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Abstract
Overloads and underloads perturb steady state fatigue crack growth conditions and affect the growth rates by retarding or accelerating the growth. Clear understanding of these transient effects is important for the reliable life prediction of a component subjected
to random loads. The overload effects have predominately been attributed to either plasticity induced crack closure behind the crack
tip, residual stresses ahead of the crack tip, or a combination of both. These effects are critically examined in the context of the
Unified Approach proposed by the authors. Recent experimental and analytical evaluation of crack closure has confirmed its negligible contribution to crack growth and has demonstrated that changes in the stresses ahead of the crack tip are more important
than closure behind the crack tip. It is shown that the overload effects and other transient effects arise due to perturbation of the
stresses ahead of the crack tip, and these can be accounted for by the two parametric approach emphasized in the unified theory.
It is shown that related phenomena including the role of Kmax, the existence of propagation threshold Kpr, and effects of overloads
on Kpr and Kmax etc, are all accounted for by the Unified Approach.  1999 Published by Elsevier Science Ltd. All rights reserved.
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1. Introduction and background
Load bearing components in service rarely experience
load amplitudes that remain constant during the length
of the service. Since fatigue crack growth is driven predominantly by crack tip plasticity, and plastic strains are
inherently irreversible, changes in the load patterns
invariably result in transient effects which affect fatigue
crack growth rates and hence the fatigue life. Quantification of these transient effects has been the subject of
intensive study for more than three decades. Continued
lack of reliable methodology to predict these transient
effects exemplifies the complexity of the problem. Crack
growth rates are known to be affected by superimposed
overloads, underloads, variable amplitudes and block
loads. The success of the fracture mechanics approach,
both as a design tool and as a tool for prognostics, rests
squarely on success of the analytical approaches to quantify these transient effects. In this paper, we use the term
‘the overload effect’ in a generic sense to denote not
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only the effects under spike overloads but also the effects
during all transient conditions.
A superimposed single overload or spike load during
constant load amplitude (or constant ⌬K) fatigue is the
simplest case of superimposed transient effect. Overloads are known to retard crack growth. The retardation
effect depends on several factors, including the material
flow properties, slip planarity and microstructure. Extensive work has been done in evaluating the effect of a
single overload in terms of the number of delayed cycles
required to revert to the background steady state crack
growth rates. Some general observations can be made
and these are summarized below as well as schematically
in Fig. 1.
1. Overloads produce retardation while underloads produce acceleration relative to the background growth
rates. Combined overload–underloads have mixed
effects, depending on the sequence. These load–load
interactions are complex and require careful experimentation and interpretation before quantitative
predictions can be made.
2. The retardation generally is measured in terms of
delay cycles, Nd, before the original steady state conditions are reestablished, see Fig. 1(b).
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Fig. 1.

Schematic illustration of the overload effects on fatigue crack growth.

3. The retardation effect depends on the overload ratio
(OLR), Kmax (OL)/Kmax (BG), the background ⌬K
value at which the spike load is applied, and the
background R-ratio.
4. While the transient effects always should, in principle, exist for any overload, measurable effects are
observed only if the OLR exceeds some minimum
value, typically at least 50%.
5. Overloads can produce a very short initial acceleration before significant deceleration occurs, Fig.
1(c). This initial acceleration is observable only at
high OLR and depends on the material flow
behavior. This can be seen clearly in a constant ⌬K
test, Fig. 1(c).
6. Maximum deceleration of growth rates occurs a
short distance away from the point of overload, and
this effect is termed as delayed retardation, Fig. 1(c).
This delayed retardation depends again on the OLR
and the background ⌬K and R.
7. For the same OLR, Nd reaches a minimum as a function of the background ⌬K, Fig. 1(d).
8. Retardation persists until the crack has propagated
out of the perturbed plastic zone, a distance related
to both the background plastic zone and the spectrum of the overload. Therefore, Nd depends on both
the background plastic zone and the overload plastic

9.

10.

11.

12.

zone sizes. Predictive models take advantage of
these relationships.
Retardation effect depends on the specimen thickness since plastic zone size, PZS, under plane stress
and plane strain differ. Retardation effects generally
are larger under plane stress conditions.
All factors that influence the plasticity at the crack
tip will have direct or indirect effect on overload
effects. These include specimen geometry, temperature, environment and material properties. The
extent of systematic work in this area is limited.
Since interactions between plastic zones are non-linear, sequential effects of overloads, under loads,
block loads, periodic over and under loads are not
easily amenable to quantification. However, for
engineering approximations, one can arrive at some
general rules that help in the quantification of the
transient effects and hence in life prediction. Work
in this area is somewhat sketchy, requiring a systematic effort for sorting and for improving the
reliability of life prediction methods. The analysis is
further complicated by the lack of consensus in the
fatigue community in terms of the dominant mechanisms involved.
Various degrees of curve fitting approaches have
been used in the literature to quantify the overload
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effects and hence are predominately empirical in
nature. Basic understanding of the problem is therefore essential before further progress can be made.

