.2 Double layer (Photo by S. Kato)

Figure 2.1 Buckling mode of single layer (Draw by S. Kato)

Figure 2.2 Buckling mode of double layer (Draw by S. Kato)

(a) semi-rigid node (Courtesy Tomoe Corporation)

(c) pin node (Courtesy Tomoe Corporation)

(b) rigid node (photo by S. Kato)

(d) rigid node (photo by S. Kato)

Photo 2.3(1) Various connections
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(e) (Courtesy Oyama-Kousakujo)

(f) (photo by S. Kato)

(g) semi-rigid node

(h) pin node of ORTZ (Courtesy LANIK

(type SLO. Courtesy LANIK Corp.)
Photo 2.3(2) Various connections
fundamentals of elastic buckling depending on the load-displacement relation before and after buckling.
Each type of buckling is presented by showing the behavior of a simple structure.
Stable symmetric bifurcation is illustrated in Fig. 2.3 for a straight elastic column under a concentric axial
force P . The vertical axis represents load, while the horizontal axis represents lateral deflection at the middle
point. Before buckling, the column remains straight showing only axial shortening and no lateral
displacement.
Just after the critical load, very large displacements  appear. In case of a straight column without any
imperfection or irregularity in the cross section, the direction of the lateral displacement is undetermined, the
load-displacement relation is mirror-symmetric, and the load increases along with the lateral displacement.
This type of buckling is called stable symmetric bifurcation. This behavior is also found in plate buckling
under in-plane compression loads. In the presence of initial imperfections,  i 0 (member crookedness in
Fig.2.3) the equilibrium path follows the stable dotted line, still raising its load. This buckling behavior is
imperfection insensitive, since load P increases still after elastic buckling. It is found in hyperbolic
paraboloidal shells (HP shells) under lateral loads.
Unstable symmetric bifurcation is found in the structure shown in Fig. 2.4: a straight rigid column
supported by a lateral spring and subject to a compressive axial force P .
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Figure 2.3 Equilibrium path for column under concentric axial force (Draw by S. Kato)
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Figure 2.4 Equilibrium path for rigid column supported by a horizontal elastic spring under a concentric
axial force (Draw by S. Kato)
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Figure 2.5 Equilibrium path for a rigid column supported by an inclined elastic spring under axial force
(Draw by S. Kato)
The buckling is symmetric, since the path is symmetric in spite of the imperfection in the opposite direction.
The equilibrium path is symmetric but after buckling the load P decreases with the lateral displacement 
or the angle of rotation . Accordingly, this buckling is denoted by unstable symmetric bifurcation. If some
amount of geometric imperfection  i 0 , some initial slope in this example exists, the equilibrium path follows
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the dotted line. On account of the imperfection, the load P is decreased after buckling along the rotation . In
this case, buckling is imperfection sensitive since the critical load decreases largely due to the imperfection.
This kind of behavior is also found in the following structures: thin spherical shells under lateral pressure,
and thin circular cylindrical shells under uniform axial compression or lateral pressure.
Asymmetric bifurcation is found in a rigid column supported by an inclined elastic spring as shown in Fig.
2.5. The path after bifurcation shows two possibilities: on the stable path, the load is increased along with the
inclination to left, and on the unstable path the load is decreased along with the inclination to right. The right
path is imperfection sensitive, since the critical load is significantly diminished due to imperfection. This
kind of behavior is also found in buckling of a thin cylindrical shallow panel under a lateral pressure.
Limit point buckling or snap-through buckling may be found in the structure shown in Fig 2.6: a shallow
truss composed of two members with the same structural properties, pin-supported at both sides. The path
follows a smooth load displacement curve on which the critical load is found at the point with horizontal
tangent. This point is called limit point. If there is some downward geometrical imperfection  i 0 at the zenith,
the equilibrium path follows the dotted line. On account of the imperfection, the load P decreases after
buckling along with the further displacement  until snap-through is fully developed. On the other hand, if
there is an upward imperfection, the buckling load is increased. This kind of buckling is found as dimple
buckling in very shallow arches, very shallow spherical caps, and extremely shallow reticulated domes, when
they are subjected to large lateral pressure or concentrated loads.
In the case of reticulated shells, a purely single buckling pattern might not be easily found, and combined
buckling behavior will probably appear. The buckling phenomena of reticulated shells are to be briefly
explained in the next section.

P

limit point

P
δ

δ

δi0

H

δi0

H

2H

imperfect system

Figure 2.6 Shallow truss composed of two rigid bars (Draw by S. Kato)
2.1.2 Buckling phenomena and elastic buckling load
The buckling behavior of reticulated shells is roughly characterized depending on the case of single layer or
double layer shells, as described at the beginning of section 2.1. In general, the load-displacement relation is
illustrated in Fig. 2.7.
In single layer shells, shell-like buckling is the main factor influencing the design. Shell-like buckling (Fig.
2.1) is also called global buckling, since the buckling pattern shows a large wavelength. Within the wave
length several nodes undulate over/under the surface. As explained later in chapter 3, linear buckling
load Pcrlin is determined based on linear buckling analysis, where the effect of displacements before buckling
is neglected. Elastic buckling load Pcrel( perfect ) in the perfect case is obtained based on geometrically nonlinear
analysis for a perfect geometry without imperfections. In most cases, the elastic buckling load, without or
with imperfection, is lower than the linear buckling load. This elastic buckling load without imperfections
corresponds to unstable symmetric bifurcation. Once imperfections exist, the buckling pattern turns into limit
point buckling with large imperfection sensitivity, and its elastic buckling Pcrel(imperfect ) is reduced than that
without imperfections. If the load-displacement relation for a certain node is represented on a P  
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diagram, the case of elastic buckling for perfect configuration is shown with a thick solid curve on which a
mark
denotes its elastic buckling load. The imperfect cases are shown with thin solid lines in Fig. 2.7. The
maximum load Pcrel(imperfect ) on the elastic equilibrium path for the imperfect case tends smaller, when the
imperfection grows. For design purposes, elastic buckling loads for reticulated shells with a certain amount
of geometrical imperfections (assumed in design) play an important role, and they are given a proper
attention in this guide.

Pcrlin linear elastic buckling load in the case of no imperfection
P

―――
-----

solid lines for elastic system
dotted lines for elastic-plastic system

for perfect system Pcrel( perfect )
for imperfect elastic system Pcrel(imperfect )
for perfect system Pcr(perfect)

uniform load P at every node

P

for small imp.

point Q

for medium imp.
for large imp.

Q
Figure 2.7 Relation between applied load P and displacement  (Draw by S. Kato)

Figure 2.8 Member buckling of single layer reticulated shells (Draw by S. Kato)
Shell-like buckling is strongly influenced by the bending rigidity at connections or nodes. Usually rigid
connections are designed for single layer reticulated roofs. In some cases semi-rigid connections are adopted,
but they shall have large bending rigidity to avoid significant buckling load reductions. Accordingly, single
layer reticulated shells face also a problem of imperfection sensitivity due to semi-rigidity of connections. In
addition, in a special case of a high rise dome where members with large member slenderness are used,
member buckling (Fig. 2.8) sometimes appears simultaneously together with shell-like buckling, since
reticulated shells are composed of slender members. Especially, member buckling is likely to appear when
very slender members are used in single layer reticulated shells of relatively high rise. In this case member
crookedness as geometrical imperfection has some influence on the load carrying capacity; the influence
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only due to member crookedness is usually included in the column strength curves of design codes.
Combined buckling between member buckling and node-rotation buckling (Fig. 2.9) may appear when
connections at nodes have relatively low bending stiffness due to slender connection elements between
members and nodes. In a particular case of shallow domes under a concentrated load with extremely low
bending rigidity of connection, buckling tends to be dimple buckling as shown in Fig. 2.20(b).
In the case of double layer reticulated shells, contrary to single layer reticulated shells, member buckling
(Fig. 2.2) will appear as critical buckling, prior to shell-like buckling. However, it is necessary to keep in
mind that, in cases where depth between upper and lower chords is very small, shell-like buckling will likely
appear. In designing double layer reticulated shells, it may be assumed that members are pin-connected (with
no bending moment transmission). This assumption may give accurate axial forces for constituent members,
and members may be treated as pin-connected columns in evaluating axial buckling loads. However,
members are usually connected by gusset plates Photo 2.3(f) or joints with some rigidity Photo 2.3(e) against
bending moments. Accordingly, the elastic buckling axial force of members is not the same as that of pure
pin-connection at member ends. Therefore, buckling loads will be slightly higher than the case of
pin-connection, if there is no eccentricity or other irregularities at the connection. When more accurate
elastic buckling loads are required, a comprehensive analysis including members and connections has to be
performed, for example based on FEM, in which not only members but also connections are modeled in
detail to obtain information of elastic buckling axial forces.

above view

load
side view

Figure 2.9 Node rotation buckling around the axis normal to shell surface (Draw by S. Kato)
2.1.3 Elastic-plastic buckling load (buckling strength)
If the structural material is assumed to be completely elastic, the buckling load is determined based on elastic
buckling theory, even in case of large strains. However, structural metals for reticulated shells show plastic
flow beyond its yield stress. Accordingly, the member strength is also controlled by the material yield stress.
In this guide, the strength of reticulated shells obtained considering geometrical and material nonlinearities is
called buckling strength or elastic-plastic buckling load. The maximum load is marked by a small solid circle
in Fig. 2.7 depending on the magnitude of imperfection. The maximum load Pcr(perfect) for the imperfect
on the equilibrium path is called perfect buckling strength, while the maximum load Pcr(imperfect) for the
imperfect case is called imperfect buckling strength. For design purposes, a specific value is usually adopted
for design imperfection, and the buckling strength of reticulated shells with this geometric imperfection is
applied in design. Accordingly, the value of imperfection and its corresponding buckling load should be
analyzed with caution, since the buckling strength is decreased due to imperfections.
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2.1.4 Column strength curve
It is clearly understood that the concept of column buckling strength may be used for reticulated shell
members, as shown by the comparison of the two diagrams in Fig. 2.10. As briefly explained above, the
linear buckling analysis, elastic buckling analysis and elastic-plastic buckling analysis of reticulated shells
(with some amount of geometrical imperfection) provide, respectively, the linear buckling load Pcrlin , elastic
buckling load Pcrel and elastic-plastic buckling load Pcr . If we were allowed to assume a linear relationship
between the load and the buckling axial force of a representative member (selected by its strong relation to
buckling), the left figure might be put or interpreted in direct correspondence to the right figure. In the right
figure, an appropriate design curve is shown as the column strength curve in terms of the generalized
slenderness ratio   N / N with caution that, in the case of reticulated shells, the axial elastic buckling
force N crel , different from linear buckling axial force N crlin corresponding to Pcrlin , should be adopted considering
the effect of design imperfection. Similarly to an ordinary column strength curve, N y is the axial yield
strength. However, we need to notice that the effect of imperfections and others have been included in the
value of axial elastic buckling force N crel . The axial strength N cr of the representative member locates
between the Euler curve and its design column strength, if the design curve has been appropriately
determined and it should be. Although a linear relationship does not hold exactly in the case of nonlinear
problems, reticulated shells may be considered to show almost linear relation between the applied load and
the axial forces until their buckling strength is reached, since membrane action prevails. If we apply the
concept to shell buckling (Kollar and Dulascka, Euro code and others), the generalized slenderness ratio is
changed to  s  PSQ / Pcrel , where PSQ denotes the plastic limit load based on geometrically linear and
materially nonlinear analysis (the relation between PSQ and N y is explained later.) This kind of expression
using generalized slenderness is effectively applied to evaluate the buckling strength in terms of the
generalized slenderness ratio  e or  s . This approach to buckling load evaluation is found in the studies
proposed for a new proportioning method for member sections of single layer reticulated domes subjected to
uniform and non-uniform loads, ant it is explained in Chapters 3 and 4.
el
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y

cr

N crlin

N cr

Pcrlin

P

Pcrel(imperfect )

N y / e2

Ny

Euler curve

Pcr (imperfect )
column strength for design

e





Ny
el
N cr

Figure 2.10 Load-displacement relationship versus column strength of representative member
(Draw by S. Kato)
2.2 Design procedure
2.2.1 Design loads
Building codes and standards in the country where structures are to be built should be firstly utilized in the
design. Since buckling often leads to collapse followed by a complete loss of property and human lives, the
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magnitude of the design loads should be conservatively determined, considering many factors with respect to
the function continuity during its lifetime, in other words, socially demanded safety level under severe
loadings, for example, heavy snow, wind and earthquake.
The dead load and the snow load are main loads influencing the design against buckling failure. In countries
where severe earthquakes, winds or large temperature change are likely to happen during life time, such
design loads have to be considered in design. Two types of limit states are usually considered in structural
safety: serviceability limit states and ultimate limit states. With respect to buckling collapse, it belongs to the
category of ultimate limit states or buckling limit state, and accordingly, the value of the design dead load
should be determined taking a rather larger value than that for a serviceability limit. Also for the combination
of dead load and snow load, the design value of the snow load should be determined conservatively. We may
select some design guide, for example, Load Resistant Factor Design or Allowable Stress Design considering
load combination. In this Draft, several examples are explained and discussed later in Chapter 3 and
Appendix D.
2.2.2 Proportioning of members and connections
In ordinary cases metal roof reticulated shells are composed of line elements subjected to axial forces and
bending moments as shown in Figs. 2.11 and 2.12. Members and connections at nodes are structurally
proportioned to resist the forces and bending moments. This process is generally defined in the building
codes and standards of the country or region where the structure is to be constructed. In some cases, other
available standards may be adopted.
M z2
M x2

M z1

M zi

N2

Qz1

M y1

Qy1
M x1

Qy 2

M y2

N1

Qz 2

M yi

Qzi

Qy i

forces and moments on
a member

M xi

Ni
connection i at node

Figure 2.11 Forces and bending moments
acting on members (Draw by S. Kato)

Figure 2.12 Forces and bending moments
acting on connection (Draw by S. Kato)

Members should be proportioned to keep their strength and stiffness till the structure reaches its buckling
strength. Several reasons are considered especially in the case of single layer reticulated shells, (1)
re-distribution of stresses to adjacent members after plasticization may be rare, and (2) deterioration of
strength is usually considered to follow soon after buckling. Also, due to the low bending rigidity at
connections, the buckling strength of reticulated shells is in general reduced lower than a perfect rigid case,
and, in consequence the member rigidity and strength should be kept as high as possible so that the response
remains elastic before global buckling is initiated.
Even in the case of double layer reticulated shells, since members of relatively large slenderness ratio are
used for chord and web members and their load carrying capacity after member buckling is in general
deteriorated, its increase in strength as shells after member buckling may be not expected to be so large.
Accordingly, as a conservative evaluation, the load under which any member reaches its strength, common to
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single and double layer reticulate shells, may be adopted as its ultimate strength in design .
2.2.3 Safety factors
This guide assumes that the equations to check safety and the magnitudes of safety factors applied in design
are in principle referred to the building codes and standards in the country where the structure is to be
constructed. Accordingly, in this guide no specification of safety factors has been made, except for some
discussions to introduce safety factors as examples. Some examples are introduced later in the appendices
D1 to D4.

2.3 Factors to be considered in buckling load evaluation
2.3.1 Membrane action, forms and boundary conditions
Reticulated roof structures of shell-like behavior should be safely and properly designed not to buckle under
design loads, not only by proportioning the members and connections, but also by realizing appropriate
forms and boundary conditions.
external pressure

edge beam

tension ring

stiff foundation

(a) spherical surface

(b) HP surface

Figure 2.13 Membrane stresses prevailing in shell-like structures (Draw by S. Kato)
(1) Membrane action. In general, reticulated shells resist external loads through membrane action with low
bending moments, in a similar way to continuous shells, as shown in Fig. 2.13. Accordingly they may be
designed and realized as thin shell-like forms. To exert this feature, the shape and boundary conditions
should be compatible with the membrane action, leading to a state of small bending moments. In this kind of
thin structures, appropriate measures are required in order to avoid shell-like buckling.
(2) Shell-like buckling is strongly dependent on the structural geometry. Dome-like forms, cylindrical
form, and hyperbolic paraboloidal (abbreviated as HP) form are different in buckling properties. Their
properties may be analyzed using mathematical expressions for the results, as shown in appendix A. (1) The
dome-like form is of positive Gaussian curvature, and the curvatures are same in sign in both principal
directions. The dome is considered to resist external forces mainly through membrane action with small
bending moments if boundary conditions are properly realized. Buckling loads tend to be high compared
with other types of geometry, if geometrical imperfections are small. (2) The cylindrical form has zero
Gaussian curvature. One principal direction is straight and the other is arch-like. Along and near straight
boundaries bending moments are likely to appear, and displacements normal to shell surface tend to grow a
little large. Accordingly, before buckling, geometrical nonlinearity appears and bending moments tend to be
raised large compared with those of dome-like shells on account of this nonlinearity. (3) The HP form has
negative Gaussian curvature. One principal curvature is different in sign from the other. If the stress is
compressive in one principal direction, then the stress in the orthogonal principal direction tends to be tensile,
and accordingly the post-buckling behavior will be stable. (4) Recently several procedures to search for
optimal shapes in order to minimize bending moments or maximize the buckling load have been proposed.
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The resulting forms have no closed mathematical expression, and the buckling load depends on the boundary
conditions assumed in the form finding process. These forms are called free forms, although this concept also
applies to other non-structural kind of shaping processes. Accordingly, designers are required to properly
understand the buckling behavior and the effects of forms and boundary conditions, based on careful and
detailed analysis. Buckling behavior of this kind of structure is explained in Chapter 4.
(3) Buckling loads change depending on boundary conditions. In general, if the form and members are
the same for a certain reticulated shell, the buckling load is higher in the case of pin-support conditions than
in the case of simple-support conditions, and the buckling load is higher in the case of simple-support
conditions than that in the case of free edges. However, in some cases where boundaries are edge beams with
some flexibility, shell-buckling behavior will not appear, as if buckling were hidden in the background, and
nonlinear behavior looks like being improved, since the edge members deform elastically preventing
excessive deformation of the shell surface. On the other hand, buckling of the edge beams may appear. This
kind of elastic boundary has not been extensively investigated, and studies are needed in each design to
know how and if the supports improve the buckling resistance.
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Figure 2.14 Fundamental boundary conditions (Draw by S. Kato)

2.3.2 Materials
This guide assumes that ductile metals of high yield strength like mild steel are used as structural material.
Buckling loads should be evaluated considering the effects of Young’s modulus, yield stress, and residual
stress of the applied material. An approximate constitutive equation for stress-strain relation is usually
applied in materially nonlinear analysis, as shown in Fig. 2.15.
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Es

-σy
(a) perfect elastic plastic bilinear hysteresis

(b) strain hardening elastic plastic bilinear hysteresis

Figure 2.15 Stress-strain relationship for steel (Draw by S. Kato)
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The values of buckling loads are influenced by various characteristics of the material. (1) The linear buckling
and elastic buckling loads depend proportionally on Young’s modulus. If materials of high Young’s modulus
are utilized, they are increased. (2) The elastic-plastic buckling load, in other words the buckling strength,
depends on the value of yield stress. If a material of high yield strength is used and if the material yields
before elastic buckling occurs, the buckling strength is increased.
2.3.3 Members, nodes and connections
The following discussion is applied, with emphasis on single layer reticulated shells, to rigid or semi-rigid
connections. Buckling loads should be evaluated considering member slenderness ratio 0 , subtended half
angle  0 , and the arrangement of members, since it has been found that these parameters have significant
influence on the buckling strength. Also, semi-rigidity of connections at nodes should be considered for the
evaluation of buckling loads.
(1) Even for a given form of single layer reticulated shell, buckling load changes depending on member
slenderness ratio 0 and subtended half angle  0 between members. Here, the member slenderness ratio
is defined as the member length  0 divided by radius of gyration rg of its cross section, assuming that both
ends are pure pin-connections (Fig. 2.16). The subtended half angle is shown in Fig. 2.17 as an example for
the case of a spherical dome.
(2) If the member slenderness ratio is larger than 80 or 100, member buckling may appear in single layer
reticulated shells even in the case of rigid connections. In this case, member buckling mainly determines the
buckling load and its buckling deformation looks like the pattern shown in Figs. 2.2 or 2.8, while in the case
of small member slenderness ratio, the strength is determined rather by shell-like buckling or yield strength
of members. When a single layer reticulated shell with small bending rigidity at connections is designed, the
buckling behavior will be different from the cases with rigid or semi-rigid connections, and accordingly
caution is required for the value of subtended half angle  0 by specifying that the value of  0 should be
larger than some amount, for example, 4 or 5 degrees, to avoid a sharp decrease of the elastic buckling load
due to dimple geometrical imperfections as shown in Fig. 2.20(b).
(3) When member slenderness ratio and member subtended half angle are both small, shell-like buckling will
appear. The buckling deformation will look like the pattern of geometric imperfections shown in Fig. 2.20(a),
leading to relatively high imperfection sensitivity.
(4) When the member slenderness ratio is small and subtended half angle is large, buckling strength is likely
to be determined by the axial capacity of members, and geometrical nonlinearity will not be significant. In
other words, the load carrying capacity will be mainly determined by yielding of material. If the rigidity at
the connection is small, the subtended half angle is desired to be set larger, more than 4 or 5 degrees as
described above.
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Figure 2.16 Member slenderness ratio for pin connection at member ends (Draw by S. Kato)
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Figure 2.17 Subtended half angle  0 for spherical surface of single layer reticulated shell
(Draw by S. Kato)
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Figure 2.18 Semi-rigidity at connection
(Draw by S. Kato)

(a) global distribution

Figure 2.19 Eccentricity causing local
bending moments (Draw by S. Kato)

(b) dimple or local distribution

Figure 2.20 Distributions for buckling mode or geometrical imperfection (Draw by S. Kato)
(5) Buckling loads vary depending on rigidity and strength at connections between members. When the
bending stiffness at connections is high enough, the elastic buckling loads can be increased on account of the
full rigidity at connection, while the buckling load will be reduced if the rigidity is low. The ratio of
semi-rigidity (Fig. 2.18) is a little difficult to determine based on analysis only, and experiments are
desirable.
(6) If some amount of eccentricity at nodes exists, this eccentricity will produce large bending moments at
connections (Fig. 2.19). This will cause bending moments within members accompanied by nonlinearity of
normal displacements, thus resulting in a lower buckling load for reticulated shells. The eccentricity at nodes
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should be as small as possible. Nevertheless, in the cases of complex node configuration, where several
members meet at a small node from different directions, some amount of eccentricity will be difficult to
avoid.
2.3.4 Geometric imperfection
In the case of single layer reticulated shells, the geometric imperfections should be considered in evaluating
buckling loads, and the magnitude of real imperfections should be as small as possible. The geometrical
imperfections are classified roughly into two components: one is global geometrical imperfection associated
with nodal deviations and the other is member crookedness. In a narrow sense, the former is often called
geometrical imperfection. The initial looseness at connections or joints, the eccentricity at connections, and
the discontinuity of gravity centerlines between joined members may be other types of geometrical
imperfections. Initial looseness of joints may be interpreted as a geometrical imperfection, and eccentricity at
connections and discontinuity of gravity centerlines might be modeled as induced bending moments at
nodes.
As described hitherto, the main feature of single layer reticulated shells is the resistance against external
loads by means of axial forces at the members (membrane action).
(1) In such structures, bending moments are likely to appear once geometrical imperfections exist. The
geometrical imperfections play a role as eccentricity, and amplify bending moments due to interaction
between the imperfections and axial forces of members.
(2) This interaction inevitably induces geometrical nonlinearity to structures before buckling, and as often
encountered, it reduces not only the elastic buckling load but also the buckling strength. Among many factors,
the global geometrical imperfection is the most influential to the buckling strength.
(3) Similarly to global geometrical imperfections, member crookedness also influences the buckling strength,
especially in the case of structures composed of slender members. This feature is similar to the phenomenon
in columns of ordinary high rise structures. Member buckling is then likely to appear in the case of members
with slenderness ratios over 80 or 100 (in a rough sense) as described before. Accordingly, consideration of
the magnitude and distribution of the imperfection are required in the design, and they are assumed
considering the fabrication of members and nodes as well as erection procedure on site. In principle, the
magnitude is assumed to be within the tolerance of fabrication and erection based on some standards. The
global geometric imperfections are to be discussed later in Chapter 3 and in Appendix D3.
2.3.5 Load distribution
Buckling loads of reticulated roofs change depending on the distribution of loads. Accordingly, the effect of
the distribution should be appropriately analyzed in the buckling load evaluation considering several possible
distributions: uniform loads, asymmetric snow accumulation, and combined loads of uniform and
concentrated loads over a local region. Especially in the case of single layer, the effects of a localized snow
load distribution should be carefully evaluated. (1) For example in the case of spherical domes under a
uniform load, the bending moments are small over the entire surface. However in the case of non-uniform
load, as locally piled or concentrated snow load (Fig. 2.21), bending moments are likely to be present within
members at the region of application of the load or near boundaries. (2) The bending moment distribution
will not decay rapidly, since members of some moderate length are used. (3) When the distribution of loads
is not well understood at the design stage, or effective amounts of information have not been found in the
existing literatures, experiments in any appropriate scale or on site investigations are desirable, otherwise a
careful and conservative distribution should be adopted in design as discussed for example in section 4.2.1.8
2.3.6 Initial tensions
In some cases, initial tensions are introduced to stabilize or to increase the strength of the structure. The
effects of such initial tensions should be investigated to predict the evolution of the initial tensions under
increasing loads.
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Considering, for example, the case of two-way grid shells where diagonal braces are tensioned for stabilizing
the structure and increasing the buckling load, investigations are required to know whether such initial
tensions are going to be exhausted under increasing external loads, how the evolution is processed, and

stiffener
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Figure 2.21 Localized distributions of load (Draw by S. Kato)
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Figure 2.22 Effects of diagonal bracing element and initial tensions (Draw by S. Kato)
accordingly, to predict whether the strength or stability is going to be lost. In case where a reticulated shell is
composed of grid members connected with very slender diagonal braces with pin-supports at all nodes, as
shown in Fig. 2.22(a), the diagonal braces are likely subjected to axial compression strains once dead loads
are applied. If there are no initial tensile pre-stresses introduced for the diagonal braces shown as brace A in
Fig. 2.22(a) they will not work effectively because they will not resist compressive strains under lateral
loading on the shell. However, if braces are initially pre-stressed before loading as shown by brace B in Fig.
2.22(a), they will work properly even under axial compressive strains, and they will provide in-plane shear
rigidity, leading to high elastic buckling loads. Such an example is also found in Photo 2.2 where a set of
diagonal braces are placed for a double layer reticulated shell.
Another interesting example is found in the case of Suspen-Domes, as shown in Fig. 2.22(b), where every
strut between the upper layer and the lower tension cable of circular plan is elongated with an internal device
to be subjected to compression. The compressive forces at the struts draw the tension ring inside and reduce
the tensile force of the tension ring, but also push up the dome, leading to a higher buckling capacity
(compared to a single layer dome) with roller-support at the circular boundary.
2.4 Method of analysis for elastic buckling and buckling strength
2.4.1 Analysis by calculation
In principle, hand calculation of elastic buckling loads and buckling strength is recommended in a first step
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of the evaluation. Such calculation scheme is possible in the case of geometrically regular shapes, and
several cases are explained later in Chapter 4. In case where such calculation would be very difficult or any
other difficult problems exist, FEM analyses should be applied appropriately step by step from geometrically
linear and materially linear analysis (GLMLA), geometrically linear and materially nonlinear analysis
(GLMNA), geometrically nonlinear and materially linear analysis (GNMLA), and finally geometrically
nonlinear and materially nonlinear analysis (GNMNA).
At present, theories for buckling strength have experienced great progress from the engineering point of view,
and numerous software packages have been intensively developed for analysis and design. Under these
circumstances, the elastic buckling load and buckling strength can be obtained based on such analysis
methods.
(1) In general, linear elastic analysis (LEA), other term for GLMLA, provides engineers with fundamental
properties of stresses, strains and displacements, considering many of the factors described above. From the
analysis, the effects of those factors can be clearly identified. Accordingly, this kind of linear analysis is very
effective to identify the fundamental structural properties, then leading to appropriate proportioning of
members, stiffeners at boundaries, and strength of connections.
(2) GNMNA directly provides us with buckling strength under various design conditions. However, such
direct analysis, if not accompanied by linear or elastic buckling analysis beforehand, only provides a single
value of buckling strength of the roof under design, and will not provide sufficient information on how
buckling strength changes depending on many design factors. Accordingly step-by-step analyses from linear
buckling analysis (LBA), other term for Eigenvalue analysis, geometrically linear and materially nonlinear
analysis (GLMNA), geometrically nonlinear and materially linear analysis (GNMLA), and finally to
GNMNA are desirable.
(3) This kind of step-by-step analysis produces effective and firm information for plastic limit strength,
elastic buckling load and buckling strength.
The procedure for evaluating buckling loads and strength is summarized as follows from (1) to (7).
(1) Modeling of structure: The geometry or form of the reticulated shell, characteristics of members and
connections at nodes, boundary conditions, intensities and distributions of design loads, magnitudes of
geometrical imperfections and member crookedness and other necessary design parameters, are assumed for
modeling the structure in issue.
(2) Evaluation of linear fundamental response: Based on linear elastic analysis, stresses, strains and
deformations are evaluated, together with the judgment of how they are influenced by the design parameters,
such as load distributions, boundary conditions, and geometrical imperfections, then followed by
proportioning the member sections and connections. Especially, since the stress responses and buckling loads
depend on the rate of semi-rigidity of connections, comparison of response between rigid connections and
semi-rigid connections is required, and the effect of its fluctuation of the value of rigidity at the connections
should be considered for member proportioning.
(3) Evaluation of elastic buckling load due to Euler’s member buckling: The elastic buckling load of a
reticulated shell due to member buckling may be approximately evaluated based on the minimum value
among the Euler’s buckling axial strains of all the constituent members under compression, assuming that,
when each member reaches its Euler’s critical strain calculated from the member length, the reticulated shell
starts to buckle. Especially in the case of single layer reticulated shells, this member buckling load is one of
the keys for the evaluation of the buckling strength.
(4) Evaluation of plastic limit load or squash load: The load under which one of the members within a
reticulated shell reaches first its axial yield load can be evaluated, only based on linear elastic analysis,
giving an approximation for the plastic limit load, or in other words, the squash load. When geometrically
linear and materially nonlinear analysis (GLMNA) is applied, an accurate value for the plastic limit load is
calculated. It will provide information about the way plasticization appears within a structure.
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(5) Evaluation of linear buckling loads: Based on linear buckling analysis (LBA), a linear buckling load
can be evaluated. The evaluated linear buckling loads are multiplied by corresponding elastic buckling load
reduction factors (also known as knockdown factors) to estimate an elastic buckling load. In this process, the
value of the knockdown factors should be selected based on the accumulated information considering
geometrical imperfections, load distributions, semi-rigidity at connections and other related factors. If the
resulting elastic buckling load is larger than a certain design-oriented value specified in some design codes,
then the structure is assumed safe against buckling. Otherwise or if more detailed investigation is required in
design, a more accurate elastic buckling load should be evaluated. However with respect to the
design-oriented value for the metal reticulated roof structures few discussions have been accumulated.
Example are shown in sections 4.2 and 4.4, and Appendices A, D1 to D4.
(6) Evaluation of elastic buckling loads: Based on geometrically nonlinear and materially linear analysis
(GNMLA), elastic buckling loads can be evaluated. Especially in the case where the effects of geometrical
nonlinearity and load distribution are expected to be large, the analysis should be repeated to investigate how
the buckling loads are reduced due to these factors. From this analysis, the design knockdown factors
corresponding to the magnitude of each design parameter are evaluated through division of the elastic
buckling load by the linear buckling load for each loading case. Considering these knockdown factors for
different loading cases, the minimum elastic buckling load is evaluated.
Usually, the first buckling mode is selected for the imperfection sensitivity analysis. However, in many cases
several other modes are required to investigate the imperfection sensitivity for more accuracy. If the resulting
elastic buckling loads are larger than the design-oriented specified value, the safety against the design dead
load might be reserved. Otherwise, or if more detailed investigation is required in design, the elastic-plastic
buckling loads should be evaluated.
With regard to load distributions same considerations are required similarly to evaluation of buckling loads,
and in some special cases the combined effects between geometrical imperfections and load distributions will
be required for the elastic buckling load.
(7) Evaluation of elastic-plastic buckling loads: Based on geometrically and materially nonlinear analysis,
elastic-plastic buckling loads, or in other words the buckling strength of the reticulated shell can be evaluated.
When the resulting buckling strength is large enough, compared with the intensity of the design load, safety
is determined. Otherwise, the process should be repeated from the beginning, assuming different member
sections and other related structural properties.
In the case where accumulated information exists for knockdown factors, even the above procedure (5) for
the estimation of the linear buckling load can provide the elastic buckling load under consideration of many
factors, especially the effect of geometrical imperfections, load distributions and semi-rigidity of connections.
Also, if the squash load or plastic limit load as well as elastic buckling load is calculated, the elastic-plastic
buckling load (in other words, the buckling strength) of the reticulated shell is approximately evaluated by
hand calculation based on design code or regulations for compression members, for example, based on
Dunkerley’s equation, which will be explained later in Chapters 3 and 4 and also in Appendix D3. This
procedure will be effectively applied for the buckling strength evaluation.
2.4.2 Analysis by experiments
As often encountered in construction of a new type of reticulated shell, especially when adopting a new
connection type at nodes or a new type for members, even a detailed analysis will not necessarily provide
firm information for design. In such occasions, experiment is truly effective, once a model, small or real size,
has been carefully prepared. Alternatively, investigation via FEM modeling may provide useful data if a
detailed model is implemented. Such detailed analysis will be effectively utilized in parallel to experiments.
The photo of Fig. 2.23 shows one example of experiment, in which members, connections and nodes of real
size were adopted to investigate the extent of semi-rigidity of connections. The rigidity of connection was
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separately investigated using a test node shown in Photo 2.23(a) and Fig. 4.1.49 to 4.1.52. The data in section
4.1 are one of valuable sources for connections.
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steel pipex
nose cone
M42x4 connector

(b)

(a) experiment of dome

connection and node

load
1500mm
600m

hydraulic cylinder
cylinder base
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ball
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d=139.5mm

reaction bed

counter balance

Figure 2.23 Experiment for semi-rigidity of connection (Draw by S. Kato, Photo by S. Kato)
2.4.3 Information about metal reticulated roof structures
At present we find many interesting publications concerning spatial structures. The references listed at the
end of this chapter are related to metal spatial reticulated roof structures for not only buckling load
evaluation, which is the main subject of this guide, but also structural characteristics of such structures. Some
of them have been published in a rather early period, from the viewpoint of history of spatial structures, and
from them we can trace the emerging trends of metal spatial structures. Some are rather new, and from them
we can know new developments, technologies and science. From all these documents we are able to find not
only how metal spatial structures have been developed and spread worldwide, but also how and in what
directions new types of metal spatial structures are being in progress.
Books, papers and special issues of IASS Journal [2.1~2.13] provide general information and new trends of
spatial structures including metal roof structures, while references [2.14~2.17] include information on
buckling load evaluation with a focus on design, analysis and construction. Especially document [2.18] gives
important suggestions for buckling load evaluation with emphasis on continuum method and elastic-plastic
buckling considering the effect of many factors. The last sources [2.19~2.24] specialize in and aim at
providing concentrated information of fundamentals for buckling load control and buckling load evaluation
of metal reticulated roof structures, from which many parts are effectively adopted in this guide.
References
[ 2.1] CEDEX & CEHOPU, The Structures of Eduardo Torroja, (Second edition in English), 2000.

21

(Draft) Guide to Buckling Load Evaluation of Metal Reticulated roof Structures, Oct., 2014.

[ 2.2] IASS, Fifty Years of Progress for Shell and Spatial Structures, (Editors Ihsan Mungan & John F. Abel),
2011.
[ 2.3] Z. S. Makowski, Steel Space Structures, Michael Joseph, London, 1965.
[ 2.4] R.J. Mainstone, Developments in Structural Form: The M.I.T. Press, 1983.
[2.5] E. Heinle, J. Schlaich, Kuppeln aller Zriten – aller Kulturen: Deutsche Verlags-Anstalt, Stuttgart,
1996.
[ 2.6] IASS, IASS Journal Vol. 42, n.1-2 (Guest Editor Masao Saitoh), 2001.
[ 2.7] IASS, IASS Journal Vol. 47, n.2 (Guest Editors T.T. Lan, S.D. Xue, B.B.Wang), 2006.
[ 2.8] IASS, Current and Emerging Technologies of Shell and Spatial Structures, Proc. of Colloquium, 1997.
[ 2.9] J. Chilton, Space Grid Structures, Architectural Press, 2000.
[2.10] G.S. Ramaswamy, M. Eekhout, G. R. Suresh, Steel Space Frames, Thomas Telford, 2002.
[2.11] S. Narayanan, Space Structures Principle and Practice, Multi-Science Publishing Co, Ltd., 2006.
[2.12] Architectural Institute of Japan, Dome Structures in Japan, Architectural Institute of Japan, 2004, (in
Japanese).
[2.13] E. Ramm, Shape Finding of Concrete Shell Roofs: IASS Journal, Vol. 45, n.144, pp.29-39, 2004.
[2.14] L. Kollar, I. Hegedus, Analysis and Design of Space Frames by the Continuum Method, Elsevier,
1985.
[2.15] Architectural Institute of Japan, Spatial Structures - Seismic Design and Realization in Japan, Spatial
Structures, 2001, (in Japanese).
[2.16] Architectural Institute of Japan, Dynamic Behavior and Seismic Design of Spatial Structures, Spatial
Structures, Architectural Institute of Japan, 2006, (in Japanese).
[2.17] Dong Shi-lin, Analysis, Design and Construction of New Space Structures, China Communications
Press, 2006, (in Chinese).
[2.18] IASS, Recommendations for reinforced concrete shells and folded plates, IASS, 1979.
[2.19] Y. Tsuboi, IASS WG on Spatial Steel Structures, Analysis, Design and Realization of Space Frames,
IASS Bulletin n.84/85, 1984.
[2.20] L. Kollar, E. Dulacska, Buckling of Shells for Engineers, John Wiley & Sons, 1984.
[2.21] S. Z. Shen, Xin Chen, Stability of reticulated shells, Science Publication, 1999, (in Chinese).
[2.22] Architectural Institute of Japan, Stability Analysis of Single Layer Latticed Domes State-of-Art
(Editor K Heki), Architectural Institute of Japan, 1989, (in Japanese).
[2.23] Architectural Institute of Japan, Buckling and Strength of Latticed Shells; Architectural Institute of
Japan, 2010, (in Japanese).
[2.24] C. J. Gantes, Design Strategies for Controlling Structural Instabilities, International Journal of Space
Structures, Vol.15, Nos. 3&4, pp.167-187, 2001.

22

Chapter 3 Principles for evaluation of elastic buckling load and buckling strength
In section 3.1 of the present chapter, modeling of surface and geometric imperfections, members and
connections, boundary conditions, and design loads in the ultimate limit state are described. In section 3.2
linear elastic analysis is presented as a means for grasping the global characteristics in terms of stresses and
displacements. Then, different analysis methods for buckling are discussed; in section 3.3 evaluation of
buckling load for reticulated shells composed of very slender members, in section 3.4 squash load or plastic
limit load based on geometrically linear and materially nonlinear analysis, in section 3.5 evaluation of linear
buckling loads based on linear elastic buckling analysis, in section 3.6 evaluation of elastic buckling load
including reduced stiffness buckling load based on geometrically nonlinear and materially linear analysis,
and in section 3.7 buckling strength evaluation based on geometrically nonlinear and materially nonlinear
analysis. In section 3.8 an approximate evaluation method of elastic-plastic buckling load (buckling strength)
is described using the column strength curve based on structural characteristics of a representative member,
followed in section 3.9 by a more accurate evaluation method for elastic-plastic buckling load (buckling
strength) using the squash load. In these approximations, advantage is taken of the effectiveness of linear
buckling analysis, while in section 3.10 the concept of evaluating safety against buckling strength in the
ultimate limit state is described, then followed in section 3.11 by comments for free form reticulated shells,
finally in section 3.12 by a flow chart for buckling load evaluation.
3.1 Modeling of structure and design load for ultimate limit state
3.1.1 Modeling of surface and geometric imperfections
Modeling of surface: A single layer reticulated shell is presented by a single sheet for the middle surface, on
which nodes and members placed. Members, straight or curved, are connected to the nodes to organize a
structural system within this single sheet, as shown in Fig. 3.1(a). A double layer reticulated shell is formed
based on its middle surface, shown in Fig. 3.1(b), and nodes are placed on both the upper and lower surfaces
being apart from its middle surface, and they are connected by web members to be effective for out-of-plane
shear forces and to give a stabilized structural system of large bending stiffness. Typical structural systems
for connecting members are shown in Fig. 3.2, and reticulated shells are usually formed by combination
between the network, square or triangle, and the layer system, frame system or unit system.
In most cases of double layer reticulated shells, the members do not vary so much in strength and rigidity
and the distance between the two surfaces are almost constant from place to place. Their structural properties

imperfection

undeformed middle surface

undeformed middle surface

(a) single layer reticulated shell
(b) double layer reticulated shell
Figure 3.1 Middle surface (Draw by S. Kato)
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can be replaced into and analyzed as an equivalent single layer one with a uniform equivalent thickness.
Otherwise, they are represented based on a general 3-D configuration, common to other building structures
without using a concept of middle surface.
In the stage for representing their global geometry, geometric imperfections are excluded. The middle
surfaces before deformation is used as its original reference to present deformations and imperfections.
Double layer

Single layer

frame system

Unit system

Square
network

Triangle
network

Figure 3.2 Systems for single and double layers (Courtesy Tomoe Corporation)
Modeling of geometric imperfections: Global configuration for structural analysis is defined based on the
middle surface. In the case of single layer, geometric imperfections of the surface are considered as
deviations from the original and perfect surface in the design stage, and the magnitudes are required in order
to define the displaced nodal positions before loading. As shown in Fig. 3.3, in one case (left) the deviations
are expressed in terms of two horizontal displacements ui0 and vi0 in the X and Y directions and the vertical
displacement wi0 in the Z direction. In another case (right), two tangential displacements ui 0 and vi 0 in the



e1 and e2 directions and the displacement wi 0 in the direction en normal to the middle surface may be
adopted. Either of these modeling options is possible.


en , wio
wi0

Z


e2 , vio


e1 , uio

Z

vio

ui0
Y

Y
X

Cartesian coordinates

X

curve-linear coordinates

Figure 3.3 Coordinates for resenting geometrical imperfections (Draw by S. Kato)
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In the case of double layer system, the imperfections can be also modeled referring to the middle surface,
since most of them look like a single sheet from a view point of global configuration. However, in analyzing
them by computer softwares, most of them tend to be treated as a general 3-D structure, and accordingly, the
imperfections tend to be treated also based on 3-D structure. We note that, in the case of double layer system,
the buckling strength is not reduced so much due to global geometric imperfections, and strict considerations
will not be required for buckling load evaluation. When such consideration is still needed for some special
reasons, deviations of the upper and lower surfaces are modeled using the displaced nodal positions instead
of the original positions, similarly to single layer reticulated shells.
Magnitude and distribution of geometric imperfection for design calculation: As explained in sections
2.1.2 and 2.3.4 with respect to imperfection sensitivity of shell-like structures, the magnitude of actual
imperfections should be as small as possible, in order to avoid buckling load reduction due to imperfections.
Typical geometric imperfections are roughly classified into two types; one is global geometric imperfection
and the other one is member crookedness. The present section puts emphasis on the former imperfection,
since shell-like buckling is the most significant factor in the design of single layer reticulated shells. As later
explained in section 3.6, a difficulty arises in design stage to define not only the magnitude of imperfection
but also their distribution over a reticulated shell. Although these difficulties exist, one appropriate method to
model imperfections in design stage is first to estimate the magnitude of displacements under fundamental
design loads and then to take measures to avoid the imperfections of these level and distribution in
fabrication and construction. Another method is to refer to some specification on tolerance for fabrication
and erection of steel structures. Usually, such a specification imposes limitations to geometric imperfections
for quality control [Appendix C].
With respect to the distribution and magnitude of geometric imperfections to be supposed in design stage, the
design engineers may select among several concepts, as there is no single best method. (1) One traditional
method for the distribution over the surface is to adopt a linear combination of several buckling modes, as
shown in Fig. 2.20(a), obtained from linear buckling analysis. Usually two or three lowest buckling modes,
but being different, are sufficient. (2) Another alternative method, given in IASS Recommendations for RC
shells is to adopt a distribution proportional to the displacements due to a design load, for example, dead load
and/or snow load. (3) In case where a large local snow accumulation is anticipated at a particular location on
the roof or local buckling is expected to appear due to some specific reasons, a dimple or localized
distribution, as shown in Fig. 2.20.b, due to such local loads will be effective for design use. (4) In some
cases several lower buckling modes obtained based on RS buckling method could be added.
Moreover, in addition to the distributions, the peak amplitude of the imperfection is a key factor and should
be assumed considering many construction factors throughout the entire process from fabrication at the
factory to erection at the construction site, all giving rise to eventual imperfections. (5) Unskilled node and
connection technology will have severe consequences, and eccentricities as shown in Fig. 2.19 are
introduced at the nodes as well as distortions of members, even at the stage of drawing. (6) Fabrication at the
factory includes inevitable geometric errors. (7) Erection methods may cause certain amount of errors in
height of supporting columns under a roof. (8) If high temperature welding is applied on site, residual
stresses and distortions are added. (9) If there is some amount of looseness or gap at connections,
displacements are caused without loading, just after removing the temporary supports. (10) For some
boundary conditions a large temperature change will cause a relatively influential geometric imperfection.
(11) Lack of experience with actual construction will amplify the possibility of unexpected large amplitude
of geometric imperfections. Since the effects of many factors, known and unknown, are amplified due to
superposing action, a conservative consideration should be adopted in design, in order to reduce the
imperfections. As mentioned above, some design standard or specification for fabrication of steel structures
may be effective to assume the imperfections. Some descriptions are given in Appendices C and D4.
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From a conservative view point, by referring to accumulated but limited information ever presented in IASS
Symposia, papers of the IASS Journal, and related others concerning buckling of metal reticulated roofs, the
present Draft assumes that the peak magnitude of global geometric imperfections should be smaller than
20% of the equivalent shell thickness and 0.001 times the entire span of roofs
3.1.2 Modeling of members and connections
Modeling in case of single layer reticulated shells: Several types of members and connections are shown in
Table 3.1 and Photo 3.1. Assuming that, in ordinary cases, a single layer reticulated shell is composed of line
elements subjected to axial forces and bending moments, both ends of each member should be modeled as
rigid or semi-rigid for transferring the bending moments with respect to out-of-plane behavior. In this case
3D beam elements as shown in Figs. 3.4 and 3.5 are recommended for the members.
Fig. 3.5 shows alternative 3D beam elements and corresponding options for the connections. Model 3.5(a)
represents a fully rigid connection with respect to both principal axes of the member, and the beams are
assumed to be directly connected to the nodes without intermediate connection elements. The length of the
connection is neglected for brevity. Models 3.5.b and 3.5.c represent for semi-rigid connections with respect
Table 3.1 Members and connections (Courtesy Tomoe Corporation)
node for connection

direct connection

spherical node

special type

welding
connection

(a) tubular joint

(b) welded ball joint

(c)

SDC system

bolt
connection

(d) bolt connection for flattened
node

(f) gusset plate and bolt

(e) screw ball joint

U bolt，
fit
jointwedge

(g) U-bolt（Lederer dome）

(h) spherical fit joint
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(a) Circular tube with semi-rigid connection

(c) Angle section for flange and flat bar for web

(e) flat box of relatively thick plates

(b) Square section with rigid connection

(d) H section with rigid connection

(f) aluminum circular tube as pin in the normal direction

Photo 3.1 Members and connections for various types (photos (a, b, c, d, f) Courtesy Tomoe Corporation,
photo (e) by S. Kato)
to both principal directions. For this modeling two options are possible. One is to use a small element of
finite length having rigidity compatible with the rigidity of the connection. These short elements must have
biaxial function in order to model correctly moment-rotation relations about both principal axes. The other
option is replacement of the connection by springs for both axial and bending actions. Connection rigidity is
represented by appropriate spring constants, also having biaxial function. In these three cases, the length of
the rigid region around nodes may be included in the analysis, however, it may also be neglected except for
capturing node rotation buckling.
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Figure 3.4 Members and connection (Draw by S. Kato)
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Figure 3.5 Modeling of member and connection (Draw by S. Kato)
Modeling in case of double layer reticulated shells: Under the common assumption that double layer
reticulated shells are composed of truss elements with only axial resistance, both ends of each member are
modeled as pin joints for transferring only axial forces without bending moments to adjacent members
through the connections. However, in the case that safety against member buckling and node rotation
buckling are investigated, as explained in sections 3.3.1, 3.5.3 and 3.10.1, bending rigidities need to be
evaluated apart from the pin-joint assumption. Especially, caution is required in the case of extremely weak
bending rigidity at the connection, which might lead to node rotation buckling looking similar to the
deformation of Fig. 2.9.
3.1.3 Modeling of boundary conditions
As explained in Chapter 2, boundary conditions have significant effect on buckling strength. Several cases of
boundary conditions are illustrated in Figs. 3.6 to 3.9: pin-support, simple support, roller support, free edge,
elastic support, and support by stiffeners depending on assumed plans.
Circular plan: In case of domes with a circular plan, two types are often employed, as shown in Fig. 3.6.
One is a roller support along the periphery of the dome base, accompanied by a tension ring of relatively
large section (Fig. 3.6(a)). In this case horizontal thrusts are resisted by the tension ring, thus no horizontal
reaction develops at the supports due to the vertical loads on the roof. Another typical case (Fig. 3.5(b)) is a
pin support along the periphery of the dome base, on which the dome directly rests, so that horizontal
reactions develop and buttresses are needed to resist the thrust due to vertical loads on the roof shell. A
typical example of pin support using a reinforced concrete disc of a circular plan is shown in Photo 3.2.
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Recently a new system (Fig. 3.7) has been realized, called Suspen-dome. In this case, a cable system is
provided at the circular periphery, which is equipped with an efficient system to introduce initial stresses, not
only to reduce the stress of the tension ring, but also to upgrade buckling strength by reducing the geometric
nonlinearity near the boundary before reaching buckling. The boundary may be supported by a series of
upright columns or a circular foundation, on which the shell is supported, as if by rollers on a circular plan.

(a) support by tension ring

(b) support by buttress

Figure 3.6 Circular plan (Draw by S, Kato)

（b）compression ring at cornice

(a) tension ring for pin-support

(c) tension ring at base and compression ring at cornice

Photo 3.2 Circular plan (Lederer Dome : photo (a) by S. Kato, photo (b, c) Courtesy Tomoe Corporation )
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Principal Components of
Hikarigaoka dome
(a) photo under experiment

(b) fundamental system

Figure 3.7 Suspen-dome of Hikarigaoka [3.1, 3.2] (Courtesy Tatemichi)

(a) pin support condition

(b) simple support condition

roller in this longitudinal direction

pin-support

(c) semi-simple support
roller in both directions

Figure 3.8 Boundary conditions for square plan (Draw by S. Kato)
Square plan: The three support types shown in Fig. 3.8 are also often applied. One consists of pin supports
at all four peripheries (Fig. 3.8(a)). Displacements in all three directions are fixed, while the three rotation
degrees of freedom xyandz are free. This boundary condition causes outward thrusts under vertical
loads on the roof surface. Accordingly, a stiff structure to support the roof should be provided, so that
horizontal displacements at the supports are practically avoided. Another typical boundary consists of simple
support conditions along the edges (Fig. 3.8(b)), where the horizontal movement is allowed in the direction
normal to the boundary and the other two movements are fixed, while the three rotations xyandz are
free. In this case, reactions along the vertical and tangential directions appear, and accordingly edge beams
and vertical columns are required to resist the in-plane and out-of-plane forces from the roof with relatively
small displacements near the boundary. At the four corners one can select either pinned supports (Fig. 3.8(b)),
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or rollers in both horizontal directions (Fig. 3.8(c)) in order to avoid thermal stresses.
Triangular plan: Another typical boundary condition is shown in Fig. 3.9, where all three sides are stiffened
by edge beams of relatively large cross section, and these edges beams are fixed at intermediate columns and
three corners. In this case most of horizontal reactions concentrate at these three corners, and heavy
foundations or a set of large tie beams at the foundations are required to resist the forces from the roof and to
suppress horizontal and vertical displacements.
Free form: In case of free form reticulated shells, their plan has a large flexibility as shown in photo (a) of
Fig. 3.10, and the plan will be more arbitrary as in Fig. 3.10(b). Edge beams or supports need to be provided
consistent to many design factors, since few experiences have been accumulated for such a new system. One
important factor in the case of the roofs being supported by edge beams is buckling of these beams
themselves. One example is shown in Fig. 3.10(b). Edge beams are usually supposed to support shells at
their periphery. However, if the load carrying capacity of edge beams is not enough, edge beams are likely to
collapse or buckle earlier than the inside shell. Accordingly, for this kind of boundary, a comprehensive study
will be required based on buckling analysis to see whether the shell or the edge beams buckle or collapse

(a) view of Gunma Insect Museum (Photo by S. Kato)

(b) boundary conditions and first buckling mode
[3.3](Courtesy Y. Kanebako)

Figure 3.9 Single layer reticulated shells of a triangular plan
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B

(a) Great court (photo by Nakazawa)

(b) six supports (Draw by S. Kato)

Figure 3.10 Free form reticulated shells
first, and to avoid an unexpected failure, by performing a thorough investigation of buckling modes. One
example is shown in Fig. 3.9.b for a triangular plan. Thus, not only member proportioning to keep the shell
safe, but also appropriate design to avoid failure of the edge beams under applied loads of low intensity is
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demanded.
Boundary condition and effect of temperature change: When boundaries are fully rigid, structures may be
subjected to relatively large stresses due to temperature change, depending also on their size, geometry and
structural system. Accordingly, some looseness will be often provided at supports to release thermal stresses.
On the other hand, for transmitting roof dead loads, wind and earthquake forces to substructures, relatively
rigid connections are demanded. In this kind of trade-off relation, some devices, for example elastic or
visco-elastic supports may be effective. Some examples of sliders (New Shanghai Botanical Garden), base
isolation (Yamaguchi Kirara Dome) and thin elastic supports (Kita-Kyushu Dome) are found in the
presentations in IASS Symposia.
Temperature change raises thermal stresses, and it also causes displacements of roof surfaces in case of both
pin boundaries and simple support boundaries, especially if the roof is subjected to a high temperature on
one side and a low temperature on the other side. This kind of temperature change will both act as geometric
imperfection and induce initial stresses
3.1.4 Design load for ultimate limit state
In this guide it is assumed that buckling strength is checked for the ultimate limit state, and especially two
cases are considered: one is a combination of dead load and severe seismic/or wind load, and the other is a
combination of dead load and heavy snow load. Depending on the project requirements, we commonly use
one among two types of design approach: one is Allowable Stress Design (ASD), and the other is Load and
Resistance Factor Design (LRFD). In the two methods, load combinations for the ultimate limit state are
specified as follows with emphasis on dead load D and snow load S.
(ASD) In this type, a common load factor F.S (a single global load factor) is assigned.
Dead, live and snow load loading: F.S(D+L+S)
where F.S denotes a factor of safety in other words for ultimate limit state, and L denotes live lad.
(LRFD) In this type, different loads factors are applied depending on loads.
Dead loading:  DD D +  DL L
Snow loading:  SD D +  SL L +  SS S
where the coefficients  DD and  DL are the load factors respectively for dead and live load in dead
loading type, and  SD ,  SL and  SS are the corresponding load factors for snow loading type.
Usually, nominal values are adopted for D, S and L, and they are called characteristic loads. The nominal
design snow load is usually evaluated based on a certain return period like 50 years, and the load factors are
determined considering the life time (service time) of the structure and the desired reliability index . These
values of nominal loads and load factors for design may be obtained from a design code of the country or
region where the structure is to be built. Several examples are given in Table 3.2 for the limited cases related
to dead, roof live load, and snow loads but excluding important other cases of wind, earthquake and
temperature loads. In the case of roof structures, construction load C will be important especially when some
special kind of erection method is applied.
With respect to roofs, the dead load has a tendency not to fluctuate, however, snow loads are of different
nature and a little difficult to prescribe. The reasons are as follows: (1) the climate may change independently
of observations and experiences obtained within a relatively short period like 50 to 100 years, (2) large or
memorial spatial roofs will have been in service for more than 50 years as several such historical structures
have been in service, and in this case, a service time will be more than 100 years. For this kind of long
service life we should also assign larger load factors if a same reliability index is adopted. Accordingly, we
need a conservative study [3.4] for snow load factor  SS . (3) Another reason is related to the distribution of
snow accumulation on a roof. Usually a roof is realized as a curved surface, and snow accumulation differs
from place to place, being not uniform throughout the roof. (4) Due to wind, snow may drift on one side,
resulting in a local pile over the roof. Especially, shallow single layer reticulated shells are sensitive to this
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kind non-uniform loading due to locally large snow accumulation. In some cases, during a moderate duration
of more than several weeks, snow has a tendency to be iced or absorb water, thus acquiring a large mass
density leading to a large snow load. (5) If a structure has been built in summer and such structure
experiences a large snow fall in winter, it is likely to be subjected to, in addition to a large snow load,
displacements as initial imperfections due to shrinkage caused by low temperature. Accordingly, in addition
to a conservative judgment of the service time and reliability index in a usual sense, distribution and snow
density should be determined in design cautiously. Several discussions about factors of safety in existing
codes are given in Appendix D1.
One notice is given here to show that Kollar and Dulacska [3.5] have proposed 1.75 for F.S applied to plastic
limit together with a partial factor, 2.50/1.75, for elastic buckling [Appendix D3].
Table 3.2 Examples of load factors for ultimate limit state [Appendix D1] (Draw by S. Kato)

Load & Resistance Factor
Design, AISC, 2005
Chinese Code
Recommendations
for
Limit State design of Steel
Frames, AIJ, 1998
Recommendations
for
Limit State Design of
Buildings, AIJ, 2002

snow loading

loading
1.4D,

1.2D+1.6S

0  0.85

50 year return period for S

1.35D

1.2D+1.4S

0.93 (235N/mm2 class)

50 year return period

1.3D

1.1D+0.6L+1.4S

0.90

reliability index =2.0 for 50
year service time and 50 year
return period
reliability index =3.0 for 50
year service time and 100 year
return period.
 R =average column resistance
Rn =nominal column strength

Spanish code
CTE - SE

note

compression member

1.0D+0.45L+1.60S

0.60 R / Rn

Here  R / Rn  1.25
is assumed.

to be studied in near
future.

BS code

Eurocode 1 and 3

resistance factor for

ead

1.35D

1.35D+1.5S
1.35D+1.5L
1.35D+1.5S+0.9L
1.35D+0.9S+1.5L
1.35 D + 1.5 S or
1.35 D + 1.5 L +
(0.5 x 1.5) S for
altitude < 1000 m

1.0

May be modified by National
Annexes of Eurocode 1

Same as Euro code

3.2 Linear elastic analysis to identify fundamental responses
3.2.1 Linear elastic analysis
When a finite element method based on both geometrically and materially linear analysis (LEA or GLMLA)
is applied to a structure composed of many elements, nodal coordinates in 3-D are prepared by specifying the
geometry of surface together with structural data for not only members but also connections. In deriving the
following set of simultaneous equations expressed in matrix form, Eq.(3.1), appropriate boundary conditions
are assigned considering the restraints of each node and each support. The analytical model thus prepared
provides information to evaluate displacements, strains, and stresses.

