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Umbilical cables: control signals,
electrical power, fluid injection to the
submarine equipment at the well
head.

Flexible pipes: conveying olil, gas,
from the well head to the production
floating system or to another storage
and offloading vessel after
processing.

Lazy-wave riser




Typical Flexible Pipe

by F. Toni
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Steel Tube Umbilical




Fundaments:
Differential Geometry of a Helix




Helix Geometry

. X =acosg
y =asin ¢

h
I = ——
27z¢

k =h/27

ds =(a2 +k2)1/2d¢

ds = aKdg

Parametric equations
h: pitch
k: normalized pitch

Arch differential

2\ ¥2
K=(1+k—2)
a




Helix Geometry

: .k Position of a point
(P-0)= a(cos¢| +sengy + gﬁ() along the helix
dP 4 . .k :
t=— =K | —=singi +cos¢gj+—k Tangent unity vector
ds a
dt
& =N Frenet-Serret formulae
db where,
—=—-mM
ds ( X r) are curvature and tortuosity
LN
ds d

(t, n, b) Frenet tried




Helix

t:d_P:
ds

Geometry

K—l(_sin o +cos¢j+§k) Tangent

n = —(cosdi +sin ¢)

szl(k

—sin ¢i —Ecos¢j +k
a a

J

Z

t2 412" a
tanozz[X Zyj =—
t

1
K=—
sin o
_Sinza_ 1
4 a K%a
sinxcosa K
T = =—y
a a

Normal

Bi-normal




Helix Geometry:
axially stretching the supporting cylinder

=

t =—sin asin @i +sin a cosgj + cosak Undeformed
n= —(cos¢i +sin ¢j) condition

b = (cosasin ¢i —cosa cos gj +sin ak)

t" =—sin a'sin ¢| +sin Ol’COS¢j +cosa'k Deformed

n' — _(Cos¢i _|_Sin ¢J) condition

b’ =(cosa’sin g —cosa’cosdj+sin a'k
)

a =a-0a oa<<l

a' =a-a; §<<1
a




Helix Geometry:
axially stretching the supporting cylinder

=

H =I1cosa =27zamcot

H' =1l'cosa’ = 2zamcot o'
H :(1+gc):itana
H a tana’

Al I H' ds’ COS
p=t o 1= OB 4P g (L)L g
I I H cosa’ ds COS«x
a’' sin o
g = -1




Helix Geometry:
axially stretching the supporting cylinder

=

cosa’' = cosa +dasin
sina’' =sin a—Jdacosa

sin a :(1_ Sa jl tana _ (1+datana)

tan o’ (1_ 505)
fan o

%)
a S0y tan o [ Sa}

£, +—
(1+ gc)+(1—%aj tan® o

2 oa 2
&=¢,C08 a——Sen“a
a




Helix Geometry:
axially stretching the supporting cylinder

X t'=t+dadb
n'=n
b'=b-ddt

y'=yl-&)—-10c

T'=1t(l-¢&)+ yoa

cC=yb+1t c'=(1-¢)
c'=yb'+7t AC = —&C

oK, =k, —k, =t-AC=—-¢T

Ok, =k, —k,=N-Ac=0

0K, =k, —k, =b-AC=—¢&y




Differential Equilibrium Equations
for a Curved Bar

References:

Ramos Jr., R., Modelos analiticos no estudo do comportamento estrutural de tubos
flexiveis e cabos umbilicais. Escola Politécnica, Universidade de Sao Paulo. Tese
(Doutorado). 367 p., Sao Paulo, 2001.

Ramos Jr., R., Pesce, C.P., “A Consistent Analytical Model to Predict the Structural
Behaviour of Flexible Risers Subjected to Combined Loads”, Journal of Offshore
Mechanics and Arctic Engineering, 126 (2), 141-146, 2004.