2. Mechanisms of overload retardation
With this background, it will be useful to examine the
current explanations of the overload effects, since these
manifest in life prediction models that are being proposed or developed. The central issue is the change in
the crack tip driving force by the alteration of the steady
state conditions at the crack tip by overloads. These have
been reviewed extensively [1] but summarized here for
clarity. The suggested mechanisms are based on experimentally observed materials behavior. These are listed
below:
1. Crack tip blunting
2. Crack deflection, branching, and secondary cracking
3. Crack tip strain hardening or residual stresses ahead
of the crack tip
4. Plasticity-induced closure
5. Roughness-induced closure
Mechanism (1) pertains to the changes in the
geometry of the crack tip while (2) pertains to changes
in the crack plane. Mechanism (3) is relatable to the
alteration of the stresses ahead of the crack tip that affect
either slip that is required for subsequent fatigue crack
growth, or directly crack growth itself. Thus mechanisms
(1) to (3) involve mainly transient conditions at or ahead
of the crack tip. Mechanisms (4) and (5) operate behind
the crack tip indirectly affecting the crack tip driving
force. Some or all of these mechanisms may be acting
simultaneously in any particular instance, but for the
consideration of life prediction models under service
loads it is most worthwhile to identify and consider the
most dominant mechanism.
Overloads cause crack tip blunting affecting (a) crack
growth that requires re-sharpening of the crack tip and
(b) the stresses in the immediate vicinity of the crack
tip. Blunting will have effects until the crack growth
increment exceeds the crack tip radius during blunting.
Indications [2–4] are that these effects may be important
to some extent at high overloads in ductile materials.
This mechanism does not predict (a) immediate acceleration after overload observed in some cases and (b)
effects beyond the length scales of the crack tip curvature.
Crack tip branching, deflection and secondary cracking affect crack tip driving force [3,5] because Mode II
and Mode III components are superimposed on Mode
I. The mechanisms [6] are important for materials with
significant planarity of slip and these mechanisms can be
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accentuated by certain environment or microstructures.
However, these mechanisms are not sufficiently general
and cannot account for the generic behavior observed
under overloads. The tortuous crack path due to crack
meandering can lead to roughness induced crack closure
(mechanism (5) above). In addition, the decreased driving force after overload can activate the near-threshold
mechanisms [7] involving faceted modes of crack
growth in some planar slip materials, thus retarding the
growth further by crack tip tortuosity and roughness
induced closure. However, these effects a result of the
decrease in driving force produced by overloads rather
than the cause, which is the point of discussion here.
Crack tip strain hardening affects the initiation of
further slip by the increase of flow stress [8]. This retards
crack growth if the growth is activated by slip. On the
other hand, if the crack grows by brittle types of mechanisms (for example, environmental effects), work hardening can have an opposite effect. In reality, the effects
of strain hardening are not different from the compressive residual stress effects, since both are the same manifestations, but expressed slightly differently. The
extended plastic zone formed during overload induces
backward force at the crack tip (crack tip shielding) and
hence future slip from the crack (dislocation nucleation
and movement) has to overcome this backward force
induced by the plasticity ahead. This is expressed as
strain hardening mechanism resulting in increased flow
stress. The same backward force, at the crack tip, shields
the crack tip driving force, thereby reducing the effective
force for crack extension. Hence, the same effect is visualized as the compressive force in continuum mechanics. Thus, effects of the plastic zone persist during
both loading and unloading either in terms of strain hardening or in terms of compressive residual stresses.
Several investigators [9–11] have attributed crack
retardation to residual stresses ahead of the crack tip.
Drew et al. [12] and Ling and Schijve [13] confirmed
that residual stresses play a major role in the retardation
by demonstrating that the effects can be eliminated by
annealing after the overload. A phenomenological
expression in terms of ⌬K and Kmax was developed by
Wheeler [14] to quantify the overload effects. Schijve
and others [15] have criticized Wheeler’s model on the
grounds that residual stresses affect both Kmax and Kmin
equally, thus not affecting the crack driving force ⌬K.
Hence, they conclude that residual stresses do not affect
directly the crack tip driving force. This statement is
only partially true as will be discussed later. Fleck [4]
raised several additional criticisms to the residual stress
arguments: (a) Retardation should occur immediately
after the overload because that is when the largest
residual stresses are present whereas experimentally,
delayed retardation is observed. (b) Observed retardation
persists even after the crack has propagated out of the
overload reverse plastic zone, beyond the region of over-
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load-induced compressive residual stresses. (c) Mean
stresses relax in the reversed plastic zone as the crack
advances, hence, the full ⌬K is experienced by the crack
tip regardless of the sign and magnitude of the
residual stresses.
The last two mechanisms (4) and (5) i.e. plasticity
[16] and roughness induced closure, shift the attention to
factors behind the crack tip. While we have consistently
argued [17,18] that plasticity always opens the crack
rather than closing the crack, Riemelmoser and Pippan
[19] have recently presented an analysis that shows that
plasticity in the crack wake can contribute to small
amounts of closure. Since overload plasticity must occur
ahead of the crack tip, plasticity induced closure does not
manifest until the crack moves forward and the overload
plastic zone is its wake. Thus the delayed retardation is
conceptually in tune with plasticity induced closure. In
addition, unlike the residual stresses, closure affects
amplitude (not just Kmax), thus reducing the crack tip
driving force, measured in terms of ⌬K. Furthermore,
the plasticity-induced closure is likely to persist even
after the crack grows out of the reversed plastic zone,
since the contributing factor is the overload monotonic
plastic zone. Plasticity induced closure has received considerable support in the fatigue community because of
the above perceived limitations of the residual stress
hypothesis. There are many experimental results [20–23]
in the literature that attribute the retardation effects to
plasticity induced crack closure.
Several authors [3,22,23] have attributed retardation
effect to roughness induced closure. Roughness induced
crack closure produces similar effects such as delayed
retardation effects and the retardation effects beyond the
reverse plastic zone. Roughness arises not from overload
plasticity, per se, but from slip planarity and crack path
tortuosity, and hence is expected to play a role in planar
slip materials. Since overload effects are common across
the board, it is unlikely that roughness induced closure
is the general cause for the overload retardation effects.
Materials that show a significant faceted mode of crack
growth near the threshold region or a tortuous crack path
can show larger retardation due to this roughnessinduced closure. This closure contribution should be
considered as additional superimposed effect over the
other process of retardation. Besides, there is also a
question of whether the roughness arising from crystallographic mode of cracking itself is an effect rather than
the cause for retardation. In spite of that, roughness can
still introduce secondary effects, further reducing the
driving force. Our analysis [17] indicates that while the
plasticity induced closure is unlikely, the roughnessinduced closure is possible but that contribution is also
very small.
Significant confusion and disagreements still exist in
terms of the exact mechanism of retardation by overloads. Most investigators believe that plasticity induced