 K E D    P ;  K E D0    P ;

 1

33

(3.1)

(Draft) Guide to Buckling Load Evaluation of Metal Reticulated Roof Structures, Oct., 2014.

where  K E  is the geometrically and materially linear stiffness matrix,  P  denotes a load vector
considering the load distribution of a design load corresponding to any among the pertinent load
combinations, and  is a factor of loading increment. Eq.(3.1) gives  D0  as the displacement vector due
to a considered design load as given by =1. The subscript 0 denotes that the fundamental response under a
design load  P  is given by Eq.(3.1) for LEA.
As already described, LEA provides structural engineers with fundamental information about stresses, strains
and displacements, depending on many design factors. From a set of such analyses, the effects of (1)
geometry or form of the surface, (2) boundary conditions, pin or roller, (3) edge stiffeners at the boundary,
(4) bending moments due to geometrical imperfections, (5) load distributions, (6) rigidity of connections, (7)
temperature change, and (8) other important factors, can be investigated in order to conclude how each factor
influences the fundamental response. Accordingly, this kind of linear elastic analysis is essential to identify
the fundamental structural properties, then leading to an appropriate structural design.
3.2.2 Representative load
For the load  P  varied on a roof with a specified distribution, a single value is selected for convenience
to represent the characteristic magnitude. It may be a vertical load at some node, here denoted by P0 at the
representative node in this guide, or the maximum load intensity q0 per unit area for some certain area here
denoted by the representative area. The loads P0 and q0 are defined as the representative loads at the
specified node and the specified area. As later explained for example, the ultimate strength is to be calculated
as cr P0 using a factor cr , which corresponds to buckling strength. Accordingly P0 can be any load value
except for 0.0, and if P0 is prescribed equal to 1.0 in the analysis, then cr corresponds to the value of
buckling strength.
3.2.3 Linear response of displacements, axial forces and bending moments
In design calculation, one may use an FEM analysis in the case of complex forms and boundary conditions
or a continuum shell theory in the case where load distribution and boundary conditions are simple and
compatible with mathematical solutions. From these solutions, either FEM or a continuum shell solution,
fundamental responses of displacements  D0  at nodes, axial force N 0 j and bending moments M 0 j of the j
th element are evaluated. Usually we may assume that membrane action prevails and that the effect of
bending moments will be rather smaller than in ordinary moment frames. However, in the area near the
boundaries bending moments increase, and the members should be proportioned not to cause large lateral
displacements near those areas, otherwise geometrical nonlinearity is likely to appear before buckling and to
be followed by reduction of buckling strength.
3.2.4 Effects of uncertainties of boundary conditions, semi-rigidity at connections and other factors
It is difficult to realize pure pin supports and it is also difficult to assume or define geometrical imperfections
for design use before construction. Similarly to these factors, many uncertainties exist in both design and
realization. Accordingly, we might be asked to investigate how response of stresses and deformations
changes depending on such uncertainties existing in modeling of form, boundary conditions, semi-rigidity of
connections, load distribution, geometrical imperfections and other related factors. Since linear elastic
analysis is simple and easy to perform repeatedly if FEM is applied, analysis repetition is desirable to grasp
the effects of fluctuations related to such uncertainties. For example, the effects of fluctuations involved in
semi-rigidity of connections or even in geometrical imperfections are relatively easily addressed by changing
the spring constants of the semi-rigid joints or the nodal coordinates. Once large axial forces and bending
moments are found to appear due to some factors, the shape of surface, cross sections of members,
connections and elastic constants at supports will be re-proportioned to avoid early yielding of members or
local unstable large deformations.
3.2.5 Representative member defined as most relevant to buckling
Among all members under compression, the member j for which the absolute value of normal stress
(3.2)

N 0 j / Aj

34

Chapter 3 Principles for evaluation of elastic buckling load and buckling strength

is the largest, is selected and defined as the representative or specific member. Here Ai denotes the cross
sectional area of j th member. This member is considered to yield faster than any other compressive member,
when applied loads are increased from zero to a specified amount. The axial force of the representative
member is denoted as N 0 ( m ) .
3.3 Evaluation of buckling load of reticulated shells composed of very slender members
3.3.1 Member buckling load of reticulated shells due to Euler’s member buckling
Along with increment of the loading factor  in Eq.(3.1), the axial force of j th member increases linearly
as  N0 j in the case of linear response. Just for convenience of analysis despite of the rigid or semi-rigid
connections, assuming that connections of members at nodes are pinned, the elastic buckling load of
reticulated shells due to Euler’s member buckling can be approximately evaluated. Since, especially, single
layer reticulated shells may be assumed unstable after member buckling, the global stability may be lost once
any one of the compressive members first reaches its critical axial force associated with Euler’s buckling.
The Euler’s buckling load N Ej for the j th member is here assumed as

N 
E
j

 2 Es I j

(3.3)

k j2

where Ij is the weakest second moment of inertia of the member’s cross-section, and  kj is the equivalent
buckling length associated with Euler’s member buckling, and in some cases determined in consideration of
restraining effects of the member at its end nodes.
The member which reaches its Euler’s member buckling load faster than others is defined here as member E,
and the loading factor for the member buckling is defined as  E .

 N0 ( E ) 
E

then,

E 

 2 Es I E

(3.4.a)

k E2

 2 Es I E

(3.4.b)

N0 ( E ) k E 2

Accordingly, the buckling load of reticulated shells due to Euler’s member buckling is given as follows.

P0E   E P0 , q0E   E q0

(3.5)

Usually in the case of Euler’s member buckling of each constituent member, the axial capacity N E cr ( kE )
including the effect of material plasticity is defined based on some column strength curve, for example as
given in Table 3.3 in section 3.8, in terms of the equivalent buckling length. The buckling strength of the
entire structure due to member buckling can then be approximately obtained using the following equation.

crE N 0 ( E )  N E cr ( kE )

(3.6.a)

then,

crE  N E cr ( kE ) / N 0 ( E ) ; P0Ecr  crE P0 , q0Ecr  crE q0

(3.6.b)

As mentioned above, the strength may be lost in single layer reticulated shells once Euler’s member buckling
occurs in any member. On the other hand, double layer reticulated shells may be a little more redundant than
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single layer reticulated shells, however, load carrying capacity will be soon deteriorated. Therefore their
buckling strength is also approximately determined based on the present assumption.
3.4 Plastic limit load (squash load) based on geometrically linear and materially nonlinear analysis
Geometrically linear and materially nonlinear analysis (GLMNA) can trace the load-displacement
relationship for reticulated shells for increasing loads under an assumption that displacements are sufficiently
small so that geometric nonlinearity is not relevant. GLMNA is also called pushover analysis. The results are
given as shown in Fig. 3.11. In the case of double layer system, an assumption may be made that members
are subjected to axial force only, either tension or compression. Since double layer reticulated shells may be
stiffer, thus less susceptible to geometric nonlinearity than single layer shells, their load carrying capacity
may be evaluated based on GLMNA only, with proper caution to consider the deterioration due to member
buckling. Also in the case of single layer systems, such analysis can be effectively applied to evaluate the
maximum load from pushover analysis. The maximum load obtained based on GLMNA is called plastic limit
load or squash load. It is denoted here as PSQ, depending on an assumed critical displacement or strain for
design use. The corresponding representative load can be written as P0SQ or q0SQ , according to the
representative load P0 or q0 . Since single layer reticulated shells may behave similarly to continuum thin
shells in membrane action, their load carrying capacity can be obtained by analysis assuming that all
members are subjected to complete elastic-plastic hysteresis without buckling and with large plastic bending
capacity. If bending moments play a role to some extent in the load carrying capacity, such a consideration
leads to a more accurate plastic limit load or squash load if the analysis is performed based on GLMNA
taking into account the strength interaction between axial force and bending moments.
P

PSQ
A

B

C

Pm0SQ
P
Assumed disp.

C

δ

Figure 3.11 Squash load as ultimate limit load based
on GLMNA (Draw by S. Kato)

A

B

Figure 3.12 Model for node rotation buckling
(Draw by S. Kato)

For simplicity and convenience, we may assume approximately that a critical load for which any one of the
members reaches its axial yield strength represents the first plastic limit load or first squash load. Such
values are denoted here as Pm 0SQ or qm 0SQ with subscript m representing that this value concerns the
yield of the representative member. These values can be obtained simply based on LEA. If a relationship
between Pm 0SQ and P0SQ is found from ever accumulated data or pushover analysis of each structure
under design, it may be expressed by using a modification factor  SQ for squash load or plastic limit load.

P0SQ   SQ  Pm 0SQ

(3.7)

If  SQ is assumed equal to 1.0, the value of P0SQ corresponds to Pm 0SQ . Fundamentally, the value of  SQ
is a factor to be searched based on GLMNA..
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3.5 Linear buckling loads based on eigenvalue analysis
Two methods may be applied to evaluate linear buckling loads Pcrlin based on eigenvalue analysis;
numerical method and experiment. If very complex behavior is expected and the former method is not
expected to be effective and reliable, experiments are indispensable. However, if the scale of experiments is
too small to produce realistic conditions for buckling or if the law of similarity between actual scale and a
scaled model is difficult to achieve in the experiment, numerical simulation may be the best option. For
buckling problems eigenvalue analysis or linear buckling analysis (EVA or LBA) based on FEM numerical
analysis is very powerful even in the case that load distributions are non-uniform, boundaries are irregular,
members are different from place to place, and other irregularities exist. On the other hand, for an ideal
problem, for example, of a spherical shell on simple-support boundary, a mathematical method [Appendix A]
using Fourier series or similar other methods will be simple and alternatively efficient. However, in most
engineering problems with complex configuration and boundary conditions, FEM will be selected as an
analysis tool. In this section, several schemes for buckling analysis are explained depending on the types of
buckling.
3.5.1 FEM for linear buckling load
Based on Euler’s criteria for stability, an equation for linear buckling analysis is obtained as follows:

  K     K  D   0
E

(3.8)

G

where  K G  is the geometric stiffness matrix expressing the effect of initial stresses exerted under a design
load, and is the loading factor which should be satisfied in the eigenvalue problem of Eq.(3.8).
Eq.(3.8) gives a set of solutions for eigenvalue iand linear buckling mode  Di  for the mode i. Usually,
the lowest positive eigenvalue is selected as the first buckling load, and the buckling modes and
corresponding loads are numbered as the first, second, and so on. 1 is the lowest eigenvalue representing the
lowest loading factor satisfying Eq.(3.8), and it is expressed as crlin1 or crlin without subscript 1.
Consequently,  Dcrlin  represents the first buckling mode. According to the notation for the representative load
P0 or q0 , the representative linear buckling loads are denoted using crlin as follows.

P0lincr  crlin P0 ; q0lincr  crlin q0

(3.9)

In consequence, the linear axial buckling force of the representative or specific member is defined by
Eq.(3.10) using the axial force N 0( m ) under the representative load P0 .

N 0lincr ( m )  crlin N 0( m )

(3.10)

The representative member is selected, as aforementioned, as the one that is the first to yield among the other
compressive members under the loads being increased proportionally to a design load in issue.
This kind of LBA will be powerful to investigate several other types of buckling behavior. For example, the
effect of Euler’s member buckling of constituent members on the overall buckling of reticulated shells can be
approximately evaluated, taking care that each constituent member is modeled with at least two line elements,
to capture more accurately the member buckling behavior. In this approximation, the assumption that the
nodal displacements, not the rotational displacements, after linear buckling could be neglected in Eq.(3.8)
leads to a practical numerical scheme.
3.5.2 Shell analogy for shell-like buckling or global buckling
Analysis based on shell analogy provides us with an efficient solution in the case that reticulated shells can
be approximately replaced by continuous shells of uniform thickness. For such reticulated shells of spherical,
cylindrical and HP forms, where uniform or almost uniform members are utilized and uniform or almost
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uniform loads are applied, we may find explicit expressions for linear buckling loads [Appendix A].
Similarly to the case based on FEM solutions, solutions of Eq.(3.8) as eigenvalue problems are obtained. In
this case, solutions for buckling load q0 are expressed commonly as the intensity per unit surface, followed
by the expression for buckling load corresponding to vertical load P0 being the representative load at one
node. They are expressed similarly to Eq.(3.9). However, we need to keep in mind that member buckling is
not included in the continuum shell analogy. The mathematical solutions can explicitly express their
characteristics of buckling, and in consequence we may investigate and judge what kinds of design factors
are important. In most cases, we may express the linear buckling loads in terms of member slenderness ratio
0, subtended half angle 0 and other related factors. Some examples for formulas of linear buckling loads
are found also in the books by Kollar and Dulacska [3.5], Tsuboi[3.6], Heki [3.7], Architectural Institute of
Japan [3.3], Shen and Chen [3.8, 3.9], Samuelson and Eggwertz [3.10], Rotter and Schmidt [3.11], as well as
in the papers [3.12, 3.13, 3.14, 3.15, 3.16, 3.17, 3.13, 3.19, 3.20], and are also described in Appendix A.
3.5.3 Node rotation buckling
As described just before, one of the characteristic buckling modes is rotation buckling around the nodes.
When need arises to investigate node rotation buckling, LBA will be powerful to find the buckling load or
axial buckling strength of the members, considering the effect of both the size and the semi-rigidity of the
connections, as well as the effect of Euler’s buckling of the constituent members. A simple model to evaluate
node rotation buckling is illustrated in Fig. 3.12, where a limited number of members around a node may be
included in the analysis considering the detail how nodes and members are fastened or welded. From this
kind of analysis, an effective measure is found to give an appropriate size or length of connection and
semi-rigidity at connection leading to a measure to avoid node rotation buckling.
3.6 Elastic buckling load based on geometrically nonlinear and materially linear analysis and reduced
stiffness buckling load
Elastic buckling load P0elcr is obtained based on geometrically nonlinear and materially linear analysis
(GNMLA). In general, it is reduced compared to the corresponding load obtained by LBA whether geometric
imperfections exist or not in shell-like structures. Accordingly, as later explained, buckling load evaluation is
required in design by including the effects of geometric imperfections, especially in the case of single layer
reticulated shells. When the elastic buckling load is decreased significantly due to geometrical imperfections,
such a case is called imperfection sensitive.
However, in design stage, a difficulty arises to compute the ratio of buckling load reduction as exact quantity,
since uncertainties are encountered in selecting not only the imperfection magnitude but also the
corresponding distribution over reticulated shells. Because of these difficulties, many discussions have been
accumulated up to now related to this issue. One among the appropriate methods to assume the imperfections
in design stage is to refer to some design standard or specification for fabrication and erection of steel
structures. As discussed in section 3.1.1, we may select the first buckling mode  D1 or a linear
combination of the few lower buckling modes for the distribution of an imperfection over the surface, and
then, the amplitude wi 0 of the maximum imperfection is assumed according to some standards for
fabrication and erection. As another option, a localized distribution may be selected to include the effect of
local imperfections, for example, a distribution that one important point is given an imperfection of wi 0 ,
while almost no imperfection is assumed at other nodes. With respect to the value wi 0 , according to an
example in AIJ recommendation for steel fabrication [3.21] [Appendix C], we may assume a value around
L/1000 for the shorter span L as wi 0 for the peak value. As an alternative value, we may adopt an
imperfection amplitude equal to 20% of the equivalent shell thickness, since, in the case of spherical
reticulated domes, it has been found that beyond this limit the imperfection sensitivity is not so steep. In any
case, engineers are required to make a conservative consideration or judgment for the distribution and the
peak value of the imperfection adopted in design stage, and even more care and effort should be paid to
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avoid such influential imperfections during and after construction on site, by measuring not only the
configuration before removing scaffoldings but also the displacements afterwards. Geometrical
imperfections for use in design are to be discussed in Chapter 4 and Appendix C. As described here and in
section 3.1.1 as well as in Appendix C, the present Draft assumes that the peak magnitude of global
geometric imperfections should be smaller than 20% of the equivalent shell thickness and 0.001 times the
span of the roof.
As one of possible alternatives for taking into account the geometric imperfections, load fluctuation, and
semi-rigidity at connections, the following approximate expression, Eq.(3.11), may be adopted to evaluate
the elastic buckling load P0elcr utilizing linear buckling load P0lincr , although many other factors may have
influencing effects on elastic buckling.

P0elcr   P0lincr ,       K g  p   0

(3.11)

where  0 , K g  p ,  , and  denote, respectively in this order, the effect of the reduction ratio of elastic
buckling load due to geometric imperfection assumed in design, the effect of fluctuation in loads, the
buckling load reduction ratio due to semi-rigid connection, and a coefficient known as analysis factor
introduced to reflect the effect of complexity of reticulated shell structures. Both  0 and  are defined as
elastic buckling load reduction factors, and they are often called by the name of knockdown factor. The
value  0 represents the knockdown factor for reticulated shells with rigid connections under a design load.
The factor  is another important parameter to include implicitly not only the effects of approximation
included in the evaluation of buckling load and modeling of complex reticulated shell structures, but also to
cover the ambiguity of assumptions for all aspects appearing or hidden in many stages undertaken for the
evaluation of the elastic buckling load. As a method for evaluation, we may apply either an approximate shell
analogy or a very accurate shell analogy. We may apply a rather simplified FEM analysis or a relatively
detailed FEM analysis for modeling of members and connections. We may apply the results of experiments
to account for the extent of semi-rigidity, an empirical formulation by selecting some formula proposed in
the literature, or the results of detailed FEM analysis considering the elastic-plastic deformation of the
connections and nodes. If a very accurate analysis and/or experiment is employed, the value of  will be
near 1.0, while, if approximate methods are applied, a rather conservative value will be recommended for  ,
but dependent on the accuracy of the introduced approximations. In this Draft, no specific value for  can
be recommended, since there is no research and data about this factor  . K g  p [3.8] defined as the factor to
reflect the effect of load fluctuations may represent in some case the ratio of elastic buckling load reduction
due to local pile load p on a steep roof, in addition to a uniform load g , or due to a half span load p added
to a uniform load g . Examples are described in sections 4.2 and 4.3 for spherical and cylindrical reticulated
roofs. Finally, the value of  represents the knockdown factor obtained after considering the effects of all
above mentioned factors.
Using a parameter  for the semi-rigidity of bending action at connection, shown in Fig. 3.5, the
factors  0 and  are defined as follows.

0 



P0elcr (imp ) (  )

(3.12)

P0cr lin (  )
P0elcrimp ) ( )
el
0 crimp )

P

(  )

; 

KB
( EI /  0 )

(3.13)

where KB represents the bending rigidity of a bending spring at the connection explained in Fig. 3.5(c), and
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in Eq.(3.12),   denotes the completely rigid connection, and P0elcr (imp) (  ) means the elastic buckling
load for an imperfect reticulated shell, while P0lincr (  ) is the linear buckling load of the perfect one
assuming completely rigid connection for both cases. As already described,  0 expresses the reduction
ratio of the elastic buckling load with respect to the linear buckling load P0elcr (imp ) (  ) , considering the
effect of geometric imperfections in the case of completely rigid connections. On the other hand, the term 
expresses the reduction ratio of the elastic buckling load, P0elcr (imp ) ( ) for semi-rigid connection with respect
to the elastic buckling load, P0elcr (imp ) (  ) for rigid connection, including the effect of the imperfections.
Several studies are found in the papers [3.15, 3.18, 3.22, 3.24, 3.25, 3.26, 3.27, 3.28, 3.29, 3.30, 3.31, 3.32,
3.33, 3.34], and discussed in sections 4.1 and 4.2.
For convenience, Eq.(3.13) is again approximated by the following equation under an assumption that the
value of  , denoted here as the reduction factor accounting for semi-rigidity, may not change significantly,
irrespectively of the imperfections assumed in analysis.



P0 cr el ( )
P0 cr el (  )

(3.14)

Accordingly, the elastic buckling load P0elcr is approximately expressed in terms of  or crel as follows.

P0elcr   P0lincr  crel P0 ; crel      K g  p   0  crlin

(3.15)

where P0elcr and crel represent the elastic buckling load and the elastic buckling loading factor in case of
reticulated shells with a certain amount of imperfection. The subscript (imp) is eliminated for convenience.
It is no necessity to say that it is a hard task to assume a real amplitude and real distributions of imperfections
in design stage and from a view point of effectiveness in the evaluation of a lower bound for elastic buckling
loads. Considering this kind of difficulty, Reduced Stiffness buckling load [3.35, 3.36, 3.3.7] (RS buckling
load explained later in sections 4.2 and 4.3, Appendix A has been proposed as a practical, alternative measure
to include the effects of imperfections in the elastic buckling load. Based on this concept, the critical loading
factor  C for RS buckling load is defined as
  Di T  K B  Di 
  min i
T
  Di   K E  Di 
C





(3.16)

where  j denotes the eigenvalue obtained from the following Eq.(3.16),

 K     K D   0
E

j

G

j

and

 KE    KB    KM 

and  K E  is the elastic stiffness matrix, same as that of Eq.(3.8), while
respectively the bending and in-plane components of the elastic stiffness matrix.

(3.17)

 KB 

and

 KM 

denote

The RS buckling load is then expressed as follows.

P0C   C P0 ; q0C   C q0

(3.18)

If in Eq.(3.17) only complete rigidity at the connections is considered, the following equation will be adopted
instead of Eq.(3.11).

P0elcr      K g  p   C  P0 ,

 C  P0C / Pcrlin1

(3.19)

where Pcrlin1 is the first linear buckling load given by Eq.(3.17), and  C is the knockdown factor given by
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Eq.(3.19). Some examples for P0C and  C are discussed in Section 4.2 and Section 4.3. From the example, this
RS buckling load may be applied and give a lower bound if the amplitude is less than 0.2 teq, where teq
denotes the equivalent shell thickness.
The values of the RS buckling knockdown factor do not necessarily give a lower bound when we include a
large imperfection larger than 0.2teq. However, considering the present development of technology of
construction applied to large metal spatial structures, it is believed that the RS buckling method may give a
lower bound, since the amplitude of geometric imperfections caused in fabrication and erection of metal
spatial structures will be controlled within a limited tolerance based on high technologies, thus the
imperfections assumed in section 3.1.1 of this guide will be smaller than those assumed in the theory of RS
buckling loads.
3.7 Buckling strength based on geometrically nonlinear and materially nonlinear analysis
Even in case that considerations are required for geometrical imperfections, material nonlinearity,
semi-rigidity and other relevant factors, the elastic-plastic buckling load P0 cr ( FEM ) can be obtained using
FEM analysis based on both geometrically and materially nonlinear analysis (GNMNA) considering the
aforementioned factors. Here the elastic-plastic buckling load P0 cr ( FEM ) is denoted as buckling strength.
When applying GNMNA using FEM, every factor can be included in the analysis and only a single buckling
strength is obtained, accompanied by a large set of information including displacements, strains, stresses and
stress-strain relationships for members. Even if computers are capable to produce such data, engineers are
asked to judge what factor is the most important, what kind of failure pattern occurs, what part of the
structure is most critical, why such a sudden decrease in load takes place, and why some factors are not so
influential. Accordingly, engineers need to identify all critical factors which determine the buckling strength;
geometric imperfection, semi-rigidity, member slenderness ratio, half subtended angle and/or load
concentration. Accordingly, in design stage, GNMNA has not to be adopted directly before performing LBA,
GLMNA, and/or GNMLA, since in most cases the evaluation based on Eq.(3.15) combined with Eq.(3.7)
together with information for the values of  and  accumulated hitherto will provide a rather reasonable
elastic-plastic buckling load. Moreover, based on such step by step analysis using LBA, GLMNA, and
GNMLA, influential factors can be identified.
In the next sections, without dependence on GNMNA, two schemes based on, respectively, the
representative member and the squash load are explained to evaluate buckling strength using the results from
LEA, LBA and GLMNA.
3.8 Representative member based evaluation of buckling strength
3.8.1 Generalized slenderness ratio of representative member
Once the value of knockdown factor  is calculated, the elastic buckling load P0elcr is obtained based on
Eq.(3.15). It is noted that the value of P0elcr includes the effects of geometric imperfections and other factors.
If based on the elastic buckling load, the elastic buckling axial force of the representative member is
consequently but approximately evaluated as follows.

N 0elcr ( m )   N 0lincr ( m )  crlin N 0( m )

(3.20)

Similarly to an ordinary column of a high rise building, the generalized slenderness ratio  e ( m ) can be
defined by Eq.(3.21).
e(m) 

Ny

(3.21)

 N 0lincr ( m )
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where Ny represents, as shown by Eq.(3.22), the yield strength under an axial load expressed by cross
sectional area A( m ) and yield strength  y of the representative member.

N y  A( m ) y

(3.22)

Here we assume that the strength and rigidity of the connection are large enough not to yield before the
representative member. Otherwise, we need to select appropriate plastic limit strength of the connection.
3.8.2 Axial strength of the representative member in terms of generalized slenderness ratio  e ( m )
In most cases, a situation occurs where the region subjected to buckling is almost the same as that subjected
to yielding. A column on a tall building under compression buckles and yields at the same location. Using the
same assumption as such a column and based on a concept of an appropriate column strength curve, the axial
strength N cr of the representative member can be approximately evaluated. Such approach has been presented
in several studies in the case of spherical and cylindrical roofs, and one of them is the study by Kato et al.
[3.38] using Dunkerley’s formula. Other examples are referred in sections 4.2 and 4.3. Dunkerley’s formula
of Eq.(3.23.a) [Appendix D3, 3.3, 3.17] is one of the alternatives for column strength curve, and a factor kSB
has been introduced in Eq.(3.23) adopting a proposal of Kollar and Dulacska [3.5, 3.39] to evaluate the axial
strength. The factor kSB is understood as a coefficient to be applied as a partial factor for elastic buckling for
metal spatial structures with structural characteristics of deterioration due to post-buckling. In their proposal
[3.5, 3.39] two factors FB and FM were originally utilized for metal spatial structures, and their recommended
values are 2.50 and 1.75 respectively. In this case, the value FM can be understood to be the safety factor
(load factor) for plastic strength. The equation has been converted to Eq.(3.23) for evaluating the ultimate
strength but assuming the value FB/FM as kSB, representing a partial safety factor (load) for elastic buckling.
The magnitude of kSB ranges from 1.14 to 1.44 if compared with column strength curves, as in Table 3.3 and
Appendixes D1 and D3. Determining or assuming the value kSB requires investigation on how geometrical
imperfections and stochastic fluctuations in loads and materials effect on buckling strength. However such
studies are very few in the field of metal spatial structures.
In this guide, Eq.(3.23) [Appendix D3] is applied for convenience to evaluate the column strength of
constituent members of reticulated shell roofs in terms of the generalized slenderness ratio  e ( m ) .
 e( m)

2

k N
  SB cr
 Ny


  N cr

  Ny
 

2


 1 ;



kSB=1.14~1.44

(3.23.a)

The solution is given as follows.
Ncr
2

2
4
Ny
kSB e( m)  4  kSB e( m) 2

(3.23.b)

Here the subscript (m) is eliminated from both Ny and Ncr for convenience.
If based on an appropriate design code, for example as shown in Table 3.3, the strength may be given in
another format as N cr  f (c )  N y depending on cross sections, tolerance of member crookedness or
residual stresses. In this case, the slenderness ratio  e( m ) of Eq.(3.23) is replaced by c in Table 3.3.
The value kSB in Eq.(3.23) may be changed if required for adjustment to the specific column strength curve
used, and it may be determined based on appropriate design codes or specifications for ultimate limit states.
Comparison of design codes gives a suggestion as follows. If we assume 1/0.877 for kSB, the column strength
curve looks like the curve of AISC, while the column strength curve using 1.2 for kSB is similar to the curve
of AIJ LSD. Some discussions are given in Appendix D3 from a view point of the factor of safety of

42

Chapter 3 Principles for evaluation of elastic buckling load and buckling strength

reticulated roof structures.
Table 3.3 Column axial strength (Draw by S. Kato and C. Gantes)
Recommendations

Column strength curve

Note:

N crel

denotes

elastic

buckling axial force
Load & Resistance Factor
Design, AISC, 1986

for c  1.5

N cr  0.658c  N y

for c  1.5

N cr  0.877 /   N y

Design code for allowable
stress design of steel
structures, AIJ, 1972

for e  1.29

2

2
c

N cr  (1  0.24 c 2 ) /(1  4c 2 / 15)  N y

c  N y / N crel

c  N y / N crel

for c  1.29 N cr  9 /(13 c 2 )  N y
Recommendations for Limit
State Design of Steel
Structures, AIJ, 1998 (AIJ
LSD)

for c  p c , Ncr  Ny

c  N y / N crel

for p c  c  e c
N cr  (1.0  0.5(c  p c ) /( e c  p c ))  N y

for c  e c N cr  1/(1.2 )  N y
 Af y ,
1
, but   1.0
N b, Rd 

2
 M1
2
  
2
  0.5 1     0.2    , provided that cross-sections are of


2
c

Eurocode 3
(EN 1993-1-1:2005)





p

c  0.15

e

c  1/ 0.6



AN y
N crel

class 1, 2 or 3 ,
where α is an imperfection coefficient, depending on the buckling
curve: for buckling curves a0, a, b, c, d α=0.13, 0.21, 0.34, 0.49,
0.76 respectively. Selection of buckling curve depends on the type
of cross section, as well as their factors. For hot-rolled CHS
sections: buckling curve a (for steel quality S235, S275, S355,
S420) or a0 (for steel quality S460); for cold-rolled CHS sections:
buckling curve c (for any steel quality)

It is noted that, when we apply Eq.(3.23), we assume that the cross section subjected to buckling is also
the same location to be subjected to plasticity. However, in some metal spatial structures, for example
shallow cylindrical reticulated roofs supported with gable walls at two ends and with stiffeners on the
two straight boundaries configured as simple boundary condition, this assumption will be wrong.
Especially in the case that such a roof is composed of members with identical length all over its entire
structure, buckling will be initiated at the central portion of roof while yielding will be caused around the
gable walls. In such a case where the place of elastic buckling load is different from that of plasticization,
Eq.(3.23) will give a conservative evaluation of buckling strength. A pertinent example is discussed in
section 4.3 for a cylindrical reticulated roof. On the other hand, in the case of cylindrical roofs with
pin-support, buckling and yielding are expected to occur at the same area of the roof, and in this case
Eq.(3.23) gives a rather reasonable solution. In the case of spherical reticulated domes supported by a
rigid tension ring, the present estimation scheme gives a rather accurate result, and a pertinent example is
given in section 4.2.
3.8.3 Evaluation of elastic-plastic buckling load (buckling strength)
Once the axial strength N cr of the representative member is evaluated based on Eq.(3.23) or some design
code, the elastic-plastic buckling load, buckling strength in other words, can be approximately evaluated as
follows.
(3.24)
P0 cr  cr P0 , q0 cr  cr q0 ; cr  Ncr / N0 ( m)

43

(Draft) Guide to Buckling Load Evaluation of Metal Reticulated Roof Structures, Oct., 2014.

where P0 and q0 are the aforementioned representative loads respectively, N 0 ( m ) is the axial force under
the representative load P0 or q0 , N cr is the axial strength of the representative member, and P0 cr and
q0 cr are the strength of the reticulated shells corresponding to P0 and q0 , respectively. It is noted that
Eq.(3.23) assumes a condition that, once the representative member reaches its axial strength, the reticulated
shell reaches at the same time its critical load after which its load bearing capacity is deteriorated along with
increasing displacements. In case some re-distribution of stresses might be expected under increasing
displacements, the buckling strength would be anticipated to be a little larger than the value based on
Eq.(3.24). This case will be discussed in section 3.9.
Thus, the proposed methodology for buckling strength evaluation consists of the following steps:
1) Perform LEA and obtain the axial force N0 ( m) of the representative member under design load P0 .
2) Perform LBA and obtain the linear buckling load P0lincr followed by crlin = P0lincr / P0 .
3) Evaluate the knockdown factor  0 for the reticulated shell with rigid connections.
4) Evaluate the reduction factor  for semi-rigidity of connections.
5) Assume or judge the value  of the analysis factor.
6) Evaluate the elastic-buckling load based on Eq.(3.15) or Eq.(3.19) considering geometric imperfections
and analysis factor.
P0elcr   P0lincr  crel P0 ; crel      K g  p   0  crlin

or

P0elcr      K g  p  P0C , P0C   C  Pcrlin1 ;  C  P0C / Pcrlin1

7) Evaluate the generalized slenderness ratio  e ( m ) based on Eq.(3.21).
8) Evaluate the axial strength Ncr based on, for example, Eq.(3.23).
9) Evaluate the strength P0 cr or q0 cr based on Eq.(3.24).
P0 cr  P0  ( N cr / N 0 ( m ) ) ; q0 cr  q0  ( Ncr / N0 ( m) )
For application of the above methodology, the axial force, N 0lincr ( m ) , of the representative member must be
calculated based on Eq.(3.10) under the representative load P0 or q0 .
3.9 Squash load based evaluation of buckling strength
3.9.1 Generalized slenderness ratio based on elastic buckling load and squash load
Once the value of knockdown factor  is calculated, the elastic buckling load P0elcr can be obtained based
on Eq.(3.15) or (3.19), including the effects of imperfections and other pertinent factors. The generalized
slenderness ratio  S can be also calculated using the squash load Pm 0SQ of Eq.(3.7).

S 

 SQ Pm 0SQ
 P0lincr

(3.25)

If the value of  SQ is 1.0, the value of  S becomes the same as that of  e ( m ) . The values Pm 0SQ and P0elcr
are the representative loads at the specified node and specified area, as defined in section 3.2.2.
3.9.2 Evaluation of strength in terms of generalized slenderness ratio  S
According to the method proposed by Kollar et al. [3.3, 3.5, 3.39, 3.40], proportionally based on an
appropriate column strength curve, buckling strength P0cr at the representative node of a reticulated shell
can be approximately evaluated in terms of the generalized slenderness ratio  S as follows.
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S

2

k P
  SB 0cr
 P
 0SQ

  P0cr
  
  P0SQ

P0SQ   SQ Pm 0SQ ;

2


P0cr

  1 ;
P0SQ


2
2

4

kSB S  4  kSB S2

cr  P0 cr / P0

:

(3.26)

where kSB is a partial factor for elastic buckling as introduced in section 3.8.2 and explained in Appendix
D3. The value of kSB might be different from that in Eq.(3.23), however, this Draft assumes the same value
with an expectation that the two coincide.
For the present scheme the plastic limit load (squash load) of the reticulated shells is required, and the
evaluation is based on GLMNA, as shown by Eq.(3.7) in section 3.4. Usually, evaluation based on Eq.(3.26)
will be more accurate and lead to a higher value than Eq.(3.23). As discussed above about the value of kSB in
sub-section 3.8.2, the value 1/0.877 for kSB represents to the column strength curve according to AISC, while
kSB=1.2 is compatible to the buckling curve of AIJ LSD.
3.10 Safety check against buckling
As already mentioned, two types of reticulated shells exist; double layer and single layer. When we consider
their safety against buckling, separate discussions might be convenient respectively for single layer and
double layer shells. Four buckling patterns, discussed above, are the subjects in this section: node rotation
buckling, dimple buckling, member buckling due to Euler’s member buckling, and shell-like buckling. With
respect to node rotation buckling and dimple buckling for extremely weak node rigidity, sufficient measures
are assumed to be taken for avoiding it in design stage associated with member buckling.
3.10.1 Double layer reticulated shells
a) member buckling and node rotation buckling
As already explained in Section 2.1, a double layer reticulated shell (photo 2.2, photo 3.1.(c)) is thicker than
a single layer one, and the upper and lower chords are placed apart by a certain depth and connected by web
members. Because of combined action between upper and lower chords together with web members, it can
be realized that the overall bending stiffness of double layer shells is large compared to single layer
reticulated shells, therefore their resistance and capacity against shell-like buckling is expected to be high. In
most cases, the critical buckling pattern is Euler’s member buckling (Fig. 2.2), where some of the constituent
members buckle and the double layer reticulated shell experiences almost no displacements at nodes but
rotations at nodes. In other words, buckling of constituent members is likely to appear far earlier than
shell-like buckling.
However, if we look at the connection detail around nodes, we know that in reality members are semi-rigidly
connected to each other, for example, by thin gusset plates or narrow bars to ball-joints or solid bulks at
nodes (Fig. 2.9, Table 3.1 (f) and (i)). In this case, the connection has a narrow and thin part with a finite
length between the node and members, and a possibility of node rotation buckling arises. According to
studies [3.22, 3.23, 3.26] discussing a particular structure, shown in Fig. 3.13, we may conclude that node
rotation buckling can be avoided when the bending rigidity  satisfies the following condition.
K BZ
(3.27)

 1.0
 ES I rd 


 0 
where K BZ denotes the bending rigidity, for the rotation around the normal to the surface, of the narrow
connection between the node and the end of member, while ES I rd and  0 respectively denote bending
rigidity of member and member length, and  j  0 denotes the length from the node to the bending spring, as

45

(Draft) Guide to Buckling Load Evaluation of Metal Reticulated Roof Structures, Oct., 2014.

shown in Fig. 3.13(b). Consequently, in that case, the member buckling appears earlier than node rotation
buckling, since, if Eq.(3.27) is satisfied, the buckling load NCR due to node rotation buckling is higher than
Euler’s member buckling load NE.
When the above result is extended to more complicated three-dimensional connections of double layer
reticulated shells, we may infer that node rotation buckling is also avoidable once the condition of Eq.(3.27)
is satisfied, and we assume in this Draft that this condition is valid at all nodes. Accordingly, the buckling
pattern to be checked will be member buckling, except for a special case where the depth is as small as in
single layer reticulated shells. The special case of shell-like buckling can be checked later in this subsection.
With respect to node rotation buckling of double layer reticulated roofs, the buckling behavior depends on
the detail of connection at nodes [3.23, 3.26, 3.27], and further research is necessary to avoid unexpected
failures if extremely weak bending rigidity of connection is adopted or some amount of eccentricity exists at
connection.
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(b) buckling axial load

(a) node rotation buckling

Figure 3.13 Node rotation buckling [3.22, 3.26] (Courtesy Y. Taniguchi)
Even in the case of member buckling of double layer reticulated shells, we understand that load carrying
capacity is deteriorated once any one of the members buckles, as shown in Fig. 3.14, since members of
relatively large slenderness ratio are employed in double layer reticulated shells. Accordingly, the buckling
load crE P0 based on Eq.(3.6) or the buckling loads crE P0 based on GNMNA should satisfy the following
condition for avoiding failure of reticulated shells due to member buckling.

MB  crE  P0  P0

(3.28)

where crE  P0 represents the ultimate strength due to member buckling corresponding to the node selected
for the representative load P0, MB is the resistance factor for buckling of reticulated shells due to member
buckling, and P0 is the representative load demanded for ultimate limit state. With respect to the value of
MB in the case of LRFD design, 0.90 or 0.85 will be adopted depending on LRFD scheme (Appendix D1).
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In the case of ASD, 1.0 may be assumed for MB , and P0 is assumed by multiplying a unique safety factor
FM with the sum of nominal dead and snow loads.

Figure 3.14.a Load displacement relationship in
case of double layer reticulated shells [3.26]
(Courtesy Y. Taniguchi)

Figure

3.14.b Load displacement relationship
in case of double layer reticulated shell [3.41]
(Courtesy K. Ishikawa)

b) shell-like buckling: With respect to shell-like buckling, once the value of strength P0 cr is evaluated
based on Eq.(3.24) or Eq.(3.26) considering design imperfections, the safety for ultimate limit state is judged
as follows.

SB P0cr  P0 or SBcr P0  P0

(3.29)

where SB is the resistance factor for shell-like buckling, the value of which should be determined based on
an appropriate design code. However, no design code supplies such data for shell-like buckling of reticulated
shells. With respect to the value of SB in the case of LRFD design, 0.90 or 0.85 will be adopted depending
on the values given in design codes for LRFD scheme (Appendix D1). In the case of ASD, 1.0 may be
assumed for MB .
When the buckling load due to shell-like buckling is evaluated for double layer reticulated shells, caution is
needed to the fact that shell-like buckling might be excluded in the evaluation. If we adopt an analysis
package without any caution to this issue, the output of buckling load will in most cases correspond to
member buckling, since most of the analysis packages include automatically the effect of member buckling.
Although more pertinent discussions are necessary, we may assume in design stage that, if the linear
buckling load, P0lincr  crlin P0 of Eq.(3.9) due to shell-like buckling, is at least 12 times larger than an ultimate
limit state design load evaluated by multiplying the global single load factor FM with the sum of design
nominal loads, buckling will be governed by Euler’s member buckling.
3.10.2 Single layer reticulated shells
a) Node rotation buckling and dimple buckling
Single layer reticulated shells may be classified into two types from the point of view of semi-rigidity at the
connections: one is semi-rigid connection of relatively large bending stiffness, as shown in Photo 2.3(1) (a),
which can practically be considered as rigid connection, and the other is semi-rigid connection of very weak
bending stiffness, as shown in Photo 2.3(1)(c) and Photo 3.3(a). It is difficult to separate them by a clear
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bound based on the magnitude of the stiffness. However considering the facts (i) elastic buckling behavior of
shallow domes under vertical loads departs from that of shell-like buckling and changes largely to dimple
buckling, if the bending rigidity KBY for out-of-plane behavior gets less than around  =2, as later discussed
in the cases of spherical roofs and cylindrical roofs respectively in sections 4.2 and 4.3, and (ii) once rotation
buckling takes place in single layer reticulated shells, they have a clear tendency to lose load bearing capacity,
the following condition of Eq.(3.30) may be required conservatively for the bending rigidity at the
connection in addition to Eq.(3.27) to avoid such local dimple buckling [3.29].



K BY
 2.0
 ES I rd 


 0 

(3.30)

In consequence, we may judge based on Fig. 3.13 that member buckling appears earlier than dimple buckling.
In addition, as discussed in sections 4.2 and 4.3, we consider that, if Eq.(3.30) is satisfied, shell like elastic
buckling will appear, and very severe imperfection sensitivity in the case of dimple buckling, hidden in
pin-jointed reticulated shells [3.42], will be avoided. In any way, further studies are needed [3.23, 3.24, 3.27,
3.28, 3.31-3.44] about shallow reticulated shells with semi-rigidity of very weak bending connection or pin
connection.

(a)

node with weak bending rigidity
at connections

(b) a surface of relatively large subtended half angle

Photo 3.3 Single layer reticulated dome with semi-rigid connections and relatively large
subtended half angle. (Courtesy Taiyo Kogyo)
One of concepts to separate the connections between ‘semi-rigid’ and ‘very weak semi-rigid’ is shown in
section 4.1 based on the study [4.1.3] from a view point bending rigidity and bending strength of
connections.
b) Buckling strength based on Euler’s member buckling: In the case where very slender members of large
member slenderness ratio 0 , for example larger than 100 or 120, are employed in single layer reticulated
shells with a relatively large subtended half angle  0 , for example, larger than 5 degrees, reticulated shells
will be subjected to member buckling as described in section 2.2.3. An example is shown in Photo 3.3(b),
where a large subtended half angle and relatively weak bending connections are adopted. In such case, care
is required to satisfy safety against buckling load due to member buckling. Accordingly, the buckling load
crE P0 based on Eq.(3.6) or the buckling loads crE P0 based on GNMNA concentrating on member buckling
should satisfy the following condition for avoiding failure of reticulated shells due to member buckling.

MB  crE  P0  P0

(3.28’)

where MB is the resistance factor against buckling of reticulated shells due to member buckling, the value
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of which should be determined based on an appropriate design code. 0.85 or 0.90 may be adopted for MB
as outlined in Appendix D1. However, there are relatively few studies [3.45, 3.46] about member buckling of
single layer reticulated shell, thus further studies are needed.
c) Buckling strength determined considering shell-like buckling: With respect to shell-like buckling, once
the value of strength P0 cr or q0 cr is evaluated based on Eq.(3.24) or Eq.(3.26), the safety for ultimate
limit state is judged as follows.

SB  P0cr  P0

or SB  cr  P0  P0

(3.31)

where SB is the resistance factor for shell-like buckling, the value of which should be determined based on
an appropriate design code. However, no design codes supply such data for shell-like buckling of reticulated
shells. With respect to the value of SB in the case of LRFD design, 0.90 or 0.85 will be adopted depending
on the values given in design codes for LRFD scheme (Appendix D1). In the case of ASD, 1.0 may be
assumed for SB .
Although additional discussions are necessary, we may assume in design stage that, if the linear buckling
load, P0lincr  crlin P0 of Eq.(3.9), due to shell-like buckling is at least 12 times larger than an ultimate limit
state design load evaluated by multiplying a global load factor FM with the sum of design nominal loads for
dead and snow loads, buckling will be governed by Euler’s member buckling, and no buckling analysis will
be required in this case except for buckling due to Euler member buckling under the condition of Eqs.(3.27)
and (3.30).
d) Buckling strength directly determined using GNMNA
Even if an elasto-plastic buckling load, P0 cr (FEM), is obtained directly based on GNMNA of high accuracy,
the buckling load obtained based on Eq.(3.26) using P0SQ and P0elcr are effective and helpful to judge the
order of buckling strength. In this case of application of GNMNA, the values of P0SQ and P0elcr can be
easily obtained before performing FEM GNMNA, based on FEM GLMNA without imperfection and FEM
GNMLA with design imperfections, respectively.
In the case that the elastic buckling load of shell-like buckling is calculated for single layer reticulated shells,
caution is needed that member buckling and node rotation buckling are excluded in the evaluation. Thus,
additional checks are required later or before by using the function installed in the structural analysis
software for elastic buckling analysis, in order not only to investigate if member buckling or/and node
rotation buckling is caused but also to find the order of their corresponding buckling loads. If we adopt an
analysis package without such caution, the output of buckling loads will in some cases correspond to
member buckling or node rotation buckling, since most analysis packages include automatically these effects.
The identification needs a skilled and careful check to judge whether the deformation pattern is due to
shell-like buckling, member buckling or node rotation. Usually, in the case of member buckling and node
rotation buckling, the buckling pattern has a very short half wave length, less than or almost equal to a
member length without displacements at nodes near the buckled region. If an option is possible to exclude
member buckling in the analysis package, such care will help the designer judge the critical buckling pattern.
When we apply Eq.(3.23) or (3.26), the effect of the partial factor kSB is included in the buckling strength
evaluation. Accordingly, we need to pay attention to consider such a factor even in case GLMNA is applied.
If Eq.(3.26) is adopted, a partial factor, F ( S ) , to include the effect of kSB can be obtained as follows.

F ( S ) 

kSB 2 S4  4  kSB S2

(3.32)

S 4  4   S2
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Based on the factor, safety is checked as follows for shell-like buckling.
SB P0cr(FEM)
 
P
 P0 ( SB cr(FEM) 0  P0 )
F ( S )
F ( S )
The value F ( S ) is shown in Table D3.1 of Appendix D3 in terms of  S using kSB=2.50/1.75.
Accordingly, the buckling strength cr used for checking safety is re-defined as follows.
P

cr P0  0cr(FEM) ( cr  cr(FEM) )
F ( S )
F ( S )

(3.33)

The safety is then checked based on the following equation.

SB  cr  P0  P0

(3.34)

where SB is the resistance factor for shell-like buckling, the value of which should be determined based on
an appropriate design code. With respect to the value of SB in the case of LRFD design, 0.90 or 0.85 will
be adopted, depending on the design codes for LRFD scheme (Appendix D1). In the case of ASD, 1.0 may
be assumed for SB .

(b) Bosch Area roof (Photo by M. Fujimoto)

Above: view of roof; lLower: view of connections

(a) Roof of Principe Pio, Madrid
(photo by S. Kato)

(c) Tsukuba-World Expo 84’

( Courtesy Tomoe Corporation)
Photo 3.4 Free form reticulated roofs
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3.11 Remarks for free form reticulated shells
With respect to reticulated roof shells of free form, as shown in Photo 3.3, very limited information for
buckling evaluation [3.45] has been accumulated. Accordingly a general procedure is required for buckling
load evaluation, as discussed in the present chapter. The different types of analysis, including LEA, LBA,
GLMNA, and GNMNA, considering all design factors, will be very helpful to understand the buckling
behavior. For developing new types of reticulated free form shells, bucking will be always a key problem,
demanding research [3.46, 3.47] for a control strategy to avoid such failures.
3.12 Flow chart for buckling strength evaluation
The descriptions for buckling load evaluation in this section are illustrated as a flow chart in Fig. 3.15. Some
comments are added using an example.
Step-1) An example roof is assumed as follows; the structure type is single layer, each member is a circular
tube member, and all members have completely identical structural characteristics in axial and bending
rigidities as well as member length. They are denoted respectively by EA , EI , and  0 . The joint between
node and member is semi-rigid for out-of-plane behavior. Its non-dimensional rigidity is denoted
by   K BZ /( EI /  0 ) , while the bending rigidities around the other two directions are sufficiently large to
demonstrate fully rigid behavior, and the axial rigidity and strength are also large enough. Accordingly, the
effect of semi-rigidity appears only in the bending rigidity for out-of-plane behavior, and the effect of this
semi-rigidity should be included in the evaluation of the buckling load.
Several methods for assuming design loads are proposed by codes or standards. In the present example a
combination of nominal dead load [D] and nominal snow load [S] is considered. The nominal design load is
evaluated as the sum of 1.0[D]+1.0[S]. A single safety factor (or global load factor) F .S is assumed, for
example, 1.75 based on the proposal by Kollar and Dulascka (Appendix D3). The load distribution of both
dead and snow loads is assumed uniform. Then the ultimate design load is evaluated as F.S ([D]+[S]), and
the representative P0 is evaluated based on F.S ([D]+[S]) by selecting a node with the largest load on the
surface. At the other points the intensity of load is a little smaller than P0. Accordingly, the ultimate limit load
for the representative load is denoted as P0 .
Step-2) In this step, a linear elastic analysis is performed for the loading factor   1 in Eq.(3.1) to find
displacements  D0  and axial forces N 0 j for the j th member and other necessary responses under the
design load P0 . If all these are judged as reasonable, the representative member (m), which is under
compression and for which the ratio of N 0 j / N y of Eq.(3.2) is the largest, is selected. The representative
member is the first to reach its axial strength faster than any other member. If the judgment for stresses and
displacements is proved not acceptable from a view point of design, the route of the flow chart returns back
to the beginning followed by re-proportioning of member cross sections and other design variables.
lin
Step-3) In this step, linear buckling analysis is performed to find the linear buckling load P0lin
cr  cr P0
based on Eq.(3.8). From this analysis, the linear buckling axial force of the representative member
Ncrlin  crlin N 0( m ) is obtained by Eq.(3.20).

Step-4) In this step, buckling strength P0Ecr  crE P0 is evaluated based on Eq.(3.6) in a particular case that
the buckling load is assumed to be determined by member buckling. For the calculation, column strength
curves are applied to axial strength, similarly to tall buildings.
Step-5) In this step, the structural type is selected; single layer, free form or double layer. If in the beginning
single layer has been assumed in Step-1, then the route moves to Step-8 or 9. Also in the case of free form,
the route moves to Step-8 or 9). If the structure type is double layer, it is directed to Step-6.
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A

1）Assumption of representative load P0, components and others
2) LEA: Calculation of axial forces N0(i) and axial force N0(m) for representative member
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node to node

P0lincr  crlin P0 for rigid connection

P0Ecr  crE P0 for Euler member buckling based on member length from
double layer

No
5)

single layer
No

No

6)
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crlin  12

7)
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A
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B
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Calculation of P0 cr ( FEM ) and
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imperfection, followed by
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(=1.14~1.44).
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9)
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MB crE P0  P0
accepted

B

Requirement for safety is confirmed.

Figure 3.15 Flow for investigating the safety requirement (Draw by S. Kato)
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Step-6) If the structure type is double layer, the route arrives at Step-6. And if the loading factor of linear
buckling is equal or larger than, for example, 12, the route goes down to Step-7.
Step-7) In this step, the buckling strength in case of member buckling, which is evaluated based on column
strength curves in ordinary design codes, is investigated to judge if safety is sufficient for ultimate limit state.
If approved as sufficient, safety is confirmed, otherwise the route returns back to Step-1 to change member
sections and other design parameters.
Step-8) (route A) If a structural designer selects this route, the buckling load is to be evaluated based on the
strength of the representative member. This route will be simpler than the routes of Step-9 and Step-10.
8.1 step) In this sub-step, first we consider the amplitude and distribution of design imperfections.
Usually, we assume the knockdown factor  0 for uniform loads, being assigned different values
dependent on the imperfection amplitude and imperfection distribution. If accumulated data are judged
acceptable to be applied for the estimation of  K g  p 0 , the value  K g  p 0 is calculated based on
such data. For spherical, cylindrical or elliptic reticulated shells with ordinary boundary conditions,
configured as pins or simple supports, such data will be found from accumulated information hitherto.
8.2 step) If no accumulated data are available, the effects of non-uniform loading, semi-rigidity and
imperfections should be investigated within this step in detail for design use. The type of analysis
applied for this investigation is GNMLA.
8.3 step) Once the knockdown factor of Eq.(3.11) is evaluated above, the generalized slenderness
ratio is determined by Eqs.(3.20) and (3.21). The representative member is searched based on Eq.(3.2).
The column strength N cr ( m ) of the representative member is calculated based on Eq.(3.23) or
an appropriate design code. Once the column strength N cr ( m ) of the representative member is
determined, the buckling strength P0 cr as shell-like structure is calculated based on Eq.(3.24).
Step-9) (route B) In this step, the buckling strength P0 cr as that for shell-like structures is calculated
almost identical as Step-8 except for using the squash load P0 SQ of Eq.(3.26).
Step-10) (route C) In this step, the buckling strength P0 cr is calculated as route C-1 based on GNMNA
considering every factor in need. To evaluate the value F ( S ) using a knockdown factor based on GNMLA
and a squash load based on DLMNA, additionally the scheme of route B is applied. The factor 1.14 to 1.44 in
the code of AISC or AIJ is applied as partial safety factor to elastic buckling. The value F ( S ) corresponds
to the factor kSB introduced to consider a partial factor for elastic buckling. The discussion is given
concerning Dunkerley equation of Eqs.(3.23) and (3.26 ) in Appendix D3.
Step-11) In this step, buckling loads for both shell-like and member buckling are checked for safety.
The restrictions of Eqs. (3.27) and (3.30) are imposed on the above procedures.
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Chapter 4 Evaluation of buckling loads of different structural types
4.1 Semi-rigidity of connection and influence to buckling strength
This section has a purpose to provide data for rigidity of connections, which concerns buckling load
evaluation of both single layer and double layer reticulated shells. Although many data have been
accumulated so far, it may be a little difficult at present to summarize them to be directly applied for design
use. Accordingly, the section inclusively refers to data as state-of-the-art without going in their numerical or
experimental detail but rather emphasizing on what each referenced research has as aims and what it includes
in terms of experiments/or theoretical studies. The readers are recommended to look into the referred studies
and details if they are in need.
4.1.1 Types of connection
Typical connection systems used for single or double layered reticulated shell roofs are shown in Fig.
4.1.1(a)-(f), and stress distributions of Fig. 4.11(b), (e) under out-of-plane bending are shown in Fig.4.1.2(a),
(b). The rotational rigidity of the connection varies depending on the systems. Screw joint systems (Fig.
4.1.1(f)) connecting each member with single-bolt are widely used for double layered reticulated shells;
however, their rotational stiffness is not necessarily high. Even in double layered reticulated shells, the
rigidity at connections influences buckling strength of individual axial members, while the buckling length of
trussed members with this connection is usually taken as the length from joint to joint, assuming pin
conditions at both ends (Fig. 4.1.3(a)). For single layered reticulated shell roofs, the rotational rigidity of
connections influences the overall stability of the shell very much (Fig. 4.1.3(b)) [4.1.1]. So generally these
screwed ball joints of small diameter are not suitable for single layered roofs of very shallow surfaces.

30 
(a) Welded ball joint
(photo by T.Takeuchi)

 50 [4.1.4]
(b) Welded ribbed-ring joint
(Courtesy Y.J.Kim)

0. 1 [4.1.2,3]
(d) Bolted ribbed-cylinder joint
(e) Bolted cylinder joint
(f) Screw ball joint
(Courtesy T.Takeuchi)
(Courtesy T.Takeuchi)
(photo by M. Fujimoto)
Figure 4.1.1 Connection system and rotational stiffness (for members of =60)

 30

 10 [4.1.5]

 30
(c) Bolted disk joint
(photo by T.Takeuchi)

*  values to be confirmed depending on their details.
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(b) Bolted cylinder joint 4.1.5)
(a) Welded ribbed-ring joint 4.1.4)
(Courtesy Y.J.Kim)
(Courtesy T.Takeuchi)
Figure 4.1.2 Stress distributions under out-of-plane bending
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Figure 4.1.3 Rotational stiffness influences on the buckling strength
of simple compression member(Draw by T. Takeuchi)

4.1.2 Fundamental mechanical characteristics and index of rotational rigidity
The index for the rotational rigidity can be expressed as following normalized rotational stiffness.

  K

l0
EI

(4.1.1)

where, K: rotational stiffness of connection, l0 :length of latticed member, EI: bending stiffness of latticed
member.
In Fig. 4.1.1 (a)-(f), reported values of are indicated along the types of connections, under the condition
that the slenderness ratios of latticed member are around 60. Screw joints (Fig. 4.1.1(f)) generally have
normalized rotational stiffness of  less than 1. The studies [4.1.2, 4.1.3] report that the connection for
200mm dia. tube member indicated the rotational stiffness of around K=2000kNm/rad, which leads =0.15
to 0.57 for =60 members. Welded ball joints (Fig. 4.1.1(a)) generally have higher stiffness than  > 30,
which can be normally modeled as rigid joints. Systemized bolted joints as in Fig. 4.1.1(c)-(e) are considered
to have normalized rotational stiffness ofbetween 1 to 30Cylindrical joint (Fig. 4.1.1(e)) has the
simplest configuration for transferring out-of-plane bending moment with double bolts, and their
out-of-plane rotational stiffness can be roughly estimated by the ring theories. The study [4.1.5] reports that
the cylindrical node for 200mm height member indicated the rotational stiffness of around K=5000kNm/rad,
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which leads =1.41 for members with =22 and =4.23 for members with =60. Connection types as Fig.
4.1.1(b)-(d) are considered to have higher rotational stiffness because of direct bending moment transfer
through rib or flange plates. The research [4.1.4] reports that the welded ribbed-ring joint for 100mm height
member indicated rotational stiffness of around K=5000kNm/rad, which leads to =14.5 for members with
=20 and =43.5 for members with =60.
The effect of the rotational stiffness on buckling strength of a simple compression member can be expressed
by the following equation [4.1.6].


 l0 sin  l0 
,
cos  l0   1

2 

N cr
EI

(4.1.2)

The relationship between Ncr and  by Eq.(4.1.2) are shown in Fig. 4.1.3(c).
4.1.3 State of the art of connections of spatial structures
Reticulated roof structures are usually classified into two kinds, single layer and double layer. As for
buckling behavior, single layer roof structures show buckling deformation of either member buckling
occurring in relatively small area, nodal buckling showing local nodal displacements, or overall buckling
deformations covering the entire or some region of roof. In some cases, they appear as combined. On the
other hand, double layer roof structures generally show member buckling deformation, as shown in Fig.
4.1.3a. However, if the depth between the two layers becomes smaller, similar buckling behavior of single
layer structures can appear. Furthermore, higher order buckling modes due to internal instability might be
considered especially for double layer types.
Structural properties of connections often influence the buckling phenomena of either the entire or partial
structures. The connections of reticulated structures are classified into three types; ideal pin joints, rigid
joints and semi rigid joints having intermediate connection rigidity. Although the pin joints are theoretically
simple, it is the most difficult to realize perfect pin joints. On the contrary the semi rigid joints are general,
while it is relatively difficult to consider the semi rigid joint theoretically. In the actual structures, the fact
that the instability of joints might decrease the load carrying capacity was pointed out in [4.1.7, 4.1.9] and
the collapse accident of a bridge with similar jointing system is reported in [4.1.36]. The structural stability
of joints may influence the entire stability of structures.
As for the effect of joint structural properties, there have been theoretical studies about the effects of joint
sizes and connection rigidities on the buckling load, while experimental studies of joint structural properties
and buckling experiments of spatial structures are also found in the literature.
Connecting hardware such as gusset plates and ball joints is generally used except of welded connections for
tubular members in the case of actual spatial structures. In these cases, several models consisting of rigid end

(a) Spring
(b) Rigid arm
(c) = (a) + (b)
(d) One variation

Figure 4.1.4 Joint simulation (Courtesy Y.Taniguchi)
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parts and springs have been presented as shown in Fig. 4.1.4 [4.1.9, 4.1.10, 4.1.15]. Those models are able to
represent the connection rigidities from ideal pin condition to rigid condition, although more detailed models
may be possible.
4.1.3.1 Buckling analysis of a model reticulated structure
As for buckling strength of reticulated lattice structures, the early study [4.1.7] considered reticulated
structures to estimate the elastic buckling strength for infinite reticulated beam and cylindrical lattice
structures under axial compression.
Study [4.1.8] considered the effective elastic strength determined by member buckling appearing in a few
structural units without overall buckling. It considers the effects of joint rigidity in two cases: pin joint and
rigid joint. It shows that the eigen-value equation for a three way lattice, as illustrated in Fig.4.1.5, can be
separated or classified into various patterns appearing as member buckling, each with different distribution
for joint rotations, shown in Fig.4.1.6. The obtained buckling strength is shown in Fig.4.1.7.