Principal flexural-torsional axes

Undeformed prismatic bar

AR df
m — = —-
AS;—0 ASI dSI

@

twist




Principal flexural-torsional axes

Central axis in the deformed
configuration with principal flexure-
torcional axis and Frenet tried

Central axis of the bar in the

deformed configuration

sin f;
cos f.
0

—cos f;
sin f;
0

1

O_
01-

O OO

~t|




dn
dS

db
dS

—_

dt
dS

r—=>

Principal flexural-torsional axes

i
] cosf, sinf, O] |n sinf, —cosf O C(;%'
?i- —sinf, cosf, O|-|b| + |[cosf, sinf 0O ey
0 0 O]t 0 0 1 dof
_dSi_
dr ﬂ+ri cos f. ﬂ+ri sinf, — y.sinf.
dSi dSi dSi A
a4 = |- ﬁ+ri sin f. ﬂ+ri cosf, —y.cosf |- b
dS; ds; dS; e
d : :
| dS; |




Principal flexural-torsional axes

K. =|—/+7 [t+y.b Generalized curvature vector
| dS | |
i
Ky =K -1 =—y.cost, Projections of the curvature vector
_K .1 : nto the principal directions
Kyi—Ki‘J—Zi-S'n f onto the principal dire
t =K, ‘k=x,, =—+7, Torsion: twist + tortuosity




Principal flexural-torsional axes

i| [ sinf cosf Of|[i

b|=|-cosf sinf O]

T | 0 0 1]|k
I dr | B o
d—Si 0 Kii _Kyi |
dj .
E kg 0 Kyi || ]
dk -
_d—Si_ i Kyi — Ky 0 i _k




Differential Equibrium Equations for a Curved Bar

y
y
Qy >
Qv | My X — sz 4
M, T ‘/Q) Tzx
G;
/ X
z e
‘ oy, 0y and 7,
neglectable
Q, = || (z,)dxdy M, = [[ (o, y)dxdy
Q, = :_.(rzy)dx.dy M, = —” (o,.X)dx.dy
T .(Gz)dx.dy M, = ”(rzy.x —7,.y)dxdy




Kirschoff-Clebsh-Love Equilibrium Equations
for a Curved Bar

y Static equilibrium leads to
Q
Qy P
T QM X 05;
M: oT
oM,
(Fifyif,) o5, MyKut MoKy =Qy =0
(m;m,;m,) oM,
p -M, .k + M,k +Q+my, =0
External distributed forces and !
couples applied to the bar oM, M xy+ M xg+m, =0
aSi y y
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Constitutive Equations for Helical Bars

Hipotheses (de Kirschoff ); see, Atanackovic [1], pg. 23 :

«  Bar material: homogeneous, isotropic and linear-elastic;

«  Constant section;

 Plan sections remain as so (no warping);

« Transversal sections remain orthogonal with respect to the central axis;

 Normal stress components orthogonal to the central axis are neglectable.




Constitutive Equations for Helical Bars

- E'A*'gc - E'S;'[(1+gc)'Kyi _Ky1]+ E'S:'[(1+8c)'Kxi _le]
=-ES,.& +EI,.[A+e,) Kk, —x,]-Ed [(L+&.)k — K]

= ES,.e, —El . [(1+e)x,; —k,]+E1 [A+e,)Kx, —k,]

. . 1 . ep y2
. A" = dA I = P dA
Onde. .A[ (1_Xp'Ky1 + yp'le) A (1_Xp'Kyl + yp'le)
2
« er . ep X
S’ = 4 dA 1= p dA
A (1_Xp'Ky1+yp'Kx1) A (1_Xp'Ky1+yp'le)
. . - X . . X..
y : i S, = p dA I, = j p-Yp dA
N A (1_Xp'Ky1+yp'Kx1) A (1_Xp'Ky1+yp'Kx1)
P f1 A
Yo
:: | —— Note dependency of area and
% X ] moment of inertia on curvature!!!
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Constitutive Equations for Helical Bars:
Case in which principal flexural-torcional directions coincide with
Frenet tried