closure is the major cause for retardation. However,
many other investigators believe that compressive
residual stresses are the primary cause for retardation.
The issue is further complicated by the fact some attribute closure to combined plasticity in the wake and compression in the front of the crack. Major objections to
residual stress arguments rest on the assumptions that
(a) ⌬K is the only crack tip driving force under fatigue
(b) it is unaffected by residual stresses, (c) the residual
stresses exist only within the reverse plastic zone and
(d) delayed retardation is unaccountable by residual
stresses. We will see later that there are problems in all
these assumptions and some are not fully justified, particularly in view of the overwhelming experimental evidence that the residual stress effects are eliminated by
annealing [12,13].

3. Unified approach to fatigue crack growth and
role of internal stresses
At this stage, it is instructive to present our Unified
Approach [24–28] for quantifying fatigue crack growth.
We have shown analytically that the closure contribution
is very small, much smaller than what has been believed.
There is increasing experimental evidence that current
ASTM recommended practices overestimate closure,
and that the true effects are 20% of what has been estimated in agreement with our basic analysis. Hence,
effects hitherto attributed to crack closure should be
related to more intrinsic factors. In the Unified
Approach, we have:
1. Fatigue is fundamentally a two-parametric problem
because there are two driving forces required to
obtain fatigue crack growth, Kmax and ⌬K.
2. There are two fatigue thresholds, K*max,th and ⌬K*th
corresponding to two driving forces. These are
asymptotic values in the ⌬K–Kmax plot. Both must be
satisfied simultaneously for fatigue crack growth to
occur.
3. Existence of dependence of ⌬Kth on R is a trivial
consequence of the existance of two thresholds.
Extrinsic mechanisms (crack closure) therefore are
not necessary to account for R dependence of ⌬Kth.
4. If closure exists, then a third parameter, in addition
to Kmax and ⌬Kth, would be needed to fully describe
the fatigue process.
5. Crack growth is driven by total crack tip stresses, i.e.,
the superimposition of the externally applied stress
and any internal stress that exist.
6. Internal stresses exist due to, for example, defects,
scratches, inclusions, or other stress concentrators;
residual stresses such as from welding or heat treatments, cold work, transformation induced stresses,
and plasticity, including overload plasticity.
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7. The basic effect of internal stress is to offset the total
stress intensity at the crack tip relative to the externally applied stress, so that both Kmin and Kmax would
generally be affected similarly. Consequently, the primary effects of internal stress manifest through Kmax
and not the ⌬K parameter.
8. Environmental effects manifest primarily in the Kmax
term. This is because the Kmax driving force is what
opens and increments the crack, therefore it is more
sensitive to environmental modification of the
material at the crack tip.

We have called this the Unified Approach, since all
the apparently disjointed phenomena, including anomalous effects of short crack growth and even the nucleation
of cracks along the lines of the Kitagawa diagram [29],
can all be combined under these unifying principles.
Obviously, in view of the current discussion, the residual
stresses generated due to overload plastic zones are
internal stresses that affect the crack tip driving force.
Since in the Unified Approach, Kmax also enters as the
major driving force for fatigue crack growth (in addition
to the conventional parameter, ⌬K), the arguments
against residual stresses that they do not affect amplitude, ⌬K, become irrelevant. In addition, Kmax drives the
monotonic plastic zone and hence residual stresses do
not extend only in the reverse plastic zone. Reverse plastic zone is only one manifestation of the residual stresses
and arises when the stresses locally exceed the material
compressive yield stress; thus, it is a result rather than
the cause of the residual stresses. Hence, this second
objection to residual stresses is also untenable. The third
objection that residual stresses do not account for
delayed effect can also be ruled out once we understand
the nature and profile of the residual stresses. Thus, the
emphasis in the Unified Approach is to shift the major
attention to factors ahead of the crack tip rather than to
those behind the crack tip.
Recently, Lang and Marci [30–34] have done an
elegant analysis of the role of plasticity to show what is
ahead of the crack tip is more important than crack closure behind the crack tip, in agreement with our analysis.
They have proposed new concepts involving Kpr, a stress
intensity that must be overcome for the crack to move
forward. We show here that their Kpr concept is consistent with our Unified Approach as a part of the Kmax
requirement. Their elegant and complimentary work on
the role of Kpr and how it is affected by overloads blends
naturally into our approach. Lately, Donald et al. [35–
37] have proposed that Kmax has to be included along
with ⌬K in the representation of crack growth data in
some systems. We show that their analysis also is a subset of our general universal plot of ⌬K–Kmax in the
description of the fatigue crack growth phenomena.
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4. Crack closure, its measurement and its role
Since crack closure is attributed as one of the major
causes for the retardation effects, it is instructive to
examine the magnitude of crack closure and its relative
role in the crack growth process. Existence of plasticityinduced crack closure has been severely questioned
while asperity-induced closure, which includes roughness due to crack tortuosity, oxide or chemical reaction
debris etc., has been shown to be small. Following our
work, there has been intensive study to critically examine crack closure measurements. Detailed and careful
analysis of crack closure measurements by Donald et al.
[37] have shown that the current ASTM criteria for the
determination of K-closure are flawed. They have proposed and discussed several alternatives. Paris et al. [38]
have provided theoretical justification for the modified
criteria for crack closure. Lang and Marci [31] have provided a simple estimation of crack closure, which is
somewhat conservative. While the correct method for
measuring crack closure levels has still not been identified, it is widely acknowledged that all methods used
to date have tended to overestimate the crack closure
levels. Here we propose a corrected crack closure
measurement (CCCM) based on the shape of the loaddisplacement curve.
Fig. 2 show a magnified view of a typical load-displacement curve where the displacement is measured
along the loading line. Based on the curve there are two
parameters that can be defined, Kop and Kw. Kop corresponds to the first deviation from the linearity of the
load-displacement curve during unloading, measured