Figure 4.1.5 Three way lattice and its stress state [4.1.8] (Courtesy K. Heki)

Figure 4.1.6 Patterns of joint rotations [4.1.8] (Courtesy K. Heki)
The elastic buckling strength determined as member buckling is given in Fig.4.1.7, in which the interaction
plane for Nx-Ny is investigated under a condition of Nxy = 0. Nx, Ny and Nxy are in-plane stresses. The strength
in the case of rigid joint shown with a solid curve is larger than the pin-jointed case. The minimum ratio is
about 1.5 under Nx=Ny and its corresponding buckling mode is denoted as M-3,4 in Fig.4.1.6.
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Figure 4.1.7 Buckling strength on the Nx-Ny plane [4.1.8] (Courtesy K. Heki)

Figutre.4.1.8 Stresses of parallel lattice chord beam [4.1.12] (Courtesy K. Heki)

Figure 4.1.9 Strength surface of parallel lattice Figure 4.1.10 Buckling modes of FEM models[4.1.12]
chord beam [4.1.12]
(Courtesy K. Heki)
(Courtesy K. Heki)
Furthermore, the study [4.1.12] presents the effective elastic strength of the structure shown in Fig. 4.1.9, for
which the solution is given in continuum expression determined by elastic member buckling, assuming that
buckling occurs as bifurcation from uniform stress state into repetitive modes. The connection is assumed
rigid in the analysis. The fundamental difference equations are shown and the effective strength of a lattice
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beam and two types of double-layer lattice plate with a different length are shown as numerical examples.
Fig. 4.1.9 gives a global insight how the three types of buckling interact one another. Similar study [4.1.12]
has been performed in the case of double layer plate type lattice structure shown in Fig. 4.1.11 and the result
is given in Fig. 4.1.12. The results also give a global insight how bending moments interact for giving the
effective strength determined by elastic buckling. The actions of bending moments are normalized using a
bending rigidity EI. This kind of data will be helpful for understanding the plate-like spatial structures.
At present we may apply FEM computation to obtain the solutions for such models as those shown in Figs.
4.1.7 to 4.1.11, and we may perform a set of FEM analysis to obtain schematic figures representing
combined buckling between member buckling and global buckling. Especially this kind of analysis will
provide fundamental data in the case of a trussed member composed of upper and lower chords connected by
web members.

Figure 4.1.11 Structural unit of three-way grid [4.1.12] Figure 4.1.12 Effective strength of three-way grid
(Courtesy K. Heki)

[4.1.12] (Courtesy K. Heki)

4.1.3.2 Effect of joints size and connection rigidity on buckling strength
Several reviews are described as follows in the case of theoretical studies taking into account both joint size
and connection rigidity
a) Study by Saka et al.
In [4.1.10], the slope-deflection equations are presented for an elastic uniform member consisting of both
rigid end parts and rotational springs to estimate the strength of practical space trusses. For double-layer
lattice grids, the effective strength determined by elastic member buckling is shown in the continuum
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expression of two bending moments. The continuum analogy method using the effective rigidity and
effective strength is carried out for the approximation.

Figure 4.1.13 Effective bending strength of a grid [4.1.10] Figure 4.1.14 Buckling modes of a grid [4.1.10]
(Courtesy T. Saka)

(Courtesy T. Saka)

under Mx=My

λj = ratio of rigid end parts to member ℓ
ℓ = the distance of both nodes, CA = rotational spring rigidity

Figure 4.1.15 Effective bending strength at Mx=My while varying connecting conditions [4.1.11]
(Courtesy T. Saka)
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Fig. 4.1.13 shows the effective bending strength of double layer grids varying rotational spring rigidities
under constant joint sizes. The buckling modes corresponding to the effective strength are shown in Fig.
4.1.14. The buckling strengths due to bending in the two directions are correlative to each other while the
two bending moments are of the same sign as shown in the 1st and 3rd quadrant and not correlative while the
two bending moments are of a different sign as shown in 2nd and 4th quadrant.
In Fig. 4.1.15 [4.1.11], the effective strength of two equal bending moments is shown varying the joint sizes
and rotational rigidities for similar double-layer structures. The horizontal axis is normalized by the elastic
buckling strength of an ideal pin jointed truss. It can be understood that there is a region where bending
buckling strength is smaller than that determined for pin jointed trusses.

Figure 4.1.16 Effective bending strength of square and diagonal grid [4.1.23]
(Courtesy Y.Taniguchi)
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The study [4.1.23] treats a type of square and diagonal mesh grids among double layer patterns and shows
the effective strength determined by elastic member buckling. In this structural type, the lower chords are
inclined with respect to the upper chords. The obtained results are shown in Fig. 4.1.16. The horizontal axis
represents the value of the rotational spring constant Cj divided by the flexural relative stiffness EI/ℓu of
chord members of the large square mesh, which is called a non-dimensional rotational rigidity cj. The sizes
and rotational rigidities of joints are common on each joint respectively in the present work. ju denotes the
rigid end part ratio of the large square mesh.

a) Buckling mode
(M > 0)

b) Buckling mode
corresponding to higherorder deformations (M < 0)

c) Buckling mode of
member buckling
(M < 0)

Figure 4.1.17 Buckling modes [4.1.23] (Courtesy Y.Taniguchi)
When a positive bending moment acts on the grid, i.e., when the upper chord members are in compression,
the effective strength decreases with an increase of the rigid end part ratio, j, for the region of 0 ≦ cj = Cj
ℓu / (EI ) ≦ about 2. On the contrary, the effective strength increases with an increase in the rigid end part
ratio for cj ≧ about 2. It is found as an important fact that, if the rigid end part ratio is not zero and if the
rotational spring rigidity is small, then the effective bending strength becomes smaller than Euler buckling
load on the pin-jointed case. In order to secure Euler buckling load of the member itself, the non-dimensional
rotational rigidity cj needs to have a value of at least about 1 in the case when 0 < ju <0.15. This ratio of the
end part will be ordinarily encountered in realization.
Under the action of a negative moment, the two buckling modes appear as shown in Figs. 4.1.17 b) and c). In
this case, the lower members as inclined two-way member arrangement are under compression. The mode of
Fig. 4.1.17 b) corresponds to the unstable mode of higher-order deformations in the pin-jointed case. It
appears in the region of cj for which the absolute values of solid lines are smaller than the broken lines in Fig.
4.1.16. The buckling mode changes as understood from Fig. 4.1.17 b) to c) in the case that cj is large. From
this behavior, it is found as an important fact with respect to two-way member arrangement that, if the rigid
end part ratio is not zero as being likeju =0.05, the bending rigidity =10 is required to keep the Euler
buckling axial strength of the member itself, and that some measure to avoid the higher order buckling mode
is required.
In Fig. 4.1.16 the broken lines represent the effective strength when the restraint of nodal plane
displacements is added by some members with axial rigidity in order to prevent the diagonal mesh in the
lower layer from rotating as shown in Fig. 4.1.17 b). The restraint is very effective, especially for the action
of negative bending moments, while the connecting rigidities are relatively small. Even in this case, a
rotational rigidity Cj may be required so that cj = Cj ℓu / (EI ) ≧2.
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b) Study by Taniguchi et al.
In the studies [4.1.24, 4.1.25, 4.1.35], experimental investigation was carried out to grasp the structural
properties of systematized truss connections of screw balls for a member, being loaded under bending,
compression and tension. The conditions at the experiments are shown in Figs. 4.1.18, 4.1.19, and 4.1.20 in
detail. This system assumes an application to double layer grids. The application of load to member models
was done after removing and confirming the values of residual deformations, as much as small, in
experiments. For example, the center of rotation was considered and adjusted by using a member model
consisting of a uniform member with rigid end parts and rotational springs.
The loading system of bi-axial bending moments was also realized in the experiments to grasp the bending
strength of the structural unit of double-layer structures, as shown in Fig. 4.1.21. In principle bi-axial
experiments need a large set of frames to install tested pieces, however, the loading system does not need any
reaction wall.

Figure 4.1.18 Loading method for bending tests [4.1.24, 4.1.25, 4.1.35] (Courtesy Y.Taniguchi)

Figure 4.1.19 Loading method for compression and tension tests [4.1.24, 4.1.25, 4.1.35]
(Courtesy Y.Taniguchi)
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Figure 4.1.20 Connection deformations [4.1.24, 4.1.25, 4.1.35] (Courtesy Y.Taniguchi)

Figure 4.1.21 Loading system for bi-axial bending moments [4.1.24, 4.1.25, 4.1.35] (Courtesy Y.Taniguchi)
4.1.4 Effect of rotational rigidity on buckling strength of double layer reticulated cylindrical shells
In the reference [4.1.45], the elastic buckling loads are analyzed with varying the connection rigidities for the
two mesh patterns of square-on-square (SS10L) and square-on-diagonal (SD10L) double layer cylindrical
lattice roof structures. The relationships between buckling loads and rotational spring rigidities are shown in
Figs. 4.1.22 and 4.1.23. In the figures, the solid lines represent the results of pin-supported case and the
dotted lines represent those of roller-supported case. The rigid end part ratio of each joint in the upper layer
is 0.03 for j as shown in Fig. 4.1.16.
The elastic buckling load becomes larger than that of the ideal pin jointed truss, denoted by PE in Figs. 4.1.22
and 4.1.23, when the non-dimensional rotational spring constant would be larger than 0.3 in either case.
However, the effect of support condition on buckling loads is different from each other. Judgments would be
drawn from these figures that, if the non-dimensional bending spring constant cj were larger than 0.3, the
elastic buckling strength would be larger than that in the case of pin jointed double layer reticulated shells.
Accordingly in the case of buckling where member buckling prevails and a semi-rigid connection with cj
larger than 1.0 is applied, the elastic buckling load will be larger than that in the case of pin joint and also the
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node rotation buckling will be avoided for double layer reticulated shells as discussed in sub-section 3.10.1
of Chapter 3.
As far as double layer lattice roofs with any curvature, there have been only a few research efforts. This is
probably due to the fact that double layer lattice shells are insensitive to buckling. However, we may
encounter an interesting lattice structure which we have not experienced but with the different structural,
buckling or strength properties in the near future. In such occasion we may need a study of the effect of
connections on buckling and strength.

Figure 4.1.22 Buckling load of SS10L [4.1.45]
(Courtesy Y.Taniguchi)

Figure 4.1.23 Buckling load of SD10L [4.1.45]
(Courtesy Y.Taniguchi)

4.1.5 Rotational rigidity of joints and effects on buckling strength of single layer reticulated shells
Engineers may be asked to pay more attention to structural properties of connections for single layer lattice
structures than double layer types. The stiffness and strength of lattice structures may be directly affected by
the structural properties of connections in the case of single layer type. Then it is necessary to investigate the
effects of connections, mesh patterns, curvatures, supporting conditions, loading conditions and so on.
Single layer shells are classified into two types; single curvature and double curvature. The mesh patterns are
two way, three way, four way and revolutions. Typical studies concerning connections are described as
follows.
4.1.5.1 Analytical studies
Single layer lattice domes have two way or three way network, of which constituent members are positioned
on a spherical surface. Their forms are of double curvature which act well as a shell structure. Numerical
studies of lattice shells of double curvatures are described as follows.
a) Study by Yamada [4.1.18]
The study [4.1.18] discussed a three way grid dome of circular plan as shown in Fig. 4.1.24. The number of
segments is 6 and the half open angle of members is 0.644 rad. (36.9 degrees). The buckling strength is
shown in Fig. 4.1.25 and 4.1.26. The vertical axis is normalized by the strength of rigid jointed domes under
uniform pressure. The horizontal axis S is the shell-likeness factor, which is a function of member length,
radius of curvature, equivalent stretching and bending rigidities. It is given as follows.

S  L / Rrg
where L is the typical member length, R is the radius of curvature, and rg is the radius of gyration of the
member’s cross-section.
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k is the rigidity of the rotational spring normalized by the flexural relative stiffness of 6 members. It is
mentioned that the buckling strength is close to the pin jointed case for the case of k < 0.01, to the rigid
jointed case for the case of k> 100.

Figure 4.1.24 Network models [4.1.18] (Courtesy M.Yamada)

k

10-1

Figure 4.1.25  – S curves [4.1.18]
(Courtesy M.Yamada)

Figure 4.1.26 – curves [4.1.18]
(Courtesy M.Yamada)

In the case of rigid joint, as understood in Fig. 4.1.25, the elastic buckling load is given as shell-like buckling
if S is smaller than about 2.71, and beyond this limit member buckling prevails [see section 4.2.1.5]. In the
region where S is smaller than about this limit, the effect of the bending rigidity k appears explicitly as seen
in the lowering of elastic buckling load. When we consider a dome with 1.0 for k, the reduction seems not
large, however this reduction looks small compared with the results of Figs. 4.1.22 and 4.1.23, as well as
Fig. 4.1.29.
b) Study by Fan et al. [4.1.43]
As for the single layer lattice dome of revolution with a circular plan as shown in Fig. 4.1.27, the critical
loads are estimated varying the rotational spring rigidities and plastic bending moments of connections. The
two parameters are normalized by the flexural relative rigidity and yield bending moments of members,
respectively.
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In Fig. 4.1.29, the vertical axis represents the ratios , being defined as the ratio of the critical load to that of
the rigid jointed strength, and the horizontal axis represents the non-dimensional rotational rigidity . The
horizontal axis in Fig. 4.1.30 represents the non-dimensional yield momentwhich means the ratio of joint
moment capacity to the plastic moment capacity of the member connected to the joint. It is mentioned that
the critical strength is considered almost as the pin jointed case if the non-dimensional rotational rigidity <
0.05, regardless of the non-dimensional yield moment . The critical strength of shallow type can be
considered as the rigid jointed case on the condition of  >0.5 and  >0.3 as shown in Fig. 4.1.31 (b). For a
conservative approach, the threshold of  >2 and  >0.3 may be applied to single layer reticulated shells with
respect to joint rigidity and strength of connections.

Figure 4.1.27 Single Layer dome [4.1.43]
(Courtesy Feng Fan)
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Figure 4.1.28 Member model [4.1.43]
(Courtesy Feng Fan)
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Figure 4.1.29 Critical load of lattice shells [4.1.43] Figure 4.1.30 Critical load of lattice shells [4.1.43]
(Courtesy Feng Fan)
(Courtesy Feng Fan)
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Figure 4.1.31 Classification system for joints (f/L:rise span ratio) [4.1.43](Courtesy Feng Fan)
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c) Study by Ueki et al.
In the study [4.1.17], the linear buckling loads are estimated with the parameters of member slenderness
ratios, half open angle, rotational spring rigidity in the case of three way single layer lattice domes in a
square plan shown in Fig. 4.1.32. The solid lines are those obtained by FEM for the models 1 and 2. If  is
larger than 1.0, there seems to be no difference between the two models.
It is found in Fig. 4.1.33 that the buckling load becomes close to the pin jointed case if the non-dimensional
rotational rigidity is smaller than 0.1 for  . Here   K B /( EI /  0 ) is adopted, where K B , EI , and  0
denote, respectively, the rigidity of bending spring between member and node at connection, bending rigidity
of member, and the length of member. Here Pcr ( ) / Pcl 0 represents a ratio of linear buckling load with
semi-rigid joint to the classical buckling load of the rigid joint dome. Based on this analysis, a formula is
proposed to evaluate its linear buckling load with semi-rigid bending spring at connection as follows.

Pcrlin ( ) 

Pclo
1 2 / 

With the other type of grid shells by Kato et.al [4.1.41], two way-grid shells are studied with initial
imperfections and rotational spring rigidities. The design formula for elastic buckling load considering
geometrical imperfections is presented for elastic buckling loads.

P cr ( )
Pcl 0

Figure 4.1.32 Analysis models [4.1.17] Figure 4.1.33 Linear buckling load for spring constant [4.1.17]
(Courtesy T. Ueki)
(Courtesy T. Ueki)
d) Study by Takashima et al. [4.1.16]
In the study [4.1.16], the elastic-plastic buckling load is estimated with the parameters of unit number and
half open angle with respect to three way grid domes in a hexagonal plan. The constituent members are
modeled using FEM fiber model as shown in Fig. 4.1.34, with ball and tubular members of two sizes. The
joint properties are constant, ball size is 1=0.03, the non-dimensional spring constant is about 1.3 for
  K B /( EI /  0 ) . The yield conditions of bending moment-axial force about the two tubular members are
shown in Fig. 4.1.35. The behavior of the connection is shown in Fig. 4.1.36 to make clear the importance of
joints on the nonlinear behavior of domes. The ratio of the bending capacity of connector to tubular section is
about 0.15. From the results in Fig. 4.1.36, the domes collapse with decreasing bending moments and
increasing axial forces. Accordingly the bending rigidity is required to prevent elastic buckling of low axial
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intensity and also the strength of connector is required to increase the axial strength of dome.
In the study [4.1.20], the sensitivity of geometrical initial imperfection and additional loads on the buckling
loads is investigated with the same FEM model of Fig. 4.1.34, for the three way grid domes in the hexagonal

Figure 4.1.34 Analyzed model for member unit [4.1.16] (Courtesy H. Takashima)

tubular member
connector

Figure 4.1.35 Yielding interaction formula of pipe and connector [4.1.16] (Courtesy H. Takashima)

Figure 4.1.36 Progress of plastic yielding at the connector [4.1.16] (Courtesy H. Takashima)
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Figure 4.1.37 Ｓtress-strain relation for assuming gap [4.1.20] Figure 4.1.38 Load-displacement [4.1.20]
(Courtesy H. Takashima)
(Courtesy H. Takashima)
plan. The half open angle and unit number are adopted as parameters, and the tri-linear constitutive rule
shown in Fig. 4.1.37 is adopted to consider the clearance of connections. As a result, the difference between
buckling loads is sufficiently small as found in Fig. 4.1.38 in spite of clearance of connector, although the
nodal displacements are largely different in the case of the dome with a unit hexagonal plan.
This analysis is considered rather classical if viewed at present, and it can be nowadays replaced by more
detailed FEM analysis considering slip, separation, yield of screws, and will provide more accurate data for
joints. From such an analysis, the bending rigidity may be easily evaluated.

Figure 4.1.39 Model frame of timber lattice dome [4.1.33] (Courtesy T. Nishimura)
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e) Study by Fathelbab et al. [4.1.19]
In the study [4.1.19], tangent stiffness equations of system truss members are derived for the member model.
The two variations of member end parts are presented. One model represents a strong end with a relatively
weak neck, and the other a weak end with a relatively strong neck.
f) Study by Nishimura et al. [4.1.33]
In the study [4.1.33], a timber single layer lattice dome as shown in Fig.4.1.39 is considered. One member is
modeled as a uniform beam element, a gusset plate and a joint as shown in Fig. 4.1.40 to carry out nonlinear
analyses. The bifurcation phenomenon of nodal rotations in the surface was analyzed to appear producing a
stable joint rotation buckling shown in Fig.4.1.41, and it was compared with the experimental result. This
method is considered very practical, since it includes the relative effects of joints with a high accuracy.

Figure 4.1.40 Member model[4.1.33]
(Courtesy T. Nishimura)

Figure 4.1.41 Load – strains in the gusset plate[4.1.33]
(Courtesy T. Nishimura)

In the study [4.1.39], the FEM model of Fig.4.1.42 is presented to simulate the behavior of system truss
joints accurately. The constitutive rule of each part can be changeable as shown in Fig. 4.1.43. The
load-displacement relation is analyzed considering the structural characteristics of sleeves, bolts and wappers.
The obtained results by numerical simulations are compared with experiments. The comparison will give us
a stand point to understand how on accurate joint model may evaluate the effect of joint properties.

Figure 4.1.43 Dimension of numerical model [4.1.39] (Courtesy T. Nishimura)
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Figure 4.1.43 Stress – strain relation [4.1.39] (Courtesy T. Nishimura)
4.1.5.2 Experimental Studies
Experimental investigations or theoretical analysis can estimate the structural behavior of spatial structures.
However, the applicability of theoretical analysis method in practice has to be examined by experiments. In
experiments, it is necessary to measure the required physical quantity with required accuracy corresponding
to the purpose of the experiment.
Gap-1

Gap-2

Figure 4.1.44 Simple model [4.1.42]
(Courtesy F. Fang)

Figure 4.1.45 Gap model [4.1.42]
(Courtesy F. Fang)
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Figure 4.1.46 Contact surface model [4.1.42]
(Courtesy F. Fang)
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Figure 4.1.47 Moment-rotation curves [4.1.42]
(Courtesy F. Fang)
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Further, the experimental investigations are particularly useful in order to examine the influence of joints
behavior on the load carrying capacity or deformation capacity of spatial structures and other moment frames.
It may be difficult to examine them only by the theoretical analysis on one hand, and it may be difficult to
examine the buckling load only based on model experiment, even using a full scale model composed of a
small number of members and joints. Accordingly, from analyzing the measured results, some practical
modeling method for connection can be validated for applying it to FEM analysis for lattice shells composed
of a large number of members with such joint modeling. In other words, experiments will give fundamental
data for joints, and numerical studies based on the accurate joint modeling will provide understanding of the
behavior of global lattice shells with complex joint behavior. The typical studies of structural properties for
system trusses are described as follows, without considering the historical order of research efforts.
a) Study by Ma et al. [4.1.42]
In the study [4.1.42], finite elements of solid models for conducting a numerical analysis of system truss
connections are presented, and the stress of each part of joints is investigated. In numerical simulations using
ABAQUS, three kinds of a simple model [Fig. 4.1.44], a gap model [Fig. 4.1.45] and a contact surface model
[Fig. 4.1.46] are considered to show the usefulness of numerical simulations of finite elements for not only
developments of system truss connections but also development of joint spring elements to be applied to
metal spatial structures.
Further, for a semi-rigidly jointed dome, the nonlinear beam element with end spring elements, of which
nonlinear properties are obtained from experiments as assembly of linear segments, is validated through the
comparison with experimental results.
b) Study by Taniguchi et al.
In the study [4.1.24], instead of assembly of linear segments, a regression curve of bending moment –
rotation relationships is estimated based on experiments. The curve is the following exponential function that
could express the relationships continuously. Fig. 4.1.48 shows the two nonlinear curves for Mero joints. The
equation is suitable for numerical simulations since the tangent rigidity is easily derived as a differential
coefficient, but restricted to monotonic loading. The values of  and  are given in the study [4.1.24].

M

| |
2

1
1

| |

(4.1.3)

Figure 4.1.48 Comparison of regression curve and experimental curves [4.1.24] (Courtesy Y.Taniguchi)
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c) Study by Lee et al. [4.1.21]
In the study [4.1.21], for a screw joint system, both bending and extensional rigidities are estimated by
experiments. The elastic limit moment is presented as a yield moment of shoulder bolts from bending
experimental results.
d) Study by Ueki et al. [4.1.27]
The data of a set of system truss joints are shown in the study [4.1.27, 4.1.28] based on experiments that
were carried out under bending moments and axial member forces. In the study [4.1.27], the bending
experiments are carried out under the loading condition of not only positive and negative axial forces but
also cyclic bending moments. It can be mentioned that the studies of system truss joints for single layer
lattice shells have been much advanced by this research, although it was performed rather early.

Figure 4.1.49Detail of joint [4.1.27]
(Courtesy T. Ueki)

Figure 4.1.50 Results of axial tests [4.1.27]
(Courtesy T. Ueki)

Figure 4.1.51 Bending tests [4.1.27] (Courtesy T. Ueki)
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The joint and member are shown in Fig. 4.1.49. The results are shown in Fig. 4.1.50 for only axial loading, in
Fig. 4.1.51 for bending moment under a constant tension or compression and for cyclic bending moment
under a constant tension or a compression. The study is interesting as it revealed the difference of the
bending rigidity between tension and compression. The experiment shows that bending rigidity under tension
decreases lower than that of pure bending, while it increases under compression. Those ratios are about 0.5
and 2.0 respectively for tension and compression based on Fig.4.1.50.
However, the ratio is dependent on the magnitude of tension or compression. When we are asked about the
buckling of lattice domes under compression, it may be right in this case that the bending rigidity increases
under compression if viewed from Fig.4.1.52 and the bending rigidity under compression may lead the
buckling load higher for semi-rigid connection under compression than those evaluated using bending
rigidity only under pure bending.

Figure 4.1.52 Cyclic bending test a constant tension or a compression [4.1.27, 4.1.28](Courtesy T. Ueki)

Figure 4.1.53 Configuration of specimens [4.1.34] (Courtesy M. Fujimoto)

Figure 4.1.54 Bending moment to rotation relationships [4.1.34] (Courtesy M. Fujimoto)
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e) Study by Fujimoto et al. [4.1.34]
In the study [4.1.34], bending experiments of similar system truss joints were carried out under either
compressive or tensile axial member forces. It is pointed out that the relationships of bending moment to
rotation are influenced by the axial forces. The observation is similar to that in the study by Ueki et al
[4.1.27], which is shown in Fig.4.1.54.
f) Study by McConnel et al. [4.1.15]
In the study [4.1.15], nonlinear behavior of MERO jointed toggle is studied considering the effect of joint
size and stiffness for shallow lattice domes. It is made clear that large flexible joints can produce columns
that are weaker than a uniform pin-jointed equivalent.
g) Study by Kubodera et al. [4.1.13]
In the study [4.1.13], both bending and tension experiments of system truss joints are carried out and
ultimate strength of joint balls are investigated under two loading conditions. The system was developed
mainly for double layer system.

Figure 4.1.55 Ball of system truss [4.1.13]
(Courtesy I. Kubodera)

Figure 4.1 56 Ultimate strength of balls [4.1.13]
(Courtesy I. Kubodera)

h) Study by Suzuki et al. [4.1.22]

Figure 4.1 57Analytical model [4.1.22]
(Courtesy T. Ogawa)

Figure 4.1 58 Load – displacement curves [4.1.22]
(Courtesy T. Ogawa)
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In the study [4.1.22], the effect of joint size and stiffness on elasto-plastic behavior is theoretically
investigated with comparison of experimental results for a single lattice dome. The effects of looseness of
connections are studied to show the change of load-deformation relationships. The looseness at joint was
assumed 0.00cm, 0.015cm, and 0.030cm in the analysis, and the bending rigidity was assumed 20,000kNcm
for KB in both directions of y and z, but 0.0 for torsion.
i) Study by Tabuchi et al. [4.1.14]
In the study [4.1.14], strength and failure mode of welded spherical joints are investigated by experiments. In
the experiments, the ratio of member diameter to joint diameter and the ratio of joint diameter to joint
thickness are adopted as experimental parameters.

Figure 4.1 59 Test specimen
[4.1.14]
(Courtesy T. Tanaka)

Figure 4.1.60 Pmax with d/D
[4.1.14]
(Courtesy T. Tanaka)

Figure 4.1.61 Pmax with D/T
[4.1.14]
(Courtesy T. Tanaka)

j) Study by Choi et al.
In the study [4.1.38], columns with system truss connections in both ends are tested to compare with member
buckling analysis.

Figure 4.1.62 Buckling tests of columns with system truss connections [4.1.38] (Courtesy H. S. Choi)

k) Study by Shibata et al.[4.1.28]
In the study [4.1.28], experiments were carried out for flexural properties of joints and buckling behavior of
domes. The load-displacement relationships of domes are estimated by varying the bending rigidity of
connections to compare with the experiments from which the value of bending rigidity was estimated.
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Figure 4.1.63 Single layer dome [4.1.28]
(Courtesy R. Shibata)

Figure 4.1.64 Influence of joint system [4.1.28]
(Courtesy R. Shibata)

Figure 4.1.65 Rotation constraint mechanism [4.1.31] (Courtesy A. Wada)
l) Study by Wada et al. [4.1.31]
In the study [4.1.31], buckling experiments shown in Fig. 4.1.65 for columns with the constraint of nodal
rotations are carried out to consider the constraint effect of neighborhood members on the buckling load.
m) Study by Sugizaki et al. [4.1.26, 4.1.30]
Triodetic aluminum system trusses were experimentally studied in the study [4.1.26, 4.1.30]. The features of
jointing system have both strong and weak axes of section moment inertia.
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Figure.4.1.66 Hub and Tubes [4.1.26, 4.1.30]
(Courtesy K. Sugizaki)

Figure.4.1.67 Outline of tube ends [4.1.26, 4.1.30]
(Courtesy K. Sugizaki)

n) Study by Hiyama et al. [4.1.32]
In the study [4.1.32] bending tests of connections and buckling collapse experiments of domes were carried
out to compare with the numerical simulations of FEM models.
o) Study by Ma [4.1.40]
In the study [4.1.40], numerical studies of connections were compared with bending tests of joints in order to
establish the bending stiffness curves of bolt-ball joints. Further, the effect of connection rigidities, joints size
and torsional rigidities of members was studied for a single lattice dome.
p) Study by Fan et al. [4.1.44]
In the study [4.1.44], the bending tests were carried out by a cantilever method in order to introduce
compressive axial forces. The connection is subjected to bending moment, axial force and shear force.
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4.2 Spherical reticulated shells
Buckling is one of the important factors in design of single layer reticulated dome, as already experienced
from the collapse of Bucharest Exhibition Hall in 1963 [4.2.1, 4.2.2] followed by a great academic and
engineering interest in not only buckling mechanism but also evaluation of the buckling loads. With respect
to buckling of spherical reticulated shells, many useful documents [4.2.2-4.2.11] have been already
published, and they are referred to in this section together with papers from IASS Symposia, Journal of the
IASS, and related journals. In this section fundamental schemes are introduced according to them for
evaluating buckling strength of reticulated shells with emphasis on single layer surfaces of positive double
curvatures.
Especially in this section, buckling of reticulated shells with rigid or almost rigid connections is emphasized
in the following order: circular plan of three-way member arrangement, rectangular plan of three-way
member arrangement, and circular and rectangular plans of two-way member arrangement. In the case of
weak semi-rigid connections, no discussion is given because pertinent research is still in progress [4.2.35,
4.2.36].
In estimating the buckling strength of single layer domes, analyses are nowadays possible even for
geometrically and materially nonlinear problems, once data are input into computers with GNMNA software.
However, for a computer run structural engineers/designers need to find necessary and reliable data for (1)
modeling of structures, (2) boundary conditions, (3) load distributions of, for example, snow and wind loads,
(4) structural characteristics of members, (5) rigidities, eccentricities, and looseness of joints, (6) geometric
imperfections and (7) other necessary data. Moreover they need to be able to judge or identify if the answers
or output from computers are reasonable or not, which buckling type dominates, shell-like buckling, member
buckling or nodal rotation buckling, and if any other instability occurs, since single layer reticulated domes
have characteristics common to both thin shells and beam-column structures. In a design stage in which such
appropriate data are difficult to find or define clearly, an approximate but simple estimation based on shell
analogy or linear elastic buckling analysis is helpful and efficient together with use of engineering and
empirical knowledge of buckling ever accumulated.
4.2.1 Spherical reticulated domes of three-way member arrangement of circular plan
In this sub-section, first, several schemes for evaluating both linear buckling load and elastic buckling load
of single layer reticulated domes of spherical surface are introduced. For elastic buckling, the effect of
geometrical imperfections is discussed through the knockdown factor expressing the ratio of elastic to linear
buckling loads. Since the joint system is very influential and important in buckling of single layer domes, the
effect of rigidity at connections is also discussed as a part of the knockdown factor. Especially emphasis is
put on shell analogy in terms of effective rigidities with a direction to present approximate evaluation
methods. Second, elastic-plastic buckling load, buckling strength in other words, is presented based on
approximate formulas using a column strength concept but including the effect of shell-like buckling, which
has already been described in Chapter 3.
Among many forms for reticulated shallow spherical domes, only several forms of circular plan shown in Fig.
4.2.1 are the subjects of this sub-section. The network for arranging members is fundamentally of a
three-way geometry. The constituent members are rigidly or almost rigidly connected at nodes against
rotations with respect to lateral deflection, as shown in the middle of Fig. 4.2.2. In the case of semi-rigid
connection, many issues should be raised as, for example, not only imperfection sensitivity but also rigidity
and looseness at joint under axial and bending actions. One of the general approaches to such semi-rigid
connection was discussed very early by Tsuboi, Kawaguchi and Nasukawa [4.2.12], and a moderate number
of studies on this problem have been accumulated based on experiments and FEM analysis. The studies
[4.2.13-4.2.15, 4.2.18-4.2.20, 4.2.23, 4.2.25-4.2.35, 4.2.37] have discussed buckling capacity of domes with
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semi-rigid connectors modeled as bending springs assumed at each end of members or a beam element of
short length, as shown in the middle in Fig. 4.2.2. The rigidity is denoted by KB in the studies, and
normalized as  = ( K B   0 ) / ( E s I rd ) based on the bending rigidity E s I rd of the member with respect to the
bending action in the lateral direction normal to a surface. Several studies [4.2.15, 4.2.19-4.2.24, 4.2.284.2.30, 4.2.33-4.2.35] focused on the value KB and the effects of semi-rigidity at nodes from experiments. If
 =0, this corresponds to a pin joint, but few discussions are given here for pin jointed domes. In the case of
non-zero  , bending moments of members are transmitted through nodes to adjacent members. In this
sub-section, the value  is assumed moderate, namely larger than about 2 as given in Chapter 3, and if  is
larger than this bound, the elastic buckling load is found to be estimated similarly, if based on equivalent
bending rigidity, to that of the rigid connection [4.2.13, 4.2.14, 4.2.32]. Section 4.1 provides information for
the semi-rigidity.

Z

0

X

KB

EsAs, EsIrd
members and connection

Z
Type A

Type B

Rigid connection

X

Semi-rigid

viewed from side
rise H

Y

Almost pin connection

Rigid

Span L

viewed from above

Type C

Figure 4.2.1. Reticulated domes on circular

X

Figure 4.2.2. Modeling for member and connection
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by S. Kato)
l

(Draw by S. Kato)

The boundary conditions treated are of two types: one is a roller-boundary on a horizontal plane and the
other is a pin-boundary. In practice, a ring girder or tension member of relatively large cross sections is often
provided at peripheries to react to outward horizontal thrusts, and the boundary condition of roller supports
looks almost similar to that of pin-boundary. Accordingly, discussions are to be made without referring to
the kind of boundary conditions.
4.2.1.1 Definition of buckling loads
Buckling loads are classified in principle into three kinds based on a buckling analysis. Linear buckling load
is defined as a critical load corresponding to loss of stability, which is obtained as an eigenvalue problem
considering the effects of axial or in-plane stresses but neglecting the effects of displacements and bending
moments before loosing stability. Elastic buckling load is defined as a critical load based on elastic nonlinear
path, which is obtained as bifurcation or limit point but neglecting material nonlinearity. Elastic-plastic
buckling load is defined as a first extremum appearing in the equilibrium path based on elastic-plastic
nonlinear analysis considering both of the material plasticity and geometrical nonlinearity. Here buckling
strength is used with the same meaning as elastic-plastic buckling load. These three critical loads are denoted
as pcrlin , pcrel and pcrel  pl or pcr , being calculated as load intensities per unit area. When a structure buckles
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within the elastic range, pcrel is naturally equal to pcrel  pl , however, we usually meet a situation that pcrlin is
larger than pcrel and pcrel is larger than pcrel  pl , since reticulated domes almost look like continuum thin shells
and are sensitive to geometric imperfections. The conceptual relationship between the three loads is
illustrated using load-displacement paths as shown in Fig. 4.2.3.

P

Pcrlin
Pcrel

Elastic buckling

Pcrel  pl
Elastic-plastic
Initial yield





Figure 4.2.3 Load-displacement curve of a shallow dome (Draw by S. Kato)
4.2.1.2 Linear buckling load evaluated as equivalent continuum shell
The linear buckling load pcrlin( cont ) under a uniform normal pressure per unit area for a continuum spherical
shell is given as follows [Appendix A, 4.2.2-4.2.5].
lin
cr ( cont )

p

t 

 
3(1  2 )  R 
2E

2

(4.2.1)

where E ,  , t, and R is, respectively, Young’s modulus, Poisson’s ratio, thickness and radius of curvature of a
continuum shell. The value pcrlin( cont ) is called classical buckling load, being used as a starting point for the
present discussion. If the network of the reticulated dome is formed by equilateral triangles with a side length
of  0 , as shown in Fig. 4.2.4, the dome can be replaced, based on a method often called shell analogy, by
an isotropic shell [4.2.2- 4.2.7, 4.2.9, 4.2.25] for which effective thickness teq and effective Young’s modulus
Eeq are approximated as follows but with 1/3 for Poisson’s ratio.

teq  2 3  rg ,
rg 0 

I rd
,
As

Eeq  Es As / (3 0  rg ) ,

rg  rg 0 / (1  2 /  ) ,

  K B / ( Es I rd /  0 )



1
3
(4.2.2)

In the above equation, ES , AS , and I rd denote the Young’s modulus of elasticity of steel, cross sectional
area, and moment of inertia of the member with respect to bending action in the direction normal to the shell
surface, rg 0 denotes the radius of gyration, and KB is the bending stiffness of a spring at the connection
between a node and a member to represent the bending behavior of the connection, as already shown in Fig.
4.2.2. The effect of the torsional bending rigidity of members is not considered for the bending action as a
lin
continuum shell for brevity. Using Eq.(4.2.2), pcr ( cont ) is transformed to the following expression denoted
lin
as pcr ( cont .eq ) .

pcrlin( cont .eq )  2 6 Es As rg / (  0 R 2 )

(4.2.3)
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If the buckling load per one node is counted using a influence area, Anode  3 0 2 / 2 , as shown in Fig. 4.2.4,
the buckling load per one node Pcrlin( cont .eq.node ) can be expressed as follows [4.2.9, 4.2.19, 4.2.25, 4.2.38] .

Pcrlin( cont eq node )  ES AS030 / 1  2 /  ,  0  12 2 ,
 0 0

Anode  3 20 / 2

(4.2.4)

where  0 is the member slenderness ratio of Eq.(4.2.5), and the subtended half angle  0 is adopted for
expressing the relationship between the member length  0 and the radius of curvature R, as shown in Fig.
4.2.4.

 0   0 / rg 0 ,  0   0 / (2 R)

(4.2.5)

The value  0 is the shell parameter expressed by  0 and  0 , and buckling load is expressed by using the
following no-dimensionalization in terms of  .



P

(4.2.6)

Es As 30

3
According to Eq.(4.2.4), the buckling load is found proportional to E s As 0 and  0 , as shown in Fig. 4.2.5.

The effect of semi-rigidity at connections on the linear buckling load is represented by the value of
1 / 1  2 /  . For example, for moderate bending stiffness (   4 and 10), the reduction is respectively
0.82 and 0.91, not so large. The effects to elastic buckling loads have been already introduced in section 4.1,
and are also discussed later in this section.
If we refer to a study by Lind [4.2.41] with a restriction to a pin connected dome under a uniform pressure, in
which elastic stocky bars are connected with complete pins as forming a network of equilateral triangles, the
linear buckling load is given by Eq.(4.2.7) under an additional approximation that the dome is shallow.

Pcrlin( pin.node)  C pin E s As 0 3

; C pin  3.76

(4.2.7)

Further discussion and research is needed to determine if the value 3.76 for Cpin is appropriate for design use.
According to the study [4.2.42] with respect to  0 =1.5 to 4.0 deg., the coefficient Cpinel for elastic buckling
for shallow domes without any imperfections, not for linear buckling, is proposed as 1.00, being
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Figure 4.2.5 Buckling load in terms of  and  0
(Draw by S. Kato)

Figure 4.2.4 Network of equilateral triangle
(Draw by S. Kato)
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much lower than Cpin=3.76. On the other hand, Lopez et.al [4.2.37] have given an effective equation with a
limitation of 0  3.46 to evaluate the effect of semi-rigidity and propose a value 1.85 as Cpin for elastic
buckling of complete pin-jointed single layer shallow domes. Moreover, the study [4.2.42] shows that
pin-connected domes are very sensitive to both geometrical and loading imperfections since no
re-distribution of loads to neighboring members will be expected. However, the term of E s As 0 3 is a clear
measure at present to judge how the buckling load of not only pin-connected domes but also semi-rigidly
connected domes is varied depending on  0 and  0 . If  0 is larger than around 1.0 according to the
coefficient Cpinel =1.0, we may understand, as shown in the studies [4.2.13, 4.2.14, 4.2.34, 4.2.35, 4.2.37] that
semi-rigid connections will be more efficient against buckling than complete pin connection.
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the results except for   1, 2 and  0  120, 150.)
[4.2.32, 4.2.43]
(Draw by S. Kato)

One of the buckling patterns that are not considered in continuum shells is Euler member buckling of
constituent members. One of the results is given in Fig. 4.2.6 according to Fujimoto (Murakami) & Heki
[4.2.39, 4.2.40]. As discussed in the books [4.2.5, 4.2.9], the papers [4.2.8, 4.2.32, 4.2.39, 4.2.40, 4.2.43] and
later in this sub-section, the buckling load of rigidly connected domes may be lower due to Euler member
buckling, if  0 is less than 3 or 4, than those of equivalent continuum shells. Accordingly considerations are
demanded for evaluation of member buckling loads in the region of small  0 .
Another example of elastic buckling loads is plotted in Fig. 4.2.7 based on research [4.2.32, 4.2.43] for
domes that are composed of tubular members of one identical diameter. The results are obtained for domes
under a uniform load in the case of rigid or semi-rigid connections and no imperfections. From Figs. 4.2.6
and 4.2.7, the region for elastic shell-like buckling corresponds to a domain of  0 larger than a bound of
about 3 or 4, and the elastic buckling load may be approximately 0.7 times the linear bifurcation load. This
value of 0.7 is also found in the coefficient 0.711 of Eq.(4.2.32). If  0 is smaller than about 3 or 4, member
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buckling may tend to prevail. In the case of very weak bending rigidity at the connections, as =1, the elastic
buckling load expressed by the term will approach about 2.0. The evaluation of elastic buckling and
buckling strength is later introduced in the following parts in more detail.
4.2.1.3 Linear buckling load evaluated based on Euler member buckling
As understood in the discussion for the derivation of Eq.(4.2.4), it dose not include the effects of member
buckling and node rotation buckling. In case where such types of buckling seem to appear before shell-like
buckling, the buckling load should be evaluated considering them. However, the node rotation buckling is
not considered here, under an assumption that measures are taken to avoid it, as described in the sub-section
3.10.1 of Chapter 3.

If the buckling load Pcrlin( m) per one internal node is analyzed according to the studies [4.2.8, 4.2.39, 4.2.40,
4.2.43] considering only member buckling, the buckling loads are approximately evaluated as follows.
6 2 Es Ird
Pcrlin( m ) 
 0   m ;
 m = 0.7 to 1.0 for pin-joint around normal direction (4.2.8)
 20
3
2
lin
 lin
cr ( m ) = Pcr ( m ) / ( Es As 0 ) = 0.206 0   m

Pcrlin( m ) 

71Es Ird
 0   m ;
20

 m = 0.7 to 1.0 for rigid-joint around normal direction (4.2.9)

lin
3
2
 lin
cr ( m ) = Pcr ( m ) / ( Es As 0 ) = 0.247 0   m

where EsIrd denotes the bending rigidity of the member sections and six same members are crossed at one
node as shown in Fig. 4.2.4, and a reduction factor  m is introduced for considering the effect of
non-uniform distribution of axial forces in members. The value ranging from 0.7 to 1.0 will be considered
appropriate for  m according to the studies [4.2.8, 4.2.9, 4.2.25, 4.2.43] reflecting a situation that hoop
stresses tend to be amplified more, encountered near a boundary, than a membrane stress of a complete dome
just under uniform normal pressure. Two curves are plotted in Fig. 4.2.5 based on Eqs.(4.2.8) and (4.2.9). If
the buckling load per surface area is evaluated, it is expressed as follows.

pcrlin( m)  Pcrlin( m) / Anode ; Anode  3 0 2 / 2

(4.2.10)

Eq.(4.2.8) is for a case of pin connection if seen from above the roof surface, and Eq.(4.2.9) for a case of
completely rigid connection, respectively shown in Fig. 4.2.2.
For an example of member buckling, a case that very slender (such as  0 =150) but rigidly connected
members are used for a large subtended half angle like  0 =4.0 deg. (0.0698rad) or more corresponds to
member buckling. The value  0 becomes very small as  0 =1.62 for  0 =150 and  0 =0.0698rad. In this
case, the buckling load will be determined by member buckling of Eq.(4.2.8) or (4.2.9), since shell-like
buckling will not appear before member buckling, as seen in Fig. 4.2.6. On the other hand, if very stocky
bars of small  0 such as 40 are used with rigid connection for a dome of a relatively small  0 , for
example  0 =2.5 deg. (0.0436rad), the value  0 becomes large as  0 =9.8. The buckling load in this case
will be absolutely determined by shell-like buckling, since Pcrlin( m) is much larger than Pcrlin( cont .eq .node ) , as seen
also in Figs. 4.2.6 and 4.2.7.
4.2.1.4 Elastic buckling load expressed in terms of a knockdown factor
4.2.1.4.a Shell-like elastic buckling and imperfection sensitivity
As often explained and presented briefly in the section 2.3 of Chapter 2, shell-like structures exhibit an
imperfection sensitive behavior, meaning that the elastic buckling load is decreased due to imperfections.
The imperfection implies geometrical change of shapes before loading, deviation of material properties, and
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fluctuation in loads and boundary conditions, all being different from the perfect ones assumed in design
stage. As expected based on the IASS Recommendations [4.2.44], the single layer reticulated domes may be
also sensitive to imperfections, since they look very similar in shape to thin shells. Accordingly, the
sensitivity should be taken into consideration in evaluating the buckling loads. Fortunately, the knockdown
factor  0 used in the Recommendations works hopefully well for expressing the imperfection sensitivity of
reticulated shells. The curve marked by III corresponds to spherical shells, which seems applicable with a
little caution to shell-like buckling of reticulated domes.

1.0


I

others

II

cylindrical shells under lateral load

III

spherical shells, axially
compressed cylindrical shells

0.5

wio/te

0.0
0.0

0.2

0.5

1.0

Figure 4.2.8 Knock down factor  after the IASS
Recommendation [4.2.44] (Draw by S. Kato)

Eqs.(4.2.3) and (4.2.4) correspond to bifurcation loads, and if geometrical imperfections occur, for example,
in nodal positions, then the critical value defined as bifurcation turns to a limit load as discussed in the paper
[4.2.45] and explained briefly in sub-section 2.1.1 of Chapter 2, and buckling load reduction is induced.
Similarly to the IASS Recommendations, a knockdown factor  0 is introduced into Eqs.(4.2.11) and
(4.2.12) for reticulated shells using a same concept as shown in Fig. 4.2.8, where the knockdown factor  0
is given in terms of wi 0 / t eq . Here wi0 denotes the magnitude of imperfection. The curve III is for thin
elastic spherical shells under a radial pressure, and accordingly we might need an equation probably being a
little modified for reticulated roof shells. The knockdown factor  0 for reticulated shells is later discussed
for Eq.(4.2.30) shown in Fig. 4.2.10.
In case of continuum shells, the knockdown factor does not depend on the semi-rigidity at connectors. On the
other hand, single layer reticulated domes often adopt systematized mechanical connectors [4.2.20, 4.2.23,
4.2.28, 4.2.30, 4.2.33-4.2.35, 4.2.37], and in this case the connectors tend to be semi-rigid. Thus, the effects
of semi-rigidity should be reflected on the elastic buckling loads. For domes with semi-rigid connection,
studies [4.2.13, 4.2.18, 4.2.22, 4.2.32, 4.2.34, 4.2.35, 4.2.37] have been performed based on an assumption
that springs of bending stiffness K B are located at ends of members, as shown in Fig. 4.2.2.
If a knockdown factor  0 is possibly assumed based on appropriate data from experiments or analysis
considering various factors covering the above semi-rigid connection, the elastic buckling load may be given
using a knockdown factor but separating  ( ) for the effect of semi-rigid connection.

pcrel ( conteq )   0 pcrlin( conteq )
pcrel ( conteq )   ( ) 0 pcrlin( conteq )

for rigid connection

(4.2.11a)

for semi-rigid connection

(4.2.11b)
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If a buckling load per node is used, the elastic buckling load is given similarly to Eq.(4.2.4) as follows.

Pcrel( conteq )   0 Pcrlin( conteq )
el
cr ( conteq )

P

  ( ) P

lin
0 cr ( conteq )

for rigid connection

(4.2.12a)

for semi-rigid connection

(4.2.12b)

The value for  ( ) is 1/ 1  2 /  if based on Eq.(4.2.5), and will also be discussed later in section
4.2.1.4.c.
4.2.1.4.b Imperfection sensitivity in case of member buckling
The member buckling seems to be not so imperfection sensitive, encountered as ordinary columns in tall
buildings being not sensitive, since column elastic buckling is stable as shown in Fig. 2.3. The characteristics
are to be discussed later in the section 4.2.1.7 for the reduction [4.2.36, 4.2.46, 4.2.47] due to member
crookedness. Accordingly the knockdown factor for member buckling for rigid or almost rigid connection is
assumed here by using a factor  pc of around 0.9 to 1.0 if based on the discussion in the sub-section 4.2.1.8,
and the elastic buckling load may be given as follows based on Eqs.(4.2.8) and (4.2.9).

Pcrel( m )   pc Pcrlin( m )

 pc  0.9 ~ 1.0

for one node

pcrel ( m )   pc pcrlin( m )

 pc  0.9 ~ 1.0

for unit area

(4.2.13)

4.2.1.4.c Effect of semi-rigid connection
One of the reasons for the great success of single layer reticulated domes in the last decade is the invention
of systematized joints [4.2.30, 4.2.33] as shown in Photo 2.3, and some of them are considered as semi-rigid
connections. In case of semi-rigid connection, not so many studies have been published for providing
formula for the elastic buckling loads, except for studies [4.2.13, 4.2.32-4.2.35, 4.2.37, 4.2.48] considering
the effect of the bending stiffness K B of connectors on not only the elastic buckling loads but also
elastic-plastic buckling loads. The domes [4.2.8, 4.2.9, 4.2.13, 4.2.14] analyzed under a uniform loading have
the same shape shown in Fig. 4.2.1(b) supported by a tension ring on a circular boundary. The main
parameters are  0 and  0 , varied, respectively, 1.5 and 2.0 deg for  0 , and 30, 60, 90, 120 and 150 for  0 .
The analyzed domes are judged to be classified as shell-like structures based on Fig. 4.2.6, since the value of
 0 ranges from 3.2 to 16. The result is summarized in the following form [4.2.9, 4.2.13, 4.2.14] but in the
case of no imperfection.

Pcrel ( )  0.65 ( ) Pcrlin (  )

for no imperfection

(4.2.14)

where Pcrlin (  ) is the buckling load for rigid connection with infinitively large  and  ( ) is
defined as follows.

 ( ) 

1

(4.2.15.a)

1 2 /

or

 (0.3  0.3log10 ( )) / 0.65
1    10

 ( )  (0.55  0.05 log10 ( )) / 0.65 for 10    100

1.0
100  
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Figure 4.2.9 Effect of semi-rigidity on elastic buckling load under uniform load (Draw by S. Kato)

This value  ( ) of Eq.(4.2.15.b) is almost the same as that of  ( )  1/ 1  2 /  in Eq. (4.2.15.a), if  is
lager than about 2. The value 0.65 in Eq.(4.2.14) is an approximate knockdown factor, but a little lower than
that of a perfect case, obtained under a condition that the domes have no geometrical imperfections. However,
this value 0.65 may be applied to the case of no imperfection with a small error to Eqs. (4.2.11) and (4.2.12).
In case that the semi-rigidity is much smaller than   1 , the studies [Section 4 of Reference 4.2.5] and
[4.2.28, 4.2.34, 4.2.35, 4.2.37] provide information how the buckling loads change depending on the ratio of
semi-rigidity for weak bending connection.
4.2.1.5 Estimation of elastic buckling loads based on effective stiffness – Proposed formulas
Based on accumulated studies, several formulas have been proposed for estimation of elastic buckling loads
using effective stiffness. Among those, two formulas are reviewed by Hangai in the study [section 2 of
Reference 4.2.5]. In this sub-section, four formulas are added for review: formulas by del-Pozo et.al. [4.2.49,
4.2.50], by Yamada [Section 4 of Reference 4.2.5, 4.2.16, 4.2.18, 4.2.52], by Shen et.al. [4.2.7, 4.2.51], and
by Hu [4.2.17] together with several values by Uros and Lazarevic et.al.[4.2.53].

The above formulas are presented approximately under the following conditions. (1) The members elastically
resist axial forces, bending moments, and torsional bending moment. (2) The members are rigidly connected.
In the study of Yamada, the effect of member buckling is approximately included in the formula for elastic
buckling of equivalent continuum shells. And the effects of non-uniform load conditions is included in the
studies [Section 4 of Reference 4.2.5, 4.2.7, 4.2.18, 4.2.52, 4.2.54, 4.2.56], but no one except for Shen
explicitly expresses a formula depending on the load distribution. (3) Shen [4.2.7] stated that single layer
reticulated domes are not sensitive to load imperfections, as later rewritten, since the effects of load
imperfections may not add further effects to the buckling loads due to geometric imperfections in the case of
rigid connection.
a) Formula by del-Pozo [4.2.49, 4.2.50]: Based on a series of elaborate studies based on both of analysis
and experiments for shallow continuum shells as well as ribbed shells of a circular base, an elastic buckling
load is given by Eq.(4.2.16), considering the buckling load reduction due to imperfections.

pcrel 

0.228
Et 2

(1   2 ) 0.70 R 2

(4.2.16)

where  is Poisson’s ratio. If Eq.(4.2.2) is applied to the present reticulated dome of perfect rigid connection
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el

with an additional assumption of   1 / 3 , the value of pcr per unit area is transformed as follows.

pcrel  0.202  2 6 E s As rg 0 / (  0 R 2 )

(4.2.17)

The value of Eq.(4.2.17) is about one fifth of Eq.(4.2.3) for the classical bifurcation load.
b) Formula by Shen [4.2.7, 4.2.51]: Based on intensive studies for various types of shallow reticulated
domes based on geometrically nonlinear analysis for reticulated domes, an effective formula Eq.(4.2.18) for
an elastic buckling load has been proposed as a form of continuum shells. The networks are similar ones
shown in Fig. 4.2.1, with a varying span L from 40m to 70m. The studies assume domes composed of steel
hollow circular sections, pin-supported, including the effects of (1) a uniform dead load g with superposition
of a non-uniform load p over a half-span or half dome ranging from 0 to 0.5 for p / g later to be explained
about Fig. 4.2.14 and (2) geometric imperfections of various magnitudes. The studies give conclusions that
(3) domes start buckling at several nodes near the boundary and deform significantly as a local concave and
the elastic buckling loads are determined due to limit point instability, (4) the elastic buckling loads are
sensitive to geometric imperfections, and the buckling load for geometric imperfections of L/500 is
decreased to 50% of elastic buckling load of perfect domes, and that, as described before, (5) the buckling
loads are relatively insensitive to loading conditions such as the added non-uniform loads once some amount
el ( perf )
of imperfection already exists. The proposed elastic buckling load pcr
for perfect domes under a
uniform load as per unit area is first given as follows using an coefficient 2.17, while the classical buckling
load pcl is expressed by a coefficient of 3.77 instead.

pcrel ( perf )  217
.

KD
R2

,

pcl  3.77

KD

(4.2.18)

R2

where K and D [4.2.2, 4.2.3, 4.2.7, 4.2.9, Appendix A, Appendix B] are in-plane and bending stiffness,
respectively. The proposed elastic buckling loads correspond to 0.58 of the classical buckling load.
Based on the above result, the following elastic buckling load Eq.(4.2.19) is proposed as a lower bound
reducing to about 50% from the analytical elastic buckling loads of perfect domes, but with a restriction to
geometric imperfection of L/500 ~ L/300.

KD
R2
In the case of an equilateral triangle mesh as shown in Fig. 4.2.4, K and D are given as follows.
pcrel  105
.

K

3 3E s As
3 3E s I rd
3Gs J rd

, D
4 0
4 0
4 0

(4.2.19)

(4.2.20)

where J rd is the polar second moment of section for torsional bending moment, and Gs is the shear modulus
of elasticity. If Eq.(4.2.19) is applied to an equilateral triangle, using K and D in Eq.(4.2.20), the elastic
buckling load Eq.(4.2.19) is rewritten as follows.

pcrel  0.278  2 6 E s As rg 0 1  Gs J rd / (3E s I rd ) / ( 0 R 2 )

(4.2.21)

The value of Eq.(4.2.21) is about 28% of the classical bifurcation load given by Eq.(4.2.3) if neglecting the
torsional bending rigidity of circular hollow sections, and about 0.31% of the classical bifurcation load if
including the torsional bending rigidity.
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c) Formula by Yamada [section 4 of Reference 4.2.5, 4.2.16, 4.2.18, 4.2.52]: Based on analytical and
experimental studies for three-way shallow domes, with pin boundary and under a uniform load as shown as
Type A in Fig. 4.2.1, the elastic buckling load is presented with use of a knockdown factor  .

1  Gs J rd / Es I rd 
2.68 
1
 KD
2 
R  7(3  Gs J rd / Es I rd ) 

pcrel   

(4.2.22)

where the knockdown factor  is classified in two cases depending on the elastic buckling type.

0.711c

 

 m

for S  SC ;elastic shell buckling
for S  SC ;elastic member buckling

(4.2.23)

A curve of 0.711  c for elastic shell buckling is shown in Fig. 4.2.10. Here S is called a shell-like parameter.

0

S

R  rge

;

rge  D / K  1.12 I rd / AS

(4.2.24)

Between  0 and S , an inverse relationship is found as follows.

5.83

S

;

0

0 

33.9
S2

(4.2.25)

According to the above studies, a reticulated dome with S less than a bound of 2.71 (if  0 is larger than 4.62
of Eq.(4.2.4)) will buckle as a shell, on the other hand, the dome with S larger than a bound of 2.71 (if  0 is
less than 4.62) exhibits member buckling. The same observation has been obtained in the studies [4.2.8, 4.2.9,
4.2.39, 4.2.40, 4.2.55-4.2.58] as shown in Fig. 4.2.6. A consideration is also paid to member buckling, and
the evaluation is added as Eq.(4.2.23) depending on the value of S.
The value  c for buckling load reduction is a solution in terms of geometric imperfection wio in Fig. 4.2.10
of the following equation.

(1  c )1.2 

wio
c ; rgo  I rd / A ;  0    0.711c
1.12rgo

(4.2.26)

The knockdown factor to be multiplied to linear buckling load is  0  0.711c . The function  m and Sc
are given in terms of parameters S and  c .

m 


Dm
S 2

  1 


Sc 

1  Gs J rd / Es I rd 
 (3  Gs J rd / Es I rd )
7(3  Gs J rd / Es I rd ) 

Dm

c

, Dm 

(4.2.27)

29.5



If the form of Eq.(4.2.3) is applied to a reticulated dome of equilateral triangle network, the value of pcrel is
approximately transformed by neglecting the second term, as being small, in the bracket in Eq.(4.2.22) as
follows.