T =EA. -ES [L+e)k, - n]+ES, [A+e)x,]
M, =-ES,.& +E.I, [(1+e&)x,; — 7 ]-El, [(L+e.).k,]
M, = ES,& —El . [1+e&)x,; — ]+ El [L+e)K,]

. » 2
Onde: J-J- | = y dA
RE— O ..... : A (- XZl) A L=Xx1)
Ky =0 . . e 2
X j o SX _ Yy dA |y _ X dA
Kp=m h=xl2 =va w(d=xr)
y . * or X * . Xy
L S, = dA 1, = dA
) TR @-x) ' J 1-x.z1)
P f1 A
s —— Dependency of area and moment of
o x i Inertia on curvature is kept!!!




Constitutive Equations for Helical Bars :
Rectangular Sections

y A*=£.In(2+t'xlj
X1 2-ty,
S: =0
" S __bt, b2.|n(2+t.;(1
VAT 41 2-ty,

Up to second-order in

curvature:

|

*

b3

2+1t.y,

12y

Xy

*

m(

bit
-+

b

2—-t.y,

J

2+t.y,

y 2
y4

7

|

|

2-ty,

B 2
1+ —(t'll) +0

12

s; :%[t.zl +oltz)°)
((t.zl)“)}

1+0((t.2,)? )|

A= b.t{l+ % volc ;(1)4)}




Constitutive Equations for Helical Bars :

In first-order:

Rectangular Sections

b.t’

T = E.g.(bt)- E'EG'Zl)'[Kyi - 1]
b.t’ bt’

M, = _E-E(t-}ﬁ)-gc + E'E'[Kyi ~ 1]
th°

L = E.E.KX, ...up to second-order
in curvature.
T = EAeg,

M, =El,.(x, —x,)=El,.(x; — 1)
MX — EIX'(KXi —le) = EIX'KXi

th’ | _bt’

A=Dhbt ,

|l =— e
* 12 w12




Equations for Helical Components




Four deformed configurartions:
see Ramos Jr, R., 2001 (Appendix C)

21 2.2 2.3 W
F ﬁl\/ﬁ F Mr F M My
- =)
M Ms
- .

W

“no-slip” “full-slip”




Configuration 1: Undeformed supporting cylinder
Ramos Jr., 2001, egs. (c.1)

|
//
/
/
/
/

z
@

X, = R,.cos6,
y, = R;.SIn 6,
_h.(6,-6) _R.(6,—6,)

Z
2 tan o,
© o |ldE || _ sin?ey
: 1 =l -
: ds, R,
T _|dby| _ sina,.Cosa,




Curvature and torsion in configuration 1
Ramos Jr., 2001, eqs. (c.15-16)

K =—}-C0S f;

: T df
Ky = zp.8in f fl:E = ﬁzo
K _dh +7 l
t1 dSl 1

lezo
= o _sin
yl — A1 —
Rl
Sin ¢;.CoS ¢y

Kn=7=

R

1




Configuration 2: Stretching and torsion without bending
Ramos Jr., 2001, egs. (c.17)

hi

O
>>

Z

R

=

__— helice

X, = R,.C0S6,
Y, =R,.sin6,

;=120 -6,) _ R0, —6,)

2 27

tan «a,




Strains in configuration 2
Ramos Jr, 2001, egs. (c.42) e (c.48)

g,=(& +¢&,).sin°a, +&,.C08°

Aay, =sina,.cosa, (e, +&, —&,)

c —A_h:A_L g A_(D Ap A(Dhl e :A_R: R, —Ry
" h L e 2N, 2l "R R
1 4 : ?, TNy el 1 1




Strains in configuration 2
Ramos Jr, 2001, egs. (c.43) e (c.49)

_ . AR : A AL
g, =(sin? al).? +(sin &,.cosa, ).R. 22 +(cos? o). ~—
1
Aa,, =C0s° a;.R, AP | sin al.cosal.( AR _ AL]
R, L
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Curvature and tortuosity variations in configuration 2
Ramos Jr, 2001, egs. (c.55;56) e (c.58;59)

