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Coherent Plane-Wave Compounding for Very
High Frame Rate Ultrasonography
and Transient Elastography

Gabriel Montaldo, Mickaél Tanter, Jérémy Bercoff, Nicolas Benech, and Mathias Fink

Abstract—The emergence of ultrafast frame rates in ultra-
sonic imaging has been recently made possible by the develop-
ment of new imaging modalities such as transient elastography.
Data acquisition rates reaching more than thousands of images
per second enable the real-time visualization of shear mechani-
cal waves propagating in biological tissues, which convey in-
formation about local viscoelastic properties of tissues. The
first proposed approach for reaching such ultrafast frame rates
consists of transmitting plane waves into the medium. Howev-
er, because the beamforming process is then restricted to the
receive mode, the echographic images obtained in the ultrafast
mode suffer from a low quality in terms of resolution and con-
trast and affect the robustness of the transient elastography
mode. It is here proposed to improve the beamforming process
by using a coherent recombination of compounded plane-wave
transmissions to recover high-quality echographic images with-
out degrading the high frame rate capabilities. A theoretical
model is derived for the comparison between the proposed
method and the conventional B-mode imaging in terms of con-
trast, signal-to-noise ratio, and resolution. Our model predicts
that a significantly smaller number of insonifications, 10 times
lower, is sufficient to reach an image quality comparable to
conventional B-mode. Theoretical predictions are confirmed by
in vitro experiments performed in tissue-mimicking phantoms.
Such results raise the appeal of coherent compounds for use
with standard imaging modes such as B-mode or color flow.
Moreover, in the context of transient elastography, ultrafast
frame rates can be preserved while increasing the image qual-
ity compared with flat insonifications. Improvements on the
transient elastography mode are presented and discussed.

I. INTRODUCTION

ULTRASOUND imaging has become a major medical im-
aging modality in the last 30 years. The main techno-
logical advance that led to its proliferation was the early
development of real-time imaging capabilities. The data
acquisition rate in medical ultrasonic imaging devices is
only limited by the acoustic propagation velocity in the tis-
sues. Typically, in current systems, the number of transmit
events is equal to the number of scan lines to be formed,
which limits the frame rate to about 30 to 40 frames per
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second (fps). However, increasing the frame rate in ul-
trasound imaging will pave the way to tremendous new
applications of medical ultrasound. It will lead to future
real-time 3-D imaging systems or to improved tracking of
the movements of the heart during the cardiac cycle. It
will also enable the visualization of transient events such
as shear mechanical wave propagation for elasticity imag-
ing or even indirect imaging of the mechanical effects of
electric action potentials. High frame rate will also be used
for image enhancement methods such as video integration
or compounding imaging approaches.

Although its capabilities have only recently been fully
developed, the concept of ultrafast echographic imaging is
not new. In 1979, Delannoy et al. [1], [2] proposed use of
parallel processing approaches to produce entire frames
simultaneously from a single acoustic pulse. Their scanner
was reaching a frame rate of 1000 images per second with
70 lines per frame. In 1984, Shattuck et al. implemented
a parallel processing approach for a phased-array sector
scanner enabling the simultaneous acquisition of several
B-mode lines from each transmitted acoustic burst [3].
This approach was called “explososcan” by the authors,
and the proof of concept was validated in vivo. One of the
first explososcan systems was designed based on the single
transmission of a “fat” ultrasonic beam and the parallel
processing of 4 ultrasonic beams in the receive mode [4],
[6]. This led to a system relying on a data acquisition
rated increased by a factor of 4. Beyond this first success-
ful attempt, they envisioned that this method could be, at
least conceptually, extended to the imaging of a complete
tomographic plane from the echoes produced by a single
transmitted pulse, provided that this pulse fully illumi-
nated the region of interest.

More than 15 years later, Fink and co-authors [6]—[8]
applied successfully the concept of plane wave illumina-
tions leading to ultrafast frame rates higher than 5000 fps.
The goal was to image in real time the transient propa-
gation of shear mechanical waves in human tissues for
the assessment of local viscoelastic properties, a technique
dubbed “transient elastography.” This ultrafast approach
led to the first experimental in-vivo investigation for breast
cancer diagnosis [9]. Finally in 2004, by combining this ul-
trafast imaging modality with a remote palpation induced
by the radiation force of ultrasonic focused beams, they
provided an efficient way to build viscoelasticity maps of
human tissues using a conventional echographic probe, the
so-called supersonic shear imaging (SSI) technique [10],
[11].
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Another approach for reaching a high frame rate that
used nondiffracting beams was proposed by Lu and Green-
leaf in the early 1990s [12]-[14]. Following these pioneer
works, Lu developed a theory in which a pulsed plane
wave was used in transmission, and limited-diffraction ar-
ray beam weighting was applied in reception to produce
a spatial Fourier transform of the object function for 3-D
image reconstruction. Later, he proposed the use of spa-
tial compounding with different steered plane waves or
limited diffraction beams added in a coherent way (en-
hancing resolution) or added in an incoherent way (reduc-
ing speckle) [15]-[17].

Ultrasound compound imaging for medical imaging
dates back to the early 1980s [18] and has been widely
studied in the last decade [19], [20]. To date, this concept
of compound imaging is mainly associated with an inco-
herent addition of several image frames in an attempt to
cancel out random variations (noise) and hence increase
the signal to noise ratio [20], [21]. The reported benefits of
image compounding in ultrasonography include reduced
speckle, reduction in artifacts (clutter, shadowing, echo
drop-out), higher contrast, and better visibility of lesion
margins (making lesions more conspicuous). The “incoher-
ent” terminology is related to the summation method that
acts on the intensity images to smooth the speckle noise.

Contrary to incoherent compound imaging, coherent
wave compounding has not been extensively studied. It
consists of the recombination of backscattered echoes
from different illuminations achieved on the acoustic pres-
sure field (as opposed to the acoustic intensity for the
incoherent case). Although the concept has already been
proposed [22] and mentioned in the context of limited dif-
fraction beams [17], to date, no extensive work has been
done to study its performance and advantages. We pro-
pose in this paper a theoretical model quantifying the
performance of the coherent plane-wave-compounding ap-
proach. The interesting finding reported here is that the
number of insonifications needed to achieve a given image
quality is significantly lower than for classical approaches
to B-mode. This characteristic opens new potential appli-
cations to the method such as transient elastography and
fast color-flow imaging.