Pcrel   0  2 6 ES AS rg 0 1  DS J rd /(3ES I rd ) /( 0 R 2 )

(4.2.28)

The value  0 decreases from 0.711 as given in Fig. 4.2.10, and in the case of perfect shells
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with wio / teq  0 , Eq.(4.2.28) gives an elastic buckling load being 71.1% of the classical bifurcation load of
Eq.(4.2.3) if the term due to torsional bending is excluded, while 79.7% if the term due to torsional bending
is included. If wi 0  0.2t eq is assumed for the geometric imperfection, the reduction factor  0 will be
around 0.39, and accordingly, the elastic buckling load in this case results in about 0.39 times the classical
buckling load of Eq.(4.2.3), while if the term due to torsional bending is excluded, the elastic buckling load
results in 0.44 times the classical buckling load. As mentioned in the study [section 4 of Reference 4.2.5] as
well as in the study [4.2.53], the imperfection sensitivity changes a little depending on not only mesh
networks but also the distribution of loads on roofs, and accordingly we need caution in design calculation to
adopt a conservative value as later discussed in this section.
d) Formula by Hu [4.2.17]: Based on the study for shallow reticulated domes based on not only a set of
geometrically nonlinear analyses using shell analogy but also experiments using steel models, an effective
formula for elastic buckling loads is presented as an almost similar equation of Eq.(4.2.19) with 1.00 instead
of 1.05 for the coefficient. Moreover a table is given, Table 4.2.1, for comparison of a lower bound for elastic
buckling coefficient as follows. Here the results of Hu and Eq.(4.2.30) are added in this section.
e) Results by Uros, Lazarevic, et.al.[4.2.53]: In the recent and detailed analysis [4.2.53] , two types of a
three-way shallow dome with rigid connections and composed of   323.9  7.1 tubular members are
investigated. One is an ordinary three-way of triangular grids, and the other is a three-way of shifted
triangular grid. Both types have a span of 90m and a rise of 10m. The knockdown factors are obtained as
0.39
0  (8.01  11 wio 0.45 ) /10.73 and  0  (7.25  8.4  wio  ) / 8.00 , respectively for the former and latter types
under a uniform load. Here wi0 is amplitude of imperfection counted in meter, and the distribution is assumed
proportional to the first linear buckling mode. The two equations are converted, using 0.38m for teq based on
their assumption, as follows.

0.746  0.663  w / t 0.45
io
eq

for
0  
0.39
0.906  0.679  wio / teq 

triangular grid
shifted triangular grid

IASS III

0.711 c by Yamada
Eq.(4.2.30)

Figure 4.2.10 Comparison of knockdown factors (Draw by S. Kato)
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Table 4.2.1 Lower bound of elastic buckling load pcrel / pcrlin ( cont eq ) (Draw by S. Kato)
el
cr

lin
cr ( cont eq )

p /p

Wright

Buchert

Del Pozo

Hu

Hangai

Eq.(4.2.30)

0.31

0.30

0.20

0.26

0.24

0.20

Based on the above equation, 0.42 and 0.53 for wio/teq=0.20 is obtained, respectively for the triangular grid
and the shifted triangular grid. The difference of the knockdown factors implies that even though the
structures look similar, they have different imperfection sensitivity. In design, accordingly, a study will be
required based on accumulated data or elastic buckling analysis for each configuration of network or member
arrangement to find its appropriate value for the knockdown factor to be used for evaluating elastic buckling
load.
4.2.1.6 Comparison of proposed elastic buckling loads and knockdown factors for design use
a) Further discussions on the values of Table 4.2.1
The proposed lower bounds of pcrel / pcrlin ( cont eq ) , shown in Table 4.2.1, look almost the same and range
around 0.2 to 0.3. As seen in the study by Shen [4.2.7], the largest initial imperfection studied is L/300, and
this value corresponds to 13.3cm, 16.7cm, 20.0cm, and 26.7cm, respectively, if the span L of domes is
assumed 4000cm, 5000cm, 6000cm, and 8000cm. This kind of amplitude seems rather large compared with
the tolerance of fabrication and construction [4.2.59], and corresponds to approximately same or more than
the displacements obtained at the domes’ buckling strength, if analyzed based on elastic-plastic buckling
analysis.

Recently a situation of high fabrication and construction technology has been realized, and the amplitudes of
imperfections may be expected to be much reduced than those assumed for calculation of elastic buckling
loads in Table 4.2.1. In Chapter 3 and Appendix C, an assumption has been adopted that the maximum
amplitude will be less than L/1000 and 0.20teq. Following the restriction to the imperfection from span L, the
amplitudes are 40mm, 60mm, 80mm, and 100mm respectively for 40m, 60m, 80m, and 100m for span L.
These values of imperfection except for 40mm are considered rather large compared with 35~40mm which
are assumed based on tolerance of fabrication and construction process. If tubular members of 150mm,
200mm, 250mm, and 300mm diameter are assumed, respectively, for 40m, 60m, 80, and 100m span, the
value 0.20teq corresponds to about 37mm, 49mm, 61mm, and 73mm. From a view point of tolerance of
fabrication and construction, these values seem also rather large. If 35mm is adopted as imperfection, it
corresponds to 0.19 teq, 0.14 teq, 0.12 teq, and 0.10 teq, respectively, for domes with 40m, 60m, 80m, and 100m
for span. Accordingly, we may assume that the amplitude of imperfection for design use will be expected to
become rather small compared with 0.20teq, especially in case of domes with a large span but assuming a
high level technology for fabrication and construction.
b) RS buckling loads as knockdown factor for design use
Assuming that there is not any available accumulated data for imperfection, an efficient and practical
procedure for calculation of RS buckling load has been proposed by Kashani & Croll [4.2.60, 4.2.61] to give
a lower bound for elastic buckling load. The scheme for evaluation is explained in section 3.6 of Chapter 3.

According to the studies [4.2.62-4.2.64] in which a dome with 180m span, 62.5cm member diameter, almost
2.0 degrees for  0 of suspended half angle of member, and 44 for member slenderness ratio 0 is studied
based on RS buckling method. Its RS buckling load becomes 0.47 times the linear buckling load as shown in
Fig. 4.2.11. In their study the results for the geometrically nonlinear analysis using several amplitudes for
geometric imperfection are shown for comparison, in which the distribution of imperfection was assumed
proportional to the first linear buckling mode, and the elastic buckling load with a geometrical imperfection
of about 3rog is found to coincide with the reduced buckling load. The value of 3rog corresponds to
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0.86 t eq =660mm and this value seems too large compared with the tolerance of fabrication and construction.
In the study, for a geometrical imperfection of about 1.8rog corresponding to 0.51teq=400mm, the
knockdown factor is reported to be reduced to 0.45. Comparing 0.45 for 0.51teq, this dome seems to have a
little smaller imperfection sensitivity than the curve of IASS III, or Eq.(4.2.30). Based on the research, a
suggestion is given here as follows: the reduced stiffness method may be efficient and convenient to get
information how the elastic buckling load is lowered due to geometric imperfections, since there is no need
to perform elastic nonlinear analysis except for a simple linear buckling analysis, but followed by a simple
procedures to separate the linear buckling load into in-plane and bending strain components and then to
adopt the bending strain component as RS buckling load for a lower bound. This method may be effective
for assuming a lower bound of elastic buckling load, although the amplitude of the imperfection
corresponding to the RS buckling load will be judged rather large compared with the tolerance of fabrication
and construction (Appendix C) especially in case of large domes.

load factor P

16

12

8

P c1 =15.736

load factor by RS method

A : wio = 0
B : wio = 2rog

4
Elastic nonlinear

0
0.00

C : wio = 3rog

P *1 =7.182
=0.47×15.736
deflection [m]

0.75

1.50

Figure 4.2.11 Estimation of knockdown factor based on reduced stiffness method [4.2.63, 4.2.64]

(Courtesy S. Yamada)
Another example is added to the value of knockdown factor from the RS buckling load [4.2.61]. A dome
composed of 72 members, being considered a relatively small number for a dome, was analyzed to obtain RS
buckling loads from a series of analysis of domes with various rises, and the study gives almost 0.5 for the
knockdown factor. The result, being 0.5 for knockdown factor from the present RS buckling load, is almost
compatible with the knockdown factor of 0.5 obtained in Appendix A as RS buckling based on the first
buckling mode.
c) Further discussion on the RS buckling load and the difference in knockdown factors between linear
buckling modes and dimple imperfection
In a recent study by Nakazawa et al. [4.2.65] for a single layer reticulated dome with L=100m span and
composed of members of cross section   296  5 ~ 6 , which is shown in Fig. Ex1.1 (page 106) of the
example of the section 4.2 for buckling load evaluation, its knockdown factor has been investigated using
several modes. The results of imperfection sensitivity are shown with marks of ◇，□，○，◆, ■, and ● in
Fig. 4.2.10, where several modes are applied including the first mode. The marks of ● and ◆ are
respectively the 5th and 51th mode for which the RS buckling loads are two from the lowest for a dome
supported by a pin boundary. The marks of ○ and ◇ correspond respectively to the 7th and 39th mode for
which the RS buckling loads are the two lowest for a dome supported by a tension ring, and their knockdown
factors based on RS buckling load is 0.400 and 0.405, respectively, for pin boundary and tension ring
boundary. The maximum displacement obtained by GNMNA at the load reaching the buckling strength is
about 20cm excluding the initial imperfections. The value 20cm corresponds to 0.55 times the equivalent
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shell thickness teq. If the imperfection amplitude is assumed around 0.5 teq, the knockdown factor gets
lowered about 0.325 for the seventh mode as found in Fig. 4.2.10, while it is around or a little larger than
0.400 for imperfection 0.3 teq. The value of 0.400 for a knockdown factor obtained by RS buckling method

S

S

S
dimple

S

First mode (anti-symmetric)
7th mode (anti-symmetric) at the central section
at the central section
found as the lowest based on RS buckling load
Figure 4.2.12 Buckling modes in the study by Nakazawa [4.2.65] (Courtesy S. Nakazawa)
corresponds in this case to the imperfection 0.3 teq, and it reveals that the RS buckling load does not
necessarily represent its lower bound. On one hand, if based on an assumption that magnitude of
imperfections for design should be less than 35~40mm, L/1000 or 0.20teq, accordingly RS buckling load
might give us an appropriate lower bound. In this example, the amplitude of imperfection corresponding to a
smaller one of 35~40mm, L/1000 or 0.2teq is 35mm~40mm, and the value of 35mm ~40mm corresponds to
about 0.1teq and to a value evaluated from fabrication and construction tolerance, not from L/1000 or 0.2teq.
And this restriction to design imperfection may be possibly realized in construction of a dome of 100m span
considering recent high technologies for construction engineering. Accordingly, the value around 0.50 for a
knockdown factor will be judged permissible for domes with 100m span. However, one needs caution to the
configuration of buckling modes shown in Fig. 4.2.12, where the distributions of linear buckling modes
change like a wave from positive to negative values with same wave height. The waves are a little different
from a dimple imperfection, and this linear buckling mode might be considered to give a double effect
compared with a dimple imperfection if measured only by the absolute amplitude. Accordingly, the
definition of amplitude when adopting linear buckling modes is not necessarily compatible with the previous
definition for dimple imperfection. In the previous studies, the buckling was studied using this kind of
dimple imperfection as shown [4.2.16, 4.2.17, 4.2.49], and if one evaluates the amplitude based on a concept
of dimple imperfection, the magnitude for imperfection adopted from linear buckling modes should be
calculated as the difference between a hill and a valley. Accordingly, the amplitudes of linear buckling modes
as given in Fig. 4.2.12 may be interpreted as two times larger than that of dimple imperfection.
d) A simple curve for knockdown factor: Considering the above results, a simple and approximate formula
for knockdown factor may be given for design use in which the factor is to be multiplied with its linear
buckling load.

0.65exp(1.57 wio / teq )
0.20


0  

for wio / teq  0.75
for wio / teq  0.75

(4.2.30)

The curve of Eq.(4.2.30) looks almost same as the curve III and 0.711 c by Yamada in Fig. 4.2.10. If based
on the above equation, the knockdown factor 0.40 obtained by RS buckling will be applied when assumed
imperfections are within 0.30 teq. However, one should pay attention that in this guide the amplitude of
imperfections for design use is assumed as the smaller one of L/1000 and 0.20teq.
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e) Effects of the magnitude of  0 on elastic buckling load
The effect of shell-like parameter  0 has been studied in the investigations [4.2.55, 4.2.56]. Several types
of dome for circular and hexagonal plans but without imperfections were analyzed to see how the
knockdown factor changes depending on  0 of Eq.(4.2.6). Fig. 4.2.13 shows the knockdown factors in two
cases of domes of circular plan supported by pins at boundary; one is a dome with about 70m span composed
of twelve members along the section AOD, looking like the configuration of the dome shown in Fig. Ex1.1
(page 106) of Example of the section 4.2, and the other is a dome with about 200m span composed of twenty
members along the section AOD. Each dome is composed of tubular members of the same cross section. The
parameters are the member slenderness ratio 0 and the subtended half angle  0 , both being given in
Eq.(4.2.4). The value for 0 is varied from 30 to 190, and the value for  0 is varied from 1.00 degrees to
2.00 degrees.

1.0


 0  0.65  0.35(4.2  0 ) /1.8

0.65


 0  2.4

for 2.4   0  4.2

(4.2.31)

 0  4.2

Fig. 4.2.13 shows a situation that the imperfection sensitivity will be lost once the parameter  0 becomes
smaller than around 4.2, and this fact shows that, in the region of  0 being smaller than this bound, the
buckling pattern tends to be governed by Euler member buckling of constituent members and that the elastic
buckling loads are almost same as the linear buckling loads, as also shown in the study [4.2.66] and the
investigations [section 4 of Reference 4.2.5, 4.2.16, 4.2.52] as discussed in sub-section 4.2.1.6.c. This fact is
compatible with the characteristics found in Fig. 4.2.6 where Euler member buckling appears for the region
less than around 3 or 4. Based on this judgment, a scheme to evaluate the buckling strength may be
formulated in the following way; first the buckling strength based on Euler buckling strength is evaluated,
second, the buckling strength based on shell-like buckling is evaluated, and comparison is made to select the
smaller one as the elastic buckling load. This scheme is explained in the flow chart of section 3.12 of Chapter
3.

A

D

Eq.(B40)

Eq(4.2.14)

0
Figure 4.2.13. Knock down factor  0 ( 0 ) for Eq.(4.2.31)[4.2.55,4.2.56] (Draw by S. Kato)
4.2.1.7 Effect of member crookedness on buckling strength
As discussed in the study [4.2.39, 4.2.40, 4.2.46, 4.2.47, 4.2.67-4.2.70], domes composed of very slender
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members are vulnerable to elastic member buckling, and member crookedness may reduce the buckling load.
Based on the study [4.2.36, 4.2.47] of shallow reticulated shells for the type c in Fig. 4.2.1 and some other
simple types, the effects of member crookedness on the buckling strength, elastic-plastic buckling loads in
other words, have been discussed.
The imperfection was analyzed as a random process [4.2.47], and for a detailed analysis, they adopted a
Kiiewitt-8 dome with 40 m span, composed of two types of members   114  3 and   140  6 . The
maximum member crookedness was assumed as two cases of  0 /1000 and 2 0 /1000 using a member
length  0 . Distribution of member imperfection along one member is simulated by two steps to produce the
most influential imperfection to buckling. In their analysis, one member is divided into three line elements to
include Euler member buckling for more accuracy. Based on the results, it is confirmed that in case of
 0 / 1000 imperfections the buckling load reduction is 5%, while in case of 2 0 / 1000 imperfections the
reduction is 10% at most. From this observation, we may expect that the buckling load reduction will be
around 10% at most and this value will be reflected to buckling load evaluation.

The study[4.2.46] also shows using a simple model for dome that an elastic buckling load is reduced by
about 10% solely due to member crookedness of  0 /1000 and, if a global imperfection of wi 0 / teq  0.59
simultaneously exists, its elastic buckling load is smaller by about 30% from the perfect one. Also they show
a result that the effect of member crookedness will be reduced when a global imperfection becomes large.
4.2.1.8 Effect of non-uniform loads on elastic buckling load
Although there are a few studies on the effect of non-uniform loads on elastic buckling loads, according to
the study [Section 4 of Reference 4.2.5] by Yamada discussing rigidly connected shallow spherical domes
without imperfections, the following results are given in the case of S being less than a bound of 2.71 of
Eq.(4.2.24), in other words in the case of shell buckling: (1) the elastic buckling load g crel ( snow)
( g  0 , p  0 ) under a snow type uniform load, defined as a uniform distribution on a horizontal plan, is by
10% higher than the elastic buckling load g crel (dead ) ( g  0 , p  0 ) under a uniform dead load
distribution, (2) the elastic buckling load pcrel ( snow) ( g  0 , p  0 ) for a half span snow load is 70% of
the elastic buckling load g crel ( snow) ( g  0 , p  0 ) under a uniform snow load distribution, and (3) the
elastic buckling load pcrel (dead ) (; g  0 , p  0 ) for a half span load is 73% of the elastic buckling load
g crel (dead ) ( g  0 , p  0 ) under a uniform dead load distribution.

In the study by Shen et.al [4.2.7] for reticulated spherical domes in Fig. 4.2.1 (c) under a simultaneous action
of g and p of Fig. 4.2.14, they investigated and formulated the effect of a half span load on the elastic
buckling based on a parametric calculation. The span L of domes ranges from 40m to 70m, and the
rise-to-span ratio is shallow ranging from 1/5 to 1/8. The buckling load reduction is expressed with K(g+p)
defined as a ratio of (g+p)cr as non-uniform load to the buckling load (g+p)cr but as full uniform load. Shen et.
al include also the effect of imperfection of L/1000, and give approximately the following results: (1) The
reduction K(g+p) for perfect domes is estimated as 0.85 and 0.84 at most, respectively, in the case of p/g=1/4
and p/g=1/2, while for imperfect domes 0.91 and 0.85 at most, respectively, in the case of p/g=1/4 and
p/g=1/2. (2) When imperfection of L/1000 exists, the effect of non-uniformity as a half span load is likely to
g+p
g

g

p

=

+

Figure 4.2.14 Load distributions of uniform and half span uniform loads; g and p mean the uniform load
(Draw by S. Kato)
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be hidden within the effect of imperfection since the effect of imperfection is more eminent in the case of
uniform loads than non-uniform loads. They also give a set of reduction factor K(g+p) for the domes in Fig.
4.2.1 (b), and the results are shown as follows: (3) The reduction K(g+p) for perfect domes is estimated as 0.94
at most in case of p/g=1/2, while for imperfect domes 0.72 at most in case of p/g=1/2. Also in the study
[4.2.54] for shallow rigidly connected domes of the type in Fig. 4.2.1(b) with about 60m for span L, the
member slenderness ratio 0 is varied from 40 to 100, and the suspended half angle  0 is varied from 2.0 to
3.0 degrees. The ratios of K(g+p) are calculated as 0.94, 0.90, and 0.86 at most, respectively, for 1/3 , 1.0 and
3.0 for p/g.
In the study [4.2.53] of a shallow dome with 90m span and 10m rise, mentioned above, composed of
  323.9  7.1 cross section, pcrel (dead ) ( g  0 , p  0 ) for a half span load is obtained about 0.74 and
0.78 of g crel (dead ) ( g  0 , p  0 ) in case of no imperfections for the two types of dome. This value is
almost same as the result obtained by Yamada [section 4 of Reference 4.2.5].
Similarly to the formulation adopted as two-third rule in the study [4.3.7], the following equation may be
derived.

K p g

 p 
 1  0.30 

 2g  p 

2/3

(4.2.32)

In case of 0.25, 1/3, 0.50, 1.0, 3.0, and  for p/g, K ( p  g ) gives respectively 0.92, 0.91, 0.88, 0.84, 0.72
and 0.70. Accordingly, although there is a small error in the case of Shen’s results, Eq.(4.2.32) has a tendency
to provide an appropriate estimation for elastic buckling load reduction due to non-uniform loading.
Once the influences from geometric imperfections, semi-rigidity at connection and load distribution or
fluctuation are evaluated, the elastic buckling load may be calculated as follows, as already discussed in
Chapter 3.

Pcrel( conteq )   ( ) K g  p 0 Pcrlin( conteq ) ;

   ( ) K g  p 0

(4.2.33)

Pcrel( FEM )   ( ) K g  p 0 Pcrlin( FEM )
4.2.1.9 Approximate evaluation of elastic-plastic buckling load
a) Squash load based evaluation: Elastic buckling loads do not include the effect of plasticity of constituent
members. According to the procedure in Chapter 3, the effect of plasticity can be reflected to approximate
evaluation of elastic-plastic buckling load.

In principle, the consideration of plasticity is required for the region where elastic buckling is caused. And in
most of the cases of spherical reticulated roof with a pin boundary, a boundary using a tension ring of large
sectional section, or a rather stiff boundary, the region subjected to elastic buckling is almost same as the
region to be caused into plasticity. Otherwise, we need another consideration. However, the cross sections of
members are not so different from place to place, and the squash load, plastic limit load in other terms, at
each node will be assumed nearly the same. Based on this assumption, the following scheme may be
proposed for estimation of plastic limit. If the plastic limit load [Section 3 of Reference 4.2.5, 4.2.9, 4.2.43,
4.2.71] PSQ per one internal node is analyzed considering only material plasticity, it is assumed with use of
the axial strength as follows.

PSQ  6 N cr ( col ) 0 m ,  m = 0.7 to 1.0

(4.2.34)

where six same members are assumed to cross at a node as shown in Fig. 4.2.4. N cr ( col ) is an axial full
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strength as a column considering plasticity of members and associated connectors, and  m is the same one
introduced previously in the section 4.2.1.3. If a network pattern is different from ordinary three-way, an
appropriate value for  m should be selected reflecting the network characteristics.
In the calculation of N cr ( col ) , care is needed to adopt the smallest value among axial full member strength,
bearing capacity of connectors and other related capacities of nodes, but different of global shell-like
buckling.
If the intensity is counted per area, Eq.(4.2.10) is rewritten as follows.

pSQ  6 N cr ( col ) 0 m /( 3 20 / 2)

(4.2.35)

The semi-quadratic Dunkerley’s interaction formula [4.2.4, 4.2.8, 4.2.9, 4.2.44, 4.2.72, Appendix D3],
introduced in Chapter 3, gives an estimation of the elastic-plastic buckling load using pcr or Pcr of
Eq.(4.2.11) or (4.2.13) as follows.

 k SB pcr
 el
 pcr

2

  pcr 
  1 ,
  
p
SQ
 


 k SB Pcr
 el
 Pcr

  Pcr
  
  PSQ

2


  1


(4.2.36)

Here the value k SB is considered as a partial safety factor for elastic buckling [4.2.72, Appendix D3]. As
discussed in Chapter 3 and Appendix D3, the value k SB may be adopted as 1.14 to 1.44. The solution for
Pcr or pcr can be given by Eq.(4.2.37). If the value k SB is assumed 1.0, Eq.(4.2.37) gives a buckling
strength with no consideration of partial safety factor for elastic buckling.

Pcr
p
2
 cr 
PSQ pSQ
kSB 2  4S  4  k SB  2S

(4.2.37)

where the following value  S [Appendix D3, 4.2.4, 4.2.9] is defined as a generalized slenderness ratio by
the following equation of Eq.(4.2.38) , which is introduced in section 3.8.1 of chapter 3.
Eq.(4.2.37) for pcrel or pcrel is plotted in Fig. 4.2.15 as a function in terms of  S , and compared with several
curves.

S 

PSQ
el
cr

P



pSQ

(4.2.38)

pcrel

The key of the expression for buckling strength evaluation is a condition that the values for PSQ and
Pcrel should be counted accurately. When  S approaches an infinitively large value, Pcr / PSQ reaches an
elastic buckling curve of 1/(k SB  S 2 ) , and on the other hand, if  S approaches zero, Pcr / PSQ tends
toward to 1.0 as a squash load, a plastic limit load in other words. For the values of Pcrel and PSQ in
Eq.(4..2.36), Eq.(4.2.33) based on elastic buckling load based on shell analogy and the squash load using
Eq.(4.2.34) can be applied, otherwise, Pcrel( FEM ) based on GNMLA and PSQ based on GLMNA may be
applied, and examples of such calculation will be shown later in this sub-section
b) Representative member based evaluation: As explained in Chapter 3, the value of the linear buckling
axial force of N 0(linm ) is effectively applied together with its axial capacity N y . The scheme is again referred
to here.
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e(m)

2

e(m) 
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kSB=1.14~1.44

(4.2.39)

Ny

(4.2.40)

 N 0lincr ( m )

Ncr
2

Ny
kSB 2 e( m) 4  4  kSB e( m) 2

P0 cr  P0  ( N cr / N 0 ( m ) ) ,

(4.2.41)

q0 cr  q0  ( Ncr / N0 ( m) ) ;

cr  Ncr / N0 ( m)

(4.2.42)

In the above equation, FEM analysis is applied to find the linear axial buckling force N 0lincr ( m ) of the
representative member. The value  may be evaluated using Eq.(4.2.33), otherwise, based on elastic
buckling analysis considering the design imperfections and other influential factors.
Examples of the representative member based evaluation are found in several papers [4.2.8, 4.2.9, 4.2.55,
4.2.56, 4.2.58, 4.2.66, 4.2.73-4.2.80], which have proven the effectiveness of the evaluation scheme in the
case of uniform loads [4.2.38, 4.2.55, 4.2.58, 4.2.81], non-uniform loads [4.2.56, 4.2.73, 4.2.90], and
intermediate loads on members [4.2.82]. One application for buckling load evaluation of a dome with 100m
span is to be illustrated later.
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Figure 4.2.15. Elastic plastic buckling load expressed in terms of
generalized slenderness ratio  S (Draw by S. Kato)
4.2.1.10 FEM approach to buckling strength evaluation
Several issues and evaluation schemes of buckling loads are discussed above, and we have known that there
are still many unsolved questions about bucking behavior hidden in metal roof spatial structures of single
layer as well as double layer. Also we know a trend to a new type of free form reticulated shells which are
not easily treated by the schemes presented above. Nowadays, we are living in an environment in which we
can utilize powerful methods of FEM. Fundamental knowledge and analytical schemes have been
accumulated, and many intrinsic information can be drawn from following materials: buckling analysis of
members [4.2.83], many intrinsic information can be drawn also from following materials: buckling analysis
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of members [4.2.83, 4.2.84], GNMNA of frame structure for cyclic deformation [4.2.85, 4.2.86], analysis of
shallow roofs [4.2.48, 4.2.54, 4.2.87-4.2.89], FEM analysis software manuals, the concept of buckling
strength evaluation based on linear buckling load and squash load [4.2.4, 4.2.8, 4.2.44, 4.2.72, 4.2.91, 4.2.92,
4.2.99, Appendix D3 ].
Accordingly, paralleled to GNMNA, together with these accumulated information hitherto, new concepts for
shape finding [4.2.93] and structural control of stability of spatial structures composed of slender members
[4.2.45] will be also a key problem toward to new development.
Ex1. Example of buckling load evaluation of spherical reticulated shells of circular plan with 100 m
span
Ex1.1 Geometry and structural dimension of dome

In this section, an example is described about a scheme to evaluate the buckling strength of a single layer
reticulated dome. The dome is shown in Fig. Ex1.1, and it is resisted horizontally by a tension ring at its
circular periphery, and the dome itself is supported by a series of upright columns on the circular boundary.
One sixth sector of the dome is shown in Fig. Ex1.1 and it is repeated for all the structure with symmetry.
The members constituting the dome are tubular cross sections of mild steel with Es  20500kN/cm 2 and
 y  235N/mm 2 for Young’s modulus and yield stress, respectively. Members including the tension ring are
assumed connected rigidly at joints by welding.

H=13.4m

Z

O

Q

A

D
L=100m

h=5m
φ0=30°

  296  t ; d=296.6mm

t=5.0mm
t=5.5mm

d

t=6.0mm
Tension Ring

t

dT=592mm
t=37mm

O

D
of members
Plan viewsection
of the 1/6
sector

Figure Ex1.1 Dome studied
(Courtesy S. Nakazawa)

The dome has a span L of 100m, a half open angle 0 of 30 degrees, and a radius of curvature R of 100m. It is
composed of twenty members along the ridge of AOD, and each member on this ridge has a length
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of  0 =523.6 cm, and accordingly the subtended half angle  0 for these members is 1.5 degrees, using a
definition given in section 4.2. It is calculated as  0 = [ half open angle 0 /(the number of members on the
ridge AOD) ]. In this example, the cross section of members is denoted by a symbol of   d  t , where d
denotes the diameter of member defined for its center circle within the wall thickness of the tubular sections
as shown in Fig. Ex1.1, and t denotes their wall thickness; then the diameter of the outer surface is d  t
and the diameter of the inner surface is d  t . The diameter d 0 of all inner members is assumed identical
as 29.6cm, which is calculated based on a member slenderness ratio 50 for 0 using the relation
of d 0  2 2 0 / 0 . And the equivalent shell thickness is 36.3cm using a relation of teq  3d 0 / 2 . The
thickness of tubular members ranges 5.0mm, 5.5mm and 6.0mm. The cross section of tension ring is
assumed   592  37 base on a preliminary calculation.
Ex1.2 Boundary condition and design load
a) Boundary condition: The dome is assumed to be supported by columns of high axial rigidity with
pin-connection at both ends to the dome and the foundation, and each panel of the substructure is stiffened
by a series of brace elements resisting earthquake forces acting horizontally. However, these data for the
substructure are abbreviated here for simplicity.
b) Design load and assumed safety factor: The sum of the nominal dead load and the nominal snow load is
assumed 1.5kN/m2, being uniform per unit surface of the roof. The safety factor for ultimate limit state is
here assumed 1.75 for FM based on the proposal of Kollar and Dulascka using a resistance factor SB  1.0 .
The representative load selected for point O, being located at the center of the dome, is evaluated as
P0  35.61kN using P0  1.5kN/m2  A node , in which A node is the influence area by point O and calculated
as A node  3 0 2 / 2 . Accordingly, the ultimate limit strength Pod demanded is given as
1.75  35.51kN  62.32kN .
c) Design imperfection: The amplitude of imperfection, w io , is assumed for this case as 0.2teq, giving
72.6mm. The distribution is assumed as a dimple imperfection, where the point given the imperfection
corresponds to a location, Q, shown in Fig. Ex1.1. The maximum displacement at this point arises under its
nominal design load.
d) Structural characteristics: The knockdown factor for the assumed dimple imperfection of 0.2teq is found
as 0.596 based on FEM elastic buckling analysis. The dome was structurally designed in advance using a
knockdown factor of 0.5, so that it may endure 2.0 times the nominal design load of uniform distribution. It
is found to have a safety margin of 2.38 based on elastic-plastic buckling analysis, where an amplitude of
0.2teq (=72.6mm) is considered as a dimple imperfection. And this dome is judged as one which buckles as a
shell-like structure, because  0 of Eq.(4.2.4) of section 4.2 is 13 and larger than around 3 or 4 as shown in
Fig. 4.2.13.
Ex1.3 Evaluation scheme of buckling strength of shallow spherical dome of 100m span

Several schemes are explained in section 4.2;(1) linear buckling in sub-section 4.2.1.2, (2) elastic buckling in
sub-section 4.2.1.4 , (3) squash load or plastic limit load in sub-section 4.2.1.5, and (4) buckling strength also
in sub-section 4.2.15. Based on these schemes, buckling loads are to be evaluated in this sub-section.
In the following example,  K g  p is assumed here 1.0 for simplicity, because rigid connection and a
uniform load distribution on the roof are assumed.
The partial factor kSB in Eq.(3.23) is varied as 1.00, 1.20 and 2.50/1.75 in this example for buckling load
evaluation.
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Ex1.3.1 Approximate method based on shell analogy
a) Evaluation of linear buckling load based on Eq.(4.2.4) of sub-section 4.2.1.2
Equation (4.2.4) of sub-section 4.2.1.2 is applied, and is duplicated again here.

Pcrlin( cont .eq.node)  E s As 0 3 0 / 1  2 / 
As explained in sub-section 3.2.5, the representative member is selected as a member to yield faster than any
other compressive member, and this member seems to be the weakest among any compressive members and
the most relevant to buckling strength. Based on linear analysis, the representative member is found as the
one in Fig. Ex1.1 with a mark,
, on the member. The part connected with this member is considered to be
the weakest, and all members connected with this representative member are two members of
  296mm  5.5mm and four members of   296mm  5.0mm .
However, before performing linear elastic analysis, we have no data for determining the representative
member, accordingly, we focus on a node where all six members are of   296mm  5.0mm . In this case the
sectional area of each cross section is calculated as A   d 0t    29.6cm  0.50cm  46.50cm2 .
Accordingly, the linear buckling load Pcrlin( cont eq node ) is given as follows based on shell analogy using
Eq.(4.2.4) of sub-section 4.2.1.2, where 0  50 and  0  0.02618 (=1.50 degrees) together with   
because of rigid connections, leading to linear buckling load Pcrlin( cont eq node ) and load factor crlin( cont eq node ) for the
nominal load of P0  35.61kN as,
12 2
lin
Pcrlin( cont eq node )  Es A 03
 221.8kN per one node ; cr ( cont eq node )  6.23
0 0
b) Evaluation of elastic buckling load using a knockdown factor based on a design imperfection
In this dome, an imperfection is assumed equal to 72.6mm based on 0.2teq as a dimple at the node with the
largest displacement under the design load. If 0.2teq is applied directly to Eq.(4.2.30) of sub-section 4.2.1.6, it
leads to 0.474 for  0 . This value of 0.474 is applied since there will be no data for elastic buckling load in
design stage.

Pcrel( cont eq node )   0 Pcrlin( cont eq node )  105.1kN , crel ( cont eq node )  2.95 for  0 =0.474
c) Evaluation of squash load based on approximate equilibrium for external load
Based on Eq.(4.2.34) of sub-section 4.2.1.9, an approximate squash load Papp SQ is evaluated as follows using
0.7 for  m . In this case, the connection is assumed sufficiently strong not to yield before members yield.
Papp SQ 0  6 N y0  0.7  6  1093kN  0.02618  0.7  120.2kN

where

N y  46.5cm 2  23.5kN/cm 2  1093kN

then,

 0 SQ  120.2kN / 35.61kN  3.38

d) Evaluation of buckling strength using Step-8) of section 3.12: In this route (route A, Shell analogy,
Approximate SqL), Eq.(3.26) of sub-section 3.9.2 is applied to buckling load evaluation using three cases for
FB/FM; 2.50/1.75 and 1.20. First, the generalized slenderness ratio  S is evaluated as follows;
S 

PappSQ0
lin
0 Pcr (cont eq node)



120.2kN
 1.07
0.474  221.8kN

If using FB/FM=2.50/1.75 for kSB in Eq.(3.26) of Dunkerley’s equation, the buckling strength P0cr is
calculated as follows , followed by its load factor cr .
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P0cr
2

 0.474 , P0 cr  0.474  120.2kN  56.85kN
2
4
PappSQ0
kSB S  4  kSB S2

cr 

P0 cr
P0



56.9kN
 1.59 , then P0 cr  1.59 P0
35.6kN

[route A-1, Shell analogy, Approximate SqL]

Other cases adopting different kSB can be also obtained as shown in Table Ex1.1. The value of 1.59 is judged
smaller than 1.75 for FM as a partial factor of plastic limit load.
Ex1.3.2 Representative member based evaluation using FEM linear elastic buckling load
a) Linear elastic buckling load: Based on LBA, the lowest linear buckling load Pcrlin( FEM ) is provided as
follows, leading its loading factor crlin( FEM ) and the linear buckling axial force N crlin( FEM ) ( m ) of the
representative member.

crlin( FEM )  6.189 ,

Pcrlin( FEM )  220.4kN ,

N crlin( FEM ) ( m )  2338kN

b) Yield axial force of the representative member Ny:
Assuming that the connection is assumed sufficiently strong not to yield before any other members, the
resistant capacity is controlled by axial strength of the representative member, and it is N y  A( m ) y using
A( m )   d 0t    29.6cm  0.55cm  51.15cm2 and  y  23.5kN/cm 2 .
N y  A( m ) y  1202kN

Before going to buckling load evaluation, a result is shown for convenience for the axial force N 0( m ) under
the nominal design load P0=35.61kN.
N 0( m )  377.7kN

for

P0=35.61kN

Based on the axial strength of the representative member N y  1202kN and the axial force under the
design load P0, the squash load due to the first yielding of the representative member is calculated as
PmSQ 0  P0  ( N y / N 0( m ) )  35.61kN  (1202kN / 377.7kN)  113.3kN

c) Evaluation of buckling load using Step-8) of section 3.8: In this route (route A-2, FEM LBA, design
knockdown factor), Eq.(3.23) of section 3.8 of Chapter 3 is applied to buckling load evaluation using the
value of 2.50/1.75 for FB/FM for kSB. First, the generalized slenderness ratio  S is evaluated as follows;
 e( m) 

and,

Ny

 N 0lincr ( m )



1202kN
 1.04 ,
0.474  2338kN

Ncr
2

 0.491 , N cr  0.491  1202kN  590kN
2
4
Ny
kSB  e( m)  4  kSB  e( m) 2

Accordingly, the buckling load is evaluated using Eq.(3.24) of section 3.8.3, and then followed by its load
factor cr ( FEM ) as follows.
P0 cr  P0  ( N cr / N 0 ( m ) )  35.61kN  (590kN / 377.7kN)  55.63kN , cr ( FEM )  1.56 , P0 cr  1.56 P0
[route A-2, Representative member, FEM LBA]

For other cases adopting different kSB, the results are also given in Table Ex1.1.
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Ex1.3.3 Squash load (FEM) based evaluation using FEM elastic buckling analysis
a) Linear elastic buckling load: Based on LBA, the lowest linear buckling load Pcrlin( FEM ) is provided as
follows, leading its loading factor crlin( FEM ) and the linear buckling axial force N crlin( FEM ) ( m ) of the
representative member.
Pcrlin( FEM )  220.4kN ,

crlin( FEM )  6.189 ,

N crlin( FEM ) ( m )  2338kN

b) Elastic buckling load: In this scheme, no calculation is performed to obtain its elastic buckling load, and
the knockdown factor is evaluated using 0.2teq in Eq.(4.2.30) of subsection 4.2.1.6. Eq.(4.2.30) gives 0.474 to
 0 , same as the case of evaluation based on shell analogy.

Pcrel( FEM )  0.474  220.4kN  104.5kN
c) Squash load P0SQ based on GLMNA: Based on GLMNA without consideration of imperfection, the
squash load under a maximum displacement of L/250 is approximately evaluated as P0SQ =128.3kN, leading
to λ0SQ=3.60 for its loading factor. The factor  SQ of Eq.(3.26) in section 3.9.2 is then evaluated as 1.13 as
 SQ  P0SQ / Pm 0SQ .
P0SQ  128.3kN ,  0 SQ  128.3kN / 35.61kN  3.60

[route B, FEM LBA, FEM SqL]

d) Evaluation of buckling load using Step-9) of section 3.8: In this route (route B, FEM LBA, and FEM
SqL ), the squash load, P0SQ , being the plastic limit load evaluated just above based on GLMNA, and the
elastic buckling load estimated based on a design knockdown factor  0 =0.474 are both made use of to
evaluate the buckling strength. The scheme is based on Eqs.(3.25) and (3.26) of section 3.9.2 but using in
this example FSB/FSM=2.50/1.75 for kSB in Eq.(3.23.b) , and the buckling strength is shown as follows.
S 

 SQ Pm 0SQ
128.3kN

 1.11 ,
lin
104.5kN
 P0 cr

P0cr
2

 0.452
2
4
P0SQ
kSB S  4  kSB  S2

P0 cr  0.4520  128.3kN  57.99kN , cr  P0 cr / P  57.99kN / 35.61kN  1.63 , P0 cr  1.63P0
[route B-FEM LBA and FEM SqL]
For other cases adopting different kSB, the results are given in Table Ex1.1.
Ex1.3.4 Evaluation of buckling load based on FEM using GNMNA [route C]
a) Evaluation of buckling strength using Step-10) of section 3.8: As route C-1, if based on Dunkerley’
equation Eq.(3.26) using Pcrel   0 Pcrlin = 0.596  6.189  35.61kN and P0SQ = 128.3kN , the following generalized
slenderness ratio is calculated.
P0 SQ
128.3kN
S 

 0.99
131.4kN
0 Pcrlin

As for the knockdown factor  0 obtained based on GNMLA considering the dimple imperfection is
 0 =0.596, being a little larger than the assumed value 0.474 by the evaluation based on Eq.(4.2.30) of
sub-section of 4.2.1.6 for design use.
Eq.(3.26) with use of kSB=2.50/1.75 gives,

P0cr  0.5206  128.3kN  66.79kN , cr  P0cr / P0  1.88 , P0cr  1.88P0

[route C-1]

In the route (route C-2), GNMNA is directly applied to obtain the elastic-plastic buckling load considering
the imperfection with 0.20teq for the dimple distribution. It is obtained as P0cr ( FEM )  84.68kN , leading
to cr ( FEM )  2.378 .
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P0 cr ( FEM )  84.68kN , cr ( FEM )  2.378

In principle based on Eq.(4.2.36) or (3.2.37), the Dunkerley equation needs a consideration of a safety factor
to be applied to FEM solution, and the factor F ( S ) should be applied to P0cr ( FEM ) . After
dividing P0 cr ( FEM )  84.68kN by F ( S )  1.20 for  S  0.99 , the estimated buckling load adopting a partial
factor for elastic buckling kSB=2.50/1.75 becomes,
P0cr ( FEM ) / F (  S )  70.57kN where
[route C-2]
cr ( FEM ) / F ( S )  1.98
Ex1.4 Comparison of the safety margins based on different schemes

The results are compared as shown in Table Ex1.1. They are calculated considering a partial safety factorｋ
SB for elastic buckling. Comparison of strength of each scheme shows that, if a more approximate scheme is
adopted in design, the analysis is simple, on the other hand the buckling strength has a tendency to be
evaluated lower and larger members are required to satisfy the safety factor. This situation seems natural as a
design method, since a more approximate scheme may involve several ambiguities and errors in calculation,
and if such an approximate scheme is applied, the estimation should be conservative to keep safety
compensating the approximation.
At the beginning, the safety factor FM=1.75 is assumed for the nominal design load for dead load and snow
load. If the value 1.75 is assumed for plastic limit and a partial safety factor of kSB=2.50/1.75 for elastic
buckling load is also assumed [Appendix D3], the evaluation schemes of A-1, A-2, B, C-1, and C-2 give
judgments of, respectively, not allowable, not allowable, not allowable, allowable, and allowable.
Many options are possible for buckling load evaluation especially for the load factor FM and the partial safety
factor kSB against elastic buckling load, and the judgment might be determined dependent on a study of risk
analysis considering the trade-off relations between construction cost and loss of property of both societies
and structures.
Table Ex1.1 Comparison of buckling strength evaluated based on several schemes

Nominal design load for ultimate limit state for the node O is P0  35.51kN .
Evaluated buckling strength P0cr for the
node O based on various values for kSB
route

Fundamental data for evaluation

kSB=1.00

kSB=1.20

kSB=2.50/1.75

A-1

P
 221.8kN,
 0  0.474, Papp SQ 0  120.2kN,
;

69.69kN

63.26kN

56.85kN

(1.96P0)

(1.78P0)

(1.59P0)

Pcrlin( FEM )  220.4kN, N0( m )  377.7kN,  0  0.474,
N crlin( FEM ) ( m )  2338kN, N y  1093kN,  e ( m )  1.04

61.25kN

55.82kN

55.63kN

(1.72P0)

(1.57P0)

(1.56P0)

 0  0.474,

72.91kN

64.70kN

57.99kN

 S  1.11

(2.05P0)

(1.82P0)

(1.63P0)

 0  0.596,

80.00kN

73.39kN

66.79kN

 S  0.99

(2.25P0)

(2.07P0)

(1.88P0)

lin
cr ( cont eq node )

 S  1.07

A-2
B

lin
cr ( FEM )

P

 220.4kN,

P0SQ  128.3kN,

C-1
C-2

Pcrlin( FEM )  220.4kN,
P0SQ(FEM)  128.3kN,

P0cr ( FEM )  84.68kN  2.38P0

70.57kN
 S  0.99
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4.2.2 Elliptic reticulated roofs of three-way member arrangement of rectangular plan
4.2.2.1 Geometry, member, connection, boundary condition, load, and geometrical imperfection
In this sub-section, the buckling strength of elliptic reticular roof of rectangular plan is explained in the two
cases of boundary condition; pin-support boundary and simple support boundary. The geometry of the roof is
shown in Fig.4.2.16.a, Fig.4.2.16.b and Fig.4.2.16.c, in which two radii of curvature, Rx and Ry , are
defined for a shallow surface by the following equation.

z

x2
y2

2 Rx 2 Ry

(4.2.43)

The studies [4.2.94, 4.2.95] quoted for the present example adopt an approximate equation defined in the
above quadratic equation using Cartesian coordinates X, Y and Z, however, results mentioned later can be
applied to an exact elliptic surface and a translated surface, if their surface is shallow.
The roof is assumed to be constructed using straight members of circular tube section, each connected rigidly
at nodes. The network is shown also in Figs. 4.2.16a and 4.2.16b, which becomes almost an equilateral
triangle if viewed from above because of shallowness. The plan is rectangular with sides Lx and L y , both
divided in this example into ten panels in the X and Y directions. At the sections of AOB and COD, two
suspended half angles for members,  x0 and  y0 , are defined and they are approximately related to the
curvatures Rx and Ry shown in Fig. 4.2.16c as follows.
Rx

 0 

1 ,
Ry
2  xo



3 0 1

2 2  yo

(4.2.44)

Each member length along the section AOB is assumed constant for brevity as l0  400cm except for the
ends in a way that each node is located in a position to have the same  x 0 , while each node on the section
COD is located in a position to have the same  y 0 . Other nodes are located in a geometry defined by a family
of lines parallel to X or Y axes. The cases of study are given in Table 4.2.2. For each member slenderness
ratio 0 , a different combination of  x 0 and  y 0 is defined at zenith in each analyzed roof and the same
diameter d0 defined by Eq.(4.2.45) is applied to all members.

0 
where

rg

0
,
rg

rg 

d0
d
rg  0
2 2
2 2

(4.2.45)

is the radius of gyration, and d 0 is the radius of members.

The thickness of each member is assumed in two ways dependent on the purpose of analysis. On one hand,
for proposing a semi-empirical formula of elastic buckling loads as well as for preliminary analyses, a
constant value of thickness, t 0 =0.5cm, is assumed also using the same diameter for each member, and on the
other hand for investigating the effectiveness of the present approach, the thickness and diameter of each
member is assumed depending on its necessity for stresses, however with the diameters being the same
defined as by Eq.(4.2.45) except for members with large bending moments. The connection at every node is
assumed rigid where bending moments are transmitted fully.
As for boundary conditions, two cases are studied: one is a simple support as shown in Fig. 4.2.16d where
vertical displacements and displacements tangential to a periphery are fixed to zero, while the horizontal
displacements normal to the periphery are free, and three rotations at each node on the periphery are free.
Accordingly, at the four corners, pin supports are assumed. The other one is a complete pin boundary at all
peripheries as shown in Fig. 4.2.16e.
Two types of load are considered. In one case, the loads are uniform pd 0 over the dome surface. The other
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load case is a distribution in which the half surface is under a uniform load pdo , and the other half under a
different uniform load  pdo , but limited to =1/3 shown in Fig. 4.2.17. The magnitude of load on each
node Pdo is calculated using a uniform load pdo per unit surface corresponding to an area Anode.

P   Pd 0  ,

2

Pd 0  pd 0  A node , Anode 

3l0 / 2

(4.2.46)

The geometrical imperfections assumed are explained later.
Y

Y
Z
Y

0

D

X

O

Ly A

B

Ry

z

C

Lx

x2
y2

2 Rx 2 R y

: P0

Figures 4.2.16a. and b. Geometry of roofs of
double curvature (Draw by S. Kato)

Z

Ry

b0 

Figure 4.2.17 Loads
(Draw by S. Kato)

3
0
2
Figure 4.2.18 Geometric imperfections
proportional to first buckling mode
(Draw by S. Kato)

Figure 4.2.16c Curvatures in the X and Y
(Draw by S. Kato)

Y

Y

X

X

:

pin support

:   P0
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O
Lx

A

b0

2x0

0

X

b0

H
Rx

X

:

pin support
: pin support pin support

roller support

Figure 4.2.16d Simple-support boundary
(Draw by S. Kato)

Figure 4.2.16e Pin-support boundary
(Draw by S. Kato)
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Table 4.2.2.a Suspended half angles of members;  x 0 and  y0
x0
y0

1.50

o

1.50

o

1.75

o

1.75

o

2.00

o

2.00

o

2.25

o

2.25

o

2.50

o

2.50

o

in degrees (Draw by S. kato)
2.75

o

2.75

o

3.00

o

3.50

o

3.00

o

3.50

o

Table 4.2.2.b Slenderness ratio of members  0 and diameter d0 (cm) (Draw by S. Kato)
0

30

45

60

75

90

105

120

d0

37.7

25.1

18.9

15.1

12.6

10.8

9.43

4.2.2.2 Linear Buckling Load of Roofs Composed of a Uniform Cross Section
After the studies by Kollar & Dulacska [4.2.4], the expression for pcr per unit area is assumed as follows.
pcr  ccr  E 

t2
Rx R y

(4.2.47)

If the network is composed of equilateral triangles and the same member section is applied to the entire roof,
the following equivalent substitution holds as a continuum.
Eeq 

E s  As , t  2 3  r ,
eq
g rg  I s / As
3 0  rg

(4.2.48)

where Es, As and Is are respectively Young’s modulus of member, sectional area and second moment of
inertia of members.
If the value of Eq.(4.2.47) is multiplied with the influence area Anode of one node, the buckling load per one
node P0lincr can be obtained. According to studies [4.2.94, 4.2.95], the results are given as shown in Figs.
4.2.19.a and 4.2.19.b, respectively for simple and pin support boundaries. The linear buckling loads P0lincr
obtained based on FEM analysis are plotted after the following equations.



P0lincr
2
 Ccrlin , 0av    x 0  y 0 
3
ES AS ( 0 av )
3

12
1/ 2 ,  

2

0 oave

, Ccr 

6
ccr
3

(4.2.49)

lin
where  is the non-dimensionalized buckling load using a shell factor  , and the coefficients Ccr
is
developed after approximation in the studies and it is expressed by one of the following equations depending
on the boundary conditions.
lin
Ccr
 (0.0663 x 0  0.03251 y 0  0.00067) 2

 (0.84536 x 0  0.48354 y 0  0.07863)

for a simple boundary

(4.2.50)

for a pin boundary

(4.2.51)

 (3.75514 x 0  2.48878 y 0  0.16081)
lin
cr

C

 (0.0707 x 0  0.0321 yo  0.00236) 2

 (1.10 x 0  0.383 yo  0.0170)
 (3.31 x 0  5.46 yo  0.982)

The data obtained in the cases shown in Tables 4.2.2.a and 4.2.2.b for a dome composed of the same member
within it are shown in Fig. 4.2.19. A large difference is found between the two boundary conditions in the
region of being less than 5 or 7, since the obtained data P0lincr in the case of simple support boundary based
on FEM linear buckling analysis deviate largely from the classical buckling load meaning    , where the
classical buckling load is assumed as P0cl  ES AS ( 0 av )3  . In the case of pin boundary, the data of P0lincr are
plotted near a line of    , showing a tendency that the linear buckling load P0lincr is approximately same as
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the classical buckling load P0cl . The accuracy of the estimation by Eq.(4.2.49) is shown in Fig. 4.2.20 with a
mean value and a standard deviation for each boundary condition, where P0lincr is the value obtained based on
FEM linear buckling analysis of Eq.(3. 8) and es P0lincr denotes the value estimated based on Eq.(4.2.49). The
accuracy in the case of simple boundary is a little low for the region less than a bound of around 3 for  .
This region corresponds to member buckling as already discussed in section 4.2.1 for reticulated spherical
domes of circular plan.
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Figure 4.2.19.b Linear Buckling load Pcrlin ( lin
cr )
for roofs in case of pin-support boundary
(Draw by S. Kato)

Figure 4.2.19.a Linear buckling load Pcrlin ( lin
cr )
for roofs in case of simple support boundary
(Draw by S. Kato)
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Figure 4.2.20.a Ratio of linear buckling
lin
loads Pcrlin to estimated ones based on esCcr
(Draw by S. Kato)
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Figure 4.2.20.b Ratio of linear buckling loads Pcrlin
lin
to estimated ones based on esCcr
(Draw by S. Kato)

4.2.2.3 Imperfection sensitivity of elastic buckling load of roof under a uniform load in the case of pin
support
a) The case of 60 for the member slenderness ratio  0
The study [4.2.96] gives some results of imperfection sensitivity of roofs with a pin support (Fig.4.2.16e) in
the limited six cases: case S1 for  x 0 =2.0 deg and  y 0  2  2.0 / 3 deg , case S2 for  x 0 =3.0deg and
 y 0  2  3.0 / 3 deg , case E1 for  x0 =2.0 deg and  y 0 =3.0 deg, case E2 for  x 0 =3.0 deg and  y 0 =2.0
deg, case E3 for  x 0 =1.5 deg and  y 0 =3.0 deg, and case E4 for  x 0 =3.0 deg and  y 0 =1.5 deg. The
member slenderness ratio,  0 , of all members is 60. The cases of S1 and S2 correspond to spherical
surfaces, while cases E1 to E4 to elliptic surfaces.
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The imperfections adopted are of two types: one is the first buckling mode and the other is the displacement
mode under a uniform dead load. One example of assumed imperfections is shown in Fig. 4.2.18. In most of
the cases in Tables 4.2.2.a and 4.2.2.b, buckling modes are found as a global shell-like buckling with a
relatively long wave ranging over several members.
The amplitude is varied up to the equivalent shell thickness teq of Eq.(4.2.48). The results in the case of pin
supported roofs composed of members with the same cross section are shown are presented in Fig. 4.2.21,
while in the case of roofs composed of members proportioned compatible with existing stresses the results in
Fig. 4.2.22. Comparing the reticulated spherical domes of S1 and S2, both being spherical surfaces, the
imperfection sensitivity in seems severe over all range of imperfections. And comparing the reticulated
domes of circular plan (Fig. 4.2.10 of section 4.2), the imperfection sensitivity of spherical domes of a
rectangular plan with a pin boundary is relatively large in the region less than 0.2 for wio / teq , showing a
large reduction in elastic buckling load, while the imperfection sensitivity of elliptic domes of a rectangular
plan with a simple boundary is not so severe compared with that of spherical domes of circular plan.

Figure 4.2.21.a Imperfection sensitivity for the first
buckling mode in case of uniform load, uniform
cross section of o=60, and pin support
(Courtesy Y. Yamauchi)

Figure 4.2.21.b Imperfection sensitivity for the
displacement mode in case of uniform load,
uniform cross section of o=60, and pin support
(Courtesy Y. Yamauchi)

A common characteristic is that the lower bound of the imperfection sensitivity based on FEM analysis
seems 0.3 at severest.
In the case of rectangular plan and pin support boundary, the lower bound for different imperfections is
approximated as follows for both types of uniform cross section and proportioned cross section expressed.

0.50 exp(1.02wio / teq )
0.30


0  

for
for

wio / teq  0.5
0.5  wio / teq

(4.2.52)

The study [4.2.98] investigated the imperfection sensitivity for a spherical reticulated roof being almost same
in size as above. The boundary condition is pin-support, the subtended half angle is 1.5 deg (30 deg for half
open angle), and the member size is same for every member with member slenderness ratio of 0  54.14 .
The values of  0 described as a knockdown factor which is read from their figure are 0.82, 0.67, 0.56, 0.50,
0.40, 0.38 respectively for 0.00, 0.144, 0.288, 0.433, 0.571, and 0.722 for wi 0 / teq . Also they give a
knockdown factor P* / Pcrlin  0.35 , which is derived as the reduced stiffness buckling load P*. The
knockdown factor of this case of 1.5 deg for the subtended half angle is a little large compared with the cases
of S1 and S2 having 2.0 and 3.0 deg for the subtended half angle.
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The values of knockdown factor  0 seem to fluctuate depending geometric parameters such as subtended
half angle, member slenderness ratio, and spherical surface or elliptic surface. And no data have been found
in case of simple support boundary. Accordingly studies will be required at offices in designing a reticulated
shell, otherwise a conservative value as Eq.(4.2.52) may be applied.

Figure 4.2.22.a Imperfection sensitivity for the first
buckling mode in case of uniform load, pin support,
and proportioned cross section of o=60
(Courtesy Y. Yamauchi)
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Figure 4.2.22.b Imperfection sensitivity for the
displacement mode in case of uniform load, pin
support, and proportioned cross section of o=60
(Courtesy Y. Yamauchi)
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Fig.4.2.23 Knock down factor 0 for elliptic
paraboloidal roof; pin support;
peak amplitudes,  0.2teq for imperfection
(Drawn by S. Kato)
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Figure.4.2.24 Knock down factor 0 for elliptic
paraboloidal roof; simple support; peak
amplitude of smaller one of  0.2t eq and
span/1000 for imperfection (Drawn by S. Kato)

b) Influence of  on the value of  0
In both cases of simple support and pin boundary for a rectangular plan, few data have been found for
imperfection sensitivity considering the effect of the parameter  on the knock down factor  0 . However
limited studies are introduced here by referring to the studies [4.2.94, 4.2.95]: (a) peak
imperfection wio / teq  0.2 for pin support, and (b) peak imperfection as a smaller one of wio / teq  0.2 and
span/1000 for simple support. The geometries of the roofs are similar to those described above in Table 4.2.2.
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The plan is 40m by 34.64m in Fig.4.2.16. The results shown in Figs. (4.2.23) and (4.2.24) may be understood
as a tendency that the value of  0 will be around 0.5 for the region larger than around 3 to 5 for  , meaning
that roofs with  less than 3 to 5 will be not sensitive to imperfection and member buckling will prevail
similarly to a spherical reticulated shell of a circular plan as explained in Fig. 4.2.13 of section 4.2.1.6.
4.2.2.4 Other characteristics of buckling in case of rectangular plan

a) Linear buckling load evaluated based on Euler member buckling
Refer to section 4.2.1.3 ‘Linear buckling load evaluated based on Euler’s member buckling’.
b) Member buckling and imperfection sensitivity
Refer to section 4.2.1.4.b ‘Member buckling and imperfection sensitivity’ and section 4.2.1.7 ‘Effect of
member crookedness on buckling strength’
c) Effect of semi-rigid connection
Refer to section 4.2.1.4.c ‘Effect of semi-rigid connection’.
d) Estimation of elastic buckling loads based on effective stiffness – Proposed formulas
Refer to section 4.2.1.5 ‘Estimation of elastic buckling loads based on effective stiffness – Proposed
formulas’.

e) Effect of non-uniform loads on elastic buckling load
Refer to section 4.2.1.8 ‘Effect of non-uniform loads on elastic buckling load’.
4.2.2.5 Approximate evaluation of elastic-plastic buckling load
For the procedure to evaluate elastic-plastic buckling load in case of a rectangular plan, sub-section 4.2.1.9
‘Approximate evaluation of elastic-plastic buckling load’ for spherical reticulated roof of a circular plan will be
applied.
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4.2.3 Elliptic reticulated roofs of two-way member arrangement
4.2.3.1 Geometry, subtended half angles, members, connections, boundary condition, loads, and
geometrical imperfections
Geometry of elliptic parabolic reticular roof: The studies [4.2.99~4.2.105] are quoted in this sub-section
and they consider a shallow translational surface of an almost square plan. The geometry is defined in a form
of a quadratic equation by Eq.(4.2.53) using Cartesian coordinates X, Y and Z, however, results mentioned
later can be applied to an exact elliptic surface, if the surface is shallow.

z

x2
y2

2 Rx 2 Ry

(4.2.53)

The geometry is defined using two radii of curvature, Rx and Ry , as shown in Fig. 4.2.25.b and the half
angles of the circular arches  x and  y in the central X-Z and Y-Z planes.
Several results and discussions are given in this sub-section. However they are subject to some restricted
conditions, since the results are based on limited data. The half angles vary from 20 to 45 degrees as shown
in Table 4.2.3. Table 4.2.3.c shows the radii of curvature of the arches denoted by Rx and Ry , the spans
denoted by L x and L y , and rises denoted by Hx and Hy . To determine these geometric dimensions, an
assumption is made that the arch length  shown in Fig. 4.2.25b is equal to 60m for a single layer grid shell
with a moderate span though this value may be chosen arbitrarily. The spans in the X and Y directions vary
from approximately 54 to 59 meters and the rises as the total sum of Hx and Hy range approximately from
10m to 23m. These geometric dimensions are subject to the following expressions.
Rx 



, 0 x  x , Lx  2Rx sin x , Hx  Rx (1 cosx ),
2x
n

Ry 



, 0 y  y , Ly  2Ry sin y , H y  Ry (1 cosy ),
2y
n

0 


n

(4.2.54)

where the number for dividing an arch into constituent members is denoted by n, and it is set to 10, 12, 14,
16 and 18 to see the effects on the buckling loads. The grid length for any one member is denoted by  0 , as
given in Eq.(4.2.54).
Subtended half angles: Two suspended half angles for members  ox and  oy are defined and they are
approximately related to the radii of curvatures Rx and Ry as follows.