Fig. 2. Load–Displacement curve and corrected crack closure
measurement (CCCM) using the load–displacement curve.
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within some operationally defined percent deviation.
This value, however, clearly over estimates closure in
virtually all instances. If complete closure occurred at
Kop, i.e., complete crack face contact, the load-displacement curve would drop sharply to it’s crack-free value
(zero in the absence of a notch). In the majority of cases,
however, it decreases gradually and non-linearly indicating that the stress intensity acting on the crack tip also
would be decreasing gradually to some value less than
Kop. Kop therefore is an upper bound on the closure. At
complete unloading, there is a net displacement of the
crack surfaces indicative of remnant plastic strain. One
can estimate the lower bound for crack closure, Kw, corresponding to the remnant plastic displacement. Lang
and Marci [31] have used this to estimate crack closure
and showed that crack closure is small and is negligible.
The true value for closure should be in between the two
limiting values Kop and Kw. Some investigations and
approaches [30,37,38] seem to suggest that the true closure value is nearer to Kw than Kop, and in most experimental cases, Kw is less than 20% of Kop. Hence, we
propose a simple inverse mean of the two limiting values
as rough estimate of the true value of crack closure. Thus
the corrected closure value, Kccl is given by
1
2
⫽
Kccl
1 1
+
Kop Kw

冉

2KopKw
Kccl⫽
Kop+Kw

冊

(1)

(2)

The equation is naturally biased towards Kw. Thus, for
a case where Kop is 10 MPa√m and Kw is 2 MPa√m, the
corrected closure value is in between these two extreme
values and the above equation gives Kccl=3.3 MPa√m.
For an ideal case, when Kop and Kw are equal, the equation correctly predicts that Kccl=Kop=Kw. It is important
to note that while the above equation provides a correction for the non-linear compliance relation observed
experimentally after the first contact of the mating surfaces, this is a simple recipe but without any theoretical
basis. True theoretical estimation is complicated by the
non-linear distributed forces along the length of the
crack. Paris et al. [38] and Donald et al. [35–37] have
provided analytical and experimental variants of the
crack closure estimations. While the true estimation of
crack closure remains ambiguous, indications are that its
value is much smaller than what has been assumed, and
the load ratio dependence still remains after ⌬K correction for crack closure under constant amplitude fatigue.
Hence, closure cannot account for the overload effect.

have been made to explain the load-ratio dependence of
⌬Kth by other ways. We had proposed that Kmax is an
important parameter and one has to consider both ⌬K
and Kmax for complete description of fatigue crack
growth. Recently Donald et al. [36] have analyzed their
extensive crack growth data and plotted crack growth
rate, da/dN in terms of
da
⫽C(⌬K)n(Kmax)m,
dN

where constants m and n are related. The values of ⌬K
were used after correcting for crack closure. Their analysis points out that even after the correction of crack closure, there is a Kmax dependence. In the above equation,
Kmax⬎⬎⌬K (particularly at high R values) while m⬍n.
Here we want to point out two aspects of Kmax: the crack
growth rate dependence on Kmax that is recognized in the
above equation, and the limiting values of Kmax for any
crack growth including threshold that is not evident in
the above equation. Essentially Kmax and ⌬K can not be
less than some critical values, K*max and ⌬K*, respectively for a given crack growth rate and at threshold the
limiting values converge to their respective thresholds,
K*max,th and ⌬K*th. This is illustrated with reference to
another set of data generated by Lang [30]. Lang
reported extensive data for various constant R-ratios, and
constant Kmax tests for Al-7475-T7351 alloy in LT orientation.
Fig. 3 shows the ⌬K–Kmax plot at two different crack
growth rates, one close to the threshold (da/dN=1×10⫺7
mm/cycle is considered by Lang as close to the material
threshold) and the other at da/dN=5×10⫺5 mm/cycle.
Note that all the data, whether at constant R or at constant Kmax, fall on the same curves. Hence we call the
⌬Kth vs. Kmax the fundamental threshold curve describing
the interplay of the two thresholds on crack growth.
Clearly there are two thresholds — K*max,th (2.25

5. Analysis of crack growth data and role of Kmax
Since it has been recognized that the true crack closure
contribution is either negligible or small at best, attempts

(3)