Coherent plane-wave compounding of images obtained
with different angles presents strong conceptual analo-
gies with the synthetic aperture method [23], [24]. In the
synthetic aperture approach, the ultrasonic array is fired
element by element, and the complete set of impulse re-
sponses between each transmit-and-receive element is re-
corded. It is then possible to post-process these data to
generate a synthetic image relying on both transmit-and-
receive focusing for each pixel of the image. It has been
intensely discussed in the literature whether synthetic im-
aging could give better images than conventional B-mode
images, and how they will be affected by tissue motion
and limited signal-to-noise ratio. A fundamental problem
in synthetic aperture imaging is the poor signal-to-noise
ratio in the images, because a single element is used for
emission. This gives much lower emitted energy compared

with using the full aperture in conventional imaging and,
therefore, limits the depth of penetration.

Coherent plane-wave imaging solves at least partially
these limitations of synthetic aperture imaging. First, the
transmission of a plane wave on the complete array gener-
ates a much higher wavefield than in the synthetic aper-
ture approach. Second, as it will be shown in this paper,
the reconstruction of high-quality echographic images in
a small amount of time enables measurement of tissue
displacement or flow-imaging processing.

As already mentioned, in the SSI, the ultrafast frame
rate is reached by limiting the illumination to a single
plane-wave transmission and storing the backscattered
signals in RAM memory. The image formation is then
reduced to a conventional beamforming approach in the
receive mode. Consequently, a single insonification is suf-
ficient to produce an echographic image. The time be-
tween 2 consecutive images is only limited by the propa-
gation time in tissues. As an example, the acquisition of
50 mm depth images can be theoretically produced at a
frame rate of ~10 Kf/s. Due to the lack of transmit focus-
ing, the echographic image quality is of course degraded
in terms of contrast and resolution, and such degradation
has consequences for the robustness of the elastography
mode. In a previous work [25], we demonstrated the in-
terest of incoherent plane-wave compounding at ultrafast
frame rates for the estimation of transverse tissue dis-
placements in transient elastography. In that case, the
goal was to improve the estimation of lateral motion by
increasing the number of independent speckle noise pat-
terns used for the speckle tracking estimation. As speckle
patterns recorded for different illumination angles were
decorrelated, the variance of lateral motion estimates
was improved following a square root dependence versus
the number of angles. In this article, we propose investi-
gation of the concept of coherent plane-wave compounds
for improving echographic image quality without resort-
ing to very high frame rate capabilities. The new imaging
sequence is based on the coherent summation of ultrafast
images obtained from plane wave transmissions at differ-
ent angles.

The paper is organized as follows: In Section II, a the-
oretical comparison is derived between the plane-wave
compounding approach and an optimal multifocus imag-
ing technique relying on both transmit-and-receive focus-
ing for each point of the final image. We demonstrate
that the plane-wave compounding approach can reach
the optimal multifocus image quality using a small num-
ber of plane wave transmissions while preserving high
frame rates. In Section III, a quantitative experimental
comparison of both approaches is presented with a care-
ful comparison in terms of resolution, contrast, signal
to noise, and frame rates. In Section IV, the number
of transmissions is drastically reduced to reach ultrafast
frame rates (higher than 1000 fps), and the concept is
applied to transient elastography. Experiments are pro-
vided and improvements in the elasticity-imaging mode
are presented.
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Fig. 1. (a) Axis convention, (b) time delays for a plane wave insonification, and (c) time delays for a plane wave of angle a.
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Fig. 2. Schematic representation of the single transmit plane wave method: (a) The ultrasonic array insonifies the medium using a plane wave trans-

mission. (b) The backscattered RF signals are recorded by the transducer array. (¢

The beamforming procedure consists in applying time delays

N

laws and summations to the raw RF signals to focus in the receive mode. Contrary to standard ultrasonography, each line of the image is calculated

using the same RF data set but a different set of time delays.

II. THEORY

A. The Single Plane Wave Imaging Mode

A typical configuration of ultrasonic imaging systems is
presented in Fig. 1(a). A linear array made of n; transduc-
ers (typically 128) are placed directly in contact with the
medium of interest. The z direction is parallel to the array,
and zis the depth direction in the imaging medium.

In ultrafast imaging, one needs to produce an entire
frame simultaneously from a single acoustic pulse with
parallel processing. The most obvious way to insonify the
medium is to transmit a large beam made of a unique
pulsed plane wave; see Fig. 2(a). Then, this wave is back-
scattered by the heterogeneities of the medium and the
array receives the echo signals RF(zy,1); see Fig. 2(b). Be-
cause we do not have any focusing for the transmit beam,
the image resolution is obtained only by a parallel process-
ing during the reception mode by adding coherently the
echoes coming from the same scatter.

For a plane-pulsed wave, Fig. 1(b) shows that the trav-
eling time to the point (z,z) and back to a transducer
placed in x; is given by

7'(1:1,:1:,2):(2+ 2—|—(ZB—ZL’1)2>/C, (1)

where ¢ is the speed of sound that we assumed to be con-
stant in the medium.

Each point (z,2) of the image is obtained by adding
coherently the contribution of each scatter, i.e., delaying
the RF(x,t) signals by 7(z1,2,2) and adding them in the
array direction z;

r+a

s(z,z) = f RF(z1,7(x1,2,2)) do 1. (2)

The aperture 2a must take into account only the elements
that contribute to the signal. This aperture 2a is always
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Fig. 3. (a) B-mode image obtained using a single plane wave transmission. (b) Coherent plane wave compound using 71 angles separated 0.47°
value given by (12). (c¢) Standard monofocal image using a single focal depth at 30 mm. (d) Multifocal image using 4 successive focal depths. Images
performed with a 128-element array of 4.5 MHz, 60% bandwidth, pitch of 0.33 mm, F number of 1.75 both in emission and in reception, the lateral
scan is done at \/2. There is no apodization in emission and in reception for either the focused or the compound method.

lower than the total length of the array L, and it can be
expressed by the F-number defined as

F = z/2a. (3)

The useful F-number depends on the directivity of the ar-
ray (typical values are between 1 to 2) and ideally must be
constant in the entire image.

In dynamic beamforming, the delays 7 are computed
at each depth z to produce a complete line of the image.
The final image is obtained by producing in parallel n,
dynamic beamformings with the same RF data, one for
each line of the image; see Fig. 2(c).

The insonification with a single plane wave provides the
fastest method, with a frame rate of nearly 10 kf/s, but
with a significant reduction in the image quality. Fig. 3(a)

shows an image of a calibration phantom with anechoic
inclusions embedded in a homogeneous speckle environ-
ment obtained with a single plane wave.

All the images in the article were produced with a
128-element array working at 4.5 MHz central frequency,
60% bandwidth, and pitch of 0.33 mm. The last 4 chan-
nels of the electronics did not work, and the array was
reduced to 124 elements. The F number is 1.75 in all the
methods. The lateral scan in the beamforming is always
at /2 = 0.17 mm with a total of 256 lines. There is no
apodization in emission and in reception.