Rx

 0 

1

2  ox

,

Ry

 0 

1

(4.2.55)

2 oy

Members: As structural material, a tubular section of steel is assumed. The Young’s modulus E is 2.05 x 105
N/mm2, while shear modulus G is 0.79 x 105 N/mm2. The yield stress denoted by σy is 235N/mm2. The
torsional rigidity is considered in the analysis, but the yielding due to torsion is not included. All the
members studied here by a finite element model (FE model) have the same cross section. The member
slenderness ratio denoted by λ0 is calculated from the grid length  0 .
The cases for study are given in Table 4.2.4. For each member slenderness ratio 0 , a combination of
different  x 0 and  y 0 is analyzed, and the same diameter d0 defined by Eq.(4.2.56) is applied to all
members within a respective roof, accordingly being considered homogenous.
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0 
where

rg

0
,
rg

d0
2 2

rg 

(4.2.56)

is the radius of gyration, and d 0 is the diameter of the cross section.

The thickness of each member is assumed as t=1.0 cm for brevity in every case, although we may need the
precise thickness in real design work. The properties of members are shown in Table 4.2.4. The parameters
including I being the second of moment of inertia of section are assumed as follows.
A   d 0t ,

I p  2I , N p   y  A

I  Arg 2 ,

, M p   y  d 0 2t

(4.2.57)

in which A, I p , N p and M p are the sectional area, polar moment of inertia, axial plastic strength, and
plastic moment, respectively.
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Figure 4.2.25.a Network (Draw by S. Kato)
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Figure 4.2.25.b Vertical section (Draw by S. Kato)
Connection and members for analysis: A beam column multi-spring model shown in Fig. 4.2.26 is adopted
to represent one grid member. Each member is divided into two elements to include accurately the effect of
member buckling, and elastic springs are placed at both ends of one member to consider the semi-rigidity of
the connection, and also three rigid-plastic hinges are located to consider the effect of plasticity of tubular
member. In the analysis, two types of connection are considered. One is a completely rigid connection, and
the other one is a semi-rigid connection. The bending rigidity KB of the connection is non-dimensionalized as
follows.



0
 KB ;
EI

KB  

EI

0

(4.2.58)

where the bending moment M at the connection is measured using the equation of M  K B , where  is
the difference of rotations between the node and the member end connected to the node, and  0 is the
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member length. If  is set as an infinitive large number, this means a completely rigid connection.
elastic members
node

elastic bending

elastic bending
spring KB

spring KB

node

bending spring for plastic hinge

Figure 4.2.26 Figure.4.2.17
Model for connection
Modelforand member (Draw by S. Kato)
Table 4.2.3 Geometry of analyzed roof (Draw by S. Kato)
(a) cases for uniform load (b) case for non-uniform load
(c) geometry
 x [deg.] 20 25 30 35 40 45
 y [deg.] 20 20 20 20 20 20
25 25 25 25
30 30 30
35 35
40

 x [deg.] 20 45
 y [deg.] 20 20

25
30
35
40
45

 x , y

45 45

[deg.]

R x ,R y
[cm]

L x ,L y
[cm]

H x ,H y
[cm]

H x /L x
H y /L y

20

8594

5879

518

0.088

25

6875

5811

644

0.111

30

5730

5730

768

0.134

35

4911

5634

888

0.158

40

4297

5524

1005

0.182

45

3820

5402

1119

0.207

Table 4.2.4 Section properties for n=14 (l0=428.6[cm])(Draw by S. Kato)
0

20

30

40

50

60

70

80

90

r g [cm]

21.43

14.29

10.71

8.57

7.14

6.12

5.36

4.76

d 0 [cm]

60.61

40.41

30.30

24.24

20.20

17.32

15.15

13.47

A [cm2]

190.41 126.94 95.20

76.16

63.47

54.40

47.60

42.31

4

I [cm ]
N p [kN]

87433

25906 10929

5596

3238

2039

1366

959

4475

2983

1790

1492

1278

1119

994

9592

7047

5395

4363

M p [kN・cm] 86327

2237

38367 21582 13812

Boundary condition: The roof is assumed to be supported by pins at all four peripheries. In the case of
two-way member arrangement, a stiff boundary condition is dispensable; otherwise the sway at the supports
inevitably induces not only large bending moments in grid members near a boundary but also reduction of
elastic buckling load.
Type of loads: Three cases are considered. In the case of a uniform load, uniform membrane forces prevail
all over grid shells and the bending moments are expected to be small in general. However, when a
temporary load such as non-uniform snow load is applied, the effects of bending moments have to be taken
into consideration in the evaluation of the strength of two-way grid shells because large bending moments
may arise. Therefore, three typical cases are considered for load patterns as shown Fig. 4.2.27: a uniform
load, non-uniform ‘parallel load’ and non-uniform ‘diagonal load’. In the former non-uniform case, the
non-uniform pattern is parallel to the gridline, while in the latter case it is diagonal. The degree of load
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non-uniformity is expressed by an index β in Fig.4.2.27. In this example later shown, the value for β is
limited to a single case of 1/3.
P0

P0

･P0/2

P0
･P0/2

Z

･P0

Y
X

Uniform load

non-uniform parallel load

non-uniform diagonal load

Figure 4.2.27 Load conditions (Draw by S. Kato)
Geometric imperfections: The buckling load of a shell-like structure is often said to be reduced due to initial
geometric imperfections. In the present FE models, the geometric imperfection is assumed proportional to the
distribution of the first buckling mode, and some examples are given in Fig. 4.2.28. Because of the shallowness
of the shells, only the vertical component of out-of-plane deviation is added in analysis to the original perfect
shape. The imperfection amplitude denoted by wi o is assumed as follows

wio   min(0.2teq , L /1000)

(4.2.59)

where L is the minimum of Lx and Ly, and teq is the equivalent thickness denoted by t eq  2 3rg . The value of
L /1000 refers to the specification [4.2.106].

uniform load，=1000
n=14 , x=20°, y=20°,
0=50

parallel load，=1000
parallel load，=1000
uniform load，=1000
n=14,

n=14
,

=20°,

=20°,

=50
x=20°, y=45°, 0=50
x
y
0
n=14 ,x=20°, y=45°,
0=50

Figure 4.2.28 Buckling modes (Draw by S. Kato)
4.2.3.2 Linear buckling load of roofs composed of a uniform cross section and under a uniform load
In the parametric studies [4.2.99,4.2.100] for a single layer grid dome with rigid joints, as described above
the half angles  x and  y were varied from 20 to 45 degrees as shown in Table 4.2.3, the member
slenderness ratio 0 was varied from 20 to 90 as shown in Table 4.2.4 and the grid dividing number n was
varied from 10 to 18. The results of linear buckling load Pcr(∞)lin per one node under a uniform load are
shown in Fig. 4.2.29. In Fig. 4.2.29, the linear buckling load is non-dimensionalized as follows.

( 2   2 ) 
Creduct  Pcrlin(  ) /  E  A  0 x 2 0 x 
0



(4.2.60)

From the results, a trend is found that the value of Creduct decreases with the grid dividing number n
increasing, while Creduct deviates with a little large band for a different combination of  x ,  y , and 0 .
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Figure 4.2.29 Non-dimensionalized linear buckling load for grid shell of rigid joint under a uniform load
(Draw by S. Kato)
Based on the above results of linear buckling loads for a uniform load, the following empirical formula
[4.2.99] has been proposed to evaluate the linear buckling load of rigidly jointed single layer lattice dome of
two-way.
es

Pcr (  )lin  Creduct  E  A



2
0x

 0 y 2 

0

2

, Creduct 

3660
 25.8max(x ,  y )  0.349
n  56

(4.2.61)

Pcr(∞)lin is the estimated linear buckling load evaluated as one node of a grid shell. The area for one node is
 0 2 . The superscript “es” means estimation. Creduct is the linear buckling load coefficient, estimated
empirically based on the FEM results by taking the effects of the grid division number n and the subtended
angles x and  y into account. In Eq.(4.2.61),  0 x ,  0 y , x and  y are measured in rad, not in degrees.
And the parameters  0 x and 0 y represent the subtended half angles of grid members, calculated as
 0 x  x / n and  0 y   y / n , respectively as shown in Fig.4.2.25.
es

In the case of non-uniform loads, the linear buckling load at each node, corresponding to P0 in Fig. 4.2.27, is
almost the same or larger by a small fraction than those in case of a uniform load. Accordingly, Eq.(4.2.61)
gives a conservative and accurate value, however no detailed results are shown in the present sub-section.
4.2.3.3 Elastic buckling load of roof in case of pin support boundary and uniform load
Knockdown factor in the case of rigid joint: Geometrically nonlinear effects often have a great influence
on the buckling of shell-like structures. As an index for imperfection sensitivity, the knockdown factor  0 is
introduced as follows.

 0(  ) 

Pcr imp (  ) el

(4.2.62)

Pcr (  )lin

in which Pcr imp () el is the elastic buckling load in the case that geometric imperfection exists and the joints
are rigid. Past studies [4.2.99, 4.2.100, 4.2.102, 4.2.104] have shown that the imperfection sensitivity of
two-way grid shells is generally not so severe in comparison with three-way domes discussed in the
subsection 4.2, and in the case of non-uniform loads the imperfection sensitivity is a little bit smaller than in
the case of uniform load and rigid joints. Accordingly, the knockdown factor, denoted by esαo(∞), is given the
value 0.7 in the present sub-section. The value of 0.7 is a lower bound as a knockdown factor based on the
preliminary studies [4.2.101, 4.2.103, 4.2.104] when considering the magnitude of Eq.(4.2.59).
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Knockdown factor in the case of semi-rigid joint: With respect to the effects due to semi-rigidity of joints,
the knockdown factor for the grid shells has been assumed as
es

 0( ) es  ( ) 0(  ) ,  0(  )  0.7

(4.2.63)

where esξ(κ) is a multiplier to introduce the effect of joint semi-rigidity. Accordingly both the linear buckling
load, Pcrlin( ) , and elastic buckling load, Pcrel( ) , can be evaluated considering the effect of semi-rigidity as
follows.
es

Pcrlin( )  es  ( ) Pcrlin(  )

(4.2.64.a)

es

Pcrel( )  es  ( ) 0(  ) Pcrlin(  ) ,  0(  )  0.7

(4.2.64.b)

As for the effect of the semi-rigidity of Eq.(4.2.64), an empirical equation [4.2.99] has been proposed as
follows.

es

0.47  log10 ( )  0.34

( )  0.19  log10 ( )  0.62

1.0


 ( )

1.0

(1    10)
(10    100)
(100   )

(4.2.65)
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Figure 4.2.30 Comparison between Eq.(4.2.65) and FEM elastic buckling analysis (Draw by S. Kato)
Each circle in Fig. 4.2.30(a) shows the result of the ratio, Pcrel( ) / Pcrel(  ) , based on FEM elastic buckling
analysis, and a tri-linear solid line shows the average for the ratio in the case of a uniform load. The
imperfections are assumed using Eq.(4.2.59). Although not discussed in detail here, the decreased ratio due
to semi-rigidity in the case of non-uniform loads is a little smaller than that in the case of a uniform load.
Some difference, but not so large, exist between the results estimated by Eq.(4.2.65) and FEM solutions,
however, the assumption in Eq.(4.2.65) makes the estimation scheme very simple, and such approximation
may give a rather accurate result with only a simple computation. Accordingly, Eq.(4.2.65) is adopted later in
evaluating elastic-plastic buckling loads using the column buckling concept based on the generalized
slenderness ratio.
An alternative equation for a lower bound is shown in a bi-linear line, and a conservative estimation might be
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assumed based on a simple sight as follows.
es

0.365  log10 ( )  0.28 (1    100)
1.0
(100   )


 ( )  

(4.2.66)

Here we evaluate the accuracy of the estimated linear buckling including the effects of semi-rigidity at
connections based on a comparison between the estimated linear buckling loads and FE solutions in the case
of uniform load, since the accuracy of estimated linear buckling loads has a key for evaluation of elastic
buckling loads. Fig. 4.2.31 gives ratios of linear buckling load Pcrlin( ) based on FEM to the estimated linear
buckling load es Pcrlin( ) based on Eq.(4.2.64a) calculated with use of Eq.(4.2.65). The left figure corresponds
to those roofs with rigid connection, while the right to semi-rigid connection for =2, considered as
relatively low bending stiffness. In the case of rigid connection, the accuracy being based directly on
Eq.(4.2.64a) , will include some cases that the estimation provides a little smaller value, almost by 0.05, than
the FEM solution, in other words the value of 0.95 es Pcrlin( ) gives a lower bound for estimation, otherwise
Eq.(4.2.66) may be applied alternatively. On the other hand in the case of =2 the value of 0.90 es Pcrlin( ) is a
lower bound. Considering an additional trend in the case of non-uniform loads that the reduction factor based
on Eq.(4.2.65) is not more severe than uniform load, the estimation based on Eq.(4.2.64) may give a
reasonable result.
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Figure 4.2.31 Estimation accuracy of Pcrlin( ) / es Pcrlin( ) in the case of uniform load (Draw by S. Kato)
4.2.3.4. Evaluation of squash load
The squash load PSQ or plastic limit load represents the capacity of strength, which is evaluated based on
plastic analysis excluding the effects of geometrical nonlinearity. This value is found as an extremum load
associated to mechanism on the load-displacement path, and if we apply a linear elastic analysis it is
obtained approximately as the load at which any one of member amongst members under compression
reaches its axial plastic strength. In this analysis, the effect from bending moments may be excluded because
of membrane action prevailing in shell-like structures. The scheme to find this squash load has been
described in the section 3.4, where the representative member is utilized to make its method simple.
In this sub-section another method is explained to evaluate this approximate value. Similarly to three way
domes, the squash load, or plastic limit strength, is approximately evaluated based on an assumption that
membrane forces prevail under vertical loads as follows.
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(4.2.67)

where  0 x and  0 y the half subtended angle respectively in the x and y direction, and Ny denotes the axial
plastic strength of grid members with an additional assumption that the grid members are the same for x and
y directions, and SQ denotes an approximation factor ranging from 1.0 to 0.7.
4.2.3.5 Evaluation of elastic-plastic buckling load based on the representative member
This procedure is explained in detail in section 3.8, which will be conservatively applied to the present two
way member arrangement.
4.2.3.6 Evaluation of elastic-plastic buckling load based on the approximate squash load
This procedure is explained in detail in section 3.9, which will be conservatively applied to the present two
way member arrangement.
4.2.3.7 Effect of load distribution on elastic buckling loads
Very few data are found for the effect of load distribution in the present two-way member arrangement. As
previously mentioned, in the case of non-uniform loads, the linear buckling load at each node, corresponding
to P0 in Fig.4.2.27, is almost the same or larger by a small fraction than those in case of a uniform load.
Accordingly, Eq.(4.2.61) gives a conservative value, however no detailed results are shown in the present
sub-section. If very large non-uniformity in loads is expected, a conservative investigation will be required
not only for the linear buckling load but also for the elastic buckling load.
4.2.3.8 Other characteristics of buckling in case of rectangular plan
a) Linear buckling load evaluated based on Euler member buckling
Refer to section 4.2.1.3 ‘Linear buckling load evaluated based on Euler’s member buckling’.
b) Member buckling and imperfection sensitivity
Refer to section 4.2.1.4.b ‘Member buckling and imperfection sensitivity’.
c) Effect of member crookedness on buckling strength
Refer to section 4.2.1.7 ‘Effect of member crookedness on buckling strength’.
d) Estimation of elastic buckling loads based on effective stiffness – Proposed formulas
Refer to section 4.2.1.5 ‘Estimation of elastic buckling loads based on effective stiffness – Proposed
formulas’.
e) Approximate evaluation of elasto-plastic buckling load
Refer to section 4.2.1.9 ‘Approximate evaluation of elasto-plastic buckling load’.
Appendix for Squash load (Plastic limit load)
Reduction of the following equation:
2
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We consider an arch running in the x direction under a uniform load, p0x, per unit length. The axial force, N0x
of the arch is expressed approximately as follows.

N 0 x  EA

w
Rx

where w is the vertical displacement almost uniform throughout the arch.
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The equilibrium equation is expressed approximately as follows.

N 0 x  EA

w
1 N 0x
(
)
; pox 
Rx
Rx  0

where  0 is the interval between members running through in the x direction.
Similarly to the members in the x direction, the equilibrium is obtained as follows.

N 0 y  EA

1 N0 y
w
(
)
; poy 
Ry  0
Ry

Consideration of the total equilibrium of both members running in the x and y directions gives the following
equation.

po  p0 x  p0 y 


1 N0 x
1 N0 y
(
)
(
)
Rx  0
Ry  0

EA 1
1
( 2  2 )w
 0 Rx Ry

Accordingly, the displacement w and both axial forces N0x and N0y are obtained as follows.
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;
1
EA 1
(  )
 0 Rx2 Ry2
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 p0
EA 1
1
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When we assume that the members either in the x direction or y direction yield, the squash load per unit area
can be evaluated as follows.

pSQ 0

 Ny 1
R2
 
 (1  x2 ),
Ry
  Rx
min  0

Ry2 
1
 (1  2 ) 
 0 Ry
Rx 

Ny

where Ny denotes the axial plastic strength of members.
Based on the above equilibrium for squash load per unit area, the squash load per one node can be given as
described above.
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4.3 Cylindrical reticulated roofs
4.3.1 General
In this section, several methods are introduced to evaluate buckling load and buckling strength of cylindrical
reticulated roofs under lateral loads. The roof is shown in Fig. 4.3.1.a. Networks in real construction may be
three-way or two-way with diagonal braces, as shown in Fig. 4.3.1.b. The geometry is a relatively flat
configuration described by R for radius, 0 for half open angle, y for the arch length, and x for the span in
the longitudinal direction. Here a parameter p is used to show the length x as x = p0 in the X direction. In
this section, reticulated shells of three-way network are mainly addressed; however, the principle for
buckling load evaluation might be applied to two-way network but with diagonal braces. With respect to
coordinates, X and Y are introduced respectively for the longitudinal and arch directions.
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Figure 4.3.1.a Cylindrical reticulated shells (Draw by Y. Niho)
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three-way member arrangement

(c)

two-way member arrangement with braces

Figure 4.3.1.b Network for member arrangement (Draw by S. Kato)
Buckling behavior is different depending on boundary conditions since restraints on displacements give large
effects to stress distribution and geometrical nonlinearity. In Fig. 4.3.2 three types are illustrated for
boundary condition. In the case of simple support boundary (S-S), displacements in the X direction on each
gable wall are free except for the four corners with a restraint condition that v and w are restricted to zero on
the gable walls, and the displacements u and w are restrained to zero along the two longitudinal boundaries at
arch ends. In the case of pin-support boundary (P-S), here adopted as a special condition, each gable is
supported by a thin wall and displacements in the X direction on both gable walls are permissible．All
displacements along the two longitudinal boundaries including four corners at arch ends are restrained to
zero. In the type of simple beam boundary (SB-S), all the displacements on both gables except for the X
direction are restricted to zero, and usually edge beams are provided along the boundaries of C1C2 and C3C4.
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Figure 4.3.2 Boundary Condition (Draw by S. Kato)

Since cylindrical roofs have a long history in theory and construction for reticulated shells, a moderate
number of methods for evaluation of buckling loads exist. In the first part of this section, buckling of
cylindrical roofs under axial compression is introduced, since such such buckling might deal with evaluation
of the axial strength for the longitudinal members under compression running in the X direction, for example
the parts of (a) and (c) marked by a square in dots in Fig. 4.3.2. In the middle part of this section, three kinds
of evaluation for elastic buckling load including imperfection sensitivity are introduced. Similarly to other
shell-like structures, the cylindrical roofs are not an exception with respect to imperfection sensitivity, and
the imperfection sensitivity is also explained in this section by referring to previous studies. In the final part,
the evaluation of elastic-plastic loads, in other words buckling strength, is explained.
Before buckling load evaluation, constitutive equations are given by referring to Appendix B, since they are
applied for evaluation of buckling load. For three-way and two-way member arrangements the following
elastic constants are used but restricted to only these two cases. For three-way arrangement the elastic
constants as shells are given as follows using notations for the characteristics of the applied members shown
in Fig. 4.3.3.a. Here Es and Gs denote respectively Young’s modulus and shear modulus of steel.
For in-plane stiffness for three-way grids;
Es A1
EA
EA
K y  2 s 2 sin 4 
 2 s 2 cos 4  ,
b1
b2
b2
EA
EA
K x xy  K y yx  2 s 2 cos 2  sin 2  , K xy  2 s 2 cos 2  sin 2  ,  2   xy yx
b2
b2
Kx 

(4.3.1.a)

For bending stiffness for three way grids:

Es I1 y
Es I 2 y
Es I 2 y
G J
GJ
2
cos 4   4 S 2 cos 2  sin 2  , Dy  2
sin 4   2 s 2 cos 2  sin 2 
2b2
b1
b2
b2
b2
Es I 2 y
GJ
cos 2  sin 2   4 s 2 cos 2  sin 2 
(4.3.1.b)
Dx Bxy  Dy Byx  2
2b2
b2
EI
G J G J
Dxy  4 2 cos 2  sin 2   S 1  S 2 (cos 4   2cos 2  sin 2   sin 4  )
2b1
b2
b2
Dx 

For two-way member arrangement under an assumption that the diagonal members have no bending stiffness,
the elastic constants are given as follows using notations shown in Fig. 4.3.3.b.
For in-plane stiffness for two-way grids;
Es A1
EA
EA
EA
 2 s BR cos 4  , K y  s 2  2 s BR sin 4 
b1
bBR
b2
bBR
(4.3.2.a)
6 Es I1z I 2 z
Es ABR
Es ABR
2
2
2
2
2
cos  sin  ;    xy yx , K xy  2
cos  sin  
K x xy  K y yx  2
bBR
bBR
b1b2 ( I1z b1  I 2 z b2 ) / 2
Kx 
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For bending stiffness for two-way grids;
Es I1 y
,
b1

Es I 2 y
,
b2
1  GJ1 GJ 2 
Dxy  


2  b1
b2 
Dy 

z

z

y

Dx Bxy  Dy Byx   B  0 ,

(4.3.2.b)
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Figure 4.3.3.a Member properties of
three-way arrangement
(Draw by S. Kato)

X
Figure 4.3.3.b Member properties of
two-way arrangement
(Draw by S. Kato)

4.3.2 Evaluation of buckling strength of longitudinal members under axial compression
In the case of long roofs, the longitudinal members around the central part of the roofs, shown in dotted lines
of Fig.4.3.2 (a) and (c), will be subjected to relatively large compression. Such members have a tendency to
buckle under these large axial forces, and a formula for buckling of the members under axial compression
will be helpful to judge if these members will be buckled or not, and also to evaluate the strength of the roofs
which might be determined by buckling of the longitudinal members.

The geometry of the roof is shown in Fig. 4.3.4, where a complete cylindrical reticulated shell is subjected to
a uniform axial compression of Nx0 per unit length. The network for member arrangement is shown in Figs.
4.3.1 (a) and 4.3.4.

0
Z

qh

Y

X

60o

N x0
qh

N x0
b

Y
X

Three-way grid

Cylinder under compression qh

Figure 4.3.4 Complete cylindrical roof under compression (Draw by Y. Niho)
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4.3.2.a Linear buckling of complete cylindrical reticulated shells under axial compression
According to the Appendix A and the study [4.3.1], the linear buckling load N crlinx per unit length is given
using the in-plane rigidity Ky in the arch direction and bending rigidity Dx in the longitudinal direction as
follows.

N crlinx 

2
(1  2 ) Dx K y
R

(4.3.3)

Let one assume a special case of three-way member arrangement for 60 degrees for  in Fig. 4.3.3.a and also
isotropic properties as
Kx  K y 

3 3 Es As h ,
0
4

1
 ,

Dx  Dy  D 

3

3 3 Es I
4 0

(4.3.4)

where ASh (=A1=A2 in Fig. 4.3.3.a) is the sectional area of longitudinal members, 0 is the length of member,
and I (=I1y = I2y in Fig. 4.3.3.a) is the second moment of inertia with respect to out-of-plane bending behavior
of the roof surface, and they are assumed also same for all other members together with an additional
assumption that torsional rigidity and bending rigidity of in-plane action are negligible.
In this case, the axial buckling force of the longitudinal members in the X direction, N crlinsh , and the
corresponding axial stress,  crlinsh , can be expressed as follows [4.3.19, 4.3.21]. Here 0 denotes the
subtended half angle in the arch direction as shown in Fig. 4.3.1.a.
N crlinsh 

3 0 lin

N cr x  2 6 ES As h 0
0
2

N crlinsh

;

0 

0
I / As h

0
0
Ash
The ratio of the buckling axial force to the Euler buckling axial load is given as follows.
 crlinsh 

 2 6 ES

N crlinsh 0 0
;

N crEuler
2
sh

N crEuler
sh 

 2 Es As h
02

(4.3.5.a)
(4.3.5.b)

(4.3.6)

With respect to the boundary condition of (S-S) in Fig. 4.3.2, a result is given as shown in Fig. 4.3.5 based on
FEM linear buckling analysis [4.3.19, 4.3.21] performed for a shallow cylindrical reticulated shell of (S-S)
boundary under uniform compression. The ranges of the parameters 0 , 0, and = y /( p0) are respectively
20 to 120, 1.5 to 5.0 degrees, and 0.541 to 1.08, with a subsidiary condition in which n is fixed as 10 and p is
varied from 8 to 16, while the member length0 is fixed as 400cm. The half open angle 0 is varied from 15
to 50 degrees depending on 0. The variable ranges may cover conditions for practical application. This FEM
solution reveals that Eq.(4.3.6) merely apply to the cases of 0 being less than a bound of 2.0, since the
linear relationship of Eq.(4.3.6) does not hold beyond 2.0 for 0. On the other hand, the result of Fig. 4.3.5
can be effectively used as follows. This study considers a partial cylindrical roof with a boundary (S-S),
however, the result might be applied to longitudinal members in other boundary cases of (P-S) and (SB-S),
since members under compression will be situated at the central region in the arch direction and a little
distant from boundaries C1C2 and C3C4. When the value of 0 is less than 2.0, the linear buckling axial
strength is less than the Euler buckling axial force, while, for 0 larger than a bound of 2.0, it grows
beyond its Euler buckling axial load. If we consider a possibility of the relationship between N crlinsh / N crEuler
sh
and 0, the linear buckling axial strength might be easily evaluated based on it. The approximate
relationship [4.3.19, 4.3.21] can be expressed as follows.
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Figure 4.3.5 Linear buckling axial force N crlinsh
of a shallow cylindrical reticulated shell for
various 0 ranging from 20 to 120 [4.3.19,
4.3.21](Draw by Y. Niho)
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1/2.7
N crEuler
0.774(0 0 )
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Eq.(4.3.9)
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Figure 4.3.6 Elastic axial buckling strength
reduction factor 0Sh [4.3.19, 4.3.21]
(Draw by Y. Niho)

0 0  2.0
for 0 0  2.0
for

(4.3.7)

4.3.2.b Knockdown factor for elastic buckling and axial strength of longitudinal member
In general, elastic buckling load is reduced due to geometric imperfection. As IASS recommendation for RC
shells describes and is discussed later in this section, the cylinder under axial compression is rather sensitive
to initial imperfections. If a knockdown factor, 0sh, is denoted for elastic buckling, the elastic buckling
strength, N crel sh , of the longitudinal members is given by Eq.(4.3.8), once its linear buckling axial strength,
N crlinsh , is evaluated based on FEM linear buckling analysis or some other appropriate formula as Eq.(4.3.7).
N crel sh   0 Sh  N crlinsh ,

(4.3.8)

The imperfection sensitivity has been discussed in the papers [4.3.19, 4.3.21, 4.3.23], which studied the same
roof of (S-S) boundary condition, the same geometry in Fig. 4.3.1.a, and the same geometric parameters in
the section 4.3.2.a. The results [4.3.23] are introduced in this section and shown in Fig. 4.3.6, and the solid
line is an approximation expressed for a lower bound as follows.
 0 sh  1 

1

(4.3.9)

0.50 0  1

In the study, a geometric initial imperfection wi 0 of amplitude y /1000 was assumed as follows.
y
  x   m y 
; m  1, 2, 3
wi  wi 0 sin 
 ; wi 0 
 sin 
1000
 x   y 

(4.3.10)

Also the results based on elastic-plastic buckling studies give the axial strength of the longitudinal members
under compression as shown in Fig. 4.3.7, where the axial strength, Ncr, of Fig.4.3.7 is given in terms of
generalized slenderness ratio Sh.

 Sh



Ash   y
 0 Sh  N crlinsh

(4.3.11)
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where Ash denotes the cross sectional area of the longitudinal members, and sh is based on Eq.(4.3.9).
In Fig. 4.3.7, a thick solid line is a design formula used in Japan as allowable stress design expressed by
Eq.(4.3.12).
1 

  Sh 

0.6  



1 

  Sh 

0.6  


N cr 1  0.24   Sh 2

4
Ny
1    Sh 2
15
N cr
9

N y 13   Sh 2

(4.3.12)

The dotted line shows the axial strength based on the modified Dunkerley equation given by Eq.(4.3.13) with
kSB=1.0, found in design when the empirical equation of Dunkerley’s formula [4.3.1] is adopted.

k N
 Sh 2  SB cr
 Ny

2

  N cr 
N cr
2

;

 1 ;
2
4
Ny
k SB  Sh  4  k SB  Sh 2
  Ny 
N y  ASh y

kSB=1.00~1.44;

(4.3.13)

where ASh and y denote the sectional area and axial yield strength of the member, and Sh is its
corresponding generalized slenderness ratio given in Eq.(4.3.11). The parameter kSB denotes a partial factor
for elastic buckling as explained in Eq.(D3.4.a) of Appendix D3.
4.3.2.c Consideration for design
As described above, we may understand that, once the force of any longitudinal member attains the axial
strength, the roof might reach its ultimate strength since shell-like roofs are likely to behave in an unstable
manner accompanied by decreasing loads under increasing displacements. Accordingly, a conservative
design procedure may be possible based on this concept: any member with maximum axial stress should be
less than the axial strength evaluated by Eq.(4.3.12) or Eq.(4.3.13) or similar design code as column buckling
formula. However, from understanding that the value of knockdown factor Sh is a key factor to evaluate the
axial strength, the amplitude for imperfections and the distribution pattern of imperfections should be
carefully adopted in design applications.

N cr
Ny
1.5

: p=8
: p=12
: p=16
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1
 sh 2
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Eq.(4.3.12)
Eq.(4.3.13) ; kSB=1.00
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1
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 sh

Figure. 4.3.7 Axial strength of longitudinal members under compression [4.3.19, 4.3.21]
(Draw by Y. Niho)
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4.3.3 Buckling of cylindrical reticulated roofs under lateral loads
According to the results obtained through the previous works, a procedure to estimate the buckling load and
buckling strength of reticulated roofs under lateral loads is introduced. The geometry is shown in Fig. 4.3.1.a,
and the boundary conditions considered are (S-S) and (P-S).
4.3.3.a Classical buckling load in case of uniform lateral load
By referring to Appendix A and assuming that roofs are under a uniform load, a classical but approximate
buckling load is explained in this sub-section for the boundary condition (S-S). The displacement w in the
normal direction with one half wave length will be most probable in case of buckling of roofs under lateral
load.
  x   m y 
w  w0 sin 
 ,
 sin 
 x   y 

nx 

x
x

,

my 

m y
y

(4.3.14)

The classical buckling load Pcl per one node occupying an influential area of  20 tan  / 2 on a surface is
approximately evaluated as follows using a notation of Pcr(a).
Pcr ( a )  ( p0 ) min 

 20 tan 
 Pcr B  Pcr M
2

(4.3.15)

where PcrB and PcrM correspond respectively to bending and membrane terms, and are defined for three-way
member arrangement (Fig.4.3.3.a) as follows.
Pcr B

E AT
 C0  s 1
p

 0

 0 g





3/ 2

 B1 ,

Pcr M

E AT
 C0 s 1
p

 0

 0 g





3/ 2



1
3B2

(4.3.16.a)

1/4

36(1   2 )  123/ 4 
2
2 A cos 4 
E A
, Kx  s 1 T , T 
,
C0  
 2
1/ 2
3tan 
tan 
A1 sin 
0
B1  1 

 K x (1   2 )
1
(2 Dxy  2 Dx Bxy )
Dx
Kx
,
1
,
B



 2 yx  
2

2
2
Dy
Dy
K xy

  K y
1/ 4



2 3(1   2 ) 

p 0 g 0

 tan 

, 0 g 

0
(t0 eq / 2 3)

, t0eq 

(4.3.16.b)

12 D y
Kx

The coefficients B1 and B2 are evaluated approximately equal to 1.0 in most cases, and the parameter p is the
number of members in the X direction. This result may be applied to evaluate the knockdown factor based on
RS buckling load explained in Appendix A. The concept of RS buckling load may lead to a value around
0.75, based on Eq.(4.3.16). However, the value of 0.75 seems larger for imperfection sensitivity for design
use than those discussed later in the sub-section 4.3.3.c.
The form of Eq.(4.3.16.a) implies that the classical buckling load per one node is almost proportional to
(0/0g)3/2 and inversely proportional to the parameter p. The parameter p is defined and shown in Fig.4.3.1.a
as the number of members in the longitudinal direction. The variables of 0 and 0g are the half subtended
angle in the arch direction and the equivalent member slenderness ratio defined by Eq.(4.3.16.b). This useful
tendency was already found in the study [4.3.4]. The number of a half wave due to buckling in the arch
direction is given by m(a) from which we know the buckling pattern.
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2

m( a )

y

 
2 1/ 8
, h  y ,

36(1   2 )   h   ,  

x
Rteq
 

(4.3.16.c)

In the case of isotropic properties for three-way member arrangement with an equilateral triangle using an
identical member of A1=A2=A, I1=I2=I, and J1=J2= 2I in Fig.4.3.3.a, the following expression is obtained.

12 D y

t0eq 

Kx

 1.12  (2 3 I / A ) ,

0 g 

0
(t0 eq / 2 3)



0
1.12 I / A

When two-way member arrangement is adopted, a slightly different expression for C0 and T might be
obtained, although such expressions are abbreviated here.
4.3.3.b RS buckling loads
Based on a series of studies [4.3.10, 4.3.12, 4.3.13, 4.3.9] for RS buckling loads of shallow cylindrical roofs,
the following RS buckling load is formulated. The member arrangement is three-way with an equilateral
triangle of the type (a) shown in Fig. 4.3.1.b, and the roof is assumed here to be composed of an identical
size. The procedure for evaluation is composed of the following steps.
1) Evaluation of coefficients for constitutive equations
A= sectional area, I= second moment of inertia, J= polar moment of inertia
 0 = member length
2) Calculation of the coefficients.

D11 
A11 

3(3 EI + GJ )
,
4 0
3 3EA
,
4 0

D12 

3( EI - GJ )
3(EI + GJ )
, D22  D11 , D66 
4 0
4 0

A12 

3EA
,
4 0

A22  A11 ,

A66 

3EA
4 0

(4.3.17)

te  2 3D22 / A22  equivalent shell thickness and reduces to te  2 3I / A if J  0
3) Calculation of RS buckling load p* per unit area
p 
*

2
4
 2 D11  2  D12  2 D66  B  D22 B 

RL2

(4.3.18)

B2

where R is the radius of cylinder surface, and L is the length on longitudinal direction being denoted as Lx or
x in Fig.4.3.1.a.
In Eq.(4.3.18), B represents a number of half waves of buckling mode in the arch direction, called
coefficient of buckling mode and denoted by B = an. The quantity is given as follows depending on
boundary conditions.



 A11 / A22   ( A12 / A22 )2 L2 / ( Rte )

B0  K 0  K1  log10   K 2  (log10  ) 2

(4.3.19)

B  B0  b
under the following conditions.
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1    103

K 0  1.029 , K1  0.056 ,

K 2  0.444 for

K0  10.371 , K1  6.131 ,

K 2  1.431 for 103    105

0.8
b
 0.3

for

(4.3.20)

(S-S)
(P-S)

simple boundary condition
pin boundary condition

This scheme can be easily applied in case that reticulated shells are composed of the same size member and
the member arrangement is three-way with equilateral triangles. The RS buckling load per one node Pcr* 0
can be defined as,

3 20
(4.3.21)
2
4.3.3.c Comparison of the classical buckling load with FEM and RS buckling loads
Referring to the studies [4.3.5, 4.3.15, 4.3.17, 4.3.18] which aimed at an approximate expression of elastic
buckling load of cylindrical reticulated shells under a uniform lateral load, elastic buckling loads per one
node but in the case of no imperfections are introduced here. The geometry and other data for the roofs with
respect to the boundary conditions (S-S) and (P-S) are as follows: member length 0=350cm, arch length
y=2R0 (y =3031cm); intersecting angle  = 60 degrees;0 , 0, and = y /( p0) respectively 20 to 80, 3.0
to 5.0 degrees, and 0.541 to 1.44, where p is varied from 6 to 16, the half open angle 0 is varied from 30 to
50 degrees, and the number of panels in the arch direction, n, is fixed as 10.
Pcr* 0  p*

By referring to the studies [4.3.17, 4.3.18], the following approximate relationships are derived as average
between the elastic buckling and the classical buckling loads in case of no geometrical imperfections.
Pcrel0 ( FEM )  0.74Pcr (a)

for (S-S)

as simple support

(4.3.22.a)

Pcrel0 ( FEM )  1.20 Pcr ( a )

for (P-S)

as pin support

(4.3.22.b)

As for the linear buckling loads, also approximations as average were proposed commonly for both simple
support and pin support conditions as follows.
Pcrlin0( FEM )  1.1Pcr ( a )

for (S-S) as simple support

(4.3.23.a)

Pcrlin0( FEM )  1.5 Pcr ( a )

for (P-S)

(4.3.23.b)

as pin support

If an additional explanation is allowed, the linear buckling loads of roof shells with pin support (P-S) tend to
be a little larger than those with simple support (S-S). Based on Eqs.(4.3.17) and (4.3.18), accordingly, the
knockdown factors in case of no imperfections might be assumed approximately as follows.

 0 ( wi 0  0)  0.74 /1.1  0.67

for (S-S) as simple support

(4.3.24.a)

 0 ( wi 0  0)  1.20 /1.50  0.80

for (P-S) as pin-support

(4.3.24.b)

When (wi0 = 0) is directly evaluated by Pcrel0 ( FEM ) / Pcrlin0 ( FEM ) , they are approximately given as average as
follows.
(4.3.25.a)
 0 (wi 0  0)  Pcrel0 ( FEM ) / Pcrlin0 ( FEM )  0.63 for (S-S) as simple support

 0 ( wi 0  0)  Pcrel0 ( FEM ) / Pcrlin0 ( FEM )  0.83

for (P-S) as pin-support

(4.3.25.b)

These values of 0.63 and 0.83 are comparative respectively with 0.67 and 0.80 of Eq.(4.3.24) obtained as
average from classical buckling load Pcr(a).

141

(Draft) Guide to Buckling Load Evaluation of Metal Reticulated Roof Structures, Oct., 2014.

On the other hand, as for the RS buckling loads Pcr* 0 of Eq.(4.3.18), which is obtained for both the simple
support and the pin-support, following approximations are found within a narrow band as an average
relationship [4.3.17, 4.3.18], followed by use of Eq.(4.3.18).

Pcr* 0  (0.49 ~ 0.61) Pcr ( a )  0.50 Pcr ( a )  0.45Pcrlin0( FEM )

for (S-S) simple support

(4.3.26.a)

Pcr* 0  (0.87 ~ 0.97) Pcr ( a )  0.92 Pcr ( a )  0.62 Pcrlin0( FEM )

for (P-S) pin-support

(4.3.26.b)

RS buckling loads of Eq.(4.3.17) given by the study [4.3.9, 4.3.10] may correspond to a relatively large
initial geometric imperfection around (0.6~0.7) teq as found through comparison between the horizontal lines
of 0.45 and 0.62 for 0 and the average curves shown in Fig.4.3.8. Accordingly the approximation of
Eq.(4.3.18) may give a knockdown factor for the imperfections of (0.6~0.7) teq. If RS buckling load of
Eq.(4.3.18) is used in design, it will be considered as a conservative elastic buckling load.
4.3.3.d Geometrical imperfection sensitivity of elastic buckling loads
By referring to the recent studies [4.3.17, 4.3.18] for imperfection sensitivity of several cylindrical
reticulated shells of three-way grid as shown in Fig. 4.3.2 under a uniform load with following geometries: 0
=350cm for the member length, y =2R0 (=3031cm) for the arch length,  = 60 degrees for the intersecting
angle, 60 for the member slenderness ratio of the longitudinal members, 10 for n, and 30 degrees for 0,
while 0 changed from 3.0 to 5.0 degrees and = y /( p0) varied from 0.722 to 1.08 depending on p, which
is varied from 8 to 12.

The results are given as shown in Fig. 4.3.8, where teq in Fig. 4.3.8 is expressed approximately as
teq  2 3( 0 / 0 ) , different from the definition in Eq.(4.3.16.b). Based on the results and also considering
the values 0.63 and 0.83 of  0 ( wi 0  0) provided by Eq.(4.3.25), the following approximate equations for
the knockdown factors are proposed using the same attenuation function for both boundary conditions.

0 
0 

Pcrel0 imp ( FEM )
Pcrlin0( FEM )
Pcrel0 imp ( FEM )
Pcrlin0( FEM )

 0.55exp( 0.63wi 0 / teq )

for simple support (S-S)

(4.3.27.a)

 0.75exp(0.63wi 0 / teq )

for pin-support (P-S)

(4.3.27.b)

The imperfection sensitivity curve Type II given by IASS Recommendations, which is recommended for
cylindrical roofs under lateral loads, is also plotted as a solid line, and the curve IASS II is located above
those given by Eqs.(4.3.27.a) and (4.3.27.b).
If 0.2teq is assumed in design use for the geometrical imperfections, the knockdown factors become 0.48 and
0.66, respectively, for simple-support and pin-support conditions based on Eq.(4.3.27). If Eq.(4.3.22) is
adopted as elastic buckling load in case of no imperfections, their elastic buckling loads for the imperfection
of 0.2teq correspond to 0.74  0.88 = 0.65Pcr(a) and 1.20  0.88 = 1.06Pcr(a), respectively, for simple support
and pin-support conditions, while 0.54Pcr(a) and 0.87Pcr(a) for 0.5teq, respectively, for simple support and pin
support conditions. These values of 0.54Pcr(a) and 0.87Pcr(a) are almost comparable with 0.50Pcr(a) and
0.92Pcr(a) given by Eq.(4.3.26) as RS buckling loads. In case of reticulated shells for a three-way grid, an
elastic buckling load may be approximately evaluated by Eq.(4.3.26) but with a restriction to the
imperfection being less than 0.3teq compared with the curves of Eqs.(4.3.27.a) and (4.3.27.b).
The study [4.3.7, 4.3.8, 4.3.16] in an early stage of buckling analysis based on shell analogy shows a series
of results in the case of a cylindrical reticulated shell, supported by a simple support and a pin support. As
one of the results, the study gives for the geometry of  = 0.5 and h = 200 that the elastic buckling load with
wi0/teq = 1.0 is decreased to 0.65 of its elastic buckling load for the perfect case. The ratio of the decreased
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elastic buckling load to the classical buckling load, Pcl, is reported about 0.48. If based on Eq.(4.3.27.a) for
the case of wi0/teq = 1.0, the ratio of the elastic buckling load Pcrel0imp ( FEM ) / Pcrlin0( FEM ) is 0.30, and the decreased
elastic buckling load is 0.30 Pcrlin0( FEM ) , and it is confirmed that Eq.(4.3.27.a) gives a relatively conservative
value.
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Figure 4.3.8 Imperfection sensitivity of cylindrical reticulated shells under uniform loads [4.3.17, 4.3.18]
(Draw by S. Kato)
The recent study [4.3.11] shows more in detail in case of n =10, p=12, 0 = 62.5, 0 = 30 degrees and
pin-support, that the elastic buckling load in a perfect case is about 0.88 of the linear buckling load, and that
the elastic buckling load in case of wi0 / teq = 0.64 is about 0.53 of the linear buckling load. If based on
Eq.(4.3.27.b), the elastic buckling load is 0.75 of the perfect one, while 0.50 for imperfection wi0 / teq = 0.64.
Also, the study gives a result for n=10, p=12, 0 = 62.5, 0 = 30 degrees for simple support that the elastic
buckling load in a perfect case is about 0.65 of the linear buckling load, while 0.47 in case of wi0 / teq = 0.64.
If based on Eq.(4.3.27.a), the elastic buckling load is 0.55 of the perfect one, while 0.37 for imperfection
wi0/teq = 0.64. The comparison shows that Eq.(4.3.27.a) gives a fine and relatively conservative estimation.
A recent study [4.3.22] for roofs under a uniform load, in case of p=12, n=10, 0 =3.0 degrees, and 0 =60 ,
shows that the lowest RS buckling mode obtained by FEM (Eqs.(3.16~3.18) of Chapter 3) is found as the
first buckling mode for both boundary conditions, and the reduced stiffness buckling loads explained in
section 3.6 are 0.57 and 0.70 as Pcr* 0(FEM) / Pcrlin0( FEM ) respectively for simple support and pin-support boundary
conditions. Compared with the two curves of Eqs.(4.3.27.a) and (4.3.27.b), the RS buckling load based on
Eq.(3.16~3.18) of Chapter 3 will give a lower bound for elastic buckling in the case of no imperfection. Also,
comparing these with the values of 0.45 and 0.62 of Eq.(4.3.26), Eq.(4.3.26) seem to give lower bounds for
the knockdown factors but with restriction for the imperfection less than 0.3teq.
Accordingly, in the case of three-way reticulated shells with isotropic characteristics, an elastic buckling load
may be approximately evaluated by Eq.(4.3.26) but with a restriction to the imperfection being less than
0.3teq, if Eq.(4.3.27) were judged as a standard for its imperfection sensitivity.
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4.3.3.e Magnitude of geometrical imperfection in design use
In the study by Shen et al. [4.3.2, 4.3.3], an initial imperfection is assumed up to L/300, and this value
corresponds to 6.6cm, 8.3cm, and 10.0 cm respectively if the arch span is assumed 2000cm, 2500cm, and
3000cm. This amplitude seems rather large compared with the tolerance of fabrication and erection
(Appendix C), in which a smaller one of L/1000 and 0.20teq is assumed. In the case of single layer cylindrical
reticulated roofs, the span will be 30m or 40 m at most, and the size of members will be  -300 at most,
accordingly from a view point of fabrication and erection, the imperfection will be restricted to around 3.0cm
or 4.0cm for 30m or 40m, respectively. If a size of around   160  6 is applied for 30m span, the 35mm
corresponds to about 0.2teq, since teq seems around 190mm. The magnitude of 0.2 teq gives 0.48 and 0.66 as
knockdown factors, respectively, for simple support and pin support boundary conditions based on
Eq.(4.3.27).
4.3.4 Reduction of elastic buckling load due to semi-rigidity at connection
Very few of studies exist with respect to the effect of semi-rigidity at nodes in case of cylindrical reticulated
shells, and the study [4.3.4] has presented in detail a series of FEM analysis of the effects of semi-rigidity,
and the data was investigated in this section if Eq.(4.3.29) gives a reasonable estimation or not. It is found
that the elastic buckling loads given in the study are represented approximately as follows in the case of
 X /  Y  2.0 and 0 = 110.

 ( ) 

Pcrel ( )
1

el
Pcr 0
1 2 / 

for   2.0 ；  

KB
EI /  0

(4.3.29)

where KB denotes bending rigidity of a spring between node and member at the connection, as shown in
Fig.3.5(c) of Chapter 3, and I is the second moment of inertia of the cross section with respect to
displacement in the normal direction.
4.3.5 Effect of non-uniform loading to elastic buckling loads
The reduction of elastic buckling loads due to non-uniform loading is discussed in the studies [4.3.2, 4.3.4,
4.3.8] considering load combination for a uniform full load and a half span non-uniform load, as shown in
Fig. 4.3.9. According to the study [4.3.3] it is found that the effect of load non-uniformity will not accelerate
so much the imperfection sensitivity if some amount of geometric imperfections exists, and the reduction of
elastic load due to load non-uniformity is reported almost same to or larger by a small fraction than the
buckling load under only geometric imperfection. The study [4.3.2] by Shen and Chen presents a formula to
evaluate the reduction due to non-uniformity of load distribution as follows.

K p  g  0.6 

1
2.5  5 p / g

for pin and simple boundaries

(4.3.30)

where g and p denote the intensities of the uniform and half span loads. Here one needs to be sure that the
buckling load is given as a result of Kg+p multiplied with the elastic buckling load Pcrelimp which denotes the
elastic buckling load with a certain geometric imperfection, as if the load of intensity of (g+p) acted
uniformly over the shell surface.
More recently, a study [4.3.6] gives an example dealing with a pin-supported boundary condition that, in
case of rise-to-arch span ratio 1/5, elastic buckling load decreases by about 20% due to non-uniform loading
of p=g from that for a uniform load.
According to the study [4.3.4, 4.3.8, 4.3.16] based on shell analogy, although there are few study cases, the
results can be formulated using a different mathematical form as Eqs.(4.3.31) and (4.3.32) .
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Figure 4.3.9 Load distributions of uniform and one-side loads; g and p mean respectively the
uniform load over full surface and the load over half span.(Draw by S. Kato)

The coefficients 0.43, 0.56 and 0.55 in Eqs.(4.3.31) and (4.3.32) are approximately evaluated using the data
for g=p. In the case of g=p, the reduction becomes 0.73, 0.79, 0.73, and 0.73 based on, respectively
Eqs.(4.3.30), (4.3.31.a), (4.3.31.b) and (4.3.27). These results look almost same.
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Figure 4.3.10 Loading types [4.3.5, 4.3.15, 4.3.20](Draw by S. Kato)
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One study [4.3.5, 4.3.15, 4.3.20] gives an example for the knockdown factors for the roofs under
asymmetrical load distributions. The results are given in Eq.(4.3.33). The geometries are almost same as in
the studies [4.3.14, 4.3.20]. The data for the roofs with respect to the boundary conditions (S-S) are as
follows: 0 =350cm for the member length, y =2R 0(=3031cm) for the arch length; 60 degrees for the
intersecting angle ; 10 for n, while 20 to 80 for0, 3.0 to 5.0 degreesfor 0, 0 is varied from 30 to 50
degrees depending on 0, and 0.524 to 1.08 for = y /( p0) depending on p varied from 8 to 12. Three types
of non-uniform loads are assumed as shown in Fig. 4.3.10.

el
cr 0( FEM )
lin
cr 0( FEM )

P
P

0.50
0.40


0.50
0.60

uniform load
type(1) load
for
type(2) load
type(3) load

(4.3.33)

In the analysis for simple-support, a geometrical imperfection of a magnitude wi0 / teq = 0.2 is assumed being
proportional to the incremental displacement appearing at the time of elastic-plastic buckling load. The study
shows a result that the effect of non-uniformity will not be so significant once some amount of geometrical
imperfection exists. In Eq.(4.3.33), Pcrel0( FEM ) denotes the elastic buckling load in the imperfect case, while
Pcrlin0( FEM ) denotes the linear buckling load in the perfect case.
Comparison of elastic buckling loads between the uniform and the type (1) loading cases shows that the
buckling load is decreased by 20 % in the case of p = g in Fig. 4.3.9. Considering a tendency [4.3.3] found
by Shen and Chen that the buckling load reduction due to non-uniform loads has not been clearly found
when geometric imperfection exists, in other words it is hidden behind geometric imperfections, and
Eq.(4.3.26) and (4.3.27) may be applied as a conservative estimation.
With respect to non-uniform snow loads on cylindrical roofs, we need caution to wind effects; snow
accumulation may be drifted due to sever winds to an almost half span load without any change of total snow
weight, and if double cylindrical roofs are constructed side by side, snow accumulation at a valley will be
large exerting a strong non-uniform accumulation.
4.3.6 Effect of member crookedness on buckling loads
In the case of single layer reticulated roofs, no papers have been found to have investigated the effects of
member crookedness. There is a tendency that cylindrical roofs are subjected to relatively large bending
moments in the arch direction, and because of this tendency, we may assume that the effect of member
crookedness will be not so large based on a result in the case of spherical reticulated shells as mentioned in
sub-section 4.2.1.8. In simple support boundary condition (S-S), members near the gable are subjected to a
large axial compression, and because of this, there will appear some effects from member crookedness. And
if such possibility exists, a study is required to check the effects in design.
4.3.7 Node rotation buckling
In the case of single layer, few papers have been found to have investigated the possibility of node rotation
buckling. The study [4.3.4] investigated the effect of semi-rigidity on elastic buckling load assuming a very
small rigidity as  = 1.5 and 0.15, and it reports that buckling deformation looks like global shell-like
buckling. There are very few studies about rotation buckling for single layer cylindrical shells and further
studies are surely required for this kind of buckling if a thin plate-like connection is applied. One may
suppose that the reticulated shells will be subjected to node rotation buckling with a small possibility when 
of Eq.(4.3.29) is larger than a certain value like 2.0 and when there is no eccentricity at node producing
moments around nodes, as explained in Fig.2.19 of section 2.3.3.
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4.3.8 Effect of member arrangement
In this section 4.3, explanations are limited to three-way member arrangement of type (a) of Fig. 4.3.1,
however, other member arrangements have been applied in a moderate number of cases, and accordingly,
more studies are required for different types of member arrangement.
4.3.9 Evaluation of elastic buckling load considering asymmetric load distribution for (S-S) and (P-S)
boundaries
According to the above reviews and some consideration, the elastic buckling is evaluated considering the
effects of geometric imperfections, non-uniformity of loads, and semi-rigidity at connection.
Pcrel
    ( )  K g  p   0
Pcrlin

(4.3.34)

where the coefficient 0 is the knockdown factor given by Eq.(4.3.35) in the case of rigid connection, Kg+p is
the factor to reflect the effect of load distribution, () is a reduction factor due to semi-rigidity at connection,
and  is the analysis factor introduced in section 3.6.
 0.75exp(0.63wi 0 / teq )
 0.55exp(0.63wi 0 / teq )

0  

pin support
simple support

(4.3.35)

4.3.10 Evaluation of squash load
In the case of cylindrical roofs with a simple support boundary condition, the distribution of member size
will change depending on their locations, and members near the gables will be given a relatively large
section compared with members around the central part. Also, it will be not easy to find an efficient method
except for FEM scheme to obtain plastic limit load, in other words squash load. In a special case that
members are almost the same within a roof, the following approximation [4.3.10] will hold in the case of pin
boundary to evaluate the squash load P0SQ.

P0 SQ  4 0 N col sin    m ;

 m = 0.7 to 1.0

where Ncol, 0, and  are respectively the smaller one of the axial member yield strength and the strength
determined for the connection, the half subtended angle shown in Fig. 4.3.1.a, and the intersecting angle
shown in Fig. 4.3.3.a. And the symbol  m represents an approximation factor for equilibrium between
member forces and the external load, ranging 0.7 to 1.0
Applying linear elastic FEM (GLMLA), we can find easily an approximate squash load Pm0SQ for which the
representative member yields for the first time. And when we apply the geometrically linear and materially
nonlinear FEM (GLMNA), we may obtain the squash load P0SQ which is defined as a plastic limit load. If the
ratio of P0SQ / Pm0SQ has been evaluated as  mSQ , P0SQ is calculated as follows, mentioned in section 3.6.
P0SQ   mSQ Pm 0SQ ;

 mSQ = around 1.0 to1.4 for roofs with 0 for 30 to 50 degrees

(4.3.36)

Based on recent calculation [4.3.22],  mSQ is around 1.0~1.4 in the case of geometry of 0 =350cm for the
member length, y =2R0 (=3031cm) for the arch length, 60degrees for the intersecting angle  ; 10 for n,
while 60 for0, 3.0 to 5.0 degreesfor 0, and 30 to 50 degrees for 0 depending on 0, and 0.524 to 1.08 for
= y /( p0) changing with p varied from 8 to 12. In design stage, if we calculate this kind of value
depending on the geometry under design, it will be effectively applied in buckling load evaluation based on
squash-load-based-scheme.
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4.3.11 Approximate evaluation of elastic-plastic buckling load
4.3.11.a Representative-member-based evaluation for elastic-plastic buckling load (buckling strength)
Generalized slenderness ratio of representative member; As explained in sub-section 3.8.1, once the
value of knockdown factor 0 is calculated, the elastic buckling load P0elcr is evaluated based on Eq.(4.3.34)
or directly based on GNMLA. The elastic buckling axial force of the representative member is consequently
but approximately evaluated as follows.
N 0elcr ( m )   0 N 0lincr ( m )   0 crlin N 0( m )

(4.3.37)

Similarly to an ordinary column of high-rise building, the generalized slenderness ratio  e ( m ) can be defined
by the following equation.
 e( m) 

Ny
 0 N 0lincr ( m )

(4.3.38)

where the value of Ny represents the full axial strength expressed by sectional area A(m) and yield strength y
of the representative member.
Ny = A(m) y
In this guide, Eq.(4.3.39) is applied to evaluate the column strength of constituent members of reticulated
shell roofs in terms of the generalized slenderness ratio  e ( m ) . This kind of scheme has been found in the
previous studies [4.3.5, 4.3.15, 4.3.14], and the column strength curve is based on the following Dunkerley’s
equation (4.3.39.a).

 e( m)

2

k N
  SB cr
 Ny


  N cr
  
  Ny

2


  1 , kSB=1.14~1.44


Ncr
2

Ny
kSB 2  e ( m ) 4  4  kSB  e ( m ) 2

(4.3.39.a)

(4.3.39.b)

Here the subscript (m) is abbreviated for both Ny and Ncr for convenience. The factor kSB is a partial factor to
be applied to elastic buckling, and its value ranges from 1.14 to 1.44 corresponding to those found in several
design codes as given in Table 3.3 of Chapter 3.
Once the axial strength Ncr of the representative member is evaluated based on Eq.(4.3.39) or some design
code, the elasto-plastic buckling load, buckling strength in other words, can be approximately evaluated as
follows.

P0 cr  P0  ( N cr / N 0 ( m ) ) ,

q0 cr  q0  ( Ncr / N0 ( m) )

(4.3.40)

where P0 is the representative design load aforementioned, N0(m) is the axial force under the design
representative load P0, Ncr is the axial strength of the representative member, and P0cr and q0cr are the strength
of the reticulated shells respectively corresponding to P0 and q0. Eq.(4.3.40) assumes a condition that, once
the representative member reaches its axial strength, the reticulated shell reaches at the same time its critical
load, after which its load bearing capacity is deteriorated along with increasing displacements. In such a case
where some re-distribution of stresses might be expected under increasing displacements, the buckling
strength would be expected a little larger than the value based on Eq.(4.3.40).
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4.3.11.b Squash load based evaluation for elasto-plastic buckling load
The semi-quadratic Dunkerley’s interaction formula [4.3.1] [Appendix D3], introduced in Chapter 3, gives
an estimation of the elastic-plastic buckling load P0cr as follows.
2

 kSB P0 cr   P0 cr 
(4.3.41)
  1

  
el
 P0 cr   P0 SQ 
Here the ratio of kSB is considered as a partial safety factor for elastic buckling. As discussed in Chapter 3 and
Appendix D3, an appropriate value may be selected for kSB ranging from 1.14 to 1.44. The solution for P0cr
can be given by Eq.(4.3.42). If the value of kSB is assumed 1.0, Eq.(4.3.41) gives a buckling strength with no
consideration of partial safety factor for elastic buckling.
P0 cr
2

2 4
P0 SQ
kSB  S  4  kSB  2S

, S 

P0 SQ

(4.3.42)

P0elcr

where the above value S is defined as a generalized slenderness ratio, which is already introduced in section
3.8.1 of chapter 3.
4.3.11.c Approximate method to evaluate elastic-plastic buckling load due to member buckling
This concept for strength evaluation due to member buckling is the same as that described in Section 3.4.2.b.
We assume that, depending on increasing loads, the axial forces are also increased linearly, and a critical
member can be defined as a member (E) which is the first to reach the Euler buckling axial force among
compressive members.