Fig. 3. ⌬K–Kmax plots Al-7475-T7351 alloy LT Orientation.
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MPa√m for this alloy) below which no fatigue crack
growth occurs for whatever the value of ⌬K; and ⌬K*th
(1 MPa√m) below which no crack growth occurs whatever be the value of Kmax. Importantly, such limiting
values, K*max and ⌬K*, exist not only for threshold but
also for any given crack growth rate. This is shown in
Fig. 3 for da/dN=5×10⫺5 mm/cycle. These limiting
relationships are not depicted in the continuos functional
relationship represented in Eq. (3). The ⌬K*th differs
from the current understanding of ⌬Kth since from Fig.
3 the later is not a single valued function and depends
on Kmax. Donald et al. [36] have noted that the ⌬K–Kmax
curves are not a perfect L-shape but there is a continuous
decrease of ⌬K with increase in Kmax value. In Fig. 3,
at the threshold, the curve follows the perfect L-shape,
but at higher growth rates there is a concave curvature
in the ⌬K–Kmax curve. The nature of the curvature and
the type of ⌬K–Kmax behavior have been discussed
extensively in terms of various classifications [25]. The
perfect L-shaped curve is defined as Type III behavior
while the concave curvature is defined as Type II
behavior. The Type II behavior has been attributed to
plasticity effects either in terms of crack tip blunting or
interactive effects of monotonic plastic zone with crack
tip driving force. In Fig. 3, for this material, and for
other ductile materials as well, with increasing crack
growth rates, the behavior shifts from Type III to Type
II. The same data in a log–log plot shows a linear
relation, Fig. 4, indicative of the power law-dependence
with Kmax as exemplified by Eq. (3) by Donald et al.
[36]. While the slope of the linear portion of the curve
indicates ⌬K–Kmax power law relation, one should be
aware that it is not the only Kmax dependence that one
is concerned in quantifying fatigue crack growth. The
second is the asymptotic value of Kmax for each crack
growth rate. Thus with increasing crack growth rate from

Fig. 4. Log–log plot of the data in Fig. 3 to show the exponential
dependence on Kmax at high R values.
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1×10⫺7 to 5×10⫺5 mm/cycle, the K*max increases from
2.25 MPa√m to 5.5 MPa√m while the limiting value of
⌬K increases from 1 MPa√m to 2.5–3.0 MPa√m. Thus
to enforce a given crack growth rate, both asymptotic
values need to be exceeded. Thus, Kmax plays a role
throughout the crack growth and not just only at high
R-ratios.
The interactive term between ⌬K and Kmax increases
with crack growth rate. This is shown in Fig. 5(a) and
(b). Fig. 5(a) shows the log–log plot of ⌬K vs Kmax for
various crack growth rates showing the nature of the
relation, and in Fig. 5(b) the slope, the exponent from
Fig. 5(a), is plotted as a function of da/dN. The effect
saturates at high crack growth rate. The results indicate
that Eq. (3) itself is an approximation for the non-linear
interaction between the two load parameters. The implication is that the fitting of the data in some traditional
power-law relations has its limitations because of the
non-linear behavior due to interaction terms that can not
be expressed in simple forms using linear fracture mechanics parameters. These limitations should not be attributed wrongly to the phenomenon of crack closure
behind the crack tip. These second order effects are
intrinsic in linearization of the problem that is intrinsically non-linear since fatigue is a plasticity induced damage process. For engineering applications one can use
the power-law relations as long as one is aware of the
limitations.

6. Crack propagation behavior in terms of Kpr
Before discussing overload effects in terms of the Unified Approach, it is instructive to investigate the new
parameter Kpr that Lang and Marci have deduced using
detailed and careful experiments. Lang and Marci outline
that Kpr is not a crack closure parameter but is related
to Kmax required for crack propagation. It is instructive
to inquire whether Kpr is a new parameter independent
of ⌬K and Kmax that we have discussed above, and if
not, how does Kpr fit in the ⌬K–Kmax curves discussed
above, Fig. 3.
Fig. 6, taken from Lang [30], describes schematically
the Kpr concept as well as the measurement technique
for constant amplitude using the Crack Propagation Load
Measurement (CPLM) method. After establishing steady
state crack growth at given amplitude, ⌬K, the specimen
is next unloaded to Kmin. A small Kmax close to Kmin was
then selected and specimen was then subjected to a small
⌬K (in our procedure it is ⌬K*th which Lang and Marci
call ⌬KT). The cycling is done for a maximum of 107
cycles to see if there is any detectable crack growth. If
not, then Kmax is raised by small increments, holding ⌬K
essentially constant, and the procedure is repeated until
first noticeable crack growth occurs. It was found that
one has to raise Kmax to the level of Kpr before crack
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Fig. 5.

(a) The exponential dependence is a function of crack growth rate. (b) The variation of the exponent with crack growth rate.

Fig. 6. Schematic illustration of the experimental determination of Kpr using Crack Propagation Load Measurement (CPLM) by Lang and Marci.
(b) Variation of Kpr with Rtip where Rtip is the R-value corrected for crack closure.

begins to propagate. The value of Kpr depends on the
background Kmax and ⌬K or load ratio for which the steady state conditions were originally established. The
procedure they followed [30–34] is illustrated schematically in Fig. 6. Physically, for a given Kmax and ⌬K,
there are two critical values in terms of peak stress intensity and amplitude below which crack growth does not
occur. Lang and Marci [31] denote these as Kpr and ⌬KT.
At the threshold, one expects their Kpr and ⌬KT to be
related to the two thresholds K*max–th and ⌬K*th under
our Unified Approach. For Al 7475-T7351, they have
determined Kpr as a function of the steady state Kmax and
R-ratio, and expressed their results in an empirical form,
Kpr⫽(0.455⫹0.321Rtip⫹0.208R2tip)Kmax,

(4)

where Rtip is the effective stress ratio at the crack tip,

(which is not necessarily the same as the remote applied
load ratio R).
The results for the alloy are represented in Fig. 6(b).
It is interesting to note that the above equation is very
similar to the empirical equation of crack closure proposed in the literature [16]. Lang and Marci [31]
emphasized very clearly that Kpr is not related to crack
closure behind the crack tip, but a required K to propagate the crack forward. It is the stress required to overcome the compressive stresses in front of the crack tip
due to the background monotonic plastic zone. We now
examine their Kpr in detail to see how it is related to
K*max.
Fig. 7 shows the ⌬K and Kmax values at two crack
growth rates, 1×10⫺7 and 1×10⫺5 mm/cycle, extracted
from the raw da/dN data [30]. Note that Lang and Marci
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6.