As shown on the image, the contrast is low: the inclu-
sions are only —10 dB lower than the background. To im-
prove the image quality, image compounding is proposed
to obtain plane waves of different angles in a coherent way
to resynthesize the transmit focusing.
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B. The Coherent Plane Wave Compound

If we send a plane wave with inclination « as in Fig.
1(c), the time to go to a point (z,z) in the medium is

T el 2,2) = (zcosa + xsina)/c, (4)

and the time to come back to a transducer placed in z; is
Tred@1,2,2) = J22 + (& — x1)%/c. (5)

The total 2-way travel time 7 for a plane wave insonifica-
tion, is then

T(a’xla z, Z) = Tec T Trec (6)

Then an image is obtained in the same way as shown in
(2), but with the new delays from (6).

The image quality can be upgraded by compounding
coherently the images obtained with several plane waves
of different angles. We choose a set of n plane waves with
inclination angles «;, i =1, ..., n. For each plane wave, an
image is built following the previous procedure. All images
are then added coherently to obtain a final compounded
image. Note that the addition is produced without taking
the envelope of the beamformed signals or any other non-
linear procedure to ensure a coherent addition.

Sending n plane waves requires more time and reduces
the frame rate by a factor n;. If the plane wave recurrence
reaches a frame rate of 10 kf/s, the transmission of 10 com-
pound plane waves with different angles will give a frame
rate of 1 kf/s, which nearly corresponds to the frame rate
limit for transient elastography. A detailed analysis of the
compromise between quality and frame rate is presented
in Section IV.

Fig. 3(b) shows an example of a coherently compound-
ed image using 71 plane wave transmissions with a separa-
tion of 0.47° between each angle. As one can notice, it has
a much better contrast than the image obtained using a
single plane wave. To quantify this improvement, this co-
herently compounded image must also be compared with
the multifocus image that corresponds to the standard
method used in conventional ultrasound scanners.

C. Standard Sequential Imaging Using Focused
Transmit Beams

In the standard sequential imaging procedure, the com-
plete image is obtained line by line. For each line of the
image corresponding to a lateral position z;, the medium
is insonified with a narrow beam obtained with cylindrical
transmitted delays that focuses a wave on a given point
(wf, zp,). The 2-way delay for the scatters placed in the
line zyis

T(xl,xf,z):(z—i—«/zQ—i—(fvf—a:l)Q)/c. (7)

A line of the image at position z, is produced by using
a dynamic focusing in reception, and the complete image
is built by scanning with a set of focused waves at different
lateral positions z;. The reconstructed image is optimal
only around each focal depth z; in a limited region of
the medium corresponding to the depth of field of each
transmitted focus beam. Fig. 3(c) shows an example of
an image obtained with only one focal depth in transmit.
The image is good only near the transmit focal area, and
it is progressively degraded outside. To improve the im-
age quality, different transmit focal depths are used, and
the final image is obtained using a recombination of these
partial images corresponding to various depths.

Fig. 3(d) shows a multifocus image obtained with 4
focal depths. The comparison with the single focus image
in Fig. 3(c) clearly exhibits an improvement of the image.
To provide the optimal multifocus image, the transmit
focal depths must be separated by a maximal distance
corresponding to depth of field Az = 7TAF? [26]. In such a
configuration, the frame rate is drastically reduced, and in
practice, no more than 4 focal depths are used, as in the
example of Fig. 3(d). To compare the performances with
the compound method, the F number is the same (1.75)
and the lateral scan was done at X\/2 = 0.17 mm. There
is no apodization in emission and in reception for either
the focused or the compound method. Of course, classical
apodizations can be implemented, but the improvements
must be similar in both methods.

With a single focus per line, a frame rate of approxi-
mately 100 frames/s can be achieved for a 50 mm depth
image. Using 4 focal depths, we achieved a frame rate of
~25 frames/second. To get an image of optimal resolution
along all the depths, we need at least 12 focal depths,
leading to a limit of only 8 frames/second.

In the next section, it is demonstrated that, using the
coherent plane-wave compound method, the optimal im-
age quality can be obtained using a reduced number of
plane-wave insonifications. It is shown that the resolu-
tion, contrast, and signal-to-noise ratio are the same as in
the optimal multifocus image but with frame rates higher
than 200 f/s. Furthermore, we demonstrate that the image
quality obtained, keeping the required frame rate for tran-
sient elastography (1 kHz), is comparable to a standard
monofocus B-mode imaging.

D. Theoretical Comparison Between the Coherent
Compounding Approach and the Optimal Multifocus
Imaging Technique

In the multifocus method, we have a clear separa-
tion between transmit (achieved by the real transmission
of focused beams in the medium) and receive focusing
(achieved by the beamforming operation). In the coherent
compound approach, the emission is composed of n;, plane
waves that are fired one by one, and the images of each
plane-wave insonification are added coherently. This last
addition of images generates a posteriori a synthetic focus-
ing in the transmit mode. Thus, the focusing operation in
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Fig. 4. (a) Individual plane waves send with the compound method.
(b), (¢), (d) The addition of the plane waves with the adequate delays
enables focus at different depths and laterally. This focusing is performed
synthetically. If this synthetic focusing is the same as in the standard
focusing method, the final image must have the same quality in both
methods.
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transmit-and-receive mode are mixed, which makes the
comparison between the 2 imaging methods a little more
complex.

If pi(z,21t) are the plane waves of pressure with incli-
nation «y, the image in a point (z52y) of the medium is
produced with a combination of these waves. In Appendix
A, we demonstrate that the image of a point (zy,2) with
the compound method is the same as the image we can
obtain illuminating the medium with a unique wave

pc(xazat;xﬁzf) = Zpé(xwzat + Téc(aj,ﬂff,zf))7 (8)
i

where 7¢, is the travel delay to the point (wp,2y) presented
in (4).

We can interpret this new unique wave as a the syn-
thetic wave that focuses in the point (z,2y).

If this wave p(z,2,t;25,2) is a cylindrical one, we obtain
an equivalence between the standard focusing method and
the compound method.

Fig. 4 shows a schematic representation of the synthet-
ic wave; the compound method sends individual plane
waves as in Fig. 4(a). Using the delays 7/ T2 ) these
plane waves interfere constructively in the focal point
(mp,2p); see Fig. 4(b). With the same set of waves, we can
focus at different depths, as in Fig. 4(c), and laterally, as
in Fig. 4(d).

If we demonstrate that the synthetic focal spots are
identical to the focal spot of a cylindrical wave, we can
conclude that the 2 methods generate the same image.

Intuitively, Fig. 4 shows that the equivalence between
the synthetic and cylindrical focal spot is true if the syn-
thetic wave is the plane wave decomposition of the focused
wave. We perform the demonstration in the monochro-
matic case, and it is later generalized to a realistic trans-
ducer relying on a large bandwidth.