N (elE ) 

 2 ES I ( E )

(4.3.43)

 k ( E )2

where I(E) and  k ( E ) denote the second moment of inertia and the effective buckling length of the member
(E).
Once Euler buckling load for the member (E) is evaluated, the axial strength is also evaluated considering
plasticity of the member. The axial strength is evaluated based on an appropriate design code, and one of
possible formulae is Dunkerley Equation, given as follows.
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(4.3.44)

where Ny and y denote the sectional area and yield strength of the member (E), kSB is a partial factor for
elastic buckling load, and (E) is its corresponding generalized slenderness ratio, which is given as follows.
( E ) 

A( E ) y
N (elE )

: kSB=1.14~1.44

(4.3.45)

The critical load factor for member buckling is defined as E , under which the axial force of the member (E)
reaches its member axial strength Ncr(E) given by Eq.(4.3.44).
E N 0( E )  N cr ( E ) ; E  N cr ( E ) / N 0( E )

(4.3.46)

where N0(E) denotes the axial force of the member (E) under the representative load P0. Accordingly, the
elastic-plastic buckling load of the roof due to the above Euler member buckling is denoted as follows.
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P0 cr ( E )  cr ( E ) P0

(4.3.47)

Ex1. Examples of buckling load evaluation of cylindrical reticulated roof

Very recently, several studies [4.3.24, 4.3.26] have been published, and they provide many useful
information in evaluating the elasto-plastic buckling loads of single layer reticulated cylindrical roofs with
geometrical imperfections, considering the variation of arch span, longitudinal span, half open angle of roofs,
subtended half angle of members, and member slenderness ratio. The study by Abedi et al. has presented in
detail the nonlinear characteristics of displacements and buckling loads for various shell geometries. The
study [4.3.24, 4.3.26] provides a scheme to evaluate buckling strength by hand calculation, and the following
example includes not only FEM GNMNA but also such hand calculation scheme.
Ex1.1 Simply supported cylindrical reticulated roof of rectangular plan with 30m span
Ex1.1.1 Geometry and structural dimensions of roof
In this section, an example is described of several schemes to evaluate the buckling strength of a single layer
cylindrical reticulated roof. The roof is shown in Fig. Ex1.1. In reality, member sections change from place
to place, however, in this example the same member section is utilized for simplicity of explanation;
  165.0mm  10mm . One fourth of the roof is shown also in Fig. Ex1.1 and it is repeated for all the
structure symmetrically. The material is of tubular section of mild steel with Young’s modulus and yield
stress ES=205.0kN/mm2 and y = 235N/mm2, respectively. Members including the edge beams are assumed
connected rigidly at joints by welding.

X

2 0

0

60o

b
Z

y

x

Y

R

0
Y

Y

d=165mm
t=10mm

0 =30degrees
 0 =3degrees

d

point O

R=28.94m
x =12x350cm=42m
p=12

t

X

Figure Ex1.1 Geometry and boundary condition (Draw by Y. Niho)
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The geometry is the same as one of the cases described in the section 4.3. The roof has a longitudinal span x
of 42m, and is composed of twelve panels (p =12) along the longitudinal direction. The length of each
member has length of 0 = 350cm in the longitudinal direction. The half open angle is 0 =30 degrees, and a
radius of curvature is R of 28.94m, giving y=2(R0) =3031cm as the arch length. The arch is divided into
ten panels (n=10) leading to a half subtended angle 0 in the arch direction equal to 3.0 degrees. It is
calculated as 0= [half open angle0, 30 degrees in this case /(the number of members in the arch direction,
10 in this case) ].
In this example, the size of members is denoted by   d  t , where d denotes the diameter of member
defined for its center circle of the tubular sections, as shown in Fig. Ex1.1, and t denotes their wall
thickness; then the diameter of the outer surface is d + t and the diameter of the inner surface is d - t. The
diameter d0 of all inner members is assumed identical as d0=16.50cm, which is determined using the relation
d0  2 2 0 /  0 , based on an assumption for member slenderness ratio 0 =60. Also the thickness of tubular
sections is an identical one of t =10mm. The equivalent shell thickness is approximately assumed as
teq  2 3 0 /  0 , giving teq=20.21cm.
Ex1.1.2 Boundary conditions and design load
a) Boundary conditions: The roof is simply supported along its boundary and is restrained horizontally by a
rigid gable wall at each end, which is assumed flexible in the longitudinal direction. Accordingly, two
components of displacement, vertical and tangential, at both gables are fixed and the displacement in the
longitudinal displacement is set free. The roof is also supported by rollers in the arch direction on the two
sides along the two straight boundaries, but the displacements are fixed on the straight sides in the
longitudinal and vertical directions. The earthquake forces from the roof are assumed to be resisted by the
gable walls in the arch direction and by the rigid substructure with earthquake resistant braces in the
longitudinal direction.
b) Design load and assumed safety factor: The sum of the nominal dead load and the nominal snow load is
assumed 1.2kN/m2, being uniform per unit surface of the roof. The safety factor for ultimate limit state is
here assumed 1.75 for FM based on the proposal of Kollar and Dulascka using a resistance factor SB = 1.0.
The representative load selected for point O, being located just at the center of the roof, is evaluated as
P0=12.73kN using, P0 = 1.2kN/m2  Anode in which Anode is the influence area of point O and is calculated as
Anode = 3 02/2. Accordingly, the ultimate limit strength P0d demanded is given as 1.75  12.73kN=22.28kN.
c) Design imperfection: The amplitude of imperfection, wi0, is assumed for this case as 0.2teq, giving an
amplitude of 0.2teq=40.4mm. The distribution is assumed proportional to the first mode obtained from linear
buckling analysis.
d) Structural characteristics: The buckling loads are obtained based on FEM analysis as follows.
area and axial plastic strength of the members; A=5190mm2 and Ny=1220kN for   165.2mm  10mm
axial force of the representative member; N0(m) = 355.9kN under design load P0 = 12.73kN
linear buckling load; P0lincr ( FEM )  73.37kN
(based on FEM linear buckling analysis)
elastic buckling load in the case of perfect shell; P0elcr ( FEM )  47.66kN
(based on FEM)
elastic buckling load in the case of wi 0  0.20  teq , teq  2 3 I / A ; P0elcr (0.20 FEM )  39.28kN
(based on FEM)
approximate classical buckling load P0cr ( a )  62.38kN (hand calculation) based on Eq.(4.3.15)
buckling strength in the case of wi 0  0.20  teq , teq  2 3 I / A ; P0 cr (0.20 FEM )  38.93kN (based on FEM)

The knockdown factor  0  P0elcr (0.02 FEM ) / P0lincr ( FEM ) for the assumed above imperfection of 0.2teq is found 0.535
based on elastic buckling analysis. On the other hand, if the design imperfection sensitivity is assumed based
on Eq.(4.3.27.a) in Section 4.3,

0 

Pcrel0 imp ( FEM )
Pcrlin0( FEM )

 0.55exp( 0.63wi 0 / teq )

for simple support (S-S)
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it gives 0.485 for 0. The buckling mode in the arch direction at the central section is shown in Fig. Ex1.2.
The number of half waves looks equal to 2 based on FEM.

Figure Ex1.2 Buckling mode in the arch direction at the center (x/2) (Draw by Y. Niho)
Ex1.2 Evaluation scheme for evaluation of buckling strength
Several schemes are explained in the section 4.3;(1) linear buckling in Eq.(4.3.15) , (2) elastic buckling in
Eq.(4.3.22), (3) squash load or plastic limit load in Eq.(4.3.36), and (4) buckling strength in Eqs.(4.3.39) and
(4.3.42). In the following example, Kg+p in Eq.(3.15) is assumed here 1.0, because rigid connections and
uniform distribution on the roof are both assumed and also an accurate analysis method is applied.

The partial factor kSB in Eq.(3.23) is varied taking the values 2.50/1.75, 1.20 and 1.00 in this example for
buckling load evaluation.
Ex1.2.1 Approximate method based on shell analogy
a) Evaluation of linear buckling load based on Eq.(4.3.15) of sub-section 4.3.3
If a roof is composed of an identical member with member arrangement of an equilateral triangle network,
its classical buckling load can be calculated by hand calculation based on shell analogy using Eq.(4.3.15) of
sub-section 4.3.3. The classical buckling load P0cr(a) per one internal node is 62.38kN , already described
above for member section   165.2mm  10mm .

In the following calculation of
P0 cr ( a )  Pcr B  Pcr M
Pcr B and Pcr M are the terms for respectively bending action and membrane action, and they are given as
follows.
Pcr B

E AT
 C0  s 1
p

 0

 0 g





3/ 2

 B1 ,

Pcr M

1/ 4

36(1  2 )  123/ 4 
C0  
3tan1/ 2 
B1  1 



Kx 

,

(2 Dxy  2 Dx Bxy )
Dx

Dy 
Dy  2

2 3(1   2 ) 

1/4

p 0 g 0

 tan 

,

,

C E AT
 0 s 1
3
p


 0
 0 g





3/2



1
B2

Eq.(Ex1.2)

2
2 A2 cos 4 

tan 
A1 sin 

,

 K x (1   2 )
1
Kx
 2 yx  
B2  1  
2
K xy

  K y

,

Es A1
T
0

0 g 

,

0
(t0 eq / 2 3)

T

,

t0eq 

12 D y
Kx

where the value of  shown in Fig. 4.3.3.a, is 60 degrees for the equilateral triangle as its network.
To calculate the values of P0cr(a), the following constitutive equation is required.
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For in-plane stiffness:
K x  Es A1 / b1  2 Es A2 cos 4  / b2 ,
K x xy  K y yx  2 Es A2 cos 2  sin 2  / b2

K y  2 Es A2 sin 4  / b2 ,
, K xy  2 Es A2 cos 2  sin 2  / b2

,

Eq.(Ex1.4)

   xy yx
2

For bending stiffness:
Dx  Es I1 / b1  2 Es I 2 cos 4  / b2  2Gs J 2 cos 2  sin 2  / b2
Dy  2 Es I 2 sin 4  / b2  2Gs J 2 cos 2  sin 2  / b2 ,

,

Dx Bxy  Dy Byx  2 Es I 2 cos 2  sin 2  / b2  2Gs J 2 cos 2  sin 2  / b2 ,
Dxy  4 EI 2 cos 2  sin 2  / b2  GJ1 / (2b1 )  GJ 2 (cos 4   2cos 2  sin 2   sin 4  ) / b2
In the constitutive equation the data given underneath are applied.
I1=I2=I=1770cm4
A1=A2=A=51.90cm2 for sectional area of members

 s  0.3

4

J1=J2=2I =3540cm for polar moment of inertia

Eq.(Ex1.5)

for second moment of inertia
for Poison’s ratio of steel

b1  b2  3 0 / 2 for the interval between parallel members
Once the above parameters are inserted in the constitutive equations (Ex1.4), (Ex1.5), and Eq.(Ex1.2), the
results are rewritten as follows.
C0  12.20 , K x  1.300 Es A1 /  0 , T  1.300 , B1  1.167 , B2  1.167 ,

  12.42 , 0 g  53.5 , t0eq  1.12  2 3 I / A , teq  2 3 I / A  20.23cm

Eq.(Ex1.6)

and

 
2 1/8
36(1   2 )   h    2.54 for a number of buckling half waves

 
   y /  x  0.7217 ,  h   y 2 / ( Rt0 eq )  140.1

m( a ) 

Eq.(Ex1.7)

Then, the classical buckling load is expressed as follows in the present case of an isotropic roof.
P0 cr ( a )

E A  1.12 0 
 23.00 s 

p  0 

3/ 2

 62.38kN

Eq.(Ex1.8)

The form of Eq.(Ex1.2) implies that the classical buckling load per one node is almost proportional to
( 0 / 0 )3/2 and inversely proportional to p. The parameter p is defined as the number of panels, or members in
other words, in the longitudinal direction, and the values of 0 and 0 are the half subtended angle in the arch
direction and the member slenderness ratio. The number, m(a), of half waves due to buckling in the arch
direction is almost the same as depicted from the first buckling mode given in Fig. Ex1.2, from which we
know the buckling pattern.
From the classical buckling load P0cr(a) = 62.38kN, we can estimate its linear buckling load using the relation
of Eq.(4.3.23) described in the sub-section 4.3.3.c in Section 4.3.
P0lincr ( node cont )  1.1P0 cr ( a )  1.1  62.38kN  68.62kN

This value is very similar to the linear buckling load, P0lincr ( FEM )  73.37kN evaluated by FEM analysis.
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Ex1.2.2 Representative member based evaluation for buckling load using FEM linear elastic buckling
load by following the route A of Step-8) of section 3.8 of Chapter 3
a) Representative member and its axial force under the representative load P0  12.73kN : In the present
case of cylindrical roof with a simple boundary condition, it is rather difficult to find the location and the
axial force of the representative member. Accordingly, in this case we apply a linear elastic analysis to find
not only the location of the representative member but also its value of axial force.

The representative member is found as the member marked in a red solid circle in Fig. Ex1.2. Under the
representative load, P0 = 12.73kN, at one node, the axial force of the representative member is calculated as
N0(m) = 355.9kN.
P0lincr ( node cont )  68.62kN ; N0(m) = 355.9kN for P0 = 12.73kN

When the load is increased, the representative member is the first to yield with its axial plastic strength,
1220kN, and this load is the squash load, Pm0SQ, determined by the representative member. It is given as
follows, and this value is later applied to buckling load evaluation using a squash load.
Pm 0 SQcr ( node cont )  P0  ( N y / N 0( m ) )  12.73kN  (1220kN / 355.9kN)  43.64kN

b) Linear elastic buckling load: Based on shell analogy, the linear buckling load is evaluated as follows,
then followed by the axial force of the representative member under this buckling load.
shell analogy:
P0lincr ( node cont )  68.62kN ; N crlin0 ( m )  355.9kN  ( P0lincr ( node cont ) / P 0 )  1918kN ;  lin
cr  5.390
FEM linear buckling analysis:
On the other hand, based on LBA using FEM, the lowest linear buckling load Pcrlin( FEM ) is provided as follows,
leading to its loading factor crlin( FEM ) and the linear buckling axial force N crlin( FEM ) ( m ) of the representative
member.
P0lincr(FEM)  73.37kN ; N crlin0 ( m )  355.9kN  ( P0lincr ( FEM ) / P 0 )  2051kN ;  lin
cr  5.763

The elastic buckling load is evaluated using the design knockdown factor, Eq.(Ex1.1), that is Eq.(4.3.27.a) in
section 4.3, for the assumed design imperfection wi 0 / teq =0.2. The knockdown factor is evaluated as
0=0.485, utilized in the route A, explained just below, for evaluation based on both cases of shell analogy
and FEM.
c) Evaluation of buckling strength
c-1) Shell analogy; In this route (A-1) using shell analogy (route A-1, Shell analogy), Eq.(3.23) of
sub-section 3.8.2 is applied to buckling load evaluation using a factor kSB=2.50/1.75. First, the generalized
slenderness ratio  e ( m ) is evaluated as follows;

Ny = 1220kN
e( m) 

Ny

N

lin
0 cr ( m )

, e( m) 

1220kN
 1.146
0.485  1915kN

In the above calculation,  0 =0.485 is applied because of an assumption of  K g  p =1.0 in Eq.(3.11) in
Section 3.6. And the axial plastic capacity is assumed as its full capacity N y  1220kN with an additional
assumption that the strength and rigidity are sufficiently strong not to yield before the tubular members.
The following equations of Eq.(Ex1.9) are to be applied to estimate the axial strength Ncr, then followed by
calculation of buckling strength P0cr due to shell-like buckling.
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e( m)

2

 k  N cr
  SB
 Ny


  N cr
  
  Ny

P0 cr  P0  ( N cr / N 0 ( m ) ) ;

2


  1 ;


Ncr
2

2
4
Ny
kSB  e( m)  4  kSB   e( m) 2

(Ex1.9)

cr  Ncr / N0 ( m)

Using an assumption of kSB= 2.50/1.75 for the present case, the results are given as follows.
N cr / N y  0.433 ,

N cr  0.433  1220kN  528.3kN ; cr  N cr / N 0 ( m )  1.484

P0 cr  P0  ( N cr / N 0 ( m ) )  12.73kN  (528.3kN / 355.9kN)  18.90kN , P0 cr  1.48 P0
[Route A-1: Shell analogy for linear buckling load, representative member based evaluation]
The results adopting a different value for kSB are also given in Table Ex1.1.
c-2) FEM: In this route (A-2), the linear buckling load obtained from FEM is applied. The results are given
as follows.
 e( m) 

1220kN
 1.107
0.485  2051kN

N cr / N y  0.454 , N cr  0.454  1220kN  553.9kN ; cr  N cr / N 0 ( m )  1.556
P0 cr  P0  ( N cr / N 0 ( m ) )  12.73kN  (553.9kN / 355.9kN)  19.81kN ; P0 cr  1.56 P0
[Route A-2: FEM for linear buckling load, representative member based evaluation]
The results adopting a different value for kSB are also given in Table Ex1.1.
Ex1.2.3 Squash load based evaluation based on FEM linear elastic buckling load by following the route
B for Step-9) of section 3.8
a) Linear elastic buckling load: Based on LBA, the lowest linear buckling load P0lincr ( FEM ) is provided as
follows, leading to its loading factor crlin( FEM ) and the linear buckling axial force N crlin( FEM ) ( m ) of the
representative member.
P0lincr(FEM)  73.37kN ; N crlinFEM ( m )  355.9kN  ( P0lincr ( FEM ) / P 0 )  2051kN ;  lin
cr ( FEM )  5.764
b) Elastic buckling load: In this scheme, elastic buckling load is estimated based on linear buckling load,
and no calculation based on GNMLA is performed to obtain its elastic buckling load, and the knockdown
factor is evaluated using 0.2teq based on Eq.(4.3.27.a) in section 4.3, that is Eq.(Ex1.1) in this sub-section.
P0elcr (FEM)  0.485  73.37kN  35.58kN ;  elcr ( FEM )  2.795

c) Squash load P0SQ based on GLMNA: Based on GLMNA without consideration of imperfection, the
squash load under a reference displacement of L/100 is approximately evaluated as P0SQ =60.79kN, leading
to λ0SQ=4.783 for its loading factor. The factor  SQ of Eq.(3.26) in section 3.9.2 of Chapter 3 is then
evaluated as 1.40 from  m  P0SQ / Pm 0SQ . The detail of GLMNA for obtaining the squash load is abbreviated
in the sub-section for brevity. The squash load is here evaluated in a same way as an ordinary pushover
analysis neglecting geometrical nonlinearity, and the value P0SQ is evaluated as the load for which the
maximum vertical deflection reaches to the value specified by arch span/100.
d) Evaluation of buckling load using Step-9) of section 3.8: In this route (route B: FEM LBA and FEM
SqL ), the squash load, P0SQ = 60.79kN, being the capacity evaluated just above based on GLMNA, and the
elastic buckling load, P0elcr  35.58kN (described as P0elcr (FEM) above), estimated based on a design
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knockdown factor  0 =0.485 are both used to evaluate the buckling strength. The scheme is based on
Eqs.(3.25) and (3.26) of section 3.9.2 of Chapter 3 but using in this example FSB/FSM=2.50/1.75=1.43 in
Eq.(3.23.b) , and the buckling strength is shown as follows.

P0elcr  35.58kN and P0SQ =60.79kN
First, the generalized slenderness ratio  S is evaluated as follows.
S 

 mSQ Pm 0SQ
P
 0SQ
 1.307 ;  mSQ  P0SQ / Pm 0SQ =1.39
lin
P0elcr
 P0 cr

The buckling load is then evaluated using the generalized slenderness ratio, followed by several results.
P0cr
2

=0.357, P0cr =21.70kN, cr  21.70kN / 12.73kN  1.704
P0SQ
k 2 4  4  k   2
SB

S

SB

S

P0cr =1.70P0

[route B: FEM LBA, and FEM SqL ]

The results adopting a different value for kSB are also given in Table Ex1.1.
Ex1.3 Evaluation of buckling load based on FEM using GNMNA [route C]
a) Evaluation of buckling strength using Step-10) of section 3.8: In this route (route C-1), Dunkerley
Equation is applied to obtain the elasto-plastic buckling load considering the imperfection with 0.20teq for the
dimple distribution and the squash load obtained from pushover analysis, in other words GLMNA. It is
obtained as P0elcr (0.20 FEM )  39.28kN described in sub-section Ex1.1.2. Accordingly the generalized
slenderness ratio is given as
 S 

P0SQ
el
0 cr

P



60.79kN
 1.244 ;
39.28kN

P0cr
2

= 0.385
2
4
P0SQ
kSB S  4  kSB  S2

P0cr  0.385  60.79kN  23.40kN , cr  23.40kN / 12.73kN  1.838 ; P0cr  1.84 P0 [routeC-1]
The results adopting a different value for kSB are also given in Table Ex1.1.
b) In this route (route C-2), GNMNA is applied to obtain the elastic-plastic buckling load considering
imperfection with 0.20teq . It is obtained as P0cr ( FEM )  38.93kN , leading to cr ( FEM )  3.058 .

P0 cr (0.20

FEM )

 38.93kN , cr ( FEM )  3.058

After dividing P0cr ( FEM )  38.93kN by F ( S )  1.27 , the value F (S ) being obtained based on Eq.(3.32) using
both  S  1.244 and a partial factor for elastic buckling kSB=2.50/1.75, we obtain

P0 cr ( FEM ) / F ( S )  30.65kN ; cr ( FEM ) / F ( S )  2.41 ; P0cr ( FEM ) / F ( S )  2.41P0 [route C-2]
Ex1.4 Comparison of the safety margins based on different schemes

As a result, comparison is made as shown in Table Ex1.1. They are calculated considering a partial safety
factor kSB=1.00, 1.20 and 2.50/1.75 for elastic buckling.
As assumed at the beginning, the safety factor F.S.=1.75 is prescribed for the nominal design load for dead
load and snow load. If the value of 1.75 is assumed based on Kollar’s proposal (Appendix D3), using also a
partial safety factor of kSB=2.50/1.75=1.43 for elastic buckling load, the present reticulated shell is judged as
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not acceptable, not acceptable, not acceptable, acceptable, and acceptable, respectively, based on route A-1,
A-2, B, C-1, and C-2 given in the flow of section 3.12 of Chapter 3. This means that if a more approximate
scheme is applied for buckling evaluation, a set of larger members is required. This situation seems natural
as more approximate design methods may involve several ambiguities and errors in calculation, and if such
approximate schemes are applied, the estimation should be conservative for keeping safety and
compensating the approximation.
The above value 3.06 as cr ( FEM ) for [route C-2] seems rather large compared with 1.84 obtained from [route
C-1] and others [A-1. A-2, and B], and this is because the factor kSB=2.50/1.75 is applied in buckling load
evaluation. According to the value referred to Table D3.1, the partial safety factor F ( S ) will be about 1.27
corresponding to 1.244 for  S , leading to a result that the safety might be reduced to 2.41 (calculated as
3.058/1.27). Another important reason is, in the present cylindrical roof, that the boundary condition is
simple support and the roof is composed of members with the same cross section. In this roof, the members
to be subjected to buckling and the member to yield are different, and due to this fact, the buckling strength
is evaluated rather low because of use of Dunkerley equation. When the Dunkerley equation of Eq.(Ex1.9) is
applied, the equation gives a little smaller estimation, in other words safe-side evaluation.
Considering the effect of member crookedness, residual stresses existing in steel members, the partial safety
factor for elastic buckling is recommended to be not less than 1.14 applied in the AISC code.
Table Ex1.1 Comparison of buckling strength evaluated based on several schemes (Draw by S. Kato)

Nominal design load for ultimate limit state for point O is P0  12.73kN .
Evaluated buckling strength P0cr for node O
based on various values for kSB
route Fundamental data for evaluation
Pcrlin( cont eq node )  68.62kN,
A-1

 0  0.485, (Eq.(Ex1.1))

kSB=1.00
23.56kN
(1.85P0)

kSB=1.20
21.16kN
(1.66P0)

kSB=2.50/1.75
18.90kN
(1.48P0)

24.44kN
(1.92P0)

22.08kN
(1.73P0)

19.81kN
(1.56P0)

28.02kN
(2.20P0)

24.74kN
(1.76P0)

21.70kN
(1.70P0)

29.85kN
(2.34P0)

26.50kN
(1.97P0)

23.40kN
(1.84P0)

Pm0 SQ ( node cont )  43.64kN,
 S  1.146

A-2

P0lincr ( FEM )  73.37kN, N0( m )  355.9kN,

 0  0.485, (Eq.(Ex1.1)),
N crlin( FEM ) ( m )  2051kN, N y  1220kN,
 e ( m )  1.107

B

Pcrlin( FEM )  73.37kN, Pcrel( FEM )  39.28kN

 0  0.485 (Eq.(Ex1.1)), P0SQ  60.79kN,
 S  1.244

C-1

Pcrlin( FEM )  73.37kN,

 0  0.535( 39.28 / 73.37),
P0SQ(FEM)  60.79kN

C-2

P0cr ( FEM )  38.93kN  3.06 P0

30.65kN
(2.41P0)

 S  1.244
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4.4 Brace-stiffened reticulated shells
4.4.1 Introduction
Single layer two-way grid dome is translucent and aesthetically pleasing; however, the in-plane stiffness of a
two-way grid is lower than that of a three-way grid. The structural system of a two-way grid with diagonal
tension members has been proposed to increase the in-plane stiffness and maintain the structural form [4.4.1].
A few studies have been performed on such structures with tension members as diagonals [4.4.2].
The authors of [4.4.3, 4.4.4] have also already conducted numerical and experimental studies on two-way
grid shell with tension rod members as diagonals, and have discussed how the tension members with initial
tension work to upgrade the buckling strength. Studies on braced stiffened reticulated shells have also been
performed, for example by Kanayama, etc, and they proposed hybrid single layer two-way domes
incorporating the self equilibrium structural systems with single layer two-way grids to stiffen the in-plane
rigidity. The usefulness of the self equilibrium structural system was shown and the design methods with the
system are discussed [4.4.10]. Kawaguchi etc. proposed Suspen-Dome implemented with the tension
members and struts to stiffen the out of plane rigidity. The effect of Suspen-dome on the buckling load and
behaviour were shown experimentally [4.4.11]. Kato etc. treated the single layer two-way grid dome
stiffened by diagonal braced members, in which they showed that the knockdown factor will be around
=0.65 and the elastic buckling load can be approximately evaluated by multiplying this  with the linear
buckling load. They also performed the elastic-plastic nonlinear calculation and presented an evaluation
method of buckling load and strength based on the given methods [4.4.12, 4.4.13].
The purpose of this section is to add some new considerations to the buckling design data for stiffened single
layer two-way grid domes. The single layer two-way grid domes are analysed using the discrete treatment
method. The main parameters of numerical analysis are installation of tension members, initial axial force of
tension members, structural unit number, loading pattern and so on. The effects of tension member
installation and initial axial force on buckling load and buckling mode are discussed on the basis of the
numerical results.
4.4.2 Single layer two-way grid dome
The configuration of the dome is a spherical one as shown in Fig. 4.4.1. To determine the overall
configuration of the dome, the following parameters are used: standard member length,half open angle
subtended by the meridian archhalf open angle subtended by a member in the meridian direction,
structural unit number per half open angle of the meridian arch, n. The dome form is generated by
projecting two-way grid of square plan into a spherical surface so that the half open angle of the member in a
meridian arch becomes constant as shown in Fig. 4.4.2[4.4.5]. Dome peripheral nodes are fixed as pins for
translational movements. Fig. 4.4.3 shows the dome span.

The two-way grid dome is composed of circular hollow tubes and tension members as constituent members.
Tension members as diagonals are used to increase the in-plane shear stiffness of the two-way grid and to

Figure 4.4.1 Overall configuration of single layer two-way grid dome (Draw by M. Fujimoto)
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introduce the initial axial force to domes. The initial axial force of tension members is varied from zero to 20
kN. The joint system is KT truss system and node size is90/82, since the numerical studies were compared
with experiments using the same size for members and nodes[4.4.3]. Member sectional properties are shown
in Table 4.4.1. Member and joints mechanical properties are shown in Table 4.4.2 and Table 4.4.3,
respectively. Table 4.4.4 shows parameters of numerical analysis.
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Figure 4.4.2 Elevation of dome (Draw by M. Fujimoto)

Figure 4.4.3 Span of dome
(Draw by M. Fujimoto)

Table 4.4.1 Member Sectional properties (Draw by M. Fujimoto)
(mm)
Tube
34.06
Tension member 1(PC Bar1) 7.1
Tension member 2(PC Bar2) 5.0

t(mm)
2.19
-

A(mm2) Zp(mm3) I (mm4)
2.19×102 2.23×103 2.80×104
3.96×10 5.97×10 1.25×102
1.98×10 2.11×10 3.12×10

Table 4.4.2 Member mechanical properties(Draw by M. Fujimoto)
E(N/mm2) y(N/mm2) b(N/mm2)
Tube
2.08×105 46.9×10
Tension member(PC Bar1, 2) 2.13×105 -

54.7×10
11.8×102

Table 4.4.3 Joint mechanical properties(Draw by M. Fujimoto)
1st Yield Moment
My1(kNmm)
3.16 x102

2nd Yield Moment
My2(kNmm)
5.76 x102

Rotational Spring Coef.(kNmm/rad)
1st k0
2nd k1
3rd k2
5.41 x104 9.08 x103 3.14 x103

Table 4.4.4 Parameters of numerical analysis(Draw by M. Fujimoto)
Mesh pattern
Initial axial Force
Half open angle of meridian
arch

Two-way grids with and
without tension members
NI=0～20(kN)
=30º,45 º

Structural units number

n=2, 4, 6, 8

Span

L=2,870～17,115(mm)
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Radius of Curvature

R=4059～17115(mm)

Loading Pattern
Area of Tension
Members
Standard member
length

=0~1, Asym.~Sym.
PC Bar1, 2
A=39.6(mm2),19.8(mm2)
=1,120(mm)
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The applied load is a nodal gravity load simulating snow load. The loading patterns are symmetrical uniform
distribution and asymmetrical distributions denoted by a load distribution coefficient,  as shown in Fig.
4.4.4. The notation d-6-30 is used to represent the dome model. “d”, “6”, and “30” refer to, respectively,
dome, structural unit number n, and half open angle of the subtended arch.
qsym

qasym

=qasym/qsym
=0 asymmetry

=1 symmetry

0<<1 asymmetry

Figure 4.4.4 Distribution of applied load (Draw by M. Fujimoto)
4.4.3 Numerical analysis method
The outline of the numerical analysis method applied is as follows. The discrete treatment method
incorporates the geometrical and material nonlinearities [4.4.6]. The joint size is included as a rigid zone in
the analysis, and the joint rigidity is considered as rotational spring. The relation of moment to rotational
angle for the rotational spring is tri-linear. Both ends of tension members and PC bars are pin jointed and
have the stiffness merely in tensile range including zero axial deformation. The calculation scheme for
introducing initial axial force to tension members and grid members is a load incremental method and the
calculation scheme of equilibrium paths under loading process is an arc length method.
4.4.4 Effect of installation and initial axial force of tension member on buckling load
Table 4.4.5 shows the buckling load and its increase ratio due to the effect of tension member. Fig. 4.4.5
shows the relation of the buckling load to the initial axial force of tension members. The numerical results of
this section are obtained in the case of the following dome parameters: The half open angle, is 30º, the
applied load is symmetrical load, =1.0, and tension members are PC bar1. The buckling load, Pcr, denotes
the applied load to the dome centre node. The initial axial forces of tension members are denoted by NI.
Superscript OP indicates the value of the maximum buckling load. Superscript T and Z indicate the buckling
load without and with tension member, respectively. In the following figures, ▽ denotes a pair of the initial
axial force and the maximum buckling load.

The buckling load of two-way grid dome increases with installation of diagonal members. This is indicated
by PcrZ / PcrT (%) in Table 4.4.5. The increase ratio of buckling load ranges from 125 (%) to 177 (%). The
buckling load of the dome with tension members increases still more with the introduction of initial axial
force to the tension members. The increase ratio of buckling load is upgraded by 181 (%) to 859 (%), given
as PcrOP / PcrT (%). The diagonal tension member effect on the buckling load is proved more useful in the case
of the higher structural unit number, larger radius of curvature, and smaller half open angle of member.
Table 4.4.5 Buckling load and increment ratio of buckling load by the effect of tension member
(Draw by M. Fujimoto)
Model

d-2-30 d-4-30 d-6-30 d-8-30

PcrT (kN) Without Tension member
PcrZ (kN) Initial axial force : 0
PcrOP (kN) Maximum Buckling Load
NIOP(kN) Initial Axial Force at Maximum
PcrZ / PcrT (%)
PcrOP / PcrT (%)
(PcrOP－PcrZ ) / PcrT(%)

17.4
30.6
31.5
Buckling Load 8
176
181
5
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2.85
3.55
13.1
9
125
460
336

1.06
1.54
7.77
9
145
733
588

0.55
0.98
4.76
8
177
859
682
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Pcr (kN)

35

PcrOP

Maximum Buckling Load
(x,y)=( NIOP, PcrOP)

30
25
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15

d-6-30

PcrT

d-8-30

10
5
0
-5
0
Without Tension Member

5

NIOP

10

15

N I (kN) 20

With Tension Member

Figure 4.4.5 Relation of buckling load to tension member initial axial force (Draw by M. Fujimoto)
4.4.5 Tension member effect
Fig. 4.4.6 shows the relation of load to displacement at the centre node. In this figure, the node displacement
excludes the component caused by the process of initial axial force introduction. Fig. 4.4.7 shows the relation
of applied load to member strains of a typical unit. These two figures are the results of d-6-30 under
symmetrical loading.
The rigidity of dome increases merely with installation of the tension member. Moreover, the rigidity of
dome increases with the introduction of initial axial force to tension member. Both effects are clearly found
in Fig. 4.4.6. In the case of low initial axial force, the initial rigidity of dome with NI=3.0(kN) is larger than
that with NI=0. When the axial strain of tension member reaches zero as shown in Fig. 4.4.7, the rigidity of
dome as a tangent stiffness decreases to about half the initial rigidity as indicated by the circle in Fig. 4.4.6.
Moreover, in the case of NI=3.0(kN), after loss of initial axial force the axial strain of tension member in the
circumferential direction reverses and increases in tension. Under symmetrical loading the grid members
increase in compression component due to a large initial tension in braces as understood from Fig. 4.4.7.
When the initially introduced axial force of the tension members exceeds a certain value, the tension
members undergo a situation that at a lower level of load they keep a tensile stress but they tend to lose their
tensile axial stress under increasing load and become inactive as tension members.
Fig. 4.4.8 shows the axial force distribution at buckling load corresponding to the magnitude of initially
introduced axial forces of tension member. The maximum ratio of axial force to Euler buckling load in the
case of a dome without tension member is 0.15. The maximum ratio of the grid members is about 1.15 in the
case of the sufficient initial axial force introduced to tension members. This shows that the introduction of
sufficient and appropriate initial axial force to a tension members increases the grid member axial force and
buckling load. However, excessive initial axial force does not work effectively and the buckling load
decreases with the increase in compression force in a grid member.
Fig. 4.4.9 shows the buckling load and buckling mode of each model under symmetrical loading. Notations g,
m and p denote global buckling, member buckling and local buckling, respectively. The buckling modes in
the case of tension members are fundamentally classified as member buckling or compound buckling mode
between global buckling and member buckling. In the case of a dome without tension, the buckling mode is
global buckling. Through the effect of tension member and initial axial forces, the buckling mode changes
due to increase in buckling load from the global buckling to member buckling or compound buckling.
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Figure 4.4.6 Relation of load to centre node displacement (d-6-30) (Draw by M. Fujimoto)
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Figure 4.4.7 Relation of load to member axial strain (d-6-30) (Draw by M. Fujimoto)
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Figure 4.4.8 Axial force distribution at buckling load(Draw by M. Fujimoto)
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Figure 4.4.9 Relation of buckling load to buckling mode(Draw by M. Fujimoto)
4.4.6 Effect of loading pattern on buckling
Fig. 4.4.10 shows the relation of buckling load to axial force for each value of parameter, . Fig. 4.4.11
shows the same relation in a three dimensional view. When initial axial force exceeds 5 (kN), the buckling
load decreases gradually corresponding to the decrease in load distribution coefficient, . The effect of initial
axial force of tension member on the buckling load appears in asymmetrical loading as well as symmetrical
loading. The initial axial force at maximum buckling load varies slightly despite change in , although data
are not shown in these figures.
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Figure. 4.4.10 Effect of load distribution pattern on buckling load (d-6-30) (Draw by M. Fujimoto)
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Figure.4.4.11 Effect of load distribution pattern on buckling load in 3D view (d-6-30)
(Draw by M. Fujimoto)
4.4.7 Effect of tension member area and half open angle on buckling load
Fig. 4.4.12 shows the effect of tension member area on the buckling load (d-6-30). In the case of a relatively
low initial tension, less than around 5 kN, the maximum buckling load decreases in inverse correspondence
to the ratio of tension member area to grid member. At maximum buckling load, the initial axial force of PC
bar 2 is half that of PC bar 1, but both initial strains on PC bar are nearly equal.
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Figure 4.4.12 Effect of tension member area on the buckling load (d-6-30) (Draw by M. Fujimoto)
Fig. 4.4.13 shows the effect of half open angle on the buckling load. Both curves depict the same structural
unit number of n=6. When half open angle, , increases, the effect of tension member on the buckling load
decreases in correspondence to radius curvature of meridian arch. The initial axial force at maximum
buckling load changes slightly, despite the difference of half open angle. The effect of the half open angle of
members on the elastic buckling load has been discussed based on a proposed formula [4.4.12, 4.4.13] for elastic
buckling load.
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Figure.4.4.13 Effect of half open angle, , on the buckling load (Draw by M. Fujimoto)
4.4.8 Comparison between continuum and discrete method
Fig. 4.4.14 shows the relation between buckling load and initial axial forces of d-6-30 under symmetrical
loading. In this figure, typical buckling modes are shown corresponding to the initial axial force of tension
members. Short dashed line, dashed line and dashed dotted line denote local buckling load, global buckling
load, and member buckling load, respectively. The line levels in the load axis are determined by the
continuum treatment method [4.4.7], [4.4.8], [4.4.9]. These original methods are not applicable to the latticed
shell that includes tension members as a useful structural part. As shown in Fig. 4.4.7, the tension member
having the sufficient initial axial force is active in spite of shortening of member length. These buckling
loads as determined by continuum methods are therefore used for comparison between the buckling load in
this study and those predicted.
The buckling loads by continuum shell method are expressed by the value of per unit surface area in the
following expressions.
1) Global linear buckling load: qcrlin [4.4.8]
qcrlin 

4
R2

2  D11 1     D33 

(4.4.1)
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, D11  D22 
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,


D33 

Gs I ps


,

K : Extensional rigidity (kN/cm), D : Bending rigidity(kN･cm)
Is: Moment of inertia of tubular section of grid member (cm4), Es: Elastic modulus
Ip: Polar moment of inertia of grid member (cm4), As: Area of grid member (cm2)
R: Radius of curvature (cm), Subscript s denote grid member, while Subscript pc Tension member.

2) Local buckling load: qcr [4.4.9]
qcr 




・ 3 As Es  2 2 Apc E pc
R
6 3
1



(4.4.2)
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3) Member buckling load: qcrm [4.4.9]
Apc E pc  2 2 Es I s

qcrm  1  2
・
As Es 
R 3


(4.4.3)

Comparison of the results of continuum method and numerical results shows that, the maximum buckling
load, solid squares, of the numerical analysis method is 85 (%) of the linear buckling loads given by
Eq.(4.4.1) as continuum shells. The global elastic buckling load calculated by 0.65g in Fig. 4.4.14 shows
some agreement. The value of 0.65 for a knockdown factor for elastic buckling is based on the results [4.4.12,
4.4.13]. If some effective amount of initial tensions is introduced, the brace stiffened shells seem to behave
like an elastic shell. Accordingly in such an occasion where braces work without losing initial tension the
elastic buckling load for brace stiffened reticulated shells based on shell analogy will be applied to estimate
approximately elastic buckling loads.
When member buckling appears in numerical analysis, the ratio of numerical results to the analytical results
by continuum method is from 85 (%) to 130 (%) including other models in this study. The difference
between the numerical and continuum methods in global elastic buckling range, (i) is becomes larger if
initial tension is less than about 5kN for NI , and, (ii) the global elastic buckling load of 0.65g shows an
effective lower bound for the buckling strength if initial tension is larger than 5kN. The region where m + g
appears in numerical analysis shows that the diagonal members with some amount of initial tension work
effectively to give a necessary rigidity and to avoid purely global elastic buckling with a small initial tension
before local buckling marked by p in Fig. 4.4.14.
Pcr (kN)

10

m: Eq.(4.4.3)
g: Eq.(4.4.1)

9
8

(iii) m+g
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(ii) g+p
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p: Eq.(4.4.2)
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Global Buckling :g
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0
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Figure.4.4.14 Comparison between continuum and discrete method (d-6-30) (Draw by M. Fujimoto)
4.4.9 General remarks
This section examines single layer two-way grid domes with tension members as diagonals. The effects of
tension members as diagonals on the buckling behaviour of the dome are discussed on the basis of results
using the numerical calculation method considering both joint size and joint rigidity. More than 800 models
were analyzed and thoroughly studied. As a result, the effects of installation of tension member and the
introduction of initial axial force to tension member on the buckling behaviour of the dome are shown. The
main conclusions are as follows.
1) The elastic buckling load of a single layer two-way grid dome increases from 1.3 to 3.3 times merely by
the installation of tension members as diagonals in a two-way grid. This tendency shows the effectiveness
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of in-plane shear rigidity due to the diagonal braces. Moreover, the buckling load of the dome increases
from 1.8 to 8.6 times by the installation of tension members and the introduction of initial axial force to
tension members.
2) The initial axial force at maximum buckling load is defined by the relation between the buckling load and
the initial axial forces of tension members.
3) When the initial axial force is introduced to tension members of a single layer two-way grid dome, the
rapid increase in buckling load of the dome may occurs if the buckling mode changes from global buckling
or nodal buckling to member buckling.
4) When the half open angle subtended by the meridian arch decreases and the radius of curvature increases,
the increase ratio of buckling load by the initial axial forces of tension members becomes larger.
5) When the asymmetry of loading pattern becomes large, the buckling load decreases gradually.
6) The initial axial force of tension member PC bar2 at maximum buckling load decreases to about one half
of that of tension member PC bar1. At maximum buckling load, the initial strain of tension member PC
bar1 is about the same value as that of PC bar2.
7) When the initial axial forces of tension members are very small and the tension members lose the tensile
force due to loads, the properties of single layer two-way grid domes with tension member are similarly to
that without tension members. The buckling load of domes without tension members are lower bound value
of domes with tension member. When the initial axial force for tension member is larger than a certain
value and member buckling and compound buckling appears, knock down factor is about 0.6 to 0.85.
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4.5 Buckling loads of HP reticulated shells
A hyperbolic paraboloid (HP) is generated by moving a convex parabola over a concave parabola as shown
in Fig. 4.5.1(a). HP of negative Gaussian curvature is referred to as a saddle-type shell. Another type of
hyperbolic paraboloid is supported along its four straight generatrices (Fig. 4.5.1(b)). There exist
compressive and tensile principle stresses under a distributed vertical loading, which results in a different
buckling behavior from shells of positive Gaussian curvature. In spite of numerous studies [4.5, 4.5.1-4.5.6]
for buckling of single-layer reticulated domes and cylindrical shells, few studies have examined the buckling
characteristics of hyperbolic/elliptic paraboloidal reticulated shells.
Stress analysis of the hyperbolic paraboloid has been conducted by several researchers. Also, much effort has
been devoted to a study of stability and followed by excellent papers, surveys and publication of books
[4.5.7-4.5.17, 4.5.23-4.5.26]. For shells that are relatively shallow, a state of pure shear has been found for a
uniformly loaded hyperbolic paraboloid with straight boundaries. This pure shear corresponds to the
principal compressive stress in the arch direction and the tensile stress in the suspension direction. Yokoo and
Matsunaga have developed a general solution of a shallow HP shell with a square plan by the method of
Fourier-series expansion [4.5.10, 4.5.11]. These solutions satisfy a complete requirement along a generator
boundary. For a shallow HP shell under uniformly distributed load, the rise of which is approximately higher
than 1/10, the effects of the tangential boundary conditions may be larger than those of the out-of plain
boundary conditions.
Shen proposed design formulas for stability analysis of single-layer reticulated shells that have been adopted
by the Chinese Technical Specification of Reticulated Shells [4.5.14, 4.5.15]. For the stability of reticulated
saddle shells, 14 HP shells of regular square plan with diagonal length equal to 60m were analyzed with
consideration of the effects of different net systems, different rise-span ratios and different rigidities of edge
beams. There exists a common character for the load-displacement curves, namely that the load has a general
tendency to keep going up. They concluded that the stability problem is not significant for reticulated shells
and the rigidity of the shell should be checked in practical design.
The buckling behaviors of saddle-shaped HP reticulated shells of square plan under uniform vertical loads
were also examined in numerical analyses and model experiments [4.5.7, 4.5.8, 4.5.9]. These papers put
focus on the evaluation of buckling load of hyperbolic paraboloidal reticulated shells with a two-way
network of a square plan in a more simple form. In this section, mainly based on the results [4.5.7, 4.5.8,
4.5.9], first, the linear buckling load is introduced based on a continuum analogy method. Second, a set of
Finite Element (FE) analyses performed to obtain the linear buckling load, elastic buckling load, and elastoplastic buckling load are explained and compared with the continuum shell analogy. Finally, how the elastic
plastic buckling strength of grid shells is evaluated as a column buckling concept in terms of generalized
slenderness ratio is explained.
4.5.1 Geometry of reticulated HP shell
Fig. 4.5.1 shows the geometry of a saddle-shaped HP reticulated shell of a square plan. The two radii of
curvature Rx and Ry are defined so as to represent a shallow surface. The geometry of the surface is expressed
by a quadratic equation in Cartesian coordinates of x, y, and z, as given in Eq.(4.5.1a):
z

x2
y2

2Rx 2Ry

(4.5.1a)

Three types of networks of HP shells are studied: a two-way grid, a two-way grid with cross bracing whose
sectional area is 1/200 of a grid member and a two-way grid with cross bracing whose sectional area is the
same as a grid member. The number of network division is ten. The shell is pin-supported at nodes on the
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perimeter. The subtended half-angles θx and θy of each member are defined for the central member at the
apex of the shell. In the present example for numerical analysis, the value considered in the present
discussion ranges from 1.0 to 6.0 degrees, restricted to the equal case of θx = θy = θ0, as shown in Table
4.5.1a. As shown in Table 4.5.2a, the members are circular steel tubes. The section sizes of the grid model of
0 = 61 are proportioned so as to satisfy a safety factor of 2.5 based on the allowable stress design code of
the Architectural Institute of Japan with yield strength of 235 N/mm2. As design load, a uniformly distributed
load of 1.18 kN/m2 is assumed. The members are rigidly connected, and the length l0 of each grid member is
set equal to 400 cm.
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y

A
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C
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(a) Grid model (θ0=4.0°)
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D
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(b) Brace model, Cross model (θ0=4.0°) (c) Boundary condition

Figure 4.5.1a. Geometry of HP saddle shell (Courtesy T. Ogawa)
Fig. 4.5.1b shows the geometry of a HP reticulated shell supported along its four generatrices, having a
square plan (Lx = Ly). The geometry of the surface is expressed by a linear product of x and y:

z  cxy

(4.5.1b)

About the X’ and Y’ axes rotated 45° counter-clockwise, the geometry is expressed by a quadratic equation of
Eq. (4.5.1c).

c
1
z  (x '2  y '2 ) 
(x '2  y '2 )
2
2R

(4.5.1c)

Then, the radii of principle curvature R = Lx Ly / (4h,) where h is a height of corners in Z direction from XY
plane.
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Figure 4.5.1b. Geometry of HP shell formed by straight-line generators (Courtesy T. Ogawa)
The nodes are located on a family of generatrices parallel to the X or Y axis. The network is shown in Fig.
4.5.1b (b), where the chord members are arranged parallel to the X or Y axis and the diagonal members are in
the direction rotated by 45°. The section AOB of Type A is located on a passing convex parabola of a
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maximum principal curvature and members along AOB work as an arch, while the section COD of Type S is
on a passing concave parabola of a minimum principal curvature with members along COD working as
suspension members. The value of the ratio of the sectional area of a diagonal member to that of a chord
member is 2 , reflecting the axial force balance at the boundary nodes. The half subtended angle 0 is
defined at the apex of the parabola of principal curvatures.
A uniformly distributed load is applied downwards in the z direction, as shown in Fig. 4.5.1b. For ease of
computation, the load p applied to each node corresponds to the influence area of the node and the load per
unit area. Buckling loads are here classified into three types depending on buckling analysis. Linear buckling
Table 4.5.1a. Dimensions of HP saddle shell (Courtesy T. Ogawa)
 x  y (°)

Subtended half-angle of central member

1.0

L Lx Ly (cm)

Shell span
Member length

1.5

2.0

3.0

5.0

6.0

3980 3957 3925 3844 3748 3645 3540

l0 (cm)

400

h hx hy (cm)

Rise of shell

4.0
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256

336

485

615

729

828

R Rx Ry L /8h (cm) 11456 7635 5724 3811 2853 2277 1892
h/L
0.043 0.065 0.086 0.126 0.164 0.200 0.234

Radius of curvature

2

Rise-span ratio

Table 4.5.1b. Dimensions of HP shell formed by straight-line generators (Courtesy T. Ogawa)
Subtended half-angle of central member

0

(°)

1.5

2.0

Shell half span

lx = ly (cm)

1500

Member length

l (cm)

500

2.5

Rise of Shell

h (cm)

167

222

278

Shell radius

R = lxly / h (cm)

13502

10124

8098

0.11

0.15

0.19

2.97

3.92

4.85

Rise-span ratios

h/l
1 (°)

Corner member angles

Table 4.5.2a. Member properties of HP saddle shell (Courtesy T. Ogawa)
Grid member slenderness ratio

36.7

0

Grid member diameter

(cm)

Grid member thickness

t (cm)

Young's modulus
Modulus of strain hardening
Yield stress

60.9

83.0 101.4

AB AG

model name

31.85 19.07 13.98 11.43

grid model

0

1.03

brace model

1/200

cross model

1

0.50

0.35

0.28

206

E (kN/mm2)
2

2.06

AB : Sectional area of bracing member

2
y (N/mm )

235

AG : Sectional area of grid member

Et (kN/mm )

Table 4.5.2b. Member properties of HP shell formed by straight-line generators (Courtesy T. Ogawa)
Member slenderness ratio

41

Chord(C) or Diagonal(D) member

(49)

67

(80)

88

(105)

C

D

C

D

C

D

(cm)

35.6

42.3

21.6

25.8

16.5

19.6

Thickness

t (cm)

0.95

1.13

0.58

0.69

0.45

0.54

Sectional area

A (cm2)

103

146

38.4

54.2

22.7

32.1

Moment of inertia

I (cm4)
i (cm)

15478

30974

2126

4279

734

1461

12.2

14.6

7.45

8.88

5.68

6.74

Diameter

Radius of gyration

Ny (kN)

2429

3436

903

1276

534

756

Full plastic moment

Yield axial force

Mp (kN cm)

26765

45026

6045

10198

2733

4585

Young's modulus
Yield stress

E (N/mm2)
2
y (N/mm )

2.06 105
235

Modulus of strain hardening

Et (N/mm2)

2.06 103
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load is defined as a critical load corresponding to loss of stability, being obtained from eigenvalue analysis of
the stiffness matrix. Elastic buckling load is defined as a critical load based on elastic nonlinear analysis,
being obtained as a bifurcation or limit point. The elastic plastic buckling load is defined as an extremum
first appearing on an equilibrium path, based on elastic plastic nonlinear analysis. As for the geometric initial
imperfections, particular value δ0 of 0.125, 0.25, or 0.50 times the equivalent thickness te is assumed in
buckling analysis. The distribution of initial imperfections is assumed proportional to the vertical component
of the first buckling mode. The equivalent thickness te is defined as follows:

te  2 3 I A

(4.5.2)

Fig. 4.5.2 shows a load distribution pattern of HP saddle shell and HP shell (Type A). The roof is divided
into three areas with a load distribution parameter , where the magnitude of load per one node is Pd0,
(1+)Pd0/2 and Pd0, respectively. In the case of HP saddle shell, the value of  changes from 2/8, 4/8 to 8/8,
and in the case of Type A, the value of  changes from 0, 2/8, 4/8 to 8/8 where =1 means a uniformly
distributed load. As for the geometrical initial imperfections, values of 0.1 to 1.0 times of the equivalent
thickness are assumed for the hyperbolic paraboloidal shells.

X
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Y

Y

: Pd0

Y

: (1+β)Pd0/2
: β Pd0

(1) Load type 1
(2) Load type 2
(b) HP shell (TypeA)

(a) HP saddle shell

Figure 4.5.2. Load distribution patterns (Courtesy T. Ogawa)
4.5.2 Estimation of buckling strength
4.5.2.1 Classical buckling loads in case of uniform lateral load
The classical linear buckling formula is introduced here based on the equivalent continuum rigidity [4.5.18,
4.5.19]. In deriving the equilibrium equations using a set of coordinates of Fig. 4.5.1a, the surface of a shell
is assumed to be a shallow translational surface. In Fig. 4.5.3, the shell element is shown along with all of the
forces and moments that act on the element.
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Figure 4.5.3. Forces acting on element (Courtesy T. Ogawa)
With respect to a state just after buckling, assuming that deformations and bending moments before buckling
are small, we derive the conditions for equilibrium of forces acting on an infinitesimally small element as
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follows:
N y N xy
N
 2 M x  2 M xy  2 M yx  2 M y
N x N yx
2 w
2 w N

 0,

 0,  N x0 2  N y0 2  x  y 



x
y
y
x
Rx Ry
x  y x  y
x
y
x 2
 y2
(4.5.3)

N x0 N y0

 p0 ; N xy 0  0
Rx
Ry

(4.5.4)

where, in Eq.(4.5.4), p0 is the external pressure at buckling, N x 0 and N y 0 are the membrane stresses in
equilibrium for p0, and, in Eq.(4.5.3), u, v, and w denote the displacement components in the x, y, and z
directions of the middle surface. Nx, Ny and Nyx are the in-plane stresses, Qx and Qy are the transverse shear
forces, Mx and My are the out-of-plane bending moments, and Mxy and Myx are the twisting moments per unit
length, as shown in Fig. 4.5.3. Except for N x 0 and N y 0 , these displacements and stresses are the increments
after buckling. The in-plane strains are expressed in terms of the displacement and its derivatives, as follows:

x 

u w
v w
u v
 , y 

,  xy 

x Rx
y Ry
y x

(4.5.5)

where εx and εy are the extensional strains in the middle surface of the shell and γxy is the in-plane shear strain
in the middle surface.
The stress resultants are assumed as follows:









N x  K  x   y , N y  K  y   x , N xy  K xy xy ,
 w
 2 w
 w
2 w 
2 w
M x   D  2   b 2  , M y   D  2   b 2  , M xy   Dxy
x  y
y 
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 x
 y
2

2

(4.5.6)

where K, Kxy, D, and Dxy denote, respectively, the extensional, in-plane shear, bending, and twisting rigidity.
And ν and νb are Poisson’s ratios for in-plane and out-of-plane deformations, respectively. As assumed later,
b is evaluated equal to zero in the case that bracing elements are truss elements.
The following equation represents the condition of compatibility of strains:

 2 xy 2 w 2 w




y 2 x 2 xy y 2 Rx x 2 Ry

2 x

 2 y

(4.5.7)

Assumption of membrane stress state in the pre-buckling regime gives the equilibrium equation for postbuckling in the z direction as follows:
 N x0

2 w
2 w N x N y 2 M x  2 M xy 2 M yx  2 M y

N






y0
x  y
x  y
x 2
 y2
x 2
 y 2 Rx R y

(4.5.8)

Here the stress function is introduced for satisfying the first two equations of Eq.(4.5.3) as follows:
Nx 

2
2
2
,
N
,
N
y 
xy  
x  y
 y2
x 2

(4.5.9)

From Eqs.(4.5.5) through (4.5.9), a single governing equation for buckling is derived for w as follows:
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where xyyxand K  K 1  2 .
The buckling mode for Eq.(4.5.10) satisfying the boundary condition of simple supports along the four
peripheries is as follows:
w  w0 sin

m x
n y
sin
Lx
Ly

(4.5.11)

where m and n are the numbers of half buckling waves in the x and y directions, respectively, and w0 is the
buckling amplitude.
In the case that Rx and Ry are equal, the relationships between the external pressure p0 and membrane stress
resultants are assumed as follows:
p0 

2
2
N x0   N y0
R
R

(4.5.12)

lin

The linear buckling load Pcr per one node is derived as follows, under the condition of  =b =0.
P   Anode
lin
cr









4
4
2 2

KK xy m02  n02
2  D m0  n0  2Dxy m0 n0
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R 2 K xy m04  n04  Km02 n02


 










(4.5.13a)

where Anode is an area occupied by one node, while m0 = mπ/Lx and n0 = nπ/Ly. The effective rigidities of the
reticulated plates in case of a square grid are given in Table 4.5.3.
lin

Besides, the linear buckling load Pcr can be simplified as follows, while assuming the condition that the inplane shear rigidity Kxy is small compared with the extensional rigidity K, as in the case that the sectional
area of bracing elements is small compared with grid members.
Pcrlin

  Anode







4
4
2 2
2
2

2  D m0  n0  2Dxy m0 n0 K xy m0  n0


R
m02  n02
R 2 m02 n02


 

(4.5.13b)


lin

By minimizing Eq. (4.5.13b) with respect to m and n, the lowest limit of Pcr can be obtained. By referring
the later results described in section 4.5.2.2 for n and m, we find an empirical condition as n  m  2 .
Accordingly, m0 and n0 can be obtained as follows:
 36 4 
(4.5.14)
X  n02  m02  0 , Y  m02 n02   2 2 
 Lx Ly 
Eq. (4.5.13b) can be developed using Eq.(4.5.14) as follows:
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lin

lin

By minimizing Pcr with respect to X/Y, the lowest limit of Pcr is obtained as follows:

Pcrlin 

4 Anode
36 2 DR2
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xy
xy
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Lx 2 Ly 2

(4.5.16)

When deriving Eq.(4.5.16), X/Y is assumed to be a continuous real number. Comparison of the linear
buckling load, Eq.(4.5.17), of an elliptic paraboloidal (EP) grid shell [4.5.3] with the above equation of
Eq.(4.5.16), reveals that the right side of Eq.(4.5.16) is larger than the one of Eq.(4.5.17) due to the term of
364DR2/(Lx2Ly2).
Pcrlin 

4 Anode
2 D  Dxy K xy
R2





(4.5.17)

Assumption of member buckling of two grid members for the cross model in Fig. 4.5.1(b) gives a critical
M
membrane stress resultant N cr under a condition that not only Euler’s critical strain of E2/02 appears in the
grid members but also strains compatible with grid members appear in bracing elements.
N crM  

 2 EI G K G  K B
l03



(4.5.18)

KG

M

The buckling load Pcr is then expressed as follows:
PcrM  Anode

2 2 EI G K G  K B
KG
Rl03

(4.5.19)

Table 4.5.3. Effective rigidities: Subscripts G and B denote Grid element and Bracing elements.
(Courtesy T. Ogawa)
E : Young’s modulus G : shear modulus
A : sectional area of member
I : geometric moment of inertia of member
J : polar moment of inertia of member

Effective rigidities
in-plane

out-of-plane

shear Kxy

bending D

twisting Dxy

grid model

KxyG

DG

DxyG

brace model

KxyG KxyB

DG DB

DxyG DxyB

cross model

KxyG KxyB

DG DB

DxyG DxyB

Subscript text G and B indicate
Grid member and Bracing member respectively.