7.

Fig. 7. Identity of ⌬K–Kmax extracted from the raw da/dN data and
that from the empirical equation of Kpr determined independently by
CPLM method. Experimental Kpr confirms independently the critical
Kmax required for crack growth and its relation to crack tip plasticity
ahead of the crack tip.

[31] have determined Kpr values, Eq. (4), independent of
the crack growth data. Using their equation, we can now
calculate Kpr values for the two crack growth rates,
assuming that Rtip is the same as R-remote (essentially
closure is assumed to be negligible). From Kpr and ⌬KT
values one can generate the ⌬K–Kmax curve from Eq. (4)
and these calculated values are also plotted in Fig. 7.
The two sets of data fall on the same curves, indicating
that ⌬K–Kmax relation extracted from the raw da/dN data
is identical to the ⌬K–Kmax relation extracted from Eq.
(4) that outlines Kpr in terms of Kmax and R. We can
conclude that steady state Kpr values determined by Lang
and Marci are the reflection of critical values, K*max,
required to enforce a given rate of crack growth. Likewise, one should be able to extract Kpr values and the
empirical relation, Eq. (4), directly from the raw da/dN
data or ⌬K–Kmax plots, without the extensive experimental work.
This exercise proves several points we wish to
emphasize.
1. ⌬K–Kmax relation is fundamental for a material,
environment and crack growth rate.
2. Lang and Marci’s analysis provides convincing, independent experimental proof that there is a Kmax threshold that must be met in addition to a ⌬K threshold.
3. Not only at threshold but also at any finite or nonzero crack growth rate, there are two limiting values
of ⌬K–Kmax that must be exceeded to maintain that
crack growth rate.
4. There are second order interactions between ⌬K and
Kmax that can manifest the slope or curvature of ⌬K–
Kmax curve, as shown by Donald et al. (Fig. 5).
5. Lang and Marci’s experimental evaluation of Kpr and

8.

9.
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its consistency with our two-parameter requirement
provide a strong independent support for the Unified Approach.
In addition, their analysis also elucidates the physical
meaning of the Kmax threshold. Kmax has to exceed
Kpr to propagate and its existence is related to (1) the
residual stresses arising from the plasticity ahead of
the crack tip and (2) intrinsic material resistance to
cracking under cyclic loads. Kpr is inclusive of both
since K to propagate a crack incrementally was
determined.
Finally Fig. 7 shows that da/dN data determined at
various R-constant and/or Kmax constant tests is sufficient to extract the material behavior. For constant
amplitude data, da/dN data can give complete information, including Kpr.
Lang and Marci have determined Eq. (4) after making
correction to the crack closure values. Since the ⌬K–
Kmax relation extracted from Eq. (4) fits right on the
raw da/dN data without crack closure correction, this
implies as ascertained in the Unified Approach that
crack closure contributions are negligible. Note in
Fig. 7 the data extracted from da/dN and Kpr are relatively shifted along the curve and this shift could be
the result of the crack closure correction.
The empirical descriptions such as Eq. (4) are in fact
the description of the interrelation between ⌬K–Kmax
at various crack growth rates. ⌬K* values have to be
known along with Eq. (4) to determine ⌬K–Kmax
curves. ⌬K* values are obtained from da/dN–⌬K data
at a high R-ratio.

The above analysis emphasizes by independent means
that processes ahead of the crack tip are more important
than those in the wake. This will have a direct bearing
in the analysis of overload and underload effects.

7. Effect of overloads
As pointed out earlier, current explanations for overload effects rests on (a) plasticity induced closure and
(b) residual stress effect. The major objection to residual
stress arguments is that the stresses do not affect ⌬K,
which is the primary driving force for fatigue crack
growth. The extended analysis presented above establishes emphatically that Kmax also must be taken into
consideration as the driving forces for crack growth in
addition to ⌬K, and Kmax is affected by residual stresses.
We address here how overload effects manifest in terms
of Kmax. Lang and Marci [33] have established, using
their CPLM method, the effect of overloads and
underloads on Kpr. Since Kpr is intimately related to the
critical Kmax required for crack growth, overload effects
on Kpr should correspond directly to the effect of residual
stresses on the critical Kmax required for crack growth.
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Fig. 8. Schematic illustration of Kpr for overload and under loads
and its dependence on the K values at the spike loads, from Lang
and Marci.

Fig. 8, from Lang and Marci [33], shows the relation
between various types of single overload — underload
combinations and the resulting value of Kpr. As indicated
in the schematics, Kpr appears to depend solely on Kmax
and Kmin loads during the overload — underload
sequence. In the illustration, Cases I, II, II each having
different background ⌬K–Kmax, will give rise to the same
Kpr, since all of them have the same Kmax–Kmin during
the overload–under load cycle. Similarly, Cases IV, V
and VI have the same Kpr. Defining unloading ratio, UR
as Kmin,ol/Kmax,ol — during the last overload–under load
cycle, Lang and Marci have determined Kpr as function
of UR for the Al 7475-T7351, and presented the data as
shown in Fig. 9. The constant amplitude Kpr from Fig.
7 is also shown for comparison. They have arrived at an
empirical relation that best fits the data and the correlation function is similar to Eq. (4) and is given by,
Kpr,ol⫽(0.322⫹0.58UR⫹0.241U2R⫺0.18U3R)Kmax,ol.