To demonstrate this equivalence, we write the explicit

expression of the monochromatic plane waves pi(z,z,t) of
inclination «;

pir, zt) = poexp ikl + 2kl — wt),

ki=rkosina, ki==kocosa;, ko=2r/\ (9)

A first problem is to choose the set of angles «;. This
question can be answered considering that a linear ar-
ray of m; elements with a spacing dz between elements
generates a sampling in the z direction. The spatial sam-
pling frequency is 1/dz, we prefer to express it in the
angular spatial frequency (that gives the k space directly)
as kgum = 27/dz. The total spatial frequency spectrum
available with this sampling frequency is within the range
(=1/2ksam, 1/2ksam) = (—7/dx, w/dx). In this interval we
have n; independent spatial frequencies given by

27

kL i=-ny2,...,n2—1 (10)

= n
As the total length of the array is L = nudz, the set of
spatial frequencies in the z direction is

ki=din/L,

i=-nyf2,...,n2—1. (11)

Using the definition of k! (9) the angles are given by

a; = arcsin(iA/L) = iN/L, i = —ny/2,...,;n4/2 — 1.

(12)

The transmission of n; plane waves with this angles guar-
antees that no information is lost in the angular spec-
trum of the synthetic set of transmitted waves. However,
in some cases, the transmission of the complete set of n;
angles is not required because the directivity of the array
limits the use of high spatial frequencies.

After defining the angles, we return to the original
problem of the equivalence between the synthetic emission
wave and the cylindrical focusing. Replacing the delays 4
in (8) and (9), we obtained the result that the synthetic
wave is

n/2—1

pda, 2 t) = Z poexp j(@'kl + 2kl — wt), (13)
i=-n/2

where 2/ = z — zyand 7 = 2z — zare the coordinates cen-
tered at the focal point (z2). In this equation, the total
number of angles n is not defined, and it must be adjusted
to generate the same focusing as the standard method.

From the diffraction theorem, knowing the field at given
depth is enough to know it in all the space, we can choose
to study at the focal depth z = z then

n/2—1

poait) = > poexpjlak; — wt).
i=-n/2

(14)

Replacing k% by (10) we arrive at a geometrical series
that can be added explicitly
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J2sin(z'nw/L)
[exp(ja'2n/L) — 1]

pc(x/a t) = Do exp(*th)' (15)

The denominator can be approximated by exp(jz'2w /L) —
1 ~ jo'27/L and (15) becomes a sinc function

p(2',t) = ponsinc(z'nm/ L) exp(—jwt). (16)

In the standard method, a cylindrical wave focusing at
depth 2y and aperture (—a, «) generates a similar sinc
function in the focal plane

P (@, t) = pog(z j)sinc(zak /2 5) exp(—jwt),  (17)
where g(z) is the gain of antenna given by
oz 1) = 20/h7. (18)

Comparing (16) with (17) we can deduce that the number
n of angles that we need to have the same sinc function
is

akoL _ L

AF’

(19)
Z fm

As an example, the array used in this article has 124 ac-
tive elements with pitch dz = A and a F-number of 1.75.
From the (19) it is enough to use 71 plane waves insonifi-
cations to obtain the same focusing quality as the optimal
multifocus. This typical value is used throughout this pa-
per to compare with the standard method.

Another interpretation of this section is that the spatial
spectrum of the focused wave (the sinc function) is a rect-
angle (—ky/2F, ky/2F) that we can see in Fig. 5. As each

plane wave pgexp j(rk. + zk! — wt) generates a unique

spatial frequency k:, we must add all the spatial frequen-
cies that are in the rectangle (—ky/2F, ky/2F) with the
same weigh. This calculation was performed in the mono-
chromatic case. For the general case of a wideband wave-
field, the focal spot corresponding to (17) is not exactly a
sinc function, and the spectrum is not exactly a rectangle
(see Fig. 5). Then we must add the plane waves with a
different weight in the edge of the spectrum to take into
account the band of the transducer.

To give an example, in Appendix B the calculation
of the spatial Fourier spectrum Pfk;) is derived from a
broadband signal of temporal spectrum B(w) and it is

+00
Pyk,) = B(w)dw.
kyczgp/a

(20)

We can illustrate (20) in the particular case of a Gaussian
pulsed signal with a bandwidth Aw centered in wy

1l |
i: gaussian —\b |
AkF |
monochromatic —
0 & 5 3
2F 2F

Fig. 5. The spatial spectrum of the focal spot is a rectangle for a mono-
chromatic wave, but for a pulsed wave, it has smooth edges. The plane
waves must be added with a weight corresponding to the amplitude
of the spectrum to take into account the frequency bandwidth of the
wave.

1 —~(w —wp)?
Bw) = e . 21
“ AwN 21 Xp[ 2Aw? 2D
The integration of (19) gives the error function
kz‘ﬁ )
Pik,) = @[“ ) 22
1:.) o (22)

with Ak = Aw/ec. In that case, the edges of the rectangle
in the spatial Fourier transform are smoothed in a section
AFEF as in Fig. 5.

This example shows that the monochromatic model can
be extended to a wideband case taking into account a

weight Py(ki) before the addition of the images. From a

practical point of view, we found that the exact shape of
the transducer band is not critical. Using different shapes
for the band of the transducers generates only small differ-
ences in the contrast of the images. The weights in the
experiments are calculated with (22), with a Ak of 0.3k.

III. EXPERIMENTAL QUANTITATIVE COMPARISON

The usual criteria for the characterization of an imag-
ing method are the resolution, the contrast, the frame
rate, and the SNR level. In this section, we compare the
multifocal and the compound imaging approaches.

A. Lateral Resolution

An ultrasonic image is usually depicted as obtained
through a linear filter or point-spread function (PSF) that
links the object to image o(x1,2) with the obtained image
s(z,2)
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Fig. 6. (a) —10 dB lateral resolution with standard focusing on 4 different depths compared with a compound of 71 plane waves. The squares are the
resolution of the multifocus with 4 depths. The line shows the mean value for the multifocal method using the 4 depths. (b) ~10 dB lateral resolu-
tion with the optimal multifocus method and with the coherent compound approach using 71 plane waves. The lateral resolution is similar in both
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Fig. 7. Example of a PSF function. The color scale in decibels is inversed
for the visualization. To measure the contrast, we measured the integral
of the energy of the lobes outside a circle of 5\, and we divided by the
total energy of the PSF.

s(z,z) = ffh(x,z,zl,zl)o(xl,zl)dzldzl. (23)

The PSF function can be measured experimentally con-
sidering that h(z,z,x,21) is the image of a pointlike object
placed in (21,%). Fig. 7 shows an example of an experi-
mental PSF function; the —10 dB width of the PSF gives
directly the lateral resolution.