Grid

Bracing

in-plane
extensional
KG 

EAG
l0

out-of-plane
shear

K xyG 

6EI G
l03

bending
DG 

EI G
l0

in-plane

twisting
DxyG 

GJ G
l0

extensional
KB 
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4.5.2.2 Finite element linear buckling loads
Fig. 4.5.4a shows the typical first buckling modes of HP saddle shells under a dead load by FE analysis. The
global shell-like buckling appears for the grid model and the brace model, where a mode with almost 4 and
almost 2 for n and m is found as described in Eq.(4.5.14). In contrast, in the case of the cross model the
member buckling mode dominates in a cross model with a member slenderness ratio 0 being greater than 61
(see Fig. 4.5.4a(c2)), and when0 decreases, a global buckling mode (see Fig. 4.5.4a(c1)) appears with n and
m from 3 to 6 and 1 or 2.
Fig. 4.5.4b shows the first eigenmode of HP shells formed by straight-line generators. The antisymmetric
mode with two half waves is observed in the shell of Type A with the subtended half angle 0 =2.0(°), while
a mode with three half waves is observed in the shell with larger subtended half angle. The buckling area of
Type S is limited to the corner.
lin

M

Fig. 4.5.5 (a) compares the theoretical linear buckling loads ( Pcr , Pcr ) given by Eqs. (4.5.13a), (4.5.13b) or
(4.5.19) with the buckling load obtained by FE analysis. The numbers of half bucking waves (m, n) are
obtained by FE linear buckling analysis based on Eqs. (4.5.13a) and (4.5.13b). A clear tendency is found in
the case of the cross model that shell-like buckling appears for 0 being less than 61, otherwise member
buckling appears in most cases. Also Eq. (4.5.13b) gives an almost accurate result for the grid model and
brace model. Fig. 4.5.5(b) compares the buckling loads, in the case of the grid model whose 0 is 61, given
by Eqs. (4.5.13b), (4.5.16) and (4.5.17). The results based on Eq. (4.5.16) exhibit good correspondence with
those obtained by FE linear buckling analysis. Although not shown herein, in the case of the brace model this
characteristic is found.
As previously compared between Eqs. (4.5.16) and (4.5.17), HP grid shell is at least twice larger in linear
buckling load than EP grid shell. It is due to the suspension members of the HP grid shell stiffening with
tensile forces the compressive members in the arch direction, increasing the strength.

arch direction

suspension
direction
z

z

z
y
x

(a) Grid model
(λ0= 37, θ0 = 4.0)

x

z
y

y

(b) Brace model
(λ0 = 37, θ0 = 4.0)

x

y

(c1) Cross model
(λ0 = 37, θ0 = 4.0)

x

(c2) Cross model
(λ0 = 83, θ0 = 4.0)

Figure 4.5.4a. First buckling mode of HP saddle shell (Courtesy T. Ogawa)

Figure 4.5.4b. First eigenmode of HP shell formed by straight-line generators (Courtesy T. Ogawa)
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Figure 4.5.5 Evaluation of linear buckling load for HP saddle shell (Courtesy T. Ogawa)
4.5.2.3 Finite element buckling loads
The equilibrium path in the nonlinear analysis is followed based on the studies [4.5.7-4.5.9] by an arc length
method. Fig. 4.5.6 shows typical load-displacement curves of HP saddle shells. The displacement is given for
the center node. In the studies, the eigenvalue analysis was repeated for different load levels P producing an
es
es
estimate Pcr of the buckling load. The estimate buckling load Pcr is obtained by the product of eigenvalue
m
 and the current load P, and then it is a function in terms of load P. The function of the lowest eigenvalue
1 can be included in the load-displacement diagrams. Starting with the value of the linear buckling load, the
function finally intersects the load-displacement curve at the critical point [4.5.20].
The grid model, except in case member slenderness ratio 0 and subtended half-angle of central member θ0
are both small, exhibits a linear elastic behavior until its critical point. The nonlinear effects of both
compression and tension chords are offset and cancel each other. The critical load in elastic analysis is
approximately equal to the linear buckling load. In the case of the brace model, these features are found as
shown in Fig. 4.5.6(b). On the other hand, the load-displacement curves of the cross model have a tendency
to keep going up and it is difficult to find the critical point. The elastic buckling load increases almost in
proportion to the subtended half-angle of the member in all models. The initial slopes of the loaddisplacement curves of the cross model correspond approximately to those of the grid model. The same
initial rigidity is due to the fact that the bracing members are straight and subjected to axial forces during the
initial stage of loading.
Fig. 4.5.7a shows the load-displacement curves of HP saddle shells obtained from elasto-plastic analysis. In
case of the grid model whose 0 is large, the global shell-like buckling appears in the elastic-region as shown
in Fig. 4.5.7a(a2). On the other hand, in case of the other models, elasto-plastic buckling appears after initial
yield. The initial yield load Pini of a saddle shell with the same subtended half-angle of each member does not
differ in both grid and cross models. However, the load increments from the initial yield to the elasto-plastic
pl
buckling load Pcr are large in the cross model. This is caused by the bracing members after yielding of the
grid members. Although not shown herein, comparing the elasto-plastic buckling loads with the elastic
buckling loads, the grid model yields approximately the same buckling load. This indicates that in case of the
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Figure 4.5.6. Eigenvalue function with load-displacement curves of HP saddle shell (Courtesy T. Ogawa)
Pnode
(kN)

Pcrpl

P ini

800
600
400

Pnode
(kN)

θ0(°)
6.0
5.0
4.0
3.0
2.0
1.5
1.0

0

5

10

P ini

120
80
40

200
0

Pcrpl

0

15 δ1(cm)

(a1) Grid model (λ0 = 37)

Pnode
(kN)

θ0(°)
6.0
5.0
4.0
3.0
2.0
1.5
1.0

Pcrpl

Pnode
(kN)

θ0(°)
6.0
5.0
4.0
3.0
2.0
1.5
1.0

P ini

800
600
400

4

8

0
0

12 δ1(cm)

(a2) Grid model (λ0 = 83)

5

80
40
0

15 δ1(cm)

10

P ini

120

200
0

Pcrpl

(b1) Cross model (λ0 = 37)

0

4

8

θ0(°)
6.0
5.0
4.0
3.0
2.0
1.5
1.0

12 δ1(cm)

(b2) Cross model (λ0 = 83)

Figure 4.5.7a. Load-displacement curves of HP saddle shell (Courtesy T. Ogawa)
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Figure 4.5.7b. Load-displacement curves of HP saddle shell under non-uniform loading (λ0=37, θ0=1.5°)
(Courtesy T. Ogawa)
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Figure 4.5.7c. Load-displacement curves of HP shell (TypeA) under non-uniform loading (λ0=67, θ0=2.0°)
(Courtesy T. Ogawa)
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Figure 4.5.7d. Load-displacement curves of HP saddle shell (Courtesy T. Ogawa)
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Figure 4.5.8. Deformation of HP saddle shell upon buckling (Courtesy T. Ogawa)

181

(Draft) Guide to Buckling Load Evaluation of Metal Reticulated Roof Structures, Oct., 2014.

grid model, the global elastic bucking seems to be dominant. The buckling behavior of the cross model
exhibits a tendency of member buckling mode, and the ultimate strength is reached when elasto-plastic
strength of a single member occurs.
Fig. 4.5.7b shows the load-displacement curves of HP saddle shell with non-uniform load parameter . The
initial slopes of the load-displacement curves of all models under uniform load correspond approximately to
those of all models under non-uniform load, indicating that the effect of  on the initial rigidity is small.
Fig. 4.5.7c shows the load-displacement curves of Type A with non-uniform load parameter . The loaddisplacement curves for Load type 1 and Load type 2 resemble each other. As for Type A with simple
boundary condition, the maximum point vanishes and the load increases monotonously with eccentric load
parameter . Also, the buckling load of Type A with simple support condition decreases in accordance with
the decrease of the value of .
The load-displacement curves in elasto-plastic analysis with and without geometric initial imperfections are
shown in Fig. 4.5.7d. The geometric imperfections were assumed proportional to the 1st buckling mode, and
the amplitude varies from 0.125 to 0.5 te, where te is defined in Eq.(4.5.2). In the load-displacement curves of
the present reticulated shells with initial imperfections, a buckling point is not recognized so clearly, and the
load has a tendency to continue to increase further.
Fig. 4.5.7e shows the load-displacement curves of Type A with the geometrical initial imperfections. For the
geometrical initial imperfections, values of 0.1 to 1.0 times of the equivalent thickness teq are assumed. As
for the shells of Type A with pin boundary condition, the maximum point vanishes and the load increases
monotonously, and there is a reduction in both the elastic rigidity and the initial yield load of the shells by
about 50 %. On the other hand, the reduction ratio of the buckling load is not so large and is less than 10 %.
Though the initial yield load of the shells with simple support condition does not change so much, the
buckling load is decreased in accordance with the magnitude of the initial imperfections. The reduction ratio
of the buckling load with the initial imperfection of 1.0 times of the equivalent thickness is about 20 %.
After the IASS Recommendation [4.5.22], a knockdown factor  is nearly 0.5 (50%) for the spherical shell
with the imperfections of 0.2 times of the shell thickness. As a result, the imperfection sensitivity of
reticulated hyperbolic paraboloidal shells is not so significant compared with that of spherical shells.
Fig. 4.5.8 shows the displacement of each model. The pattern of small ripples of displacement is recognized
in the arch direction in the grid model. The displacement in the suspension direction is approximately
uniform. The cross model shows the wave ripples of small amplitude in both directions.
4.5.3 Elasto-plastic buckling load and column buckling strength for design use
According to previous studies, the column buckling concept has been proven to be effective for the
evaluation of the elasto-plastic buckling loads of reticulated shells. Here, the buckling strength is represented
in terms of the generalized slenderness ratio . The generalized slenderness ratio is defined in terms of the
lin
linear buckling axial compression force N cr of the specific or representative member (m) obtained by linear
buckling analysis [4.5.2]. The representative member is defined in Chapter 3, which is the first to yield due
to compressive axial force under an increasing load, in other words, it is the specific member for which the
ratio of linear buckling axial force to the corresponding axial yield force is the largest among compressive
members.
The generalized slenderness ratio is defined as follows:

  N y N crlin

(4.5.20)

where Ny is the yield axial force of the representative member.
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Figs. 4.5.9a and 4.5.9b show the column strength curves for the representative member within a HP saddle
shell: the left shows the column strength for initial yield, while the right shows the buckling strength or
ultimate strength.
a) Strength for initial yield: The initial yield axial force Nini plotted in the left space of Fig. 4.5.9a (a) is
normalized by the yield axial force Ny. The strength is evaluated considering a relatively large imperfection
ranging from 0 to 0.3teq.The initial yield axial force Nini is assumed to be linearly proportional to the applied
initial yield load Pini as follows.





N ini  N d0 Pd0 P ini

(4.5.21)

In the above equation, Nd0 is the axial force of the representative member (m) under the load Pd0 evaluated
based on the uniform loading assumed in the analysis.
For design use of HP saddle shell under uniform load and with initial imperfections of a relatively large
value, the initial yield axial force Nini can be expressed as follows [4.5.17]:

  1.3

N ini
 0.45
Ny
2

  2 N ini   N ini 

  1.3 
 
  1.0 :   1.0
  Ny   Ny 

(4.5.22)

The first expression of Eq.(4.5.22) is to apply as a lower bound in the range of less than or equal 1.3, and
the second one of Eq.(4.5.22) is the modified Dunkerley’s formula [4.5.1, 2, 25]. Accordingly the strength
for initial yield and also the buckling strength are easily but approximately evaluated once the linear
buckling load is obtained based on FEM or Eq.(4.5.16).
For design use of HP saddle shell under non-uniform load, the initial yield axial force Nini can be expressed
as follows:

  1.55

N ini
 0.35
Ny
2

  2 N ini   N ini 

  1.55 
 
  1.0 :   1.0
  Ny   Ny 

(4.5.23)

Once the value of Nini is evaluated based on Eq.(4.5.22) and (4.5.23), the initial yield load Pini can be given as
follows:





P ini  Pd0 N d0 N ini

(4.5.24)

b) Elasto-plastic buckling strength (buckling strength): The elasto-plastic buckling strength, buckling
strength in other terms, is expressed, in the same manner, as follows:
2

  2 N pl   N pl 
 cr    cr   1.0


Ny   Ny 




(4.5.25)



Pcrpl  Pd0 N d0 N crpl

(4.5.26)
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Figure 4.5.9a Buckling strength curve of HP saddle shell with initial imperfections under uniform load
(Courtesy T. Ogawa)
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Figure 4.5.9b. Buckling strength curve of HP saddle shell under non-uniform loading (Courtesy T. Ogawa)

Figure 4.5.9c Buckling strength curve of HP shell of Type A under non-uniform loading (Courtesy T. Ogawa)

Figure 4.5.9d Buckling strength curve of HP shell of Type A with initial imperfections under uniform load
(Courtesy T. Ogawa)
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Figs.4.5.9a-4.5.9d show the buckling strength curves of HP shells. In the case of HP saddle shell under
uniform load with initial imperfections of a relatively large value, the elasto-plastic buckling strength can be
expressed by Eq.(4.5.25) depending on the reduction factor  = 1.0. On the other hand , in the case of nonuniform loading, it seems to be difficult to use a value of  = 1.0. It may be evaluated using a value of  =
0.5. The main reason will be a bending behavior, as HP shells are vulnerable to bending moments of
relatively large magnitude near a boundary. In design, engineers are likely to adopt a relatively large section
so that members avoid a large bending stress, and in such case an appropriate value of between 1.0 and 0.5
will be helpful in design. At present researches are very few about buckling strength considering elastoplastic behavior, and accordingly such studies are required to establish a firm scheme to evaluate the
buckling strength of HP shells under non-uniform loading, otherwise, elasto-plastic buckling analysis will be
required in design or a relatively conservative value of  = 0.5 will be helpful.
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4.6 Form-finding method of free-form reticulated shells
Recently reticulated shells with free-form surfaces have been realized with the development of construction
techniques, construction materials and the progress in structural analysis. The studies on strength and
buckling behaviours of such free-form reticulated shells should be treated as an important subject for all
practical purposes. Since the buckling load of shells is often greatly reduced due to a small imperfection, the
free-form shells built without examining the global behaviour to imperfections might cause an unexpected
collapse. It is necessary to examine effects of various aspects, such as external-force distribution, dynamic
characteristics, and material nonlinearity, in detail, and to confirm safety sufficiently, especially for shells
with inexperienced shapes.
Shells and reticulated shells with large span have been built so far due to the beneficial effect of curvature.
But now a structure with an irrational form could be built owing to the development of construction
techniques in recent years. Therefore, we should understand more deeply about structural forms, and
determine a suitable form comprehensively, taking into consideration other factors, such as aesthetic quality,
construction efficiency and economic efficiency, etc.
Generally, the analysis of shells and reticulated shells is complicated or large-scale, and it is difficult to
predict the mechanical behavior by intuition. Therefore, the determination of structural shape without
mechanical background might produce an irrational design, and finally build an uneconomical structure with
huge cross sections or many reinforcing members. Thus, it would be desirable that a curved surface shape
with high-mechanical performance is presented as a good example in the initial stage of design. The
approaches for finding such effectual curved surface shapes are proposed until now, and they are roughly
divided into two categories. One is utilization of pseudo physical models, in particular the inverted shape of a
hanging membrane or cable-network. And another is structural optimization techniques with finite element
methods. The outlines of these approaches to form-finding are described below. This guide will focus on
metal reticulated roof structures, however from a view point of generating free form surfaces, the continuum
shells are also reviewed in this section since the theories for continuum shell are deeply connected with the
generation of reticulated shells.
4.6.1 Inverted shape of hanging membrane or cable-network
When a chain or rope without any bending stiffness is suspended from two level points, it would form a
catenary curve under the self-weight. The stress state is pure tensile, and the arch which takes the inverted
form of it would be in a pure compressive stress state and have no bending stress under the self-weight.
Gaudi applied this approach to church buildings. For shell structures the hanging membrane model by H.
Isler [4.6.1] is well known. He hardened and inverted hanging membranes with wet plaster, and measured
the forms of them to apply to real shell structures (Fig. 4.6.1).
The above-mentioned shapes of hanging membrane can be obtained also by computational structural analysis.
The large deformation analysis of a flexible membrane is performed by using FEM including geometric
non-linearity. Membrane elements, truss elements or plate elements with very small out-of-plane stiffness are
used to obtain the deflected shape of a membrane or cable-network under a distributed load[4.6.2-4]. The
structural analysis using membrane elements or truss elements would be often unstable computationally and
could not find an equilibrium solution, since they have no out-of-plane stiffness. In such a case, the dynamic
relaxation method could be used so that the equilibrium state is stably obtained [4.6.5-7].
As another effective approach, the force density method (Sheck [4.6.8]) is often used to solve the equilibrium
shape of cable-network. The force density method is a numerical method in which the nodal coordinates of
cable network which satisfy the equilibrium equation can be obtained by solving linear equations. For
example、the equilibrium equation in the x direction of node i is denoted as follows,
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Figure 4.6.1. Deitingen Service Station:
(Courtesy T. Ogawa)
T

 l ij  xi  x j   fix
j

(4.6.1)

ij

Tij is the tensile force of the cable connected between nodes i and j, and lij is the element length. xi is
the x-coordinate of node i, and f ix is the nodal force in the x-direction of node i. Since lij is a function of
the nodal coordinates, Eq.(4.6.1) is a nonlinear equation for the nodal coordinates. However, by introducing
for each element the force density qij  Tij / lij which is treated as known data, Eq.(4.6.1) can be linearised.

Although the above equation is the equilibrium of one node, the following equilibrium equations are derived
for the whole structure,
CT QCx  f x

(4.6.2)

where C is the connection matrix which consists of connection information between nodes, Q is the
diagonal matrix with the force densities as components. When the force density of each element is given and
Equation (4.6.2) is solved for x, the x-coordinate of the equilibrium shape corresponding to them is obtained.
The y- and z-coordinates of the equilibrium state corresponding to the assumed force densities could be also
obtained easily by solving similar linear equations. However, if we would like to specify stress level or
element length directly, a nonlinear calculation procedure is needed to find the force density satisfying that
requirement.
4.6.2 Shape optimization
Structural optimization approaches could be used to find structural forms with high mechanical performance.
Various responses, such as stress, displacement, linear buckling load, and nonlinear buckling load, limit type
or bifurcation type, are taken into consideration in the optimizations.
The techniques for solving structural optimization problems can be roughly divided into mathematical
programming and heuristic techniques. The meta-heuristics represented by the genetic algorithm within the
heuristic techniques are adaptable and applicable to various problems. Therefore, meta-heuristics is possible
and powerful for optimization to maximize the buckling load.
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On the other hand, mathematical programming methods adopt strategies to search the directions approaching
to the optima, which are determined by the gradient of an objective function or constraints, such that the
evaluation of the sensitivity coefficient of buckling loads requires much computational effort. In this section,
focus is mainly denoted to the latter works, using mathematical programming.
4.6.2.1 Minimization of Maximum Stress or Strain Energy
In optimal design problems of structures, the minimum weight design problem is frequently adopted due to
high correlation of construction cost to total weight of structure. On the other hand, form-finding and
optimization of shell structures will be tried at the beginning of design, thus detailed design conditions are
undetermined yet and it is likely difficult to adopt, for example, the minimum weight design which is
common in other structures. It would be more practical for the form-finding of shell structures that an
important structural behaviour for the shell is taken as the objective function, and that the total weight is
conversely taken as the constraint.
Maximum stress or maximum displacement caused by a primary load would be firstly considered as the
objective function to be minimized, and strain energy is also well taken to obtain the similar effect. The dead
load is often regarded as the primary load. This problem is expressed as follows,
Objective Function
Subject to

U (x ) 

1 T
D KD →minimize
2

(4.6.3-1)

W x   W  0

(4.6.3-2)

where U denotes the strain energy, K the stiffness matrix, D the displacement vector, W denotes the
total weight of the structure and W the specified total weight of the structure. Other geometric and
mechanical conditions might be given as constraints. The above problem is a non-linear programming
problem with constraints, and sequential quadratic programming (SQP) method as mathematical
programming is often used to solve the problem. SQP is an iterative procedure which models the problem at
the current point x( k ) by a quadratic sub-problem and uses the solution of this sub-problem to find the new
point x( k1) . For the problem expressed as Eq.(4.6.3), the objective function is approximated as the quadratic
function of x( k ) at x  x( k ) , and the constraint is approximated as the linear functions of x( k ) as follows,
Objective function

1
U ( x ( k ) )  U ( x ( k ) )T x  xT Bx  minimize
2

Subject to W  x( k )   W  x( k )  x  W  0
T

(4.6.4-1)
(4.6.4-2)

B
x denotes the increment from x( k ) , and if x   x1  x N  then U   U x1  U xN  .
denotes a positive definite symmetric matrix. This problem is solved for x , and the solution is updated as
x( k 1)  x( k )  x . It gradually becomes close to the exact solution of the problem (4.6.3) by iterations,
T

T

where the gradient vector U , i.e. the sensitivity coefficient, with respect to the design variables of the
objective function is required in Eq.(4.6.4). The derivation of sensitivity coefficient of strain energy is shown
below.
When the static behavior of a structure is analyzed by using FEM, the equilibrium equation is written in the
following form.

KD  F

(4.6.5)

where F is the force vector. When both sides of the above equation are differentiated with respect to a
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design variable xi ,

K
D F
DK

xi
xi xi

(4.6.6)

The sensitivity coefficient of the displacement vector is expressed as follows,
 F  K 
D
 K 1 

D
xi
 xi xi 

(4.6.7)

The sensitivity coefficient of strain energy is derived as follows using the above relation.
U
 1 T
D
F 1 T K
 1 T K

D  DT K
 DT
 D
D
 D KD   D
xi xi  2
xi
xi
xi 2
xi
 2

(4.6.8)

Therefore, when the sensitivity coefficient of strain energy is calculated, it is not necessary to calculate
directly the sensitivity coefficient of the displacement vector expressed by Eq.(4.6.4).
Many of past works dealt with the shape optimization of continuum shells, and there are not many works that
dealt with reticulated shells. Ramm and his co-authors, the pioneers in the field of shape optimization for
continuum shells, proposed the techniques to minimize the strain energy of shells [4.6.9-10]. Until now their
techniques have been examined in detail and improved [4.6.11-14].

a) triangular Bezier surface

b) optimal shape of double layer grid

Figure 4.6.2. Shape optimization of double-layer reticulated shell
using parametric curved surface [4.6.15] (Courtesy M. Ohsaki)

In the case of reticulated shells, since the curved surface is composed of straight members, the in-plane
arrangement of members could also be design variables. However, if all nodal coordinates are taken as
design variables, it might be difficult to obtain the solution due to the increase of the degree of freedom.
Therefore, a curved-surface function, e.g. Bézier surfaces or NURBS surfaces, is usually adopted to avoid a
large number of degrees of freedom, and the in-plane arrangement of members is given as known data on
parametric coordinates (Fig. 4.6.2)[4.6.15-17, 4.6.20]. The shape optimization in which all the nodal
coordinates are taken as the design variables is found in Ohmori et al. [4.6.18]. On the other hand, how
in-plane arrangement of members, i.e. mesh design, is determined for given a curved surface is also
examined. By using the homogenization method, the grid angle and the arrangement angle of two-way grid
shells as design variables were optimized by Winslow et al. (Fig. 4.6.3) [4.6.19].
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In the area where natural disturbances, such as earthquake and wind, occur frequently, it might be important
to improve the stiffness to these loads rather than dead load. In order to take several loads into consideration
simultaneously, it would be easy to apply linear weighted summation method as follows,
Objective function

w1U1  w2U 2    wNU N →minimize

(4.6.9)

where Ui is the strain energy with respect to the i-th load and wi is a weight factor.
Kato et al.[4.6.20] solved the simultaneous minimization of the stresses by dead load and static seismic loads
for a reticulated shell, and investigated the elastic-plastic buckling load and the dynamic earthquake response
of the optimized shell(Fig. 4.6.4).

Unit cell model for a regular grid of rigidly joined rods

Example solution

Figure 4.6.3. Mapping two-way grids onto free-form surfaces [4.6.19] (Courtesy S. Pellegrino)

Dead Load

Dead Load and Static Seismic Loads

Figure 4.6.4. Optimal shapes against several design loads [4.6.20] (Courtesy S. Kato)
Numerical Example of Shape Optimization
The initial shape is given by the function z  h( x 2  a 2 )( y 2  b2 ) ( a  15, b  15, h  4 / a 2 b 2 ), which is 30m
in span and 4m in rise. The members are arranged in square grids on the x-y plane, and the diagonal
members are added by the following three arrangements, Model A, B and C, illustrated in Fig. 4.6.5, and
these three models are optimized respectively. The cross section of members is assumed to be 114.3×4.5
and the Young's modulus is 210GPa. The external load is only self-weight of members, 0.122 kN/m. The
boundary condition is pinned support.
The strain energy could be divided into the axial strain energy caused by axial deformation and the bending
strain energy caused by bending deformation. In this example only the bending strain energy is minimized as
the objective function. The volume constancy of the members is given as the constraint.
The optimal shapes are shown in Fig. 4.6.6. Although the stress diagrams are not shown here due to space,
these shapes almost do not cause any in-plane and out-of-plane bending moment under the self-weight. Since
it is difficult to arrange nodes in smooth curves toward support points in Model B and C, the member
arrangements show the geometric patterns that have a complex transfer of axial forces. It is found that the
in-plane arrangement of members for single-layer reticulated shells also affects the out-of-plane bending
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moment.

30m

Model A

30m

Model B

Model C

Arrangements of diagonal braces

Figure 4.6.5. Models for analysis (Drawing credit: K.Yamamoto)

Model A

Model B

Model C

Figure 4.6.6. Optimal shapes (Drawing credit: K.Yamamoto)
4.6.2.2 Consideration of Aesthetic Quality, Construction Efficiency and Economic Efficiency
Structures must satisfy various demands and conditions on not only mechanical performance but also
aesthetic quality, construction efficiency and economic efficiency, etc. Therefore, now a multi-objective
optimization problem that has objective functions indicating both mechanical performance and
non-mechanical performance is considered. Generally for multi-objective optimization problem, there does
not exist a single solution that simultaneously optimizes each objective due to trade-offs between objectives,
and the solution is a set of Pareto optimal solutions that show a relation of trade-offs in the objective function
space. When mathematical programming is adopted for such problems, one solution of Pareto optimum
solutions would be repeatedly calculated by using a linear weighted summation method or an
epsilon-constraint method, etc. On the other hand, when meta-heuristics, of which many belong to multipoint
search method, is adopted, the set of Pareto optimal solutions would be obtained at once owing to multipoint
search.
For example, a designer might want to find a mechanically reasonable shape near his ideal shape for design.
In this case the function which evaluates the difference from the designer's ideal shape could be added to
another objective function (Ohsaki et al.[4.6.21], Hamada and Ohmori [4.6.22]) (Fig. 4.6.7). This problem
might be described below as a simple practice.
Objective function 1：  x  x 

T

1
 x  x  Objective function 2： U ( x )  DT KD
2
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where x denotes the set of design variables indicating a designer's ideal shape.
Then, the shape optimization that formulized a designer’s feeling such as the roundness of a curve and
surface is also attempted (Ohsaki et al. [4.6.23]).
From a viewpoint of construction cost and economy, reducing the type of members and joints and the ease of
installation of external cladding, etc. are evaluated. For example, the problem of having uniform length of
members was researched in view of construction efficiency by Ogawa et al.[4.6.24], Basso et al.[4.6.25],
Fujita and Ohsaki [4.6.26] (Fig. 4.6.8). Sassone and Pugnale [4.6.27] proposed an optimization procedure for
the solution of the planarity problem, a requirement of grid shells with four or more side faces that need four
adjacent nodes laying on a plane in order to use plane glass slabs as cladding elements (Fig. 4.6.9). Wu et al.
[4.6.28] studied the shape optimization of grid shells due to obtaining shell form with easy construction
using the translational surfaces, where the generatrix and the directrix are described by B spline curve (Fig.
4.6.10).

designer's preference

strain energy

Figure 4.6.7. Pareto solutions for designer’s preference and strain energy [4.6.22] (Courtesy H. Hamada)

Figure 4.6.8 Pareto solutions for uniform
member length and maximum stiffness
[4.6.26] (Courtesy M. Ohsaki)

Figure 4.6.9. Definition of planarity
problem [4.6.25](Courtesy A. Pugnale)

a) generatrix and directrix

b) initial and optimal shapes

Figure 4.6.10. Freeform structures generated by translating B-spline curves [4.6.28]
(Courtesy Y. Wu)
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4.6.2.3 Maximization of Linear Buckling Load
For the reticulated shells obtained by minimizing stress or strain energy, the distribution of axial stress in the
cross-section is almost uniform and the bending stress is low. Thus, the ultimate strength may be high, if the
failure of the shell is governed by its material yield. Generally, the ultimate strength of single-layer
reticulated shells is often governed by buckling, because they have relatively small stiffness in the
out-of-plane direction. Thus, now the shape optimization for buckling load is discussed.
As a simple optimization problem, we now consider a problem that maximizes the linear buckling load as the
objective function and is subject to the total weight of structure as the constraint. This problem is expressed
as follows,
Objective function  C (x) →maximize

(4.6.11-1)

Subject to W  x   W

(4.6.11-2)

where  C denotes the minimum linear buckling load factor.
The sensitivity coefficient of a linear buckling load factor would be derived in the following way. Generally
the linear buckling load factor of a structure is calculated as an eigenvalue of the generalized eigenvalue
problem expressed by the following equation,
 K L  iC K G  i  0



(4.6.12)

where K L denotes the linear stiffness matrix, K G the geometric stiffness matrix, iC the linear buckling
load factor and the buckling mode.
Both sides of the above equation are differentiated with respect to a design variable x j ,

  K L
iC
C K G
 K L  iC K G  i  
K Gi  0





i
i

 x
x j 
x j
 x j
j

(4.6.13)

Multiplying both sides by i T from the left and considering that the first term of the left side is zero due to
the symmetry of K L and K G , the sensitivity coefficient of the linear buckling load factor is obtained as
follows.
 K L

iC

x j

iT 

 x j

 iC

K G 
 i
x j 

(4.6.14)

iT K Gi

In order to obtain K G x j of the above equation, we have to solve simultaneous equations and calculate
the sensitivity coefficient of the displacement vector, since K G is commonly the function of the stress
obtained from linear analysis. Therefore, the computational procedure is often complicated. The finite
difference approximation is well utilized to avoid complexity, as follows.
K G
1
K G ( x j  x j )  K G ( x j ) 

x j x j 

(4.6.15)

When the least linear buckling load corresponding to a certain mode has to be increased in the optimization

194

Chapter 4 Evaluation of buckling loads of different structural types

procedure, the other linear buckling loads corresponding to other modes would be decreased accordingly.
Thus, the optimum design often encounters multiple buckling. The conceptual diagram is shown in Fig.
4.6.11. In this case, the minimum buckling load is not continuously differentiable, and only directional
derivatives with respect to the design variables might be calculated [4.6.29]. Therefore, it is difficult to find
optimal solutions by using conventional gradient-based approaches [4.6.30-31].
C

C

C
Multiple Eigenvalue

1C
x

2C

p

x

Figure 4.6.11. Conceptual diagram Figure 4.6.12. Influence of p
(Drawing credit: K.Yamamoto ) (Drawing credit: K.Yamamoto )

1C

2C
w1 w2

x

Figure 4.6.13. Influence of wi
(Drawing credit: K.Yamamoto )

One simple approach for avoiding this problem is to replace the function of the minimum linear
buckling-load with an approximation function that is continuously differentiable with respect to design
variables. For example, by using the Kreisselmeier-Steinhauser function [4.6.32-33], the minimum linear
buckling load factor can be approximated as in the following equation,


N



 C   ln   exp   pwi iC  
1
p

 i 1

(4.6.16)



where p is a parameter, and the larger p is, the more exact the approximation is (See Fig. 4.6.12). wi is
a weight factor and the influence is shown in Fig. 4.6.13. If wi  1 and p   , the above equation
describes the original Max-Min problem exactly.
Some techniques for exactly solving the problem having multiple eigenvalues at the solution are also
proposed [4.6.34-37], e.g. an approach using the semi-definite programming method [4.6.37] . The study of
optimization of reticulated shells for linear buckling load was treated by Kanno et al.[4.6.37], Yamamoto et
al.[4.6.38], Ogawa et al.[4.6.24].
Numerical Example of Shape Optimization
A single-layer reticulated shell is adopted as the analytical model, and the initial form is defined as a EP
curved surface of 24m in span and 4.8m in rise (Fig. 4.6.14-a). The cross section of members is 114.3×4.5,
in which the slenderness ratio of the representative member between nodes 1 and 2 in the figure is 103, the
Young's modulus is 205GPa and the Poisson's ratio 0.3. The uniformly distributed load of 1kN/m2 is applied
at each of the nodes, and the boundary condition is pinned support. Joints are rigid and each member is
divided into two elements by setting an intermediate node.
The design variables are the nodal coordinates, and the weight constraint is imposed. Eq.(4.6.16) is
maximized as the objective function. The sequential quadratic programming (SQP) method is used to solve
the problem. The optimal shape in the case of wi  1 , and p  100 is shown in Fig. 4.6.14-b. And the
nodal coordinates of the initial shape and the optimal shape are shown in Table 4.6.2. Fig. 4.6.14 shows that
the nodal arrangement of the final shape is smoothly arranged in curves and the rise has increased to 6.77m.
Linear buckling load factors from the minimum to the 7th largest are shown in Table 4.6.1 for the initial
shape and the optimal shape, respectively.
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The minimum linear buckling-load factor of the initial shape is 5.62, and that of the optimal shape is 8.76,
which is larger than the initial shape about 50%. In the optimal shape, three linear buckling load factors have
coincided mostly.
Now it is not necessarily good that several buckling loads are coincident, as it increases the danger of
buckling mode interaction. The nonlinear buckling behavior of the optimal shape with imperfections should
be investigated in detail.

y

y

Table 4.6.1 Linear Buckling Load Factor
(Table credit: K. Yamamoto)

6
1

4.8m

4

5

2

3

24m

a) Initial Shape

x

x

6.771m

z

mode Initial Shape Final Shape
1
5.62
8.755
2
5.63
8.758
3
5.63
8.758
4
5.66
9.33
5
6.02
9.60
6
6.09
9.69
7
6.09
9.69

z

x

x

b) Optimal Shape

Figure 4.6.14 Numerical Example
(Drawing credit: K.Yamamoto)

Table 4.6.2 Nodal Coordinates
(Table credit: K. Yamamoto)
Node
1
2
3
4
5
6

Initial Shape
x
y
z
0.000 0.000 4.800
4.000 0.000 4.533
8.000 0.000 3.733
4.000 4.000 4.267
8.000 4.000 3.467
8.000 8.000 2.667

x
0.000
5.885
9.985
4.289
8.565
8.030

Final Shape
y
z
0.000 6.771
0.000 5.580
0.000 3.603
4.289 5.558
3.769 4.158
8.030 3.322

4.6.2.4 Maximization of Non-Linear Buckling Load
Since the rigidity for out-of-plane behaviour of single-layer reticulated shells is relatively small, the effect of
the nonlinear pre-buckling state could not be disregarded. Therefore, the optimizations aiming at
maximization of nonlinear buckling load are also attempted. However, it might be difficult to obtain a
practical solution due to several reasons described below. Indeed, probably for this reason most examples in
the past works have only a small degree of freedom. Besides, since there are few works treating the shape
optimization, the works treating the cross-sectional area of members as design variable are included in the
references of the following sections.
(1) Sensitivity Analysis； The critical points in nonlinear elasticity could be classified into limit points,
symmetric bifurcation points and asymmetric bifurcation points, and the functions of the sensitivity
coefficient of these buckling points are different according to the type of the critical point, respectively. Thus,
even when the buckling load is estimated by approximation, it is important to sufficiently understand the
characteristics of the critical point and to accordingly evaluate the sensitivity appropriately.
For instance, optimization problems for limit point load factor were examined by Wu and Arora [4.6.39],
Ohsaki and Nakamura[4.6.40], Oblak et al.[4.6.41], and optimization problems for bifurcation point load
factor were examined by Ohsaki[4.6.42] , Sollazzo and Trentadue[4.6.43]. Among the studies which dealt
with bifurcation point of continuum shells, Reitinger and Ramm[4.6.44] optimized the free-form shell like
Isler type shell. Plaut and Olhoff[4.6.45] performed the shape optimization of arches. And Plaut and
Johnson[4.6.46] performed shape optimization of the axisymmetric shell for nonlinear buckling load.
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There are also studies which aim at improving nonlinear behavior indirectly by enhancing stiffness until the
critical state, instead of maximizing nonlinear buckling load directly (Khot and Kamat[4.6.47],Chen and
Kawaguchi[4.6.48-49]).
In the same way as the optimization of linear buckling load, a nonlinear buckling load corresponding to a
certain mode is adopted in the optimizing procedure; the other buckling loads corresponding to other modes
are decreased relatively, so that the exact optimal solution has often coincident buckling loads. In this case, it
is necessary to optimize in consideration of coincident nonlinear buckling load factor (Ohsaki[4.6.50],
Yamamoto et al.[4.6.51], Trentadue[4.6.52]), while the critical point on an equilibrium path might disappear
suddenly by modification of design variables. In this case the nonlinear buckling load is a discontinuous
function, and a particular approach to the problem setting, for example, such as using the eigenvalue of
tangent stiffness matrix instead of the nonlinear buckling load, is required.
(2) Computational Load；For optimizing targeting on nonlinear buckling load, it is necessary to solve the
nonlinear equation of equilibrium at each step of the optimization process, and search for the critical point on
the equilibrium path, and evaluate the sensitivity using the displacements and the eigenmodes at the critical
point. Thus, the sensitivity analysis requires large computational time and cost. In the past works some
strategies to raise the calculation efficiency have been adopted, such as application of the extended system
method that searches for critical point directly without following an equilibrium path [4.6.44], or evaluation
by interpolation between two neighboring points, not correct critical point [4.6.50].
(3) Imperfection Sensitivity；Thompson et al.[4.6.53-54] suggested that if several critical points are
coincident, imperfection sensitivity tends to be increased by coupling of nonlinear behaviors, and that the
structures obtained by optimization would have high imperfection sensitivity. Therefore, it is necessary to
examine in detail the behaviour of imperfect systems of the structure obtained by optimization, and to check
the degree of the essential effect of the optimization. The optimization which takes into consideration the
reduction of buckling load due to imperfections was also attempted by Reitinger and Ramm[4.6.44],
Ohsaki[4.6.55].
When mathematical programming is applied to optimization for nonlinear buckling, the formulation and the
algorithm tend to be complicated. Meta-heuristics such as a genetic algorithm would be effective techniques,
if the computational time and cost are sacrificed [4.6.56-57].
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Appendix A Fundamentals for linear buckling of shallow shells
A1 Nonlinear equation of shallow shells
A1.1 Equilibrium equations
The geometry in the present analysis is assumed by a quadratic equation, its surface being expressed by the
following formula using Cartesian coordinates x, y and z.

z

1 x 2 xy 1 y 2


2 Rx Rxy 2 Ry

(A.1)
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Figure A.1 Geometry, stresses and displacements (Draw by S. Kato)





The surface is subjected to a set of loads,  x ,  y and p , respectively in the directions of ex , e y and




ez . Here ex and e y denote the tangential unit vectors and ez denotes a normal unit vector to the surface.
We consider a set of equilibrium equations for the deformed configuration. The equations can be obtained
based on shallowness of surface.
The equilibrium equations in the tangential directions are given as,
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The equilibrium equation in the normal direction is written as follows.
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(A.3)

where twisting bending moments Mxy and Myx in the above equation denotes the average value of the two
twisting moments appearing on the x-constant surface and y-constant surface, and Nxy and Nyx in the above
equation denote the average value of the two shear stresses appearing on the x-constant surface and
y-constant surface, since corresponding twisting curvature xy and shear strain  are symmetric based on
Eqs.(A6) and (A5), respectively.
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A1.2 Constitutive equations
The constitutive equations are expressed as follows based on shallowness of surface as well as
Kirchhoff-Love theory.

N x  K x ( x  xy y ); N y  K y ( y   yx x ); N xy  K xy ;  2   xy yx

(A.4)

M x  Dx ( x   Bxy y ); M y  Dy ( y   Byx x ); M xy  M yx  Dxy xy




When the displacements are expressed by u and v in the tangential directions along ex and e y , and w in the

normal direction ez , the in-plane strains can be assumed as,
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and the change of curvatures can be assumed as follows.
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A2 Equations for linear buckling loads based on Euler’s principle
A2.1 Compatibility equation for in-plane strains for linear buckling load
For linear buckling analysis, the in-plane strains are linearized for incremental displacements after buckling
as follows.
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v w
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x Rx
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(A.7)

The two equilibrium equations in the tangential directions are easily solved, and the two equations are
satisfied using Airy’s stress function F. Based on use of stress function F and the constitutive equation
Eq.(A.4), the compatibility equation between in-plane strains is given by Eq.(A8).

2 yx
4 F
4 F
4 F
1
1
1 4 F




K x (1  2 ) y 4 K y (1  2 ) x 4 K x (1  2 ) x 2 y 2 K xy x 2 y 2
1 2w 1 2w 2 2w


Rx y 2 Ry x 2 Rxy xy

(A.8)

A2.2 Equilibrium equation in the normal direction
Using stress function F, the equilibrium equation in the normal direction can be obtained as follows.
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A2.3 Boundary condition for a simple support boundary
Consider a plan limited by x  0,  x and y  0,  y , on which the surface stands. If the following
functions are assumed for a simple support boundary,
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(A.10)

Here nx and m y are introduced for simplicity.
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(A.11)

The solution is obtained in a limited case of 1/Rxy=0 as,

 N x 0 nx 2  N y 0 m y 2
 Dx nx 4  (2 Dxy  2 Dx Bxy )nx 2 my 2  Dy m y 4

(A.12)
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A3 Examples of linear buckling load of reticulated shells in case of simple support boundary
A3.1 Spherical reticulated dome under normal uniform load
A3.1.a Geometry and constitutive equation
Geometry is defined for a spherical surface as follows.

Rx  Ry  R , Rxy  

(A.13)

In the case that the reticulated shell has same structural properties of isotropy with the directions x and y,

K x  K y  K ; Dx  Dy  D  xy   yx    Bxy   Byx   B

(A.14)

and when the shell under a uniform normal load is in equilibrium, the membrane actions can be obtained as
follows.

N x0  N y0 
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(A.15)

A3.1.b Linear buckling load and buckling waves nx and my
Then, the stress at buckling is expressed as follows based on Eq.(A.12).
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(A.16)

In general, the minimum value of the above equation can be found by varying the wave numbers nx and m y .
If an approximation is made as follows,
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nx  m y

(A.17)

Then the above equation simply results in the following one.
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And the minimum is found as follows.
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using the following equation.

( N x 0 ) min 

pcrlin R
2

(A.21)

The linear buckling load per unit surface is found as follows.
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and the linear buckling load Pcrlin per one node with  0 for the grid length in both directions of x and y
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(A.23)

Using the subtended half angle for members,  0 , the buckling load is written as follows.

Dxy 

1
Pcrlin  16 0 2 DK 1  B 
 K
1
D 


2 K xy (1   )

(A.24)

For a surface with different suspended half angles,  0 x and  0 y , the buckling load can be approximated as
follows.
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Figure A.2 Configuration of network of  0 by  0 ;  0 denotes the length of one member, and
and  0 y denote the subtended half angles of one member respectively in the x and y direction.
(Draw by S. Kato)

0 x

If attention is paid to shear rigidity Kxy, linear buckling load Pcrlin is written as,

D 
2 K xy

Pcrlin  16 0 ave 2 D 1  B  xy  
2 K xy
D 

1
(1  ) K

(A.26)

The buckling waves of nx and my are found considering the minimum condition of Eq.(A.20).
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Here nx = my is assumed.
A3.1.c Reduced stiffness buckling load pcr * and its knockdown factor  0*
Here a wave number nx* is defined as nx. According to the reduced stiffness method described in section 3.6,
the knockdown factor from the reduced stiffness buckling load,  0* , can be obtained as follows but for the
first buckling mode.
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(A.28)

The procedure to derive the minimum value for (-Nx0) leads 0.5 for  0*

 0* = 0.5

(A.29)

Correspondingly, the reduced stiffness buckling load pcr * is given using the linear buckling load pcr of
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Eq.(A.26) as follows.

pcr *  0.5 pcr

(A.30)

From above, one may assume, under a careful limitation to allowable geometric imperfections, that the least
value of buckling load would be around 0.5 in a special case of domed shells with same rigid properties in
both directions x and y. Judging from previous studies of elastic nonlinear buckling analysis of thin spherical
cap, its lower bound for the knockdown factor is estimated around 0.2 or 0.3 [Fig.4.2.10] for relatively large
initial imperfections, and the present value of 0.5 will be applied to a moderate magnitude of geometrical
imperfections based on the knockdown factor of IASS Recommendation [ 2.18].
A.3.1.d Special case of spherical reticulated dome with weak in-plane shear rigidity
When the in-plane shear rigidity Kxy is small enough compared to the axial rigidity K, Eqs.(A.26) and (A22)
tends to the following simple formula.
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Such structures are found as grid shells without bracing elements within surfaces or grid shells stiffened by
small axial braces as shown in Fig. A.3(b).

Y
X

(a) grid shells without braces

(b) grid shells with small brace elements

Figure A.3 Grid shells (Draw by S. Kato)
In this particular case, the wave numbers nx and my are searched to give Eq.(A.18) a minimum. However,
based on the extension of Eq.(A.28) assuming nx ＝my, the knockdown factor based on the reduced stiffness
buckling for the first mode is given as 0.5.

Pcr *   0 * Pcr ;  0 *  0.5

(A.32)

A3.2 Linear buckling load of spherical reticulated shell of three way member arrangement
A3.2.a Geometry and constitutive equation
An isotropic spherical shell is considered in this sub-section, in which the radius of curvature, R, is the same
in both directions. Under an assumption that the nodal joints in the latticed grids do not transmit twisting
moment of the members, the elastic constants for an isotropic case of three-way network lead to the
equations below.

K  Kx  K y 

EA 3
3 3 Es I
3 Es I
3 3 Es A
, K xy  s
, D  Dx  Dy 
, Dxy 
4 0
4 0
4 0
2 0

And, Poisson’s ratio is expressed as follows.

206

(A.33.1)

Appendix A Fundamentals for linear buckling of shallow shells

1
3

   B   Bxy   Byx   xy   yx  ,

(A.33.2)

Where, A, I and Es are cross sectional area, second moment of inertia and Young’s modulus for each member,
respectively.
The buckling load of a spherical shell can be derived as pcl based on Eq.(A.22).
2

2 Eeq  teq 
3.77
pcl  2 KD 
  ;
R
3(1  2 )  R 

(A.34.1)

Where, teq and Eeq are thickness and Young’s modulus for an equivalent isotropic shell, respectively. These
are calculated as follows.

teq  2 3  rg 0 ; rg 0  I / A , Eeq 

Es A
3 0 rg 0

(A.34.2)

The value pcl is often called a classical buckling load, and the buckling stress  cl corresponding to pcl
becomes as follows.

 cl 

 teq

3(1  2 )  R
Eeq


,


Eeq teq 

2 Es A

(A.35)

3 0

The buckling length  cr given according to pcr and the wave numbers nx=ny and n* are given as follows.

y


 cr  x 

n m 3(1  2 )1/4

2
n m 3(1  )
Rteq ; nx  my 


x
y
Rteq

1/4

 nx *

(A.36)

A3.2.b Reduced stiffness buckling load pcr * and its knockdown factor  0*
According to the reduced stiffness method described in section 3.6, the knockdown factor  0* based on RS
method for the first mode is given as follows.

Eeq teq 3

0* 

(nx *) 2

3(1  )
 0.5
Eeq teq
1
1
1
2
(nx *)  2
3(1  2 )
R  1  (nx *) 2


 Eeq teq 
2

(A.35)

3

 
X
Y
(a) three way

(b) two way with braces

Figure A.4 Network of cylindrical reticulated shell (Draw by S. Kato)
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The reduced stiffness buckling load is obtained using this  0* and the classical buckling load follows.

pcr *   0 * pcl  0.5 pcl

(A.38)

A3.3 Cylindrical reticulated shells under uniform compression in the x direction
A3.3.a Geometry
Geometry is as follows using radius of curvature R for a cylindrical surface. The network is assumed as
shown in Fig. A.4.

Ry  R , Rx  Rxy  

(A.39)

A3.3.b Linear buckling load
Assuming that a complete cylindrical shell is under uniform compression  N x 0 , Eq.(A.12) becomes as
follows to give its buckling axial stress.

 N x 0 nx 2  Dx nx 4  (2 Dxy  2 Dx Bxy )nx 2 my 2  Dy m y 4
2

1 2
 nx 
R 

 1
2 yx  2 2
1
1
4
4



m
n
n m

y
x
 K xy K x (1  2 )  x y
K x (1  2 )
K y (1  2 )



(A.40)

A3.3.c Axi-symmetric linear buckling and reduced stiffness buckling load
If approximation is applied as follows for axi-symmetric buckling considering a uniform deformation in the
longitudinal direction x,

nx 

n
m
, my 
0
x
y

(A.41)

the equation is simplified a lot and is written as follows.

( N x 0 )  Dx nx 2 

1
R2

1

(A.42)

1
nx 2
2
K y (1  )

The minimum is found as follows.

( N x 0 ) min  2 Dx nx 2 

1
R2

1
1
nx 2
K y (1  2 )



2
Dx K y  (1  2 )
R

(A.43)

And, we also obtain following equation for the above to be a minimum.

Dx nx 2 

1
R2

1

(A.44)

1
nx 2
2
K y (1  )

Then

nx 
4

K y (1  2 )
R 2 Dx

;

 R 2 Dx 

 cr  x   
2 
n
 K y (1  ) 
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When the constitutive equations for an isotropic material are applied based on Eq.(A.33), the above equation
leads to;

Eeq

N crlin 
 cr 

teq 2

3(1  2 ) R

;  crlin 

Eeq
teq
N crlin

teq
3(1  2 ) R

(A.46)

Rteq
x

1/ 4
n
12(1  2 ) 

According to the reduced stiffness method, the knockdown factor  0* for the first mode based on reduced
stiffness buckling becomes as

0* 

Dx nx 2
 0.5
1
1
2
Dx  nx   2
1
R
nx 2
2
K y (1  )

(A.47)

and the axial buckling load and stress are given as follows with a buckling wave number nx*.

Eeq
teq
K y (1  2 )
N cr *
4
;  cr * 

;  nx * 
N cr * 
teq
R 2 Dx
2 3(1  2 ) R
2 3(1  2 ) R
teq 2

Eeq

(A.48)

A3.3.d Asymmetric linear buckling and reduced stiffness buckling load
If the following assumption is adopted in Eq.(A.40) with respect to buckling pattern,

nx  m y ,

(A.49)

then the buckling stress results in the following equation.

( N x 0 )   Dx  (2 Dxy  2 Dx Bxy )  Dy  nx 2


1
1
2
R 
 1
2 yx   2
1
1



n


2
2
2 

 x
 K x (1  ) K y (1  )  K xy K x (1  )  

(A.50)

The minimum is found as follows

( N x 0 ) min 

2
R

 Dx  (2 Dxy  2 Dx Bxy )  Dy 

 1
2 yx  
1
1





2
2
2 


 K x (1  ) K y (1  )  K xy K x (1  )  

(A.51)

In the case of isotropic material with the constitutive equation, Eq (A.33), the buckling axial stress N cr

N

lin
cr

 ( N x 0 ) min 

Eeq

teq 2

3(1  2 ) R

; 

lin
cr

Eeq
teq
N crlin


teq
3(1  2 ) R

(A.52)

is obtained the same as in the case of axi-symmetric buckling load. The buckling pattern is a little different
from the previous axi-symmetric case, and its buckling wave given by the following equation is a little larger
than that from Eq.(A.46).
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 cr  x   Rteq
n

 3(1  2 ) 
/

4



1/ 4

(A.53)

According to the reduced stiffness, the knockdown factor based on RS method for the first mode is given as
follows.

 0 *  0.5

(A.54)

A3.4 Cylindrical reticulated shells under a lateral uniform load
A3.4.a Geometry and membrane action
Geometry is defined for a cylindrical shell as follows.

Ry  R , Rx   , Rxy  

(A.55)

And the membrane actions can be obtained as

 N x 0  0, ( N y 0 )  p0 R; N xy 0  0

(A.56)

A3.4.b Linear buckling load and the critical buckling wave number
Based on Eq.(A.12), the buckling load can be obtained as follows, where, according to the discussion often
adopted in case of cylindrical roofs, the buckling Fourier number n can be set as 1. Then the buckling load
equation leads to the following one.

( p0 ) 

Dx nx 4  (2 Dxy  2 Dx Bxy )nx 2 m y 2  Dy my 4
Rm y 2
2

1 1 2
 nx 
1
R R 
 2
my
 1
2 yx  2 2
1
1
my 4 
nx 4  
n m

2
2
 K xy K x (1  2 )  x y
K x (1  )
K y (1  )



(A.57)

Where, nx is expressed as follows.

nx 


x

To find an exact value for m y to give a minimum to the above equation might be a little difficult here, and,
it is at present time easier to run a computer to calculate the value of p0 depending on different values of my.
From this computation, a value for my to give the minimum is found and this value is denoted by my*.
Drawing a figure of (-p0) in terms of my gives insight into a minimum value. Using this value, my*, the
buckling load, pcr, is determined as follows.

Dx nx 4  (2 Dxy  2 Dx Bxy )nx 2  my *  Dy  m y *
2

pcr  ( p0 ) min 

R  m y *

2

2



1

 m *
y

2

4

1 1 2
 nx 
R R 
 1
2 yx  2
4
2
1
1
4



m
n
nx  m y *
*



y
x
2
2
2 


K x (1  )
K y (1  )
 K xy K x (1  ) 
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A3.4.c Reduced stiffness buckling load and its knockdown factor
According to the reduced stiffness method, reduced stiffness buckling load pcr * is obtained for the first
buckling mode as follows.

pcr *   0 * pcr ;  0 * 

A1
A1  A2

(A.59)

where

nx 

Dx nx 4  (2 Dxy  2 Dx Bxy )nx 2  my *  Dy  my *
2



; A1 

x

R  m y *

4

(A.60)

2

2

1

A2 

 m *
y

2

1 1 2
 nx 
R R 
 1
2 yx  2
4
2
1
1
m * 
nx 4  
nx  m y *


2  y 
2
2
K

K x (1  )
K y (1  )
 xy K x (1  ) 

In the case of isotropic reticulated shells, an approximate and efficient scheme is described later in this
section.
A3.4.d Approximation of linear buckling load under a uniform lateral load
Eq.(A.57) is approximated as follows using an assumption that m y is relatively larger than nx .

 m
1
( p0 )  Dy 
R   y

2

2

2
 K x (1  2 )      m 
 

   / 
R3
  x     y 


6

(A.61)

Using several relations as,



y
x

, h 

 y2

Rteq

, teq 2 

12 Dy

(A.62)

Kx

the equation (A.61) can be transformed as follows.

( p0 ) 

1
1 
1 
2
2
4
Dy 2  m   12(1  2 )  h    
6
 y 
R
 m  

The minimum is obtained under the next condition.

2  m   72(1  2 )  h     ;  m  
8

2

4

   36(1  2 )  h 

2 1/ 8




Then the wave number m* is given as follows, leading to the value of my*.

m* 

my * 

  /   36(1  2 )  h 
m *

y

2 1/ 8




   36(1  2 )  h 

(A.63.1)
2 1/ 8




(A.63.2)

y

Accordingly, the approximate buckling load pcr is calculated using Eq.(A.58), and the knockdown factor
based on the reduced stiffness can be evaluated by Eq.(A.59) and Eq.(A.60).
When the reticulated shells are of three way member arrangement, as shown in Fig. A4, the buckling load per
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one node can be obtained as follows.

 0 2 tan 
( p0 )  Pcr B0  Pcr M0
2
where Pcr B and Pcr M are given as below but using m=m* of Eq.(A.63).

Pcr 

Pcr B0

 m
1
 Dy 
R   y

(A.64)

2

2

6

2
  2 0 tan 
K x (1  2 )      m   2 0 tan 
, Pcr M0 
 
 
   / 
2
R3
2
  x     y 


(A.65)

Using Eq.(A.63), the subtended half angle  0 and effective member slenderness ratio 0g , calculations
result in a simple formula as follows.

Pcr B0

E AT
 C0  s h
p

 0

 0 g





3/ 2

Pcr M 0

,

C E AT
 0 s h
p
3

 0

 0 g





3/ 2

(A.65’)

where the values of  0 and 0 g and the coefficients above are defined as follows.
1/ 4

36(1  2 )  123/ 4 
12 Dy
E A
, K x  s h  T , teq 
,
C0 
1/ 2
0
3 tan 
Kx
rg 

teq
2 3

, 0 g 

(A.66)

0
 tan 
2
, 0  0
, T
 2 Ad cos 4  /[ Ah sin  ]
tan 
rg
4R

Accordingly the approximate linear buckling load pcr can be approximated using the value of Eq.(A63.2) ,
and the linear buckling load per one node can be given as follows.

Pcr(a)

E AT
 C0  s h
p

 0

 0 g





3/ 2


1 
 B1 

3B2 


(A.67.1)

where

B1  1 

(2 Dxy  2 Dx Bxy )nx 2
D y  m y *

2



Dx nx 4

D y  m y *

4

 1

(2 Dxy  2 Dx Bxy )
D y



Dx
D y 2

(A.67.2)

 K x (1  2 )
1
 K (1  2 )
 nx 2
Kx
K x nx 4


 2 yx  
B2  1   x
 2 yx 

1

2
4

  K y 2


K xy
K y  m *
K xy



  m y *
y
1/ 4

2
2 3(1  2 )  p 0 g 0
 m *    
 
 
 /
 tan 
  y   p 0 
2

The corresponding reduced stiffness buckling load pcr * might be approximately assumed
as Pcr *  0.75 Pcr ( a ) , however by referring to the study in section 4.3 showing a significant reduction due to a
large geometric imperfection as follows.

Pcr*  0.50 Pcr ( a )  0.45Pcrlin0( FEM )

for

simple support (S-S)

Pcr*  0.92 Pcr ( a )  0.62 Pcrlin0( FEM )

for

pin-support (P-S)
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A3.5 HP reticulated shells under lateral uniform load
A3.5.a Geometry and membrane stresses
The geometry of HP surface as a saddle type is defined for a special case as follows.

Rx   R ,

Ry  R ,

Rxy  

(A.69)

The membrane stresses are assumed to satisfy the equilibrium in the normal direction.

( N x 0 ) 

p0 R
,
2

( N y 0 ) 

 p0 R
,
2

N xy 0  0

(A.70)

In case that the reticulated shell has the same structural properties for both directions x and y, the following
constitutive equations are applied.

K x  K y  K ; Dx  Dy  D  xy   yx    Bxy   Byx   B

(A.71)

A3.5.b Linear buckling load (A2)
From Eq.(A.12), the following equation is obtained using Eq.(A.70).

 R p0  2  R p0  2
 2  nx    2  m y




4
 Dx nx  (2 Dxy  2 Dx Bxy )nx 2 my 2  Dy my 4
2

 1
2
1 2 
2
nx m y 
nx 
 my 
Rxy
Ry
 Rx



 1
2 yx  2 2
1
1

my 4 
nx 4  
n m
2
2
 K xy K x (1  2 )  x y
K x (1  )
K y (1  )


Accordingly, the buckling load p0 is given as follows.