Ay — 2.\ B AR
X2 = X1 tana, R,
ou

2

A’Z‘lz = ’Z'l. 2 .Aalz _A_R
tan 2¢, R,

ou

Ar, = 1]cosRey).(s, + ¢, —&,)—¢, ]

) d_fl _ sinlq, . = % Ssing,.CoS
4T s, R, ds, Ry




Curvature and torsion variations in configuration 2
Ramos Jr, 2001, egs. (c.60-61)

Kyp =—X2-C0s T, - df
Ky, = J,.8inf fob=" = =2 =
y2 = X2 2 2 ds,
df,
K2 :E+Tz
2

K., =0
= _sin‘a,
y2 — A2~
R2
sinx,.Cos,
Kig =72 = R
2




Configuration 3: bending without slipping
Ramos Jr., 2001, egs. (c.65)

X; = R,.C086,

Y3 = (i+ R,.sin sz.cos( KR;.(6,-6,)
K tan «a,

L3 = (i‘F Rz.Sin sz.sen KRZ(QZ _00)
K tan «,

Ponto C;

Ponto Q; ——— =

I




Curvature and Tortuosity in configuration 3
Ramos Jr, 2001, eq. (c.74) e (c.79)

— [fi(a,1,0,) + fz(aziﬂiez)]llz

X3

3
Ry-¢

T,=7,|1-

AR

R,

2
+ .
tan 2¢,

Ao

(2cos” o, —€0s® ar;, — 2).5end,
_I_

sin’ o

KR,




Auxiliary Functions for Curvature and Tortuosity in

configuration 3
Ramos Jr, 2001, eq. (c.74)

fi(0,,1,0,) = n°.cos° 6,.c08° a,.(£° +5in° @,)*

(0. 0,) = E21.0+ 1.5In 0,)5in 6,.008% r, +sin o, |

n=KR,

$(ay,n,0,) = [Sin2 a, +c0s? a,.(1+7.sin 92)2]1/2

N Ap.R,.(6,-6,)

6, =206
© L,.tan




Strains in configuration 3
Ramos Jr, 2001, egs. (c.83)

Eyy=E—1= [Sin2a2 +0s” ar,.(1+ 77.8in 6’2)2]1/2 -1

\

£y = K.R..COS @;.5iN G,




Curvature and Torsion in configuration 3
Ramos Jr, 2001, egs. (c.90-95)

Kyg =~ X3-COS T
df, _ (2—cos®a,).sin 6,

Ky3= X3.Sin f; ~ K
dS, tan o
Ko =3 4
t3 dSs 3

\

Ko = (— 2 +C0s° al)COSal.cosel.K

P N AL C VN AP
R, tang tan® o,

Ky =7, AR, 2 Aa —2c0s° a;.5en6,. KR,
R, tan2q,




Configuration 4: bending with slipping
Ramos Jr, 2001, egs. (c.98)

X, = R,.Cc080,

1 : 1
Y, = (EJF R,.sIn 6?4j.cos,84 " K

Z, = (%+ R,.sin 94j.sin o

eixo central
do tendao

Y Darboux-Ribeaucourt axes
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Configuration 4: bending with slipping
Ramos Jr, 2001, egs. (c.98)

A= AL +AB, A=A (6,) =A.C080, + Ay .SING,

escorregamento Ap = Ay (0;) = A.COSO, + Ap.SIN G,

X, = R,.c080, + A, t s +A,.B,

Y, = %+ Rz.sinﬁzj.cosﬂ — % + Aptys +A,.Byg

Z, = %‘F Rz.siné’z}sinﬂ + At +A,B,;

Darboux-Ribeaucourt axes




—

slippage

A=At +A,.B,

Configuration 4: slipping

Ramos Jr, 2001, eqgs. (c.142-143;147)