Fig. 6(a) shows the —10 dB lateral resolution obtained
for a standard focusing method with 4 focal distances.
The best resolution (~1 mm) is, of course, obtained at
each focal depth, but it degrades quite rapidly 1 cm away
(~1.8 mm). In the multifocal mode, the image is made
by sectors and the resolution is then of the nearest focal
depth. The square marks in Fig. 6(a) show the resolu-
tion of the 4-focal multifocus image that changes between
1.1 mm in a focal plane to 1.6 mm at equal distance of 2
focal planes. The line at 1.4 mm is the mean resolution of
the 4-focal multifocus image.

The coherent compounding method gives a better reso-
lution of 1.1 mm uniformly distributed all over the image.
This result is the same as the one obtained using the op-

timal multifocal image. Fig. 6(b) compares the resolution
for the coherent compounding method and for the optimal
multifocal method. As was predicted, both methods give
the same resolution.

B. Contrast in Anechoic Objects

Contrast in anechoic objects describes the ability of the
imaging method to detect an anechoic object embedded in
a homogeneous scattering medium. Assuming the use of a
circular anechoic inclusion R embedded in a homogeneous
speckle medium, the contrast can be defined as the differ-
ence between the average brightness level in the vicinity
of the inclusion and the background level. This contrast
difference can be estimated by introducing a point spread
function concentric with R and measuring the ratio be-
tween the total energy in all the images outside R and the
total PSF energy (see Fig. 7).

f h¥ (1, 21,1, 2)dedz
z,2¢R
f bz, 21,1, 2)dedz

contrast(z,z1) = 10log o . (24)

The inclusion R is typically chosen as a 5\ diameter
circle centered at (z1,7) [28]. Fig. 8(a) shows the contrast
level obtained using the standard focal method. At the
focal location, the contrast level reaches a minimum value
of approximately —32 dB, but it strongly degrades outside
the focal zone where it can lose 20 dB. In the multifocal
mode, the image is made by sectors and the contrast is
then of the nearest focal depth. The square marks in Fig.
8(a) show the contrast of the 4-focal multifocus image; the
line at —28 dB is the mean contrast obtained with 4 focal
zones. Finally, the compound method gives a uniform con-
trast of —32 dB versus depth. This optimal contrast level
is the same as the one obtained for the optimal multifocus
image (again in agreement with the theoretical model);
see Fig. 8(b).
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Fig. 8. (a) Contrast with standard focusing at 4 different depths compared with the compound method. The squares are the contrast of the multifocus
with the 4 depths. The line shows the mean contrast for a multifocal method using the 4 depths. (b) Contrast of the optimal multifocus method and
the coherent compound with 71 plane waves. The contrast is the same for both methods at focal depths.

C. Signal-to-Noise Ratio

Due to ultrasonic attenuation, the amplitude of back-
scattered echoes decreases exponentially with depth. Be-
cause noise comes mainly from electronics, it can be as-
sumed to be uniform and the signal-to-noise ratio (SNR)
decreases exponentially with the imaged depth.

The conventional imaging technique based on line-per-
line transmit focusing should maximize the amplitude of
echoes reflected by the scatterers located in the focal spot.
On the contrary, because the coherent plane-wave imag-
ing method does not rely on transmit focusing, a dramatic
attenuation and, consequently, a poor SNR was expected.
Fortunately, this expectation proved to be not true. It can
even be shown that the coherent compound generates a
SNR similar to the one obtained using the optimal multi-
focus imaging technique.

Assume we try to image a single scatterer at depth z.
In this case, a simple analysis of the amplitudes of the
incident and backscattered waves enables us to calculate
the SNR. The amplitude R of the backscattered signal is
proportional to the amplitude A(z) of the pressure that
reaches the scatter

R = A(z).C, (25)
where C'is the proportionality constant.
In the optimal multifocus method, the amplitude at the
focal point is given by
Rya = poglz ple 1., (26)
where p, is the pressure amplitude transmitted on the sur-
face of the transducers, g(zy) is the antenna gain of the
array for the chosen focal depth, and «a; is the attenuation
coefficient.
In the case of a plane wave transmission, there is no
antenna gain, and the signal amplitude in the focus is only

affected by the attenuation. The backscattered echoes
have an amplitude

Rplane = P B (27)
It is important to note that to generate a plane wave, the
array acts as a piston transducer, and it generates a plane
wave only in the near field of the array. However, because
the Fresnel distance zpesne = L?/4\ is typically 1 m (for a
4 cm aperture array working at 4 MHz), it is clear that the
imaging medium is located in the near field of the trans-
mitted field where the signal amplitude for the plane wave
is practically constant versus depth and modified only by
the attenuation.

The total signal received in the coherent plane com-
pound approach is the addition of the n plane wave sig-
nals

R comp = npoe “**I.C. (28)
The noise is assumed to be mainly due to electronics, and
each transmission relies on a statistically independent
noise realization. For the multifocus method, a noise 7
disturbs one single transmit focus realization. For the
compound plane wave method, n realizations of this inco-
herent noise are added, leading to a total noise equal to
nWn. Using (18) to calculate g(2),and (19) to calculate

the number of angles n, the rate between the SNR for both
methods is then

SNReomp ~ ¥V [L
SNR yq 9(z ) " Nog

Because 2a < L, this rate is always higher than 1, and the
synthetic recombination of the compounded plane waves
gives a better SNR than the optimal multifocus image.
To confirm this point, the measurement of the SNR is
done experimentally using a homogeneous tissue-mimick-
ing phantom. A set of 20 images is acquired in the same
conditions. The ultrasonic signal is calculated as the mean
of the images and the noise as the standard deviation for

(29)
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Fig. 9. Measured SNR for the different methods, focused emission at
40 mm depth, the optimal multifocus, and the compound with 71 plane
waves. The compound always gives a better SNR.

each pixel. Fig. 9 shows the SNR for a compounded image
with 71 angles, one focus image, and the optimal multifo-
cus image. The compound method gives always a better
SNR than the multifocus image.

This result apparently contradicts the expectation that
a focused wave maximizes the signal in the focal point and
then increases the SNR. This contradiction is explained by
the fact that the focused wave performs one measurement
with a good SNR, and the plane-wave compound performs
many measurements with poor SNR but the averaged re-
sult gives a better SNR, than in the focused method.

The combination of low SNR and high frame rate is an
interesting property of the coherent compound. It is im-
portant to note that it is possible to use coded emissions
(chirp codes or Hadamar bases) to reduce the SNR as is
done in synthetic aperture methods.

