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General Kirshoff-Clebsh-Love Equations
(KCL equations)

Curved bars — large displacements, small deformations
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ds
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Rigid Body Dynamic Equations

Z_CSQHAQ” 0 Mathematically analogous
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Equations:

BaCk tO KCL ?j_z = QVKW _QWKV - fu

d& = QWKU _TKW - fv
ds
dQ,, B B B

K, i =Tk, —-Q,x, — f,

Ky — i(BUKu )-(B, =B, ) x, +K, =0

p ds

W W
%(BVKV)_(BW - Bu )KWKU _QW + KV =0
%(BWKW)—(BU - BV)KUKV +Q, +K, =0

|

dT
E = QVKW _QWKV - fu
g%(BuKu)—(Bv-BW)KVKW4-KU==0
2
d—(BVKV)_i((BW o Bu )KWKU)_TKV +QVKU + fW + d(;(v =0
S

ds? ds
2
:?(BWKW)_%((BU B Bv)Kqu)+QwKu _TKW - 1:v + dclfsw =0
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If stiffness

independent on s: i

If plane case, no twisting:

If distributed loads absent:

If a constant pitch helix case:

\Y

dT

=0, ~ Qe 1,

B, dd’zu ~(B, =B, )i, + K, =0

B, ddZZV ~(B, - Bu)%(KWKU) Tk, +Qu, + f, + ddiv -0
B, d;;iw ~(B, - BV)%(KUKV) QK Tk, — f, + dgsw =0

Kk, =0 K =0 e K, =7,, COnstant

dT
E_QVKW
dx
=B, — B X
Qv ( W u) ds
K, =T,
d2KW T(S):TO
BW d52 +QWTO_TKW:0 Qv =0
Ku = z-0
Kw =Ky = Zo I Qu7o = To X0
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If distributed moment loading absent: (Ku; K,; KW) =(0;0;0)

il = QVKW _QWKV - fu
ds
dx
B, S *—(B, - B, )x,k,, =0

— s
B, ddzs’jv (B, - Bu)%(xwxu)—wv +Qu, +f, =0
B, d;:zw ~(B, - BV)%(KUKV)+QWKU T, —f, =0
If symmetric section: B,=B,=B;, «=p
=0, Qe 1,
K, =T,
_— Bf%—(Bf—BU)TO%—TKV+QVTO+fW=O
B, do%—(su —Bf)ro%+QWrO—TKW— f, =0

'

K, = T,, constant
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Symmetric sections:

necessary (though not suficient) condition for null twist is the the applied
twisting load be null. In this case:

dT
E = QVKW - QWKV - 1:u
K, =
Ky =T = 0 —p d 2K'V
B, e Tk, +f,=0
d’x,,
Bf dsz _TKW o fv =

Though relevant to instability analysis under twist (see Ramos & Pesce,
2003; Gay neto & Martins, 2011), torsion will be left aside from now on !




N H =
“"Thestatic problem in the vertical
plane _I_ In fact:
[ ]
fW: fb:O
Kuth:O
— szano
_>
KWZKb:O
N y Q, =Q, =Q(s)
——-Q—+f, = NN
o b
_Q+T—+fn=0 M =M, =0
dS 5 dS Ku:Kt:O
d-o
B >+Q=0 T =0
ds do
Ky, =Ky, =—
ds
u - MW=Mb:M(S):BK:B?




LAY H
Univ ade de Sé@o Paulo

T\

Catenary lines

flexivel

intermediaria

flutuadores

restritor de
¢curvatura




Universidade

W -
‘2
ade de Sao Paulo , ~=

The static equilibrium equations can be reduced to a
single nonlinear ordinary differential equation:

=—qcosd+h (s)
=—qsené+h,(s)

Taking f, =1,
fu ft

Where

h  stands for hydrodynamic forces and
q isthe immersed weight

It follows, after a long algebraic effort (Love; see also Pesce, 1997),

2

B %sece +0s— j[hn secO +sec’ 6(?)[ (h sen®—h, cose)di)ds =
S s S Js

=T,tan 0-Q,
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Absence of ocean current

In this case, the integral term is identically null:

d26’

ds —secd+qs =T, tan 8- Q,

If bending stiffness effect is neglected leads to
the Catenary Equation

SC




niversidade de Sdo Paulo

A\
N

J

1N

The catenary curvature is then given by:

da 1
2u(8) =t = o5 G (5,) = ;
ds. T, T, gs
1+| —
TOc
Tension Is:
dT,
dS quengc —> TC(SC):TOC SQC@C
T, =T.(s;)sen g, =T, tan 6, = gs, T, =T,(s,)cosé, =T, ; constante

The horizontal component of tension is constant along the catenary line!
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Cartesian coordinates
. dx d d
From: — =C0S0; & _ seno; & _ tan O
ds ds dx
and

T
%(Tc(sc)sen 0,)= (;SC sen @, +T_(s,)cosé, 3? _gsen? @, +qcos? 0, = q

C C

d 2 d 2\
yC q yC
- =
dXC2 |OC [ (dxcj ] 0

Whose solution is the wellknown catenary equation:

c

follows:

T g
y.(X) = OCcosh[ X_ + Cj +C
q TO 1 2
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Special interest: existence of a TDP, ou “touch down point”;

=
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Special interest: existence of a TDP, ou “touch down point”;

y. =dy./dx, =0 at x.=0

Leading to:

Toc g

y.(X) = cosh( Cj -1
g { Ty
T, T, qs,
— =00 =—, — X.(S) = arcsenh( ]
ds COS T (s) (T02 +(qs) )1/ ( ) -I-0
> N\ 12

Y seng- B _ a 5 1 (qscj 1
ds T(s) (-I-Oz +(q3)z)ﬂ Y. (s) = q + T -

Parametric Equations
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Back to the catenary curvature function:

dé 1
2(5) = -2 = L o2 g (s.) = :
_|_

C C

And observing that | .(0) = %o = —

Oc

1
- Zc (S) — ZOC COSZ 9(: (Sc) — ZOC 2
1 (ZOC c)

-  (r(9)= ZOC( (;(OCSC)Z); YocS. <<1

Is the curvature at TDP:
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Other useful relations:

L, = Toe tan 0.
.

H 0
H — Idyc :&_"seneC sec” 4.d6, =h(SGC9ct —1)
0 9 % |

cos@ =| —+1

2 Y2 1
snet = (12 _1j @)
Oc TOc
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Catenary with a TDP on a horizontal bottom
No current

Nondimensional curves; parameterized wrt angle at upper end
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« Effective tension is a fundamental concept in submerged lines.

« The classic Kirschoff-Clebsh-Love equilibrium equations are a
essential tool in catenary riser analysis.

* Inthe planar problem Love equations can be reduced to a single
second-order ODE in 6(s).

« This equation must be solved iteratively, since the hydrodynamic
forces depend on the sought equilibrium configuration.

* In the absence of current KCL equations reduce to the well
known catenary equation.
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Appendix:
The planar static problem under current

h(s) = % DU (3)U (3)[(C; cos? 6(s)t —sinal(#(s))Cp sen? 6(s)n)

-1 7 <0 >

sinal(y) ={ L y>0

T,tan 6+

1 do
~5 P DUO{CDI sen ftan &ds + _[ sec’ 0 s _[ (CD sen® 6(&) + C, cos® 9(5))d§dsj = Qs

déo {q+aCDsen<9tan<9} 1

- _ 2 9 i 2
ds > (T, — F.(9)) @=5mbY
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Curvature at TDP

« Under or not current forces curvature at TDP is given by:

. Current effect is implicit to the tension at TDP: T,
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First-order approximate solution under .

constant current profile

In first-order, around the catenary solution:

Horizontal coordinates of upper end point and center of mass

e In(tan a, +SeC‘9cL) Xee  cOté {1—59(3631 +tang, In(tan 0, +SEC90L)}

H secq), —1 H secq, -1

Hydrodynamic forces center coordinates:

X. 1 fa@)+m@)] Yxe__ 1 {ax(ﬁcL)mbx(HcL)}
H  secg, —1|c, (4,)+nd,(8,) H secq —1(cx(g,)+ndy(6,)

Angle at upper end: ~ tang, +Y, /Ty,
tang, =
TO/TOC o XC/TOC

Tension atTDP: T 1 X ’
Too ﬁ{(xLC — xGC)tan o, +(XLC - XYC) TOCC +(H - ch) To:j

c
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where:

and:

First-order approximate solution under
constant current profile

a, (0) = —(1/2) In®(sec @+ tan @) —sen @In(sec & + tan &) — In(cos )

b, (€) = 6—cosfIn(sec 8+ tan b)
C, (0) =send—In(secd+ tan H)
d, (8) =1-cosé

a, (0)=2-cos0 —seceJr%tan2 0+ In(cos 0)

b, () =06—send
Cy, (0) =cosO+secH—-2
d, (6) =send

n:CT/CD
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memmesesiorne - Ay proximate solution under constant current profile

Normalized tension at TDP, referred to the catenary solution, vs
catenary angle at upper end parametrized wrt the current intensity
force
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memmesesiorne - Ay proximate solution under constant current profile

A;\
LN

Normalized tension at TOP, referred to the catenary solution, vs
catenary angle at upper end parametrized wrt the current intensity

force
CD%=%CDM:2,5; 50: 75 e 10%
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Approximate solution under constant current profile

Angle variation (rad) at TOP vs catenary angle at upper end
parametrized wrt the current intensity force
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Approximate vs ‘exact’ numerical solution
SCR:1073/4 in 910m deep waters

0, =65°=1.1346rad
aC,/q=015=U,=09m/s

Tragcdo Horizontal no TDP - Cabo com Correnteza

18

1,6

14
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—
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0 0,05 0,1 0,15 0,2 0,25 0,3 0,35 0,4 0,45
(1/2)*CdpD*Uo”2/q
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Summary

In the planar problem, curvature at TDP depends only on
tension and immersed weight. Tension brings implicitly all
Information from the equilibrium configuration.

A first-order approximation gives the static configuration under a
constant current profile.

Such an approximation is fair enough in mild current conditions,
up to 1.0m/s for a standard 10 inches SCR.
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