(5)

Figs. 8 and 9 seem to emphasize that the Kpr,ol depends
only on the last overload–under load cycle and not on
the prior background ⌬K and Kmax. However, the fact

Fig. 9. Effect of overload on Kpr in comparison to its steady state
Kpr value.

that the curve differs from the steady state Kpr is an indication that prior history has an effect, and the steady
state plasticity conditions differ from the transient conditions from the spike loads. This can be understood in
terms of steady state dislocation cell-structure that gets
perturbed by the overload–underload cycle. To reestablish new steady state condition or to revert to prior steady
state, many cycles are required. In fact, the subsequent
repeated overload–underloads [33] reestablishes the new
steady state condition that brings the Kpr back to that
given by the steady state curve.
Further, it is important to note that the Kpr values in
Fig. 9 for both the steady state and overload conditions
correspond to the Kmax required to propagate the crack
immediately after the spike Kmax–Kmin loads, and not for
the subsequent crack length increments. This has relevance for the overload cycle. As the crack moves
further into the overload plastic zone, Kpr,ol should
change gradually towards the steady state condition.
Obviously it will take Nd (delay cycles) for the crack to
grow out of the transient regime reestablishing the steady
state corresponding to the background Kmax–⌬K. Hence,
the technique of Lang and Marci is worth pursuing to
determine Kpr,ol as a function of crack length until Kpr,ol
approaches the steady state value. In principle, it should
take Nd number of cycles for the Kpr,ol curve to shift
towards the Kpr steady state curve, and the trajectory of
the Kpr,ol as a function of number of cycles has to be
quantified to use this approach for life prediction.
Recognizing thus that Eq. (5) provides the maximum
Kpr,ol value immediately after the spike load, one can
determine the effect of overload on the ⌬K–Kmax
behavior, along the similar lines in Fig. 7. The effect
calculated based on Eq. (5) is shown in Fig. 10 for two
overload ratios, 1.5 and 2.0, for Al7475-T7351 at a crack

Fig. 10. Demonstration of how overload Kpr affects ⌬K–Kmax curves
by shifting the curves to the right due to the compressive residual
stresses affecting crack tip driving force, Kmax. Equivalence of the two
approaches is shown.

K. Sadananda et al. / International Journal of Fatigue 21 (1999) S233–S246

growth at 5×10⫺7 mm/cycle. With increasing overload
ratio, the ⌬K–Kmax curve shifts to the right indicating
that because of residual compressive stresses, the critical
Kmax required to cause crack growth rate of 5×10⫺7
mm/cycle increases. While the critical ⌬K* required for
crack growth also increases with overload, this increase
is very small, within the limits of experimental error.
Thus while the criticism that the residual compressive
stresses do not significantly affect the amplitude, ⌬K, is
appropriate, it is clear that compressive stresses significantly affect the critical Kmax required for the crack
growth. In fact, all superimposed non-cyclic type of
stresses affect fatigue crack growth through Kmax. Hence,
any fatigue life prediction methodology is invalid or
incomplete, unless the role of Kmax is fully recognized
and quantified. It is to be noted that crack arrest phenomenon, decelerating cracks even with increasing ⌬K, nonpropagating cracks, etc., are all manifestation of the
changing internal stresses and the presence of Kmax threshold. The nature of the internal stress gradients and the
role of Kmax need to be understood and quantified for
development of reliable life prediction methods. In Fig.
10 with increasing overload ratio, the curves shift to the
right since additional internal stresses due to overload
plasticity have to be overcome. The extent of the ⌬K–
Kmax curve shift in Fig. 10 depends on the magnitude of
the residual stresses that are generated ahead of the crack
due to overload, background ⌬K and Kmax, and material
flow properties (flow stress, work hardening behavior,
slip character, ease of cross slip, etc.,).
We have studied experimentally the effect of single
overloads on the ⌬K–K*max curve for a Al-7075-T6 alloy
for 100% and 200% overloads, and the results are shown
in Fig. 11. The data correspond to the near threshold
condition where applied loads have to be increased in
order to initiate crack growth after the overload. The
results in Figs. 10 and 11 are similar, confirming again
that the Kpr approach is just a different way of establishing the ⌬K–Kmax required for crack growth. Lang and

Fig. 11. Independent evaluation of overload effects on the ⌬K–Kmax
curve for a Al-7075-T6 alloy at two overload ratios. The curves shift
to the right as illustrated in Fig. 10.
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Marci’s work further confirms that crack closure contributions are negligible and the effect of the overload
arises mainly from the residual stresses from the overload plastic zone, in agreement with the Unified
Approach.
As stated earlier, Figs. 10 and 11 do not give complete
transient behavior other than the peak effect of the spike
loads. To establish the complete transient state, one has
to investigate fully the changes in crack growth rate after
the spike load. We discuss here the work of Bray [1] on
the effect of overloads. Using his base line crack growth
data and the changes in the crack growth rates, one can
extract the residual stress profile after overload. Fig.
12(a) shows schematically the procedure for extracting
the residual stresses. The procedure is similar to the
internal stress concept used to understand the growth
behavior of the short cracks. Fig. 12(b) shows the actual
data for AA8022 Aluminum alloy at ambient conditions
for several overload conditions and back ground Rvalues. Several key points should be noted: (a) The
maximum effect of overload is experienced by the crack,
not immediately at the overload position, but at a short
distance ahead of the original crack position. This has
been referred to as delayed retardation and has been used
as an argument to dismiss the residual stresses as the
major factor for retardation. (b) This delayed distance
depends very weakly on the overload ratio and the background R-value. (c) The residual stresses after reaching
a peak decrease initially logarithmically with distance
away from the point of spike load position, and then
more rapidly with further increase in crack length. This
can be seen more clearly in Fig. 12(c) where the absolute
value of residual stresses are plotted with distance in a
log–log scale. The changes in residual stresses are functions of the overload ratio and the background values of
⌬K and R. The rapid drop in the stresses at larger distances could be the reflection of the dynamic changes in
the overload plastic zone that interacts with the steadystate plastic zone that forms continuously with increase
in crack length. (d) Due to dynamic interaction between
the overload plastic zone and newly forming plastic
zones with incremental crack length, the exact nature of
the residual stress profile can be difficult to predict or
quantify.
The question now that remains to be answered is
whether the delayed peak effect is a sufficient ground to
dismiss the residual stress argument. To answer this, we
will consider here a simple case of the effect of dislocations ahead of the crack tip on the crack tip driving
force. The plastic zone can, in principle, be replaced by
a distribution of dislocations that resemble an inverted
pile-up. The length of the pile-up is equal to the plastic
zone size. As a further approximation, the pile-up itself
can be replaced by a single superdislocation of strength
equal to the sum of the Burgers Vectors of all the dislocations in the pile-up. The Burgers Vector of the super-
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Fig. 12. (a) Schematic illustration for extracting internal or residual stresses from da/dN curves. (b) The residual stress profile as a function of
incremental crack length for an AA8022 Aluminum alloy. (c) Residual or internal stresses as a function of crack increment on a log–log scale.