D. Increasing the Frame Rate for Ultrafast Imaging in
Transient Elastography

The frame rate is only limited by 2 physical parameters:
the speed of sound in tissues that fixes the travel time of
the ultrasonic waves in the medium and the ultrasonic at-
tenuation of tissues. The travel time is straightforwardly
given by Ti .vel = 2Depth /¢ (as an example, for a scanning
depth of 6 cm, it gives a travel time of Ty = 80 ps).
Another parameter restricting the frame rate come from
the fact that you must wait for a time interval T, after
the transmission of the ultrasonic waves before the next
emission to ensure the complete attenuation of the back-
scattered echoes. Assuming an attenuation coefficient vy
that is proportional to the frequency, the time T,; needed
to attenuate the ultrasonic echoes by a 30 dB ratio is Ty
= 30/( agicf). As an example, with a typical absorption
coefficient o,y = 0.7 dB/MHz.cm and an imaging frequen-
cy f= 4 MHz, a time delay T, ~ 71 ps is obtained. It
shows that in typical imaging configurations, the travel
and attenuation times are quite similar, and a minimal
time between 2 insonifications for the previous example
is roughly 80 ps. As a direct consequence, the maximal
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Fig. 10. Contrast in the compound method versus number of plane
waves. At 12 angles, we have the limit for the ultrafast echography with
a contrast of —22 dB. To obtain the same contrast as in a multifocus
method with 4 focal planes, we need 45 angles.

frequency of insonification is limited to Fy,,, = 12.5 kHz.
Of course, this value must be adjusted for each specific
application.

The frame rate for any method that uses ny,q insonifi-
cation to provide one image is Fy../Nins. The plane wave
method uses only one insonification, so it provides the
fastest imaging modality with a 12.5 kf/s frame rate. The
compounded method relies on a lower frame rate because
several insonifications are required to provide a single im-
age.

In Fig. 10, we can see the compromise between the
number of insonifications in the compound method and
the contrast of the image. With 45 angles, we obtain the
same contrast as with a 4 plane multifocal method. As we
will see later, the maximum frequency of the shear waves
used in elastography is 500 Hz [27]; therefore, we need
to image the displacement at 1 kHz to take the sampling
criteria into account. The limit for elastography is then 12
angles fired at 12 kHz to obtain a final compounded film
at 1 kHz with a contrast of 22 dB.

Fig. 11 shows the images for different number of plane
waves, we can see an important improvement in the con-
trast when we increase the number of plane waves.

E. Summary

We demonstrated here that the coherent compound-
ing approach performs as well as the optimal multifocus
image but with a significantly higher frame rate. Table I
summarizes the principal comparison values for the ex-
amples analyzed.

For example, the 4-focal-depth B-mode is comparable
to a compound with 45 plane waves, but the latter is 10
times faster. The 12-plane-wave compound has the mini-
mum frame rate for transient elastography, and it is com-
parable to a standard monofocus image. For a given image
quality, the coherent compound method allows a frame
rate increase of factor 10 compared with standard scan-
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Fig. 11. Images of anechoic objects using different number of plane waves. (a) 1 plane wave, (b) 5 plane waves separated 2°(—4°,—2°,0°,2°4°), (c) 21

plane waves separated 1°, and (d) 45 plane waves separated 0.5°.

TABLE 1. QUANTITATIVE COMPARISON FOR THE DIFFERENT METHODS. THE SNR IS RELATIVE TO THE PLANE

WAVE.
Resolution mm F. rate Hz Contr. dB SNR dB Elastography
Monofocus 1.1t0 1.8 100 12 to 32 18 to 0 No
Multifocus 4 1.35 25 29 18 to 0 No
Multif. Optimal 1.1 8 33 18 to 0 No
Plane wave 1.8 12500 12 0 Yes
Compound 12 1.1 1000 20 11 yes
Compound 45 1.1 270 30 16 no
Compound 71 1.1 176 33 18 no

ning techniques. This value is given for a 128-line image,
which corresponds to the typical number of insonified lines
on commercial scanners.

The proposed mode is a more efficient way to perform
ultrasound imaging than classical line scanning. It can be
applied to many imaging modes, such as B-mode, color-flow
imaging, or elastography. It requires, however, extremely

flexible and powerful system architectures (real-time full
parallel processing). Recent progress in CPU capabilities
and parallelization makes those architectures achievable.
Such a method should provide very promising imaging
modes on commercial scanners in the near future. In the
next section, we propose investigation of the advantages of
implementing the method for transient elastography.
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IV. APPLICATION TO TRANSIENT ELASTOGRAPHY
A. The SuperSonic Shear Imaging Modality (SSI)

The basic idea of the transient elastography is that
low-frequency (typically 50 to 500 Hz) shear waves propa-
gate in the body at a very low speed (approximately 1 to
10 m/s). Such a low propagation speed enables imaging
of tissue displacements induced by the shear wave using
compressional ultrasonic waves propagating at 1500 m/s.
Nevertheless, to catch this transient propagation of the
shear wave, the echographic device must be able to reach
very high frame rates (>1000 Hz). The shear waves can
be generated either by a mechanical vibrator [7], [8] or by
using the radiation force of ultrasonic focused beams. In
the approach studied in this section, the generation of a
shear wave is achieved by transmitting a focused ultra-
sonic wave lasting some hundreds of microseconds, the so
called “pushing beam.” The radiation force of this beam
generates a local displacement of tissues in the focal area.
This method is used in other elastographic methods like
the acoustic radiation force imaging [29], [30] or the vibroa-
coustography approach [31]. An important advantage of
the pushing beam compared with the mechanical vibrator
approach resides in the ability of the operator to shape
the vibrating source by simply moving the pushing beam
electronically. For example, by increasing the focal depth
of the pushing beam at a speed successively faster than
the speed of the resulting shear wave, one can generate a
“supersonic” source that radiates planar shear waves in a
Mach cone (analogous to the sonic boom generated by a
supersonic flight). This mode is known as supersonic shear
imaging (SSI). The reader interested in this elastography
technique can refer to detailed explanations in [10], [11].

Immediately after generating the shear wave, the ar-
ray switches into an ultrafast imaging mode. The shear
wave propagating in the human body has a typical spec-
trum between 100 to 500 Hz [27]; the echographic frame
rate should at least reach 1 kHz to sample correctly the
displacements of the tissue. By using speckle correlation
between 2 successive echographic images, local tissue dis-
placements can be estimated to obtain a 2-D movie of
the transient shear wave propagation. The resolution and
quality of the movie is directly linked to the quality of
the echographic image. From this movie it is possible to
recover the local shear speed at each point of the image
by solving the inverse problem of the shear wave propaga-
tion [8].