—

Ay, = K.Rf.cosO:l.(H

A, =0
A K.R.cos® o,
tc -
sin o
A =0
K.RZ. 2
A (6,) = 1-C05 0[1.0056’2
sina,
Ab(ez)zK.Rf.cosal{H — ].cosé?2
sin® oy

sin

1

2

o,

|
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Strains in configuration 4
Ramos Jr, 2001, egs. (c.112-113)

sin ¢, .sené

sin ¢;.c0S 6 L A
e

= 1
Eny = A, —
34 ts
Rl Rl

514 = (Sin2 al)A—R + (Sinal.COSal)Rl % + ((';()S2 al)A_ 4+
1 L, L,
sin,.sin @

sin ¢;.cos & LA
"—He

: 'Ats o

1 Rl

+ KR, cos® a,.sin G, +

0N




Strains in configuration 4
Ramos Jr, 2001, egs. (c.112-113)

2 2
_ K.R;.cos® o,
sin

Y

A

tc

A, =0

S

: i AR _ (si A AL
4= (SN 2 al)? +(sina,.cosay )R, qu + (cos® a,) = 4

1 1 1

sin &,.c0s 6, 0 sin a,.sin 6, KA ” cos® o

+ KR, cos¥a, .sin 6, +
1/3/1 1 R, Rl/

sin o,

7

7

& !&(




Strains in configuration 4
Ramos Jr, 2001, egs. (c.112-113)

_ . AR :
g2 (sSinay) —* (sin a.c08a;) Ry
1

Ap

1

+ (cos’ ay) At
Ll




Curvature and Tortuosity in configuration 4
Ramos Jr, 2001, eq. (c.117) e (c.121)

AR 2 sin 6,.cos(2c,)
~ v | 1-—+ Aa,, + 1 L
Fe =2 { R, ftang, - tan? ¢

.KR1}+

: A A
+;(1{2.S|n 0,.cosa,. Rbc —2.0036’1.005051.&}
1 1

i A A
+7.| 2.cosa,.sin 6,.—2£ —2.¢cosq,.cOS O, . —2=
1 1 1 1 1

AR 2 (2cos* o, —cos’® a, —2).sin 6,
R, tan2a, sin® o,

.KR1:|+

| 1 Rl

‘\'& J




Curvature and torsion in configuration 4
Ramos Jr, 2001, egs. (c.130-134)

Kya == X4-COST, df, _(2-cos’a).sing,
Ky = X4-S€nf, ds, tan o,
df sin ¢,.sin 6 sin ¢;.Cc0s 6
K't4=—4+2'4 - 12 1'Abc+ 12 1'Abs
ds, ‘ R, R,

A : A
K4 ;(—2+cos2 al)COSal.cosel.K + ;(1{0056?1. Rbc +sind,. bs}
1 1

AR N 2 Ao+ cos(22a1)
R, tang, tan”® o,

Kyq = ;(1{1— sin (91.KR1} +

i A A
+2.C0Say. py| Sin 6. =2 —cos g, ==
Rl Rl

Ky =17y 1 AR 2 Aa—2.c08? a,.Sin 6. KR, |+
R, tan2q

+1.M sin¢9.Abc —cos@.Abs
Y cosay YR, YR,

{ !&(



Sectional loading In configuration X,

Normal force:
Twist moment:
Bending moment:

Inter-layer contact
pressure:

I: layer

J: helical element

pc,i € pc,i—l




Deformations in the configuration 2,

Stretching:

Rotation per unit length:
Central axis curvature:
Mean radius variation:

Variation of helical angle:

I: layer

J: helical element

AL/L

AplL

AR

Ac.