( p0 ) 

4
2
2
4
2 Dnx  (2 Dxy  2 D B )nx m y  Dmy

R
 nx 2  m y 2

2
 nx 2  m y 2 
3
R

 1
 2 2
1
1
2
4
4



m
n
n m

y
x
2 
K
 x y
K (1  2 )
K (1  2 )
 xy K (1  ) 

(A.72)

In the above equation, two parameters X and Y are introduced for simplification.

X  m y 2  nx 2 ;

Y  nx 2  m y 2

(A.73)

The value of ( p0 ) can be expressed in terms of X and Y.
2
2 D X  (2 D  2 Dxy  2 D  B )Y

( p0 ) 
R
X

2
X
R3

 1
1
X2 
2
K
K (1  )
 xy


 Y


(A.74)

According to experience of several numerical results for HP shells, one may assume with a relatively high
accuracy the following equations.
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my 

m 3
n 2
m
2


 nx 
, nx 
; my 
y
y
x y
y
x

(A.75)

Then, the following equation holds.
2

2

 n   m 
1 36 4
36 4
1
,

 2 2,
Y 


 
2
2
x y




Y
x
y
 x   y 

1
1
36 4

 2 2,
X XY  x  y

2
1 36 4 (2 D  2 Dxy  2 D B )Y 

(  p0 )   D X 2 

R 
XY  x 2  y 2
X


(A.76)

2
X
R3

 1
1
X2 
2
K
K (1  )
 xy


 Y


A further assumption is added for the in-plane rigidity as,

K xy
K

is relatively small compared with 1.0

(A.77)

assuming that the shear stiffness K xy is relatively smaller than the axial rigidity K of the reticulated
shells. In this case, the following may still hold.

( p0 ) 

2
1 36 4 (2 D  2 Dxy  2 D  B )Y  2 X
2

D X 
 3
R 
XY  x 2  y 2
X
 R

 Y
/
 K xy






Rewriting the above equation leads to the following one;

2  (2 D  2 Dxy  2 D  B )Y  1
36 4  X
( p0 )  
  2 K xy  D 2 2 
R
R 
X
 x  y  Y







Accordingly the minimum value will be found as follows.

pcr  ( p0 ) min 


4
36 4 
2
D
D
D
K
R
D
(2
2
2

)





xy
B
xy
 x 2  y 2 
R2


(A.78)
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Appendix B Equivalent rigidity
B1 Constitutive law of equivalent rigidity
The constitutive equations are explained by referring to the references [B1, B2]. The constitutive law of
in-plane stress and plane strain are as follows.

 Nx   Kx
 xy K x

 
Ky
 N y    yx K y
N   0
0
 xy  

0   x 
 
0   y 
K xy    

(B.1)

in which N x N y N xy  are in plane stresses as shown in Figure B1.  x  y   are plane strains.
 yx and xy are poison ratios of in-plane strains. K denotes the in-plane equivalent rigidity. K x and K y are
stretching rigidities. K xy is the in-plane shear rigidity.
T

T

The constitutive law of stress couple and bending strain are shown in Eq.(B.2)

 Bxy Dx
 M x   Dx
 M   D
Dy
 y   Byx y


0
 M xy   0
 M yx   0
0

(B.2)

M y M xy M yx  are bending and twisting moments of a plate as shown in Fig. B2.
are
bending strains of a plate.  Bxy and  Byx are poison ratios of bending strain. D


 x y xy
denotes the bending rigidity. Dx and D y are the bending rigidities, and Dxy , D yx are twisting rigidities.

in which,

M
 

0 
 
0   x 
 
Dxy   y 
 
Dyx   xy 
T

xT

z

z

y

x
Nxy

Nx

Nyx

y

x

My

Ny

Mxy

Figure B.1 The definition of in-plane stresses

[B.1] (Courtesy K. Heki)

Mx

Myx

Figure B.2 The definition of bending stresses

[B.1] (Courtesy K. Heki)

B2 Three-way mesh
B2.1 Structural and geometrical properties
Fig. B.3 shows a three-way mesh of an isosceles triangle. In Fig. B3, Ai (i=1,2) is sectional area; Ii (i=1,2) is
inertia moment of out of plane bending; Ji (i=1,2) is polar inertia moment; Es is Young modulus; Gs is shear
modulus. Subscripts 1 and 2 denote members;  0 is standard member length;  is angle between member 1
and 2.

The heights of the triangles are written as follows using the length,  0 , of the member in the x direction.
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b1 

 0 tan 
, b2   0 sin 
2

(B.3)

A2, I2, J2
2

b1

2
b2



b2


1
A1, I1, J1

0
Figure B.3 Three-way mesh [B.2] (Courtesy K.Heki)
B2.2 Equivalent rigidity of three-way mesh

In derivation of elastic constants, the bending stiffness of the member around the z axis is not included. The
components of equivalent rigidity are given as follows.
1) In-plane stiffness:
EA
EA
EA
K x  s 1  2 s 2 cos4  ,
K y  2 s 2 sin 4  ,
b1
b2
b2

K x xy  K y yx  2

Es A2
EA
cos2  sin 2  , K xy  2 s 2 cos2  sin 2 
b2
b2

(B.4)

Bending stiffness:
EI
EI
GJ
EI
GJ
Dx  s 1  2 s 2 cos 4   2 s 2 cos 2  sin 2  , Dy  2 s 2 sin 4   2 s 2 cos 2  sin 2  ,
b1
b2
b2
b2
b2
Dx Bxy  Dy Byx  2

Es I 2
GJ
cos 2  sin 2   2 s 2 cos 2  sin 2  ,
b2
b2

Dxy  4

Es I 2
G J 2G J
cos 2  sin 2   s 1  s 2 cos 2  cos 2 ,
b2
b1
b2

Dyx  4

Es I 2
2G J
cos 2  sin 2   s 2 sin 2  cos 2
b2
b2

(B.5)

if ( M xy  M yx ) / 2 is replaced into M xy  M yx  Dxy xy , the coefficient Dxy can be written as follows.
Dxy  Dyx  4

Es I 2
GJ GJ
cos 2  sin 2   s 1  s 2 cos 2 2
2b1
b2
b2

2) Under an additional condition that A1  A2  A and    / 3 :
The equivalent rigidities of in-plane stiffness
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Kx  K y 

3 3 Es A
EA 3
1
,  xy   yx    , K xy  s
4 0
4 0
3

(B.7)

Bending stiffness for the additional condition that I1  I 2  I , J 1  J 2  J and    / 3 :
Dx  D y  D 

Dxy 

3Es I
3Gs J
3 3E s I
3Gs J
, Dx Bxy  D y Byx 

,

4 0
4 0
4 0
4 0

3E s I
3Gs J

2 0
2 0

(B.8)

3) Equivalent Young’s modulus Eeq and thickness teq
For a restricted condition that A1  A2  A , I1  I 2  I , J 1  J 2  0 and    / 3 , the equivalent rigidity
are as follows.
In-plane stiffness:
Kx  K y  K 

3 3 Es A
3E s A
1
,  xy   yx    , K xy 
4 0
4 0
3

(B.9)

Bending stiffness:
Dx  D y  D 

3 3E s I
3E s I
, Dx Bxy  D y Byx 
,
4 0
4 0

1
3

 Bxy   Byx  ,

Dxy 

3E s I
2 0

(B.10)

Using the following analogy between their elastic constants for continuum and reticulated shells:
Eeq teq 3
3 3 Es A Eeq teq
3 3E s I

,


K
D
4 0
1  2
4 0
12(1   2 )
The equivalent Young’s modulus Eeq , thickness teq and Poisson ’s ratio are obtained as follows.
EA
1
teq  2 3ig , Eeq  s ,  
3
3 0ig

(B.11)

(B.12)

B3 Equivalent rigidity of two-way grid with bracing members without bending stiffness

Fig. B.4 shows configuration and structural properties of two-way grid with braced members. The notations
BR and bBR denote the bracing member and the interval between bracing members, respectively.
A1, I1, J1
1
A2 ,
I2 ,
J2

2
BR


BR

1

bBR

2
y

z

bBR


b2

x

Figure B.4 Two-way grid with braces (Draw by M. Fujimoto)
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The bending stiffness of the member around the z axis is included in the derivation of in-plane elastic
constants,
1) In-plane stiffness:
EA
EA
EA
EA
K x  s 1  2 s BR cos4  ,
K y  s 2  2 s BR sin 4 
b1
bBR
b2
bBR
K x xy  K y yx  2
K xy  2

Es ABR
cos2  sin 2  ;  2   xy yx ,
bBR

Es ABR
6 E s I1 z I 2 z
cos2  sin 2  
bBR
b1b2 ( I1z b1  I 2 z b2 ) / 2

(B.13)

in which, I1z and I2z are second moment of inertias about z axis..
Bending stiffness:
Dx 

GJ
GJ
EI
E s I1
, D y  s 2 , Dx Bxy  D y Byx   B  0 , Dxy  s 1 , D yx  s 2
b1
b2
b2
b1

(B.14)

If ( M xy  M yx ) is replaced into M xy  Dxy xy , the following is obtained.

1 GJ GJ
Dxy  ( s 1  s 2 )
2 b1
b2

(B.15)

2) In-plane stiffness for the additional condition that    / 4 , b1  b2   0 and bBR   0 / 2 ,

Kx 

Es A1 Es ABR
EA EA
, K y  s 2  s BR ,

0
0
2 0
2 0

Es ABR
EA
6 I1 z I 2 z
, K xy  s BR  3
2 0  0 ( I1 z  I 2 z ) / 2
2 0
Bending stiffness for the additional condition that    / 2 :
K x xy  K y yx 

Dx 

1 GJ GJ
EI
E s I1
, D y  s 2 , Dx Bxy  D y Byx   B  0 , Dxy  ( s 1  s 2 )
2 0
0
0
0

(B.16)

(B.17)

3) In-plane stiffness for the additional condition that A1  A2  A , I1 z  I 2 z  I z ,    / 4 , b1  b2   0 and
bBR   0 / 2
EA EA
EA
EA
6E I
K x  K y  s  s BR , K x xy  K y yx  s BR ,
K xy  s BR  s3 z
(B.18)
0
0
2 0
2 0
2 0
Bending stiffness for the additional condition that I1  I 2  I , J 1  J 2  J and    / 4 :
EI
GJ
Dx  D y  s , Dx Bxy  D y Byx   B  0 , Dxy  s
0
0

(B.19)

B4 Equivalent rigidity for two-way network with bracing member without bending stiffness

Equivalent rigidities are given as follows for the case shown in Fig. B.5 for two-way network with bracing
member without bending stiffness.（Equations of section 4.5 for HP buckling theory）
1) In-plane stiffness:
EA EA
EA EA
K x  s 1  s BR cos4  , K y  s 2  s BR sin 4 
b1
bBR
b2
bBR
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Es ABR
cos2  sin 2  ;  2   xy yx ,
bBR

K x xy  K y yx 
K xy 

Es ABR
6 E s I1 z I 2 z
cos2  sin 2  
bBR
b1b2 ( I1z b1  I 2 z b2 ) / 2

(B.20)

Bending stiffness :
Dx 

1 GJ GJ
EI
E s I1
, D y  s 2 , Dx Bxy  D y Byx   B  0 , Dxy  ( s 1  s 2 )
2 b1
b2
b2
b1

(B.21)

2) In-plane stiffness for the additional condition that    / 4 , b1  b2   0 and bBR   0 / 2 :
EA EA
EA
EA
K x  s 1  s BR , K y  s 2  s BR ,
0
2 2 0
0
2 2 0
Es ABR
EA
6 I1 z I 2 z
, K xy  s BR  3
2 2 0  0 ( I1 z  I 2 z ) / 2
2 2 0

K x xy  K y yx 

(B.22)

Bending stiffness:
Dx 

E s I1
,
0

Dy 

Es I 2
,
0

1 GJ GJ
Dx Bxy  D y Byx   B  0 , Dxy  ( s 1  s 2 )
2 0
0

(B.23)

3) In-plane stiffness for the additional condition that A1  A2  A , I1z  I 2 z  I z , b1  b2   0 and
bBR   0 / 2 :
EA EA
EA
EA
6E I
K x  K y  s  s BR , K x xy  K y yx  s BR ,
K xy  s BR  s3 z
(B.24)
0
0
2 2 0
2 2 0
2 2 0
Bending stiffness for the additional condition that I1  I 2  I and J 1  J 2  J :
Dx  D y 

Es I
, Dx Bxy  D y Byx   B  0 ,
0

Dxy 

Gs J
0

(B.25)

1
A2,

A1, I1, J1
1

2

I2,
J2

2bBR

2bBR

b1

BR



y
z

b2

x
Figure B.5 Two-way grid with brace member (Draw by M. Fujimoto)
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B5 Equivalent rigidity for regular hexagonal network with rigid joints

Equivalent rigidities for the case shown in Fig. B.6 for regular hexagonal network with rigid joints are given
as follows.
In-plane stiffness:
K xy  2 A  12 I z 
(1   pm )

 2
Kx
 , p 
 , K xy 
2
K x   A  36 I z 

where Iz moment of inertia about the z direction.
Kx  K y  K 

3 Es A   2 A  36 I z

6  0   2 A  12 I z

(B.26)

Bending stiffness:
Dx  D y  D 

3Es I ( Es I  3Gs J )
,
6 0 ( Es I  Gs J )

Dx Bxy  D y Byx 
Dxy 

3 E s I ( E s I  Gs J )
,
6  0 ( E s I  Gs J )

 Bxy   Byx 

( E s I  Gs J )
,
( E s I  Gs J )

2 3E s I
Gs J
3 0 ( Es I  Gs J )

(B.27)

where I and J denote respectively the moment of inertia and polar moment of the member with respect to
bending action for lateral displacement.

0
y

x

Figure B.6 Regular equilateral hexagonal network with rigid joints[B.2](Courtesy K. Heki)
References
[B.1] Y. Tsuboi, IASS WG on Spatial Steel Structures, Analysis, Design and Realization of Space Frames,
IASS Bulletin n.84/85, 1984.
[B.2] K. Heki, Effects of Twisting Rigidity of Constituent Members on the Effective Bending Rigidity of
Single-layer Lattice Plates, Architectural Institute Japan Tokai branch Reports, pp.165-168, 1991 (in
Japanese)
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Appendix C Tolerance of fabrication and construction
Each country may adopt its own recommendations or specifications for quality control for steel structures.
Based on such specifications, engineers are able to assume the amplitude of geometrical imperfections for
design use. When some amplitude as well as a distribution is adopted for design use, strict caution is required
to maintain the same assumption for design before and after fabrication, erection and completion.
This guide explains one example for assuming geometrical imperfections for design use. One restriction to
the imperfections is assumed L/1000 calculated using an entire span L. This value may be derived as the
magnitude for the design imperfections from a view point of fabrication and construction. Also from a view
point that the reduction of buckling strength due to excessive imperfections should be avoided, another
restriction may be assumed in this guide that it should be less than 0.2 times the equivalent shell thickness
(abbreviated as 0.2teq here). Here the guide assumes that imperfection sensitivity beyond 0.2teq might not
increase so severely as discussed in the section 4.2 and other parts.
C1 Technical recommendations for steel construction for buildings part2; guide to erection and
construction in site, Architectural Institute of Japan, 2007
According to the above recommendations C1, fabrication and construction errors are specified as shown in
Fig. C.1. They are quoted from Table 3.13.2 on page 126 and Table 4.7.1 on page 224 and 225 of the
Recommendations.
Fig. C.1(a) shows the fabrication errors for beams and columns respectively. LB is the span of beam or height
of column and two values for e are given; one is the tolerance and the other is the critical limit. The tolerance
is permissible for construction with some limited restriction. Components are not accepted if they exceed the
critical limit.
Using an example, we may consider a critical (limit) value of error based on the Recommendations. We
assume a single layer reticulated shell of medium span, and the whole span is assumed here 40m for example.
It is shown in Fig. C.2. For a 40m span, a construction system is assumed as follows: three intermediate
supports are located between end to end, and four segments for the span are transported from factory or
fabricated on site. Then the length of one segment is LB=10m, being moderate for a large segment. (1)
According to the Recommendations, the crookedness of one beam segment will be 15mm at most. On one
hand, if we calculate the level of supports for the beam in the vertical direction during erection, the critical
error in height will be 8 mm at maximum. Accordingly, the error of height at the middle point of one
segment between two supports will be 8 mm+15 mm= 23 mm at largest. Accordingly the maximum
imperfection is estimated as 23 mm for the whole span of 40m. This value is almost 1/1740 of the entire span
L. This magnitude is just the value which might be severely controlled both in the fabrication and
construction. Judging from some other difficulties encountered in site construction in the case of spatial
structures different from ordinary high rise buildings, a large value by 1.5 times may be adopted. This results
in 35 mm and L/1000, and 35mm and 40mm are comparable. (2) Also from a view point that the reduction of
buckling strength due to excessive imperfections should be avoided, another restriction may be adopted that
it should be less than 0.2 times the equivalent shell thickness (abbreviated as 0.2teq here). For a member with
-160 mm x 5 mm tubular section for simply supported cylindrical reticulated shells, this corresponds to
about 38 mm, and this value will be comparable to 35 mm and 40 mm derived from fabrication and
construction restrictions. Consequently, we may consider that the restriction of L/1000 and 0.2teq may be
realized without severe difficulties.
Next, we assume a slightly larger dome of 60m span. One segment is assumed to be LB=15m using three
intermediate three supports. A calculation similar to the above leads to the following. If based on the
Recommendations, the maximum error in height at the mid span of a segment is 8 mm+15 mm= 23 mm,
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e

LB

crookedness of beam, e, using span LB;
permissible tolerance
e  LB /1000
critical range
e  1.5 LB /1000
crookedness of column, e, using height LB;
permissible torelance
e  LB /1500
critical range
e  LB /1000
(a) crookedness of beam and column fabrication

and
and

e  10mm
e  15mm

and e  5mm
and e  8mm

H
e

e

H
LB

( column )
( beam )

inclination of column, e, using height H
permissible tolerance
e  H /1000 and e  10mm
critical range
e  H / 700 and e  15mm
height of each floor for column using column height H
permissible tolerance
5mm  H  5mm
critical range
8mm  H  8mm
inclination of beam, e, using span LB
e  LB /1000  3mm and e  10mm
permissible tolerance
critical range
e  LB / 700  5mm and e  15mm
(b) errors of beam and columns in construction
Figure C.1 Construction error based on Table 4.7.1 on Pages 223 and 224 of the Recommendation [C1]
(Draw by S. Kato)
e
H

exact level
H

LB

center line of dome
Figure C.2 Assumed construction scheme for a single layer reticulated dome of span L=40m with three
intermediate supports for construction (Draw by S. Kato)
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being same to the previous case. The entire span is 60 m, thus the value L/1000 using the span 60 m leads to
60 mm. Since the ratio of 23 mm to 60,000 mm is 0.00038 (or 1/2600), the longer the span is, the smaller the
relative error is. In consequence, also in this case, we may consider that the restriction of L/1000 and 0.2teq
may be realized without difficulties in this case also.
If we assume another case using LB=20 m/3 for one segment with respect to the entire span 40m, the error in
height assumed in fabrication and construction is 10 mm+8 mm= 18 mm. The ratio of 18 mm to 40,000 mm
is 1/2222 of the entire span. Accordingly, if the span gets shorter, the error restriction becomes stricter if
based on the Recommendations. However, in this case too, we may consider that the restriction of L/1000
and 0.2teq may be realized without difficulties.
In another case we assume a spherical dome of 100m diameter in plan, being composed of -300x6 members
in a three way member arrangement. For construction, one segment may be divided into six sub-segments,
assumed here as LB=100 m/6. The value L/1000 is 100 mm, and the value 0.2teq is calculated 72 mm for the
-300x6 members. Accordingly, also in this case we may consider that in this case the restriction of L/1000
and 0.2teq can be realized without great difficulties.
From the above discussions based on Recommendation of AIJ, this guide may assume the following
geometrical imperfection as a critical error for design: the smaller one of L/1000 using an entire span and 0.2
teq using the equivalent shell thickness.
Reference
[C1] Architectural Institute of Japan, Technical Recommendations for Steel Construction for Buildings
Part2 Guide to Erection and Construction in Site, Architectural Institute of Japan, 2007.
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Appendix D Load factor in design codes and safety margin in realization
D1 Load factors and combination of dead and snow loads
a) Comparison of load factors and column axial strength
Design loads, resistance factors and column strength curves in several cases are compared in the following
table. This guide shows that there is a variation of evaluation for design loads between codes or standards,
and considers how the value of load factors changes depending on those codes. The reason why the column
strength is adopted in considering their buckling strength is that resistance of reticulated shells are supposed
to be governed mainly by axial strength of members in both cases of single layer and double layer reticulated
shells.
Table D1.1 Design load for ultimate limit state of (D + S), resistance factor 0 and column strength N cr
[note: Every code is not necessarily listed, and based on discussions hereafter some of them are to be deleted, and necessary codes
are to be added.]

(Draw by S. Kato)

D denotes nominal permanent load, while S and L stands for, respectively, for nominal snow load and live
load. Ncr denotes axial strength under compression, while Ny denotes axial yield strength of cross section.
The generalized slenderness ratio c  N y / N crel is applied using an elastic buckling axial force, N crel , in the
following description.
--------------------------------------------------------------------------------------------------------------------------------load factors
resistant factor
C1: Load & Resistance Factor Design, AISC, 2005
1.4D, 1.2D+1.6S; 50 year return 0  0.85
period for S

column strength
for c  1.5
for c  1.5

C2: Building code of Japan (allowable stress design)
1.5D, 1.0D+1.4S (for very rare 0  1.00
snow); about 50 year return
period for S.

2

N cr  0.658c  N y
N cr  0.877 / c2  N y

for c  1.29

Ncr  (1  0.24 c 2 ) /(1  4c 2 / 15)  N y
for c  1.29
Ncr  9 /(13 c 2 )  N y

C9: Standard for Limit State design of Steel Structures (draft), AIJ, 1990
1.3D, 1.1D+1.6S; 50 year return 0  0.90 for plastic failure.
for c  p c , N cr  N y
period for S, evaluation for 50 0  0.85 for elastic buckling. for p c  c  e c
year life time, reliability index
Ncr  1.0  0.5(c  p c ) /( e c  p c ) N y
=2.0.
for c  e c , N cr  1/(1.2c2 )  N y
, e c  1/ 0.6
p c  0.15
C3: Recommendations for Limit State Design of Steel Frames, AIJ, 1998, 2010
same as those just above C9
1.3D, 1.1D+1.4S; 100 year return 0  0.90
period for S, evaluation for 50 (almost equivalent as 1.1D+1.6S, 0  0.90
year life time, reliability index for plastic failure, 0  0.85 for elastic
buckling for 50 year return period for S )
=2.0
C4: Recommendations for Limit State Design of Buildings, AIJ, 2002
same as those just above C9
1.3D, 1.1D+1.6S; 100 year return 0  0.75 here assumed as
period for S, evaluation for 50 0  0.60 R / Rn for  R / Rn  1.25 ,
year life time, reliability index
 R =average column resistance,
3.0；
Rn =nominal column strength
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C5: Recommendation for the plastic design of steel structures, AIJ, 1975 revised 2010
1.65(D+S); return period not 0 =1.0
for c  0.3 , N cr  N y
defined;
for 0.3  c  1.3 N cr  1  0.545(  0.3) N y
for C  0.3
N cr  N rrel /1.3
C7: Load code for the design of building structure GB50009-2001, China, 2006
member kind b
1.35D , 1.2D+1.4S, and 50 year 0 =0.93 for 235N/mm2 class
return period for S, evaluation for 0  0.90 for 345, 390,
for 0  0 N cr  N y
50 year life time
420N/mm2 class (interpreted
for 0  130 N cr   2 EA / 0 2 /1.32
respectively from partial
for 0  150 Ncr   2 EA / 02 /1.24
safety factor 1.087 and 1.111)
for 0 180 Ncr   2 EA/ 02 /1.18
assumed as average Ncr   2 EA / 02 /1.25
0   k / ig
C8: Technical specification for space frame structures J1072-2010, China, 2010
2.0(D+S)
Buckling load should be evaluated by
0 =1.00
elastic-plastic buckling analysis
considering an imperfection of L/300 for
the first buckling mode.
4.2(D+S)
=1.00
(as
interpreted
for
Elastic buckling load should be evaluated
0
elastic buckling)
by elastic buckling analysis considering an
imperfection of L/300 for the first buckling
mode.
C10: BS code (need to be investigated)
C11: Code Eurocode 3 (EN 1993-1-1:2005)
for c  0.2 ,
1.35D+1.50S
0  1.00
N cr  N y /1.0
or c  0.2 , k  0.5 1   c  0.2  c2
  1/( k  k 2  c2 ) , N cr    N y /1.0
Section param.
,
Class 1
2
3
4
 0.21 0.34 0.49 0.76
For class 4 sect. N cr    ( Aeff / A)  ( N y /1.0)



C12: Spanish Code
CTE - SE
1.35 D + 1.50 S, or
1.35 D + 1.50 L + (0.5 x 1.50) S
for altitude < 1000 m



Column buckling is same as Euro code.
In this example, the roof is considered to
be only accessible for maintenance, and no
wind or earthquake has been included

C13: Greek Code
Eurocode 3 is used.
C6 Kollar’s proposal (E. Dulacska, L. Kollar, Buckling Analysis of Reticulated Shells, International Journal of
Space Structures, Vol.15, Nos. 3&4, pp.195-203, 2000)
2
FM (D+S); return period not
0  1.00 (interpreted from the
PSQ
 kSB Pcr   Pcr 
2
S  

  1 , S 
defined;
proposal)
 PSQ   PSQ 
Pcrel

 

FM=1.75
kSB=FB/FM=2.50/1.75, FB=2.50
[Appendix D3]
PSQ =plastic limit load.
Pcrel =elastic buckling load considering
design imperfections.
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b) Discussions on load factors for combination of dead load and snow load
Depending on the nominal loads for D and S on roofs assumed in Table D1.2, nominal safety factors, global
safety factor in other words, are compared between several codes, but neglecting live load, since the live load
seems in most cases just a load during construction of roof structures.
In the left two columns, some numbers are assumed for dead load D and snow load S neglecting the unit for
loads. Those numbers are only examples to evaluate the average load factor for each code. The average load
factor evaluated for the nominal total load (D+S) is given for each code in the bottom line. Here Kollar’s
proposal refers to the paper published in International Journal of Space Structures in 2000. In it, two safety
factors are defined as 1.75 for FM and 2.50 for FB for plastic limit strength and elastic buckling load,
respectively. If the value 1.75 is regarded as load factor for plastic limit strength, the value 2.50/1.75 is
considered as partial safety factor for elastic buckling. The elastic buckling load should be evaluated
considering geometrical imperfections and many other related factors, and this factor is considered using the
coefficient for column strength in the elastic range beyond a dividing slenderness ratio. For example, in the
case of AISC code, 1/0.877 (= 1.14) corresponds to this partial safety factor.
Table D1.2 Comparison of global load factor expressed for (D+S) (Draw by S. kato)
Note; the number within a bracket shows the load factor for (D+S).
D

50
50
60
60
60
80
80
80

S

60
80
80
100
140
60
100
140

average
load
factor

C9
AIJ (draft)

C1
AISC

C2
Building
code
of Japan

D
S
151(1.37)
183(1.41)
194(1.39)
226(1.41)
290(1.45)
184(1.31)
248(1.38)
312(1.42)
1.39
(D+S)
as average

D
S
156(1.42)
188(1.45)
200(1.44）
232(1.42)
296(1.34)
192(1.37)
266(1.42)
320(1.45)
1.43
(D+S）as
average

D
S
134(1.22)
162(1.25)
172(1.23）
200(1.25)
256(1.28)
164(1.17)
220(1.22)
276(1.25)
1.23
(D+S）
as average

C3
AIJ
Standard for
Limit State
design of
Steel
Structures,20
10
1.1D
+1.4S
139(1.26)
167(1.28)
178(1.27）
206(1.29)
262(1.31)
172(1.23)
228(1.27)
276(1.25)
1.27
(D+S) as
average

C4
AIJ
Recommend
for Limit
State Design
of Buildings
(Steel), 2002
1.0D+
1.60S
146(1.33)
178(1.37)
188（1.34）
220(1.38)
284(1.42)
176(1.26)
240(1.33)
304(1.38)
1.35
(D+S)
as average

C5
AIJ
Recommen
d for plastic
design of
steel
structures,
2010
1.65(D+S)
182
215
231
264
330
231
297
363
1.65
(D+S)

C6
Kollar’s
proposal

C7
C8
Chinese building
code,2010

S1.75
(D+S)
163
228
245
280
350
245
315
385
1.75
(D+S）

1.2D+
1.4S
144(1.31)
172(1.32)
184(1.31）
212(1.33)
268(1.34)
180(1.29)
236(1.31)
292(1.33)
1.32
(D+S)
as average

2.0
（D+S）
220
260
280
320
400
280
360
440
2.00
(D+S）

Table D1.3 Comparison of load factor for (D+S) defined as a value of average load factor/resistance factor
(Draw by S. Kato)
Note; in AIJ ( ) * for stocky member, ( )** for slender member in case of elastic buckling
C9
AIJ (draft)

C1
AISC

C2
Building
code
of Japan

C3
AIJ
Standard for
Limit State design
of Steel
Structures,2010

C4
AIJ
Recommendation
for
Limit State
Design
of Buildings
(Steel),
2002

C5
AIJ
Recommendation
for plastic
design of
steel frames,
1972

C6
Kollar’s
proposal

C7
C8
Chinese building
code,2010

1.39/0.90=1.54*

1.43/0.85

1.23/1.00

1.27/0.90

1.35/0.75

1.65/1.00

1.75/1.00

1.32/0.90

2.00/1.00

1.39/0.85=1.64**

=1.68

=1.23

=1.41

=1.80

=1.65

=1.75

=1.47

=2.00
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Here we keep in mind that Technical specification of China and Kollar’s proposal aim at spatial structures.
Chinese code (C7) aims at all types of structures including steel spatial structures. On the contrary Technical
Specification (C8) aims directly at buckling of metal spatial structures, and the load factor of 2.00 for
nominal load of (D + S) is clearly defined when safety is evaluated based on elastic-plastic buckling analysis
considering the imperfection amplitude of span/300, while load factor 4.2(=1/0.48) is given when safety is
evaluated solely based on elastic buckling analysis also for the imperfection amplitude of span/300.
The numbers in the bottom row of Table D1.2 show that average load factors vary widely from 1.23 to 2.0,
on the other hand, the numbers in Table D1.3, evaluated as the ratio of an average load factor in the bottom
in Table D1.2 divided by a corresponding load factor c, lie within a rather narrower band than Table D1.2.
The values in Table D1.2 for C2 and C3 codes are rather small compared with other LRFD codes. If these
two are excluded and C4 is additionally excluded because of a little small resistant factor 0.75, LRFD codes
give almost same average load factor for (D+S), ranging from 1.47 to 1.68 as shown in Table D1.3.
Table D1.4 shows a safety factor evaluated as the number in the bottom of Table D1.3 divided by its
corresponding partial safety factor for elastic buckling. When these values for (D+S) are compared in Table
D1.4, the magnitudes may range from 1.77 to 2.16 in the case of LRFD codes aiming at ordinary building
structures, while 2.00 and 2.50 respectively for China specification and Kollar’s proposal both aiming at
application to metal spatial structures. The ratio of the former number to the latter number is
(2.00+2.50)/(1.77+2.16) which is approximately 1.15. This ratio may be roughly judged as 1.2. From this
ratio, codes with an aim to be applied to metal spatial structures might be considered to adopt a little larger
margin like 1.2 for elastic buckling than those for ordinary steel structures.
Table D1.4 Comparison of elastic buckling load factor for (D+S), defined as average load factor/resistance
multiplied by a reduction factor due to elastic buckling (Draw by S. Kato)
Note; in AIJ ( ) * for stocky member, ( )** for slender member in the case of elastic buckling
Note; in C8 China code, ( )**** for design based on elasto-plastic buckling analysis, ( )***** for design based on
only elastic buckling
C9
AIJ (draft)

C1
AISC

C2
Building
code
of Japan

C3 AIJ
Standard for
Limit State
design of Steel
Structures,2010

C4 AIJ
Recommend
for Limit
State Design
of Buildings
(Steel), 2002

C5 AIJ
Recommen
d for plastic
design of
steel
frames,
2010

C6
Kollar’s
proposal

C7
Chinese building
code,2010

1.54x1.2=

1.68/0.877

1.23x1.4

1.41x1.2

1.80x1.2

1.65x1.3

1.75x2.50/1.75

1.47x1.25

2.00/1.00

1.85*

=1.92

4

=1.69

=2.16

=2.15

=2.50

=1.84

=2.00 ***

1.64x1.2

=1.77

C8

2.00/1.00/0.48

=1.97**

=4.20 *****

Although more discussions are required among WG 8 and IASS from a view point of conservative design for
metal reticulated roof structures, this guide will, off course, not enforce a single safety factor for engineers,
and will have to emphasize that metal reticulated roof structures should be designed and constructed with
safety higher than those for moment frames for ordinary buildings. One of the reasons for higher safety is
that metal reticulated roof structures, being more complicated in configuration and analysis than moment
frames, will have been in long service for society on one hand, and on the other hand, they will be likely
deteriorated in strength in post buckling range. This concept to adopt a higher safety for metal reticulated
roof structures in anti-buckling design is a key to avoid any catastrophic failure. To this end we can find
important structures that have been in service for a long time, and we can learn how successfully and safely
those constructions have been fulfilled without being subjected to failure.
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c) AISC code
In allowable stress design of AISC code, a partial safety factor   1.67 [Reference C1] is applied if live
load is neglected for roofs as

R /   [D].
On the other hand, in LRFD design the following equation is adopted.

0 R  1.2[ D ]  1.6[ S ] , 0  0.85

0 R  1.4[ D]
(Case of dead load) If the following two conditions are investigated for dead load,

R /   [D], and 0 R  1.4[ D ]
The following equation holds.

0   1.4
If 0  0.85 is assumed,   1.65 is obtained, and this value is almost compatible with   1.67
(Combination of dead and snow loads) In the case of [D]+[S], the equation for snow load

0 R  1.2[ D ]  1.6[ S ] ; 0  0.85
will be approximately expressed as follows using 1.43（D+S）as average based on Table D1.2.

0 R  1.43([ D ]  [ S ] )
The above equation is converted as follows.
R
 ([ D ]  [ S ] )
(1.43 / 0 )

The value 1.43 / 0 of the above equation is calculated as 1.68 using 0  0.85 , and it is almost compatible
with   1.67 applied in allowable stress design.
d) AIJ Code
(The case of dead load) In allowable stress design of AIJ code, a partial safety factor   1.0 for long term
loading for dead load is applied considering the effect of axial strength of column elastic buckling but
neglecting live loads on roofs. Here we consider only axial forces due to membrane actions.

R /1.44  1.5D
The load factor considering elastic column buckling is 2.17(=1.44x1.5). On the other hand in LRFD design
(draft, 1990), the following equation is adopted also considering column elastic buckling.

0 R /1.2  1.3[ D ]
When equality is assumed between the following two equations,

R /1.44  1.5D and 0 R /1.2  1.3[ D ]
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Then, the following equations hold.

( R /1.44) /(1.5)  D , (0 R /1.2) /1.3  [ D ] , then,



1.2  1.3
1.44  1.50

The value  is evaluated as 0.85 using 0  0.85 based on LRFD (draft). The value 1.3 as a load factor
adopted in LRFD (draft) for dead load may be considered a little smaller compared with the value  =1.0
adopted in allowable stress design. This may imply that the load factor for ultimate limit state for dead load
based on LRFD (draft) seems a little small if based on the safety for allowable stress design. If the value of
  1.0 for long term loading for dead load should be considered appropriate, the load factor 1.3 for the case
of dead load in LRFD design would be raised up to 1.3/0.85=1.53. On the other hand, if the load factor 1.3
for the limit state in the LRFD design would be appropriate, the load factor in allowable stress design would
be judged a little large, meaning that allowable stress design in the case of dead load would lead to a little
safer cross sections.
(Combination of dead and snow loads) In allowable stress design of AIJ code, a partial safety factor
  1.0 for short term loading for snow is applied considering the effect of axial strength of column elastic
buckling but neglecting live loads on roofs. Here we consider only axial forces due to membrane actions.

R /1.44  ()[ D  S ]
On the other hand in LRFD design (draft 1990), the following equation is adopted also considering the axial
strength of column elastic buckling.

0 R /1.2  1.1[ D]  1.6[ S ] , 0  0.85
Using 1.39（D+S）as average in Table D1.2, the above equation is converted as follows.

0 R /1.2  1.39[ D  S ]
If the equality is assumed between the following two equations,

R /1.44  ()[ D  S ] and 0 R /1.2  1.39[ D  S ] ,
then,

( R /1.44) /()  [ D  S ] , (0 R /1.2) /1.39  [ D  S ]
Accordingly, the following equation holds.

( R /1.44) /()  (0 R /1.2) /1.39
Using 0  0.85 leads to the value   1.36 .
This implies that the value   1.0 as assumed in the allowable stress design of AIJ seems rather small
compared with   1.36 evaluated based on LRFD (draft). If the value 1.39 as an average for the load factor
in LRFD design should be appropriate, the load factor for short term loading for snow in allowable stress
design of AIJ code would be raised up to   1.36.
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D2 Examples of safety margin adopted in realization
Table D2.1 shows some examples of safety margin adopted in design in the last 30 years. They are not
collected systematically but from papers of IASS proceedings and related books. Some of the structures are
rather small, some others are large. The description of the values and structural characteristics listed in the
table may not be clear in some cases since their original data include some ambiguity. However, this data
will be helpful in design to identify the safety margins adopted in realization. Readers are recommended to
look at the original documents when they need more accurate information.
In the case of double layer domes, the lowest safety factor is 7.8 for the dome with data number No.14
judging from linear buckling analysis, and the result seems to correspond to member buckling since rotations
are found in the buckling mode, not node rotation buckling, with almost no displacements occurring at nodes.
Accordingly, the factor 7.8 corresponds to member buckling. The second lowest is 8.1 for the dome with data
number No.13 for dead load based on linear buckling analysis, where a member buckling mode of
meridional members prevails near a circular tension ring. In other cases of double layer domes, the
magnitudes are more than 15 based on linear buckling analysis.
In the case of Suspen-domes, although two cases are presented here, the safety factors are both 9 based on
elastic buckling. In the two examples, a set of rather dense cables are provided to increase the buckling
capacity.
In the case of single layer domes, buckling is a serious factor. The lowest safety factor, in the case of the
dome with data number No.6, is 2.8 for a combination of dead load and snow load based on elastic buckling
load. For this dome, an identical size of   558.8 14 is applied to all members, and the geometrical
imperfection, if caused in fabrication and erection, seemed to be rather small compared with the member
diameter of 558.8mm. Also in the case of two-way member arrangement, buckling wave length becomes
almost half the span and the imperfection sensitivity will become small compared with three-way single
layer domes. The second lowest is the dome with data number No.7, and the load factor is 2.5 for a load
combination of dead load and live load based on elasto-plastic buckling strength. The material is aluminum
and the size is a series of H-400, having a rather large depth. The third lowest is the dome of data number
No.8, and the load factor is 3.5 evaluated based on elastic buckling analysis considering 5cm imperfection.
The load factor of initial yield is also calculated as 3.1 based on stress calculation. Accordingly, its load
factor considering plasticity of material will be between 3.1 and 3.5.
Table D2.1 Examples of safety factor in realized reticulated roofs (Draw by s. Kato)
No.
Reference
No.1
[D2.1]

Structures (year of construction)

note

Grid shell structure of the Shanghai World Expo Axis Project (China, 2010)
Buckling strength load factor 3.8 for 60mm maximum initial imperfection
Buckling strength load factor 3.8 for no initial imperfection
Linear buckling load factor 5.8 for 1.0 [D]+0.7 [L]+1.0 [W]

[Single layer], three-way
2.0 demanded for critical load
factor
based
on
Chinese
specification JGJ 61-2003

No.2
[D2.2]

Simonoseki Aquarium (cylindrical surface, Japan) 37m for shorter span with
free plan, 65 m for longer span, rise to span ratio of 0.06~0.08
Buckling strength load factor 2.8 for 1.0 [D=2.2kN/m2]

[Single layer], three-way
H  400  (200 ~ 300)

No.3
[D2.1]

Science & Technology Museum of Hebei Province (Almost complete spherical
surface, China) 30.0m diameter, 25.7m height
Linear buckling load factor 10.5 for 1.0 [D]+1.0 [L]
Elastic buckling load factor 8.0 for 1.0 [D]+1.0 [L] under 10cm imperfection
Dream Kawachi (spherical surface, Japan, 2001)
Buckling strength load factor 6.3 for [D=1100N/mm2]
Buckling strength load factor 3.2 for 1.0 [D]+ 1.0 [S=600N/m2, over half span]

[Single layer], three-way
Tubular section of small size (not
shown)

No.4
[D2.4]
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No.5
[D2.4]

Gunma Insect Museum (spherical surface, Japan, 2005) R=57.2m, rise/span=0.18
Linear buckling load factor 15 for 1.0 [D=1500N/m2]
Note: [S=800N/m2]

No.6
[D2.5]
[D2.5’]

Seibu dome (spherical surface, Japan, 1999) 145m of inner span for single layer,
R=160m, 220m of span for an outer ring
Linear buckling load factor 3.92 for 1.0[D]
Elastic buckling load factor 2.8 for 1.0[D]+1.0[S=600N/m2]

No.7
[D2.6]

Swimming and Sword Gymnasium of the Chinese Modern Pentathlon Center
( China ) triangle plan with edge beams of 125m of reinforced concrete, net span
=81m, rise/span=about 1/10
Linear buckling load factor 11 for 1.0 [D]+1.0 [L]
Buckling strength load factor about 2.5 for 1.0 [D]+1.0 [L]
Kresimir Cosie Dome ( spherical surface, Croatia) 90m for inner span, 10m for
rise, R=194m
Elastic buckling load factor 4.2 for wi 0  0 for 1.0[D]
Elastic buckling load factor 3.5 for wi 0  10cm for 1.0 [D]
Initial yield load factor 3.1 for wi 0  10cm for 1.0 [D]
[Note 5mm is confirmed as design imperfection by measurement]
Kumagaya Dome (elliptic surface, Japan, 2004 ) 250m for larger span, 135m for
shorter span, 27m for rise
Buckling strength load factor 3.7 for 1.0 [D=1000kN/m2]
Buckling strength as 1.0 [D]+2.8x1.8 [S=900N/m2]
Chiping Gymnasium (Suspen-dome, 108m span, China)
Elastic buckling load factor 9.2 for 1.0 [D=1.0kN/m2]+1.0[L=0.5kN/m2]

No.8
[D2.7]

No.9
[D2.4]

No.10
[D2.8]
No.11
[D2.9]

No.12
[D2.10]
No.13
[D2.5]
No.14
[D2.5]

Business Center Hall (spherical surface, China ) 35.4m for span, 4.6m for rise
Elastic buckling load factor 10.1 for 1.0 [D=1.8kN/m2]
[Note: If constructed as single layer composed of same sizes, elastic buckling
load factor would be 8.9.]
K dome (spherical surface, Japan) 100 for span, 2m of depth as beam
Linear buckling strength load factor 24 for 1.0 [D]
Oosaka Dome (spherical surface, Japan,1997) 167m for inner span, R=85m,
42.4m for rise, 2.1m depth as beams
Linear buckling load factor 8.1 for 1.0 [D]
Kita-kyushu Media Dome (elliptic surface, Japan, 1998) 205.6m for longer span,
142.6m for shorter span, 28.1m for rise
Linear buckling load factor 7.8 for 1.0 [D]+1.0 [L]

No,15
[D2.11]

Laoshan Cycling Gymnasium (dome, Beijing) 149m for span, 0.1 for rise/span
Linear buckling load factor 15.3 for 1.0 [D]+1.0 [L]
Elastic buckling load factor considering L/300 imperfection 8.3 for
1.0[D]+1.0[L] including the effect of L/300 imperfection

No.16
[D2.12]

Bero-Bero Dome (elliptic surface, Japan, 2011) 119m for larger span, 93m for
shorter span, 13.8m for rise, 2m of depth
Elastic buckling load factor 24.1 for 1.0 [D]
Note: Allowable stress design safety factor 1.7 for 1.0 [D=2250N/m2]
[S=600N/m2 is rather small compared ]
Beijing Jiangtai Winter Garden (reticulated roof shells of three-way supported by

No.17
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[single layer], three-way,
  267.4  9.3 for inner
members,
  508.0  32 for free edge
beams
[single layer] , two-way
  558.8 14 for two-way grids,
  914.4  36 for tension ring.
Ratio of rigidity at connection is
reduced to 0.85 in design
application from FEM analysis.
[single layer], three-way,

H  450  200  8 10
Only flanges are connected at
node.
[single layer]
three-way of shifted network,
  323.9  7.1,
pin-jointed to supports made of
reinforced concrete tension ring
[single layer]
two-way,   350 , stiffened by
outer cable with initial
pre-stressing
[K6 Kiewitt single layer] and
Suspen-dome (composite dome)

[Tensegrity network, single
layer ] and cable by struts
  127  4 ,   133  8 ,
[double layer], three-way
tension ring columns at circular
periphery
[double layer ], three-way

[double layer.], two-way,
buckling mode looks like a
member buckling of upper
chords.
[double layer]
2.8 m depth,

[double layer]

[hybrid structure of single layer
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[D2.13]

9 parallel big arches , China) 74.7m for arch span
Linear buckling load factor 9.1 for 1.0[D=1.5kN/m2]+1.0[S=2.5kN/m2]
Elastic buckling load factor 5.4 for 1.0 [D=1.5kN/m2]+1.0 [S=2.5kN/m2] using
L/300=250mm
Buckling strength load factor 2.7 for 1.0 [D=1.5kN/m2]+1.0 [S=2.5kN/m2] using
L/300=250mm

reticulated shells between big
arches]
2.0 is required based on Chinese
code for ultimate limit state.
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D3 Factor of safety of IASS and related proposal by Kollar and Dulacska
D3.1 Proposal by Kollar & Dulascka and Modified Dunkerley equation
a) Modified Dunkerley equation :
In the documents listed in Reference [D3.1, D3.2, D3.3], the following equation called as modified (or
semi-) Dunkerley equation has been proposed to evaluate buckling strength Pcru for ultimate limit state.

 Pcru
 el
 Pcr

  Pcru
  
  PSQ

2


 1



(D3.1)

where Pcrel and PSQ are the elastic buckling load and the plastic limit load, and the exponents of 1.0 and 2.0
in the left side of Eq.(D3.1) are applied respectively to the elastic buckling load and the plastic limit load.
Accordingly, based on Eq.(D3.1), the ultimate limit strength can be evaluated once both Pcrel and PSQ have
been determined using other methods for Pcrel and PSQ . This evaluation scheme is extremely effective since we
can estimate the ultimate strength without any geometrically and materially nonlinear analysis. Moreover
from experience we know that Eq.(D3.1) gives a conservative buckling strength. We may use a different set
of components from 1.0 and 2.0 to obtain more accurate evaluation, however such an assumption different
from 1.0 and 2.0, will present difficulty to solve it based on a simple mathematical solution.
In IASS Recommendations for reinforced concrete shells [D3.1], a factor of safety is taken at F.S. for the real
load Pd, and safety is investigated as follows.

Pcru
 F .S .
Pd
For the plastic limit load without strength deterioration after post buckling, it proposes 1.75 for F.S., and for
the elastic buckling load with deterioration after buckling it proposes 3.5 for F.S. For combined strength of
plastic collapse and buckling collapse, it gives no suggestion. On the other hand, Kollar & Dulacska [D3.2,
D3.3] have proposed two factors of safety FB and FM respectively for buckling collapse and plastic collapse,
which are applied to obtain the design allowable strength in the form of Eq.(D3.2).

S

2

 F Pa
  B cr
 PSQ


  FM Pcra

  PSQ
 

2


 1



(D3.2)

where 1.75 and 2.50 are proposed as partial safety factors respectively for FB and FM for metal spatial
structures, and the design allowable strength Pcra should be compared with a real design load Pd to satisfy the
following condition for safety.

Pcra
 1.0; or
Pd

FM  Pcra  FM  Pd

(D3.3)

where Pd is a nominal design load, for example, as a direct sum of dead load and snow load. In Eq.(D3.3)
FM  Pcra is considered as a kind of ultimate strength accounting for a partial safety factor against elastic
buckling, while FM  Pd is a design intensity of load considering a load factor. If FB is adopted same as FM,
the same level of safety is demanded, while if FB is adopted larger than FM, greater higher safety is demanded
for elastic buckling load than plastic limit load.
The proposal of Eq.(D3.2) can be transformed as follows without any approximation in terms of a different
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form of Pcr  FM Pcra for buckling strength Pcr .

 k SB Pcr
 el
 Pcr

  Pcr
  
  PSQ

2


 1



(D3.4.a)

Eq.(D3.4.a) is again rewritten as follows in terms of generalized slenderness ratio  S .

S

2

k P
  SB cr
 PSQ


  Pcr

  PSQ
 

2


PSQ
F
  1 ; Pcr  FM Pcra ; kSB  B ;  S 

FM
Pcrel


(D3.4.b)

This buckling strength Pcr may be interpreted as buckling strength, which is evaluated with a consideration
of a higher safety to elastic buckling load. Since kSB is usually adopted larger than 1.0, the factor is
considered as a partial factor for elastic buckling load.
The solutions of Eq.(D3.1) and Eq.(D3.4) give the following equations for the two kinds of ultimate strength.
Pcru
2

(D3.5.a),
4
PSQ
 S  4  S 2

Pcr
PSQ



2

(D3.5.b)

2
kSB
S4  4  kSB S2

The extent of upgraded safety with respect to Pcru / Pcr on account of the partial safety factor kSB is
expressed using the above two equations as follows.

Pcru
Pcr

 F ( S ); F ( S ) 

kSB 2 S4  4  kSB S2

(D3.6)

 S4  4  S 2

Table D3.1 Factor of safety Pcru / Pcra using Eqs.(D3.1) and F ( S ) of extent of upgraded safety using
Eq.(D3.6) in case of FB =2.50 and FM=1.75 (Draw by S. Kato)
S

0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

1.6

1.8

2.0

5.0

a
cr

P / P  FM F ( s )

1.75

1.77

1.81

1.89

1.99

2.10

2.21

2.29

2.36

2.40

2.43

2.50

F ( S )

1.00

1.01

1.04

1.08

1.14

1.20

1.26

1.31

1.35

1.37

1.39

1.43

u
cr

b) Checking for safety
Accordingly, three types of expressions for checking safety are possible, depending on the allowable
buckling strength Pcra and ultimate strength Pcr evaluated for partial safety factor of elastic buckling.

Pcra  Pd

or FM  Pcra  FM  Pd

for allowable buckling strength Pcra

Pcr  FM Pd for buckling strength Pcr evaluated considering a partial factor kSB

(D3.6.a)
(D3.6.b)

and

Pcru / F ( S )  FM Pd for buckling strength Pcru evaluated without considering a partial factor kSB
(D3.6.c)
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Accordingly, the value of 1/ F ( S ) of Eq.(D3.6.c) may be interpreted as a reduction factor considering the
effect of the partial factor kSB for elastic buckling utilized in Eq.(D3.4.b.)
As can be seen in Table D3.1 the values 1.75 and 2.50 refer respectively to  S =0 and  S =5,
corresponding to plastic collapse and buckling collapse. If FB=FM=1.0 is assumed in all equations,
Eqs.(D3.1), (D3.2), and (D3.4) give the same design buckling strength. If safety for the nominal load is
checked by Eq.(D3.2) using FM=1.75 and FB=2.50 , the safety factor FM F ( s ) in Table D3.1 corresponds to
1.99, 2.10, 2.21, and 2.29, respectively, in the case of 0.8. 1.0, 1.2, and 1.4 for  S .
c) Column strength curve
If Eq.(D3.4) is applied for the column strength due to flexural buckling, the following equation may be
derived similarly.

k N
 c   SB cr
 Ny

2

  N cr

  Ny
 

2


 1



c 

Ny

(D3.7)

N crel

where N y is the axial plastic strength, N crel is the column elastic buckling axial force, and the compressive
strength in terms of slenderness ratio expressed by c . The value kSB corresponds to a partial factor for
elastic buckling region used in formulas of column buckling strength in design codes. As found in the Table
D1.1 of Appendix D1, those values of 1/0.877 in LRFD AISC (C1), 13/9 in Allowable Stress Design of Steel
Structures of Japan (C2), 1.2 in Recommendations for Limit State Design of Steel Frames, AIJ, 1998,2010
(C3) and others may correspond to kSB .

1.2

Ncr/Ny

1.0

1/Λ2

0.8

AISC
Allowable stress
design of AIJ
[4.2.107]

0.6
0.4

kSB=1.00 in Eq.(D3.7)

0.2

kSB=1.43 in Eq.(D3.7)

Λ

0.0
0.0

0.5

1.0

1.5

2.0

2.5

3.0

Figure D3.1 Comparison of column strength curves (Draw by S. Kato)
Several design curves for column strength are compared in Fig. D3.1. They are a little different depending on
the partial factor for elastic buckling. The curve of AISC LRFD is near to Euler’s elastic buckling and the
two curves of Allowable Stress Design of AIJ and the proposal of Kollar and Dulacska using kSB=2.50/1.75
look similar in the region of elastic buckling. The similarity between the proposed curve of Kollar and
Dulacska and the curve of Allowable Stress Design of AIJ is because 2.50/1.75 of Kollar’s proposal and 13/9
of AIJ are close to each other.
Suppose a situation where the buckling strength is evaluated directly based on FEM GNMNA as Pcr ( FEM ) . We
have already understood that Eq.(D3.4) includes the partial factor kSB for elastic buckling load, while
Eq.(D3.1) has no consideration of any partial factor. If we need also a partial factor for Pcr ( FEM ) , accordingly,
the ratio of F ( S )  Pcru / Pcr may be considered as a safety factor which may be applied to Pcr ( FEM ) as
follows.
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Pcr ( FEM )
F ( S )

 FM Pd

(D3.8)

D3.2 Value of factors kSB and FM
This Draft adopts the forms of Eqs.(D3.4) and (D3.7) for convenience since they simulate those different
curves by adjusting the value of kSB. With respect to the values of kSB and FM in designing, the present Draft
suggests that engineers may apply some certain values for both kSB and FM depending on an appropriate
judgment.
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D4 Design imperfections in technical specification for latticed shells of China code and related
research
One of the important descriptions in the Technical Specification of Chinese Code [D4.2] is the statement in
the sub-sections 4.3.2 to 4.3.4 that, (i) when GNMLA (Geometrically Linear and Materially nonlinear
Analysis) is applied for evaluating elastic buckling loads, the first buckling mode can be applied for an
imperfection distribution considering the amplitude L/300 for the imperfection. This might mean that the
elastic buckling strength should be evaluated very conservatively considering some error due to fabrication
and erection tolerance. (ii) Also in the case that GNMNA (Geometrically Nonlinear and Materially nonlinear
Analysis) is applied, it states that the safety factor should be equal to or greater than 2.0 still considering the
imperfection of span/300. (iii) This concept is reflected further on the safety factor (same as load factor)
K=4.2 applied to the elastic buckling load for a near perfect surface. In the case that GNMLA (Geometrically
Nonlinear and Materially linear Analysis) is applied, it states that the safety factor should be equal to or
greater than 4.2 considering the imperfection of span/300, and accordingly, the Specification considers a
reduction factor of 0.48, that is 2.0/4.2, multiplied by the elastic buckling loads to obtain the corresponding
elastic-buckling loads. The study [D2.1] has provided the concept. For example, based on the Code [D4.1,
D4.2] the elastic buckling of a near perfect spherical surface is given as qcr per unit area under a uniform load
or non-uniform loads.

qcr  1.09

BD
R2

(D4.1)

And the ultimate strength considering the material plasticity is given as follows, which is compared with the
real load [D4.2].

q D cr  0.25

BD
R2

(D4.2)

In the above equations, B and D denote the in-plane and bending rigidities, and R denotes the radius of
curvature. While considering that the classical buckling load q cl of a complete spherical shell with 1/3 of
Poisson ratio under a uniform load is given by the following equation

q

cl

 3.77

BD
R2

(D4.3)

The knockdown factor adopted in Chinese code approximately corresponds to 0.066 based on classical
buckling load, and the factor of 15 is adopted for design buckling strength compared with the classical
buckling load.
References
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Working Committee for Preparation for
(Draft)
Guide to Buckling Load Evaluation of Metal Reticulated Roof Structures
1. Organization for preparation for the Draft
1.1 Working Committee
For preparing the Draft, Working Committee to prepare the manuscript has been tentatively organized for
several years by Chair of IASS WG 8 within in IASS WG 8. The chair of IASS WG 8 works in charge of the
work for the preparation as Chair of Working Committee with an aim to edit the Draft. He works to collect
opinions, comments or proposals from WG 8 members with a direction to prepare the Draft. The activity of
WG 8 is of international one and the activity for preparation is not necessarily limited to IASS WG 8
members, and accordingly, Chair of WG 8 asked several people, being active on the present subject, as
co-chiefs and editing ｍembers to cooperate and collaborate within Working Committee. They are from not
only WG 8 members but also IASS members and IASS non-members from different countries.
1.1 Background of the Draft and Activities as IASS WG 8
The preparation for the Draft is one of activities of IASS WG 8, and it is of volunteered characteristic. With
steady, successive and effective exchange of opinions, comments, papers, documents and other related
information, members of both WG 8 and Working Committee have been contributing by submitting their
proposals and/or writing some sections or chapters. Some members have published scientific or engineering
papers in Journal of the IASS and related journals, and presented state-of-the-art papers in IASS Symposia.
These researches have been accumulated as much as possible to prepare the present Draft.

The present Draft is distributed free of charge, not for sale, to outside WG 8, for collecting comments,
opinions, corrections and positive proposals from outside WG 8. In the near future, the present Draft is to be
rewritten without the term of Draft, then after a required review, it will be distributed without a word of
‘Draft’.
1.3 Members of Working Committee
Working Committee is at present composed of the following members.
a) Chair of Working Committee (Chief of Working Committee)
b) Co-Chiefs of Working Committee
c) Editing members
The members are listed on a separate sheet.
1.4 Members of IASS WG 8
The members of IASS WG 8 are opened at the Home page of IASS WG.
1.5 Revised Draft to be provided in near future
In 2012 the preparation of the Draft was already started, and the present version as a Draft is subjected to
further modification based on comments and proposals from IASS members. The second version will be
based on those proposals and discussions to have been sent from members who ask to develop the present
rough contents. Please have a brief look at the present version and send your proposals.
If any member wishes to write some parts, or submit some important data or documents, please be sure to tell
Chair of WG 8 without hesitation, with a brief explanation about what he or she is going to contribute to.
IASS WG 8 are composed of people who talk and write in different languages, and I am sure, that we need
frankly communicate each other with the direction to develop the Draft.
Best Regards,
Shiro Kato, Chair of Working Committee and Chair of IASS WG 8
Toru Takeuchi, Co-chair of IASS WG 8
Su-Duo Xue, Co-chair of IASS WG 8
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All members of Working committee have contributed in their way to chapters, sections, sub-sections
including descriptions, figures and photos in the manuscripts for the present Draft. Since the content of each
chapter, each section or sub-sections were provided by one or several writers, their contributions are listed
here as below.
Chapter 1 Shiro Kato, Toshiyuki Ogawa
Chapter 2 Shiro Kato, Carlos Lazaro, Toshiyuki Ogawa
Chapter 3 Shiro Kato, Charis Gantes, Masumi Fujimoto
Chapter 4
4.1 Yoshiya Taniguchi, Toru Takeuchi
4.2 Shiro Kato, Takashi Ueki, Feng Fan, Seishi Yamada, Shoji Nakazawa
4.3 Shiro Kato, Tsutomu Kokawa, Feng Fan, Yutaka Niho
4.4 Masumi Fujimoto
4.5 Toshiyuki Ogawa
4.6 Kenji Yamamoto, Toshiyuki Ogawa, Peishan Chen
Appendices A

Shiro Kato, Masumi Fujimoto, Toshiyuki Ogawa, Takashi Ueki, Tetsuo
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