To date, the very high frame rate required to perform
the SSI mode was obtained by applying single flat-transmit
beams. However, such a single plane-wave transmission re-
sults in low-quality images (low SNR, low resolution, and
low contrast), penalizing the performances of the tissue
displacement estimator. This degradation is particularly
important in heterogeneous media with high echogeneicity
contrasts due to cluttering, shadowing, or blurring effects.
Fig. 12 illustrates these problems. When tissues are mov-
ing in a highly echogeneic region, the spatial and temporal
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Fig. 12. Single plane wave transmit image of a highly hyper-echogeneic
phantom. Due to the side lobes of the point-spread functions in the
high-contrast regions that induce artifacts in low-contrast regions, a real
displacement in the hyper-echogenic zone generates a virtual displace-
ment in the anechoic zone.

side lobes of the point-spread function induce unwanted
motion estimates in neighboring hypoechogeneic and mo-
tionless regions. As the image of the anechoic region is
dominated or at least distorted by this “diffraction noise”
of the point-spread function, its speckle pattern moves
even if no physical movement was induced in this area.
In human tissues, the acoustic impedance heterogeneities
can be very important depending on the organ and can
become a major problem for the performances of the dis-
placement estimator. Thus, improving the echographic
image quality without sacrificing the very high frame rate
could overcome or at least reduce this problem. To evalu-
ate its add-on value, the coherent plane compounding ap-
proach described in the previous sections was applied to
the SSI mode.

B. Implementation of Coherent Plane-Wave Compounding
for Transient Elastography

The time sequence of an experiment combining the re-
mote generation of a pushing line and the ultrafast acqui-
sition of echographic images is summarized in Fig. 13.

During the first 500 ps, the radiation force induced by
successive waves focusing at different depths generates the
planar shear wave. Then, the echographic device switches
into the ultrafast imaging mode. A set of 5 plane waves
with different emission angles «; (1 < ¢ < 5), are fired at
a 10 kHz pulse repetition frequency (PRF). By recom-
bining in a coherent way each set of 5 successive plane
waves, we produce a compound echographic image every
500 ps (equivalent to a PRF of 2 kHz). Finally, the dis-
placements are measured by 1-D speckle cross-correlation
between successive compound images. The shear wave
typically needs 50 ms to travel through the entire imaged
zone (such as breast or liver). This time is approximately
the time needed between 2 images on a conventional ul-
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Fig. 13. Chronology of an elastography experiment. In the first 0.5 ms, a monochromatic wave is focused to generate the shear wave by radiation pres-
sure. Five different plane waves are sent at a repetition frequency of 10 kHz. After compounding, we obtained the echographic images at a frequency
of 2 kHz. By using speckle correlation, a movie of the shear wave propagation can be computed at a repetition frequency of 2 kHz.
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Fig. 14. (a) Plane-wave image of an heterogeneous phantom. (b) Compound image with 14 angles separated 1.5°. The contrast between the object
on the right and the background is nearly 20 dB in the compound image. The arrow shows that, in the plane wave image, the side lobes of the echo-
genic object contaminate the anechoic background. In (¢) and (d) is shown displacement of the shear wave at 5 ms with plane waves and compound,
respectively. With a single plane wave, the displacement is noisy and underestimated, especially in the zone contaminated by the side lobes of the

echogenic object.
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Fig. 15. Elasticity images (expressed in terms of local shear wave speed) calculated in the blue square with 1, 3, 5, and 10 plane waves separated by
1.5°. A color corresponding to the shear speed is superimposed in the points where it is possible to estimate a local speed. We can see an important

improvement of the images with the compound.

trasound scanner. It can be noticed that if we want to
increase the number of compound angles, it is possible
to repeat the experiment and generate an identical shear
wave after 50 ms but performing the compound imaging
with a set of 5 different angles. The total experiment will
then be extended to 100 ms.

B. Efficiency of the Coherent Plane- Wave Compounding
for Transient Elastography

Fig. 14(b) shows the compound image obtained with 14
angles in an heterogeneous PVA phantom compared with
a single plane-wave transmit approach; see Fig. 14(a). One
can notice a hyper-echogeneic area on the right side of the
image. The backscattered signals are nearly 20 dB stronger
than the ones coming from the left hypoechogeneic zone.
Using only one plane-wave transmission, the anechoic zone
is contaminated by the side lobes of the point-spread func-
tions from the right side; see the arrow in Fig. 14(a). Con-
trast and resolution of the single transmit image are quite
low. In Fig. 14(c), one can see the tissue displacement
induced by the SSI mode obtained using single plane-wave

transmissions. The compound image in Fig. 14(b) relies
on a much better contrast and resolution quality. The
distortions previously induced in the low-contrast region
were cancelled by the coherent compound approach. As an
immediate consequence, the displacement estimates using
successive compound images are much better, particularly
in the transition region between the hyper-echogeneic and
the hypo-echogeneic region (marked by the arrow) where
the plane wave image was highly perturbed by the side
lobes. The variance of tissue displacements estimates is
also much better using the coherent compound approach;
see Fig 14(d) compared with Figl4(c).

The poor displacement estimation in the plane wave
mode is due to the side lobes of the B-mode image. The
side lobes are identical for 2 successive images and then
they generate a systematic error that biased the displace-
ment estimation even if the correlation coefficient is near
1. At that point, it is not possible to deduce the quality
of the estimated displacement from the correlation coef-
ficient.

Finally, the local estimation of the shear-wave speed
that permits the building of the Young’s modulus map
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Fig. 16. In vivo elastography image of the breast. Using a unique plane wave, the reconstruction is significantly deficient; only 29% of the total image
is reconstructed. With 3 angles separated by 1°, (—1°, 0° 1°) the surface of reconstruction rises to 49%. Using 5 and 7 angles separated by 1°, we
obtained a better image that covers 63% and 64% of the total area. The frame rate is 1700 Hz.

can be done using a simple time-of-flight algorithm. It
consists in measuring the time At needed by the wavefront
to travel a small distance Az (the z-direction is parallel
to the front face of the ultrasonic probe). The flight time
is estimated by cross-correlating the displacement time
profile at location z and at location z + Az. The shear-
wave speed is directly deduced by calculating ¢ = Az/
At. The result obtained using this flight-time algorithm is
presented in Fig. 15. A color that corresponds to the local
estimates of the shear-wave speed is superimposed on the
grayscale B-mode echographic image. Areas without color
correspond to regions where the time of flight algorithm
failed to recover an estimate because of poor SNR or a
poor measurement of the displacement due to the side
lobes in the image.

The shear wave is generated along the z = 30 mm line.
The local speed is calculated in the region of propagation
of the shear wave inside the rectangle of Fig. 15.