Soliciting efforts on a generic helical tendon section in configuration 2,

I: layer

J: helical element

@
7=
1




=1
Mt,i = Z(M Xij -T4 +M y,ij-L +M
=1

I denota a camada

J: denota o elemento




Equilibrium equations, layer i, deformed configuration 2,
no internal pressure

AR
F. =n..(EA), {(cos o, ). A—LL+(S|na cos’a;).R AT+(sm o;.COScr )?}

Mt

. %.[(Glt)i.cosai.cos(Zai)+(Ely)i.sin a,.sin(2a;)| Ay +

+ [ni (EA). R sin a,cos’c, ]A—LL + [ni (EA). R..cosa;.sin° «, 1Ri A—L¢+

(Gl,);cos’e;; (El,);sin* ¢ | AR,
R. R "R

+n; sin a {(EA)i R sin®a; —

M; ;= K.n,.cose, {(GI ), +—= ((EI ), —(Gl,). )cos a}

Bending uncoupled from

traction and torsion



Equilibrium equations, layer i, deformed configuration 2,
under internal pressure

1'&{

. _ AR
F =n.(EA), {(cos3 a. ).A—LL +(sin e, .cos’ar; ).R. A—pr +(sin °e; .coSax, )%} +

+n,.(EA),.cos, {vi i (Pini — ﬁc'i)}

tr; E,

ﬁc,i :%(pc,i + pc,i—l)

M, = %.[(Glt)i.cosai.cos(Zai)+(El)i.sin a, sin2a,) A, +

+n;(EA); Rssina,cos’a, A—LL + [ni (EA), R..cosa; sin *a; ]Ri A—L(D +

2 2
+niSina{(EA)i R sin2ct, — (Gl,);cos”e;  (El);sin ai} AR,

. +
R, R, R

Jrni(EA)iRisinozi{vi i (p""‘_ﬁ‘:’i)}

o E,

(2+3v,.cos” ;).

Bending uncoupled M. . = K.n.cose,.(El).. 2 )
: A+v,

from traction and
torsion
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Bending equilibrium equations, layer I, of helical elements in configuration X,
solid or non-pressurized elements

M;; = Kn, cose,

1

2

|

(EA),.R’ cos’e, + 2(Gl,).sin’e;, .cos’a; +
+[(Elx)i.(2—C032ai)+(E|y)i.COSZai.(ZCOSZai —1)]

(2+3v,.cos’ ai).}g

Solid circular section

Bending uncoupled
from traction and

torsion
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Bending equilibrium equations, layer i, of helical elements in configuration 2,

tubular, pressurized elements

(2+3v,.cos” a,).

M, = K.ni.cosoci.;{(EA)i.Rizcos3 «;, +(El),

1+v;)

(pin,i _ ﬁc,i)
V

E.

+ (EA); R, cosai(_nz_isin Hi,jj.(riJ

Ti

}+

Tubular pressurized section

Traction/torsion and bending are now coupled!!




Helical angle variation, layer i, in configuration X,
tubular, pressurized elements

Ac, = ~(sma.cosa, )'A_|_|_+(C052 Ofi)Ri A_Lgo + (sin ¢ cose, )A?R'_
—tang; v, r, (Pini ~ Pei)
b E.

Tubular pressurized section
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Incognitae
Contact pressure or gap between layers i and Pg Or g n+m-1
I+1
Axial load supprted by layer i Fi n+m
Twist moment supported by layer i M; n+m
Bending moment supported by layer i M; n+m
Mean radius variation, layer i AR, n+m
Tichness variatiation of layer i (*) At, n+m
Laying angle variation (helical layer i) o n
Axial elongation AL/L 1
Twist per unit length A@lL 1
Bending curvature K 1

Total n+6m+2

(*) Except if the first layer is na umbilical central core.




Summary

Kirschoff-Clebsh hypotheses lead to equilibrium equations for
helical elemnts.

Small strains and curvature hipotheses lead to classic
constitutive equations, relating soliciting efforts to stretching, and
curvature and torsion variation on helical elements.

Differential geometry and variational calculus lead to equations
relating strains and soliciting efforts in the helical elements
sections to stretching, curvature and torsion imposed to the
cable or pipe.

The effect of internal pressurization of a particular tubular helical
elemento can be taken into account.
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