dislocation, Nb, is related to the crack tip opening displacement. While the problem is overly simplified, as
we shall see, it captures its essence at least qualitatively.
Fig. 13 shows the effect of a dislocation on the crack
tip driving force expressed as Kd, the stress intensity factor due to a dislocation stress field. Kd term is normalized
by a constant A, which contains Burgers vector and the
elastic modulus terms. This Kd factor exerts the retarding
force on the crack tip, reducing the crack growth rates
or even causing crack arrest if the total K becomes less
than the K*max,th. Fig. 13 was obtained using Lin–Thomson equation (Equation 46 of Reference [39]) for a dislocation with Burgers Vector 45° to the crack plane. The
crack tip provides the reference coordinates. As the dislocation approaches from far right (or equivalently as the
crack moves forward at a constant applied K), the
retarding force (shielding force) on the crack tip due to
the dislocation increases and reaches a maximum and
then decreases. For this particular Burgers Vector, the
sign of the force changes as the dislocation goes behind
the crack tip. The dislocation crack interaction is such
that the maximum shielding effect occurs not at the ori-

Fig. 13. Shielding effect of a dislocation ahead of the crack tip showing that maximum compression force occurs not at the crack tip but
at a distance from the crack tip.
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gin but a distance away from the crack tip, when the
dislocation is still ahead of the crack tip. Since the dislocations spread out to the limit of the plastic zone, the
integrated effect of all the dislocations, on the basis of
Fig. 13, is expected to be not at the crack tip but a distance ahead of the crack tip. The distance where this
maximum occurs depends on the pile-up length and the
center of gravity of the pile-up in relation to crack tip
coordinates.
It is important to note also that the maximum shielding occurs while the dislocations are still ahead of the
crack tip, not when they are behind the crack tip. This
implies that the maximum retardation should occur while
the overload plastic zone is still in front of the crack tip
in contrast to the plasticity-induced crack closure that
should reach a maximum only when the center of the
gravity of the pile-up moves behind the crack tip. Fig. 13
also indicates that the dislocation retarding force reduces
rapidly as the dislocation moves behind the crack tip and
for this particular orientation of Burgers Vector it even
contributes to a force which is tensile rather than compressive. This proves further that retardation effect cannot be attributed to plasticity- induced closure.
Based on the dislocation analogy, the delayed effect
is therefore justified due to the nature of the stress field
of the dislocations and the dislocation distribution in the
plastic zone; therefore the delayed effect by itself is not
an argument against the residual stresses. The analysis
confirms that the plasticity ahead of the crack tip is the
major cause for the overload retardation and arises from
the change in the stress state ahead of the crack tip and
not due to the closure behind the crack tip.
Immediately after the application of high overloads,
an initial acceleration of crack growth is encountered in
some materials that are significantly damaged by the
overload plastic strains right at the crack tip, Fig. 1(c).
Large strains approaching the fracture strains at the crack
tip can cause excessive damage aiding the accelerated
crack growth. If the crack growth occurs by blunting
process, then initial increase in crack tip blunting due to
overload plastic strain also accounts for the increase in
crack growth rates. Once the crack grows beyond this
intensive plastically strained region, the elastic stresses
due to dislocations in the plastic zone play a role in
retarding the crack tip driving forces.

8. Summary and conclusions
We have examined the overload effects on fatigue
crack growth and the contributing factors for these overload effects. Residual stresses due to the overload plastic
zone are shown to be a major factor that contributes to
retardation, rather than the crack closure behind the
crack tip due to plasticity. The arguments that have been
advanced in the literature against residual stresses, that
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they do not affect the cyclic amplitudes, is shown to be
impertinent since the residual stresses affect Kmax, which
is also a driving force for fatigue crack growth. Our Unified Approach involving ⌬K–Kmax is discussed in the
light of the new analyses by Lang and Marci [33] and
Donald et al. [36] and it was shown that these analyses
are consistent with the Unified Approach. Further, Lang
and Marci’s work on Kpr provides an independent validation for our Unified Approach to fatigue crack growth
involving two driving forces and two thresholds. It is
shown that their Kpr is related to our Kmax threshold. That
it is affected by overload residual stresses naturally follows. Thus, the current analysis of the overload effects
and our previous short crack growth analysis [28]
together confirm: (a) the validity of the two parametric
requirement, ⌬K and Kmax, (b) insignificance of the role
of closure contributions for a general case, and (c) the
role of residual or internal stresses in understanding the
fatigue crack growth behavior in a component. It is
important to extend the analysis further to quantify the
load–load interactions as they affect the local Kmax
values in order to develop more reliable fatigue life prediction methods for a component subjected to spectrum loads.
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