When increasing the number of compounded plane
wave insonifications, the efficiency of the shear-wave speed
estimation increases strongly. For the experiment based
on single transmit plane waves, more than 18% of the
points lead to an inadequate shear wave speed estima-
tion. The number of failing points decreases to 9% with
a compounding approach based on 3 plane waves. This
number of false points reaches 8.5% with 5 plane waves
compounding, and 5.4% for 10 plane waves compounding.
The standard deviation of the speed in the homogeneous
hypo-echogeneic zone is equal to 0.33 m/s using a single
plane wave for transmit, 0.1 m/s using 3 plane waves,
0.08 m/s using 5 plane waves, and finally 0.05 m/s using
10 plane waves. As can be noticed, a reasonable number
of 5 plane waves for the coherent compounding approach

leads to a strong improvement of the SSI mode both for
the spatial extent of the elasticity image and the accuracy
of the local elasticity estimation. This result will be of par-
ticular interest in breast-, muscle-, and cardiac-imaging
applications where the echographic images suffer strong
spatial heterogeneities.

For in vivo applications, other problems such as the mo-
tion artifacts and minimum frame rate must be analyzed.
The in vivo applications of the SSI method [9] show that,
except for the case of the heart, the motion of the tissue
is at very low frequency (lower than 50 Hz). Because the
frequency of the shear waves is between 100 to 500 Hz,
the low-frequency motion can be easily filtrated. Fig. 16
shows an in vivo example of an elastography image of the
breast. This study was approved by the French National
Committee for the Protection of Patients Participating in
Biomedical Research Programs (Authorization No. 2349);
the patient provided an informed written consent. The
push line was in the middle of the image at z = 20 mm;
the reconstruction has been performed in the 2 rectangles
of the figure. Using a single plane wave, the reconstruction
is very deficient; only 29% of the total image is recon-
structed. With 3 angles separated 1° (—1°, 0°, 1°) the sur-
face of reconstruction rises to 49%. Using 5 and 7 angles
separated by 1°, we obtain a better image that covers 63%
and 64% of the total area.

V. CONCLUSION
It is demonstrated in this paper that the coherent sum-

mation of flat compounded insonifications is a very prom-
ising mode for ultrasound imaging because it provides a
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high-end image quality while increasing temporal resolu-
tion strongly (around a factor of 10). The classic com-
promise between temporal resolution and image quality
is broken, and new perspectives can be envisioned: Fast
B and color modes could be of significant interest for car-
diac and 3-D applications. In transient elastography, the
coherent plane-wave compound approach allows a gain of
approximately 10 dB in contrast and a spatial resolution
that is two times better than single flat insonifications.

APPENDIX A

In the coherent compound, we use n; plane waves of
inclination «;,7 = 1.. n;, we superimpose the images after
the beamforming, and then the emission and reception
stages are mixed. In this appendix, we separate the 2 stag-
es formally to compare the compound and the multifocus
method.

Let p(x,z,t) be the pressure wave sent by the ultrasonic
array. This wave is backscattered by the medium and reg-
istered by the transducers. Because all these filters are
linear and time invariant, the RF signals backscattered to
the array can be expressed as

RF(x27t) = f (mla )® h(l'l,l’g, )da:l (Al)
= [[ parthier ot — v,

where h is a linear filter that takes into account the trans-
ducer response, the diffraction, and the backscattering of
the medium.

To make a point (z,2) of the image, we perform the
beamforming in reception as it was explained in (2)

s(z, 2) = fRF(.Z’Q,T({E, 2,2 9))dx o, (A2)

where the delays 7 are different for plane and focused
wave. We do not write the integral limits to simplify the
notation.

By replacing (A1) in (A2), we obtain

= ff P, )@, o, T(2, 2,2 9) — t)dt'dz1d .

(A3)
The delays 7 can be divided in 2 components,

(@, 2,09) = To(w,2) + 7 (2,2,29), (A4)
where 7, corresponds to the travel from the transducers to
the point (z,z) that is
Tl = (zcosa; + zsina;)/c plane wave (A5)
Tet = 2/C focused wave’

and 7, is the return travel time from the point (z,z) to
the point zp in the array, this delay is the same for both
methods

22 4 (x — 3q) 2 (AG)

T, =—
c

Replacing (A4) in (A3) and integrating with a new
variable ¢ = t' — 7, we can rearrange the terms of the
emission and reception as

fffpxl,t + Tz, 2))

(A7)
X (T 1,30, T (T, 2,2 9) — t7)dz 1dT od".

The first term is a delayed emission wave; the second term
is only linked to the reception because it has the back-
scattering and the reception delays. With this separation
between emission and reception, it is possible to compare
the compound and focused methods.

In the compound method, we have p! plane wave emis-

sions. For each plane wave, we build a partial image s¢,
and the compounded image is the addition of these partial
images. Using (A7), we determine that the compounded

image is
2) = fff[Zpi(ﬂUl,t” + Tid®,2))

(T, 2,1 9) — t")dz (dx odt”.

(A8)
X Wz 1,T9,T

The focal method gives an image given directly by (A7)
with the delays 7.,

2) = f f f Pl t" + 7oz, 2)) (A9)

X W@ 1, 39,7 (T, 2,2 9) — t")dx 1dx odt”.

Comparing (A8) with (A9), we observe that the term h(zy,
@9, T, — 1) is the same for both methods because the re-
ception delays are the same. If we demonstrate that the
delayed emissions are the same,

Zpé(:rl,t + 7, z))?pf(xl,t + Tz, 2)). (A10)

i

We can conclude that both methods produce the same
image. This calculation is done in Section II-D. Another
interpretation of (A8) is that the image in a point (z,2)
with the compound method can be produced with a unique
emission wave ) . pixy,t + 7l(x,2)), that is the synthetic

wave of the compound method.

APPENDIX B

If we send a cylindrical wave that focuses on the point
(0,2y), for a monochromatic wave the focal spot is a func-
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tion sinc(zaky/z), as in (14) that we can write in function
of the temporal frequency w = cky:

wa
xi
CZf

p(z) = Bsinc ) (B1)

If the focused wave is a wideband pulse with a temporal
spectrum B(w), the focal spot is the integration of (B1) in
the temporal frequencies

+00 wa
p(x) = B(w)sinc[x ] dw. (B2)
—00 Czy
The spatial Fourier transform of (B2) is
+00
Pk,) = f B(w)rec[kz sz]dw, (B3)
—00 wa

where rec(y) is the rectangle function (one if [y < 1 and
zero elsewhere).
For a positive k, we can calculate this integral as

(B4)

We can illustrate this last equation calculating the inte-
gral for different cases. For a monochromatic wave, the
spectrum is a Dirac’s delta B(w) = d(w — wy), and the
integral (B4) recreates the rectangle function

kaf

Pronoc(k ;) = rec [ — ] .

” (B5)

If B(w) is a Gaussian impulsion of bandwidth Aw cen-
tered in wy

1 —~(w — wy)?
Bw) = e B6
) Ac2r TP 2A0? (B8)
The integration (B3) gives the error function
[Fo| %~ ko
PGauss(kw) = T ’ (B7)

with Ak = Aw/c, in this case the edges of the rectangle
are smoothened in a section Ak as we can see in Fig. 5.
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